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Abstract: The interior C17-regularity for weak solutions with BMO-gradient of nonlinear
nonautonomous second order systems satisfying Legendre-Hadamard ellipticity condition is in-
vestigated.
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1. Introduction

The question of smoothness of weak solutions to elliptic systems has been exten-
sively studied for more than one century. One of the key steps in this process
is higher integrability of gradients of weak solutions. This information guaran-
tees among other Holder continuity of solutions on plane domains or estimates of
Hausdorff dimension of singular sets. The first and fundamental contribution in
this direction was the work of Bogdan Bojarski (see [1], [2]). The boom in these
investigations proved that the approach is of great importance. Nevertheless, as
well known examples show, full regularity in higher dimensional space cannot be
achieved without additional structural assumptions.

In this paper we give conditions guaranteeing that if BMO norm of symmetric
gradient of a weak solution u to a nonlinear system satisfying Legendre-Hadamard
ellipticity condition is sufficiently small then u € C’llog(Q) Here Q is a domain
in R™ and as we are interested in local estimates we will not assume anything
about 0f) or boundary values of the solution. For w : 2 — R™, Du denotes its
distributional gradient and Fu = %(Du + DuT) its symmetric part. The studied
system has the form

—div(a¥ (x, Eu)) = —div(f¥(x)) on Q. (1.1)
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We suppose that a¥/ = a7, f¥ = 3 for all 4,5 = 1,...,n. By a weak solution
to (1.1) we will understand a function u € Wlif(Q,]R”) such that for any ¢ €
D(Q,R") it holds !

/aij(x,EU)Eij(ﬁﬂ)dx:/fijEz‘j(V?)d%
o o

We assume that the coefficients a'/(z, p) have linear growth in p. The scope
of this paper is to generalize the results of our previous papers [6], [7] to the case
of (1.1) where the coefficients depend on z and on symmetric gradient only and
satisfy a weaker ellipticity condition, namely

vIE[* < Af (2, p)Eijém
for z € 0 and symmetric matrices p, £ where

oa¥
Aff(%p) = %(a?vp)
Then (1.1) satisfies the Legendre-Hadamard condition instead of usually required
strong uniform ellipticity and the results can be applied to models of continuum or
fluid mechanics where the requirement of strong uniform ellipticity is unrealistic.

Let us recall that even for systems with real analytic coeflicients, right hand
sides satisfying strong uniform ellipticity there are solutions with bounded and dis-
continuous gradient (see [15]) so that the Holder continuity of the gradient cannot
be obtained without some additional conditions. The example of a system of linear
elasticity type with bounded measurable coefficients and unbounded gradient can
be found in [16]. For a more detailed survey see [13].

In what follows 2 C R™ is an open set and S,, the space of all n x n symmet-
ric matrices. We impose the following structural assumptions on the coefficients
of (1.1):

(i) (Smoothness) The functions a™(z,p) : Q x S,, — R are differentiable in z
and p with continuous derivatives for all 4,57 = 1,...,n. Without loss of
generality we suppose that a/(z,0) = 0.

(ii) (Growth) For all (z,p) € Q x S,, denote

da*l
AR T,p) = x,
ij (€, p) apkl( p)
and suppose
ij Oa¥
@)l |5 ()| < ML+ o), (12)
| A (z,p)| < M, (1.3)

where M > 0.

IThroughout the whole text we use the summation convention over repeated indices.
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(iii) (Ellipticity) There exists v such that for every x € Q and every p, £ € S,

vIg]* < A (2, p)&ijén- (1.4)

(iv) (Oscillation of coefficients) There is a real function w continuous on [0, 00),
which is bounded, nondecreasing, concave, w(0) = 0 and such that for all
r€Qandp,g€eS,

|AF (z,p) — Az, q)| <w (Ip—dl) - (1.5)

We set woo = limy_, o w(t) < 2M.
(v) (Right hand side) f belongs to Sobolev space Wﬁ)cz () and Df to Morrey
space L2°72(Q) for 6 = n+ 2y, v € (0,1).

loc
In what follows we will understand by pointwise derivative %w the right deriva-
tive of w which is finite on (0, 00).
For p € (1, x0), %—i— i =1 denote

T 4w
/ FACRIO) dt, (1.6)
0

S, = sup i(uﬂp’)(t) (1.7)
te(0,00) dt
and
P, = min{Jp, Sp}. (1.8)

Now we formulate the result

Theorem 1.1. Let u be a weak solution to (1.1) such that Eu € BMO(,S,)
and a”, f satisfy the hypotheses (i)—(v). Then there exists a number oo > 0,
dependmg only onn, p, M, v, w, such that the inequality

| BullBaroa.s,) < oo

implies that Du € C&g_e/z(Q,R"2) for any positive . Moreover, for any com-
pactly embedded and smoothly bounded subdomain Qg such that dist(g,0Q) > d
the inequality

||Du||cos7*% (Qo,R"?) < 0(57 f)d77%
holds.

2. Preliminaries and Notations

Let n € N, n > 3. IfxER" andr>0 Weset B(z,r)={yeR": |y —z| <r}.
Denote by ug, = L Bar) y)dy the mean value of a function
u € L(B(z,r),R™) over the set B(x,r).
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Moreover, we set

op(z,r) = /B o 1Du) — (D) dy

op(a,r) = /B o E) — (B dy

Beside the usually used space D(£2, R"), Holder space C%%(Q, R™) and Sobolev
spaces WFP(Q,R™), W(f’p(Q,]R”) we use Campanato spaces £7*(Q, R™), Mor-
rey spaces L?*(Q,R™) and space of functions with bounded mean oscillations
BMO(£2,R™)(see, e.g.[12]). By function space Xjoc(£2,R™) we understand the
space of all functions which belong to X (€, R") for any bounded subdomain Q
with smooth boundary which is compactly embedded in 2.

For definitions and more details see [3], [9], [12] and [14]. In particular, we will
use:

Proposition 2.1. For a bounded domain Q@ C R™ with a Lipschitz boundary we
have the following

(a) Forqe (1,00), 0 <X < p < oo it holds
LoH(QRY) c LYMNQRY),  £7%(Q,RY) € L9(Q,RY),

(b) LI, RN) is isomorphic to the C%X=m)/a ]SQ RN), forn <A< n+gq,

(¢) LT™(Q,RY) is isomorphic to the L™ (), R Liqn Q,RY) is isomorphic to
BMO(Q,RN),

(d) LT*Q,RYN) is isomorphic to the LY (Q,RY), for 0 < A < n.

Lemma 2.2. Let u be a weak solution to (1.1) and coefficients a* satisfy the
hypothesis (i)-(iv) with the constants M, v and a right hand side f € W,"2(Q, R’ ).

loc

Then u € Wli’f(Q, R") and for any o € Q and R € (0, 3 dist(zg, 9Q)) it holds

/ |D*ul?dx < C (M) (1 ¢p(xo,2R) + R"

R2
B(ZQ,R)

+ / (|Dul* + |Df|?) dx).
B(x0,2R)

Proof. Following the lines of [10], [8] we use Nirenberg’s difference quotients
method and Caccioppoli’s lemma to obtain for any s =1,....,n
0
Eu

2 2
M\ [ 1 Ou Ou
< — = -
/ Ox dr<C ( v ) R? / 0xs (axs)ioﬁR

B(ZL’Q,R) B(:E(),QR)
VR4 / \Dul? d + / DfP? da

B(x0,2R) B(x0,2R)

dx
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Any component of D?u can be easily expressed as a linear combination of compo-
nents of D(Eu) which implies the assertion of the lemma. |

In what follows we will use an algebraic lemma due to S. Campanato. By
a simple induction argument we can prove

Lemma 2.3. Let 3, d, B be positive numbers and let o € [0,3), 7 € (0,1). Then
T(l%‘f_a) so that for any nonnegative, nondecreasing

function ¢ defined on [0,d] and satisfying the inequality

there exists constant C =

#(TR) < 7%¢(R)+ BR® VR :0< R<d, (2.2)
it holds N
é(0) < (%) (6(d) +C) Vo :0<o<d. (2.3)

As in [8], Lemma 3.0.5, we get the following

Lemma 2.4. Consider system of the type (1.1) with a” (z,p) = Af;pkl, Afjl eR
(i.e. linear system with constant coefficients) satisfying (i), (i) and (iii) and f
identically zero. Then there exists a constant L = L(n,M/v) > 1 such that for
every weak solution v € WH2(Q,R™) and for every x € Q and 0 < ¢ < R <
dist(z, 9Q) the following estimates

o n+2
[ 1pet) = 0ol dr < (7) [ 1Dot) - Do)l d
B(z,0) B(z,R)
2 A 2
[Bo(y) = (Bv).ol dy <L (%) |Bv(y) ~ (Bv)s sl dy
B(z,0) B(z,R)

hold.
In the next we take use of

Lemma 2.5 ([17], p.37). Let ¢ : [0,00] — [0,00] be a non decreasing function
which is absolutely continuous on every closed interval of finite length, ¥(0) = 0.
If h > 0 is measurable, H(t) = {y € R™ : h(y) > t} and p is n-dimensional
Lebesgue measure then

Jvondy= [ uttwyvoa
Rn 0

Proof of Theorem 1.1. Let 2 be a smoothly bounded subdomain of 2. Denote
d = dist(Qg, 0Q) > 0. For 2 € Qg we will prove that Fu € £%9 on a neighborhood
of zg. Let R < %d. Since no confusion can occur, we will use the notation B(R),
¢r(R), ¢p(R) and (Fu)g instead of B(xg, R), ¢g(xo, R), ép(zo, R) and (Fu) ., R-
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Denote
1
AW =AM (zg, (Bu)g), AN (x) = / A¥ (20, (Bu)g + t (Bu(z) — (Bu)g)) dt.
0

Hence
a(xo, Bu) — a"(zo, (Bu)r) = /lejl(x) (Eru(x) — (Eyu)g) -

Using the foregoing notations we can rewrite the system (1.1) as

—Dj (Aff o Buu) = =D ((Aff,o - /Iff) (Eriu — (Esz)R))
—D; (aij(:ro, Eu) — aij(:z:,Eu)) —D; (f”(a;) - (fij)R) .
Split u as v + w where v is the solution of the Dirichlet problem

— D; (A} yExv) =0 in B(R)
v—ueWy?(B(R),R").

and w € Wy *(B(R),R") is the weak solution of the system
—D; (A} gEriw) = —D; ((Aff,o - Aff) (Eru — (Eklu)R))
— Dj (a (w0, Eu) — a¥ (2, Eu)) (2.4)
= D; (f9(z) = (f7)r)-
For every 0 < 0 < R from Lemma 2.4 it follows

g

/ |Dv — (Dv),|* dz < L (E)mL2 / |Dv — (Do) g|* da

B(o) B(R)
hence

¢p(o) = / |Du — (Du),|? dx

B(o)

o n+2 9 9
< bl _
<21(%) /\Dv (Do) rf? da + 4 / \Duw? da 29
B(R) B(R)

<4L (%)m ép(R) +4 (1 +2L (;)"H) / | Dwl|? da.
B(R)

Now as w € W(}’Q(BR,RN) we can choose test function ¢ = w in (2.4) and,
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using Korn’s lemma in the first inequality, we get

/\Dw|2d1‘<2 / |Bwl|? da
B(R) B(R)

6

X
v2

( / W2 (|Bu — (Eu)g|) |Bu — (Bu)p|? do
B(R) (2.6)

+/ Zn: (‘aij(iﬂanu)—a”(x,Eu)

B(R) i,5=1

‘ 2

+|f9(@) - (f9)r[*) d:c).

Now, fix o so small that (1 +2L (%)nﬁ) < 2. The inequalities (2.5) and (2.6)

and Poincaré’s inequality imply

48
= w? (|[Bu — (Bu)g|) |Bu — (Eu)g|* da

B(R)

g

6p(0) <AL (E)M 6p(R) +

+ / Z‘aij(mo,Eu)faij(x,Eu)‘2+c(n)R2 / |Df?dz| (2.7)

B(R) W= B(R)
o\"t2 48
<4L (E) (bD(R) + ﬁ |:(Il + 12) + C(n)R6||Df||iz,672(Q7Rn2):| )

where 2 is the constant from Korn’s inequality and ¢(n) the constant from Poin-
caré’s inequality.

Then using Holder’s inequality with the exponent p from the assumptions of
Theorem 1.1, the embedding theorem and Lemma 2.2 we have

1/p 1/p’
I < /|Eu—(Eu)R|2pda: /w%’un—(Eu)RD do
B(R) B(R)

1/p'

< C2R*/V / |D?u? dz /pr/(|Euf(Eu)R|) dx

B(R) B(R) (2:8)
1/p’
S Cn,p, M/v) | —2 /W2p/(|EU_(E“)RD dx
Kn
B(R)

x (60 (2R) + R 4 R2IDUlZ, oy oty + FONDSI s 20y
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where C, stands for the embedding constant from W12(B(1),RY) into
L??(B(1),RY) and C(n,p, M/v) is the product of C7 and the constant from
Lemma 2.2.

Taking in Lemma 2.5 ¢(t) = w?'(t), h(y) = |Eu(y) — (Eu)r| on B(R) and
h(y) = 0 otherwise, we have Hg(t) = {y € B(R) : |Eu(y) — (Eu)g| > t} and for
the last integral we get

/

2 (1Bu = (Bual) do = [ | 5600 () .

B(R)

Now we can estimate the integral on the right hand side according to assump-
tions of the theorem. In the first case we assume that

T2 t
Pp:Jp:/dt(wt)()dt<oo.

0

¢
As 1 (Hg(t)) is nonnegative, non-increasing it holds p (Hg(t)) < of w(Hg(s)) ds

and we have

e} e’} t
d / d / 1
[ |G 0] ntnn ar< [ G0 ([ ua as ) a
0 0 0
[ 4w
< | =t |Eu — (Fu)g| dx
[=
< (kn RV 0,032 (R). (2.9)
If P, =5p =5sUPpcicoo %(wzp/)(t) < oo we have
[ |G 0] nttno) i< worry sl m. @
0
Denoting
K = kn ™ C(n,p, M/v)P} ||E7¢L||WO(QS | (2.11)

and using (2.8), (2.9), (2.10) for the estimate of I we get

1 < K (6p(2R) + R + B Bull}apamy 5,) + RIDA s ) -
(2.12)
As we suppose that Eu € BMO(S,S,) we have from Proposition 2.1 that
Eu € L**(9Q,S,) for any A < n and

|BullZ2(par) s, < ¢\ n)RM|Bull B0,y (2.13)
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Set \=0—-2=n-—2(1-7), R<1. Hence

I < Kép(2R) + Ke(A,n) (1 + ||EUHJQBMO(Q,S7L) + ||Df||iz,5fz(QRn2)) R’

I, < M?R? / (14 |Bul?) de < M? | k,R""? + R? / | Bu|? da
B(R) B(R)

< M2 (ki + 1Bl o0, ) B (214)

We get from (2.7) by means of (2.14)

o\"t2 48

ép(o) < {4[/ <E) + I/QK] #p(2R)
48

+ ﬁ(KC(%n) + M?) (kn + | DulBaso + |1 11225) RO

(2.15)

Choose a positive £ < § and set in Lemma 2.3 =6, a =35 —¢, 7 € (0,1) so
small that 4L7" 27 < £ and B = 2 (Kc(A\,n)+M?) (kn + | Dul %0 + 1 f][22.5)-
Let o¢ be so small that

1

8 >
ﬁlﬁn C(n,p, M/v)Py o5 <

1
5
If | Du||%,,0 < 00 then also 22 K77 < 1 and from (2.15)
¢p(TR) < 7¢p(R) + BR.

Thus Lemma 2.3 implies that

¢p(o) <Co®, Vo< (2.16)

N

The thesis follows from Proposition 2.1, part (b). |
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