Functiones et Approximatio
41.2 (2009), 139-162

ON DILATION OPERATORS IN TRIEBEL-LIZORKIN SPACES

CORNELIA SCHNEIDER, JAN VYBIRAL

Abstract: We consider dilation operators T}, : f — f(2¥-) in the framework of Triebel-Lizorkin
spaces I;  (R™). If s > nmax (% -1, O), T}, is a bounded linear operator from F}5  (R™) into itself

and there are optimal bounds for its norm. We study the situation on the line s = n max (%,17 O) s

an open problem mentioned in [ET96, 2.3.1]. It turns out that the results shed new light upon the
diversity of different approaches to Triebel-Lizorkin spaces on this line, associated to definitions
by differences, Fourier-analytical methods and subatomic decompositions.
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Introduction

In this article dilation operators acting on Triebel-Lizorkin spaces F ,(R") are
investigated. The idea for this paper originates from its forerunners [Vyb08]
and [Sch09], where the authors studied corresponding problems for Besov spaces.
Since the substantial theory of the Triebel-Lizorkin spaces is strongly linked with
the theory of Besov spaces — in the sequel briefly denoted as F-spaces and
B-spaces, respectively — the question came up whether those previous results could
be carried over to the F-space setting. This paper aims at providing a rather final
answer to this question.
We consider dilation operators of the form

Tef(x) = f(2¥2), ze€R", keN, (0.1)

which represent bounded operators from F; (R") into itself. Their behaviour is

well known when s > 0, = nmax (1—1J — 1,0). Then we have for 0 < p < oo,
0 < ¢ < o0,
ITH L(Fp R ~ 25670, 5> 0y,

cf. [ET96, 2.3.1, 2.3.2]. Here we investigate the situation on the line s = o,,. For
l1<p<ooand 0 < p <1 with p < ¢ we obtain sharp estimates for the norms of
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the operators Ty, i.e.,

1 1
_n ke max@2 if]l <p< oo
T ,CFUP Rn Nzk(gp p). p ’
[Tk £(E, (R™))| El/p ifo<p<1, p<yq,

whereas, for 0 < ¢ < p < 1, we only have
P S T L(F R S 27 ke
or, when 0 < g <p=1,
b max (10112 < 1Ty £(FD, (RM) | S 2741,

As a by-product, the results for the dilation operators lead to new insights con-
cerning the nature of the different approaches to F-spaces with positive smoothness
— namely the classical (F ,), the Fourier-analytical (F;;,) and the subatomic ap-
proach (g ,) — on the line s = 0;,. Recent results by HEDBERG, NETRUSOV [HNO7]
on atomic decompositions and by TRIEBEL [Tri06, Sect. 9.2] on the reproducing
formula prove coincidences

1 1
s ny _ s n - = <
Fp,q(R ) EWI(R ), S>n<min(p,q) p>’ 0<p<oo, 0<g< oo,
and
1
s ny _ xS n _ <
Fp,q(R ) §p7q(R ), S>n(min(p,q,1) 1) , 0<p<oo, 0<qg< oo,

resulting in
Fp (R") =F; (R") = 3§ ,(R™),

whenever

1 1
O<p<oo, 0<qg<oo, s>n - -
min(p,q) max(1,p)

(in terms of equivalent quasi-norms).
Furthermore, since for s < n(: — 1) the d-distribution belongs to Fj  (R™)
— which is a singular distribution and cannot be interpreted as a function — the
spaces
Fj (R") and 3§, (R"), 0<s<op,

cannot be compared. The situation on the line s = 0, 0 < p < 1, so far remained
an open problem. In this case F5 (R™) is a subspace of Li*“(R™) and the two

spaces F, 5(R") and F,7%(R™) can be compared. But our results yield, that they
do not coincide, i.e.,

For(R™) # §on(R"),  0<q< oo
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1. Triebel-Lizorkin spaces F, (R™)

We use standard notation. Let N be the collection of all natural numbers and

let Ny = NU {0}. Let R™ be euclidean n-space, n € N, C the complex plane.

The set of multi-indices S = (B1,...,06n), Bi € No, i = 1,...,n, is denoted by
o, with |8] = 1 + -+ + By, as usual. Moreover, if z = (21,...,2,) € R" and

B=(B1,---,8) € NI we put 2° = x’fl B,

We use the equivalence ‘~’ in

ar ~ by or () ~Y(x)
always to mean that there are two positive numbers ¢; and cg such that
crag Kby <cpap or () <Y(r) < ()

for all admitted values of the discrete variable k or the continuous variable x, where
{ar}r, {br}r are non-negative sequences and ¢, 1 are non-negative functions.
If a € R, then a := max(a,0) and [a] denotes the integer part of a.

All unimportant positive constants will be denoted by ¢, occasionally with
subscripts. For convenience, let both dax and |- | stand for the (n-dimensional)
Lebesgue measure in the sequel. As we shall always deal with function spaces on
R™, we may usually omit the ‘R™’ from their notation for convenience.

Let for 0 < p, g < oo the numbers o, and 0,4 be given by

(1 1) d ( ! 1) (1.1)
Op=nNn|— — an a =N\ —F———— . .
! P N . min(p, q) N

Furthermore, let @, ,, with v € Ny and m € Z" denote a cube in R" with sides
parallel to the axes of coordinates, centered at 2~"m, and with side length 27".
For a cube @ in R™ and r > 0, we denote by 7@ the cube in R™ concentric with @
and with side length r times the side length of Q. Moreover, XS/Z,) ,)n stands for the

p-normalized characteristic function of Q, ,, i.e.,

XIh(@) =25 if 2€Qum and  XP(2) =0 if ¢ Qum
Of course
X0 | Lp(R™) = 1.
The Fourier-analytical approach

The Schwartz space S(R™) and its dual S’'(R™) of all complex-valued tempered
distributions have their usual meaning here. Let ¢o = ¢ € S(R™) be such that

suppe C {y e R™ : |y| < 2} and  p(z)=1 if |z|<1, (1.2)

and for each j € N let @;(z) = ¢(2772) — (277" x). Then {g;}32, forms
a smooth dyadic resolution of unity. Given any f € S'(R"), we denote by Ff
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and F~1f its Fourier transform and its inverse Fourier transform, respectively.
Let f € 8'(R™), then the compact support of ¢;F f implies by the Paley-Wiener-
Schwartz theorem that F~1(¢;F f) is an entire analytic function on R".

Definition 1.1. Let s € R, 0 <p < oo, 0< g < o0, and {goj}j a smooth dyadic
resolution of unity. The space F (R™) is the set of all distributions f € S'(R™)
such that

1 155, @] = ||l {27°F (057 ()} e, Wl L (R)

’ (1.3)
is finite.

Remark 1.2. The spaces F}  (R") are independent of the particular choice of
the smooth dyadic resolution of unity {y;} j appearing in their definition. They
are quasi-Banach spaces (Banach spaces for p,q > 1), and S(R") — F; (R") —
S'(R™), where the first embedding is dense if ¢ < co. An extension of Definition 1.1
to p = oo does not make sense if 0 < ¢ < oo (in particular, a corresponding space
is not independent of the choice {¢; }j) The case p = g = oo yields the Besov
spaces B3, o (R").

In general, the Fourier-analytical Besov spaces B,  (R") are defined corre-
spondingly to the spaces F; (R") by interchanging the order in which the quasi-
norms are taken, i.e., first using the L,-norm and afterwards applying the £,-norm
— in view of (1.3). These B-spaces are closely linked with the Triebel-Lizorkin
spaces F; (R") via

B R") — F3 (R") — B (R™). (1.4)

;7min(p7q)( p.max(p,q)

The theory of the spaces F;; (R™) (and B; ,(R™)) has been developed in detail in
[Tri83] and [Tri92] (and continued and extended in the more recent monographs
[Tri01], [Tri06]), but has a longer history already including many contributors; we
do not further want to discuss this here.

Note that the spaces F}; ,(R"™) contain tempered distributions which can only
be interpreted as regular distributions (functions) for sufficiently high smoothness.
More precisely, we have

s=20p, for0<p<l1, 0<qg< oo,
F[;q(Rn) C Llloc(Rn) lfv and Only 1f7 5> 0p, for 1 < p <00, 0< q < 00,
s=o0p, forl<p<oo, 0<qg<2,
(1.5)
cf. [ST95, Thm. 3.3.2]. In particular, for s < o, one cannot interpret f € F; (R")
as a regular distribution in general.

The scale F (R™) contains many well-known function spaces. We list a few
special cases.

Let 1 < p < o0, then

Fp,(RY) = Hi(R"),  scR,
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are the (fractional) Sobolev spaces containing all f € S’(R™) with
FHA+[EP) 2 Ff € Ly(R™).
In particular, for £ € Ny, we obtain the classical Sobolev spaces
FFy(R™) = WER™), e, Foo(R") = Ly(R™),
usually normed by

1/p

IFWE®R = { > ID*FILy (R

laf <k

Furthermore,
Fpo(R") = hy(R"),  0<p< oo,

the latter being the inhomogenoues Hardy spaces.

Local means and atomic decompositions

There are equivalent characterizations for the F-spaces F};  (R") in terms of local
means and atomic decompositions. We first sketch the approach via local means.
For further details we refer to [BPT96], [BPT97], and [Tri06] with forerunners in
[Tri92, Sect. 2.5.3].

Let B={y € R™:|y| < 1} be the unit ball in R"” and let x be a C* function

in R” with supp x C B. Then

ke ) = [

with z € R™, and t > 0 are local means (appropriately interpreted for f € S/(R™)).
For given s € R it is assumed that the kernel x satisfies in addition for some £ > 0,

kofe =t [ o) fwdy (1)

n

KY(E) #A0if0< ¢ <e and (D*.Y)(0) = 0 if |a| < s. (1.7)

The second condition is empty if s < 0. Furthermore, let kg be a second C'*°
function in R™ with supp k9 C B and kg (0) # 0. The meaning of ko(f,t) is
defined in the same way as (1.6) with k¢ instead of &.

We have the following characterization in terms of local means, cf. [Tri06,
Th. 1.10] and [Ryc99].

Theorem 1.3. Let 0 < p< oo, 0 <g<ooands€R. Let kg and k be the above
kernels of local means. Then for f € S’'(R™),

1/q

1o (L, )| Lp(R™)[| + Zstqlk(2‘j7f)(-)lq [ Lp(R™) (1.8)

is an equivalent quasi-norm in F; (R™).
:
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Remark 1.4. We shall only need one part of Theorem 1.3, namely that
Il fIF; ,(R™)[| can be estimated from below by (1.8). In that case some of the
asumptions in (1.7) may be omitted. The inspection of the proof, cf. [Ryc99,
Rem. 3|, shows that if x is a C*° function in R™ with

supp k C B and D*kY(0) =0, |a] <N,
where N > s — 1, then

1/q

IFIES @) = e[ { D2k, N0 | ILp(R™)
j=1

for some ¢ > 0.

The following atomic characterization of function spaces of type F; (R") is
sometimes preferred (compared with the above Fourier-analytical approach), e.g
when establishing the lower bound for the dilation operators later on; we closely
follow the presentation in [Tri97, Sect. 13].

Definition 1.5. Let 0 < p < 00, 0 < ¢ < o0, and A = {A\y, € C : v € N,
m € Z"}. Then

1/q
foa = QA A fpall = <Z Z |)‘VmX1(/pr)n () ) |Lp(R")]| < o0

v=0mezn

(with the usual modification if p = co and/or ¢ = 00).

Definition 1.6.

(i) Let K € Ng and d > 1. A K-times differentiable complex-valued function a
on R™ (continuous if K = 0) is called a 1x-atom if

suppa C dQo,m for some m € Z", (1.9)

and
[DY(z)] <1 for la| < K

(ii) Let s e R, 0 < p < o0, K € Ng, L+1 € Npy, and d > 1. A K-times
differentiable complez-valued function a on R™ (continuous if K = 0) is
called an (s,p) i, r-atom if for some v € Ny

suppa C dQu,m for some m € 7", (1.10)

ID¥a(z)| < 27Dl for o] < K, (1.11)

and

/ Pa(z)de =0 if 18] < L. (1.12)
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It is convenient to write a, ., (x) instead of a(x) if this atom is located at
Qu.m according to (1.9) and (1.10). Assumption (1.12) is called a moment con-
dition, where L = —1 means that there are no moment conditions. Furthermore,
K denotes the smoothness of the atom, cf. (1.11). The atomic characterization
of function spaces of type F;  (R™) is given by the following result, cf. [Tri97,
Thm. 13.8].

Theorem 1.7. Let 0 < p < 00, 0 < ¢ < o0, and s € R. Let K € Ny and
L+ 1 € Ny with

K> (1+41s])+ and L > max(—1, [opg — s])

be fived. Then f € S'(R™) belongs to F; ,(R™) if, and only if, it can be represented
as

f= Z Z Avm@um (), convergence being in S'(R™), (1.13)
v=0mezn

where the ay,m are 1xg-atoms (v =0) or (s,p)k,1-atoms (v € N) with

SUpPP Ay,m C dQu.m, veNy, meZ", d>1,

and X € fp 4. Furthermore,
inf [[A[fp.qll;

where the infimum is taken over all admissible representations (1.13), is an equiv-
alent quasi-norm in F; (R").

2. Dilation Operators

In this section we present our main results concerning dilation operators T} in
F-spaces when s = 0,,. We distinguish between the cases 1 < p < coand 0 < p <1,
when o, =0 and o, = n(1/p — 1), respectively.

Theorem 2.1. Let 1 <p < oo and 0 < g < oo. Then
ITHIC(FS R ~ 2745 -kt ke,

Proof. Step 1. Recall Definition 1.1, where in particular the dyadic resolution of
unity was constructed such that

pi(x) =p(2772) —p(27t 2),  jeN

Elementary calculation yields

(0 ()F(25)(€))" () = 27 (5 () F(277€)) " (2) = (;(2"€) F(€))" (2"2).  (2.1)

For convenience we assume ¢ < oo in the sequel, but the counterpart for ¢ = oo is
obvious.
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From the definition of F-spaces with f(2*z) in place of f(z) we obtain

1/q
Lf25 ) Eyn(R™)|| = (Z2jgpq|(s0j(2k')A)V(2k')|q) |Lp(R™)

j=0

1/q
P (Z2j“PQ|<¢j<2k'>f>v<')'q) e

J=0

~ 2k {H(w@k WO OIL,®R?)

X 1/q
(Z 29704 (¢ (25) )V ()4 ) |Lp(R™)

1/q
oo

[ X 27U @IDYOI | IL®Y||  (22)

j=h+1

If j > k+ 1, then ¢;(2¥2) = p;_x(x). This yields for the last term

1/q
- (Z 2j“pq|<soj<2k'>f)v(')'q> o

j=k+1

1/q
_gkE (Z 2<J‘k>w2k%q|(gojk(-)f)v(-)lq) |Lp(R")

j=k+1

(o] 1/q
_ ko) (Z alfw|<sal<->f>V<->|Q> ILp(R")
=1

kn

JIFS @) (2.3)
If j = 0, we use the Hausdorff-Young inequality and obtain

(0@ ) ) ILoll = (00 (2*)00)" Ly
= [l(0(2%)" * (w0 f)"|Ly |

<o (25) YLl - [l (po ) Lyl
< el F1F -

Step 2. In view of Step 1 it remains to consider j = 1,..., k. Using Holder’s
inequality with

1 1
=9 and =1 if g<2
u 2 u’

N[
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or
||id:€§f—>£§||:1 when ¢ >2 and keN

together with the Littlewood-Paley theorem, we see that

1/q L 1/2

N

k
Z i (25 )V ()N |Lp|| < ka7mm@m || Y (0 (25) )Y ()P
j=1 j=1

i 1 ~
< kw7 (0 )Y L
< kTG | £,

giving the desired upper bound.

Step 3. In order to establish the lower bound we take ¢ € S(R™) with
suppy C {z € R" : || < 1/8}.
We define the functions fj through their Fourier transforms
k

@ =) vR*E-¢)), ¢eR, keN,

j=1
where £ = (277,0,...,0). We shall show that
ka|F1()),qH 5 k1/22kn(1/p—1),

and
£ (28 FQ Il 2 K927

147

(2.4)

(2.5)

We deal with (2.4) first. As the support of ﬁ lies in the unit ball of R", we may
omit the terms with j > 1 in (1.3). Furthermore, since 1 < p < co we may use the

Littlewood-Paley decomposition theorem to estimate

£l Fp gl = (o f) ¥ | Lo

1/2

(1(27) - o fi) " (@)* | |Lp

A

1

J

1/2

(25 -&) @) ) |Ly

Il

1

J

k
_ Z |2—k‘n,l/}\/(2—kx)e’i$§j |2 |Lp
j=1

= k1227 Y (7R | Ly || = KY/22E T Y|y |

(2.6)
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Let us mention, that (2.4) holds also for p = 1. In this case, the inequality on the
second line of (2.6) follows (roughly speaking) by the embedding

FY5(R™) — Ly (R"),

cf. [ST95, Th. 3.1.1]. To prove (2.5), observe that

k
fe(@E)(€) =27 f27Fe) =27 Y (e —2hgy), £ eR™

j=1
Using again the support properties of ¢ and ¢;, we arrive at
1/q

k
1£e (21 Ep 4l = Z (3 fr(2¥)(€) @) | Ly

1/q

(W€ =2°¢)Y (@) | |Ly

_ 27kn

hE

1

<.
Il

1/q

(@Y (@) S0 | |L,

M=

_ 27kn

7j=1

=27 MY Ly .

Observe, that also (2.5) holds even for p = 1.
This finally leads to

U@l fsgms gt
| fil g

Step 4. Let 1 < p < oo and ¢ > 2. Chose an arbitrary non-vanishing ¢ €

S(R™). Using the trivial embedding Fz? — Fp 4> We obtain

16IED, | s
> ’ >
12 @ ) Es. Z To@ )

ITRlLER )N >

_kn

T |£(F,),)

Theorem 2.2. Let 0 <p<1,0<p<g<oo. Then
| Tkl C(Egn(R™))|| ~ 28~ 3P ke N.

Proof. Step 1. We give an estimate for the upper bounds of the dilation operators
Ty, similar to Theorem 2.1. We need to find suitable substitutes when 0 < p < 1.
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For the further calculations we make use of the following Fourier multiplier
theorem, cf. [Tri83, Prop. 1.5.1],

I(MR)Y|Lpll < ellMY|Ly| - DLy, i 0<p<L, (2.7)

with MY € 8N L,, and suppﬁ C Q, suppM C T', where 2 and I" are compact
subsets of R™ (¢ does not depend on M and h, but may depend on  and T).
Of course for p = 1 this is just the Hausdorff-Young mequahty (which was also

used in Theorem 2.1). We put h = (goof) where supp hc supp @o = .
If j =0, we take My = ¢o(2"-) where supp My C supp ¢o = I' and calculate

~

2755 (o (25) )Y Lol < 2755 oo (25)V Ll - [1(00.)Y 1 Lo
=c2” kg?’“””l\@ovlL 1+ 11e0.f)” | Ly
= 20D (o )Y |Ly |

= 27| f|F (2.8)

-

According to the observations in Step 1 of Theorem 2.1 it remains to consider
1 < j < k. This is the crucial step, leading to k'/P. In this case p;(z) = ¢(277z),
where @ = ¢o(z) — @o(22). Hence

1/q

k
ZQjapql(soj(zk.)f)\/(.)lq |LP(R”)

. p/q p

= [ (Zemieieonv@e ] a

" \g=1

. 1/p
<[ [ 2D @pa

=17k

. 1/p
o ST (29)

=1

k-1 e
=Y 2P| (p(2" ) f YILlIP + 25757 [ (G )Y |Ly||P

j=1

where the inequality follows from £» < ¢; since p < q.
q

The term for j = k in (2.9) needs some extra care. Using (2.7) where we set
My, = ¢o(2-), supp My C supp o = I’ we obtain
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277(@F)I1Lpl1” = 277 (2o f)” = (eo(2)1)Y Ly P
< 2 (o)L, + (o @)p0 ) 1Loll)
<2 (p0]) Lo I (14 15 (2) Ly )"
= 12777 (9o )| Ly - (2.10)

This estimate can be incorporated into our further calculations. Now for 1 < j <
k — 1 we use the multiplier theorem with M; = @(2877.), and observe that

supp M; C {z: 2"zl <2} C {x:|z| <2} =T,
Now inserting (2.10) into (2.9) yields

1/p

ZW’H (2 )00 )V L I” + 125777 || (0o )Y 1Ly 1P

1/p
k—1
sc 2770P || (@ (257 )Y Iy [P (w0 f) Y | Lpll” + 2577 || (o )Y | Lop 1P
7j=1
k—1 1/p
<cll(pol)Y|Lpll | S 277P |20 RIngY (297K L, [P 4 2k7wp
j=1
k—1 1/p
= CH(SOOfA)V|LpH Z 2jgpp2(j*k)np2_(j_k)%I)HSEV|Lp”p + 2ko'pp
j=1
< c2korP /P For (R™)). (2.11)

Now (2.2) together with (2.3), (2.8), and (2.11) give the upper estimate.

Step 2. We construct a function that gives the lower bound. Let 1) E S(R) be
a non-negative function with suppv¢ C {z € R™ : |z[ < 1/8} and [,, ¥(z)dz = 1.
We show that

[p(25) | Egn(R™)|| > 27" kP, keN, 0<g<oo
Let us take a function x € S(R™) with
(D*:Y)(0) = 0, la] <7y (2.12)

where r > 0, —1, according to [Ryc99, Th. BPT]. In particular, by [Ryc99, Rem. 3]
these conditions on k are sufficient for our purposes. Furthermore, we require

k(z) =1 if reM={zeR":|z—-(1/2,0...,0)] <1/4}. (2.13)
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Such a function x was constructed in [Sch09, Th. 2.1].
Simple calculation shows that if j = 1,2,...,k and |x—(—%-%, 0...,0)] < &2
which is equivalent to writing

RS B2—(J'+3)(mj)5 L= (_27(j+1)705"'70)5
then
supp , (2% 4 28 7Iy) C M.
For these = we get
K(277,9(2%))(x) = / kY)Y e +2"Ty)dy = | (2R w425 Ty)dy = 2070,
n Rﬂ,

Note that the for different values of j, the balls By—(+s) (z;) are pairwise disjoint.
Hence we calculate

1/q

k
lEEG > | [ 2 aike w@ ol | L,
j=1
X p/a p
| [ (S vety@r | a
A%

L L p/q 1/p
=1/ > @R B | e
1=1 Y By—q+s) (z1) \ j=1
i 1/p i 1/p
> Z 9joppo(i—k)npo—jn — 9—kn szn(%*l)sznl)Q—jn
=1 j=1
_ 2—knk1/p,
which gives the desired result. Our estimate holds as well in the case p = 1. |

Refining the methods used in Theorem 2.2 we obtain the following generaliza-
tion. However, our estimates are not sharp and might still be improved.

Theorem 2.3. Let 0 < g <p<1. Then
k(op—1) 7.1 op k(op—") 7.1
2 EVP STl C(Fg (R™)]| S 2 kM
Furthermore, if 0 < ¢ < p =1 we have

27knkmax(1,1/q71/2) S HTk|£(F107q(Rn))” S 2fknk1/q.
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Proof. Step 1. Refining the estimates for the upper bound used in Step 1 of
Theorem 2.2 we see that we only need to consider the ’critical terms’ when j =
1,...,k. In this case we now calculate

1/q

k
D2 DO | LR

. p/q 1/p
- / S 20 (o, @) V(@) | de
R\ T
9.1
k - p/q P q
- | L X an wr ) e
R’!L
k q/p /e
<[ ([ 2orieen wra)
2\
i 1/q
= [ S 225 PV Ly 1
7j=1
X 1/q
<e Z 23951 o(253.)V | L, | - (0o )Y | L
5 1/q
< ell(@of)V Ly Z 23931 g(243.)V| L,
5 1/q
< cllgol)Y Ly | 3 2oranti—Rmag=G=R gay5()V L, o
j=1

<o) |Lpl2"7 k1
< C”2k0"nk1/q|‘f| |

where in the third step we used the generalized triangle inequality, cf. [HLP52,
p. 148], since % > 1, before applying the Fourier Multiplier theorem (2.7).

Step 2. The proof of the lower bound
TRl L(Fgn (R™)| 2 kMP2Her=3) ke N

is the same as in Step 2 of Theorem 2.2.
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Step 3. Finally, the estimate
TRl L(FD R™)|| 2 kYO /227Fn keN
for 0 < g < p =1 follows from the Step 3 of Theorem 2.1. |

Q=
—
— —

Remark 2.4. The picture aside summa-
rizes our results and illustrates the de- \
pendency of the additional factors k% on »
p and ¢ that were obtained for upper .
bounds of the dilation operators when .
5 =0y, i.c. N

Q=
N [=
“

.

.

Ty, ~ 2kep=n/p) o v

There is a jump at p = 1 in the ex-
ponent of k caused by the absence of
the Littlewood-Paley assertion in this
case. Furthermore, our estimates when 0
0<g<p<land0<g<p=1arenot
sharp and might be improved.

B =

(SIS

[ I
—
== V

3. Applications

3.1. F-spaces with positive smoothness on R"

In this section we want to discuss the connection and diversity of three different
approaches to F-spaces with positive smoothness, using the previous results on
dilation operators.

In addition to the Fourier-analytical approach, cf. Definition 1.1, we now
present two further characterizations — associated to definitions by differences and
subatomic decompositions — before we come to some comparisions.

The classical approach: Triebel-Lizorkin spaces F;’q(R")
If f is an arbitrary function on R™, h € R™ and r € N, then
(AR S)(x) = fe+h) = fz) and (AT f)(2) = AR(ALS)(2), = €R™

For convenience we may write Aj, instead of A,ll,. Furthermore, for a function
feL,(R"),0<p<oo, reN, the ball means are denoted by

1/p
dy pf(x) = (t"/|h<tl( Zf)(w)lpdh> . zeR" t>0.  (31)
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Definition 3.1. Let 0 < p < o0, 0 < ¢ < 00, s >0, and r € N such that r > s.
Then F;, ,(R™) is the collection of all f € L,(R™) such that

1 d 1/q
175,08 = L@+ | ([ o, r ) e 62)

(with the usual modification if ¢ = o0) is finite.

Remark 3.2. The approach by differences for the spaces F;  (R") has been de-
scribed in detail in [Tri83, 2.5.10] for those spaces which can also be considered
as subspaces of S"(R™). Otherwise one finds in [Tri06, 9.2.2] the necessary ex-
planations and references to the relevant literature. In particular, the spaces in
Definition 3.1 are independent of r, meaning that different values of r > s result
in quasi-norms which are equivalent. Furthermore, the spaces are quasi-Banach
spaces (Banach spaces, if 1 < p < 00, 1 < ¢ < 00). Recall that we deal with
subspaces of L,(R™), in particular, we have the embedding

F} (R") = Ly(R"), s>0, 0<g<oo, 0<p<oc.

Further information on the classical approach to F-spaces — treated in a more
general context — may be found in [HNO7].

We add the following homogeneity estimate, which will serve us later on. Let
§>0,0<p<o00,0<g<oo,and k € Ng. Then for all f € F;  (R")

1F25)IF; (R < 2872 £IF; ((R™)]. (3.3)

Let f € F, (R™). For the proof we observe that

1 1F 5 R = [[fILp(R™)]

p/q 1/p

1 q/pdt
+/ /t—<s+%>Q/ AT f(z)|PdR | = | dz|
n 0 |h‘<t t

Lodt Aodt : .
where / ... can be replaced by / Sy with arbitrary 0 < A < oo in the
0 0

sense of equivalent quasi-norms.
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Now straightforward calculation yields

1£ 25 1F (R = 11 (2°)|Lp(R™)]

) a/p u p/q 1/p
+ / /HH%M (/ |A;f(2kx)|pdh> - dz
0 |h|<t

<27 | fILy(R™)]

- a/p W p/q 1/p
+ 2R 3) / / ¢t / AR DA | — | da
n 0 |h/‘<tl t

< max (2745, 2MC72)) | £|F; (R
= Qk(S*%)||f|FZ’q(R")||,

where we used in the second step that

T

1) = 3 () Rk 12 = 810

1=0
by substituting «’ = 2*x, A’ = 2Fh, and t' = 2Ft.
The subatomic approach: Triebel-Lizorkin spaces 7, q(R”)
We complement our notation. Let
RY, :={yeR":y=(y1,...,yn), y; > 0}.

Moreover, X,,m denotes the characteristic function of the cube @, ,. The sub-
atomic approach provides a constructive definition for Triebel-Lizorkin spaces, ex-
panding functions f via building blocks and suitable coefficients, where the latter
belong to certain sequence spaces f,9.

Definition 3.3. Let k be a non-negative C*°-function in R™ with
suppk C {y € R" : |y| <27} NR%, (3.4)

for some fixed € > 0 and some fixed J € N, satisfying

Z kE(x —m) =1, x € R". (3.5)

mezn
Let 3 € N2, v € Ng, m € Z", and set k°(x) = (277 2)Pk(x). Then
kfm(a:) = kJB(Z”m —m) (3.6)

denote the building blocks related to Qy m.
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Remark 3.4. The above definition implies that the building blocks are bounded by
0< k) (m) <27l zeR, (3.7)
uniformly in v € Ny, m € Z™, and for their supports we observe that
supp kfm c2’7°Qum (3.8)
uniformly in 8 € Nj.
Definition 3.5. Let 0 >0, s€ R, 0 < p,q < o0 and
A:{A €C:BeN;, meZ" veNy}.
Then the sequence space f, 8 is defined as
fod = {/\ ALf2] < oo}, (3.9)

where

1/q

IAf2ll = sup 227 Z D 2N e () | [Lp(R) (3.10)
5€N8 v=0mezm

(with the usual modification if p = co and/or ¢ = 00).

We now define the related function spaces.

Definition 3.6. Let s >0, 0 <p <00, 0< ¢ < o0, and ¢ > 0. Then §; ,(R")
contains all f € L,(R™) which can be represented as

=D Z D Akl r € R", (3.11)

BENp v=0meZn

i i —\8 5,0
with coefficients A = {Al’vm}ﬁeNg,ueNo,mEZ" € fy:8. Then

1£185.a R = inf [[AL 2] (3.12)
where the infimum is taken over all possible representations (3.11).

Remark 3.7. The definitions given above follow closely [Tri06, Sect. 9.2]. The
spaces §; ,(R™) are quasi-Banach spaces (Banach spaces for p,¢ > 1) and inde-
pendent of k and p (in terms of equivalent quasi-norms). Furthermore, for all
admitted parameters p, ¢, s, we have

pa(R") = Lp(R™)

see [Tri06, Th. 9.8]. Concerning the convergence of (3.11) one obtains as a conse-
quence of A € f¢, that the series on the right-hand sides converge absolutely in
L,(R™) if p < co. Since this implies unconditional convergence we may simplify
(3.11) and write in the sequel

B.v,m
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Remark 3.8. Considering the spaces §Z7Q(R”) we obtain the following upper
bounds for the dilation operators Ty. Let s > 0, 0 < p < 00, 0 < ¢ < 00, and
k € No. Then for all f € F; (R")

£ (25135, (R < 2572|1135 o (R™)]. (3.13)

The proof is fairly simple. We take f € &3 ,(R™) with optimal representation

Z Aum l/m

B,v,m

ie.,

1/q
I£185,eR™)[| ~ [[AlLfpg | = Sup 20ldl <ZZ2”SqI>\um|qxum( )) Ly ||,
where x,,m(+) is the characteristic function of @, . Put

g(x) Z Agmkgm 2k ZZAZ km m )

Bv,m B,m =k

where | := v+ k, since kf,, (2"x) = (2TFz — m)P k(2" TFe — m) = klﬁm(x) This
yields

=k m

1/q
1F(25)135,4R™)]| < Slgp?"‘ﬁ' <ZZ2“% kol Xz,m(~)> |Lp

o 1/q
= sup2¢/” (ZZ?’“‘@“k>5q|Af_k,m|qxlk,m<2’“~>) Ly

B =k m

1/q
— ok(s—% sup 2elsl <222usq|>\€,m|q>(mm(')> Ly
m
= 2" £135, o (R

Connections and diversity

We now discuss the coincidence and diversity of the above presented concepts of
F-spaces and may restrict ourselves to positive smoothness s > 0. In view of
our Remarks 1.2, 3.2 and 3.7 concerning the different nature of these spaces, it is
obvious that there cannot be established a complete coincidence of all approaches
when s < o0y,
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In particular, no equivalent quasi-norms of type (3.2) can be expected for the
spaces Iy (R") if s < 0. It seems to be clear that such a characterization is also
impossible if 0, < s < ;4 (in particular, when 0 < g < p), i.e.

F;’q(R");«éF;’q(R”), 0<p<oo, 0<g<oo, 0<5< 0y,

cf. [Tri06, Rem. 9.15], based on [CS06] — so the situation is even more complicated.
Nevertheless, under certain restrictions on the smoothness parameter s, the above
approaches result in the same F-space.

Theorem 3.9. Let s >0,0<p < o0, 0<q< 0.

(i) Then
1 1
PR — w0 (R 4 .14
pa(R™) p.a(R"); S>n<miH(PaQ) p)’ o1y
and
Fp o (R") =33 ,(R™), 5> Opq (8.15)

(in the sense of equivalent quasi-norms).
(ii) Furthermore,

s ny _ s ny _ s n ! - !
Fy,RY) =F, (R") =35, (R"), s>n <min(p,q) max(l,p))
(3.16)

(in the sense of equivalent quasi-norms).

Remark 3.10. The first equality in (3.16) is longer known, see [Tri83, Section
2.5.11], [Tri92, Thm. 3.5.3], whereas the second equality in (3.16) is a consequence
of the recently proved coincidence (3.14), see [Tri06, Prop. 9.14| (with forerunners
in [Tri97, Sect. 13.8], [Tri01, Thm. 2.9]). In the figures aside and below we have
indicated the situation in the usual (1—1), s)-diagram for different values of g.

S|

Figure 1: Parameter ¢ = oo



On dilation operators in Triebel-Lizorkin spaces 159

S = 0p,1

S — S — S
Foi =381 =Fp1

S =

Figure 3: Parameter ¢ = 3

Our new results concerning the norms of the dilation operators T}, established
in Section 2 now lead to new insights when dealing with different approaches for
F-spaces in the limiting case s = 0,. We obtain the following assertions which are
especially interesting when p < q.

Corollary 3.11. Let 0 <p <1 and 0 < g < co. Then
Fon(R™) # Fpr, (R™)
and
Fon(R™) # §5n (R™)
(in terms of equivalent quasi-norms) as sets of measurable functions.

Proof. We use the homogeneity estimate (3.3),
s k(s—2 s
||f(2k’)|F:D,q|| <2 =) ||f|Fp,q|| ’
where s > 0, 0 < p < 00, and 0 < ¢ < co. We proceed indirectly, assuming that
Fpi(R™) = Fphy(R™) for 0 < ¢ < oo. But then using Theorem 2.2 when p < ¢ or
Theorem 2.3 for ¢ < p, together with (3.3) we could find a function ¥ € F, % such

that
2R DR P Fgn | < el (28| Egs | ~ [l (2F)[Fgy,|

<
k(op—2 o k(op—2 o
< 22X D[R | ~ 28R g Egal,
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which leads to
EYP <L e, k eN.

This gives the desired contradiction.

The proof for the spaces §, ,(R") is the same; we only need to use the estimate
(3.13) instead of (3.3). We give an alternative proof of this result in the next
subsection. |

Remark 3.12. We know that F; (R") = §, ,(R") if s > 0,,. Corollary 3.11
yields Fp5' (R™) # Fpi (R™) if p < ¢ since in this case 0y = 0p. If p > ¢, then
opg > 0p and the sharp estimates for the norms of the dilation operators 7}, in
Fyb(R™), cf. [ET96, 2.3.1], coincide with the bounds for spaces % (R™) as given
n (3.13). So in this case studying dilation operators will not help solving the
problem. It does not seem unlikely that the approaches coincide in this case.

3.2. A comment on atomic expansion

It might not be obvious immediately, but the building blocks k‘ﬁm in our subatomic
approach differ from the atoms a,,,, — used to characterize the spaces Fy ,(R")
in Theorem 1.7 — mainly by the imposed moment conditions on the latter and
some unimportant technicalities. In particular, the normalizing factors ov(s=3)
are incorporated in the sequence spaces f;°¢ in the subatomic approach; recall
Definition 1.5. We refer as well to [Tri01, Th 3 6]. Now following [Sch09, Sect. 3.2]
one can show that first moment conditions on the line s = 0, are necessary. This
immediately leads to
Fon(R™) # 377, (R™),
yielding an alternative proof of Corollary 3.11. We present the main ideas.
Every f € F,5(R™) may be represented by optimal atomic decompositions

x) = Z v, Gu,m (), reR",

with
A fpall <clfIEGHI,  f € F5R"),

see [Tri06, Ch. 1.5] for details. If no moment conditions were required here, then

gk(l‘) = f(zkx) = Z )\u,may,m,(ZkJT), r e R”

would represent an atomic decomposition of f(2¥x). This can be seen by setting

= Am2Mr Mg, (2Fg) = Z/\,,m ak . (

where af,, (z) = MO 4y (262) ~ Gy g (1), since

k
supp a’l/,m, C Qu+k,m7
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DG, (@)] = 27Hr B D ()] < 270l

Therefore we obtain

o k(op—2 __o—n
”gk|Fp,T(}H < H)‘k|fp,q|| = 2" P =2 k||>‘|fp,q||v

Al fp.al

resulting in

IF@E)ETN < 2 k(I F1Fa ).

But we know by Theorem 2.2 and Theorem 2.3 that this is not true in general
when 0 < p < co.
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