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Abstract. From a Minkowski-type metric on R':;. satisfying the Einstein con­
dition, we derive a nonlinear partial differential equation. In order to know 
the property of its solutions, we obtain an approximate solution with certain 
boundary conditions numerically by the finite element method, which will give 
us some clues to get theoretical solutions. 
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§ 0. Introduction. 

This work is a continuation of the previous paper [18] with the same title, 

in which we tried to get a numerical approximate solution of the nonlinear partial 

differential equations (5.16) and (5.17) in [18] under certain boundary conditions 

by the difference method, but failed due to the limitations of our personal computer. 

In the beginning, we give some preliminaries in this section which will be used in 

the studies of this subject. 

We consider a Minkowski-type pseudo-Riemannian metric on 

R" = R"-' x R with the canonical coordinates (x,, ... ,x,,_1,x,,): 

2 - 1 • 2 "'u-1 a /3 
(0.1) ds - Q drd, + r L.a,P"' h.µdu du - Pdx,,dx,, , 

where Q and P are positive functions on R" - {O}, r 2 = xi' + .. · + x,,_/ and let 

1 



2 T. OTSUKI 

da' = L,:~~"2hap(u)du"duP 

be the standard metric of the unit sphere S"-2
: r' = I in R"-1 in its local coordinates 

( u', ... , u"-1
) • Then, we consider the following confom1al change of ds2 

: 

1 . II 

(0.2) ds2 = - 2 ds' = L, g,dx;dx1 
X11 i,J=l 

on R; (x,, > 0) , where we set anew 
2 11-l x1 = r, x2 = u , · ·· , x11 _ 1 = u , x

11 
= x

11 

We consider the Einstein condition for the metric ds' : 

(0.3) 

where R, and R are the components of the Ricci tensor and the scalar curvature of 

(0.2) respectively. 

Theorem I of [18] says that in order that the metric (0.2) for n > 3 with 

Q = P satisfies the Einstein condition, it is necessary and sufficient that Q is a 

function of x = r Ix,, only and satisfies the ordinary differential equation of F(x) : 

(E) ( I+ x
2 
)F" _ 2x

2 
(F')' +( nx + n-4)F' + 2(n-3)(1- F) = 0 . 

F 2 F 3 F 2 x x 2 

The non-constant solutions F(x) of (E) with F(m)=I at m > 0 is given by 

(0.4) 
{ 

( )
2 } 

1 b + I m"-1 b + l m11
-

1 

F(x)=- ( ) +l+bx2 + ( ) +I+bx2 +4x 2 

2 x'•-3 x11-3 ' 

where b * -1 is constant, and we have 

(0.5) F'(m) = m{(n- l)b + n-3 + (1-m')((n- l)b+ n- 3) + 4} 
2 l+m' 

by (4.6) and (4.7) of[l8]. 

We consider the metric (0.2) for n > 3 which satisfies the Einstein condition 

(0.3) under the restrictions : 

oQ oP 
Qa = --= 0, Pa = --= 0, a = 2, 3, · • • , n - I . 

oxa oxa 
Theorem 3 of [18] says that for such metric it is necessary and sufficient that Q and 

P as functions of x1 and x,, satisfy the conditions : 
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(0.6) 

(0.7) Q (Qi _ !J)- I (Q,, _ ~) = O , 
x1 Q P x,,P Q P 

<l>(Q P) := Q P. + l Q + QJ; (9L B)- 3Q,,Q" - Q,,P,, 
' p II QP "" 2P Q P 2Q' P 2QP' 

(0.8) 
+ _!_((n _ 2)Q _ 2QP,)- _l_(n -IQ _ P,,) + 2(n- 3)(1- Q) = O 

• l p ]' Q " p .2 , .xi x11 _, X1 

Setting x, = e" and x,, = e', since x1 > 0 and x,, > 0, we can put by (0.6) 

(0.9) Q =exp(-~:), P =exp(~:) , 

where W = W(u,v) is a suitable function of u, v. Then, the equation (0. 7) can be 

written as 

(0.10) (ow )( o'w o'w) (ow )( o'w o'w) exp -+2v --+-- =exp -+2u --+-- . ov ouou ouov OU ovou ovov 

Using these relations, the equation (0.8) is reduced to 

e'"<l>(Q,P) = exp(- oW)[ o·'W _ 3 o'W 
OU 01101/0V ouov 

1 ( o'w)' 1 o'w o'w o'w] +- -- --- (n-2)--
2 ouov 2 ouou ouov ouou 

(0.1 I) 

( ow )[ o'w o'w 1 ( o'w)' -exp --+2(u-v) --- n--+- --ov iJuoviJv iJuiJv 2 ouov 

--------- +2(n-3)(1-Q)=0. I o'W o'W o'W] 
2 ouov ovov ovov 

Since we see from (0. I 0) that 

( ow) ( ow ) x' exp --- -exp --+2u-2v =Q--ou ov p 

depends only on x = x1 Ix,,, we can put 

(0.12) 
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Using x = x, Ix,, and I= x,, as independent variables, and using notations 

ow o'w W.i: =-, ~ 1 =--, etc., ox oxot 
tbe equation (0.11) can be written ((5.16) in [18]) a~ 

x 2t 2<l>(Q,P) = exp(-xlY,)[-x'W= + x'tW=, 

(0.13) 

- (n- 2)x'W= - 2xtW,, - (n-4)xM:. - 2(n- 3) 

+ .!_(x2W - xtW + xW )(2x'W - xtW + 2xW l] 2 x,.· )// :r ,:x :r/ :,; 

-x2 exp(xW -tW)[x'W -2x'tW +xt'FV X I ;a.-,; XX/ ~-(I 

+ (n + 2)x'M,;,. - (n - l)xtW,, - t'W,, + nxW, - tW, 

+½(x'W~ -xtW~ +xW,.)(2x'W= -3xtlf~, +1 21,V,, +2xW, +tl,V,)] 

+2(n-3)=0. 

§ 1. The fundamental partial differential equation. 

First we express (0.13) as a partial differential equation of Q. From 

Q = exp(-x W,) we obtain 

xW.,,. + W, = -Qx IQ, 

xW,, =-Q, IQ, 

xW,..,,. + 2W( = (Qx f Q)' - Qcr f Q, 

xW.,,., + W,, = Q,Q, IQ' -Q,, IQ, 

xW," = (Q, I Q)2 
- Q,, IQ . 

From (0.12) we have 

(1. 1) -x2 exp(xW, - tW,) = 91(x)- Q. 

Using tbese relations, regarding (0.13) we obtain 

exp(-xW,)[-x'W= +x2tW,." -(n-2)x'W.,,. -2xtW,, -(n-4)xW, 

-2(n-3)+½ (x'W.,,. -xtf,V,, +xw,)(2x2W.,,. -xtW,, + 2x1¥,)] 

=Q[-x'(-2w.,,.+( ~r-~) +x{-wu+ QQ~' - ~) 

- (n- 2)x2W.,,. - 2xtW,, - (n- 4)xW, - 2(n- 3) 

+ ½(- xgx + t~,)(- 2xg, +I~)] 
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=Q[-(n-4)x2W -3xtW.-(n-4)xW.-x'((Q·)' _QxxJ 
,\'.:\ .ti .t Q Q 

+ xt( Q,.Q, - Q,.,)- 2(n - 3) + - 1-(xQ - tQ )(2xQ - tQ )] 
Q' Q 2Q' X I X I 

= x'Q .. -xtQ., +(n-4)xQx + 3tQ, - ~~(xQx -tQ,)-2(n-3)Q 

-x' e>,.'P(xTT~ - tW,)[x'W," - 2x2trf~, + xt'W~11 

+(n+ 2)x'W~ - (n-1)xtW,, - t'W,, + nxW,. - tW, 

+½(x'W,, - xtW,, + xW,)(2x2W,, - 3xtW,, + t'W,, + 2xW, + 1w,)] 

= ((f)-Q{x'(-2wxx +( ~r- ~J-2x{-TT~1 + Q#, - ~) 

+12((Q,)' _ Q11 J+(n+2)x 2W -(n-I)xtW -t'W +nxW Q Q XX "1 II X 

- tW + .!.(-xQ, + tQ,)(-2x Q, + 3t Q, + t(tW + W)~] 
I 2 Q Q Q Q 11 ') 

= ((f)- Q)[nx'Wn· - (n- 3)xtW,., - t(tW,, + W,) + nxW, 

+x'(( %r-iJ-2x{ QQ~I -%) +/'((%)'-%] 
+ 2~, (xQx -tQ,)(2xQ, -3tQ, -tQ(tTT~, + TT~))] 

= ((f)- Q{- nxg, + (n- 3)t ~ - t(tW,, + W,) 

(xQX -tQ,)
2 

1 ( 'Q 2 Q 'Q) + Q2 Qxxx-xtxt+t(( 

+ 
2
~, (xQx -tQX2xQx -3tQ,)-

2
~(xQx - tQ,)(tW,, + w,)] 

= (m- Q)[-_l_(x'Q . - 2xtQ + t'Q, )- nxQ, + (n - 3)tQ, 
.,, Q·" ·" 'Q Q 

+ 
2

~ (xQx -tQ)(4xQx -StQ,)-{ I+ xQ2;tQ,)<av,; + W,)l 
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On the other hand, differentiating (1.1) with respect to t we obtain 

-x' exp(x1,i: - tH~)(xw,;, - tT,V,, - vv;) = -Q,, 

(1.2) tW +W= 2Q-rp Q, 
(( ( Q-rp Q' 

From the above arguments, the equation (0.13) can be written as 

x't'¢(Q, P) = (2 - ;)x'Q= -( 3-6 )xtQ" + ( 1- ;) t'Q" 

+ (2n-4- n; )xQ, -(n-6- (n- 3) ;}Q, 
+ 2~ (xQx - tQ,{ 4(;- 1)xQ, -( t -4}Q,) 
+ 2(n - 3)(1 - Q) + t(<p- Q)(l + xQx - tQ,) 2Q- rp Q, 

2Q Q-rp Q 

= (2- rp)x'Q. -(3- 2
((J)xtQ + (1 -rp)t'O Q ~ Q X( Q -tt 

+( 2n-4-; )xQx -(n-4-(n-2) ;}Q, 

- ~(xQx -tQ,{2(1- ~)x<2x-(1- 2J}Q,) 
+ 2(n - 3)(1- Q) = 0 . 

Theorem 1. In order that then-dimensional pseudo-Riemannian metric (0.2) with 

(0.1) satisfies the Einstein condition (0.3) for n > 3 under the restrictions 

oQ oP 
-=-=0 a=2 3 ... n-1 

_:=) ;=, ' ' ' ' ' uXa uXa 

it is necessary and sufficient that Q satisfies the partial differential equation 
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, o'o 0 20 o'Q 
(2Q-,p)x----=-(3Q-2,p)xt, : +(Q-q.,)12

-, 
ox' oxot or 

(1.3) 
oo oo 

+{(2n-4)Q- n,p}x-=- {(n-4)Q- (n- 2),p}t-= 
ox ot 

1 ( oQ oo) r oQ oQ} -- x-~--t--=. J2(Q-,p)x--(Q-2,p)t-
Q ox 01 L ox ot 

+2(n - 3)Q(l- Q) = 0, 

where q., = ,p(x), x = x, Ix,,, t = x,,, is an auxiliary function of x, satisfying (0.12); 

(1.4) 
x1 

P=--. 
Q-rp 

Remark 1. Ifwe consider the case; o WI ot = 0 in the above arguments, we have 

ow ow ow ow ow ow 
-=-X -=--x+-t=--
OU ox ' ov ox ot ou' 

hence we have P = Q by (0.9) and so 

x' 
Q-Q= rp, 

from which we obtain 

,p ~ ,p ~ n,p ~ 
!--=- 2--=I+- 2n-4--=n-4+-. 

QQ'' Q Q'' Q Q' 

Using these relations, the equation (1.3) in this case can be WJitten as 

Q '[(i x')o'Q 2x'(oQ)' (nx n-4)oQ 2(n-3)(1-Q)]-o X +- --- - + -+-- --+ - , 
Q 2 OX2 Q 3 OX, Q 2 

X OX X
2 

which says that Q satisfies (E) in § 0. 

§ 2. Certain boundary conditions. 

We consider the nonlinear partial differential equation (1,3) and its solution 

Q(x,t) on the square 

Q: O:,;x:,;J and Q:,;1:,;J. 

We wish to connect it with the solution Q ea 1 outside of Q in the right angle : 

0:,; x < oo and O:,; t < oo, which is given by b = 1 for the solution F(x) of (0.4) and 
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8 T. OTSUKI 

corresponds to the metric 

The integral free function ,p(x) in Theorem I corresponding to Q = P = I 

is 1- x' by (0.12). We set 

(2.1) n = 4 and q.,(x) = 1- x2 
• 

Then, the equation (1.3) becomes 

o'Q o'o o'Q 
(20- I+x2)x'--(3Q-2+2x')xt-=+(0-1+x2)t'-

- ox' oxot - ot' 

+4(Q- \+x2 )x 0Q +2(1-x2 )t oQ 
(2.2) ox ot 

_l(x oQ - 1 oQ1{2cQ-1 +x')x oQ -<Q-2 + 2x')1 oQ} 
Q ox 01) ox 01 

+2Q(I-Q)=O. 

Now, we set the boundary condition 

(2.3) Q = l along t = I and x = I 
for the above mentioned purpose. First, from the condition Q = I along t = I we 

have oQ/ ox= o'QI ox'= 0 and obtain from (2.2) 

(2.4) o'Q o'Q oQ (oQ)' -(1+2x2)x--+x'-+2(1-x2)-+(l-2x2
) - =0 

oxot 012 ot ot 
along t = 1. 

Second, from the condition Q = l alongx = I, we have oQ I ot = o'Q I ot' = 0 

and obtain from (2.2) 

(2.5) o'Q o'Q oQ (oQ)' _ 2---31--+4--2 - =0 along x - I. 
ox' oxot ox ox 

As a reference function to Q, we consider F given by (0.4) with n = 4, 

m = I as 

and so we have 
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F'(I) = l(b + !) . 
2 

Here, setting b + I= (!- t)' and substituting this into the right hand side of the 

above expression, we obtain 

Fex,t) :=.!.{1-x2 _.!.(1-x')(l-1)2 

2 X 

+ (1-x' -~(1-x')(l-t)'r +4x'} 
e2.6) 

and 

(2.7) 0 Fex,t) I = lei - t)' d oF(x,t) I = 0 
OX x•I 2 an Of l•I • 

Now, as a boundary condition for Q along x = I, we set the same as above 

for F(x,t); 
oQ(x,t) I = lei- i)' 

OX X•I 2 ' 
from which we have 

o'Q 
oxot = -3(!- t). 

Hence, we obtain by (2.5) 

0
2
Q 3 o'Q oQ (ao)' 

OX2 = 21 
oxot -

2 
ox + o: 

= _2.10- 1)- 3(1- 1)2 + 2.o- t)' 
2 4 

{9 e 3 3 9} = (1- t) 4 1- t) + 2e1- t) - 2 . 
Collecting these we set 

!Q
=I oQ=l(I-t)' 

' ox 2 ' 
(2.8) 2 { } along x = I. 0 

Q = o- t) 2.o- t)' + l(I- t)-2. 
ox' 4 2 2 ' 

Using (2.8), we obtain the Taylor approximation of Q(9/l 0,t) by 

( 9 ) 3 2 1- t{9 3 3 9} 0 - t ss!--(1-t) +- -(I-t) +-(!-!)--
~ IO' 20 200 4 2 2 (2.9) 

9 (1 ) 57 )' 9 )' =1-- -t --(1-t +-(1-t 
400 400 800 ' 

9 
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from which we obtain especially 

(2.10) Q(:
0
,:

0
) ""o.996326. 

Next, as a boundary condition for Q along t = I, we set 

oQ(x,1)
1 

= Cl- ·) 
"' r-1 a X ut -

where a is a constant to be determined afterward. Then, we have 

o'Q 
--=-a along t= I oxot , 

and substituting these into (2.4) we obtain 

ax(!+ 2x2
) + x' ~'l + 2a(l-x)(l-x') + a2(l-x2 )(1-2x2

) = 0 . 

Collecting these we set 

1 
O = l oQ = a(! - x) 
- ' 01 ' 

~

2

/~ =-;, {x(1+2x2)+(1-x)2 (2(l+x)+a(l-2x2
))} 

(2.11) 

along t = I, 

from which we have at x = 9110 

8 Q (1- 1) - !!___ 
ot 10' - JO' 

o'Q( 9 i) =-100a{9x262 + I (38. fil.cl)} 
812 10' 81 103 102 10 102 

a 
= -

81 
_ 1

0
, (23960- 62a) 

and so approximately 

Using (2.10), we put 

Q(-2._ _2__) "" 1 _ ~ _ a(23960- 62a). 
10'10 102 162-104 

1 
_ ~ _ a(23960- 62a) 

0
_
996326 

102 162-104 

i.e. 

3 la' -20080a + 3674 
x 

81 
0 

I 02 
' 
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from which we obtain a"' 0.148238 and 647.594. Since 

4 

27 
"' 0.i4815, 

putting 
4 

a=-
27 

we obtain an approximation of Q( x, to) by (2.11) as 

rfx!!_) _ 1 4(1-x) 
~ '10 ~ 27-10 

(2.12) + 
27

. :a'x' x {x(l + 2x')+ (1-x)'( 2(1 +x) + 
2
~(1-2x'))} 

. 4(1-x) 2(58-35x-58x2 +124x'-8x') 
= ]- +~---~~~--~ 

27 -10 272 -102 x' . 

By means of (2.9) and (2.12), we obtain the following approximate values of 

Q(-2...L) Q(_!__-2..) iJ-1 2 ... 9 
10'10 ' 10'10 ' ' - ' ' ' 

j o( 9 J) 
~ 10'10 

( i 9) 
Q w·io F( i 9) 

10' 10 

9 0.996326 9 0.996328 0.998338 
8 0.989818 8 0.994761 0.996286 
7 0.980516 7 0.992997 0.993714 
6 0.968488 6 0.990883 0.990417 

(2.13) 5 0.953828 5 0.988093 0.986040 
4 0.936658 4 0.983832 0.979885 
3 0.917126 3 0.975741 0.970320 
2 0.895408 2 0.954088 0.952399 
1 0.871706 I 0.838400 0.901196 
0 0.846250 

and compare them with the corresponding F values of (2.6). 

Remark 2. As a boundary condition for Q along t= 1, ifwe put a= 0, then (2.11) 

implies 

(2.14) Q = I oQ = o o'Q = o along t = I. ' ot ' 012 
' 

Regarding F(x,t), we have 
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2 
(!- x')(l- t) 2 

, 1-x -~-~--
oF(x,t) (l-t)l-x l+,======='x=·==c=== 

ot x ( ' (1-x')(l-1)'J' , 
1-x -~-~-- +4x 

X 

from which we obtain 

(2.15) oF(x,t)I =0 o
2
F(x,t)I =-l-x' __ 2_ 

ot /<I ' ot2 /al X I+ X2 . 

§ 3. The weak form of(2.2) on the square n. 

ln this section, we shall derive the weak fonn of (2.2) for the finite element 

approximation. 

First in place of (2.2) we consider the following expression: 

o'Q o'Q 
'l'(Q) := (20-l+x2)x2Q--(3Q-2+2x2)x1Q-

- ox' oxot 

· "'Q oQ oQ 
+(Q-1 +x')t'Q~+ 4(Q- l+x')xQ-+ 2(1-x2)1Q-

(3. l) 01 ox 01 

-(x 0 Q -t oQ){2(Q- I+ x')x oQ -(Q-2+ 2x2)1 oQ} 
ox ot ox ot 

+2Q2 (1-Q)=O. 

Taking any smooth test function W(x,t) on n, we have the equality: 

f:f:'I'(Q)W(x,t)dxdt = 0, 

which we shall change by the integration by parts, under the boundary conditions 

(2.8) and (2.11). Using the notation dO = dxdt, first we have 

f f0
(2Q- l +x

2
)x

2
Q~:9 WdO 

= J~[(2Q- l+x')x
2
Q~; W I::dt 

- J fo {(4x
2
Q+ x2(x

2 
- 1)) ~; + 4xQ' + (4x' - 2x)Q} ~; WdO 

JJ ( Q ') 2 oQ ow - 2 -l+x· x Q--dn 
Q ox OX 
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Second, we have 

Third, we have 

= 3 s; (1- t)' W(l, {)cit 

-f 1, {(4x'Q+x'(x' -1))(~;)
2 

+2xQ(2Q+2x2 
- 1) ~;}wc1n 

-f 1, {(2Q-l+x2)x'Q~;} ~= c/0. 

o'Q f f (3Q- 2 + 2x')xtQ-Wdn 
Jo i3xi3t 

= s;[(3Q-2+2x')xtQ~;wJ:::dt 

-fJ {(6xtQ+2x(x' - l)xt) 0Q +3tQ' +(6x' -2)tQ}oQ Wein 
Q ox i3t 

iJQ iJW -ff (3Q-2 + 2x')xtQ--dn 
Q ot ox 

=-JI {2(3Q- l+x')xt oQ oQ +(3Q+2(3x' -1))1Q 0 Q}wc1n 
Q ox ot i3t 

-Jf. {(3Q-2+2x')xtQ 0 {2_}oWdn. 
Q ot ox 

f fc,(Q- l +x')t'Q~'? Wdn 

= t[( Q-1 + x' )t'Q iJQ w]'"1 

dx 
ot ,,o 

-I 1, {(21'Q+(x' -1)1')(~;r +(21Q' +21(x' - 1)Q)~;}wc1n 

-ffn{(Q-l+x')t'Q~;}~~ dn 

= a J>'(l- x)W(x,l)dx 

- f fa {(2Q- l + x')t'( ~;r + 2Q(Q- l + x')t ~; }wc1n 

-f fa {(Q-l+x')t'Q~;} ~~ c/0. 
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By means of these expressions, we obtain 

J L '¥(Q)WdQ = a{x'(l- x)W(x,I)dx + 3]~(1- 1)2 W(I,t)dt 

{ 
80 t3Q}t3W 

+JI, (3Q-2+2x')xtQ
8
7-(2Q-l+x

2 )x
2 Q

8
x oxdQ 

-ff {(Q-I+x')t'Q
8

Q}t3W. dn+ffsWdQ=O, 
• n a1 ot • n 

3= -{(4x'Q +x'(x' - 1))( ~;)' +2xQ(2Q + 2x2 
- 1) ~;} 

where 

{ ( ) 80 80 ( ( , )) 801 
+ 23Q-l+x2 xt ~---=+ 3Q+23x·-I tQ ~-r 

ox ot of) 

-{ (2Q- l + x
2 )1 2

( ~;)' + 2Q(Q- l + x')t ~;} 

+ 4(Q- l + x')xQ ~; + 2(1-x')tQ ~; 

-(x t3Q -t oQ){2(Q- l + x')x oQ -(Q-2+ 2x')t oQ} 
ox ot ox ot 

+2Q2 (1-Q) 

= -3,.f x t3Q _ t t3Q)(2x t3Q _t t3Q) + ''i-x')(x t3Q -t t3Q)' 
.'"\ ox ot ox ot J\ ox ot 

Thus, we obtain 

-2Q(x
0 Q -t t3Q) +(Q+2x')tQ

0 Q +2Q'(l-Q). 
ox ot · ot 

Theorem 2. For any solution Q(x,t) of (2.2) satisfying the boundary conditions 

(2.8) and (2.11), the following equality holds for any smooth test function W(x,t): 

Ji {-3Q(x t3Q - / 3Q'i(2x t3Q - / 3QJ + 3(1- x')(x t3Q - /
1
Q)' 

" ox 8t) ox 81 ox 81 

-2Q(x
8

Q -t
8

Q) +(Q+2x')tQ
8

Q +2o'(l-Q)}WdQ 
ox 8t 81 -

+ Ji {xQ((3Q-2+2x2)1 iJQ _(2Q- I+x')x iJQJ}iJW dQ 
" 8t ox ox 

(3.2) 

-ff {1Q(Q-I+x')t',Q}8W dQ 
n 81 81 

= -a J>'(l - x')f,f/(x,l)dx-3]~(1 - t)'W(l,1)dt. 
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In order to approximately analyze the above relation (3.2), we suppose that 

an approximate solution Q (x,t) is known. Then we linearize (3.2) for the required 

function Q(x,t) in the fonn: 

-3Q 2x-=-t-= I +3 1-x x--t- -2Q f i [{ -( oO oO \ I ')( oQ oQ) -} 
" ox ot ) \ ox ot 

x (x oQ -t oQ) + (Q + 2x')tQ oQ + 2Q(l- Q)Q]Wa0. 
ox ot ot 

+ fL{xQ((3Q-2+2x')t ~7-(2Q-l+x
2
)x~;)} ~: dQ 

(3.3) 

-fi {1o(O-l+x2)1°Q}oW dQ 
Q - - ot ot 

= -af
1
x 2(1-x)W(x,l)dx-3f

1
(1-t)'W(l,t)dt. Jo Jo 

§ 4. Computations of(3.3) on Eu and Eu. 

Now, we divide the square D into 200 small right triangles Eu and Eu, 

i,j = 0, I, · · · , 9, with the vertices : 

Eu P[i,i], P[i+l,i], P[i+l,i+l] 

Eu P[i,i], P[i,j+l], P[i+l,i+l], 

where P[i,j] = (_i_,l_), and suppose that Q(x,t), Q(x,t) and W(x,t) in (3.3) are 
10 10 _ 

linear on each triangle Eu and Eu. We compute the integrals in (3.3) on Eu and 

Eu . Denoting 

and 

(4.1) 

we have 

(4.2) 

Q(P[i,j]) = Z;.1, Q(P[i,j]) = Y;.J, W(P[i,j]) = V;.J, 

!
LY;)z]=z,+1.1-Z;.i' A~)z]=z,.1+1 -z,.1, 

d;)y]= Y;+l,j - Y,,1,A~)y]= Y;.J+I -Y;,1, 

Li';J[v] = vi+I,j - viJ' Li~J[ v] = vi.J+i - V;J·, 

-!10d;)y i( X - /o) + lOA~+1)Y i(1 - /o) + Y;.J Eij 
Q(x,t) - ( . ) ( . ) on 

10d;_1+ 1[.vl x - / 0 + 10A;J.vl 1 - io + Y,.1 Elj 

and analogous formulas for Q (x,t) and W(x,t). 

15 
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We can prove easily the following fonnulas : 

(4.3) 

( 
. )"'( . )" 1 

x--
1 t-j__ dxdt= f IE, 10 JO 1om+H+2 (111+ n + 2)(n+ 1)' 

( i )"'( J )" 1 x-- t-- dxdt . 
JJ,, IO 10 10"'+"+2 (m+n+2)(m+l) 

Regarding the expressions in the integrand of (3.3), we obtain the following by 

( 4.1) and ( 4.2), using the notation X = x - _!_ and T = t _ J_. 
10 10 

(4.4) 

(4.5) 

-3Q(2x oQ -1 oQJ + 3(1-x')(x oQ -t oQJ-2Q 
ox ot ox ot 

= -3-10&'[z]X3 +3· 108[z]X'T 

-,2· 1o'(dTzl)2 +3i&'jz]-J8[z])x' 

-3(102 d'[z]&[z]-2i8[z])XT +3· 10'(8[z])' t1 

-(60i(d'[zJ)
2 

-30j&'[z]8[z]+10d'[z(6=..j-1+ ~~)- ~;8[z])x 

-(60i&'jz]8[z]-30J(&[z])'-1os[z{3z,.j-5+ ~;)Jr 

x
0

Q - /
3

Q = l0ii''[y]X-I0Li"[y]T+iii''[y]- JLi'[y], 

ox 01 

(Q +2x')tQ 

= 20.1[z]X'T +208[z]X'T' + 2jii''[z]X' 

+(10
2 (ii''[z])' +4i&'[z]+ 2j8[z]+ 2z,)X'T 

+ 2(102 &'[z]S[z]+ 2i8[zJ)XT' + lO'(Li'.lz])'T' 

C
4-6) + f

0
(1o'(d'[z])' +4i&'[z]+2z,.j)x' 

+ to(J · 10
2 
&'[z]&[z]+ JO' &'[z(z,,j + ;~,) + 2ij8[z]+ 2iz,,j)xr 
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+(i·IO(K[z]l
2 

+20S[z](z +!_,)Jr' • I •J jQ 

2( .,,,[ i( ;' ) 2ii )x + JuZ Z; 1-+-.2 +~,z .. 
· IO IO '·1 

+ 2j8'[z] zl+~, +z,. z, .+_I_, r+Lz,1 =,1+_1_, , 
( ( 

·
2

) ( 2·'))· · ( 2·'J 
,, 10 '1 '1 10 10 · · 10 

Q(Q-l)Q 

= IO'(&'[z])' &'[y]X' + 10' &'[z](&'[z]L','[y]+ 21','[z]&'[y])X'T 

+ 10-' 1','[z](2&'[z]i','[y] + 1','[z]&'[yJ)XT' + lo'( S'[z])' 8'[y]T1 

+ 1o'((&'[zJ)'y,_1 +d'[zX2z,_1 -!)d'fyJ)x' 

+ 1o'(d'[zX2z,_1 - 1)1','[y]+ 1','[zX2z,.J - 1)d'[y]+ 2d'[z]S[z}y,_1 )xr 
+ 102

( 1','[z l( 2z,,1 - 1)g[y l + ( 1','[z l)2 Y,,; )r 
+ 1qz,_iz,_1 -l)&'[y]+ &'[zX2z,_1 - l)y,)X 
+ 11\1' z .(z - l)S[y] + S[z](2z. - l)y .. )r + z . . (z- - l)y . , \ 1,./ 1,/ I,) I,) 1,) I,) I,) 

xQ(3Q -2 + 2x')t 

= 20Li''[z]X4 T + 20.ll"[z]X'T' + 2JLi''[z]X4 

+ (3 · I 02
( Li''[ z J)' + 6iLi''[z] + 2JLi''[z] + 2z,,j )x'T 

+ 6(!02 Li''[ z ]Li''[z] + i.ll"(z J)X'T' + 3 · 102
( Ll"[z J)' XT

3 

+ )_(3 · 102(Li'' [zJ)
2 

+ 6iLi'' [z] + 2z . . )x' 
10 '·1 

(4.8) + 10(3i(Li''[z])
2 

+6JLi''[z]Liv[z] 

,, ( 3i
2 J v ij 6i J X' +2Ll: [z] 3z,_1 + IO' -1 +6Li [z\0, + IO' z,,1 T 

+ 10( 6iLi''[z ].ll"[ z] + 3J( .ll"[zl}2 + 2Liv[z ( 3z,,1 + :~: - 1J )xr' 
+30i(Liv[zJ)

2
T3 + 1(3i(Li"[z])' +2Li''[z(3z,,1 + :~:-1J 
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+ 1~' Z;,J)x' +( 6ijLY'[;;]A''[z]+2iLY'[z{3z;,J + /~, - 1) 

( 
3 ·

2 

) ( 6 ·
2 

)) 
+2jg[z] 3z;. +_.:._

2 
-1 +z.

1
. 3z;, +_.:._, -1 XT 

., 10 ,, · 10 

+{3J(g[z])' +2K[z{3z;,;+ /~2 -1))r2 

+ (0 
( 2ill''[z(3z;.1 + :~, - 1) + =u(3=;.J + :~: - 2) )x 

+ / 0 ( 2JA''[z(3z;.; + /~, - 1) + z;./ 3z;.; + ;~: - 2 J )r 

xQ(2Q-l+x2 )x 

= 10LY'[z]X5 + 10K[z]X4T +(2-102
(~'[::])

2 
+4i~'[z]+z;,J )x' 

+(4 · 102 ~'[z]8[z]+4i8[z])X'T +2· 102(K[zJ)
2 
X 2T2 

+( 4· 10i(~'[z])' + lO~'[z( 4z;,J + ~~:- 1) + :~z;_1)x' 
+ ( 8-lOi~'[z]&[z]+ lO~'[z{ 4z;,1 + ~~:-1J)x

2r 

(4.9) +4· lOi(&[z])' XT' 

+(2•i'(~'[z])' +2i~'[z{4z;_1 +;~:-1J+z;/2z;,1 +i~:-~)x
2 

+( 4-i' ~'[z]&[z]+ 2i~'[z{ 4z;,J + ;~:-1) )xr + 2·i'( K[z])' T' 

., ( ., ) ·2 ( ·2 ) 
l V l l l 

+-Li:[zll4z
1
.+-

2
-l T+-z .. 2z

1
+-2 -l 

10 \. ,, 10 10 '·1 ,. 10 
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and 

tQ(Q-1 +x')t 

= IOLX'[=]X'T' + IOS'[z]X2 T1 + 2JLX'[z]X'T 

+(102
( LX'[ z J)' + 2;d'[z] + 2JS'[z] + z,.1 )x'r' 

·2 

+ 2(102 LX'[z].!l'[z] + iti.v[zJ)xr' + 102
( S'[zJ)' T' + ;

0 
LX'[z]X' 

+ {
0

(2-102(d'[zJ)
2 

+4id'[z]+ J&[z]+2z,.1 )x'r 

+ ( 4 • lOJLX'[z]L',.'[z] + 10LX'[zi(2z,.1 + /~, - 1) 

+4·10S'[z]jj_+l:!__z .)>.T' 10' JO' ,,., 

(4.10) 
+10(21(C[z])' +S'[z{2z,.1 + ;~, -1)Jr' 
+ ;~ (102(d'[z])' + 2id'[z] + z,.1 )x' 
+ 21(Jd'[z]S'[z]+ LX'[zi( 2z,.1 + /~, - 1) + 1t, S'[z]+ 

1
~, z,.1Jxr 

( ·2( •''[7l)' 2 · AVr 7J(?- !_ _ 1) 7 (7 !_ - r)J r' + j Ll ~ + jLlL~ -"I,}+ 10' - +-1,j ~1,j+ 102 

where 

( 4.11) {
LX'[z]= d;)z] L',.'[z]= L',.~+1)z] 

11 
Eu 

ti.''[z] = ti.';,1• 1[z] L',.'[z] = L',.~)z] 
0 

Eu 

Using the expressions (4.4)-(4.10), we obtain the integrand of(3.3) on Eu or Eu 
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which is expanded in tenns of X"'T". 

Then, using (4.3), we obtain the integrals on the left hand side of (3.3) on 

both E, and E, written as polynomials of ii''[z], L\.''[z], ··· , ll'[v], z;.f, Y;,;, V;,;, 

which we denote by (4.12) and (4.13) respectively. 

We compute the right hand side of (3.3) as follows: First, owing to piecewise 

linearity of W(x,t), we have the following expression on (
0 

$ t $ j 
1
~ 

1 
: 

, {( J)' ( 11( i) ( J)'} (1-1) W(l,t)= 1-10 -2 1-
10

) t- 10 +\1-
10

_ 

x { I 0Liv10_1( t - (
0
) + V10,1} 

= lOLi'; 0 l1- (0)' + {-20Li';0 /1- (
0
) +v10•1 }(1- (0)' 

+{loliv .(1-L)-2v ·}(1-1-)(1-1-)+(1-1-)\ . 
10

'1 10 10
•1 10 10 10 10

•
1 , 

from which we obtain 

f(j+l)/10 2 JOii;,; ] { v ( j) } 
(1-1) W(l,1)dt=--; +--, -20/\:101 1-- +v101 

j/lO 4-10 3,]0· · 10 ' 

+---''---c- ]011 J-- -2V +- ]-- V 1-J /10{ , (· J) } I ( J)' 
2· 102 IO,.i 10 IO,j IO 10 IO,j 

= -1
-[{]__ I_(IO-;·) + !_(10-;')'}v . 

103 4 3 2 IOJ+l 

{ l l ( l . '} ] + 12 -3 10-})+2(10- ;) vtoj 

and hence 

(4.14) 
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i i + I 
Next, we have on - s x s -

10 10 

x
2
(1-x)W(x,1) = x2(1-x){ (-1 Ox+ i + l)v;,,o + (I Ox- i)v;+i,w} 

= { !Ox' -(11 + i)x' + (i + l)x' }v;,w +{-!Ox'+ (10+ i)x' -ix'h.,.w , 

JU+l)/10 { 4 } 
;/JO !Ox - (11 + i)x' + (i + l)x' dx 

= -
1
-, (1 + Si+ I Oi' + 1 Oi' + 5i4 

)- I I + ; (1 + 4i + 6i' + 4i') 
5·10 4·10 

+__!__:l:_!_(1+3i+3i2)=~+ 37i +__'}_f_ __ i'_ 
3·104 6·105 12·104 2-104 2·10" 

J(i+l)/l(l{ 4 } 
mo -!Ox + (IO+i)x' -ix2 dx 

= --
1
-, (1 +Si+ !Oi' + !Oi' +Si')+ IO+'. (1 + 4i + 6i2 + 4i') 

5·10 4·10 

__ ,_· -(1+3i+3i')= 23 + 7li +~--;_' -
3·104 IO' 12·104 5•10' 2·10'' 

from which we obtain 

J(i+l)/10 2 ( 47 37/ 9i' i3 
) 

x (1-x)W(x l)dx= --+-~+----- v 
i/lO , 6·105 12-104 2·104 2·104 ;,JO 

( 
23 7li 2i2 

;' ) + -+-----c+----- V 
105 12·104 5·103 2·104 ;+J,IO 

and hence 

f
1
x 2(!-x)W(xl)dx=~v + ~, {~+ 37; 

Jo ' . 6 · 10' 0
•
10 L,;., 6 · 105 12 · l 04 

+ 
9i2 ;3 23 7l(i -1) 2(i -1)2 

-----+-+~~~+~---c:~ 
2·10' 2·10' 105 12·10' 5·103 

(i- !)'} 
2 • ]04 V;.lO 

1.e. 

I>'o- x)W(x,l)dx 
(4.15) 

=~v +-
1
-~' (~-.!__+!Oi'-i')v +~v 6' 105 O,lO 104 L,;,J 3 2 ;,lO 2 '105 IO,IO. 
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§ 5. Principle of computation of the approximate solution Q(x,t) of (3.3) 

such that Q(x,t) = Q(x,t). 

For a fixed pair (i,j), i,j= I, 2, ··· , 9, we consider the elements Ey(= E1), 

Ey(= E;), EJ-1,;, £;_1_1_1, EJ-1,;-i, E;,i-1 having a vertex at the pointP[i,j], only 

for which the expressions ( 4.12) and ( 4.13) depend on V1,; as a free variable. 

Since we have 

we have 

od'[v]I ov1_1 = -1, 

od'[v]I OV;,; = 0, 

od'[v]/ ovl,j = I, 

od'[v]I ov1.J = I, 
od'[v]/ ovl,j = 0, 

od'[v]I ovl,j = -1, 

and for simplicity we set 

o~'[v]/ ov . = 0 
'•l 

oK[v]I ovl,j = -1 

oK[v]/ ovl,J = -1 

o~"[v]I OV;,J = 0 

O~''[v]/ OVl,j = 1 

oK[v]I ovl,J = 1 

for Eij; 

for Eij; 

for Ei-1.j; 

for ~-1,j-1; 

for Ei-1.j-l; 

for ~.j-1 

and use similar notations for J\1 . Using ( 4.12) and ( 4.13), we denote the partial 

derivatives of the integrals of(3.3) on Eij, Eij, EJ-1,J, E,_ 1_1_1, E1_1_1_1 and E,.;_ 1 

with respect to v1_
1 

by (5.1), (5.2), (5.3), (5.4), (5.5) and (5.6) respectively. 

Ifwe assume that all z11 = Q(_i_,.l_) are known, and put the sum of (5.1)-
. 10 10 

(5.6) being equal to zero, then we obtain the nodal linear equation of Yo = Yi,J, 

Yi = Y;+1J, Y2 = Y;+1.J+1, Y3 = .ViJ+J, Ys = Yi-1,J, Y6 = .Vi-iJ-I, Y1 = YiJ-I · We asse1nble 

the nodal equations for i, j = I, 2, • • • , 9 and we applied the boundary condition 

(2.8) and (2.11) with a=4/27. We solve the resulting system oflinear equations for 

Yap, a,/3 = 1, 2, ... , 8, to obtain Q(x,t) as an improved solution of Q(x,t). If 

we take F(x,t) = G,(x,t) for example as a starting (pedestal) function and repeat 

the above mentioned process we obtain a series of functions Q,,,(x,t), m = 1, 2, ·· ·, 

which will be expected to converge to an approximate function Q(x,t), depending 

on the prescribed boundary conditions and on the mesh of elements E1.J and E,_1 . 
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We shall compute directly a stable solution Q(x,t) in the following way. In 

the arguments in the beginning of this section, for the fixed pair (i,j), we suppose at 

the Step { i,J) that 

(5.7) Zo = Yo, z, =Yi,=,= Y,, =, = Y,, z, = Ys, z, = Y, 

and consider the condition for z 6 = zH,j-I such that the remaining variable y = Y, 

coincide with z6 , which will become a cubic equation. Using the condition (5. 7), 

the expressions (5.1) - (5.6) can be rewritten respectively as follows: 

(5.1) ➔ J;(z,i,j,u,v), where z=z0 , u=z1 -z0 , v=::2 -z1, 

and 

J;:=C5.\02 + 5-~o,)u' +(2.~o' + 4'.~~' -1~' + 4i:o,Ju'v 
( 

l i 19 J i
2 

3ij / J 2 

+ -5,102 + 6·103 - 4-103 + 6·102 -8,102 - 4·102 UV 

- ---+--+ __ J_ + _lJ_ + _.I_ v' 
( 

19 3i 17 . ( ·2 J 
12-10' 2-10' 6-103 4-102 8-102 

( 
69 

+ 14-104 

( 
21] 

+ 42-104 
497i 83} 97i2 103ij i' i2j 
--+--------+--+--
15-104 5-104 6-104 3-105 2-104 6-104 

23 
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(5.2) ➔ f,(:::,i,j,u,v), where z=z0 , u=z, -z,, v=z3 -z0 , 

and 

(5.3) ➔ f,(z,i,j,u,v), where z=z5 , u=z0 -z5 , v=z3 -z0 , 
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. ( I i-1 (i-1)') 3 
/,.=- 102 + 5-10 + 8·10 u 

( 
I 3(i - I) 9 j 3(i -1)' 15(i - l)j J' ) 2 + --cc;- ~--,,-- + --- -:--.,-+ ~___.,~ + -- U V 

12-102 5-102 5-102 4-102 8-102 4-102 

( 
I 17(i - I) 3 lj (i -1) 2 9(i - l)j J' )uv' + --+--.-+-- -~:;-+ ~~~ 

3-102 6-103 3-103 6-102 8-102 8-102 

( 
1 3(i -1) 13) (i- l)j J' ) 3 + --+---,,--+ --+--:-,--:-, ~~ V 

8-10' 2-103 6-10' 4-102 24,102 

( 
695 295(i - 1) 24 l(i - 1) 2 5(i - 1)3 5(i- 1)4 

+ -----,-+ ----c- + --..,---
14 -104 3-104 3-104 2-104 6-104 

= (2 7(i -1) 7(i- l)')) 2 -- +--+--:-- u 
100 2 3 

+(- 967 146(i- l) 743) + l 74(i -1)' 2443(i - l)j 
42-104 45-103 6-104 IO' 15-104 

l 7(i - 1)
2 
j (i - I)/ (i - 1)4 + 5(i -1)3 j + (i - 1)2 J' 

+ 4 · I 04 + 2 · I 04 6 · I 04 3 · I 03 3 · I 04 

z ( 3 i - I 27 J 2(i -1)
2 

7(i - l)J 2/)) +- -+-+- ---+~~~+- UV 
I 00 IO 8 8 3 2 3 

+( 275 293(i -1) 49 j + l3(i - !)' 49l(i - l)j 
42-104 18-104 6-104 3-105 15-104 

497/ (i-1)' 3(i-1)2 j (i-1)/ (i-l) 3J 
+ 15-104 + 6-104 + 4•104 2·104 + 3-104 

u-1J'i' z (23 i-1 111 c· I). l)), ~--'--;~+- -+-+-+ /- J-- V 
3-104 100 60 2 12 6 

z ( 299 488(i -1) 97(i -1)2 4(i - 1)3 

+- --+---,---+-----,-
100 6-102 15-102 2-102 3-102 

(i-1)
4 

(5 4(i- l) (' !)')) -~--':;- Z -+--+ l- U 
2-102 4 3 

z ( 145 487(i -1) 988) I l(i- 1)2 39(i - l)j +- ---c;- -~-,;-'- ----'--,;-+~-~ 
100 18-102 15-102 15-102 12·102 4-102 

199 J' (i - 1)3 8(i -1)' J 2(i -1)/ (i - 1)3 j 
---+---cc- +--cc--+~~'-=-+~-~ 

4-102 3-102 3-102 3·102 IO' 

497/ 
15-104 
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(5.4) ➔ f,(y,i,j,u,v), where u=z0 -z5 , v=z,-y, 

and 

( 
1 4(i -1) 2(i - !)') 3 

/.:=- 3·102 + 5-102 + 3-102 u· 

( 
1 8(i - 1) 13(.i - 1) (i - 1)2 (i - l)(j - 1)) 2 - --+ --'----'- + . U V 

8-102 15-102 2-103 8-10 102 

( 
I ll(i-1) ll(j-1) (i-1) 2 15(i-l)(j-l) (j-1)'), + --+~~+~~~ ~~-+ ~~ uv-

3-102 103 15-102 2-102 8-102 4-102 

( 
I 3(i -1) j - I 3(i - l)(j - !) 3() -1)') 3 - -- +--- + V 

12-102 5-102 5-102 4-102 8·102 

( 
418 742(i -1) 982(i- 1)2 

+--+ + 
21-104 15-104 15·104 

4(i - 1) 3 2(i -1)4 

3-104 3-104 

y (4 5(i- l) 5(i -1)')) , -- -+~~+ u 
100 5 3 3 

( 
691 99(i- !) 149()-1) !04(i- 1)2 1979(1- l)(J -1) ---+-~~+-~~ + 

35-104 104 3-104 3-104 15-104 

(i-1) 3 13(i-1)2(j- l) (i-1)4 4(i-1)3(j- l) 
-~~~~+ ~--'-

2-104 6-104 3-104 3·104 

y ( 1 7(i- l) 17()-1) 4(i-1)2 5(i- l)(j- l))) -- -+ + + UV 
100 15 8 12 3 2 

( 
1401 448(i -1) 899() -1) (i - 1) 2 334(i- l)(j -1) 

+-- + + 
28-104 9-104 12-104 2-104 5-104 

997()-1)2 (i -1)3 (i-1)2 ()-1) (i-l)(j-1)2 2(i-l)3(j- l) +--=-..,--',-+--+ +--'-----'-~--'-
2·105 2·104 4-104 2-104 3-104 

(i-I)'U-I)' y ( 1 3(i-l) J-1 2(. I)U l) U-1)')) 2 
-~~~~ +- --+--+-+ /- - ~~ V 

2-104 100 10 2 4 2 

+L( 749 _ _i_:_!_ + 99(i -1)
2 

2(i -1)' (i -1)
4 y(2i + (i - l)'))u 

JOO 3-103 5·102 2-102 3-102 2-102 3 

y ( 301 33(i-l) j-1 (i-1)2 119(i-l)(j-l) 
+ 100 6-102 5-10 + 5-102 + 102 12·10 
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2(i-1)' 4(i-1) 2(j- I) (i- l)'(j-1) 
+ 3-102 + 3-102 + 102 

( 
I c· l) 2()-1) 3(i-l)(j-1))) +y --+ /- +~~+~~~~ V 
4 3 2 

I 2 ---v (1>-l)· 
3-102

• 
7 

' 

(5.5) ➔ .fs(y,i,j,u,v), where u=z,-y, v=.z0 -z1 , 

and 

( 
2 6(i-1) 3(i-l)'), 

.fs: = - 3 . 102 + 5 . 102 + 4 . 102 u-

( 
I i - I 4() -1) (i -1) 2 9(i - l)(j -1) (i - 1)') 2 - --+ ~~+--'--~ ~~-=-~+. UV 

6-102 5-102 5-102 2-102 8-102 4-102 

(
9(i-l) j-I 3(i-l)(j-l) 5()-1)2

) 2 + -~+~~+--~- ~~- UV 
2 ·IO' I 5 -102 4 · 102 8 · 102 

-(-!-+ 7() - !) + (i - l)')v' 
6-102 2-103 3-102 

( 
417 49(i- 1) 24l(i-1)2 3(i-1)3 (i- 1)4 

+ -~+ --'~-'- + ---'--c-'---
14 -104 104 5-104 2-104 2-104 

y(3 3i. '))' -- --+-+(1-l) u 
100 10 2 

, ( 133 59(i - 1) 49() - !) l 9(i - 1)2 

T --- ~-- -~-+~-~ 
21-104 9-103 2-104 15-104 

49 l(i - l)(j - 1) 497() - 1)2 (i - 1)3 9(i -1)2 (j -1) ---'--~~~+ -~~-+ --'--~+ ~~~~ 
5-104 15-104 2-104 4-104 

(i- l)(j-1)2 (i-1)3()-1) (i- 1)2()-1) 2 

~~~~+~~~~ 

2-104 IO' 3-10' 

y ( 1 3(i - !) 7() - !) 3(i - l)(j - !) 2() -1)')) +- --+~~+~~+~~~~ ~~- UV 
100 5 4 8 2 3 

( 
559 i - I 249() -1) 

+ -~ --+--=-~ 
14-104 6-104 3-104 

(i - 1)2 4(i - l)(j - 1) 

105 5-104 

994()- 1)2 (i -1)2
() -1) 

+--~-
15-104 2-104 

(i - l)(j - 1)2 

104 
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and 

2(i-l)'(j-1)2 

3-104 

T. OTSUKI 

y ( 9 2() - I) 5() - 1 )
2 
)) 2 - -+ -"'---'-+ --"'--'-- V 

100 20 3 6 

+ l;O(¾- i; I -3:)u 
y ( 1051 2(i-l) 2()-1) (i-1)2 199()-1)2 

+- + + +-'---'-cc+ 
100 18 -102 15 · 102 3 12 · 1 O' 4 -102 

2(i-1)(j-1)
2 

(i-1)
2
()-1)

2 (_l_+l+ (j- l)'))v 
3-102 2-102 y 3 6 2 

1 ' ) ---, V-(y-1; 
3-10··. 

(5.6) ➔ f,,(z,i,j,u,v), where z=z7 , u=z1 -z0 , v=z0 -z1 , 

i2 3 

f,:= 12-102 u 

( 
1 7i 7() -1) i2 i(j -1) (j -1)') 2 - -- --+ ~--'-+------"'----"--+-"'---~ UV 

24-102 3-103 6-103 4-102 8-102 12-102 

( 
1 7i 19() -1) i2 3i(j -1) 3() -1)') 2 - ----+ ~~~+~-~ UV 

3-102 JO' 3-103 2-102 8·102 8-102 

( 
3 3i 6() -1) 3i(j- l) 5()-1)') 3 - --+ --+ + ----"'----'- + ~-~ V 

4-102 5-102 5-102 4-102 8-102 

( 
I i i

2 
i

3 
i

4 
z ( i i')) 2 

+ I 05. I 04 + 3. I 05 + 3 · 102 - 6-104 - 3. 104 + 100 6-3 u 

+( 1399 _ 899i + 299() - 1) _ 983i2 
_ 1003i(j -1) + 997() - 1)2 

14-105 9-104 12-104 3-105 15-104 6-105 

i3 i2 (j- l) i(j-1) 2 i4 2i3(j- l) i'(j-1) 2 

+-+ +--+----'"'---~ 
104 12-104 6-104 3-104 3·10' 6-10' 

z ( 11 lli 13() - 1) 4i2 i(j -1) (j -1)')) +- --+- +-+~--'- -"'----'- UV 
100 30 8 24 3 2 3 

( 
9229 445i 699() -1) 9i2 328i(j -1) 

+ +--+ --+-~--'-
84-104 9-104 4-104 105 5-104 
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4993(} -1)2 i3 7i2(j- l) i(j-1)2 2i3 (.i-1) 
+--~-

6-105 2-104 4-104 2-104 3-104 

5i
2 
(j - 1)

2 
z (.!2 + 3i + 9(.i - 1) + 2i( . _ l) + 7(} - l)'))v' 

6. 1 o' 1 oo 1 o 2 4 1 6 

z ( 1 997i 99i
2 

2i' i' ( I 2i ·')) 
+ 100 3-103 -15-102 2-102 + 3-102 + 2-102 +z -12 +3+ 1 

u 

z (281 331i 1997(}-1) 3i2 119i(j- l) +- -+--+-~~~ --+-~-~ 
100 225 5-102 15-102 4-102 12-10 

599(}- 1)2 2i3 4i'(j- l) i(j-1) 2 i 3(j-l) +--~- ----~~ 
12-102 3-102 3-102 3-102 102 

J z-+l+J+ J + 1 V i' ( . - 1)2 
( 1 . . 3i( · -1) ( · - l)')) 

2- 102 4 2 2 

1 2 

- 3 · l O' z (z - 1) . 
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We take the sum off,, f,, ... , le, with the above described substitutions for 

z, u, v, then we obtain a cubic polynomial fly). We take one of the real roots of the 

cubic equation: 

fly) = 0 

as z6 = y6 . For the Step {i,j}, the process taken in this section up to this place, 

Q(x,t) and Qtx,_t) will have the same values on the related 6 elements with the 

point P[i,j] = -1 ,L). 
10 10 

order: 

The values of g(..!_,j_), i,j = 8, 7, ... , 0, are calculated in the following 
10 10 

Step {9,9} ➔ Step {9, 8} ➔···➔ Step {9, I} ➔ 

Step {8, 9} ➔ Step {8, 8} ➔···➔ Step {8, 1} ➔ 

........................ 

Step { 1, 9} ➔ Step {l, 8} ➔···➔ Step {l, l} 



30 T. OTSUKI 

Calculated values z,._1 = Q( /
0

, :
0
) are tabulated below: 

.t.,i ,j 
.i 9 8 7 6 

i 4 3 2 1 

9 ·····-· 0.99tl_?_g6 0.989818 0.980516 0.968488 

0.936658 0.917126 0.895408 0.871706 

8 0.9941.Ql 0.995911 1.02276 1.11625 

1.61412 1.89928 2.04518 -0.014844 

7 ....... 0.9.92997 ····- ·········l.00158 1.0301;!} ..•..... ......... 1.01185 

-4.54746 -5.40032 -6.36985 -3.49049 

6 ......... 0.990883 1.013.34 1.04924 1.01J81 

9.95392 20.2110 23. 7909 24.6980 

5 ··- ... 0.988093 1.03.341 1.06050 ······-- ....... 0.946635 

-9.05000 -42.3420 -85.3574 -90.8515 

4 0.9838.32 1.061.QO 1.03801 0.779018 

6.88996 58.3011 197.794 373.008 

' 0.975741 1.09129 0.918812 0.649263 

" -4.93982 -60.0707 -319.694 -953.121 

2 --··· o .. 954088 .... ····-· ).10070 0.64.1869 ............ 0.931.546 

3.90994 58.2717 412.286 1796.60 

I ........ 0.838400 0.944782 0.710186 1.57548 

-2.89701 -46.7383 -447.132 -2718.02 

5 

0 

....... ········0.9.53828 
0.846250 

1.31953 

-2.55916 

-2.26671 .......... 

3.80730 

1.235.1.1 .... 

-3.57460 

1.15808 .... 

-68.3357 

1.13560 .... 

267.978 

1.39041 

-1568.00 

1.8823.1 .... 

4822.75 

0,.761220 

-11200.5 

Using the list of the values QC;o, :
0
), we obtained the profiles of Q( x, (

0
), 

j = 0, 1, 2, ... , 9, as shown in Fig. 1 and the 3 - dimensional perspectives of the 

stable function z = Q(x,t) as shown in Figs. 2 - 4, which will give us a hint how we 

find a theoretical solutions of the partial differential equation (2.2) which must 

have a singularity along x = 0. 

Remark 3. If we start the above computation from Step { 10, 10}, we must use the 

fonnulas ( 4.14) and ( 4.15). Considering the errors, we used the approximate values 

of Q(J...,j_) and Q(_!_,J...) given by (2.13), since the pointP[9j] and P[i,9] are 
10 10 JO 10 

located near the boundary of the square n and we can compute them directly from 

the boundary conditions by the method of calculus of finite differences. 

Acknowledgments. The computations above by computers was programed and 

implemented by the author's son Shigeru Otsuki, Senior Researcher at Systems 

Development Laboratory of Hitachi, Ltd .. 
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Fig.3 3-dimensional graph 
of z = Q(x,t) 

(second view) 

Fig.2 3-dimensiona\ graph 
of z = Q(x,t) 

(first view) 

i j x=-,1=-JO 10 

~~,-3 

5 

\ 
0 z 

t 
-5 

Fig.4 3-diniensiona\ graph of z = Q(x,t) (third view) 
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