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Abstract. A graph G(V,E) is (a,d)-edge antimagic total if there exists a
bijection f : V(G) U E(G) — {1,2,...,|V(G)| + |E(G)|} such that the edge-
weights A(uv) = f(u)+ f(uv)+ f(v), uv € E(G) form an arithmetic progression
with first term a and common difference d. It is said to be a super (a,d)-edge
antimagic total if f(V(G)) ={1,2,...,|V(G)|}. In this paper, we have obtained
arelation between a super (a, 0)-edge antimagic total labeling and a super (a, 2)-
edge antimagic total labeling of any graph. Also we study the super (a, d)-edge
antimagic total labeling of fan graphs and two special classes of star graphs
namely bi-star and extended bi-star.
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8§1. Introduction

By a graph G(V,E) we mean a finite, undirected, connected graph without
loops or multiple edges. The order and size of G(V, E) are denoted by p and
q respectively. For graph theoretic terminologies we refer to Harary [7].

A labeling of a graph is an assignment of numbers (usually positive or non-
negative integers) to the vertices (a vertex labeling) or to the edges (an edge
labeling) or to the combined set of vertices and edges (a total labeling) of the
graph. There are many types of labelings and a detailed survey of many of
them can be found in the dynamic survey of graph labeling by J.A. Gallian
[6].

The edge weight of an edge uv, denoted by A(uv), is defined as the sum
of labels of the graph elements associated with uv. That is, if f is an edge
labeling, then A(uv) = f(uv); if f is a vertex labeling, then A(uv) = f(u) +
f(v); and if f is a total labeling, then A(uv) = f(u) + f(uv) 4+ f(v). Similarly
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the vertex weight of a vertex v, denoted by A(v), is defined as the sum of labels
of the graph elements associated with v. That is, if f is a vertex labeling, then
Alv) = Z f(u); if f is an edge labeling, then A(v) = Z f(uwv); and if f
u€N (v) weE
is a total labeling, then A(v) = f(v) + Z f(uv).
wvekl

In 1970 Kotzig and Rosa [9] defined an edge-magic total labeling of a graph
G(V, E) as a bijection f from V U FE to the set {1,2,...,|V]|+ |E|} such that
for each edge uv € E, the edge weight f(u) + f(uv) + f(v) is a constant.

Enomoto et al. [4] defined a super edge magic labeling as an edge-magic
total labeling such that the vertex labels are {1,2,...,|V|} and the edge labels
are {|V|+ 1,|V|+2,...,|V| + |E|}. They have proved that if a graph with
p vertices and ¢ edges is super edge-magic, then ¢ < 2p — 3. They also
conjectured that every tree is super edge-magic.

As a natural extension of the notion of edge-magic total labeling, Simanjun-
tak et al. [10] defined an (a, d)-edge antimagic total labeling of a graph G(V, E)
as an injective mapping f from V U E onto the set {1,2,...,|V| + |E|} such
that the set {f(u)+ f(uv)+ f(v)|uv € E} is {a,a+d,a+2d,...,a+(|E|—1)d}
for any two integers a > 0 and d > 0.

An (a, d)-edge antimagic total labeling of a graph G(V, E) is called a super
(a,d)-edge antimagic total if the vertex labels are {1,2,...,|V|} and the edge
labels are {|V| + 1,|V| +2,...,|V|+ |E|}. The super (a,0)-edge antimagic
total labelings are usually called as super edge magic in the literature (see [4,
5]).

Many researchers investigated different forms of antimagic labelings [8].
Baca et al. [1, 2] proved several results on antimagic labelings. Also in [3] Baca
and Barrientos presented some relationships between (a,d)-edge antimagic
vertex labelings and super (a, d)-edge antimagic total labelings.

In this paper, we prove that a graph is super (a;,0)-edge antimagic total,
then it is super (ag,2)-edge antimagic total. Also we study the super (a,d)-
edge antimagic total labeling of fan graphs and two special classes of star
graphs namely bi-star and extended bi-star.

§2. Super (a,d)-edge antimagic total labeling

The following theorem gives a relation between a super (aq,0)-edge antimagic
total labeling and a super (ag, 2)-edge antimagic total labeling of any graph.

Theorem 1. If a graph G(V, E) is super (a1,0)-edge antimagic total, then it
is super (ag,2)-edge antimagic total.
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Proof. Suppose the graph G(V, E) is super (a1, 0)-edge antimagic total, then
by definition, there exists a bijection f: VUFE — {1,2,...,p + ¢} such that

(1) {f()lveV}={1,2....p}
(i) {f(uww)|luwwe E} ={p+1,p+2,...,p+q} and
(iii) for all wv € E, f(u) + f(uwv) + f(v) = ay.

—

In order to prove G(V, E) has a super (ag, 2)-edge antimagic total labeling, we
define an induced map gy as follows:
Let g : VUE — {1,2,...,p + ¢} such that

(i) for all w € V, g¢(u) = f(u) and

(i) for all uv € E, g¢(uv) =2p+q+ 1 — f(uv).
Then we see that {g¢(v)lv € V} = {1,2,...,p} and {g¢(uwv)luv € E} =
{p+1L,p+2,...,p+4q}

Also for all uv € E we have

gr(uw) + gr(uv) + gr(v) = f(u) +2p+ g+ 1 — f(w) + f(v)
=2p+q+1+ar—2f(uw)
=a;1—q+1+2(p+q) —2f(uw).

Thus the set of edge-weights is in arithmetic progression with first term (aq —
¢+ 1) and common difference 2.

Hence G(V, E) is super (ag, 2)-edge antimagic total with as = (a1 —¢+1). O

83. Fan graph

A fan graph F,, o is defined as the graph join K,, + Py, where K,, is an empty
graph with m vertices and P, is a path with 2 vertices. Let the vertices be
UL, U2, . . ., U, V1,v2 and the edges be vivg and uv;, 1 <i<m, 1 < j < 2.

Theorem 2. If the fan graph Fy, 2, m > 2, is super (a,d)-edge antimagic
total, then d < 2.

Proof. Assume that F,, 2, m > 2 has a super (a,d)-edge antimagic total
labeling f : V(Fp2) U E(Fn2) — {1,2,...,3m + 3} such that the set of
edge-weights is given by {a,a + d,...,a + 2md}.

It is easy to see that the minimum possible edge-weight in a super (a, d)-
edge antimagic total labeling is at least |V| + 4. On the other hand, the
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maximum edge weight is no more than 3|V| + |E| — 1.

Thus we have,

(3.1) a>m+6

and

(3.2) a+2md < 5m + 6.

From the inequalities (3.1) and (3.2), we get d < 2. O

Theorem 3. Every fan graph Fy, 2, m > 2 has a super (a,0)-edge antimagic
total labeling.

Proof. Let us define the vertex labeling fi : V(Fp,2) = {1,2,...,m + 2} and
the edge labeling fo : E(Fp,2) = {m+3,m+4,...,3m + 3} as follows:

filvr)=1; fi(va)=m+2 and fo(vive) =2m + 3.
For 1 <i<m,
filw))=1i+1; fo(uw))=3m+4—1i and fo(uwa) =2m+3 —i.

It is easy to verify that {A(uv)|uv € E(Fy2)} = 3(m + 2).

Thus the labelings f; and fy are super (a,0)-edge antimagic total labeling of

Fin2, m > 2 with a = 3(m + 2). O
In view of Theorem 1, it is clear that the fan graph F,, 2, m > 2 has a

super (a,2)-edge antimagic total labeling with a = m + 6.

Theorem 4. Every fan graph Fy, 2, m > 2 has a super (a,1)-edge antimagic
total labeling.

Proof. Let the vertex labeling f; be defined as in Theorem 3.

We define the edge labeling f3 : E(Fp,2) - {m+3,m+4,...,3m + 3} as
follows:

Case (i) m is odd:

For1<i:i<m
3(m+1)— 5, ifiisodd
2m+3—%, if 4 is even

fa(uvr) = {
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and

Fa(usvn) 3(m+1)— ™ ifiis odd
U;v2) = )
ST\ 2(m 4 1) — ML if s even.
Case (ii) m is even:
m
f3('l)1'l]2) = 3(m + 1) - 5

For1<i:<m

Falugor) = 3(m+1) 5, ifiisodd
2m+3 — 3, if ¢ is even
and |
fa(ujva) = 2m+3 - %H'la if 7 is odd
3(m+1) — m;z, if 7 is even.

In both the cases, it is easy to see that {A(uv)|uv € E(Fpp2)} =
{@m+6),2m+7),...,(4m +6)}.

Thus the labelings f; and f3 are super (a, 1)-edge antimagic total labeling of
Fr2, m > 2 with a = 2m + 6. Il

§4. Bistar

A bistar By, y is defined as the graph obtained by attaching an edge with the
center vertices of two stars K1 ,, and K1 ,. Let the vertices be c1, c2, u1,ua, . . .,
U, V1, V2,...,V, and the edges be cicz, cru;, 1 <@ <m and covj, 1 < j < n.

Theorem 5. If the bistar By, ,, m > 2, n > 2 is super (a,d)-edge antimagic
total, then d < 3.

Proof. Assume that By, ,, m > 2, n > 2 has a super (a,d)-edge antimagic
total labeling f : V(B n) UE(Bmyn) — {1,2,...,2m+ 2n + 3} such that the
set of edge-weights is given by {a,a +d,...,a+ (m + n)d}.

Clearly the maximum edge-weight is no more than

(m+n+1)+(m+n+2)+2m+2n+3).

(4.1) a+ (m+mn)d <4m+ 4n + 6.
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On the other hand, the minimum possible edge-weight is at least 1+ 2+ (m +
n+ 3).

Thus,
(4.2) a>m+n+6.
From the inequalities (4.1) and (4.2), we get d < 3. O

Theorem 6. Every bistar By, ,, m > 2, n > 2 has a super (a,0)-edge an-
timagic total labeling.

Proof. Let us define the vertex labeling f4 : V(Bpmn) — {1,2,....,m+n+ 2}
and the edge labeling f5 : E(Bp, ) = {m+n+3,m+n+4,...,2m+2n+3}
as follows:

Jaler) = 1, Ja(e2) =m+n+2 and fs(cic2) = m + 2n + 3.
For1<i<m
falu;)) =n+i+1; fs(ciu)) =2m+2n+4 —1
and for 1 < j<n
fa(vj) =7+ 1; fs(cavj) =m +2n+3 —j.
By direct computation we obtain that {A(uv)|uv € E(Bpn)} = 2m + 3n + 6.

Thus the labelings fy and f5 are super (a,0)-edge antimagic total labeling of
By, m > 2, n > 2 with a = 2m + 3n + 6. O

In view of Theorem 1, it is clear that the bistar By, ,, m > 2, n > 2 has a
super (a,2)-edge antimagic total labeling with a = m + 2n + 6.

Theorem 7. Forn € {m —1,m,m+ 1} or (m+n) = 0(mod 2), the bistar
Bpn, m > 2, n>2 has a super (a,1)-edge antimagic total labeling.

In order to prove the theorem, we prove the following lemmas.

Lemma 1. Forn € {m —1,m,m+ 1}, m > 2, the bistar By, , has a super
(a,1)-edge antimagic total labeling.

Proof. Let us define the vertex labeling g1 : V(Byn) — {1,2,....,m+n+2}
and the edge labeling g2 : E(Bp, ) = {m+n+3,m+n+4,...,2m+2n+3}
as follows:
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Case (i) n=m — 1

1(c1) =2,

1(62) :m+n+27

1(uz) :2i—1, 1§i§m,

gi(y) =2G+1), 1<j<n,

g2(c102) =m +2n + 3,
gg(clui):2(m+n+2)—i, 1§z’§m,
2(covj) =m+2n+3—j, 1<j<n.

N

Case (ii) n =m:
gi(cr) =
g1(c2) = m+n+1
g1(u;)) =2i—1, 1<i<m,
g1(vj) =2(j+1), 1<j<nand g same as in Case (i).

Case (iii) n=m+ 1

gi(c1) =m+n+2,

gi(c2) =2,
g1(u;) =2(i+1), 1<i<m,
gi(vj)) =2j—1, 1<j<n,
(
(
(

g2(covj) =2m+2n+4—j5, 1<j<n.

In all the above three cases, it is easy to verify that {A(uv)|uv € E(By,n)} =
{2m+2n+6,2m+2n+7,...,3m + 3n + 6}.

Thus the labelings g; and g9 are super (a, 1)-edge antimagic total labeling of
Bpn,n€{m—1,m,m+ 1}, m > 2 with a = 2m + 2n + 6. O

Lemma 2. For (m+ n) = 0(mod 2), the bistar By, has a super (a,1)-edge
antimagic total labeling.

Proof. Let the vertex labeling f; be defined as in Theorem 6.

We define the edge labeling g3 : E(Bp, ) = {m+n+3,m+n+4,...,2m+
2n + 3} as follows:

Case (i) m and n are even:

g3(cica) =2m +2n+ 3 — %,
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For 1 <1 <m,

2m +2n+ 3 — St if 4 is odd
g3(cru;) = 20
2m+2n+3—%, if 7 is even

and for 1 < j <mn,

2m + 2n + 3 — ZHLEIEL D if 5 g odd
2m+2n+3—mT+j, if j is even.

g3(covj) = {

Case (ii) m and n are odd:

2m+n+1
gs(cico) = 2m +2n + 3 — e
For 1 <i <m,
2m+2n+3-51  ifiisodd
g3(cru;) = R
2m +2n + 3 — TR if 4 is even

and for 1 < j <mn,

2m—|—2n+3—mT+j, if j is odd
2m+2n+3—%, if 7 is even.

g3(covj) = {

In both the cases, we see that the bistar B, , is super (a,1)-edge antimagic

total with a = 2m 4+ 3n — mT‘m + 6.
Proof of Theorem 7, directly follows from Lemmas 1 and 2.

Theorem 8. Forn € {m —1,m,m+ 1}, m > 2, the bistar By, , has a super

(a,3)-edge antimagic total labeling.

Proof. Let the vertex labeling g7 be defined as in Lemma 1.

We define the edge labeling fs : E(Bp, ) = {m+n+3,m+n+4,...,2m+

2n + 3} as follows:

Case (i) n=m—1 or n=m:
fe(cica) = 2m +n + 3,
fg(clui):m+n+2+i, 1<e<m,
fe(cavj) =2m+n+3+j, 1<j<n.

Case (ii) n=m + 1
f6(6162) =m+ 2n+ 3,
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felciu;)) =m+2n+3+1i, 1<i<m,
felcav) =m+n+2+j5, 1<j<n

In both the cases, we see that {A(uv)luv € E(Byn)} ={m+n+6m+n+
6+3,...,4m +4n + 6}.

Thus the bistar By, n, n € {m — 1,m,m + 1}, m > 2 is super (a, 3)-edge
antimagic total with a = m + n + 6. O

§5. Extended Bistar

An extended bistar < K1, : n > is defined as the graph obtained by attaching
a path of length n with the centre vertices of two copies of the star graph K ,.
Let the vertices be c1, ¢, ..., Cpt1, U1, U2, - . ., Um, V1, V2, ..., Uy and the edges
be cru;, cpp1vi, 1 <7 <m and ¢jcjy1, 1 < j < n.

Theorem 9. If the extended bistar < K1, : n >, m,n > 2 is super (a, d)-edge
antimagic total, then d < 3.

Proof. Assume that < Ky ,, : n >, m,n > 2 has a super (a, d)-edge antimagic
total labeling f : V(< Ky :n >)UE(< K1y :n>) — {1,2,...,4m+2n+1}
such that the set of edge-weights is given by {a,a+d,...,a+ (2m+n—1)d}.

Clearly the maximum edge-weight is no more than
@Cm+n)+2m+n+1)+ @Am+2n+1).

Thus,

(5.1) a+(2m+n—1)d <8m+4n+2.

On the other hand, the minimum possible edge-weight is at least 14+2+ (2m+
n+2).

Thus,

(5.2) a>2m+n+5.

From the inequalities (5.1) and (5.2), we get d < 3. O

Theorem 10. Every extended bistar < Ki,, : n >, m,n > 2 has a super
(a,0)-edge antimagic total labeling.

Proof. Let us define the vertex labeling f7 : V(< Ky, 1 >) = {1,2,...,2m+
n+ 1} and the edge labeling fs : E(< K1 :n>) = {2m+n+2,2m+n +
3,...,4m + 2n + 1} as follows:



10 P. ROUSHINI LEELY PUSHPAM AND A. SAIBULLA

Case (i) n is odd:
For1 <i<m,

f7(ui):<n;1>+m+i; f?(w)=<n;—1>+i

and for 1 < j <n+1,

M) , if j is odd

2m + (%—H) , if j is even.

fr(ej) =

Case (ii) n is even:
For 1 <i<m,

n . .
frlw) =5 +it L fr(v) =m4ntitl

and for 1 < j <n+1,
e (i) if j is odd
7(ci) = A

’ 1+("2ﬁ), if j is even.

For any n, we define
falcruy)) =4dm+2(n+1)—i, 1<i<m,
fa(eicjpr) =3m+2(n+1)—j, 1<j<n,
fg(cn+1vi) =3m+ (n + 2) - i, 1 <i<m.

By direct computation, we get

5(m+"TH)+1, if n is odd

Aluv)|luv € E} =
{A(w)] h {4(m+1)+52”7 if n is even.

Thus the labelings f7 and fg are super (a,0)-edge antimagic total labeling of
< Kim:n>,m,n>2 with
5(m+"7+1) +1, ifnisodd
a =
4m+1)+ 2, if nis even.
O
In view of Theorem 1, it is clear that the extended bistar < Ki,, : n >,
m,n > 2 has a super (a,2)-edge antimagic total labeling with
3(m+ 243, if n is odd
a =
2(m+2)+ 3 +1, ifnis even.
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Theorem 11. For odd n, the extended bistar < Ky, :mn >, m,n > 2 has a
super (a, 1)-edge antimagic total labeling.

Proof. Let us define the vertex labeling fo : V(< K1, 1 n>) — {1,2,...,2m+
n+ 1} as follows:

fo(vi) =n+2i, 1<i<m, (sincen isodd, fy is bijective)
and for 1 < j <n+1,

7 if j is odd
folej) = I
2m + j, if j is even.

Let the edge labeling fs be as defined in Theorem 10.
Then we see that {A(uv)|uv € E} = {dm+2n+4,4m+2n+5,...,6m+3n+3}.

Hence, when n is odd, the extended bistar < Ki,, : n >, m,n > 2 is super
(a,1)-edge antimagic total with a = 4m + 2n + 4. O

Theorem 12. For odd n, the extended bistar < K1, : n >, m,n > 2 has a
super (a, 3)-edge antimagic total labeling.

Proof. Let the vertex labeling fg be as defined in Theorem 11.

We define the edge labeling fip : E(< Kipm :n >) = {2m +n+2,2m +
n+3,...,4m +2n+ 1} as follows:

flo(clui) =2m4+n+1+4+1: 1<21<m,

folejej) =3m+n+1+4j4, 1<j<n,

fio(ens1vi) =3m+2n+1+1i, 1<i<m.

Then we see that {A(uv)luv € E} = 2m+n+52m+n+5+3,...,2m +
n+5+ 2m+n—1)3}.

Hence, when n is odd, the extended bistar < Ky, : n >, m,n > 2 is super
(a, 3)-edge antimagic total with a = 2m + n + 5. O
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