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GROWTH ENVELOPES IN MUCKENHOUPT WEIGHTED
FUNCTION SPACES: THE GENERAL CASE

DOROTHEE D. HAROSKE

Abstract: We study growth envelopes of function spaces B} (R, w) and F}, (R, w) where the
weight belongs to some Muckenhoupt class w € Ax. This essentially extends partial forerunners
in [13-16]. We also indicate some applications of these results.
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Introduction

The purpose of this paper is to use the recently introduced concept of growth
envelopes in function spaces in order to characterize weighted spaces of type
L,(R™,w), By ,(R",w) and F; (R™, w) where w belongs to some Muckenhoupt
class A,. The idea to consider growth envelopes in (unweighted) function spaces
originates from such classical results as the famous Sobolev embedding theorem
[31]. Basically, the unboundedness of functions that belong to Sobolev and more
general spaces is characterized as follows. Let X be a space of functions or reg-
ular distributions, X C L{°°, then its growth envelope €;(X) = (Eg(t),ué) is
introduced, where

EX () ~sup {f7(1): |IFIX] <1}, >0,

is the growth envelope function of X and ug € (0,00] is some additional index
providing a finer description. Here f* denotes the non-increasing rearrangement
of f, as usual. These concepts were introduced in [38], [13], where the latter book
also contains a recent survey (concerning extensions and more general approaches)
as well as applications and further references.

Dealing with weighted spaces of type By ,(R™, w) and F; ,(R™, w) first (special)
results were obtained in [14, 13, 16, 15], essentially concentrating on weights from
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the Muckenhoupt A, class. In particular, we studied the model weights

=%, Jzf <1,

and

tron(®) = {xm ~logla])?. || <1, 02)

2|7 (1 +logal)’,  |o] > 1,

where a, 8 > —n, and 7,0 € R. Moreover, in [15] some first more general results
for L,(R",w), w € A, can be found.

Our main intention now is to extend this idea, that is, to study the interplay
between the weight w € A and the singularity behavior of spaces B,  (R", w)
and F q(R”, w) characterized by their growth envelopes. It turns out that for the
smallest weight class in this context, i.e. A;, we have a complete result which
essentially coincides with the unweighted situation if we assume, in addition, that

inf w(Qo,m) = cw >0, (0.3)

mezn

where Qo are unit cubes in R™ centered at m € Z", and w(Q) = [, w(z)dz.
Our main result in Theorem 3.6 below establishes that for 0 < p < 00, 0 < ¢ < o0,
5> nmax(% —1,0), and w € Ay,

(t_%"'% q) s<
GG(B;,q<Rn7w)) = 1 ? (0'4>
(|logt|f1’,q)7 s=7 and 1<g<oo,
1 s
(t7;+;7p)7 S< ﬂ’
s n p
& (F,y (R™ w)) = N (0.5)
(|logt|P’,p)7 s=2 and 1<p<oo,

and
E(Lp(R", w)) = (t’%,p) : (0.6)

We also investigate the behavior of the envelope function for ¢ — oo in dependence
on the weight. In case of w € A, our results are less complete so far. For instance,
with the notation r,, = inf{r > 1 : w € A}, w € Ay, we obtain in general that
for any small € > 0 there is some ¢, > 0 such that

ng(R ) e tTFFETE, 10, (0.7)
whereas the lower estimate reads as
N\ 1/d
L L] logtl] i\ P
BS (R, w) —i(s—n)g w (B(zo,277))
E- P t) > ¢ sup PARASEEETRL R [ R , (0.8
¢ ®) zoER™ le |B(x0,2779)] 08

where ¢t — 0.
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Here B(zo,r) is a ball with radius r > 0 centered at zo € R™, |B(zqo,7)| ~ 1"
its Lebesgue measure. It is known, that the upper estimate with € = 0 cannot be
true in general, and for some other reason it is more likely that the lower estimate
may be sharp. But this is not yet proved in full generality.

All this will be explicated by our model weights (0.1) and (0.2) (and another
one). Moreover, we briefly indicate some applications of our results.

The main tools to prove such results are unweighted counterparts, sharp em-
beddings and atomic decompositions of corresponding spaces. We also benefit
from related observations on embeddings and local singularities Sging(w) of the
weight w € A, contained in [18, 19, 20].

The paper is organized as follows. In Section 1 we collect all the material
on Muckenhoupt weights, weighted spaces of type B;  (R",w), F,;  (R",w), and
embeddings that will be needed below. This is followed by a short introduction to
the concept of growth envelopes in Section 2, before we deal exclusively with w €
Aj in Section 3 and determine the corresponding growth envelopes of B q(R”, w),
Fj (R™ w). Finally, in the last Section 4 we devote our attention to weights

U}E.Aoo\.Al.

1. Weighted function spaces

We fix some notation. By N we mean the set of natural numbers, by Ny the set
N U {0}, and by Z" the set of all lattice points in R™ having integer components.
The positive part of a real function f is denoted by fi(x) = max(f(x),0), the
integer part of a € R by |a| = max{k € Z : k < a}. If 0 < u < 00, the number «’
is given by - = (1—21).. For two positive real sequences {ay }ren and {5 tren we
mean by ap ~ Ok that there exist constants ¢, co > 0 such that ¢; ap < Op < c2 ag
for all k € N; similarly for positive functions. Given two (quasi-) Banach spaces
X and Y, we write X — Y if X C Y and the natural embedding of X in Y is
continuous.

All unimportant positive constants will be denoted by ¢, occasionally with
subscripts. For convenience, let both dz and || stand for the (n-dimensional)
Lebesgue measure in the sequel. If not otherwise indicated, log is always taken
with respect to base 2.

As we shall always deal with function spaces on R", we may often omit the
‘R™ from their notation for convenience.

1.1. Muckenhoupt weights

We briefly recall some fundamentals on Muckenhoupt classes A,. By a weight w
we shall always mean a locally integrable function w € L°°(R™), positive a.e. in
the sequel. Let M stand for the Hardy-Littlewood maximal operator given by

1
Mf(x)= sup —— fy)| dy, xz e R, 1.1
( ) B(z,r)eB ‘B(I,T” B(m,r)| ( )| ( )
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where B is the collection of all open balls
B(:z:,r):{yER”: |yf:17|<7‘}, r > 0.

Definition 1.1. Let w be a weight on R™.

(i) Then w belongs to the Muckenhoupt class A,, 1 < p < oo, if there exists a
constant 0 < A < 0o such that for all balls B the following inequality holds

(|;|/Bw(x)dx>l/p~ (%/Bw(ag)p’/mxy/p/ <A (12

(ii) Then w belongs to the Muckenhoupt class Ay if there exists a constant 0 <
A < oo such that the inequality

Muw(z) < Aw(x) (1.3)

holds for almost all x € R™.
(iii) The Muckenhoupt class Ao is given by

A= J A (1.4)
p>1
Since the pioneering work of Muckenhoupt [23, 24, 25], these classes of weight
functions have been studied in great detail, we refer, in particular, to the mono-
graphs [11], [32, Ch. V], [33], and [34, Ch. IX] for a complete account on the theory
of Muckenhoupt weights. As usual, we use the abbreviation

w(Q):/ﬂw(x)dx, (1.5)

where 2 C R is some bounded, measurable set. Then a weight w on R™ belongs
to Ap, 1 < p < oo, if and only if

% /B fly)dy < (w(B) /B £ (@)yw() dx)w

holds for all nonnegative f and all balls B. In particular, with £ C B and f = xg,
this implies that

1B _ ,(w<E>

SC | 5y
| Bl

1/r
ECB > 1. 1.
w(B)> : CB, weA,r (1.6)

Another property of Muckenhoupt weights that will be used in the sequel is that
w € Ap, p > 1, implies the existence of some number 7 < p such that w €
A,.. This is closely connected with the so-called ‘reverse Holder inequality’, see
[32, Ch. V, Prop. 3, Cor.]. In our case this fact will re-emerge in the number

re =inf{r >1 :we A}, w € Ao, (1.7)

that plays an essential role later on. Obviously, 1 < r,, < 00, and w € A,,, implies
rw = 1.
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Examples 1.2.

(i)

(i)

(iii)

One of the most prominent examples of a Muckenhoupt weight w € A,,
1 <p<oo,is given by w(x) = |z|?, where w € A, if and only if —n < o <
np—1) for 1 < p < oo, and —n < o < 0 for p = 1. Thusrwzl—i-%and
w e A, if p <0, whereas w ¢ A, for o > 0.

We modified this example in [18, 20] by

ol el < 1,
() = 1.8
and
2] (1 ~log lal)?, || < 1.
Wioe(T) = 1.9
oe(?) {x|ﬁ<1+1og|a:|>6, 2l > 1, (19)

where o, 8 > —n, and 7,0 € R. Plainly, wa g = wiog when v = 6 = 0.
Straightforward calculation shows that for 1 < r < oo,

Wiog € Ay if and only if —n<ao,f<nlr—1), =~ 6 €R,

such that ry, , = rw,, =1+ M

Wiog € A1 when

independent of v, € R. Moreover,

0 ifa=0,

0 ifp=0. (1.10)

>
< d
max(a, 5) <0 an {(5 <

Finally we recall a ‘fractal’ example studied in [17]. Let I' C R™ be a d-set,
0 < d < n, in the sense of [37, Def. 3.1], [21] (which is different from [8]),
i.e., there exists a Borel measure p in R™ such that supp 4 = I' compact, and
there are constants ¢y, cy > 0 such that for arbitrary y €e T'and all 0 <7 < 1
holds

c1r? < pu(B(y,r) NT) < epr?.

We proved in [17] that the weight w,, r, given by

W, (x) = {iiSt (@)% i jizz g?; i i (1.11)
satisfies
W, € Ap if and only if —(n—d) < x < (n—d)(p—1), 1<p<oo,
and w,,r € Ay if —(n —d) < 3 < 0. Consequently, ., . =1+ %.

For further examples we refer to [9, 18, 19].
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We need some refined study of the singularity behavior of Muckenhoupt A
weights. Let for m € Z™ and v € Ny, ), denote the n-dimensional cube with
sides parallel to the axes of coordinates, centered at 27”m and with side length
27%. In [19] we introduced the following notion of their set of singularities Sqing(w).

Definition 1.3. For w € Ao, we define the set of singularities Sging(w) by

Ssing(w) = So(w) U Seo(w),

where
, W(Qum) }
S _ cR" - ¢ —m (),
o(w) {330 Ql,,l,InlBIO |Qu,ml
Soo(w) =20 €R™:  sup un) oot
O TG

Remark 1.4. This is a special case of Sging (w1, ws) defined in [19] with we = 1,
w] = w.

Examples 1.5. Let wiog be given by (1.9) such that

Q) |20V if m=0,
wkl)iziﬂm ~q27ml* (L= log|27¥m|)” if 1< |m|<2", (1.12)
o 27vm|” (1 +log|27*m|)” if |m| > 2.
Hence
{0}, if >0 or a=0, v<0,
So(wiee) =
0(tWiog) {0), otherwise,
{0}, if a<0 or a=0,v>0,
Soo(Wioe) =
(iog) {Q), otherwise,
such that
{0}, if a#0 or a=0,v#0,
Ssin Wiog) =
&(tiog) {Q), otherwise;
in particular,
{0}, if a0,
Ssing(Wa ) = ] (1.13)
0, otherwise.
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In case of the weight w, r introduced in (1.11) where I' is a d-set in R™ with
0 <d < nand s > —(n—d), one can prove similar to our above considerations
that
I'= So(w%,r)7 Soo(w%,l‘) = 07 if 5 > 0,
Ssing(w%,l‘) = V) = So(w%,p) = Soo(w%’p), if 2= O,
I'= Soo(w%p), So(w%I) = @, if 2 < 0,

based on the estimate

(O 1, if 2QumNT =0,
DL\ vim) g(Q | ) N{ (1.14)

27v*  otherwise,
see [17].
Remark 1.6. Note that we always have |Sging(w)| = 0 for w € Ay, cf. [19)].

1.2. Function spaces of type B; ,(R"™,w) and F;  (R",w) with w € A

Let w € A, be a Muckenhoupt weight and 0 < p < oco. Then the weighted
Lebesgue space L,(R™, w) contains all measurable functions such that

izl = ([ 1swpue ) (1.15)

is finite. For p = oo one obtains the classical (unweighted) Lebesgue space,
Loo(R™,w) = Lo (R™), W E Aoo; (1.16)

we thus mainly restrict ourselves to p < oo in what follows.

The Schwartz space S(R™) and its dual S’(R™) of all complex-valued tem-
pered distributions have their usual meaning here. Let ¢y = ¢ € S(R™) be such
that

suppe C {y e R™ : |y| < 2} and plz)=1 if |z| <1,
and for each j € N let ¢;(z) = @(2772) — p(277*1x). Then {p;}52, forms a
smooth dyadic resolution of unity. Given any f € S’'(R™), we denote by Ff and
F~1f its Fourier transform and its inverse Fourier transform, respectively. Let
f € 8'(R™), then the Paley-Wiener-Schwartz theorem implies that F~1(¢;Ff) is
an entire analytic function on R™.

Definition 1.7. Let w € Ay, 0 < ¢ < 00, 0 < p < 00, s € R and {¢;}
smooth dyadic resolution of unity.

(i) The weighted Besov space B,  (R",w) is the set of all distributions f €
S'(R™) such that

jeNg @

11185 o™, w) | = {27 |7 (s F ILy R ) |}y ]| (117)

is finite.
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(ii) The weighted Triebel-Lizorkin space F; (R",w) is the set of all distributions
;€ S'(R™) such that

1115 o )| = || {2717 @i PO e, eall [Ep®w)]| - (118)
is finite.

Remark 1.8. The spaces By  (R™,w) and F} (R™, w) are independent of the
particular choice of the smooth dyadic resolution of unity {(pj}j appearing in
their definitions. They are quasi-Banach spaces (Banach spaces for p,q > 1), and
SR") — B; ,(R",w) — S'(R"), where the first embedding is dense if ¢ < oo,
similarly for the F-case; cf. [4]. Moreover, for wg = 1 € A, these are the
usual (unweighted) Besov and Triebel-Lizorkin spaces; we refer, in particular, to
the series of monographs [35, 36, 37, 38, 39] for a comprehensive treatment of the
unweighted spaces.

The above spaces with weights of type w € Ay have been studied system-
atically in [4, 5], with subsequent papers [6, 7]. It turned out that many of the
results from the unweighted situation have weighted counterparts: e.g., we have
FPOQ(R”, w) = hp(R™",w), 0 < p < oo, where the latter are Hardy spaces, see [4,
Thm. 1.4, and, in particular, h,(R", w) = L,(R",w) = F,(R", w), 1< p < oo,
w € Ap, see 33, Ch. VI, Thm. 1]. Concerning (classical) Sobolev spaces W; (R™, w)
(built upon L,(R™,w) in the usual way) it holds

WFR™ w) = Fyy(R", w), keNg, l<p<oo, weA, (1.19)

cf. [4, Thm. 2.8]. Further details can be found in [4, 5, 11, 26, 27, 10, 2, 3]. In
[28] the above class of weights was extended in order to incorporate locally regular
weights, too, creating in that way the class Af;"c. We partly rely on our approaches
in [17, 18, 19, 20].

Remark 1.9. In [4, Thm. 2.8] it is proved that for w € A, the operator J,, given
by FJo(x) = (1+ 4n?[x[*)=7/2, 0 € R, is an isomorphism of B (R",w) onto
Bst?(R", w) and from F; (R™ w) onto F;17(R", w), parallel to the unweighted
case.

We briefly recall the definition of atoms.
Definition 1.10. Let K € Ny and b > 1.

(i) The compler-valued function a € C¥(R™) is said to be an 1x-atom if suppa C
bQo.m for some m € Z™, and |D%(x)| <1 for |a| < K, z € R".

(ii) Let s € R, 0 < p < o0, and L+ 1 € Ny. The complez-valued function
a € CE(R™) is said to be an (s,p) .1 -atom if for some v € Ny,

suppa C bQ, m for some m € 27,

ID%a(z)| <27 C7RH for o] < K, x e R,

/’ Pa(z)de =0  for |3 < L.
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We shall denote an atom a(z) supported in some @, ., by a, ., in the sequel.
Choosing L = —1 in (ii) means that no moment conditions are required. For
0<p<oo,0<q<oo,we Ay, we introduce suitable sequence spaces byq(w) by

<oo}.

1
Jp:n(—1> , 0<p<oo. (1.20)
+

bpq(w) :{/\ = {)‘V,m}u.,m : dm €C,

[[Mbpg (w)]| ~ H{( > \Am|p2”"w(czu,m>)%} [

N
mezZn" vElo

For convenience we adopt the usual notation

p
Then the atomic decomposition result used below reads as follows.

Proposition 1.11. Let 0 <p < 00, 0 < g < 00, s € R, and w € Ay, be a weight
with r, gwen by (1.7). Let K, L + 1 € Ny with

K> 1+ |s])+ and L >max (-1, |0y, —5]). (1.21)

Then f € S(R™) belongs to B, ,(R",w) if and only if it can be written as a series

f= Z Z Avm@y.m(z),  converging in S’ (R™), (1.22)

v=0meZn"

where a, ., (x) are 1g-atoms (v = 0) or (s,p)k,r-atoms (v € N) and X € byq(w).
Furthermore,

inf [ A[bpq (w)]] (1.23)

is an equivalent quasi-norm in B;"q(R”,w), where the infimum ranges over all
admissible representations (1.22).

Remark 1.12. The above result coincides with [17, Thm. 3.10], cf. also
[2, Thm. 5.10]. There are parallel F-results, too.

Notational agreement. We adopt the nowadays usual custom to write A; , in-
stead of B, , or Fy . respectively, when both scales of spaces are meant simulta-
neously in some context.

1.3. Continuous Embeddings

We collect some embedding results for weighted spaces that will be used later.
First we formulate the most general criterion obtained in [18], which is afterwards
specified for one-weight situations and finally explicated for our model weights.
Recall that we deal with function spaces on R™ exclusively, and will thus omit the
‘R™ from their notation.
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Proposition 1.13. Let w; and wsy be two A, weights and let —oo < s9 < §1 < 00,
0 <p1,p2 <00, 0<q1,q2 < 00. We put

1 1 1 1 1 1
. ( _ > amd = = ( _ ) . (1.24)
p P2 P/ q @ 0/
Then
id: By, (w1) — B2, (w2) (1.25)

is continuous if and only if

1/p2
{2—1/(81—32) {UJQ(QV,’I’R) } e éq* . (126)
vENp

Lo

wl(Qu,m)l/pl }mEZ” | P

Remark 1.14. For the proof and further details, also concerning questions of
compactness, we refer to [18]. In view of (1.16) it is clear that we obtain unweighted
Besov spaces if p; = ps = 0o. Then by (1.5), w1(Qv,m) = w2(Qu.m) = 27" for all
v € Ny and m € Z", such that (1.26) leads to p* = oo, i.e., p1 < p2, and

0y =51 — — — sy - >0, (1.27)
P1 b2

with the extension to d, = 0 if ¢; < ¢o, i.e., ¢* = 0.

In [18, 19] we concentrated on the interplay between smoothness parameters
and properties of the weight in the following sense.

Corollary 1.15. Let w € Ao with 1y, given by (1.7), and

—00 < sa< 81 <00, 0<pr<oo, 0<pa<oo, 0<gq,g <oo. (1.28)

(i) Let
non
0, > — 4+ —(ry — 1). 1.29
il ) (1.29)
Then
idy : B!, (w) — B2 (1.30)

is continuous if and only if

<ce<oo. (1.31)

o)

mezZ™

In particular, if p > %(Tw — 1), then
B, ,(w) — By " if and only if i%fw(Qg,m) >c>0. (1.32)

(ii) Let 6. < % or 8, = ¢ and ¢" < oo, then B!, (w) is not embedded in

P1,91
S2

Pp2,92°
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(iii) Assume that w € Ay such that r,, = 1. Then id,, in (1.30) is continuous if

and only if
inf,,, w(Qo,m) = ¢ >0, and
6.
{27 }]EN € Ly, and (1.33)
pl X P2,
in particular,
By (w) — By, if and only if irrrllf w(Qo.m) = ¢ > 0. (1.34)

Finally we give the complete description in case of our special weights wiqg,
cf. [20], and w,. .

Corollary 1.16. Let the parameters be given by (1.28), and wiog by (1.9) with
a, B> —n, 7,0 € R. The embedding

ileg : B;iyth (wIOg) B;i q2 (1'35)
is continuous if and only if
i B
either o> p%, 0 € R,
B _ n R N *
or L= o> if pt<oo, (1.36)
B8 =0, 020 if p* = o0,

and one of the following conditions is satisfied,

{Q_U(a*—%)(ljw)—%} €l if =>2%, veR,
—v(8.— ) = o nT R v
{2 }l, f o<y VER, or g=gn >
—v(d.— ) & =
{27 = ) Y el W = E <
—115—* 24 )
{2 (5= log 7 (1 + )} €lp if =2, 21=1

In particular,

6>20, R with d>204if =0,

if and only if and
a<0, yeR with y20ifa=0.
(1.37)

Remark 1.17. Plainly, wa g = wieg for v = = 0, such that (1.37) reads in this
special case as

stuq(wlog) - stuq

By (wa,p) — B, , if and only if a<0<p, (1.38)

and

_ max(a,0)

By [(wa,) = Bpg 7 if and only if 3> 0. (1.39)
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Corollary 1.18. LetI' C R” be a d-set, 0 < d < n, and w,.r be given by (1.11)

with s > —(n — d). Let the parameters satisfy (1.28). The embedding

: . S1 52
ld”vr ' BP17Q1 (w"vr) - BP2,Q2

is continuous if and only if
_ _ max(32,0)
P1 < P2 and {2 s )} € Ly
reNy

In particular,

By q(wsr) — By

. if and only if % <0,

and

o max(¢,0)

B;,q(w%,l‘) — Bpq 7

(1.40)

(1.41)

(1.42)

(1.43)

In [18, 19] we also considered situations where both source and target space
are weighted with the same w € A,,. Here we shall only need the following basic

observation.

Proposition 1.19. Let 0 < g< oo, 0<p<oo, s€ER and we A.
(i) Let —oo < 81 < 89 < 00 and 0 < gy < q1 < 00, then

AR (w) — AJl (w) and AS (w) — A (w).

2 P20 P
(ii) We have
By min(p.0) (W) = Fpg(0) = By oy q) (w):

(iii) Assume that there are numbers ¢ > 0, d > 0 such that for all cubes,
w(Qum) =27, veEN),, mez"

Let 0 <pyg<p<p <00, —00< 8 <s<s8y <00 satisfy

d d d
S)p —— =8 ——=81 — —.
Do p P1
Then
B g(w) = Byt (w),
and

Bpg p(w) = Fp g(w) — Byl (w).

(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

Remark 1.20. These embeddings are natural extensions from the unweighted
case w = 1, see [35, Prop. 2.3.2/2, Thm. 2.7.1] and [30, Thm. 3.2.1]. The above
result essentially coincides with [4, Thm. 2.6] and can be found in [18, Prop. 1.8].
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Assume that inf,,ezn w(Qo,m) = ¢ > 0, then (1.6) implies d > nr,, in (1.45).
In particular, for our model weights wq g, wiog and w,, r the embeddings (1.47)
and (1.48) can be exemplified as follows, recall also (1.12) and (1.14).
Example 1.21. Let 0 <pp < p < p; < 00, —00 < §1 < s < 9 <00, 0 < g < o0
(i) Let wq,p and wieg be given by (1.8) and (1.9), respectively, with o > —n,
8>20,v,0€eR, and § >0if =0, and v > 0 if & > 0. Assume that

max(a,0) + n max(a,0) +n max(c,0) +n
sp———— =5 —— 1+ =g ———4

1.49
Po p P ( )

Then (1.47) and (1.48) hold for w = wq g or w = wWieg, respectively.
(ii) Let I' € R™ be a d-set, 0 < d < n, and w, pr be given by (1.11) with
s > —(n — d). Assume that

o e 0 4n _ o omax(e0)n_ o omaxGe0)4n g
Do p P

Then (1.47) and (1.48) hold for w = w,, .

2. Envelopes

2.1. Definition and basic properties

Let for some measurable function f : R™ — C, finite a.e., its decreasing rearrange-
ment f* be defined as usual,

ff@)=inf{s=>0: [{z e R": |f(x)| > s}| < t}, t>0.

Definition 2.1. Let X be some quasi-normed function space on R™.
(i) The growth envelope function EGX :(0,00) — [0,00] of X is defined by

EX(t)= sup fr(t), t>0. (2.1)
lFIXII<1

(ii) Assume X 4> Loo(R™). Let e € (0,1), H(t) = —log&X (1), t € (0,¢], and

let up be the associated Borel measure. The number ug, 0 < ué( < o0, 18
defined as the infimum of all numbers v, 0 < v < 0o, such that

(/(g:(((t;))v MH(dt))l/v < cl|lf1X]| (2.2)

G

(with the usual modification if v = o0) holds for some ¢ > 0 and all f € X.
The couple

& (X) = (&5 (), ud)

is called (local) growth envelope for the function space X.
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This concept was introduced and first studied in [38, Ch. 2], [12], see also [13].
For convenience we recall some properties. In view of (i) we obtain — strictly
speaking — equivalence classes of growth envelope functions when working with
equivalent quasi-norms in X as we shall usually do. But we do not want to
distinguish between representative and equivalence class in what follows and thus
stick at the notation introduced in (i). Concerning (ii) we shall assume that we can
choose a continuous representative in the equivalence class [EGX ], for convenience

(but in a slight abuse of notation) denoted by Eé( again. It is obvious that (2.2)
holds for v = co and any X. Moreover, one verifies that

0zice 5%52) s (O/E(g?té))vluz{(dt)y <o (O/E(gi)%)“ow(dt))&)

G

for 0 < vy < v1 < oo and all non-negative monotonically decreasing functions g
on (0,¢]; cf. [38, Prop. 12.2]. So with g = f* we observe that the left-hand sides
in (2.2) are monotonically ordered in v and it is natural to look for the smallest
possible one.

Proposition 2.2.

(i) Let X; — Lo, @ = 1,2, be some function spaces on R™. Then X1 — Xy
implies that there is some positive constant ¢ such that for all t > 0,

ECH(t) < e€22(1). (2.3)

(ii) We have X — Lo if and only if SGX is bounded.
(iii) Let X;, i = 1,2, be some function spaces on R™ with X; — Xo. Assume for
their growth envelope functions

EXN(t) ~EX2 (), te(0,e),
for some e > 0. Then we get for the corresponding indices ué(i, i =1,2, that
udt < ud? . (2.4)
This result coincides with [13, Props. 3.4, 4.5].

Remark 2.3. For rearrangement-invariant Banach function spaces X with fun-
damental function ¢ we proved in [13, Sect. 2.3| that

1 -1
EX) v —— = X7, t>o, 2.5
& (0~ o5 = Ixal ] (25)
where A; C R™ with |4 =t.

In contrast to the local characterisation in Definition 2.1(ii) it turned out, that
sometimes also the global behavior of the envelope function,

SGX (t) for t — oo

is of interest, in particular in weighted spaces.
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2.2. Growth envelopes in unweighted spaces

We briefly summarize some results for unweighted spaces, in particular, for Besov
and Triebel-Lizorkin spaces and Lorentz-Zygmund spaces Ly, ,(log L),; for defini-
tions and further details of the latter we refer to [1, Ch. 4, Defs. 4.1, 6.13].

Proposition 2.4.
(i) Let 0 < p < oo (with p < 0o in F-case), 0 < ¢ < 00, s = 0,. Then

1 s
t—;ﬁ,q), if op<s<Z 0<q< oo,

(llogtliq), if s=12,1<q< oo,

P
& (B, ) = o
e t_%"'T,p), if s=o0p, 1<p<oo, 0<g¢<min(p,2),
t*%%’,q), if s=0, 0<p<l, 0<g<l1,
(2.6)
and
1, . n
(t P+",), if 0p<s<;,0<q<oo,
, (Ilogtlﬁ,p), if s=%,1<p<oo,
)=y oy (27)
(tp n,p)7 Zf SZUP’1<p<OO70<q<27
<t_%+%,p), if s=0y 0<p<1, 0<q< oo
For the global behavior we obtain for s > o, that
i)y ~tTr, t— . (2.8)
(ii) Let0<p<o0,0<qg< o0, a€R. Then
€ (Lp.a(log L)a) = (¢7F|logt| ™, q), (2.9)

in particular,

_1
& (L,) = (t p,p> , (2.10)
with
(c/’é’p,q(lOgL)a (t) ~ t_%|10gt|_a7 t — 00. (211)

Remark 2.5. For proofs and further discussion in (i) we refer to [13, Thms. 8.1,
8.16, Props. 8.12, 8.14], [38, Sects. 13, 15], [40]; partial results for the case s = 0,
p = 00, 1 < ¢ < 2 are contained in [13, Prop. 8.24] and [29]. Situation (ii) is
studied in [13, Thm. 4.7].
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Remark 2.6. There is a number of partial results in the weighted setting: in
[16] we dealt with growth envelopes of Sobolev spaces & (W)} (wa,g)); there are
forerunners in [14, 13, 15|, which also cover the situation of A5 (wa,s) in some
cases, e.g.,

1 max(a,0)

glratvad) gy o glraCad)qy L3 mEER T o<t <, (2.12)

if5>0,3>0 —nt2Xe0 g0 o maxlad) gee 15 Thm. 3.9]. In [16] first
results for &; (L,(wiog)) were obtained. The so far only approach to the general
situation w € A can be found in [15], where we proved

-1/p I 1 , 1/17/
€1 sup (/w(x) dx) < ng(w)(t) <cy  sup (/w(m)_p /p dx) 7
|B|=t Bcrn,|E|=t || J

(2.13)
and conjectured that

-1/p
Eé:p(w)(t) ~ sup (/ w(z) d:c) ) w € A,
B

|Bl|=t

3. Growth envelope for w € A;

In this section we characterize the singularity behavior of A7 (R™ w) = Aj (w)
where w € A;. As a preparation we characterize the parameters such that

As (w) < L, ie., where no singularity behavior in the sense of growth en-

velopes appears, and give a sufficient condition such that Az’q(w) C LYe e,

where the concept of growth envelopes makes sense. Borderline situations s = o,
are out of the scope of the present approach.

Lemma 3.1. Let 0 < p < oo, 0 < g < oo, we A with

inf w(Qo,m) = cu > 0. (3.1)

(i) Let s > o,. Then A (w) C L°.
(ii) Let s > 3 ors =2 and 0 < g <1. Then

B (w) = La. (3.2)

(i) Let 0 < pg <p < p1 < 00, 81 < 8 < 8¢ satisfy

n n n

Sg——=8§—— =8 — —. (3.3)
Po p P1
Then
Bpo.p(w) = Fyg(w) = By p(w). (34)
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Proof. We use embedding (1.34) with (3.1), thus B , C L for s > o, implies
Bs (w) C L¢; similarly for (3.2) in view of the unweighted result. The extension
to F-spaces in (i) is covered by (1.44). Concerning (iii) we apply (1.6) with F =
Qu,m and B = Qg for appropriate m’ € Z™ such that Q. », C Qo m/; thus (3.1)
implies that

w(QVﬂn) / |QV m| // 2—un
Qo) =€ Qo] = !

with a constant independent of v and m. We apply (1.48) with (1.46) and d = n
and obtain (3.4) with (3.3). |

w(Qu,m) = ¢

veNy, meZ", (3.5)

Remark 3.2. In Corollary 3.5 below we shall prove that for w € A; we have (3.2)

if and only if s > % or s = 2 and 0 < ¢ < 1 (as in the unweighted case), and

a counterpart for F-spaces. For the moment we conclude from the above result
(and general facts about growth envelopes) that it makes sense to study growth
envelopes in spaces B, ,(w), w € Aj, in case of 0, < s < . We do not consider
the borderline situation s = o), here.

3.1. Growth envelope function

We show that whenever s > ¢, and w € A; satisfies (3.1), then

Eéi’q(w)(t) ~ Eé;’q(t) for t—0 and ¢— oo,
and similarly for L,-spaces.
Proposition 3.3. Let 0 < p < 00, 0 < ¢ < 00, s > 0y, w € Ay with (3.1).
(i) Let s <. Then
gy v i tE, 0. (3.6)
(ii) Let s = 7. Then

SA;/qp(w)(t N llog t|M/9, if AMP =BMP and 1< q< oo -
llogt[ /¥, if Apl¥ = Fy'4" and 1< p < oo, '
3.7)
(iii) We obtain
gy m T, - . (3.8)
(iv) We have
gLy vty t>0 (3.9)
G : . :

Proof. Step 1. Note first that it is sufficient to deal with B-spaces only: Assume
that we have already proved (i), (ii) and (iii) with A5 = By ; then (1.44) to-
gether with (2.3) complete the argument in case of A5 = Fy in (i) and (iii);

concerning (ii) we apply Lemma 3.1(iii).
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The estimates from above immediately follow from (1.34) together with (2.3),
(2.6), (2.8), (2.10) and (2.11).

Step 2. As for the estimates from below we adapt the unweighted arguments ap-
propriately and construct special functions f; ., € By  (w) with || f; z,| B ,(w)| ~ 1
such that

g2 (27 > ¢ sup £1,,(277"),  jEN.
o

We begin with (i). Let for zp € R™, j € N,

Fiao (@) = 277%9 (2 (x — @0)) w (B(x0,277)) 7, (3.10)
where ¢ € C§°(R™) is given by
TR, i 2] <1,
= 3.11
v {0, if |z > 1; (311

thus, for j € N, t ~ 277", we have

Sl=

Fra () ~ 2795 (298w (B(0,279)) 7 ~ 2795w (B(x,277))

J:%o

(3.12)

We put ' _

a;(x) = 2_](5_?)1/1 (ZJ (x — zo))
and observe that these are special atoms according to Definition 1.10, since supp a; C
Supp¢ (2]( - CIJO)) - B(.’L'(), 2_])7

D% (2)] < a2 0BTl la| < K, (3.13)

and our assumption on s implies that we do not need to impose moment conditions,
s n - — l
see (1.21). Now let A\; = 277w (B(xo,277)) 7, then

fiwo (@) = Njaj(z)

is a special atomic decomposition (1.22) and we obtain

10

.20 1By ()| < IXbpq (w) | ~ Aj27 5w (B(o,277)) % = 1.

This leads to

£ (27M) > esup £, (27F)
J o

> esup f7 ., (277
B

> sup2 Fw (B(xo,Q_k)) »

Zo

1
Ch(en B(zo,2°%)| \?
> 2 k(s—2) ; . 14

¢ U\ % (Blao,2H)) (3:14)
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In view of (3.6) it is sufficient to prove that there exists some xzo € R™ such that

w (B(z,27%))

2T ) 3.15
Bao.2 M) (3.15)

independent of k € Ny; but since [Soo(w)| < [Sging(w)| = 0, recall Remark 1.6, we
can always find some zg € R™ \ S, (w) and this completes the argument for (i).

Step 8. We modify the above approach in order to prove (ii). Let again
xo € R™\ Seo(w) and put

ful@) =m0 Y v (P (z—x)), meN (3.16)
j=1

Similarly as above, see also [13, Thm. 8.16], we obtain

t < 2—mn’
finlt) ~m™a 3
|logt|, 27™" <t< 1.

Regarding (3.16) as an atomic decomposition of f,, (with a;(z) = ¢ (2/(z — o)),

Aj = mfi, j=1,...,m), we conclude that
m 1/q
| £ Byt )| < Ny ()l ~ m ™% [ S 2500 (Blao,27)7 | < (3.7)
j=1

where we applied (3.15) with j = k and z¢p € R™ \ Seo(w). The rest is similar to
Step 2,

n/p
g0 (9mkny S cqup fr (27 > ¢ fE@) > kit~ k7, keEN.

Step 4. We show that

S”w)()> ctw, t — 00.

We adapt the corresponding proof in [13, Prop. 10.21]| appropriately. Let ¢ €
C§°(R™) be such that suppy C {y € R™ : Jy| < 2} with p(z) = 1if |z| < 1, and

=¢(271) —¢. Thensuppo C {x € R": 1 < |z| <4}, and o*(t) > ¢, t < 1. We
consider functions

gi(x) =270 (2792), jEN, (3.18)
such that g7 (t) = 2795 o*(2797) > 279% for t ~ 20" j € N. This leads to

A (a _1
g ) s sup g () > et 7, t— o0,
JjEN



188  Dorothee D. Haroske

if we can show that [|g;|A; ,(w)|| < ¢, j € N. Let k be a compactly supported C*°
function on R™ with

Zk(zfm):l, x € R™.
mez"
Then we have for all x € R”,

gij(x)=277% Z k(z —m)o (277 z) ~ 279% Z k(z —m)o (277 ), jeN.

mezn |m|~27
(3.19)
On the other hand, ag,m(z) = k(z — m)o (277z) can be regarded as 1x-atom
located near Qg m, m € Z", such that (3.19) represents a special atomic represen-
tation of g; with Ao, = 2777, [m| ~ 27 (and A,,, = 0 otherwise). Consequently,

ng\A;q(w)Hp <ep 279%P Z w(Qo,m) < cg 277" Z 1< ez 2790 = ¢,

|m|~2i jm]~2i

with a constant independent of j € N. Here we used that w(Qo.m) < ¢, m € Z7,
since w is bounded a.e. in R and Mw(z) < cw(z) for a.e. z € R™.

Step 5. It remains to deal with (iv). The counterpart of (1.34) for L,-spaces,
Lp(w) = Ly,

follows by the definition of w € Ay and (3.1), since

ALl ~ Y [ w@lf@pe @)

mELR Q0
< 3wt Lal Q0m||/ )P da,
mezL™ Q

0,m

and, by definition of A; and (3.1), w(z) > ¢, for a.e. € Qo.m, such that we can
proceed by

HAEEDY / o de~ [w@lf@]de = [f1Ly w7

meZ" Rn

In view of (2.10) and (2.11) this yields ££7“)(t) < ¢t~ 7, t > 0. Conversely, we
may use the same extremal functions (3.10) as in Step 2 (with s = 0), that is

-

Giwo () = (2 (& — w0)) w (B(x0,277)) 7,
and choose zg € R™ \ So(w) such that

Gao®) ~w (B2, 279)) 7 > 2% ~t7v,  jEN, t~27M
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On the other hand,

—1

195,00 | Lp(w)[[” ~ w (B(x0,277)) ¥ (27 (x — x9))" w(z) da

B($0,2_j)
< cw (B(wo, 27j))71 / w(zr)dxr = ¢,
B(z0,277)
such that, finally,
M)y ze sup gl ()~ 0<t<l.

g, tro27m

Otherwise, for t — oo, we adapt the approach from Step 4. Thus it is sufficient to
verify that ||g;|L,(w)|| < ¢ uniformly in j € N, where g; are given by (3.18). As
above, we use that w(Qo,m) < ¢, m € Z™, and obtain

lgs Ly ()l < 27" 3 w(Qom) < €29 30 1<
|m|~27 |m|~27
This concludes the proof. |

Remark 3.4. Note that we did not use the assumptions w € A; and (3.1) in
Step 2 of the above proof. Hence we always obtain

—k =
By a(W) o—kn —k(s—2) < |B(‘T072 )| )p
& 2 > 2 P osup [ T2 L 3.20
S 22\ 0 (Blao 2) (320
leading to
g8 ) > et TR for t—0, (3.21)
where w € Ay and 0, < 5 < %.

Corollary 3.5. Let 0 <p <00, 0< g< 00, s> 0, we Ay with (3.1). Then

s> or
B (w) — Ly if and only 1 P’
p,q(> f yif {SZ and 0<qg<1.
Similarly,
s>2  or
F? (w) — Lo if and only 1 P’
(W) f y if {S:Z and 0<p<1.

Proof. Again the F-result follows from the B-assertion, embeddings (1.44) and
Lemma 3.1(iii). The sufficiency is covered by Lemma 3.1(ii), so it remains to

disprove B} (w) < Lo when s <  or s = 3 and 1 < ¢ < oo. How-

ever, in these situations we have the unboundedness of SGB paa(®) (t) when t — 0
in view of Proposition 3.3(i),(ii) which is by Proposition 2.2(ii) equivalent to
B, (w) % Loc. ]
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3.2. Growth envelopes

We complete the characterization of A) (w), w € Ay, in terms of their growth
envelopes.

Theorem 3.6. Let 0 < p < 00, 0 < g <00, s> 0,, we Ay with (3.1).
(i) Then

(t7%+%7q>7 S < %7

&(By 4(w)) = (3.22)
(\logt\q’,q), s=13 and 1<q<oo.

(ii) Then

(t7%+%)p)) S < %7

& (F q(w)) = . (3.23)
(|logt|p’,p), s:% and 1<p< oo,

and

& (Ly(w)) = (t‘%yp) : (3.24)

Proof. In view of Proposition 3.3, (2.4), (2.6), (2.7) and (2.10) it remains to prove
that uGBp’“(w) > q, ugp’“(w) > p and ué”(w) > p. By Lemma 3.1(iii) and another
application of (2.4) we may restrict ourselves to the B- and the L,-case. Let first
5 < % and € > 0. We have to verify that

c 1/v

/[t%*i f*(t)}“ % <c|f1By () (3.25)
0

for all f € By  (w) implies v > q. We consider a refined construction of the above
extremal functions f;,, given by (3.10). We choose {z,}; € R" \ Sy (w) with,
say, |x; — x| =4, j # r, such that suppv (27(- —z;)) N supp ¢ (2"(- —z,)) =0
for j # r, j,r € No, and 9 is given by (3.11). Let {b;};en be a sequence of non-
negative numbers where we may assume, in addition, that by = --- =b;_1 =0,
and J is suitably chosen such that 27/ ~ ¢. Let

folw) = 3" 279,00 (27 (@ — 23)) w (B(a, 279)) 7 (3.26)

Jj=1

Seen as atomic decomposition of f, (with a; = 2777 %)y (2/(- — 2;)) and \; =
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jn y - l . . .
277%b; w (B(x;,277)) *), this implies

1151 Bj 4 (w)]| < [ Abpg ()]

Q=

oo

<c Z 2 I p 4y (B(xj, 2_j))_% b‘;- 2150y (B(mj, 2_j))%
j=J
~ 16144 ]I- (3.27)

Since
1

fit) = cbj 27w (B(xj,279)) 7 2 ¢b; 2790678 jeEN, t~279" (3.28)

inequality (3.25) can be extended on both sides to

v € v

) 1, v dt s
Zb§ < / [t; " fo (t)} e S ¢ Hfb‘Bp,q(w)H < ]|l
j=J

t
0

for arbitrary sequences of non-negative numbers. This obviously requires v > g.
As for the L,-situation we adapt the above argument and use the functions
f» given by (3.26) with s = 0. All what is left to show in this case is that
I fo| Lp(w)]] < ¢||b]€p]l, but by the disjointness of the supports in construction
(3.26) and the choice of z; € R™ \ Soc(w) this is straightforward.
Assume now s = %, 1 < ¢ < o0. The counterpart of (3.25) reads as

1/v

[riwoms] %) sclmpel] o
0

for all f € Bﬁ{]p (w). We want to prove v > ¢ and proceed by contradiction; that
is, we assume v < q. We refine the approach presented in Step 3 of the proof of
Proposition 3.3. Let zp € R™ \ Soo(w), m € N, and

Fm( Z bt (27 (z — x0)) r € R™, (3.30)

Jj=1

where
1 N L .
bJ:] q(1+10g]) Yy jzlv"'ama

n (3.26). Then similar to (3.17),

n/p _
| f ol Bt )| < clolegl = ¢ 51 T
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since v < ¢, where ¢y does not depend on m € N. On the other hand, by our
choice of {b;};,

k
Fon@) = e Y by 2 ckby ~k7 (L+logh) ", k=1,...,m,
=1

hence for m > J,

" at “ a2
|logt|1/<1 +1/U t Z kl/q +1/v

=1

m 1 v
> —_— .
2 <; k(l—Hogk))

Obviously the expression on the right-hand side diverges for m — oo, such that
there are functions f,,;, € Bl%p (w), not satisfying (3.29). This completes the
proof. |

Remark 3.7. Let w € A; with (3.1). Then Proposition 3.3, Corollary 3.5 and
Theorem 3.6 describe exactly the counterparts of the unweighted situations with
w = 1, see Proposition 2.4 (apart from borderline cases). In other words, though
we only have the embedding (1.34) in this setting, the spaces are so close to-
gether that their singularity behavior (measured in growth envelopes) cannot be
distinguished. This phenomenon is already known from similar studies concerning
questions of compactness, cf. [19].

We separately formulate Theorem 3.6 for our example weights wq, g, Wieg and
w,.r. Note that (3.1) requires 8 > 0 and § > 0 if 8 = 0. Hence we can apply
Theorem 3.6 to wioe and wa g in case of = = 0 in view of (1.10), thus only the
local behavior can differ from the unweighted setting (as seems reasonable when
characterizing local singularity behavior).

Corollary 3.8. Let 0 < p < o0, 0 < g <00, 5> 0p.

(1) Let wa,p be given by (1.8) and wieg by (1.9) with —n < a < 0, v € R, with
v=20ifa=0,and B =6=0. Then

QSG(B;Q(me)):%(B;Q(wlog)): t p n,q) Pt
' ' \1ogt|<ﬂ,q), s=1 and 1 <gq< oo,

(3.31)

b+g n

C(F (0n0)) = C(F (wnog) = 4 71)) s<m,
’ ’ |10gt‘1’l,p)’ S:% a'fldl<p<oo7

(3.32)
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and
_1
€ (Lp(wa0) = C(Ly(wiog) = (£77.p). (3.33)
1) Letl C e a d-set, 0 < d <mn, and w,. r giwen by (1. with —(n —d) <
i) LetT' C R™ be a d 0<d d w,.r given by (1.11) with d
2 < 0. Then
(t_%-‘r%’q) ) S < %7
& (B 4(wser)) = (3.34)
(|logt|q/7q), s:% and 1< g < oo,
(t_%Jr%,p), s< 2,
C(Fy q(wier)) = ; (3.35)
(|logt|v’,p), s=% and 1<p<oo,
and
_1
& (Lp(wsr)) = (t P,p) : (3.36)

Remark 3.9. Plainly, the case —n < 8 < 0 in the above example, referring to
weights w € A; which do not satisfy (3.1) is of some interest, too, but not yet
covered by our above techniques, apart from lower estimates, see Remark 3.4.

3.3. Applications

We briefly present two typical applications of the preceding envelope results: Hardy
type inequalities and sharp embedding criteria.

Corollary 3.10. Let 0 < p < 00, 0 < g < 00, § > 0p, w € Ay with (3.1), and
€ >0 be small.

(i) Let s < %, 0 < u < oo and let s be a positive monotonically decreasing

function on (0,e]. Then

</ [tt) 55 ()] i“)l/u < el f145 ,(w)]] (3.37)
0

for some ¢ >0 and all f € A}, (w) if and only if » is bounded and

g<u<oo, if Ay, =B,
pSu<oo, if Ay =F7.,
with the modification
1_s . s
sup () t27 7 f1(t) < c|[f|4) o (w)]| (3.38)

te(0,e)

if u=o00. In particular, if > is an arbitrary non-negative function on (0,€],
then (3.38) holds if and only if s is bounded.
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Let s = %, 1 <qg<o00,0<u< oo andlet » be a positive monotonically
decreasing function on (0,e]. Then

c 1/u

[0 a oy o] 0

t |logt|
0

Hf|B”/p H (3.39)

for some ¢ >0 and all f € Bn/p( ) if and only if s is bounded and ¢ < u <
oo, with the modification

sup (t) (1+ |10gt|)i’

) <e Hf|B”/P )H (3.40)
t€(0,¢)

if u=o00. In particular, if > is an arbitrary non-negative function on (0,€],
then (3.40) holds if and only if » is bounded.

Let s = %, 1<p<oo, 0<u< oo and let » be a positive monotonically
decreasing function on (0,e]. Then

c 1/u

[ [ sy )

t |logt]|
0

\ch| Ere( H (3.41)

for some ¢ >0 and all f € F,%p(w) if and only if s is bounded and p < u <
00, with the modification
1

sup »(t) (1+ |logt|)»

Hf|F"/P H (3.42)
te(0,e)

if u=o00. In particular, if > is an arbitrary non-negative function on (0,€],
then (3.42) holds if and only if s is bounded.

Let 0 < u < oo and let » be a positive monotonically decreasing function on
(0,€]. Then

1/u

/ ey i3 o] L) <e L)l (3.43)

for some ¢ > 0 and all f € Ly(w) if and only if > is bounded and p < u < oo,
with the modification

sup (1) t7 f*(t) < ¢ ||f|Lp(w)] (3.44)
te(0,e)

if u = 00. In particular, if » is an arbitrary non-negative function on (0, €],
then (3.44) holds if and only if » is bounded.
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This follows immediately from Definition 2.1 and Theorem 3.6. Of course, the
above Hardy-type inequalities can be explicated for the particular weights wieg,
Wa,3 and w,, r considered in Corollary 3.8.

Another type of application concerns sharp (or limiting) embeddings which
naturally can be understood as sharp inequalities, too. In addition to Corollary 3.5
we now restrict ourselves to a few model cases only to demonstrate the method.
Corollary 3.11. Let 0 < p < 00, 0 < ¢ < 00, w € Ay with (3.1).

(i) Let 0 <py <p<p1 <00, 81 <8< 8o satisfy
so—ﬁzs—ﬁ:sl—ﬁ. (3.45)
bo p 41
Then for 0 < u,v < o0,

By (w) = Fy (w) — By (w) if and only if  uw<p<wv. (3.46)

Ppo,u p1,v

(ii) Let1<r<oo,0<u<oo,0p<s<%, with

n n
§— — = ——.
P r
Then
<u<oo, if A5 =DB5
AZq(w)(_)Lru if and only if IS US00 lf D.q D,q
7 ’ p<u<oo, if A =F; .
(3.47)

Proof. The sufficiency parts of (i) and (ii) are covered by Lemma 3.1(iii) together
with (1.34) and the well-known unweighted counterpart of (ii), cf. [13, p. 120].
It remains to show that the embeddings imply the corresponding parameter esti-
mates, but (i) is an immediate consequence of Corollary 3.10(i) with s = 1.

We complete the proof of (i). Let B0, (w) — Fj (w) — Bj! (w) with

Po,u P10
(3.45). Assume first that s; > o,, (which implies sg > o,, and s > o,) and

n

Si— 5 = 8— 2 <0,7=0,1, such that we can apply Theorem 3.6 to all spaces
involved and obtain by (3.45)

(w)

Brd u(w) Fy q(w) Byl
Er () &M () ~ &

B3Y Py B! .

Now Proposition 2.2(iii) implies that ug g () < qu’q(w) < ug P () which is by
Theorem 3.6 equivalent to the desired result v < p < v. It remains to consider
situations s; < o, or s; — pﬂ = s — % > 0, ¢« = 0,1. This is done by the
lifting argument mentioned in Remark 1.9: we can always choose some number
# € R in such a way that 5; = s; —pu, 1 = 0,1, § = s — p satisfy 5 > oy,
and §; —Pﬂi =5— %_< 0, 4 :~O,1. Since B;° ,(w) — Fj, (w) — Bp! (w)
implies B,° , (w) — F, (w) — B! ,(w), the preceding observation concludes the
argument. |

) ~trtn,  t—0.

Remark 3.12. It is obvious that also parts (ii) and (iii) of Corollary 3.10(i) can be
reformulated in the sense of Corollary 3.11(ii), dealing with spaces of exponential
type accordingly. We shall return to Corollary 3.10(iv) in Remark 4.8 below.
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4. Growth envelope functions for w € A,

We turn to the general situation now where the results are less complete so far.

Lemma 4.1. Let 0 <p <00, 0 < ¢ < 00, w € Ay with (3.1).

(i) Let s>n (? - m) Then A3 (w) C L.
(ii) Assume that
_1
{2”(52) sup <ui$2ym|i)> } €ly. (4.1)
meZ v,m veN,
Then
By ,(w) — L, (4.2)
in particular, if s > %rw, then
Ay (W) = L. (4.3)

(iii) Let d > nry,, and assume that 0 < pg < p < p1 < 00, 1 < § < 8o satisfy

So—iZS—g—sl—i (44)
Po p P1
Then
By p(w) = FJ (w) = By (w). (4.5)

Proof. Note that the extension to F-spaces in (i) is a direct consequence of (1.44),
so it is sufficient to consider B-spaces. In view of our assumptions we can choose
€ > 0 sufficiently small such that

s— %(rw —1) —en > oy,. (4.6)

Now we use embedding (1.32) with o = 3(ry, — 1) + €n, hence (3.1) implies

Z(rw—1)—en

B;S),q( w) < Bp q (4.7)

and the unweighted result gives (i). We come to (ii). Since (4.1) implies By,  (w) <
BY, ; in view of (1.26), the classical result BY, ; < Lo leads to (4. 2) In partlcular
if s > 27y, one may choose € > 0 sufficiently small such that s—p > 2 and (4.7) can

2(ry—1)—en

be extended by the unweighted embedding prq L. Alterna’mvely7
using (1.6) for some number r such that s > n> > n"% one obtains convergence

in (4.1) for any ¢, since

1

271,(57%) sup (uj(c?l”m)) Y <C'/w 2*1/(5771%);

mezL™ ‘Ql/,m,|

hence (4.2) with Proposition 1.19(i), (ii) imply (4.3).
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Finally, concerning (iii) we apply (1.6) with % > 1y, such that w € Ay,
Together with (3.1) this gives for v € Ny, m € Z™ and appropriate m’ € Z™ with
Qu,m C Q(],m’v that

”LU(Qu,m) > / |Qv,m‘d/n > 0271,51
= =
v w(QO,m’) v ‘Qo,m’ |d/n ’

w(QV,nL) Zc veNy, mée Zn, (48)

with a constant independent of v € Ny and m € Z". Application of (1.48) with
(1.46) gives (iii). [ |

Remark 4.2. In contrast to Lemma 3.1(ii) and Remark 3.2 we only obtain a
sufficient condition for By  (w) — Lo here when w € A.; borderline situations
corresponding to (i) are out of the frame of the present approach again. Moreover,
inspired by Lemma 3.1(iii) one might be tempted to take the limiting case d = nr,,
in (iii), but sharp embedding criteria for wq, g and wieg studied in [18, 20] disprove
this assumption. On the other hand, condition (4.1) may be sharp in certain cases,
also for w ¢ Ay take wq g with (3.1) (thus 8 > 0), then we have by Corollary 1.16
for any p < r < oo the continuous embedding

n n  max(a,0)
BS (wa ) — By, Ss——=0—— 4+ ——, 4.9
p.q(Wa,) q D r D (4.9)
in particular, with o = 7,
s n/r n  max(a,0)
Bp,q(wohﬁ) — Br,q ) S§—— = ————"17, (410)

such that Bﬁ,/f — Lo for 0 < ¢ < 1 implies

s n  max(a,0
B, (wa ) = Loo, 5:p—|—](3), 0<qg<1, (4.11)

in accordance with (4.1), recall (1.12). As it turns out in Corollary 4.20 below,
this is indeed sharp.

In view of Lemma 4.1(i), (ii) and general facts about growth envelopes we
mainly restrict ourselves to w € A, and parameters

0<p<oo, 0 < q< oo, n(—)<s<nrw (4.12)
p

in the sequel. Plainly, (4.12) implies s > 0,,,, which is needed to avoid moment
conditions for the atoms in the corresponding Besov spaces, see (1.21). If r,, =
1, e.g. for w € Ay, then (4.12) reduces to o, < s < %, corresponding to the
unweighted setting and Remark 3.2.
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4.1. Estimates from above

Here we mainly apply (sharp) embeddings together with results from the un-
weighted setting.

Proposition 4.3. Let w € Ay, with (3.1) and let (4.12) be satisfied.
(i) Assume that for p with 0 < p < s — o, there exists some ¢ > 0 such that

B
inf 27 g ((L@um) )7 o (4.13)
reNy mezLn" |Qy7m|
Then
7%+%7?, if uw>s
. i
gé‘m(w)(t)gc' |10gt|ql’, if ufsff 1<q o and A, =B, .,
|log t|7", if p=s—73,1<p<oo and A}, =F;,,
(4.14)

fort — 0. In particular, for any small € > 0 there is some c. > 0 such that
i) <o t7EFTETE 50, (4.15)

(ii) Assume that for some u with 0 < u < 0o and s > n (% +1_ 1) there is
+
some ¢ > 0 such that

sup 2~ vn( Hw Qu,m) < c < 0. (4.16)
veNy
Then ) .
gy <, o ool (4.17)
In any case we have
gy <ty t— ool (4.18)

Proof. Let for € > 0 the number r. = r, +¢ > 7y, hence w € A,_. Then by (3.1)

and (1.6),
1
inf (w(Q”m)) ’ > 62—1/%(7"5—1)7
mezZn |Qy7m|
such that (4.13) is always satisfied with p. = %(rE —1). Moreover, assumption
(4.12) guarantees that . < s — o, for sufficiently small € > 0. Thus

By q(w) = Byt

is always true for small € which immediately leads to (4.15) and (4.18) in view of
the unweighted results (2.6), (2.8) together with (2.3). Moreover, in case of (4.13)
we have

By g(w) = By !

b,q
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and in case of (4.16),

S S : 1
Bp7q(’l,l)) — B,,.,q Wlth ; = ]; —+ E
Thus (4.14) and (4.17) are again consequences of (2.3), (2.6), and (2.8), at least
in case of B-spaces. The F-case in the first line of (4.14) and (4.17) can be easily
obtained in view of (1.44), only the last line in (4.14) needs some more care.
Assume that y = s — %, let d = sp, then (4.13) reads as

inf 2% inf vm) = 4.19
ot 27 inf w(Qum) > ¢ (4.19)

Since s > % we may choose s; < s and p; > p such that s;p; = d = sp and

u1 = s1 — % > 0. On the other hand, (4.19) together with the second line of

p1 =
(4.14) yield

(w)

B3 1
EP () < cllogt|, t—0,

such that Proposition 1.19(iii), that is F; ,(w) — B! (w), and (2.3) conclude the
argument. |

Remark 4.4. Clearly, one is interested in the smallest numbers p in (i) and u
in (ii) to obtain sharp upper estimates for ¢ — 0 and ¢ — oo, respectively. Note
that e > 0 in (4.15) cannot be omitted in general, though in special cases e = 0 is
possible: Let wq, g be given by (1.8) with 8 = 0 such that (3.1) is satisfied. Then

by (2.12) fOY0<p<OO,0<q<oo,s—%<w7
5 q(Wa, _ 1 s _ max(a,0)
5GBp’q( 6)(t) ~t 117 n np > , for t— 0. (420)

Since ry, , =1+ M, this corresponds to (4.15) with ¢ = 0. We discuss this
point in further detail below.

We collect consequences of Proposition 4.3 for our example weights wa,g, Wiog
and w,, .

Corollary 4.5. Let 0 < p < oo and 0 < g < 0.

(1) Let wq,g be given by (1.8) with § > 0 and assume o, < s — max(a,0) %.
Then
—14s max(a,0) . n , max(a,0)
tr 1 v qf s< » + —p ) ,
& o log t|7, if s=14+m00 g cg<oo
Erm () < e and A5, =B5 .,
1
|logt|?", if s:%+w,l<p<oo
and A, =F;

(4.21)
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fort — 0. Moreover, let « < B, then for any small € > 0 there is some
c. > 0 such that

gl gy o ¢mmIGEE ATy o (4.22)
If 1<p<oo,0<fB<n(p—1), a<p, then (4.22) can be improved by
glral Dy < etm5 R, t— oo (4.23)

(ii) Let wiog be given by (1.9) with B8 > 0 and § > 0 if 6 = 0. Assume o, <

5— w < %, andy > 0ifa > 0. Then Sép’q(wlog)(t) can be estimated by

the right-hand side of (4.21) fort — 0, and by the right-hand side of (4.22)
fort — oco. In case of s > n(% + n% — 1)y and 6 > g we have the sharper
estimate (4.23).

iii) Let w,. 1 be given by (1.11), and 0, < s — max(#40) < n - Thep
( ) 5 g Y p P P
,lJr%,m‘dxn("ﬁ) . n max(3¢,0)
t e ) o, qf s< b T 7' PR
A ) |10gt|77 Zf 3:%_’.11]‘”(;%,0)’ ].<q<OO
gG p,q(Wse,T (t) <ec 1 and A;,q = B;’(P
|log t| 7", if s=n4maled) g op oo
and A, =F7 .
(4.24)
or t — 0. Moreover, we have for s — 2220 < & that
[ > P
A% (wse _1
glra =y <ettr, t— ool (4.25)

Proof. Part (i) follows from Proposition 4.3(i) with ¢ = max($,0) in the local
case, recall § > 0 and (1.12), whereas u in Proposition 4.3(ii) can be chosen such
that > < 1< n%. This leads to (4.22) if s > (% + % —n)4. In case of wiey and
d > g we may even take 1 = % and arrive at (4.23).

Concerning (4.22) in case of s < (% + 3 — n)4+ note first that our general

assumption s > o, + max(%, 0) then implies o < 3 and % + % > n. The idea is to
find the smallest number r such that for suitable p > 0,

’ s—pu : 1
B, (wa,p) — B! with s—p >n (r - 1) . (4.26)
+

By Corollary 1.16 this requires % < n% + = (or % = n% + % with & > % in case

1
p
of wieg), and pn > (5 =+ + 7))+ Butifs<(%+%—n)+:%+%—n,wemay
always choose r such that

1\ 1 1
maX<17a+)<<min(ﬁ+,8+1>:5+1.
np p r np pn n
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S

Thus for any (sufficiently small) ¢ > 0 we take p. < £, and % =2 +1—¢, such
that (4.26) becomes

s s—p
Bp,q(waﬁ) — B

Finally, (2.3) and (2.8) lead to (4.22). The argument for w, r is parallel, where
(4.24) corresponds to (4.14) with 1 = max(%,0), and (4.25) follows from (4.18).
|

Remark 4.6. We already obtained the non-limiting case in (4.21) and (4.23) in
[15]. It seems natural to assume that (4.23) describes the correct upper bound in
all cases of s, but this is not yet verified.

In case of L,(w) we generalize the interpolation idea used in [16, Lemma 3.3].

Lemma 4.7. Let 0 < p < oo and w € As.
(i) If wr € Ly oo(og L), for some0 < g < oo and s € R, then

1 1 1
Ly(w) = Ly p(log L), for —=-—+4-, (4.27)
p q

r

and, consequently,

LMy <ot a1+ |logt) ", > 0. (4.28)

(i) Ifw™! € Lo, then
Ly(w) = Ly, (4.20)

and, consequently,
My <, t>0. (4.30)

Proof. Similar to [13, Lemma 3.33] and [16, Lemma 3.3] we use interpolation
arguments and the result of Merucci [22, Ex. 3] to extend Holder’s inequality to

LP’U(IOg L)a : Lq,v (IOg L)b — Lr,u(log L)a+b>
1 1 1
O<u,v<oo, a,beR, —=—+—-, (4.31)
r p q
in the sense that f € L, ,(log L), and g € L, ,(log L), implies fg € L, ,,(log L) g+
with
[£9|Lru(0g L)atsll < c|[f|Lpu(log L)all lg| L, (log L)s]| - (4.32)

We apply (4.32) with u =p, v =00,a=0,b=3, g= w7 and f= hw? which
yields

)

1Ly (108 L)l) < € 1ALy |7 |y o0 (108 L).0

that is, (4.27). Embedding (4.29) is obvious. The estimates (4.28) and (4.30) are
consequences of these embeddings together with (2.3) and Proposition 2.4(ii). W
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Remark 4.8. If w € A; with (3.1), then Lemma 4.7(ii) corresponds to Propo-
sition 3.3(iv). Moreover, Corollary 3.10(iv) with s = 1 confirms that the target
space L, is optimal within the scale of Lorentz spaces.

We explicate Lemma 4.7 for w = wigg.

Corollary 4.9. Let 0 < p < 00, » € R, and wieg given by (1.9) with —n < o < 3,
8>0,~v,0 €R. Then
L, (w'8) — L,,(logL), (4.33)

if (at least) one of the following conditions is satisfied:

(a) %—i— ma);(a :0) < < = + fp, or
1 1 ﬂ [
(b) =135+ and %<p, or

o , _
+ max(a,0) and < IR Zf a>0 or a=0>r,
0, if a<0 or a=0<y

()

3=

Consequently we obtain for any t > 0 and % 4 max(@0) 1 1 + £ xR,

np r np’
g&res) (1 < et (14 [logt]) ™7, (4.34)
and, in the limiting cases, for a < 3,

SGLp(wlog)(t) < Ct—%—%(l + |]0gt|)_%7 (435)

1 max(e,0)

EGLp(wlog)(t)gc{t »m e (14 |logt))"?, a>0 or a=0>7, (4.36)

1

t 7, a<0 or a=0<y

whereas o = 3 leads to

_ nuu(’y 5)

Eép(wlog)(t) <ec {t » (1 + |logt|) , a=[£>0, . (4.37)

Proof. The embedding result can be found in [20] (with a forerunner for o > 0
in [16, Lemma 3.3]), it is based on Lemma 4.7(i). Plainly, (4.34)-(4.37) are conse-
quences of (a)-(c) together with (2.3) and Proposition 2.4(ii). [ |

Remark 4.10. Note that for @ < 0 or & = 0 < y embedding (4.33) remains valid
for 8 =0 and ¢ > 0, that is, L,(wiog) — Lp — Lp(logL),., » < 0, leading again
to

gty <otmr, t>0. (4.38)

Of course, wiog = wa,p if v = 0 = 0, such that Corollary 4.9 contains sharp
embeddings and upper estimates for the growth envelope function of L,(wy,g) as
special case.
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We use Corollary 4.9 to improve our results in Corollary 4.5 partially.

Corollary 4.11. Let wiog be given by (1.9) with o« > —n, > 0, 7,0 € R, and

0=204fB=0. Assume that 0 < p < 00, 0 < g < o0, ands>ap+w
() IFO<a<p, 730,827 ifa=0, ad
1
n<—"+a> <s-2 (4.39)
p n+pB/, P P
then (4.21) can be refined by
EA;,(;(“’IOg) s_1_ o e . T
G (t) <ctr p mp (14 |logt]|)” » " nte t— 0, (4.40)

where in case of A = B we have, in addition, to assume that % > % it

(ii) For the global behavior we obtain that if 1 < p < 00, 0 < 8 < n(p — 1),
a< B, and § < if a =0, then (4.23) can be improved by

gGAZ,q(wlog)(t) < Ct—%—%(l + |]0gt|)_%7 t — oo. (4.41)

Proof. Plainly, the results in case of F-spaces result from their B-counterparts
in view of the embeddings (1.44) and Example 1.21 together with (2.3).

Concerning (4.40) we apply (4.36), (4.37) together with Example 1.21 and
Le(w) = Fy(w), 1 < r < oo, w € A, cf. (1.19). Note that (4.39) implies
§ — o > op such that A3 (wieg) C L'°¢, as desired. Beginning with the F-case we
have n n

s n+a n+a

Fp,q(wbg) - Fw?,z(wbg)a s — » = (4.42)
since v > 0, recall Example 1.21. Moreover, our assumptions (4.39) ensure that
1 <r < oo and wieg € A, such that (4.42) can be continued by

F;,q(wlog) — Ly (wiog)- (4.43)

Thus (4.36), (4.37) and (2.3) lead to (4.40). In case of A = B and ¢ < p the result

is a consequence of the F-case and (1.44), whereas for % > % > % = % — ra
(4.42) has to be replaced by
s s n+« n+«
By q(Wiog) — By 1 (wiog) — FB,Z(wlOg)a s — » = (4.44)

We come to (ii). If 1 < p < oo and wieg € A, then similar to (4.42) we use
A3 4 (Wiog) = Fpls(Wiog) = Lp(wiog),

since s > 0. Thus (4.35) and (4.37) yield (4.41) in view of (2.3). |
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4.2. Estimates from below

We refine previous arguments and constructions of (atomic) extremal functions

to obtain lower bounds for 5 pa(t )( t) and EGL”(w)(t). First we study the general
situation before we list consequences for our model weights afterwards.

Proposition 4.12. Let w € Ay

(i) Let 0 < p < 00, 0 < g < 00, ands>n(r;)“—m). Then, if t — 0,

N\ 1/d

L+ logt|] i -4
n B 277
& ’”’(w)( t) = ¢ sup E 9=is=5)d’ <( (o, : ))> ;

zoER"? |B(.’L’0,2_7)|

(4.45)

usual modification if ¢’ = 00), and
(

5pq”)()>c( 3 w(Qo,m)>7%, t — oo. (4.46)

\m|~t1/"

(ii) Let 0 < p < co. Then we obtain

Eép(w)(t) >ctTr sup (w(Qym)) ’ , t — 0, (4.47)
Qum |Qu.m]
t~2mvm
and
1
&Mz > wQum) Tt (4.48)
it/

Proof. We refine the approach from Step 3 in the proof of Proposition 3.3. Let
for g € R™,

= zm: (27 (z — 20)), m €N, (4.49)

where b; > 0 and ¢, will be suitably chosen later. Similarly as above, see also
[13, Thm. 8.16], we obtain

* —mn
fo () = cem E bj, t~2 .
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Regarding (4.49) as an atomic decomposition of f,, with A\; = ¢, b; 9i(s=%),
a;(x) = 27].(57%)1/} (Qj(x - 1’0)), j=1,...,m, we conclude that

1/q

s ~ - 4 9i(s—%)q w(B(‘r()?Q_j)) ’

(4.50)
(modification if ¢ = 00). Thus, if we choose

-1/q

m - B(x,277)) v
N 4 9i(s—%)a w (B(xo,277)) 4.51
(& ( [B(r0,277) | (451

LIS

we obtain
| Fml Bpq(w)]| < e,
and
u (Banr ) (2
(g m w To, 2" i
*(4) > pd 2i(s—%)a 7 b; t~27mT,
a0z e[ 20 Blro,27)] 2.b
j= j=
(4.52)
We choose now
_ite—nyy [ w(B(xo,277)) v _
by ~2 i) [ A S D) =1,...
J P < |B(.’E072_-7)| ) J ) ,m,
thus
o\ Ve
“ (s_my [ w(B(xo,2779))\ 7
fEt) = ¢ g i(s=f)a (7 7 . t~27 (4.53)
2 B0, 29)
The modifications in case of ¢ = oo (ie., 0 < ¢ < 1) are obvious. Thus

(4.50) and (4.53) imply (4.45). As for (4.47) it is sufficient to consider f,,(z) =
¥ (27 (x — 20)) w (B(z0,2~™)) /" which yields

1
n (w(B(x9,27™))\ ? _
L < d (t) = 2™ _— t~ 27T,

O R A e e

Concerning (4.46) we adapt the argument used in Step 4 of the proof of Propo-
sition 3.3. Note that it is sufficient to deal with B-spaces now, since the extension
to F-spaces comes from (1.44) combined with (2.3). Using the same function p as
there we now consider functions

gj(x)=( > w(Qo,m))_%Q(T%)’ jeN,

jml~2s
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such that

1 1
g0 =Y w@m) ez (X w@um) T, t~2" jeN.

[m|~27 |m|~27
This implies (4.46) if ||g;|B; ,(w)|| < ¢, j € N. Let k € C§°(R") be as above, then
for x € R™,

gj(a:)~<z Qoz) Z k(z —m 2J) jeN. (4.54)
[2]~27 |m|~27
Regarding this as atomic decomposition again, we arrive at
1 1
lgstBs @l < e (3 w(@on) T (Y w(@om)) <2,

] ~2i jm]~2i

with a constant independent of j € N. The modifications of the above argument
in case of (4.47) are parallel to the proofs of Proposition 3.3 and Theorem 3.6. W

Remark 4.13. Plainly, if So(w) # 0, then (4.45) can be replaced by

L2110 ( ) Hd
B; ,(w) n Cis—nyg (W B(x(hQ*J) P
& (t) > c sup 27T | ———— ,
¢ 2o €S (w) ; |B(20,277)|
t— 0,
(4.55)

and, if So(w) C Z™ (as is the case for our examples wq g and wieg), then it looks
even more natural to replace (4.45) by

/ 1/11'
L5 |logt]] _4
p q (w) —v(s—2)q’ (w(Qu,m)> P
5 > ¢ sup 2 P —_—
( ) mezZn uz::l |Qu,m|
2] tog 1] A\ Ve
~ sup Z 9-vsd' (w(Q%m))_% , t— 0.

mez” =1

n

We briefly discuss the compatibility of (4.15) and (4.45) if s < J7rw: we apply
(3.1) and (1.6) with r > 7,

w(B(z0,277)) = ¢, 27977,
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where c is independent of j € Ny and zy € R™. Thus

’ 1/q"
L%Hogtu (B( 2—]’)) _% /aq
sup |30 gl [ D0 Sl
zoERM = |B($072_])|
|1 ]1og ] Ld

j=1

since s < Zr. Writing 7 = 7, + €p, it is obvious that (4.15) and (4.45) do not
contradict each other. The compatibility of (4.18) and (4.46) is immediate in view
of (3.1). Since the sum on the right-hand side of (4.45) converges for s > Zr,, the
local estimate is only reasonable for s < %Tw, recall also (4.3).

Remark 4.14. If one uses the extremal functions constructed in (3.10), then in
the same way as in Step 2 of Proposition 3.3 one obtains

1

N 7}{' -

By () o _kn k(s—2) < |B(x0,27")| )p

gera™ (2 > 2 P osup | 0= Il
N ot \ o (B, 277))

see Remark 3.4 and (3.21). For w € Ay and So(w) # () this can be strengthened
by taking the sup over all o € Sg(w), and leads to

_1
g™ () > eI sup sup <“1(va)> . 0, (456)
z0€So(w) Qu,m D To |QV,WL|
e 2

(the extension to F-spaces results from (1.44) and (2.3) again), whereas for
So(w) = @7
iy s arth, o0,

In general, this estimate is for ¢’ < oo weaker than (4.45).

Next we return to our special examples (1.8) and (1.9) and conclude from
Proposition 4.12 that

£ (1) > et~ ¥ max (1,477 (1+ [logt]) 7), 10, (4.57)
and
glrtwos) (1) > ¢ 47575 (1 + |logt)) "5,  t— oo, (4.58)

in view of Example 1.5. Combined with Corollary 4.9 this leads to the following.

Corollary 4.15. Let -n<a<f8,320,v, € R withy>20ifa=0andd >0
if 6=0, and 0 < p < co.
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(i) Assume that v < ¢ if « = 8. Then
£57(o8) (1) ~ 75 max (1715—%(1 + |1ogt|)—%) . t—0, (459
in particular,
glrmen)(p) w5 T 0, (4.60)
(ii) Assume thaty >0 ifa =0, and 6 =0 if 5 =0. Then

gGLP(wlog)(t) ~ t—%—%(l + |]0gt|)_%, t — oo, (461)
in particular,
gGLP(wa,B)(t) ~ t_%_%7 t — o0. (462)

The above estimates extend previous results in [15, 16].
We collect the consequences of Proposition 4.12 and Corollaries 4.5 and 4.11
for AJ ,(wiog); recall also Corollary 3.8 for wieg € Aj.

Corollary 4.16. Let wiog be given by (1.9) witha > —n, 3> 0, v,0 € R. Assume

that 0 < p < 00, 0 < g < o0, and5>%+%
(i) Then for s < 2+ W;
A5 4 (Wiog) -1 -5 3
gG (t) > ctm™ P max (17t np | 10gt| P) s t— 0, (463)
in particular,
glhalves) () L pr—p-mEp0 (4.64)

(ii) [fs:%—i—w, and%#%fora>0, then

EGB;“’(wlog)(t) > ct* 7 max (| 10gt|§,t_n%|logt|(?l’_%)+) ) t— 0,
(4.65)
whereas in case of a > 0 and % = %,
£5rat0) (1) > e(log |log )7, t— 0. (4.66)

In particular, we obtain for s = % + w that

1
ghatems) gy {Ilogth i Ay, =By, ad 1<q<oo,

|logt|i7 if Ay, =F5, and 1<p<oo,

(4.67)
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(iii) For the global estimates we get
A2 (wiog) _B 1 _s
& (t) = ct 7 »(1+ |logt|) 7, t — oo, (4.68)
that is, for L <p<oo,0<fB<np—1),a< P andd <y ifa=0,
A? ° _B _1 _8
glra s (1) 4B (14 |logt]) ", t— oo, (4.69)

and for 1 <p<oo,0< B <n(p—1), a<p,

B 1

glra) 1y Lt - oo, (4.70)

Remark 4.17. Plainly, estimate (4.63) is first proved for B-spaces in view of
(4.45) and afterwards extended to F-spaces by (1.44). If we apply a similar ar-
gument to (4.65) and (4.66), we obtain parallel F-results where % is replaced
by (1 — m)+. Alternatively, for v > 0 one can use Example 1.21, but the
outcome is not sharp as well. We return to Remark 4.4. It is obvious that the
above corollary disproves the assumption that (4.15) with ¢ = 0 characterizes the
local behavior in general; similarly for the global behavior and (the counterpart
of) (4.23).

We give the counterpart for w,, r.

Corollary 4.18. Let w,.r be given by (1.11) with 0 < d < n, 3 > —(n — d),
0<p<oo, 0<q< oo, and$>op+M. Then

P
PRI e
AS (wsr) ‘1Ogt‘qflla Zf 3:%4_”13";"0)’ 1<q<00
2,
g (t) ~ 1 and A3, = B3, (4.71)
| log t|7", if s=14mx=0 g cpcoo
and  Ap o = F7 4,
fort — 0, and
A3 (w,e 1
SG p.g(W ’F)(t) ~t ;17’ for t— oco. (4.72)

Some consequence of Proposition 4.12 is a necessary condition for the embed-
ding B, ,(w) < Lo which is by Proposition 2.2(ii) equivalent to the boundedness

of Efz’q(w)(t) when ¢t — 0.
Corollary 4.19. Let w € A and let (4.12) be satisfied. Assume that for some
zg € R”,

g—i(s—2) (w(B(:coﬂj))) ' ¢ Ly (4.73)

| B(z0,277)|
jEN
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usual modification if ¢ = o). Then
( q

B (w) % Leo. (4.74)

p,q

In case of our model weights Corollary 4.19 can be refined to criteria for
Ay (w) — Lo in some cases.
Corollary 4.20. Let 0 <p < oo, 0 < qg< o0, s€R.
(i) Assume that o > —n, 8> 0. Then

either s> % + M,
By q(wa,p) = Loo  if and only if or s =1 max(a0)
and 0<gq<1,
(4.75)
and
either s> 2+ max(a,0)
Fy 4 (wa,p) = Lo if and only if or s=1+4 w
and 0<p< 1.
(4.76)

(ii) Leta > —n, 820,v,0 € R withd >0 if 3 =0. Then
B} (Wiog) — Loo if and only if

P.q
8>%+7max(a’0), or
S:%—F% and 0<q<1 if a<0,
or 0<g<1l,v=20 1 a=0,
or %>$ if a>0.

(iii) Let T C R™ be a d-set, 0 < d < n, and w,.r be given by (1.11) with s >

—(n—d). Then
either s> % + M7
By (wser) — Lo if and only if or 5 — % + w
and 0<g<1,
(4.77)
and
either s> % + w7
FS (wer) = Lo if and only if or  s= om0

and 0<p<1.
(4.78)
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Proof. The sufficiency in (4.75) is covered by (4.11) and monotonicity, whereas
the necessity comes from Corollary 4.22(i): for assume that By ,(wa,5) — Loo

for some o < % + W and 0 < u < oo, then monotonicity implies this for

Bp 4(wa,g) with s = 2 + % and 1 < ¢ < oo which contradicts (4.80) in view

of the unboundedness of Ef;’q(wa’ﬁ)(t) for ¢ — 0 (which is by Proposition 2.2(ii)
equivalent to By  (wa,5) #> Loo). The F-case (4.76) as well as (ii) and (iii) can be
treated in a parallel way. |

Remark 4.21. We do not yet have a precise characterization of A} (w) — Lo
apart from the cases w € A; dealt with in Corollary 3.5 and those considered
above. However, the gap between (4.1) and (4.73) seems not too large.

4.3. Growth envelopes

4
Since we have no complete characterizations for &; pa(®) (), t—0,w e A \ Ay,

in general, it makes no sense to study the corresponding indices uG”( ). However,

dealing with our examples wq g and w,. r, we may combine Corollaries 4.5 and
4.16 and extend it to the counterpart of Corollary 3.8.

Corollary 4.22. Let o > —n, § > 0, and wq,g given by (1.8). Let 0 < p < oo,

0 < ¢q < oo, ands—w>op. Then

_ 1, s max(x,0)
(t P+n np 7q)7 5<%+M’

s p
& (B q(wa,5)) =
P (|10gt|471’,q), 8=%+W and 1< q < oo,
(4.79)
and
s max(a,0)
) t_%_;'_%_TO,p) . s< % + max](ja,())’
Q’:G(vaq(w“‘vﬁ)) = 1 max(a,0)
<|logt|P’,p), s=1+="== and 1<p<oo,
(4.80)
and
max(a,0)
Co(Lp(wa,g)) = (73757 p). (4.81)

Proof. All assertions concerning the growth envelope functions are covered by

. . . . . .- A; (wa,
our above considerations, that is, it remains to deal with the indices qu’q( B).

Moreover, the F-case (ii) follows from the B-case (i) together with Example 1.21

and Proposition 2.2. The upper estimates for uGBp’q(w“’B ) follow from embeddings
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(4.9), (4.10) together with Proposition 2.2(iii) and the unweighted result (2.6). We

B o,
have to show that ug” a(Wes) o > qif op <s< %+ . We proceed
similar to the approach in the proof of Theorem 3.6 and consider the function

max(a 0) max(a,0)

Zz Jle=g =R § (29 (2 — xp)), (4.82)

where v is given by (3.11), {b;}jen a sequence of non-negative numbers, and

2o € R™ will be chosen later. Since 277(7%) (27 (z — 2)) are atoms according
to Definition 1.10 (no moment conditions needed), we obtain by Proposition 1.11
that

1o B3 (wa )] Z TR w(Blag, 279))8 | (4.83)

(with obvious modification if ¢ = o00). If @ > 0, we choose zop = 0 such that
w(B(x9,277)) ~ 277+ for o < 0 we take |xo| = 2 such that w(B(xg,277)) ~
279", Thus (4.83) implies that

[/l By 4 (wa,p) || < cllblfy]l- (4.84)

We follow the same line of arguments as in the proof of Theorem 3.6. The coun-

terpart of (3.25) reads for s < % + %&’0)

as

c 1/v

1_ s max(a,0 vd
[l 0] § ) <clman] 0
0

and can thus be extended on both sides to

1
v 154 v

oo

max(a,0) v dt
E:b;) <a /[tp wt ”Ofék(t)} Y
Jj=J

0
< c2 || fol By g(wa ) || < esllbléql

for arbitrary sequences of non-negative numbers with, say, by = --- = b; = 0 for
some J € N with 277/ ~ ¢. This follows by (4.84), (4.85) and the counterpart of
(3.28),

max(a,U))

fi () > by 2707 g,

and leads to v > g.
In case of s = 2 4 max(,0)

I we take b; = 0, j > m, such that f; obtains the
special form

ZijﬂJ (2j(1‘—1‘0)), m € N.

j=1
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The rest is now completely parallel to the end of the proof of Theorem 3.6. As

for the Ly-part, the upper estimate for ué”(wa’ﬁ) = p is covered by (4.33) together

with (2.9). The lower estimate can be seen by the following simplified version of
(4.82). We have to disprove that

c 1/v

Ly mase0) 1Y dt
[l ro] ) <c it (4:56)

holds for v < p and all f € L,(wq,g). Consider

max(a,0)

hn(x) = |x7$0|_%_ P (]‘+|]‘Og|‘r71“0”)_#XB($0,7]1/")(I)7

1 1

O<np<e<l, —<p<—.

P v
Again we choose 9 = 0 if & > 0, and |zg] = 2 if &« < 0, such that
th|ll/p(wa,g)|| < ¢ since p > %, but the left-hand side of (4.86) diverges since

Remark 4.23. The above corollary extends previous results in [15, 16]. Corollar-
ies 4.11 and 4.16 also provide two-sided estimates in case of wiog, but we restricted
ourselves to those cases with precise asymptotic results.

We come to w,. r; note that the case s < 0 is already covered by Corol-
lary 3.8(ii).

Corollary 4.24. LetI' C R™ be a d-set, 0 < d < n, and w,.r be given by (1.11)
with 2> —(n—d). Let 0 < p <00, 0< g < o0, ands—w>ap. Then

1 s max(3<,0)

(t_5 FoA— ,q) , s< % + max(>¢,0)

s P ;
& (B, 4(wsr)) =
p,q (‘]Ogt‘$ q)) S:%—i—% and 1<q<007
(4.87)
1 s max(3,0)
(t—;“r;—T’p) , s < n max(%,0)7
Q:G(F;liq(w% F)) - 1 P maxz(:{ O)
(‘k’gt‘plap)’ SZ% Y and 1<p< o0,
(4.88)
and
Co(Lplw.er)) = (757555 p). (4.89)

Proof. This works completely parallel to the proof of Corollary 4.22. Since we
now have Sging(w,.r) =T, 2 # 0, instead of Sging(wq,g) = {0}, @ # 0, there, one
has to choose either g € T or xg € R™ with dist (xg,) > ¢ accordingly. [ ]
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Remark 4.25. Concerning applications, it is obvious that Corollaries 4.22 and
4.24 admit Hardy inequalities in the sense of Corollary 3.10. The same applies to
Corollary 3.11, but we shall not present it explicitly here; partial results can be
found in [16] already.
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