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Abstract. From a Minkowski-type metric on R} satisfying the Einstein con-
dition, we derive a nonlinear partial differential equation. In order to know
the property of its solutions, we obtain an approximate solution with certain
boundary conditions numerically by the finite element method, which will give
us some clues to get theoretical solutions,

AMS 1991 Mathematics Subject Classification. Primary 53C035, 53C22.

Key words and phrases. General Connections, Minkowski Type, Einstein Con-
dition.

§ 0. Introduction,

This work is a continuation of the previous paper [18] with the same title,
in which we tried to get a numerical approximate solution of the nonlinear partial
differential equations (5.16) and (5.17) in [18] under certain boundary conditions
by the difference method, but failed due to the limitations of our personal computer.
In the beginning, we give some preliminaries in this section which will be used in
the studies of this subject.

We consider a Minkowski-type pseudo-Riemannian metric on
R” = R"' x R with the canonical coordinates (x,,...,,_;,%,):

0.1) ds* = —é—drdr + rzz::;: Hopdu®du’ — Pakx,dx,

where Q and P are positive functions on R* ~ {0}, r> =x>+ - +x,,” and let
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-1

do® =3, hoy ()du® du’
be the standard metric of the unit sphere $"7: * =1 in R"" in its local coordinates
(%,...,u""). Then, we consider the following conformat change of ds* :
1 - “
(0.2) ds’ = —5ds’ = Z g,dx,dx,

" ij=]
on RY(x, > 0), where we set anew

_ e agd e —
IS X U, e X, = U > Xy =X,
We consider the Einstein condition for the metric g5° :

- o R =
(0.)) Ry =';1'—gy.

where }?y and R are the components of the Ricei tensor and the scalar curvature of

(0.2) respectively.

Theorem 1 of [18] says that in order that the metric (0.2) for n > 3 with
Q = P satisfies the Einstein condition, it is necessary and sufficient that Q is a

function of x = r/x, only and satisfies the ordinary differential equation of F(x) :

o , o n-4Y,.  Un-3)(1-F)
(B) ( FZJF Fa (F) ( +TJF -’r—z“—O.

F x

The non-constant solutions F(x) of (E) with F(m)=1 at m > 0 is given by

(04)  Fx)= {M+l+bx2+J(—M+l—;—bx2] +4x2},
X

xn 3 n-3

where b= —1 is constant, and we have

W P o, A=m)(r-Db+n—-3)+4
(0.5) F(m)—z{(n_ Db+n-3+ s }
by (4.6) and (4.7) of [18].

We consider the metric (0.2) for # > 3 which satisfies the Einstein condition

(0.3) under the restrictions :
74 ar

0,=22
X, ox,

=0, P, = =0,a=2,3 - ,n-1.
Theorem 3 of [18] says that for such metric it is necessary and sufficient that () and

P as functions of x, and x, satisfy the conditions :
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(06) X _!_x]_})izo ,
Q P
©.7) g(g_ﬁ]mgﬁ(_%j]:o ,
Xy Q P an Q P

w0.7 = 2r L0, +O4(2 2 _30,0, QA
AT pTt  oPEM 2P\ Q  PJ) 20°P 20P

1/, 20R) 1 (n-1 £, 20=3)(0-0)
+I((n—2)Ql“Tj“ﬁ[ 0 Q,,—?)+ e =0,

where Q, = 2°Q/ x,0x;, F;=0"P | 8x0x,, i,j=1n.

(0.8)

Setting x, =¢" and x, =¢", since x, >0 and x, > 0, we can put by (0.6)

oW ow
0.9 =ex (——), P=ex (———) .
(0.9) Q=exp\ —— Py
where ¥ = W{u.v) is a suitable function of %, v. Then, the equation (0.7) can be
written as
AW )[ W a’w] [é’W )( oW é?ZW)
. - 32 = —t2 -
©0.10) exp( av e é’uo"u+ Judv exp fu e (9vo”u+ avov
Using these relations, the equation (0.8) is reduced to
ewy| a'w I*w
", P) = [— ) -3
RO F)=exp Ju L?uo"n(?’v Audv
1(5%}2 19w W W
+= - —-(n-2)
2\ Judv 2 8udu Sudv fudu

(0.11)

SW W w1 awY
—exp| ———+2(n—w) ~-n +—
av udviv Audv 2\ fulv
10w W &
2 Sudv Svédv vy

Since we see from (0.10) that

}+2(n—3)(1-—Q)=0.

depends onty on x =x, / x,, we can put

(up) Q—%f=¢&%
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Using x=x, / x, and ¢ =x, as independent variables, and using notations
S Ox Ix0t

the equation (0.11) can be written ((5.16) in [18]) as
X2 Q(Q, P) = exp(—xW ) -5"W,, + x*W,,

— (=)W~ 2xW, — (n—NxW, - 2(12 - 3}

ere.,

+ %(szn_ — X, + X, )25, — %W, +25W,)]
(0.13) — 5" exp(xt, — (W[ xW,, = 25° W, + 5t°W,
+(n+ 25 W, = (0~ DX, — 1*W, +nxW, —ti,
+ %{xiwn — X, + W, Y25 W, — 35, + (W, + 250, + 1))

+2(n-3)=0.

§ 1. The fundamental partial differential equation.

First we express (0.13) as a partial differential equation of Q. From

Q = exp(~x,) we obtain
W +W. =-0./0,
AW, =-0,10,
AW+ 20, = (0,1 Q) - 0 1 O
AW+ W, = 00,10~ 0,10,
W, =(010)-0,/0.

From (0.12) we have

(1.1 -x* exp(xW, — 1) = p(x) - Q.

Using these relations, regarding (0.13) we obtain

exp(—x W) —x W, + X°1W = (0= D W,, ~ 25t W,, — (n—D)x W,

xf

~2n-3)+ %(xlw,, — xtW,, + xW )22 W, - xtW, + 2xw;)]

=Q —x{—ZWxx +[%] - Q—“J ¥ xt[——lflf_",J + Qﬂ?—’——Qi]
Q Q ¢ 0

= (n—2)x* W, — 2xtW, ~ (n~4)xW, - 2(n-3)

+1[_x_@+g)(ﬂz&+gﬂ
2.0 Q9 Q @
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= Q|i”’(i’l—4)x2ﬁﬂ‘_ - 3xtI/V_w - (n._ 4)_,“/]7\ _ x?.{(%] _ Q—Q’“J

- xz[ QéQf E %’] ~2(n=3)+ ;éz—(xQx -10,)(2x0, - 10, )]

= X°Q_ ~ 310, +(n— 40, + 30, - -;%(xg. ~10)-2(1- 30

and

—x" exp(xH, — 1)) [x = 2%+ XEPW,

+(n+ DWW, — (n—DxtW, — W, + nxW, —tW,

+%(x2%_ — 51, + XW, )25 W, — 3xtW,, + £, + 2x W, + tW)]

=(p- Q)[x{—zpf; + [%] - %] - 2xt(—rfr§, + -%2% - %_]

((a) _a : 2
+1 —Q— _“é_ +(n+2x W, —(n—DxtW, — t'W, + nxW,

i 2B st

= ((a—Q)[nx W, — (n=3)xtW, — f(tW, + W) + mxW,

: g)l_g [QLQ,,_QM (_J_Q_J
+x((Q QJ 2xt % Q]+t[ 0 0
1
35 (xQ. - 10.)(2%0, - 310, — W, + W,))]

=(¢—Q)[— QQ+(n 3)IQ'—t(t W, + W)

(xQ Q th) é(szﬂ - 2XQ, -+ IZQN)

1 t
30,1050, ~310) - 260, - )0, )|

m0, (=310
Q Q
+ —é;(xQx — 10)(4xQ, - 510) - :( % th)(ﬁf{, * W)}

= (p- Q)[“é(sz_w 2310, +£Q,) -
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On the other hand, differentiating (1.1) with respect to £ we obtain

—x? exp(xW, — (W \(xW,, — tW, - W) =~C,»

ie.
- ——QL—W—W)=—
(o Q)[Q W, — W .,
hence
20-¢ O
1.2 P W;:""—_’
(1-2) M Q-9

From the above arguments, the equation (0.13) can be written as

X1 ®(Q,P) = (2 - %)ngm ~ (3 - ggﬂjxtQﬂ + [l - g}z@"
+ (2;1 —4 ~%)va —[n ~6—(n- 3)5@,
1-afdg-e-(3-00)

+2n-301-0) +(p -0 1425710 20

I
+(2n—4—EQ£)xQx [n 4-(n— 2)—2")42
S )e)

+2(n-3)(1-0)=0.

*

Theorem 1. In order that the n-dimensional pseudo-Riemannian metric (0.2) with

(0.1) satisfies the Einstein condition (0.3) for # > 3 under the restrictions

it is necessary and sufficient that O satisties the partial differential equation
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20-p)s’ O—(3Q 2 )xfﬁo 25@
aQ @
1.3) +{(2n-4)Q—”¢‘}x§_ {90~ (n-2)p}t At

- (+22-129)0- 22 - 0- 20122}

o\ ox

+2(n-3H1-D =0,

where ¢ = @(x), x=x,/x,, { = x,, is an auxiliary function of x , satisfying (0.12);

(1.4) P=

Remark 1. If we consider the case ; 7/ 21 = 0 in ihe above arguments, we have
o”W_éWx ew oW W aw

=- X+ t=-

du  Bx " dv  dx Bt du’
hence we have P = Q by (0.9) and so
x?.
Q-—=p
Q
from which we obtain
2 2 ) 2
LA S Y PUL I PR S SRy
Q ¢ g ¢ Q Q

Using these relations, the equation (1.3) in this case can be written as
0x (H_]a ? 2x° [c’?Q]h_i_(_?ngdl_n 4)@ 2An=301-0)|_¢
Q2 ax* Q*\éax/ Q- x 3 x
which says that Q satisfies (I5) in § 0.

§ 2. Certain boundary conditions.

We consider the nonlinear partial differential equation (1.3) and its solution
O(x,?) on the square

€ : 0<x<1 and 0<7<1.
We wish to connect it with the solution Q=1 outside of  in the right angle :

0<x<eoand 0 <7 <o, which is given by & = 1 for the solution #(x) of (0.4) and
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corresponds to the metric

a5 = ;l;(z:;:dxadxa - s v,

The integral free function ¢(x) in Theorem 1 corresponding to Q= P=1
is 1—x* by (0.12). Weset
2.0 n=4 and p(x)=1-x".
Then, the equation (1.3) becomes

QO-1+x );\. Q -(30- 2+2.12)Ai O+(O T+ x*) f;Q
22) +A(0- 1+ )x §Q+2(l x )taQ
1(,9Q_,00 Q_ oQ
_Q[ % ]{2@ b+ S 2= (0-2+25°) }
+20(0-0)=0.
Now, we set the boundary condition
2.3) Q=1 aong =1 and x=1

for the above mentioned purpose. First, from the condition O = 1 along = 1 we
have 30/ 8x = #*Q/ &x* = 0 and obtain from (2.2)

2°Q . 8°Q eQ aQ
(2.4) —(1+2x )xé‘é‘ +x c?2+2(1 A) +(1 2x* )( ) =0

along t=1. ‘
Second, from the condition O = 1 along x =1, we have #Q/ 9t =3°Q/ ' =0
and obtain from (2.2)

30 720 499 _ (ao)z
9 3,9 X1 =0 al = 1.
Ax? o”xo”t a”x Ox along x

2.5) 2

As a reference function to O, we consider F given by (0.4) with n= 4,

F(x)= 2{ (b:1)+1 b +\/(—Q’~:—D+1+bx2] +4x2}

m=1 as

and so we have
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Fr(l) =%(b+ 0.

Here, setting &+ 1= (1-7)* and substituting this into the right hand side of the

above expression, we obtain
1

Fe0) %{1"‘2 ——(1-x)1- o)

X

\/(l” Lp-wy0-g7) 4}

AF(x,t)

(2.6)

and

@2.7)

i

Now, as a boundary condition for Q along x = 1, we set the same as above
for F(x,0);

3
5l =50 1 and

é‘Q(x t)| _—(1—1)2

Jx
from which we have

& a0 =-3(1-1).
Ixdt
Hence, we obtain by (2.5)

5’0 _3,8°0 _ 0”Q+(0"_Q)2
o 2 owor Ox \ox

——24(1-0)-30- 0 + 21~ 1)

9 3 3 9
=(1—t){z(1—t) +§(1—r)--2—}.

Collecting these we set

0-1, ZL-2a-rp,

Ix
along x=1.
8*Q 3 9
=(1— -V +Z=-n-=
S =( t){ (1= +2( ) 2},

Using (2.8), we obtain the Taylor approximation of Q(9/10,t) by

9 9
0(10) 1__(1 £+ 200{ a-2 _(1_0“5}

~1—aﬁa-o aﬁa—n Oo—n,

(2.8)

(2.9)
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from which we obtain especially

9 9
2.10 ( ) 0.996326 .
210 9 10710

Next, as a boundary condition for O along =1, we set

22D = att-x)

where ¢ is a constant to be determined afterward. Then, we have
70
oxdt
and substituting these into (2.4} we obtain

=-—g along t=1,

2
ax(’1+2x2)+x2%+2a(l—x)(l—xz)+a2(1—x2)(l—2x2) =0.

Collecting these we set

@.11)

along t=1,
from which we have at x = 9/10

)5
21\107/ 7 10°

é’Q[WI)_HIOOJ 9 262 1(38 62a)
a1 \10° 51110 1P\ 10

o
s ——2 (2396062
ST.10° ¢ @)

~a_ a(23960 - 624a)
10 16210

and so approximately Q(lg() f:)) 1-
Using (2.10), we put
a a(23960-62a)

l-—- = 0.996326
10 16210

ie.

31a2-20080a+§$=0,
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from which we obtain a ~ (.148238 and 647.594. Since
2L 014815,
27

putting
4

T27
we obtain an approximation of Q(x,%) by (2.11) as

Q(x,?_) . Gt
10 27-10

2 % 2 4 2
(2.12) +mx{x(l+2x J+(1-x) (2(1+x)+5(1—2x )j}

4(1-x) 2(58 —35x—58x" +124x" - Sx“)
- 8 .
27-10 277 10%x°

a

=1

By means of (2.9) and (2.12), we obtain the following approximate values of
9 j) ( i 9) ..
PPNy __395152:"'39

Q[ A10720)7

10°10/°

9 L) (_f'_ _9_) [,L 2)
/ Q[IO’IO Qe fUeio
9 0.996326 0 0996328  0.998338
8 0.989818 8 0994761  0.996286
7 0980516 70992997  0.993714
6  0.963488 6 0990883  0.990417

(2.13) 5 0.053828 5 0988093  0.986040

4 0.936658 4 0083832  0.979885
3 0917126 3 0975741  0.970320
2 0.895408 2 0.954088 0952399
1 0.871706 1 0838400 0901196
0 0.846250

and compare them with the corresponding /7 values of (2.6).

Remark 2. As aboundary condition for Q along =1, if weputa=0, then (2.11)
implies
oQ 20
Q) Q=1,55=0,72
Regarding F(x,?), we have

0, along t=1.
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I N

, (1~x)(1—t)

A 1-x -2
X

FF(D) _ o3y,

ot x BY IS
\/[l—xz (-xjo-o ] +4x?
I g ]

from which we obtain

é‘F(x,t)l _ aF(x r)l 1=t 2
7 rl 1+x2'

(2.15)

§ 3. The weak form of (2.2) on the square Q.

In this section, we shall derive the weak form of (2.2) for the finite element

approximation,

First in place of (2.2) we consider the following expression:

W) = (ZQ—1+x2)x2Q§—2Q2—-(3Q—2+2x2)er 52@

.2 2 5? a
(31) ro-1+5)0 5 L0140 57+ 21-x )tQ 2
92Q_,2 20 2, 90
PP A
+ 2Q (1 — Q) =0.
Taking any smooth test function W(x,t) on €, we have the equality:
[ w@w(x,dsdi =

which we shall change by the intégration by parts, under the boundary conditions
(2.8) and (2.11). Using the notation d€2 = dxdt , first we have

fJ, 0147
= [(2@ 1+ Q== QW]:dt

- JQ{(4x2Q+x2(x2 - 1))Z—x +4x0° +{4x° - 2x)Q}—0;%WdQ

N2 FQW
- jﬂ(2Q~l+x-)x2Q—é'—g—EdQ

2
d ?stz
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=3[ (- 12w,

_ j jﬂ{(4x2Q+x2(x2—l))[%J +2x0(20+2x" - 1) Z Q}de

X X%

- “Q{(zg ~1+ xﬂx@%}?d&).
. X
Second, we have

Jf,0-2+ 25022 70 22 e

[( 24257 AIO W} 4t
x=0

-1 {(6MQ+ 2x(x* ])xt) aQ + 30" +(6x° )zQ}i_? WG

é’Qa"W
ox

|
ey
n

(30~2+2+")x Q

- {201+ 2222 s (10 2(55 - )0 2

~[f. {(BQ 242% )szmQ} %’l" Sy

Third, we have

[le-1+ xz)leéiQ-WdQ

-[Jlo-1+x)0%w ]

-[f oot -9 D) (o a2 e
-1, {(Q 1) fi’Q}gf’dg

= af x*(1- 2 (D

fifoe-te (29 2oy 2L
2,2 b7} cw
-Jifle-1+)022 L



14 T. OTSUKI

By means of these expressions, we obtain
f j H(OWdQ = a j x* (1~ X)W (x,Delx +3j (1- 1)W1, t)dt

g J“{(SQ_2+2"2)X‘Q—Q‘—(2Q—1+ o222

ox
_Hﬂ{(Q—Hxl)fQ‘; }ﬁwdﬂ+|]‘”Wd§2 0,

E= —{(4)(2(2 +x° (x2 - 1})(%) + ?.xQ(ZQ +25% - 1) Q}

where

a

é’Oé’O O
3 1 —= +1{3 23 - =
Q- +x ox af (Q+ x° ) Y

ag :
{ZQ 1+x%) _ﬁ% +2Q(Q—1+x2)t?$—}

sa(g-14x7 022 11 -2

,[ f;f zi?j{ (Q 1+x)x%%—(g 242x )ﬁQ}

+20M(1-0Q) ”
e G O )

29( ﬁ_ff;)) (Q+2x )tQ +2Q2(1 0.

Thus, we obtain

Theorem 2. For any solution O(x,7) of (2.2) satisfying the boundary conditions
(2.8) and (2.11), the following equality holds for any smooth test function #(x,1):

(1 ols 2212 (0x22-1 20 - 52152
- °Q(r%9 ~1 59) [Q+ 2x )rg o0 +2Q2(1 - Q)}Wdﬂ

+[ {::0((30 2+2x) Y ~(20-1+2)x f;Q)}é;TdQ
50\ oW

_”Q{tQ(Q—H )za—}—gd |

= —af ¥ (1~ ¥ (x.D)dx 3] (- (Lo

(3.2
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In order to approximately analyze the above relation (3.2), we suppose that
an approximate solution Q(x,7) is known. Then we linearize (3.2) for the required

function Q(x.£) in the form:

ILH 02022122} -2 52 i?)‘z‘?}

( (;? tﬁ_?) (Q +2x )tQ Q+2Q(1 0) :}WHQ

(3.3)
NS {xg((g 2022 (pg1s )%}ﬂ’m

xX/) Ox
n, G0 W
-Ji o122

=—q sz (1— X)W (x,Ddx ~ 3 jo (L- W (L, 0dt .

§ 4. Computations of (3.3) on £, and E,.

Now, we divide the square € into 200 small right triangles £, and E}.,
Lj=0,1 -, 9, with the vertices :
E, © Plyj), Pl  PliFlj+1]

E. o Plijl,  Plij+1], P+l +11,

4

where P[i, j]= ) and suppose that O(x,7), O(x,0) and W(x,7) in (3.3) are

(ot
linear on each triangle E, and E We compute the integrals in (3.3) on £, and
£, . Denoting
QP D=5, APULjD=y,,;, WL D)=V,

and , )

A [ Z}=1z,, GG Ai,j[z] = I T E e

(41) Ah [y] y1+l_,l yrpA‘:',j[y}:yi,jH“yi,jJ

Ah [V] :+1 g lj’ A‘:,j{v] = vr',jﬂ "viuu'v

we have

104] D][x—E]HOA,H,D][ )+y,j E,

X on
101\"”[[3](3:—5}10&}@]( 0)+yfj E,

and analogous formulas for O{x,7) and W(x,f).

4.2) Q(x,t) =
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We can prove easily the following formulas :

” (x-——i—) ( )dxdt 5 ! .
£y 10 10 10" 2 (m+n+2)n+1)

”[x-——i——) [ )dxdt _ ! .
By 10 10 107 (m+n +2)(m+ 1)

btain the following by
J

_t__

(4.1) and (4.2), using the notation X =x— E and T 10

iA(9,.8C _PQ) a2 __Q_QQ)_—
3Q(° o az)”ﬂ x)(x o o) %
_ 3100 +3- 108 T

_ ;(2. 1R + 3z - jA"[z])XZ

~J1C A A28 [2]) X7 +3- 102(,9;[;:])2 7

(4.3)

Regarding the expressions in the integrand of (3.3), weo

o —(601‘(1&" [z])l _ 30/ A 2]+ 104 [71(6. . 1+2—) % g [z]]X
e R 107 1()
L AT AV A v A2 v 3
—(6om N30/ (& Tz]) - 104 [z][& SJT?}]
» e . 2
—-3iA [z][szlf 102) +3jA [z](z,. It R)ﬁij -2z,
(4.5) x-‘ZQ— 92 _10a Ty - 108 IT + A"y - JA TV,
x at
(@ + 2x2)@
= 20N [AX°T+ 208 [FXT? + 2jA 21X
n (102 (K1) +4ik12)+ 28T+ 2z,.,j)X2T
+2(10° MR [] + UATZ) KT + i0*(&T))
(4.6) ' {’—0(102 (A1) +4inlTz)+ 22,.,1))(2

+2(j10 w10 i, v P08 2, o
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(; 10(Az ]\ + 20/ ][,j OE)JT
..2 2if
+2(j,&'[z](z,.‘j+1’F}+%zﬂj}x

i 20N, o[ 27
ol i) el el i)

00~
= 10“(&[21)2 ALY +10° A AR D]+ 2RTN)XT
10 A28 A Y] + AN Y)XT +10(A [;1) AT
+102((A”[z]) v, + 822z .-1)&[;)]))(2
@7 +10{ W25, AT+ K125, - A+ 28X 2, AT
N 102(13"[2](22,.4. -~ AT+ (ATE) yf.,_,.}
+10(z,,(z, - DDA+ K142z, — 1y, X
+10(z, (7, - )N DI+ AT 2,, - R CHER

x0 R0 -2+ 2x*)
= 20A"[Z)X* T + 20X [z1X° T + 2jA" (] X*

+ (3. 100 (A [z) + 6t 2]+ 287} + 2z, J.)X%r
+ 6{10° A [2]A° (2] + 0 (2]) X T2 + 3- 10%(A[)) T°
. h 2 Y -
+ {6(3 10%(A [2]) +6iA'[z]+2z, j))ﬁ
@9 #1038 12) + 60 N2
. 3 o i, 6
+2A; [Z](3ZJ,J- + W - 1] +6A [Z]W JX T

+ 10[6:'&' [2]4{z] + 3 j(A“[z])2 + 2A"[z](3z,., L+ % - 1)] XT*

#30(R L) T+ [3"(A"{z1)’ +20" [z](sz +f’i - 1)
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2

6i N e A \
+W5f‘j)X2 + (64]‘& [:]A [:] + 2IAJ [:](3“ + W - 1)

. 342 ) ( 6i® D
2Nz 3z, 4+ —==—=1]+z | 3z, —i————l XT
J [ ][ i 102 if 10
3 2
+i[3 j(A"[z]) +2A"[z](33f.’_l. T UT
2 .2
.] I 61 )]
2UNz] 3z, st |35, 2] | X
10( ! H( 10° }L ( 410
i{a. i 2i*
-l"Td[sz [Z](3A +“"(')—2—1] ’-(3Zi,j +W—2]]T
; .

x0Q0 =1+x")x
— 10N X + 10NN X T+ (2 AN +4ikiz) e, j)X4

+(A 1P RN+ 4R HT 4210 (&) X7
o AR 2 I 6’2 4 3

+[4 101(A [.4]) +10A [Z](’-‘Z,-J -I“Té?—l) 10 ,J]X
Sah v v 612 72

+| 8- 10N [Z)A 2]+ 104" 2] 4z, ; +E§—1 X°T

(4.9) +4-10i( X[z ]) X7

2 2f Altr o 2 21&]1 - 4_ 212 l 2 6[2 1 X2
NESICR JETE PR 1 CHE

4{4.f&[z]zf[ﬂ+2iA"[z][4z,., y +3iiz‘ DXT +2-7 (A"[Z])Z'F

10

2 P 2

| i 2 25 D

E o] 4, + -1 e + 2 )iy
+(10 [z][ YAST } 10 ”( TART2

i2 ( -2 2 i2 )
N[z} 4z, +———1 T+ 2z +——
L TN ) 10 ”[ STRRT
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and

0 -1+ x>t
= 10N [Z]X° T + 10N () X217 + 2N [Z)X°T
+(102(A’* =) + 2+ 28T 5, j)Xz 7
l 74 .j2 f 3
A102 A []A 2]+ N [=)XTE + 103 A=) 7+ L ALy
+ 210 NN )+ IR ) XT + 1% R ) G
0(2 AC(K ) + 4k =]+ ATz ]+2~U)
2
[4 10/ 2N [:]+]0A”[:]( +,1£__1)
24
100

10, 2j(A" N P —1)]1"3
(4.10) ’ (J( ) + []( 108

2
+J1'—0(101(a."[:])2 +2:'A"[z}+;_j),¥2

+4- 108"z} - + )XT‘
10

107 10

af et N Ay i it
4{ AT +2)A [z](l:,.' S 1) + zi,j(z.,,j. T 1D 7
-2 2
J ) i 2%
+W(IOA’[ ][2_ g '*'ﬁ)?’"l) o -,})X
-: ig
A'lz] 2z, -1j+2z iz . IDT
10[1 “( i )+ ( T

.2 2
J H
+2—=z +—-1],
10* ”[ R (i J
where

M)=a ] NEl=AL B,
(10 {A"{z]ﬂ‘;,m q aE=a, " F,

if

+2j( M[:]A“[:]m’*m[ el 1J+-LA‘[]+£3.,]XT

Using the expressions (4.4)-(4.10), we obtain the integrand of (3.3) on £ or E.j
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which is expanded in terms of X™T".

Then, using (4.3), we obtain the integrals on the left hand side of (3.3) on
in : : I - VI v —
both £, and k&, written as polynomials of A'[z], A'[z), -+, AIVL 255 ¥ijs Vi
which we denote by (4.12) and (4.13) respectively.

We compute the right hand side of (3.3) as follows: First, owing to piecewise
J c<dFl j+ l
10 10

= (LN = [I——J—f-)_—Z[l—i](t—L) (1——1.—)*
()(){ 10 TSI TR
e {IOA‘"K,J( 10) + Vm,.}
. J 3 J 2
:IOA‘EOJ(I—T&] +{—2OA‘W( 10)4—1),0 J}( —E)
. . LN 2
fiosa 12 o ) (-4 e

from which we obtain

{41110 10A7 1
J-; (1- ' W(,0)dt = I 1‘341 +3 10‘{ ZOA,(,}( 110)+ij}

1-5/10(. j 1(, JjY
H——Z'l() {IOAIO’(I_IC}) 21:10‘1}+56[1—1—6 Vi,
111

zl—og[{z—ﬂ(lo D4z (10 ) }v

+{%__(10 Jy 4= (10 §) }vwd}

linearity of W(x,t), we have the following expression on

and hence

S3f (1= (LAt

(4.14) 561 1 ]
TTa0 e 1012 ( +3(10- J))V“” 1100 e
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Next, we have on -L gx< il
10 10

B (=W = X A=) (10x+ 14 Do, g + (10x = i),y 0}
= {10x* = U1+ (4 Do + {100 + (10410 —ix Wiasio s

[ 10" — (114 2" o 4 D ek

il

11+i
4.10*
1+ 47 37i . 9 7
-10* 6-10° 12-10  2.10° 2.10°

{~10x* + (10+ )’ — ix*Jax

= 14(1+5z+10:'2+10ﬁ+5;4)-

510 (1+4i+6i2+41’3)

+

(1+3 +3:)

j{r+l)!l(l
i

10+

(1+5i+10i2+10i3+5i“) 10 (l+4r+61 +41)

1
5-10‘1
23 71i N 2
105 12.10  5.10° 2-10*°

3.10 (1+3 +3z)

from which we obtain

[ W = (

{10

47 39 ]v
6-10° 12-10° 2.10* 2.10"/ ™"

[23 T 2 P )
=+ + - Virt0

100 12.10° 5-10° 2.10°
and hence

[x* -2 (xDas = 47

, +Zg 47 N 37i
6-10° *° =16.10°  12-10*

.2 .3 _ 2 P 3
L9 £23 TG-1) 26-1F (-1 }v,_

2-10° 2-10" 10°  12- 10‘1 5.10°  2.10°

+(£+ 213 2x9* ¢ )v
10°  4-10*  5-10° 2.104) ™0

_i_v +z9 ( 1 _ i 1‘2 _ i3 ]v + 301 v
6-10° 0 T &\ ET0 T 207 10 1070 T 2 1e e
Le.

[xa- x)W(x,l)dx
4.15) o _ 201
PR TACURRTY M 1[3“5+10i2_"3)""-‘”57?()_5"‘“-‘“‘



22 T. OTSUKI

§ 5. Principle of computation of the approximate solution Q(x,t) of (3.3)
such that O(x,1) = O (x,2). |
For a fixed pair (7, /), i,j= 1, 2, o , 9, we consider the elements £, (= E, ),
Eg(— z, ) E,

for which the expressions (4.12) and (4.13) depend on v, ; as a free variable.

E._, et Biiis E,, , having a vertex at the point P[4, ], only

-1,/

Since we have

N IV =v,, =V, AV =9, 0 =V,
we have
é’A”[v]/ﬁv,.J =-1, GNP/ v, ;=0 for Ey;
SN/ v, =0, O[]/ v, =-1 for E;
AN B, ;=1 INvY/ v, ; =~1 for E_, ;;
ANV dv, =1, SN/ dv,, =0 for E._,
SNV &v, =0, SOADY &v,, =1 for E_ .,
N Ov, =1, BAD]Idv,=1 for E
and for simplicity we set |
Zi ;T 20 Ly T 3 S T Zas Zigel T fas Zinjer T Zas
Bty = Zsy Ziot ey = Zgs B joy = 2o, Brerger = By

and use similar notations for ¥, ;.. Using (4.12) and (4.13), we denote the partial
derivatives of the integrals of (3.3} on E,, E,, E, E, B\ ;and E

i » if 2 i-1,f» i-1,7-13

with tespect to v, ; by (5.1), (5.2), (5.3), (5.4), (5.5) and (5.6) respectively.

If we assume that all z,; = @[;—0,1]—0) are known, and put the sum of (5.1)-

(5.6) being equal to zero, then we obtain the nodal linear equation of ¥, = ¥, ;,

if-1

=Yg Yo = Yirjsts Vs =Yijur, Ys = Vi sy Yo = Yiciym, Y1 = Vi jo- We assemble
the nodal equations for 7, j= 1, 2, --- , 9 and we applied the boundary condition
(2.8) and (2.11) with a=4/27. We solve the resulting system of linear equations for
Vag o, =1, 2, -, 8, to obtain O(x,) as an improved solution of O(x,r). If
we take /(x,7) =, (x,1} for example as a starting (pedestal) function and repeat
the above mentioned process we obtain a series of functions 0, (x,¢), m=1, 2, -+,
wlnch will be expected to converge to an approximate function O(x,f), depending

on the prescribed boundary conditions and on the mesh of elements E, ; and E, ;.
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We shall compute directly a stable solution Q(x,7) in the following way. In
the arguments in the beginning of this section, for the fixed pair (7, /), we suppose at
the Step {7, s} that

(5.7) =V TN 5T BT Vs 55T Vs 555

and consider the condition for z, =z, | o such that the remaining variable y = y;
coincide with z,, which will become a cubic equation. Using the condition (5.7),
the expressions (5.1) - (5.6) can be rewritten respectively as follows:

(5.1 = fi(z.i,/,uv), where 2=z, U=z —Z%,, V=2,—3,

and

1 i )3 ( 1 17 j & )2
= + U A + - ——— UV
/ (15 10 5-10° 210 4.108 10°  4-10°
i 197 A ]uvz
102 6-10° 4-10° 6-10° 8.10° 4-10°

% A% g F ]vs
12 1()1 2-10° 6103 410 8-10°

[ 82 5098 1 +i[l+f+iDu2
14-10° 510° 3100 6.10° 100\5 ' 3

+

211 497i 837 97" 103§ ¥ Py
+ P P 4 4 3 i q
42. 10 15-10° ' 5-10'  6-10' 3-10° ' 2.10°  6-10

RN [_LE_LE_QDW
6.10‘* 3.10° 100\ 40 8 12 3 2
[3137 734i 581 488; 9977

7t ran 5 7t 7T 5
126-10° * 45.10°  10°  24.10°  15-10' 2-10

3

N i I

T 6100 12.100 2-10° 3-10" 2.10°

. . )
_L(ﬂ+f i1y J+JD2
100\60 2 12 2
z[ 49 496i 97 4f i* {41' 2D
+ - - = o — -+ =+ stz iU
1000 6-10° 5-10° 2-10° 3.10°  2-10

N [ 748 1970 997) 2 593y Pt
100015-107 ~ 6-10*  10°  3.10° 6.10* 3-10° 6-10
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i (7 i 5 31])) 1,
——t e T —  — o ——  — zz-D;
o AR T2 s ) It G

5.2y = f,(zi,juv), where z=z,, u=z,—2,, V=2, 5,

and

1 i i ] ;
= + +
£ [15 102 5100 4-102)"

, 2 .. )
1 3 ¥ i 3if J Juzv

3.10° 410 107210 1807 12-10°

+

+

+

3
313 2103)

349 497 4977 7 iz (1 ZD )
— — - - — =i | |u
7. 105 3100 10°  2-10°  2-10° 10085 2

-+

2
(% o 21] + 3y2+ J 2]uv2
10* 2-10° 4 10°  4-10* 8.10

2984i 2491 3 2981y 997j it

+ - + - -
[ 12. IO4 45-10* 6-10° 5.10" 3.10° 6-10° 2-10°
.2 .3 . .2 .2 . . .y 2
N s N A
1216  6-10° 10° 6-10° 100\40 4 24 2

( 1895 2i 2515 3 j o 1001
+ Tt 4+ rE 5+ 4+ 5
126-10'  15-10°  15.10' 2.10° 5-10*  6-10

2 22
IJ., I-j4+z[1+2_]+jj)v
610 6-10° 100 3 6

z (1 i 2)

+ ——— —

100812 3 4
-2

i{zzsv 3 1995 5 2 __ 599" ij
100

- + +
9.10° 10° 6.10* 12-10* 3-10° 12-10* 10°

s 2 .2
gy 1.5) JD 1 L. .
+ +zl ——+—= = (z-1;
EERTAE N [6 67 2)) 3w @Y

(5.3) = fi(z,i,j,uv), where z=2z,, u=z,—z, V=2, — 2,



NONLINEAR PARTIAL DIFFERENTIAL EQUATION (II) 25

and

R (,-_1)2]3
75 [102'**5-10+ 810 )"

C3G-4) 9 3G-1? 15G-Dj  f Jz
( 1210° 5100 5100 4300 8102 410"
. Y . . »)
[ PRGER VD VA (et R (el VR sz

o}

—+

3100 610‘ 3100 6.10° T 8.10°  8.10°

G VR T A G VY S i )
8- 0 2101 6-101 4.10° 24-102

695 |, 205(i-1) 241G-1> 5(-1' 561

+

+

14-10° ~ 3.10° 3-10° 210 6-10°
- P P 1\
z (2+7(1 D 7G-D D”z
100 2 3
[ 967 . 146(i—1) 743j 174(i—1)° 2443(Gi-1); 497
- 4 i ria 5 - YR 1
4210 4510  6-10 10 15-10 15-10

PRV Vi A G VS (V) LSG-DY G-
+
4107 72000 610° T 3100 ¢ 3.10°

+i[_§_+f—1+27j_2(:—1) LIG=1) 2 ]}”"
100010 8 = 8 3 2 3

{_ 275 __293G-1) 49  13G-1 491G-1)j

4210  18.10"  6.10° 3.10° 15-10°

497 LU= Iy’ L= D'y (-0 -1
+ ) 1 PR ot a
15-10 6 10 4.10 2-10 3.10

(-1 (23 i-1 11 . jZJJz
MTH T =1 Ni~L-
3.10° +100 g 7 T TUDI-

z [299 488(i—-1) 97(i-1* 4(i-1)°
+— +
100 6-10° * 15-10° 2100 3.10°

- (5 4(t -0 n
-1
2,10 \3 +i-D
Lz 145 _487(i— D988  1G-1 _39G-1)
100\ 18-10 15.10° 15-10°  12.10°  4-10°

_1991 (i-1° +8(i~1)zj +2(i~.1)1 (i~1°)
4-102 3.107 3-10° 3.10° 10?
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;132 02 - s ;2
+(l ])i] +z(_l+i+_3ﬂ.+-‘!m]]v ! 2...1 ..-T—]);
210 4 2 2 2)) 310

(G.4) = finifuy), where u=z,—z;, v=2x -y,

and
AG-D 2(-1°
(3 00" 5( 102)+ _5,-102) )”
1
1
1
1

L8G-D 13(-D (-1’ (z—l)(f—l))w

418 TA(-1) 982(-1' 4G-D' 2(-1'

+

(8 02 15-10° 2-10° 8-10 10
[ L16-) 1U-D G- 15G-Dy -1 (1—1))
+ 7 T T ' 7t 2 5| U
3.10 10° 15-10°  2-10 .10 4-10
[ 1 30-1 +j—1_3(i—1)(j—1)+3(j—1))v3
12100 5-10°  5-10° 4.10° 8-10°

21- 104 15-10* 15-10 3.10 3-10°

y (4+5(z 1)+5(i—1)2Du2
T 100\5 3 3

_( 691 +99(1’—1)+149(j—1)_104(1'—1)2 1979 ~1)(j -1

3510 | 10° 3. 10° 3.1 15-10°
_(f'—l) 133 - 1)° (J“l) (i -1 4(!'—1)3(]—1)

2.10° 6-10° 3 10 3.10*

. 2 . .

_L[*LqL?(z—l)+17(j—1)_4(1—1) +5(f—1)(1—1)Dw

100415 8 12 3 2
( 1401 448(Gi—1) 899(j—-1) (i-D° 3343G-D0-1
+ e T ra T 4

28.10°  9.10 12-10 210 5-10
+997U—1)2 (- ( ’'G-D @-=hy-1’ 2(1'—1)30 -1

2.10° 2- 104 410" 2.10° 3.10°
(i-D(

0G0, y{ 1 3-D j-I G-D
BN +100( 02 t g rA-NU-D ))

. AT ;133 ;1\ .
+_y_( 7493_ i 11+99(_: ) 2 12) _(z 1)2 wy(2‘+(z )D”
1008 3-10° 5-10°  2-10°  3-10°  2:10 3

+L( 301 33(-1, Jj- (1—1) 119G -1 -1
100\6-10*  5.10  5- 102 10? 12-10
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L20-1" 4G-D'U =D (=D'G-D

3-10° 3-10° 10°
+J,(_1+(,-_D+2<j—1)+3(f—1>(1—1)))v
4 3 2
L
—_ —1):
RIEAE
(5.5 = fily.i,j,uv), where u=z,—-y, v=2z5,—2z,,
and
P ars 2
. ( L S z)+3(: 12 J”3
5-]0 4.10
[ L, i-1 4G-D G-D* 9G-DU-D (;—1)) 2
6- ]02 5100 5-100  2-10° 8-10° 4-10°
{9(: =D, =l 3-00G=D 5G] ]wz
2.10°  15-10 4.10 8107
[ LI6-D G-D ]v
6-1 02 2. 103 3.10°
[417 49 -1) 241G-1° 36-D° -V
+ + -
T

5.10'  2.10°
___2’._(._1+§i+(l D”
1000 10 2
.(_ 133 59G-1) 49(-1) 19G-1)’
21100 9.100 0 2-10° 1 15-10°
PIG-DG-1 497G -1 G- 9i-1(-1)
_ 4 + 1 4+ 3
5.10 15-10 2-10° 4.10
_G=DG-D G=DG-D_G-DG-1
2-10° 10° 3.10°

+L[_l+ G-, -0, 36-DG-1) 20~ DZD”"
100\ 5 4

2-10°

8 2 3
( 559 -1 249(j-1) (i-1Y
+ 4 ra a4 5 Pl

14.10* 6-10'  3-10 10 5.10

V994G G-DG-D) =D’
15-10° 2.10" 10°

_AE-D0U-Y
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_2-D0-D » (9 2G-D 5G-D D
3-10° 100120 3 6

+ (Lﬂf’_ﬂu

10084 3 4 |

y ( 1051 20-0 2= (-1 199G -1
= 7t 2 7+ 2
100018-10°  15-10 3 1210 4.10

_2-DG-Y (=D -1Y y[3+6+u—1)]},

3-10° 2107 2
| S
- sy (y-1.
3y @D
(53.6) > [z, uv), where z=z,, U=z, —z,, V=2,—1,,
and
Jé=13. 100

A VI R (Ot VIR O )i
3 7+ 3 2 2 2 'y
24 10 310° T 6.10° 4100 8-10° © 12-10

1 _7_;‘_ Vy-H 7 3G-D 3(-D ]w
3-10° 10° 3-10°0  2-10° 8-10° = 8-10°

02 5 102 5-10° 4-10° 8107

1 it B P _ fl Duz
" 105-10° 3105 3.1 6-10° 3104 100&6 3

N 1399 899/ + 299(j-1) 983/ _1003i(j-1) | 997(j - 1)’

{5
(3 3 6(j—1)+3i(j—l)+5(1—1)},3
4

14-10° 9-10° 1210  3.10° 15-10* 6-10°
A g VI Cid R A O IR OV
10 12-10*  6-10°  3-10° 3-10 6-10°

- . P 2 i Y
+;[_H+}_}£_13(J D, 4 iG-D_(-D D”"

100\ 30 8 24 3 2 3

( 9229 4451 699(j-1) 9 328i(j~1)
+ T g T e TR
84-10°  9-10°  4.-10 10 5-10
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4993(; 1y POny-D G-y 200D
6-10°  2.10°  4-10° 2-10° 3.10°

SR __[g 3 9(;'—1)+2,.(j_1)+7(1—1)"-))1,2
6-10" 100810 2 4 6

N ( L9 99 2t 4 +-(—i+£+ﬂ))u
10033-10*° 15-10° 2-10* 3-10° 2-10° "\ 12 3
- . - .2 s
+;(@+ 33U 1997¢-1) 37 119~ 1)
1004225 5.10° 15-10° 4.10° 12-10
599(;—1)2 20 4G-D G- PG-D
12100 3-10° 3-10° 3.10° 10?

RATRD); _z(1+,.+j+3:'(1—1)4_(1—1)2}},
2-10 4 2 2

2z - 1) )

1
3-1¢°

We take the sum of £}, £, ... , f; With the above described substitutions for
%, 4, v, then we obtain a cubic polynomial fy). We take one of the real roots of the
cubic equation:
Jo) =
as z; = y,. For the Step {i, j}, the process taken in this section up to this place,

O(x,t) and ch ,#) will have the same values on the related 6 elements with the

t P
point P{i, j] e ]0

The values of Q( ] i,j=38,7, ..., 0, arecalculated in the following

0’10
order:

Step {9,9} — Step {9,8} —>--— Step {9,1} —
Step {8,9} — Step {8,8} —>--— Step {8,1} -

Step {1,9} — Step {1,8} ~».-—> Step {1,1}

29
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Q[L J—] are tabulated below:

10710
g ) 8 7 6 5

i 4 3 2 1 0

9 0.996326 0.989818 0980516 0.968488 0.953828
0.936658 0.917126 0.895408 0.871706 0.846250

g 0.994761 0.995911 1.02276 1.11625 131953
1.61412 1.89928 2.04518 -0.014844 -2.55916

7 0.9925897 1.00158 1.03051 1.01185 2 96671
-4.54746 -5.40032 -6.36985 -3.49049 3.80730

6 0.990883 1.01334 1.04924 1.01481 1.28511
9.95392 20.2110 28.7909 24.6980 -3.57460

5 0.988093 1.08341 1.06050 0,946635 1.15808
-9.05000 -42.3420 -85.3574 .90.8515 -68.3357

4 0.983832 1.06160 1.03801 0.779018 1.18560
6.88996 58.3011 197.794 378.008 267.978

3 0.975741 1.09129 0.918812 0.649263 1.39041
-4.93982 -60.0707 -319.694 -953.121 -1568.00

5 0.954088 1.10070 0.641869 0.931546 1.88231
3.90994 58.2717 412.286 1796.60 4822.75

{ 0.838400 0.944782 0.710186 1.57548 0.761220
-2.89701 -46.7383 -447.182 -2718,02 -11200.5

Using the list of the values Q(

1071 0) we obtained the profiles of Q[ 10)

j=0,1,2,..,9,asshowninFig 1 and the3 - dimensional perspectives of the
stable function z = O(x,f) as shown in Figs. 2 - 4, which will give us a hint how we
find a theoretical solutions of the partial differential equation (2.2) which must

have a singularity along x = 0.

Remark 3. If we start the above computation from Step {10,10}, we must use the
formulas (4 14) and (4. 15) Considering the errors, we used the approximate vatues
of 0 E E Wd Q| — 1% given by (2.13), since the point P[9,/] and P[;,9] are
located near the boundary of the square Q and we can compute them directly from

the boundary conditions by the method of calculus of finite differences.

Acknowledgments. The computations above by computers was programed and
implemented by the author’s son Shigeru Otsuki, Senior Researcher at Systems

Development Laboratory of Hitachi, Ltd..
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Fig.2 3-dimensional graph
of z=0(x1)

(first view)

Fig.3 3-dimensional graph
of z= 0,1

{second view)

Fig4 3-dimensional graph of z = Q(x,1)
(third view)
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