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ON THE REDUCED LENGTH OF A POLYNOMIAL
WITH REAL COEFFICIENTS, II

ANDRZEJ SCHINZEL

To Jean-Marc Deshouillers
at the occasion of his 60th birthday

Abstract: The length L(P) of a polynomial P is the sum of the absolute values of the coef-
ficients. For P € R[x] the properties of I(P) are studied, where [(P) is the infimum of L(PG)
for G running through monic polynomials over R.
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The aim of this paper is to complement for cubic polynomials the results of [2]
and the notation of that paper is retained. Thus for

we set
d ~
L(P)= ; la;|, I(P)= cl:réer(PG)’ I(P) = min{l(P),l(P*)},
where
= {x” + Zbix”*i :neNU{0},b; € R}, P* =gdePpzp=1),
i=1

In the paper [2] it has been shown how to compute [(P), if no zero of P is on the
boundary of the unit disk, or all are inside the closed disk, or if there is just one
zero, possibly multiple, on the boundary and all zeros outside the disk are real of
the same sign. Now, we shall show
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3

Theorem 1. Let P(x) = [](x — «;), where «; distinct, |aq| > |ag] > |as| = 1.
i=1

Then [(P) is effectively computable.

Corollary. [ (P) can be effectively computed for every cubic polynomial P € R|x].

The corollary is of interest, since [(P), rather than {(P) occurs in applica-
tions given in [1].

Theorem 2. Let P(z) = (z — a)(2% — ¢), where |a| > 1, e = 1. Then
I(P)=2(la|+1—]a|™").

3
The proof of Theorem 2 can be extended to cover the case P(x) = [] (z — «;),
i=1

where || > 1 and ag, ag are roots of unity. This however requires a tedious con-
sideration of cases and gives no key to the case where as, as lie on the unit circle
and are not roots of unity, therefore we refrain from doing it here.

The proof of Theorem 1 is based on four lemmas, similar to Lemmas 4, 14,
15 and 16 of [2].

—

Definition 1. For P(z) = [](z — a;), «; distinct, 1 <5 <d, ng >ny > ... >

i=1

ns = 0 we put

C’,,(P;nl,7...7n5,1+l,) = (Oz?j) 1<i<d (V = 0,1).

v<j<v+s

Definition 2. For P(z) = [[ (r — o), «; distinct # 0, we put
i=1

5
T,(P) = {Q =2+ b, 1<6<d,
j=1

5
ng>ng>...>ng =0, Hbj;é(), @ = 0(mod P),

j=1

rank Co(P;ng,...,ns—1) = 6 =rankCy(P;ny,...,ns), L(Q) < L(P)}.

Remark. Definition 1 is a special case of Definition 1 in [2], Definition 2 is a
modification, in the special case, of Definition 2 in [2], see Corrigendum at the end
of the paper.

Lemma 1. For P as in Theorem 1

iP) = QeiYI“lsf(P) L@

Proof. This is a special case of Lemma 4 in [3], the corrected version of [2]. H
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Definition 3. For P as in Theorem 1, let m be the order of a; /g, if ai/ag is
a root of unity, m = 0 otherwise,

_ log(L(P) - 1)

dq , Dy = min las — asl,
log ‘041| 0<e<d1, eZ0 (mod m)
0 log 2Dy (L(P) — 1)
T log |avs| '

5
Lemma 2. For every Q € T3(P), Q@ = ™ + Y bja™, ng > ... >ns =0,

j=1
5
I1b; #0, we have § > 2,
j=1
ng —ni g dl, (1)
and
either ng = ny (modm) or ny —ng < da. (2)
Proof. Q =0 (mod P) implies
b
A"+ bjai? =0, (1<i<d) (3)
j=1

hence § > 2 and
5
o |0 < Jon ™ D [bj] < [ ™ (L(P) — 1),
j=1

which gives the inequality (1). Since a/aq is either not a root of unity or a root
of unity of order m, we have D; > 0. Moreover

oyt (af® + biaft) — oft (ah® 4+ biadt) = (arae)™ (a]*™™ — ab° ™),
hence either ng = n; (modm) or
max{|a§1 (o + biaft) |, |oz?1 (a5 + biah?) |} > % |apae|™ Dy,

which gives

max{ o] 7" + by

)

1
0™ 4 bn|} > 5 Dy,

In the latter case we obtain from (3) for an 7 € {1,2}

< Joi|"*(L(P) = 1),

1
1 _
3 Dafe|™ < ‘Z bja”
j=2

which gives (2). [ |
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Lemma 3. Assume that, in the notation of Definition 3, ny # ng(modm) and
ag=1.IfformeN, a eR,

log(12n|af2™"™ — af? ™™ |_1 max {1, ;Zﬂ )

; (4)

ng >
logla]

then there exists a polynomial R € R[z], R(x) = riz™ + roz™ + r3 such that

(¢ — a1)(z — az) | R(z) — a, (5)
z—1|R(z), (6)
L(R) < %. (7)

Proof. Put n3 =0,

3
R(z) = erx”j, r; € C.
j=1

Since ay # aw, the conditions (5) and (6) are equivalent to the system of linear
equations

Y rjel’ =0 (1<i<3). (8)

The determinant of this system equals

A = (a10p)™ det (a?jinz)lgi,jg?) .

Developing the last determinant according to the last column we obtain

aytT"? 1 a; ™
ant T 1 g™
1 1 1
= azll—nz _ a;ll—TLQ _ a2—n2 (a1l’b1—n2 - 1) 4 al—nz (a;h—nz _ 1)7
hence
’Ao(alag)_m _ (a?I*nQ _ a;ufnz) < 4|a2\_"2|a1\"1_"2
and, by (4),
1
[0 (afag? —af*af) | < g [} e} —afap|
thus

1
8] > (1—3—n)|a?la;’2 — a2l >0 (9)
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and the system (8) is uniquely solvable. Since on replacing «; by their complex
conjugates we obtain the same system, r; are real.

The determinant A obtained by substituting in (a?j)1<i<3 for the k-th
column the column [a, a,0]" satisfies for k < 3
Ak = :I:det(a;”) i<3 Q,
£k
hence, by (4),
Akl = lal[a)* ™" — ay* | < 2JalJau|™ < 2a [aras|™ |az| 7" (10)
3n—1

< altay? — af?ant|.

12n?
It follows from (9) and (10) that for k& < 3, rp, = Ag/A( satisfies

1
—. 11
Il < - (1)

It remains to consider k = 3. In this case
|A| = la]|a}? + a5* — af* — ap?| < 4fa][aq|™

and we obtain similarly to (11)

< —.
|Tk| 2n

It follows now from (11) that
& 1
L(R):Z|7”j|<g. [
j=1

Lemma 4. Assume, under the assumptions of Theorem 1, that a3 = 1, Py =
(x — a1)(xz — ag). Then

I(P)< inf  (L(Q) +Q(1)]).

QET>(Po)
Proof. Let
2
Q=z% + chij,
j=1

2
where go > ¢1 > g2 = 0, but not necessarily [] ¢; # 0.
j=1
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If ¢; # 0(modm) and

2n|Q(1)] )

log(12n]a; ™ — ad' [~ max{1, ==

ng >

b

log |z

by Lemma 3 with a = Q(1), n; =nso +p; (1 < j < 3), there exists a polynomial
R € Rz], R(z) = riz™ +raz™ +r3 satisfying (5)—(7). We consider the polynomial

S(x) = Qx)z™ + R(z) — Q(1).
It follows from (5)—(6) that
Py|S, x—1]|S, thusP|S

and, since S is monic,

I(P) < L(S).
On the other hand, by (7),

L(S) < L(Q) + Q)| +

Since n is arbitrary, the lemma follows. [ |

Proof of Theorem 1. The idea of the proof is to indicate for every n in N a finite

set S, of monic polynomials divisible by P such that 0 > Z(P)—Qﬂligl L(Q) > —1.
€Sn

Since, by Proposition (iii) of [2], [(P(—x)) = [(P(z)), we may assume that oz = 1.

Consider first the case where «a; /s is not a root of unity, hence m = 0. In order

to prove the theorem in this case it suffices to show that for every n € N

0 > I(P) — min{min* L(Q(P; ng, n1,0)), min** L(Q(P;ng, n1,n2,0)), (12)
min** (L(Q(Po; no — n2,n1 — n2,0)) + |Q(Po;ng — na,n1 — n2,0)(1)]) }
1
n

where the min* is taken over all integers ng > n; > 0 satisfying the conditions
(1) and (2) such that z™ + b;2™ + by = 0 (mod P) and

rank C1(P;nq,0) = 2, (13)

while the min** is taken over all integers ng > ni; > ng > 0 satisfying the
conditions (1) and (2), such that

1og(12n|a]‘2_"1 —ay? ™ |’1max{1, 3%1 |Q(P0; ng—mna, N1 —nz,0) | })

log |a|

(14)

UPESS
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and
|C1(P;n1,m2,0)] # 0. (15)

The condition (13) implies that there is at most one polynomial @ = z™ +
b1z™ + by divisible by P, denoted in (12) by Q(P;ng,n1,0); if such a polynomial
does not exist for any pair (ng,n;), then we take min* = co. The condition (15)

2
implies that there is a unique polynomial @ = z"° 4+ " b;az™ +bs divisible by P,
j=1
denoted in (12) by Q(P;ng,n1,n2,0). Similarly, Q(Po;ng — ne,n; — ns,0) is the

unique polynomial
2

Q — x?Lo—nQ + E bjxnj—nz

j=1
divisible by P (note that det(a.’ "*)1<; j<2 # 0). The inequality
I(P) < min{min* L(Q(P; ng, N1, O)),min** L(Q(P; ng, i, na, O))}
is clear and the inequality
[(P) < min** (L(Q(Po,no —ng,ny — n2,0)) + |Q(Po;no — na,ny — n270)(1)\)

follows from Lemma 4. This shows the first of inequalities (12).
In order to prove the second one we notice that by Lemmas 1 and 2

I(P) = inf L(Q(P;no,...,ns-1,0)), (16)

where (ng,...,ns—1) runs through all strictly decreasing sequences of ¢ € {2,3}
positive integers satisfying (1)—(2),

Q(P;ng,...,n5—1,0) #0 (17)

and
rank C1(P;ny,0) =2if § = 2, |Cy(P;ny,n2,0)| #0if § = 3. (18)

Clearly
L(Q(P;n9,n1,0)) = min* L(Q(P;n9,n1,0)). (19)

If § =3 and (14) holds, then
L(Q(P;ng,n1,n2,0)) = min™* L(Q(P;no,n1,n2,0)) (20)

and if not, then by Lemma 3 there exists a polynomial R € R[z], R(x) = riz™ +
rox™ 4 rg such that (5)—(7) hold with

a = Q(Po;ng — na,ny —na,0)(1).
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Then the polynomial
S(z) = Q(Po;no — n2,ny — na, 0)2™ + R(x) — Q(Po;no — n2,n1 — n2,0)(1)

is monic, satisfies

P[S(z),
and by (15)
’ S(x) = Q(P;ng,n1,n2,0). (21)
By (7)
L(S) > L(Q(Py; ng — na,m1 — n2,0)) (22)

1
+ |Q(P0;Tl0 — N, N1 — 712,0)(1)| T

The formulae (16)—(22) imply

L(Q(P;no, .. n51,0))
> min{min* L(Q(P;ng,n1,0)), min** L(Q(P;ng,n1,n2,0)),

1
min**(L(Q(PQ,TLQ —MN2,N1 — TLQ,O)) + |Q(P0;7”LO —nN2,N1 — ng,O)(l)D} - E )

for all sequences (ng,...,ns_1) satisfying (1), (2) and (18), hence by (16) the
second of the inequalities (12) follows. The conditions (1), (2) and (14) are for
a given n satisfied by only finitely many sequences (ng,...,ns_1) (2 < § < 3),

since for § = 3
S
p=j+1

and for all such sequences satisfying (18) b; can be effectively determined or shown
not to exist (for 6 = 2), hence {(P) can be effectively computed.

Consider now the case where aj /s is a root of unity of order m. Since P €
R[x], a1, s are either real or complex conjugate, thus we have either oy = +r,
a9 = Fr, or

il —mil
alzrexpﬂ, O[QZTGXPLZ7 (I,m)=1, m>1, (23)
m m
where 7 € R, r > 0. We shall show that
0=>1(P)— min{ min; L(Q(P;ng, n1,0)), miny L(Q(P;no, n1,0)), (24)

ming (L(Q(Po; ng — nz, nq — n2,0))

+ |Q(Po; np — n2,ny — no,0)(1)]),
rnin3L(Q(P;no,nl,ng,O)),m1n4L(Q(P n07n17n270))a
miny (L(Q(Po; ng — naz, n1 — n,0))

1
T

+|Q(Po; no — n2,ny — na, 0)(1) -
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where the min; is taken over all integers ng > n; > 0 satisfying ng — n; < dp,
ng Z n1 (modm), ny < ds,

rank C1(P;ny,0) = 2, (25)

the mins is taken over all integers ng > ni; > ng > 0 satisfying ng — ny < dp,
ng #Z n1 (modm), n; —ns < da, n1 # ng (modm),

‘Cl(P;nth,ON 7&07 (26)

the ming is taken over all integers ng > nq > ng > 0 satisfying

nog Z ny = ng # 0 (modm), (27)
tog ((L(P) = 1)]sin =1ra=n2)| )
nNo & ) (28)
logr
the miny is taken over all integers ng > n; > no > 0 satisfying
log(L(P) —1
ng — Ny <M, ng = n1 Z ng (modm),
log r
log(2n(L(P) — 1
o — g < 128 n(l () - 1) (29)
ogr
|Cl(P,7’L1,7’LQ,0)| #0 (30)

The condition (25) warrants that Q(P;ng,n1,0) occurring under min; , if it
exists, is determined uniquely, otherwise we take min; = oo, the condition (26)
warrants that Q(P;ng,n1,na,0) occurring under miny is determined uniquely, the
condition n; # ng (modm) warrants that Q(Py; ng—nsg, n1—nag, 0) occurring under
mins is determined uniquely, the condition (27) warrants that Q(P;ng,n1,n2,0)
occurring under ming is determined uniquely, the condition (30) warrants that
Q(P;ng,n1,n2,0) occurring under miny is determined uniquely, the condition
ny #Z ne (modm) warrants that Q(Py;ng — na,n1 — n2,0) occurring under ming
is determined uniquely. Clearly

I(P) < min{mim L(Q(P; ng, N1, 0)),min2 L(Q(P; no, N1, N2, 0))7
ming L(Q(P;no,n1,n2,0)), ming L(Q(P;ng,n1,n2,0)) }

and the inequality

I(P) < min{min2 (L(Q(Po;no —ng,n1 — ng,0))
+ |Q(Po;no — n2, na —ng,0)(1)

ming (L(Q(Po; ng — nz,ny — nz,0))
+|Q(Po;no — n2,ny —na, 0)(1)]) }

)
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follows from Lemma 4. Finally, [(P) < 2r™, since by Proposition (i) and (iv)
from [2]
(P)<I((z™ —af) (2™ = 1)) =1((z — af*)(z — 1))

and by Theorem 6 from [2] the right-hand side is 2r™. This shows the first of the
inequalities 24. In order to prove the second one we again use (16) and (18).
If § =2 and ng # ny (modm), then

L(Q(P;ng,n1,0)) > miny L(Q(P;n9,n1,0)).
If 6 =2 and ng = ny # 0(modm), then from
Q(P; no,n1,0) =™ +b1$n1 +b2 (31)

we infer that
o (@™ b))+ b =0 (i=1,2),
hence
oM by =by =0,
contrary to (17).
If § =2 and ng =ny = 0(modm), we infer from (31) that either

rto —1 T —1
OZ]_:i'I"7 Qo =471, blz_m, b2:_1+m>0,

L(Q) = 2[by| > 270 > 2™

or (23) holds and

no _ (_1\lno/m
_ l(no—n1)/m r’0 ( 1)
by = ( 1) o rn1 — _1)ln1/m ’
no _ (_1)\lno/m
o (q)mo—nym T = (1)
b2 — 1 + ( 1) rol (_1)ln1/m

If i(no —n1) = 0(mod2m), then by > 0,

L(Q) =2|by| > 2 inf

ni>=m

nit+m _ ni-+2m
T 1 ’7‘ +1 S 9,
e —1 ™+ 1
If I(no —n1) = m(mod2m), then by < 0,

r2m 1

L(Q) = 2(|b1‘ + 1) P 2(7“7”—}—1

+ 1) =2r™.
If 6 =3, ng £mny £ ne (modm) and (14) holds, then

L(Q(P; ng, N1, N, O)) > miny L(Q(P; no,nl,ng,O)).
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If 6 =3, ng £ n1 £ nz(modm) and (14) does not hold, then by Lemma 3
2

there exists a polynomial R € R[z], R(z) = > r;z™ + rg such that (5)-(7) hold
j=1

with
a = Q(Py;ng — na,n1 —na, 0)(1).

Then the polynomial
S(LC) = Q(P();TL() — Ng, N1 — N2, 0)(En2 + R(SC) — Q(Po;no —TN2,N1 — N2, 0)(1)
satisfies (21) and, by (7),

L(Q(Py;no,n1,n2,0)) > ming (L(Q(Po; ng — n2,n1 — n2,0))

1
+ |Q(P0,n0 —MNo,N1 — n270)(1)’) - E .

If 6 =3, ng #Zny = ne (modm), then from

3
Q(Po;no,n1,n2,0) = 2™ 4 byz"t + bpx"™? + b3, Z |bj| < L(P)—1

j=1
we infer that
04?0 +a?2(b1a?17"2 +b2)+b3 =0 (i: 1,2),

hence e o
0 2 1 0
Qp Q" — Gy

ng # 0 (modm), bs =

no na
Q" — Qg

and either r™ < L(P) — 1, if a; = —aq, or by (23)

m(ng — ng)l gl

7o

sin sin

| < @@ -1

m m

which gives (27) and
L(Q(P;no,nl,ng,())) > ming L(Q(P;no,nl,ng,O)).
If 6§ =3, ng =ny1 # ne (modm) and (29) holds, then
L(Q(P;no,n1,n2,0)) = ming L(Q(P;ng, ny,n2,0)).
If 6 =3, ng =ny1 # ne (modm) and (29) does not hold, then

A (a7 4 by) + boad? +b3 =0 (i=1,2),
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hence
i " o™ + by | < |ou|"* (L(P) — 1);
™ T 0T + b | < L(P) — 1
1
noTM 4 by < —
‘az + 1| 27’7/’
I B |
b1] > [aj* “\—% zr =g bs| = |1 + b1 + ba| = [b1] — 1 — [ba].

It follows that
S 1
L(Q(P;no,nl,ng,O)) =1+ Z ‘bj| > 2|by| > 2r™ — e
j=1

If 6§ =3, ngp =ny =ne £ 0(modm), then from
04?0 + bla;“ + bgOé?Q +b3=0 (Z = 1,2)

we infer that
i +biaj" + by = b3 =0,

contrary to (17).
Finally, if § = 3, ng = ny = ny = 0(modm), then |Cy(P;ng,n1,n2)| =0,
contrary to the definition of T3(P). [ |

Proof of Corollary. If P has a multiple zero or P(0) =0, then [(P) and [(P*)
can be computed using Theorems 2, 4 or 5 of [2]. Otherwise, let

3
P= H(ac — ), where |a1| = |azg| = |as| > 0.
i=1

If |as| > 1, then I(P) > |ayasas| by Proposition (ii) of [2] and I(P*) = |ajasas],
hence I(P) = |aqasas].

If |ag] > 1 = |ag|, then I(P) can be computed from Theorem 1 above and
l(P*) = 2|O{10&2|.

If |ag| > 1 > |ag], then [(P) can be computed from Theorem 2 of [2] and
I(P) = |arasl(1 + |as])-

If |ag] > 1 = |aa| = ||, then, by Theorem 6 of [2], I(P) > 2|a1| and, by
Theorem 4 of [2], [(P*) = 2|a1], hence I(P) = 2| |.

If |ay] > 1 = |az| > |as], then, by Theorem 6 of [2], I(P) = 2|ay| = I(P*),
hence I(P) = 2|y |.

If 1] > 1 > |aa| > |as|, then I(P) = 1+]|ay|, I(P*) can be computed from
Theorem 2 of [2].

If |ay| = 1 = |ag| = |ag|, then, by Theorem 4 of [2], I(P) = 2 = I(P*),
hence [(P) = 2.
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If |an] =1 = |ag| > |as], then I(P) = 2 and, by Theorem 6 of [2], I(P*) > 2,
hence [(P) = 2.

If loa] = 1 > |az| = |ag|, then I[(P) = 2, I(P*) can be computed from
Theorem 1 above.

If 1> |oq| > |azg| = |as|, then [(P) =1 and I(P*) > 1 by Proposition (ii)
of [2], hence I(P) =1. [ |

Proof of Theorem 2. The idea of the proof is to estimate L(Q) for @ in T5(P)
with exponents of a given parity. By virtue of Proposition (iii) of [2] we may assume
that a > 1. Let, first, @ € T3(P) have the form x™° +byz™ + by, where bi1bs # 0.
If ng =0, n; =1(mod?2), from @ = 0(modaz? — ¢) we obtain by = 0; if ng =1,
ny = 0(mod2), then 1 = 0; if ng = ny = 1(mod2), then by = 0, each time a
contradiction.

Therefore, ng = n; = 0(mod?2) and it follows from Q(z) = 0(modz? — ¢)
that £"0/2 4 bye™/2 4 by = 0 and from Q(a) = 0 that

ang _ 87’7,0/2

no/2 ni/2
b= b= e b

If em0/2 — 6"1/2, then ‘b2| — |b1| — 1 and

_ <9 .
L(Q)=2b1| =22 1n£2m1n

niz

{a"1+2 ~1 amtiy

2 —1
=1 am 1 }2204 >2a+1—a ).

If 6no/2 — _5711/27 then |b2| = ‘bl‘ +1 and

at—1 9 =
L(Q)ZQ(‘b1|+1)>2(m+l) =2a°>2(a+1—a ).

Now, let @ € T5(P) have the form x™ +byx™ +byz™2 4bs, where bybabs # 0.
If only one of the n; is odd or all are odd, we obtain a contradiction as above. If
all n; are even, then |Cy(P;ng,n1,n2)| =0, contrary to the definition of T3(P).
Therefore, we have three cases

n; = 0 (mod2), n; =1(mod2) for j#4, i=0,1,2.
If i =0 we obtain from Q = 0(modx? — ¢)

by = —bye(m—m2)/2 by = —eno/?2

and from Q(a) =0
Q™ — €n0/2

b1: )

_O[nl — g(ni—n2)/24mno

thus
L(Q) — 2 =2lby| = 2(a — a™ ).
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If e("1=m2)/2 — 1 the inequality is clear, and in the opposite case we have ng > 4,
hence

a™—1>2a" —a" = (a—a D@ +a™ ) > (a—a V) (™ + o).
If i = 1 we obtain from Q = 0(modx? — ¢)
by = _E(no—nz)/27 by = —b18n1/2

and from Q(a) =0
amo — E(no—nz)/Qang

b =—
1 an1_€n1/2 ’

thus
L(Q) — 2 =2]by| > 2(a —a™ ).

If either £"/2 =1 or e(™0—"2)/2 = _1 the inequality is clear, in the opposite case
we have ng —ny > 4, hence

a™ —a™>a™ -t > (a—a (@™ 1) > (a—a ) (o™ +1).
If i = 2 we obtain from Q = 0(modz? — ¢)
by = 75(’”0*711)/2’ b3 _ 71)25”2/2
and from Q(«) =0

ano _ €(n07n1)/2an1

b2:* 3

a’ILQ — 6’!7,2/2

thus
L(Q) — 2 =2|bs| > 2(a —a™1).

If either €"/2 =1 or e(®0—"1)/2 = _1 the inequality is clear, in the opposite case
ng=mn1 =>4, no >2, ng > 7, hence

ano _ anl > ano _ an0—4 — ano—4(a2 _ 1)(0[2 + 1)
=a’® - 1) (@™ +a™ ) > (a—a H(a™ +1).
Thus we have

I(P)= inf L(Q)>2(a+1-at)
()= jnf LQ>2a+1-a)

On the other hand, taking for ¢ = —1

4 4
s a—=1 4 a*—1

Q=x"— a3+a$ _a3+am_1
we obtain Q@ = 0(mod P), L(Q) = 2(a+ 1 —a~ 1), hence
I(P)=2(a+1—a?). (32)
If e =1, taking
0, = 22"+ — Cﬂn;;n__ajnfl g2 g2l 0‘2n;12n__04in71
we obtain @, = 0(mod P), Jim. L(Qn) = 2(a+ 1 —a™1), hence (32) holds

again. [ ]
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In connection with Theorem 2 we propose the following

Problem. Is the inequality I((2? + tx + 1)P(z)) > 2M(P) where M(P), is the
Mahler measure, true for all ¢ € [-2,2] and all P € R[z]?

Corrections to [2]. Definition 2 on p. 278 should be modified as follows:

4
Ty(P) = {QGSd(P):QZx"O—Fijm"j, where ng >n1 > ... >ns =0,

j=1

5
Hbj # 0,0 < d,rank Co(P;ng,...,n5—1) =0 = rank C1(P;ny,...,ns),

This requires a change in the proof of Lemma 4 and many small modifications
in the proofs of Theorems 2, 5 and 6. These corrections are all made in [3].
Moreover, the following mistakes should be corrected:
p. 280, line 3: for ‘L(Qo) = 'read ‘L(Qo) =1+’
p. 282, line —5: for ‘Definition 1’ read ‘Definition 4’
p- 294, line —10 and p. 299, lines 7-8: replace ‘of degree at most n;’ by

d—1
‘R(xz) = > rja™ +rq’
j=1

p. 298, formula (61): for ‘min’ read ‘min*’
formula (63): replace the right-hand side by
‘max{nys — ng_1,9%(...)}’
line 10: for ‘ng’ read ‘ng_1’

p. 299, line —5: for ‘(64)’ read ‘(62) and (64)’
line —3: for ‘d;’ read ‘d,’

line —2: for ‘all such sequences’ read ‘all such sequences b;’

References

[1] A. Dubickas, Arithmetical properties of powers of algebraic numbers, Bull.
London Math. Soc., 38 (2006), 70-80.

[2] A. Schinzel, On the reduced length of a polynomial with real coefficients,
Funct. Approx. Comment. Math. 35 (2006), 271-306.

[3] A. Schinzel, On the reduced length of a polynomial with real coefficients, in:
A. Schinzel, Selecta, vol. 1, 658-691.

Address: Institute of Mathematics PAN, P.O.Box 21, 00-956 Warszawa 10, Poland
E-mail: a.schinzel@impan.gov.pl
Received: 9 February 2007; revised: 10 May 2007



