
Functiones et Approximatio
40.2 (2009), 251–282

HARMONIC BOUNDARY VALUE PROBLEMS IN HALF DISC
AND HALF RING
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Abstract: The Schwarz problem for the Cauchy-Riemann equation and the Dirichlet and Neu-
mann problems for the Poisson equation are explicitly solved in a half disc and a half ring of the
complex plane. The respective Poisson kernels and the Green and Neumann functions are given.
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1. Introduction

Explicit solutions to some classical boundary value problems are well known for
some particular domains as e.g. the unit disc [3]–[9], [11], [12], [14]–[27], half plane
[10], [28], quarter plane [1], [2], [13] and circular ring [29]–[31]. The Poisson kernel
for the upper half unit disc is given in [26] as an application of Cauchy’s residue
theorem. It is not likely that this kernel can be useful for solving the Schwarz
problem for analytic functions. Here another Poisson kernel is developed on the
basis of the reflection principle leading to the solution of the Schwarz problem for
the inhomogeneous Cauchy-Riemann equation for the half unit disc

D+ := {z : |z| < 1, 0 < Im z}.

With the help of the harmonic Green and Neumann functions, the Dirichlet and
Neumann boundary value problems are also solved explicitly for the Poisson equa-
tion in the upper half disc. Particular attention is paid to the two corner points of
the boundary for the Dirichlet problem. Using tools from [29], [31] these boundary
value problems are treated in similar manners in the upper half circular ring

R+ := {z : r < |z| < 1, 0 < Im z},
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which of course is a simply connected domain. Therefore no multiple valued func-
tions and no extra solvability conditions occur.

The fundamental tool for complex boundary value problems is the Cauchy-
Pompeiu representation which just has to be properly modified.

Theorem I. Any w ∈ C1(D;C) ∩ C(D;C) for a regular complex domain D ⊂ C
can be represented as

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ(ζ)
dξdη

ζ − z

or

w(z) = − 1
2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ(ζ)
dξdη

ζ − z
.

For this classical result see e.g. [3], [32]. As one knows the right-hand sides
vanish if z /∈ D, the closure of D.

The purpose of these investigations is to provide explicit solutions and, if desir-
able, solvability conditions for some basic boundary value problems in two special
domains. Just some model equations are considered. The results will help to treat
more general equations. This will be done according to the treatment of the gen-
eralized Beltrami equation, which is repeatedly the subject of Bogdan Bojarski,
see e.g. [23]–[25].

2. Upper half unit disc

With regard to the Schwarz problem, the Cauchy-Pompeiu formula is modified by
combining it in a proper way with the Cauchy-Pompeiu formula evaluated at the
reflections of the point z at the boundary ∂D, 1/z and z, and for symmetry also
at the reflection 1/z of 1/z at the real axis, or, what is the same, the reflection
1/z of z at the unit circle.

Theorem 1. Any w ∈ C1(D+;C) ∩ C(D+;C) can be represented via

w(z) =
1

2πi

∫

∂D+

w(ζ)
dζ

ζ − z
− 1

π

∫

D+

wζ(ζ)
dξdη

ζ − z
, z ∈ D+, (2.1)

and for z ∈ D+

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

Re w(ζ)
[
ζ + z

ζ − z
− ζ + z

ζ − z

]
dζ

ζ
+

1
π

∫

|ζ|=1,
0<Im ζ

Im w(ζ)
dζ

ζ

+
1
πi

1∫

−1

Re w(t)
[

1
t− z

− z

1− zt

]
dt (2.2)

− 1
πi

∫

D+

{
wζ(ζ)

[
1

ζ − z
− z

1− zζ

]
− wζ(ζ)

[
1

ζ − z
− z

1− zζ

]}
dξdη,
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Proof. Besides formula (2.1) the Cauchy-Pompeiu formula for z ∈ D+ also ensures

0 =
1

2πi

∫

∂D+

w(ζ)
zdζ

1− zζ
− 1

π

∫

D+

wζ(ζ)
zdξdη

1− zζ
, (2.1′)

0 =
1

2πi

∫

∂D+

w(ζ)
dζ

ζ − z
− 1

π

∫

D+

wζ(ζ)
dξdη

ζ − z
, (2.1′′)

0 =
1

2πi

∫

∂D+

w(ζ)
zdζ

1− zζ
− 1

π

∫

D+

wζ(ζ)
zdξdη

1− zζ
. (2.1′′′)

Adding (2.1) and the complex conjugate of (2.1′), i.e.

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

{
Re w(ζ)

ζ + z

ζ − z
+ i Im w(ζ)

}
dζ

ζ

+
1

2πi

1∫

−1

{
Re w(t)

[
1

t− z
− z

1− zt

]
+ i Imw(t)

[
1

t− z
+

z

1− zt

]}
dt

− 1
π

∫

D+

{
wζ(ζ)
ζ − z

+
zwζ(ζ)

1− zζ

}
dξdη

and then substracting the sum of of the complex conjugate of (2.1′′) and (2.1′′′),
namely

0 =
1

2πi

∫

|ζ|=1,
0<Im ζ

{
Rew(ζ)

ζ + z

ζ − z
− i Im w(ζ)

}
dζ

ζ

− 1
2πi

1∫

−1

{
Re w(t)

[
1

t− z
− z

1− zt

]
− i Im w(t)

[
1

t− z
+

z

1− zt

]}
dt

− 1
π

∫

D+

{
wζ(ζ)

ζ − z
+

zwζ(ζ)

1− zζ

}
dξdη

gives (2.2). ¥

This formula provides the solution to the Schwarz problem for D+.

Theorem 2. The Schwarz problem

wz = f in D+, f ∈ Lp(D+;C), p > 2,

Re w = γ in ∂D+, γ ∈ C(∂D+;C), γ(−1) = γ(1) = 0,
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1
π

π∫

0

Im w(eiϕ)dϕ = c, c ∈ R,

is uniquely solvable by

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[
ζ + z

ζ − z
− ζ + z

ζ − z

]
dζ

ζ
+ ic +

1
πi

1∫

−1

γ(t)
[

1
t− z

− z

1− zt

]
dt

− 1
π

∫

D+

{
f(ζ)

[
1

ζ − z
− z

1− zζ

]
− f(ζ)

[
1

ζ − z
− z

1− zζ

]}
dξdη. (2.3)

Proof. The uniqueness part is an immediate consequence of the Cauchy-Pompeiu-
Schwarz representation formula. Namely, if there is a solution the representation
formula (2.2) shows that it necessarily has the form (2.3). That the related homo-
geneous problem is only trivially solvable is seen likewise from (2.2). It remains
to verify that (2.3) in fact provides a solution. As the right-hand side of (2.3) up
to the term

Tf(z) = − 1
π

∫

D+

f(ζ)
dξdη

ζ − z

is an analytic function in D+ and as it is a weak solution to the Cauchy-Riemann
equation wz = f in D+ it remains to check the boundary behavior.

Let w0 denote the area integral in (2.3). Then for |z| = 1, 0 6 Im z

w0(z) = − 1
π

∫

D+

{
f(ζ)

[
1

ζ − z
− 1

z − ζ

]
− f(ζ)

[
1

ζ − z
− 1

z − ζ

]}
dξdη

so that Re w0(z) = 0 there. Similarly, for Im z = 0, i.e. for z = z,

w0(z) = − 1
π

∫

D+

{
f(ζ)

[
1

ζ − z
− z

1− zζ

]
− f(ζ)

[
1

ζ − z
− z

1− zζ

]}
dξdη,

thus also Rew0(z) = 0 there is seen. That
∫

|z|=1,
0<Im z

w0(z)
dz

z
= 0

holds follows from
∫

|z|=1,
0<Im z

[
1

ζ − z
− z

1− zζ

]
dz

z
= −

∫

|z|=1,
0<Im z

1
z − ζ

dz

z
+

∫

|z|=1,
0<Im z

1
z − ζ

dz

z

= −
∫

|z|=1,
0<Im z

1
z − ζ

dz

z
−

∫

|z|=1,
Im z<0

1
z − ζ

dz

z
= −

∫

|z|=1

1
z − ζ

dz

z
= 0 for |ζ| < 1.
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In the same way for |ζ| = 1, 0 < Im ζ

∫

|z|=1,
0<Im z

[
ζ + z

ζ − z
− ζ + z

ζ − z

]
dz

z
=

∫

|z|=1,
0<Im z

[
ζ + z

ζ − z
− z + ζ

z − ζ

]
dz

z

=
∫

|z|=1,
0<Im z

ζ + z

ζ − z

dz

z
−

∫

|z|=1,
0<Im z

ζ + z

ζ − z

dz

z

=
∫

|z|=1,
0<Im z

ζ + z

ζ − z

dz

z
+

∫

|z|=1,
Im z<0

ζ + z

ζ − z

dz

z

=
∫

|z|=1

ζ + z

ζ − z

dz

z
= −2πi

is seen. Hence,

1
πi

∫

|z|=1,
0<Im z

w(z)
dz

z
= ic− 1

πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
dζ

ζ
,

1
πi

∫

|z|=1,
0<Im z

Imw(z)
dz

z
= c.

From

Re w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ

+
1

2πi

1∫

−1

γ(ζ)
[

1
t− z

− 1
t− z

− z

1− zt
+

z

1− zt

]
dt + Re w0(z)

=
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[
1− |z|2
|ζ − z|2 −

1− |z|2
|ζ − z|2

]
dζ

ζ

+
1

2πi

1∫

−1

γ(ζ)
[

z − z

|t− z|2 −
z − z

|1− zt|2
]

dt + Re w0(z)

it is seen that for |ζ0| = 1, 0 < Im ζ0

lim
z→ζ0

Re w(z) = γ(ζ0)
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as |ζ − ζ0|2 6= 0, 1− |ζ0|2 = 0, |t− ζ0|2 = |1− ζ0t|2, and for Im ζ0 = 0, |ζ0| < 1

lim
z→ζ0

Re w(z) = γ(ζ0),

because |ζ − ζ0| = |ζ − ζ0|, |1− ζ0t|2 6= 0, ζ0 − ζ0 = 0.
Here the corner points were excluded. To check the boundary behavior there,

consider

ω(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[
ζ + z

ζ − z
− ζ + z

ζ − z

]
dζ

ζ

and

ω̂(z) =
1
πi

1∫

−1

γ(t)
[

1
t− z

− z

1− zt

]
dt.

From

ω(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
ζ + z

ζ − z

dζ

ζ
+

1
2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
ζ + z

ζ − z

dζ

ζ

=
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
ζ + z

ζ − z

dζ

ζ
− 1

2πi

∫

|ζ|=1,
Im ζ<0

γ(ζ)
ζ + z

ζ − z

dζ

ζ
=

1
2πi

∫

|ζ|=1

Γ(ζ)
ζ + z

ζ − z

dζ

ζ

with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = 1

for |ζ0| = 1
lim

z→ζ0, |z|=1
Reω(z) = Γ(ζ0),

in particular
lim

z→±1, |z|<1
Re ω(z) = γ(±1) = 0

is seen because of the continuity of Γ at ±1.
Similarly with

0∫

−1

γ(t)
z

1− zt
dt = −

−∞∫

−1

γ

(
1
t

)
zt

t− z

dt

t2
=

−1∫

−∞
γ

(
1
t

)
z

t− z

dt

t

=

−1∫

−∞
γ

(
1
t

)[
1

t− z
− 1

t

]
dt,
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1∫

0

γ(t)
z

1− zt
dt = −

1∫

+∞
γ

(
1
t

)
zt

t− z

dt

t2
=

+∞∫

1

γ

(
1
t

)
z

t− z

dt

t

=

+∞∫

1

γ

(
1
t

)[
1

t− z
− 1

t

]
dt,

then

ω̂(z) = − 1
πi

−1∫

−∞
γ

(
1
t

)[
1

t− z
− 1

t

]
dt +

1
πi

1∫

−1

γ(t)
dt

t− z

− 1
πi

+∞∫

1

γ

(
1
t

)[
1

t− z
− 1

t

]
dt

follows so that

Re ω̂(z) =
1

2πi

+∞∫

−∞
Γ̂(t)

z − z

|t− z|2 dt

with

Γ̂(ζ) =

{
γ(t), |t| 6 1,

−γ
(

1
t

)
, 1 < |t|, t ∈ R,

is seen. This implies for t0 ∈ R
lim

z→t0, 0<Im z
Re ω̂(z) = Γ̂(t0),

in particular for t0 = ±1 because Γ̂ is continuous at these points as γ(±1) = 0. ¥

Iterating the Cauchy-Pompeiu formulas leads to second order representations,
see e.g. [5]. Introducing the harmonic Green function in the respective formulas
with regard to the Laplace operator gives a representation adjusted to the Dirichlet
problem for the Poisson equation.

Theorem II. Let D ⊂ C be a regular domain and G1 = 2G where G is the har-
monic Green function for D, then any w ∈ C2(D;C)∩C1(D;C) can be represented
by

w(z) = − 1
4π

∫

∂D

w(ζ)∂νζ
G1(z, ζ)dsζ − 1

π

∫

D

wζζ(ζ)G1(z, ζ)dξdη.

Here ν is the outward normal derivative on ∂D and s is the arc length parameter.

The harmonic Green function for the upper half unit disc D+ is

G1(z, ζ) = log
∣∣∣∣
(1− zζ)(ζ − z)
(1− zζ)(ζ − z)

∣∣∣∣
2

.
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This can be directly verified. As one sees, the three reflection points, used for the
Schwarz modification of the Cauchy-Pompeiu formula, appear here. In fact, the
Poisson kernel, i.e. the real part of the Schwarz kernel coincides with the outward
normal derivative of the Green function G1. It is for |z| = 1, 0 < Im z

∂νzG1(z, ζ) = (z∂z +z∂z)G1(z, ζ) = 2 Re
[
ζ + z

ζ − z
− ζ + z

ζ − z

]
= 4Re

[
ζ

ζ − z
− ζ

ζ − z

]

and for z = z, |z| < 1

i∂νz
G1(z, ζ) = (∂z − ∂z)G1(z, ζ) = 4i Im

[
ζ

1− zζ
+

1
ζ − z

]

= 2
[

ζ − ζ

|1− zζ|2 −
ζ − ζ

|ζ − z|2
]

,

i.e.

∂νz
G1(z, ζ) = 4 Im ζ

[
1

|1− zζ|2 −
1

|ζ − z|2
]

.

In explicit form the Green representation formula from Theorem 2 for D+ is

w(z) = − 1
πi

∫

|ζ|=1,
0<Im ζ

w(ζ)Re
[

z

z − ζ
− z

z − ζ

]
dζ

ζ

+
1

2πi

1∫

−1

w(t)
[

z − z

|t− z|2 −
z − z

|1− tz|2
]

dt− 1
π

∫

D+

wζζ(ζ)G1(z, ζ)dξdη

=
1

2πi

∫

|ζ|=1,
0<Im ζ

w(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ

+
1

2πi

1∫

−1

w(t)
[

z − z

|t− z|2 −
z − z

|1− tz|2
]

dt− 1
π

∫

D+

wζζ(ζ)G1(z, ζ)dξdη.

(2.4)

Theorem 3. Any w ∈ C2(D+;C)∩C1(D+;C) can be represented by formula (2.4).

In fact (2.4) provides the solution to the Dirichlet problem. This will be verified
for this particular domain D+ with a piecewise smooth boundary.

Theorem 4. The Dirichlet problem

wzz = f in D+, w = γ on ∂D+,
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for f ∈ C(D+;C), γ ∈ C(∂D+;C), γ(−1)) = γ(1) = 0 is uniquely solvable by

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ

+
1

2πi

1∫

−1

γ(t)
[

z − z

|t− z|2 −
z − z

|1− tz|2
]

dt− 1
π

∫

D+

f(ζ)G1(z, ζ)dξdη.

Proof. By the properties of the Green function and the harmonicity of the bound-
ary integrals w is seen to be a solution to the Poisson equation. It remains to verify
the boundary conditions for the boundary integrals.

For |ζ0| = 1, 0 < Im ζ0

lim
z→ζ0, |z|<1

1
2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ

= lim
z→ζ0, |z|<1

[
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ

− 1
2πi

∫

|ζ|=1,
Im ζ<0

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ

]

= lim
z→ζ0, |z|<1

1
2πi

∫

|ζ|=1

Γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ
= γ(ζ0)

(2.5)

with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = 1

and

lim
z→ζ0, |z|<1

1
2πi

1∫

−1

γ(t)
[

z − z

|t− z|2 −
z − z

|1− tz|2
]

dt = 0.

For t0 = t0, |t0| < 1

lim
z→t0, 0<Im z

1
2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ
= 0
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and

lim
z→t0, 0<Im z

1
2πi

1∫

−1

γ(t)
z − z

|t− z|2 dt = γ(t0)

lim
z→t0, 0<Im z

1
2πi

1∫

−1

γ(t)
z − z

|1− tz|2 dt = 0.

(2.6)

For the corner points ±1 formula (2.5) can be used. As γ(±1) = 0, the function Γ
is continuous in particular at the points ±1 and the limit in (2.5) is just Γ(±1) =
γ(±1) = 0 for ζ0 = ±1.

The second term in the boundary integral is transformed according to

0∫

−1

γ(t)
dt

|1− tz|2 = −
−∞∫

−1

γ

(
1
t

)
dt

t2|1− z/t|2 =

−1∫

−∞
γ

(
1
t

)
dt

|t− z|2 ,

1∫

0

γ(t)
dt

|1− tz|2 = −
1∫

+∞
γ

(
1
t

)
dt

t2|1− z/t|2 =

+∞∫

1

γ

(
1
t

)
dt

|t− z|2 .

Then for t0 = ±1

lim
z→±1, 0<Im z

1
2πi

1∫

−1

γ(t)
[

z − z

|t− z|2 −
z − z

|1− tz|2
]

dt

= lim
z→±1, 0<Im z

1
2πi

+∞∫

−∞
Γ̂(t)

z − z

|t− z|2 dt = 0 = γ(±1)

with

Γ̂(ζ) =

{
γ(t), |t| 6 1,

−γ
(

1
t

)
, 1 < |t|, t ∈ R. ¥

Another representation formula of second order besides the one in Theorem 2
is available, where instead of the Green function the harmonic Neumann function
is used.

Theorem III. Let D ⊂ C be a regular domain and N1 = 2N where N is the
harmonic Neumann function for D, then any w ∈ C2(D;C) ∩ C1(D;C) can be
represented as

w(z) = − 1
4π

∫

∂D

{w(ζ)∂νζ
N1(z, ζ)−∂νζ

w(ζ)N1(z, ζ)}dsζ− 1
π

∫

D

wζζ(ζ)N1(z, ζ)dξdη.
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As can be verified, the harmonic Neumann function N1 for the upper half unit
disc D+ is

N1(z, ζ) = 2 log |zζ|2 − log |(ζ − z)(ζ − z)(1− zζ)(1− zζ)|2.

For |z| = 1, |ζ| < 1

∂νz
N1(z, ζ) = (z∂z + z∂z)N1(z, ζ) = 4 +

z

ζ − z
+

z

ζ − z
+

z

ζ − z
+

z

ζ − z

+
zζ

1− zζ
+

zζ

1− zζ
+

zζ

1− zζ
+

zζ

1− zζ
= 0

and for |z| < 1, |ζ| = 1

N1(z, ζ) = 2
[
log |z|2 − log |(1− zζ)(1− zζ)|2

]
,

(z∂z + z∂z)N1(z, ζ) = 2
[

ζ

ζ − z
+

ζ

ζ − z
− 1 +

ζ

ζ − z
+

ζ

ζ − z
− 1

]
,

for z = z, 0 < Re ζ

∂νzN1(z, ζ) = −i(∂z − ∂z)N1(z, ζ) = −i

[
2
z
− 2

z
+

1
ζ − z

− 1
ζ − z

+
1

ζ − z

− 1
ζ − z

+
ζ

1− zζ
− ζ

1− zζ
+

ζ

1− zζ
− ζ

1− zζ

]
= 0,

and for 0 < Im z, Im ζ = 0

N1(z, ζ) = 2
[
log |zζ|2 − log |(ζ − z)(1− zζ)|2

]
,

−i(∂z − ∂z)N1(z, ζ) = −2i(z − z)
[

1
|ζ − z|2 +

ζ2

|1− zζ|2 −
1
|z|2

]
.

In explicit form the Neumann representation formula from Theorem 2 for D+ is

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

∂νw(ζ)
[
log |z|2 − log |(1− zζ)(1− zζ)|2] dζ

ζ

+
1
2π

1∫

−1

∂νw(t)
[
log |tz|2 − log |(t− z)(1− zt)|2] dt (2.7)

− 1
π

∫

D+

wζζ(ζ)
[
2 log |zζ|2 − log |(ζ − z)(ζ − z)(1− zζ)(1− zζ)|2] dξdη.



262 Heinrich Begehr, Tatyana Vaitekhovich

Theorem 5. Any w ∈ C2(D+;C) ∩ C1(D+;C) can be represented according to
formula (2.7).

Formula (2.7) provides the solution to the Neumann boundary value problem
for the Poisson equation.

Theorem 6. The Neumann problem

wzz = f in D+, ∂νw = γ on ∂D+,

for f ∈ C(D+;C), γ ∈ C(∂D+;C), is uniquely solvable. The solution is given by

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[
log |z|2 − log |(1− zζ)(1− zζ)|2] dζ

ζ

+
1
2π

1∫

−1

γ(t)
[
log |tz|2 − log |(t− z)(1− zt)|2] dt (2.8)

− 1
π

∫

D+

f(ζ)
[
2 log |zζ|2 − log |(ζ − z)(ζ − z)(1− zζ)(1− zζ)|2] dξdη.

Proof. As the area integral is a solution to the Poisson equation satisfying the
homogeneous boundary condition, only the boundary integrals representing a har-
monic function have to be shown to satisfy the boundary condition.

1. For z ∈ D+

(z∂z + z∂z)w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1 +

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ

+
1
2π

1∫

−1

γ(t)
[
2 +

z

t− z
+

z

t− z
+

zt

1− zt
+

zt

1− zt

]
dt

− 1
π

∫

D+

f(ζ)(z∂z + z∂z)N1(z, ζ)dξdη,

so that for |ζ0| = 1, 0 < Im ζ0

∂νw(ζ0) = lim
z→ζ0

(z∂z + z∂z)w(z) = γ(ζ0),

because for 0 < Im ζ

ζ

ζ − z
+

ζ

ζ − z
− 1 =

1− |z|2
|ζ − z|2 ,
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and for |t| < 1, t = t,

2+
z

t− z
+

z

t− z
+

zt

1− zt
+

zt

1− zt
= (1−|z|2)

[
t

(t− z)(1− zt)
+

t

(t− z)(1− zt)

]
.

2. For z ∈ D+

−i(∂z − ∂z)w(z) = − 1
4π

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[
2
z
− 2

z
+

1
ζ − z

− 1
ζ − z

+
1

ζ − z

− 1
ζ − z

+
ζ

1− zζ
− ζ

1− zζ
+

ζ

1− zζ
− ζ

1− zζ

]
dζ

ζ

+
z − z

2πi

1∫

−1

γ(t)
[

1
|t− z|2 +

t2

|1− zt|2 −
1
|z|2

]
dt

+
i

π

∫

D+

f(ζ)(∂z − ∂z)N1(z, ζ)dξdη.

Hence, for z ∈ D+, |t0| < 1, t0 = t0,

∂νw(t0) = lim
z→t0

[−i(∂z − ∂z)]w(z) = γ(t0),

as for 0 < Im ζ

2
z
− 2

z
+

1
ζ − z

− 1
ζ − z

+
1

ζ − z
− 1

ζ − z
+

ζ

1− zζ
− ζ

1− zζ
+

ζ

1− zζ
− ζ

1− zζ

= (z − z)×
[

1
(ζ − z)(ζ − z)

+
1

(ζ − z)(ζ − z)

+
ζ2

(1− zζ)(1− zζ)
+

ζ
2

(1− zζ)(1− zζ)
− 2
|z|2

]

and for |t0| < 1, t0 = t0,

lim
z→t0

[
t2

|1− zt|2 −
1
|z|2

]
=

t2

|1− t0t|2 −
1
t20

. ¥

Remark. In D+ the Neumann problem is unconditionally solvable.

3. Upper half circular ring

In order to modify the Cauchy-Pompeiu formula according to the Schwarz bound-
ary condition at first the Cauchy kernel is replaced by a proper one for the ring
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R = {z : 0 < r < |z| < 1}, see [30], [31]. Then this resulting formula is comple-
mented by the respective expressions evaluated at the reflected points 1/z, z and
1/z of z and then these four expressions are properly composed.

Let R+ denote the upper half part of the ring R.

Theorem 7. Any w ∈ C1(R+;C) ∩ C(R+;C) can be represented as

w(z) =
1

2πi

∫

∂R+

w(ζ)

{
ζ

ζ − z
+

∞∑
n=1

r2n

[
ζ

r2nζ − z
+

z

ζ − r2nz

]}
dζ

ζ

− 1
π

∫

R+

wζ(ζ)

{
1

ζ − z
+

∞∑
n=1

r2n

[
1

r2nζ − z
+

z

ζ(ζ − r2nz)

]}
dξdη

(3.1)

and

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

Re w(ζ)
{

ζ + z

ζ − z
− ζ + z

ζ − z

+ 2
∞∑

n=1

r2n

[
ζ

r2nζ − z
− z

r2nz − ζ
− ζ

r2nζ − z
+

z

r2nz − ζ

]}
dζ

ζ

− 1
2πi

∫

|ζ|=r,
0<Im ζ

Rew(ζ)
{

ζ + z

ζ − z
− ζ + z

ζ − z

+ 2
∞∑

n=1

r2n

[
ζ

r2nζ − z
− z

r2nz − ζ
− ζ

r2nζ − z
+

z

r2nz − ζ

]}
dζ

ζ

+
1
πi

∫

[−1,r]∪[r,1]

Re w(t)
{

1
t− z

− z

1− zt
(3.2)

+
∞∑

n=1

r2n

[
1

r2nt− z
− z

t(r2nz − t)
− 1

t(r2n − zt)
+

z

r2nzt− 1

]}
dt

+
1
π

∫

|ζ|=1,
0<Im ζ

Imw(ζ)
dζ

ζ
− 1

π

∫

R+

{
wζ(ζ)

[
1

ζ − z
− z

1− zζ

+
∞∑

n=1

r2n

(
1

r2nζ − z
− z

ζ(r2nz − ζ)
− 1

ζ(zζ − r2n)
+

z

r2nzζ − 1

)]

− wζ(ζ)
[

1
ζ − z

− z

1− zζ

+
∞∑

n=1

r2n

(
1

r2nζ − z
− z

ζ(r2nz − ζ)
− 1

ζ(r2n − zζ)
+

z

r2nzζ − 1

)]}
dξdη.
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Proof. Both parts of the Cauchy-Pompeiu formula give for z ∈ R+

w(z) =
1

2πi

∫

∂R+

w(ζ)
dζ

ζ − z
− 1

π

∫

R+

wζ(ζ)
dξdη

ζ − z

and

0 =
1

2πi

∫

∂R+

w(ζ)
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

z

ζ − r2nz

]
dζ

ζ

− 1
π

∫

R+

wζ(ζ)
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

z

ζ − r2nz

]
dξdη.

Thus

w(z) =
1

2πi

∫

∂R+

w(ζ)

{
ζ

ζ − z
+

∞∑
n=1

r2n

[
ζ

r2nζ − z
+

z

ζ − r2nz

]}
dζ

ζ

− 1
π

∫

R+

wζ(ζ)

{
1

ζ − z
+

∞∑
n=1

r2n

[
1

r2nζ − z
+

z

ζ(ζ − r2nz)

]}
dξdη.

(3.3)

Evaluating the right-hand side for the reflections 1/z, z and 1/z of z ∈ R+ shows

0 =
1

2πi

∫

∂R+

w(ζ)

{
zζ

zζ − 1
+

∞∑
n=1

r2n

[
zζ

r2nzζ − 1
+

1
zζ − r2n

]}
dζ

ζ

− 1
π

∫

R+

wζ(ζ)

{
z

zζ − 1
+

∞∑
n=1

r2n

[
z

r2nzζ − 1
+

1
ζ(zζ − r2n)

]}
dξdη,

(3.3′)

0 =
1

2πi

∫

∂R+

w(ζ)

{
ζ

ζ − z
+

∞∑
n=1

r2n

[
ζ

r2nζ − z
+

z

ζ − r2nz

]}
dζ

ζ

− 1
π

∫

R+

wζ(ζ)

{
1

ζ − z
+

∞∑
n=1

r2n

[
1

r2nζ − z
+

z

ζ(ζ − r2nz)

]}
dξdη,

(3.3′′)

and

0 =
1

2πi

∫

∂R+

w(ζ)

{
zζ

zζ − 1
+

∞∑
n=1

r2n

[
zζ

r2nzζ − 1
+

1
zζ − r2n

]}
dζ

ζ

− 1
π

∫

R+

wζ(ζ)

{
z

zζ − 1
+

∞∑
n=1

r2n

[
z

r2nzζ − 1
+

1
ζ(zζ − r2n)

]}
dξdη.

(3.3′′′)

Subtracting the complex conjugate of (3.3′) from (3.3) and the complex conjugate
of (3.3′′) from (3.3′′′) and adding both results leads to the representation (3.2). ¥
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Formula (3.2) serves to solve the Schwarz problem for R+.

Theorem 8. The Schwarz problem

wz = f in R+, f ∈ Lp(R+;C), 2 < p,

Re w = γ on ∂R+, γ ∈ C(∂R+;C), γ(−1) = γ(−r) = γ(r) = γ(1) = 0,

1
π

π∫

0

Im w(eiϕ)dϕ = c, c ∈ R,

is uniquely solvable. The solution is given as

w(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
{

ζ + z

ζ − z
− ζ + z

ζ − z

+2
∞∑

n=1

r2n

[
ζ

r2nζ − z
− z

r2nz − ζ
− ζ

r2nζ − z
+

z

r2nz − ζ

]}
dζ

ζ

+
1
πi

∫

∂R+∪R

γ(t)
{

1
t− z

− z

1− zt

+
∞∑

n=1

r2n

[
1

r2nt− z
− z

t(r2nz − t)
− 1

t(r2n − zt)
+

z

r2nzt− 1

]}
dt + ic

− 1
π

∫

R+

{
f(ζ)

[
1

ζ − z
− z

1− zζ

+
∞∑

n=1

r2n

(
1

r2nζ − z
− z

ζ(r2nz − ζ)
− 1

ζ(r2n − zζ)
+

z

r2nzζ − 1

)]

− f(ζ)
[

1
ζ − z

− z

1− zζ

+
∞∑

n=1

r2n

(
1

r2nζ − z
− z

ζ(r2nz − ζ)
− 1

ζ(r2n − zζ)
+

z

r2nzζ − 1

)]}
dξdη.

(3.4)

Proof. The area integral in (3.4) is obviously an analytic function up to the term
Tf(z), where Tf(z) is defined at the beginning of the proof of Theorem 2. As
the boundary integrals are also analytic functions the equation (3.4) provides a
weak solution to the inhomogeneous Cauchy-Riemann equation. Moreover, the
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area integral is purely imaginary on the boundary ∂R+. In order to check the side
condition

1
πi

∫

|z|=1,
0<Im z

Imw(z)
dz

z
= c

the relations

1
2πi

∫

|z|=1,
0<Im z

[
ζ + z

ζ − z
− ζ + z

ζ − z

]
dz

z
=

1
2πi

∫

|z|=1

ζ + z

ζ − z

dz

z
= 0 for |ζ| = 1,

1
2πi

∫

|z|=1,
0<Im z

[
ζ

r2nζ − z
− z

r2nz − ζ
− ζ

r2nζ − z
+

z

r2nz − ζ

]
dz

z

=
1

2πi

∫

|z|=1,
0<Im z

[
1

r2n − zζ
− 1

r2n − zζ
− 1

r2n − zζ
+

1
r2n − zζ

]
dz

z
for |ζ| = 1,

1
2πi

∫

|z|=1,
0<Im z

[
1

ζ − z
− z

1− zζ

]
dz

z
= − 1

2πi

∫

|z|=1

1
z − ζ

dz

z
= 0 for |ζ| < 1,

and

1
2πi

∫

|z|=1,
0<Im z

[
1

r2nζ − z
− z

ζ(r2nz − ζ)
− 1

ζ(r2n − zζ)
+

z

r2nzζ − 1

]
dz

z

=
1

2πi

∫

|z|=1,
0<Im z

[
1

r2nζ − z
− 1

ζ(r2n − zζ)
− 1

ζ(r2n − zζ)
+

1
r2nζ − z

]
dz

z

=
1

2πi

∫

|z|=1

[
1

r2nζ − z
− 1

ζ(r2n − zζ)

]
dz

z
= 0 for r < |ζ| < 1

are to be used. Hence, just the boundary integrals in (3.4) have to be shown to
satisfy the boundary relations. Let w0 denote the sum of these two boundary
integrals.
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Then

Re w0(z) =
1

2πi

∫

∂R+

0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

− ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
+

z

r2nz − ζ

]}
dζ

ζ

+
1

2πi

∫

∂R+∩R

γ(t)
{

1
t− z

− 1
t− z

− z

1− zt
+

z

1− zt

+
∞∑

n=1

r2n

[
1

r2nt− z
− 1

r2nt− z
− z

t(r2nz − t)
+

z

t(r2nz − t)

− 1
t(r2n − zt)

+
1

t(r2n − zt)
+

z

r2nzt− 1
− z

r2nzt− 1

]}
dt

Next

Re w0(z) =
1

2πi

∫

|ζ|=1
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
1

r2n − zζ
+

1
r2n − zζ

− |z|2
r2n|z|2 − zζ

− |z|2
r2n|z|2 − zζ

− 1
r2n − zζ

− 1
r2n − zζ

+
|z|2

r2n|z|2 − zζ
+

|z|2
r2n|z|2 − zζ

]}
dζ

ζ

− 1
2πi

∫

|ζ|=r
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
r2

r2(n+1) − zζ
+

r2

r2(n+1) − zζ
− |z|2

r2n|z|2 − zζ
− |z|2

r2n|z|2 − zζ

− r2

r2(n+1) − zζ
− r2

r2(n+1) − zζ
+

|z|2
r2n|z|2 − zζ

+
|z|2

r2n|z|2 − zζ

]}
dζ

ζ

+
z − z

2πi

∫

∂R+∩R

γ(t)
{

1
|t− z|2 −

1
|1− zt|2

+
∞∑

n=1

r2n

[
1

|r2nt− z|2 +
1

|r2nz − t|2 −
1

|r2n − zt|2 −
1

|r2nzt− 1|2
]}

dt.
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Thus for |ζ0| = 1, 0 < Im ζ0, z ∈ R+,

lim
z→ζ0

Rew0(z) = lim
z→ζ0

1
2πi

∫

|ζ|=1
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

]
dζ

ζ

− lim
z→ζ0

1
2πi

∫

|ζ|=r
0<Im ζ

γ(ζ)

{ ∞∑
n=0

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z

− ζ

r2nζ − z
− ζ

r2nζ − z

]
−

∞∑
n=1

r2n

[ |z|2ζ
r2n|z|2ζ − r2z

+
|z|2ζ

r2n|z|2ζ − r2z
− |z|2ζ

r2n|z|2ζ − r2z
− |z|2ζ

r2n|z|2ζ − r2z

]}
dζ

ζ

= lim
z→ζ0

1
2πi

∫

|ζ|=1

Γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ
= γ(ζ0)

with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = 1.

For |ζ0| = r, 0 < Im ζ0, z ∈ R+,

lim
z→ζ0

Re w0(z)

= lim
z→ζ0

1
2πi

∫

|ζ|=1
0<Im ζ

γ(ζ)

{ ∞∑
n=1

r2n

[
z

r2nz − |z|2ζ +
z

r2nz − |z|2ζ −
z

r2nz − |z|2ζ

− z

r2nz − |z|2ζ

]
−

∞∑
n=0

r2n

[
z

r2nz − ζ
+

z

r2nz − ζ
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ

− lim
z→ζ0

1
2πi

∫

|ζ|=r
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− ζ

r2nζ − z
− ζ

r2nζ − z

]
−

∞∑
n=1

r2n

×
[ |z|2ζ
r2n|z|2ζ − r2z

+
|z|2ζ

r2n|z|2ζ − r2z
− |z|2ζ

r2n|z|2ζ − r2z
− |z|2ζ

r2n|z|2ζ − r2z

]}
dζ

ζ

= − lim
z→ζ0

1
2πi

∫

|ζ|=r

Γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ
= γ(ζ0)
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with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = r.

Finally, for t0 ∈ (−1,−r) ∪ (r, 1), z ∈ R+

lim
z→t0

Re w0(z) = lim
z→t0

1
2πi

∫

∂R+∩R

γ(t)

{
z − z

|t− z|2 −
z − z

|1− tz|2 +
∞∑

n=1

r2n

×
[

z − z

|r2nt− z|2 +
z − z

|r2nz − t|2 −
z − z

|r2n − zt|2 −
z − z

|1− r2nzt|
]}

dt

= lim
z→t0

1
2πi

[ −r∫

− 1
r

+

1
r∫

r

]
Γ̂(t)

z − z

|t− z|2 dt = γ(t0),

with

Γ̂(t) =





γ(t), r 6 |t| 6 1,

−γ

(
1
t

)
, 1 6 |t| 6 1

r

t ∈ R.

In order to check the boundary behavior in the corner points ±r and ±1 decompose

Re w0 = w1 + w2 + ŵ

according to the boundary integrals along |ζ| = 1, 0 < Im ζ, and |ζ| = r, 0 < Im ζ
and r < |t| < 1, t ∈ R. From

w1(z) =
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ

− 1
2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ

=
1

2πi

∫

|ζ|=1

Γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ
,
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w2(z) = − 1
2πi

∫

|ζ|=r,
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ

+
1

2πi

∫

|ζ|=r,
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ

= − 1
2πi

∫

|ζ|=r

Γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
+

ζ

r2nζ − z
− z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ
,

and as well

ŵ(z) =
z − z

2πi

[ −r∫

−1

+

1∫

r

]
γ(t)

{
1

|t− z|2 +
∞∑

n=1

r2n

[
1

|r2nt− z|2 +
1

|r2nz − t|2
]}

dt

− z − z

2πi

[ −r∫

−1

+

1∫

r

]
γ(t)

{
1

|1− tz|2 +
∞∑

n=1

r2n

[
1

|r2n − tz|2 +
1

|r2nzt− 1|2
]}

dt

=
1

2πi

[ −r∫

− 1
r

+

1
r∫

r

]
Γ̂(t)

{
z − z

|t− z|2 +
∞∑

n=1

r2n

[
z − z

|r2nt− z|2 +
z − z

|r2nz − t|2
]}

dt

as

ŵ(z) =
1

2πi

[ −r2∫

−1

+

1∫

r2

]
Γ̃(t)

{
z − z

|t− z|2 +
∞∑

n=1

r2n

[
z − z

|r2nt− z|2 +
z − z

|r2nz − t|2
]}

dt

with

Γ̃(t) =





γ(t), r 6 |t| 6 1,

−γ

(
r2

t

)
, r2 6 |t| 6 r,

t ∈ R.

By the properties of the Poisson kernels for discs and half planes, see e.g. [5], [28],
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and the continuity of Γ, Γ̂, Γ̃ in the respective corner points

lim
z→±1

w1(z) = Γ(±1) = 0 = γ(±1),

lim
|z|→r

w1(z) = 0, lim
z−z→0

w1(z) = 0,

lim
z→±r

w2(z) = Γ(±r) = 0 = γ(±r),

lim
|z|→1

w2(z) = 0, lim
z−z→0

w2(z) = 0,

lim
z→±1

ŵ(z) = Γ̂(±1) = 0 = γ(±1)

lim
z→±r

ŵ(z) = Γ̃(±r) = 0 = γ(±r),

lim
|z|→1

ŵ(z) = 0, lim
|z|→r

ŵ(z) = 0.

Thus for ζ0 ∈ {−1,−r, r, 1}
lim

z→ζ0
Re w0(z) = 0 = γ(ζ0). ¥

For the Dirichlet problem for the Poisson equation the harmonic Green function
is used. On the basis of [29], [31] and using the reflections on the boundary parts
as in the case of the half disc this Green function for the half ring R+ is

G1(z, ζ) = log

∣∣∣∣∣
1− zζ

ζ − z

ζ − z

1− zζ

∞∏
n=1

z − r2nζ

z − r2nζ

zζ − r2n

zζ − r2n

ζ − r2nz

ζ − r2nz

1− r2nzζ

1− r2nzζ

∣∣∣∣∣

2

.

(3.5)
To obtain the Poisson kernel the outward normal derivatives are calculated. On
|z| = 1

∂νzG1(z, ζ) = 4Re
{

ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
− ζ

r2nζ − z
+

1
r2n − zζ

− 1
r2n − zζ

]}
,

on |z| = r

∂νzG1(z, ζ) = −4 Re
{

ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
− z

r2nz − ζ

]}
,

on z = z

∂νzG1(z, ζ) = −4 Im ζ

{
1

|ζ − z|2 −
1

|1− zζ|2

+
∞∑

n=1

r2n

[
1

|r2nζ − z|2 +
1

|ζ − r2nz|2 −
1

|r2n − zζ|2 −
1

|1− r2nzζ|2
]}
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Thus Theorem 2 in the case of R+ is reformulated.

Theorem 9. Any w ∈ C2(R+;C) ∩ C(R+;C) is representable as

w(z) =
1

2πi

∫

∂R+,
0<Im ζ

w(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
− z

r2nz − ζ

+
ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ
(3.6)

+
z − z

2πi

∫

∂R+∩R

w(t)
{

1
|t− z|2 −

1
|1− zt|2

+
∞∑

n=1

r2n

[
1

|r2nz − t|2 +
1

|z − r2nt|2 −
1

|r2n − zt|2 −
1

|1− r2nzt|2
]}

dt

− 1
π

∫

R+

wζζ(ζ)G1(z, ζ)dξdη.

Theorem 10. The Dirichlet problem

wzz = f in R+, w = γ on ∂R+,

for f ∈ L2(R+;C)∩C(R+;C), γ ∈ C(∂R+;C), γ(−1) = γ(−r) = γ(r) = γ(1) = 0,
is uniquely solvable. The solution is

w(z) =
1

2πi

∫

∂R+,
0<Im ζ

γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− ζ

ζ − z
− ζ

ζ − z

+
∞∑

n=1

r2n

[
ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
− z

r2nz − ζ

+
ζ

r2nζ − z
− ζ

r2nζ − z
+

z

r2nz − ζ
− z

r2nz − ζ

]}
dζ

ζ
(3.7)

+
z − z

2πi

∫

∂R+∩R

γ(t)
{

1
|t− z|2 −

1
|1− zt|2

+
∞∑

n=1

r2n

[
1

|r2nz − t|2 +
1

|z − r2nt|2 −
1

|r2n − zt|2 −
1

|1− r2nzt|2
]}

dt

− 1
π

∫

R+

f(ζ)G1(z, ζ)dξdη.
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Proof. Let w1, w2 and ŵ denote the three different parts of the boundary integral
along the respective paths on |ζ| = 1, |ζ| = r and R. Then as before for the Schwarz
problem

w1(z) =
1

2πi

∫

|ζ|=1

Γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

−
∞∑

n=1

r2n

[
1− |z|2

(r2nζ − z)(r2nz − ζ)
+

1− |z|2
(r2nζ − z)(r2nz − ζ)

]}
dζ

ζ
,

with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = 1,

w2(z) = − 1
2πi

∫

|ζ|=r

Γ(ζ)
{

ζ

ζ − z
+

ζ

ζ − z
− 1

−
∞∑

n=1

r2n

[
r2 − |z|2

(r2nζ − z)(r2nz − ζ)
+

r2 − |z|2
(r2nζ − z)(r2nz − ζ)

]}
dζ

ζ
,

with

Γ(ζ) =

{
γ(ζ), 0 6 Im ζ,

−γ(ζ), Im ζ < 0,
|ζ| = r,

ŵ(z) =
z − z

2πi

[ −r∫

− 1
r

+

1
r∫

r

]
Γ̂(t)

{
1

|t− z|2 +
∞∑

n=1

r2n

[
1

|r2nt− z|2 +
1

|r2nz − t|2
]}

dt,

with

Γ̂(t) =





γ(t), r 6 |t| 6 1,

−γ

(
1
t

)
, 1 6 |t| 6 1

r
,

t ∈ R,

and

ŵ(z) =
z − z

2πi

[ −r2∫

−1

+

1∫

r2

]
Γ̃(t)

{
1

|t− z|2 +
∞∑

n=1

r2n

[
1

|r2nt− z|2 +
1

|r2nz − t|2
]}

dt

with

Γ̃(t) =





γ(t), r 6 |t| 6 1,

−γ

(
r2

t

)
, r2 6 |t| 6 r,

t ∈ R.

Thus for any point of continuity ζ0 of γ on ∂R+

lim
z→ζ0

[w1(z) + w2(z) + ŵ(z)] = γ(ζ0)
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holds. This is even true at the corner points of ∂R+ in analogy of the proof of the
Schwarz problem, due to the vanishing of the boundary function there. ¥

The harmonic Neumann function for R+ is

N1(z, ζ) = 2 log
|zζ|2
r2

− log |(ζ − z)(ζ − z)(1− zζ)(1− zζ)|2

+
∞∑

n=1

[
4 log |zζ|2 − log

∣∣∣(z − r2nζ)(z − r2nζ)(zζ − r2n)(zζ − r2n)

× (ζ − r2nz)(ζ − r2nz)(1− r2nzζ)(1− r2nzζ)
∣∣∣
2
]
.

(3.8)

Its behavior for 0 < |z| < 1 is

N1(z, ζ) = 2
{

log
|z|2
r2

− log |(1− zζ)(1− zζ)|2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2nζ

z

)(
1− r2nζ

z

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

on |ζ| = 1 and

N1(z, ζ) = 2
{

log |zζ|2 − log |(1− zζ)(1− zζ)|2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2n

zζ

)(
1− r2n

zζ

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

on |ζ| = r.

For 0 < Im z on Im ζ = 0

(z∂z + z∂z)N1(z, ζ) = 2
{

ζ

ζ − z
+

ζ

ζ − z
+

zζ

1− zζ
+

zζ

1− zζ

−
∞∑

n=1

r2n

[
ζ

z − r2nζ
+

ζ

z − r2nζ
+

1
zζ − r2n

+
1

zζ − r2n

− z

ζ − r2nz
− z

r2nζ − z
− zζ

1− r2nzζ
− zζ

1− r2nzζ

]}
.

Thus for Im ζ = 0

∂νzN1(z, ζ) =

{
0, if |z| = 1,

4, if |z| = r.

Also for r < |z| < 1 on Im ζ = 0

− i(∂z − ∂z)N1(z, ζ) = 2i(z − z)
{

1
|z|2 −

1
|ζ − z|2 +

z + z

|1− zζ|2

+
∞∑

n=1

r2n

[
(r2nζ − z − z)ζ
|z|2|r2nζ − z|2 +

r2n(z + z)
|1− r2nzζ|2 −

r2n + z + z

|z|2|zζ − r2n|2 +
r2n

|ζ − r2nz|2
]}

,
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so that for Im ζ = 0

∂νzN1(z, ζ) = −2i

[
z − z

|ζ − z|2 +
z − z

|z|2 − (z − z)(z + z)
|1− zζ|2

]
, if z = z.

On |ζ| = 1, 0 < Im ζ for r < |z| < 1

(z∂z + z∂z)N1(z, ζ) = 2
{

ζ

ζ − z
+

ζ

ζ − z
− 1 +

ζ

ζ − z
+

ζ

ζ − z
− 1

−
∞∑

n=1

r2n

[
ζ

z − r2nζ
+

ζ

z − r2nζ
+

ζ

z − r2nζ
+

ζ

z − r2nζ

− z

ζ − r2nz
− z

ζ − r2nz
− z

ζ − r2nz
− z

ζ − r2nz

]}
,

so that

∂νzN1(z, ζ) =





2
[

ζ

ζ − z
+

ζ

ζ − z
− 1 +

ζ

ζ − z
+

ζ

ζ − z
− 1

]
, if |z| = 1,

4, if |z| = r.

Moreover, for |ζ| = 1, 0 < Im ζ

−i(∂z − ∂z)N1(z, ζ) = 2i

{
z − z

|z|2 +
z − z

(ζ − z)(ζ − z)
− z − z

(ζ − z)(ζ − z)

−
∞∑

n=1

r2n

[
ζ

z(z − r2nζ)
− ζ

z(z − r2nζ)
+

ζ

z(z − r2nζ)

− ζ

z(z − r2nζ)
− ζ

1− r2nzζ
+

ζ

1− r2nzζ
− ζ

1− r2nzζ

+
ζ

1− r2nzζ

]}
,

so that
∂νzN1(z, ζ) = 0 if z = z.

For r < |z| < 1 on |ζ| = r, 0 < Im ζ

(z∂z + z∂z)N1(z, ζ) = 2
{

zζ

1− zζ
+

zζ

1− zζ
+

zζ

1− zζ
+

zζ

1− zζ

−
∞∑

n=1

r2n

[
1

zζ − r2n
+

1
zζ − r2n

+
1

zζ − r2n
+

1
zζ − r2n

− r2z

ζ − r2(n+1)z
− r2z

ζ − r2(n+1)z
− r2z

ζ − r2(n+1)z

− r2z

ζ − r2(n+1)z

]}
.
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Hence,

∂νz
N1(z, ζ) =





0, if |z| = 1,

2
[

ζ

ζ − z
+

ζ

ζ − z
+

ζ

ζ − z
+

ζ

ζ − z

]
, if |z| = r.

Finally, for |ζ| = r, 0 < Im ζ

−i(∂z − ∂z)N1(z, ζ) = 2i

{
− ζ

1− zζ
− ζ

1− zζ
+

ζ

1− zζ
+

ζ

1− zζ

+
∞∑

n=1

r2n

[
1

z(zζ − r2n)
+

1
z(zζ − r2n)

− 1
z(zζ − r2n)

− 1
z(zζ − r2n)

− ζ

1− r2nzζ
+

ζ

1− r2nzζ

− ζ

1− r2nzζ
+

ζ

1− r2nzζ

]}
,

so that
∂νz

N1(z, ζ) = 0 if z = z.

For ζ ∈ R+

∂νzN1(z, ζ) =





0, |z| = 1, 0 < Im z,

4, |z| = r, 0 < Im z,

0, z = z, r < |z| < 1,

holds.
Finally, N1 satisfies the normalization condition

1
πi

∫

|z|=r,
0<Im z

N1(z, ζ)
dz

z
= − 1

πi

∫

|z|=r,
0<Im z

log
∣∣∣∣
(

1− z

ζ

)(
1− z

ζ

)
(1− zζ)(1− zζ)

∣∣∣∣
2
dz

z

−
∞∑

n=1

1
πi

∫

|z|=r,
0<Im z

log
∣∣∣∣
(

1− r2nz

ζ

)(
1− r2nz

ζ

)
(1− r2nzζ)(1− r2nzζ)

×
(

1− r2nζ

z

)(
1− r2nζ

z

)(
1− r2n

zζ

)(
1− r2n

zζ

)∣∣∣∣
2
dz

z

= − 1
πi

∫

|z|=r

log
∣∣∣∣
(

1− z

ζ

)
(1− zζ)

∣∣∣∣
2
dz

z

−
∞∑

n=1

1
πi

∫

|z|=r

log
∣∣∣∣
(

1− r2nζ

z

)(
1− r2n

zζ

)(
1− r2nz

ζ

)
(1− r2nzζ)

∣∣∣∣
2
dz

z
= 0
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by the Gauss mean value theorem for harmonic functions and because

π∫

0

log(4 sin2 ϕ)dϕ = 0.

With this Neumann function Theorem 2 provides the Neumann representation
for R+.

Theorem 11. Any w ∈ C2(R+;C) ∩ C1(R+;C) is representable in the form

w(z) =
1
π

π∫

0

w(reiϕ)dϕ +
1

2πi

∫

|ζ|=1,
0<Im ζ

∂νζ
w(ζ)

{
log

|z|2
r2

− log |(1− zζ)(1− zζ)|2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2nζ

z

)(
1− r2nζ

z

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

dζ

ζ

+
1

2πi

∫

|ζ|=r,
0<Im ζ

∂νζ
w(ζ)

{
log |(1− zζ)(1− zζ)|2 − log |zζ|2

+
∞∑

n=1

log
∣∣∣∣
(

1− r2n

zζ

)(
1− r2n

zζ

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

dζ

ζ

+
1
2π

∫

∂R+∩R

∂νtw(t)

{
log

|z|2
r2

− log
∣∣∣∣
(

1− z

t

)
(1− zt)

∣∣∣∣
2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2nt

z

)(
1− r2n

zt

)(
1− r2nz

t
) (1− r2nzt)

∣∣∣∣
2
}

dt

− 1
π

∫

R+
wζζ(ζ)N1(z, ζ)dξdη.

(3.9)

Theorem 12. The Neumann problem

wzz = f in R+, ∂νw = γ on ∂R+,
1
π

π∫

0

w(reiϕ)dϕ = c,

with f ∈ L2(R+;C) ∩ C(R+;C), γ ∈ C(∂R+;C), c ∈ C, γ(−1) = γ(−r) = γ(r) =
γ(1) = 0 is solvable if and only if

1
2π

∫

∂R+

γ(ζ)dζ =
2
π

∫

R+

f(ζ)dξdη. (3.10)
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The solution is unique and given as

w(z) = c +
1

2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
{

log
|z|2
r2

− log |(1− zζ)(1− zζ)|2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2nζ

z

)(
1− r2nζ

z

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

dζ

ζ

+
1

2πi

∫

|ζ|=r,
0<Im ζ

γ(ζ)
{
log |(1− zζ)(1− zζ)|2 − log |zζ|2

+
∞∑

n=1

log
∣∣∣∣
(

1− r2n

zζ

)(
1− r2n

zζ

)
(1− r2nzζ)(1− r2nzζ)

∣∣∣∣
2
}

dζ

ζ

+
1
2π

∫

∂R+∩R

γ(t)

{
log

|z|2
r2

− log
∣∣∣∣
(

1− z

t

)
(1− zt)

∣∣∣∣
2

−
∞∑

n=1

log
∣∣∣∣
(

1− r2nt

z

)(
1− r2n

zt

)(
1− r2nz

t
) (1− r2nzt)

∣∣∣∣
2
}

dt

− 1
π

∫

R+
f(ζ)N1(z, ζ)dξdη.

(3.11)

Proof. The normalization condition

1
π

π∫

0

w(reiϕ)dϕ = c

follows from the normalization condition of N1(z, ζ).
Denote by w0 the sum of boundary integrals on the right-hand side of (3.11).

Then for |z0| = 1, 0 < Im z0, z ∈ R+,

∂νw0(z0) = lim
z→z0

1
2πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1 +

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ

= lim
z→z0

1
2πi

∫

|ζ|=1

Γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
= 1

]
dζ

ζ
= Γ(z0) = γ(z0)

with

Γ(ζ) =

{
γ(ζ), |ζ| = 1, 0 6 Im ζ,

−γ(ζ), |ζ| = 1, Im ζ < 0.



280 Heinrich Begehr, Tatyana Vaitekhovich

For |z0| = r, 0 < Im z0, z ∈ R+,

∂νw0(z0)

=
1
πi

∫

|ζ|=1,
0<Im ζ

γ(ζ)
dζ

ζ
− lim

z→z0

1
2πi

∫

|ζ|=r,
0<Im ζ

γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
+

ζ

ζ − z
+

ζ

ζ − z

]
dζ

ζ

+
1
π

∫

∂R+∩R

γ(t)dt =
1
π

∫

∂R+

γ(ζ)dsζ − lim
z→z0

1
2πi

∫

|ζ|=r

Γ(ζ)
[

ζ

ζ − z
+

ζ

ζ − z
− 1

]
dζ

ζ

= γ(z0) +
1
π

∫

∂R+

γ(ζ)dsζ

with

Γ(ζ) =

{
γ(ζ), |ζ| = r, 0 6 Im ζ,

−γ(ζ), |ζ| = r, Im ζ < 0.

For z0 = z0, r < |z0| < 1, z ∈ R+,

∂νw0(z0) = lim
z→z0

1
2π

∫

∂R+∩R

γ(t)
[

z − z

|t− z|2 −
z − z

|z|2 − (z − z)(z + z)
|1− zt|2

]
dt

= lim
z→z0

1
2π

[ −r∫

− 1
r

+

1
r∫

r

]
Γ̂(t)

z − z

|t− z|2 dt = Γ̂(z0) = γ(z0)

with

Γ̂(t) =





γ(t), r 6 |t| 6 1,

−γ

(
1
t

)
, 1 < |t| 6 1

r
.

Moreover, for |z0| = r2, 0 < Im z0

∂ν [w(z0)− w0(z0)] = − 4
π

∫

R+

f(ζ)dξdη,

while this is vanishing for the other parts of the boundary. Hence, on ∂R+

∂νw(z) = γ(z) + β(z)

with β vanishing on ∂R+ \ {|z| = r, 0 < Im z} and

β(z) =
1
π

∫

∂R+

γ(ζ)dsζ − 4
π

∫

R+

f(ζ)dξdη. ¥
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