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Some expressions of double and triple sine functions
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Abstract. We show some expressions of double and triple sine functions.
Then we apply the results to special values of Dirichlet L-functions and ¢(3).
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8§1. Introduction

The double sine function S(z) and the triple sine function S3(z) (see [2]) are
defined as

SQ(.T) = P2($)71F2(2 — IL’)

and
Ss(x) :=T(z) "33 —2)~"

respectively, where

L) 1= exp(G0.0)) = exp( Lol | )

and

L) 1= exp(G0.0)) = exp (Lol | )

are the double gamma function and the triple gamma function. We notice
that the double Hurwitz zeta function and the triple Hurwitz zeta function
are constructed by

Ca(s, ) = Z (x +n1+ng)”°

ni,nz2>0
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and
G(s,2) = Y (z+ni+ng+ng) "

ni,nz,n3>0

We recall the classical objects:
Sy(z) :=T1(z)"'0(1—2)7 L,

Iy (z) = exp(¢} (0, 2)) = exp(3<1<s,x>

)

s
and .
Gils,2) = (s,2) = Y (n+2) ™",
n=0
Then we have 5
T
S0 = Fora—a)
where we used
Iy(r) = L&)

V2r

which was obtained by Lerch [10]. First we describe the double gamma func-
tion I's(x) and the double sine function Sa(x) using the logarithm of the usual
gamma function I'(x) as follows:

Theorem 1.1. We have

T 1—x 1'2 —r T
Ty(z) = P(\/)QTr exp(2 +¢'(-1) +/0 log I'(t) dt),

So(z) = <m>m exp ( /x T loeT() dt>.

We notice that this result is considered to be an analogue of Raabe’s formula

z+1 1
/ logT'(t)dt = zlogx — x + 3 log(2m)
x

proved in [12] (1844). We refer to [6, 7, 9] for another kind of generalization
of Raabe’s formula using the generalized gamma function

s:l—r>

suggested by Milnor [11] and the generalized sine function

() = exp(iqs,x)

S, (z) :=Tp(z) Ty (1 — )"
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introduced in [7]. Here we remark that this result is considered as a kind of
“Raabe’s formula” from the view point of the generalized gamma function and
the generalized sine function (see [6, 7, 9] for details). From Theorem 1.1 we
get expressions for special values of some Dirichlet L-functions:

Theorem 1.2. We obtain

83w . sdmy 437 [3
L) = 2 g (57) = T [T losT @) at
3

7
L(2,x-4) = 37 log<%> - 27r/14 log T'(t) dt,
1

where x_3 and x—_4 are non-trivial Dirichlet characters of modulo 3 and 4
respectively.

Remark 1.1. We can rewrite Theorem 1.2 as

D2 =0 (e e D) 2 e (2),

L@xa) =2 (¢(-1, ) = (-1, ) + o (3).

Next we consider the triple gamma function I's(x) and the triple sine func-
tion S3(x).

Theorem 1.3. We have

(@=1)(z=2)
r 57 17 3
[3(z) = (m)— exp (_m + - — —x+ (1) +

/ / log'(u dudt+

esin(mx
Sa(z) = 2 <7T(£E1 xQ)

3— :1:
xexp< / / /logF )dudt—i—

-1 - ¢(-2)

3—z
/ logI'(t) dt

From this we get the following result:

Theorem 1.4. We obtain

8m2, 7
C(3)—7(—Zlog2—flogw+4+6c +4/ /1ogr dudt)
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Remark 1.2. We show also that

5t 3, 9 3,
/0 /OlogF(u)dudt:/o C(—l,t)dtJrElog(Q?T)—iC (=1).

So we can rewrite Theorem 1.4 as

-
()= [ na

§2. Proofs of results

Lemma 2.1.

2 1+ log(27)

{(-1,z) = /093 logD'(¢) dt + — —

5 5 z+¢(-1).

Proof of Lemma 2.1. Let

n—oo

1 1
v = lim (1+2+---+ —logn> = 0.5772156649. ..
n

be the Euler constant, then by the infinite product expression for the gamma
function

—logT'(z) = logz + vz + Z(log(l + %) - %)
n=1

Hence we have

j;<— /OI log T(t) dt> = —i(nﬂ)”.

n=0
Also , -
%4(3, z)=—s(s+1)(s+2) g(n + )3

converges absolutely for $(s) > —2. Therefore

o ([ 03
85<6:p3€(57$)>

o0

= Z(n + )72

s=—1 p=0

So we can write

C’(—l,x)—/ log T'(t) dt = az?® 4 bx + c,
0
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where a, b, ¢ are some constant numbers. Here under the change of the
variable, it is easy to verify that

T z+1
/ log T(t + 1) dt — / log T(£) dt
0 1

z+1 1
= / log'(t) dt — / log I'(t) dt.
0 0

Using log'(t + 1) — log T'(t) = log t, we get

T z+1 1
/ logI'(t) dt — / logI'(t)dt = —xzlogz + x — / log I'(t) dt.
0 0 0
Moreover, from ((s,x + 1) — {(s,xz) = —z~° we have
((-1,z+1) - (-1,2) = zlog .

Thus we obtain

z+1 T
((-Lz+1)—(-1,2) —/ log I'(t) dt—i—/ logI'(t) dt = 2ax + a + b,
0 0

1
:v—/ logI'(t) dt = 2ax + a + b.
0

To decide b we recall Euler’s integral (see [1, 5, 8]):

us

2 ™
/ log(sin ) dp = —Elog 2.
0

Note that . L
/ logT'(t) dt = / logT'(1 — t) dt.
0 0
Denote the integral of the left-hand side by I. Then we know

of = /1 log(T()T(1 — t)) dt
0

! T
:/0 1Og(sin(mf)) dt
1
:logﬂ'—/o log(sin(7t)) dt.

Also we can calculate

1
/ log(sin(7t)) dt =
0

™

log(sin ¢) de

3| -

™

’ log(sin ¢) de.

RN

S— S—
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Therefore from Fuler’s integral we find that

1
1
/ logT'(t) dt = 3 log(2m)
0

and ) .
Putting x = 1 we note
c=/_'(-1),

where we used ¢’(—1,1) = ('(—1). Then we obtain the result.
Now we show Theorems.
Proof of Theorem 1.1. We put

o [(z)!—® 2 —x , L
f(z):= NeTS exp( 5 +C(—1)+/0 10gF(t)dt>.

Hence we have

2

log f(z) = (1 —x)logT'(z) — %10g(27r) + Ty ¢'(-1) + /Or log I'(t) dt,
7! 2 — 1 I
L=+ a-op .

On the other hand, we know
QC (s,z) = —sC(s+1,2)
a"l;‘ 2 M - 2 M
— —s(¢(s,2) + (1 - 2)C(s + 1,2))
= —sC(s,2) + (1~ 2) (s, 2),
where we used

%C(s,x) = _SC(S =+ 1,.%').

Since ((s,x) is analytic in a region containing s = 0, we can write

QQ(S’@ = fs(C(O,z) + (0, z)s + - - )

Ox
r(1- m)aﬁ(g(o,@ +'(0,2)5 4 -- )

¢(0,2) = % —x
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and the Lerch’s formula (see [10])

; I'(z)
C (0737) = 10g<ﬁ)7
we obtain o ) . v
H@) = 2=+ (-0 R @)

Also, we know

_ \/12? exp (g’(_1) + /01 log (1) dt).

F(1) =4,

So we have
Naturally we see
[y(1) = ' 1D) = (1),
Moreover by the definition of Sa(z), the proof of Theorem 1.1 is completed. [

Proof of Theorem 1.2. The following examples were known by Kurokawa-
Koyama [2, 4]:

so() = e~ 120 y)),
5a(4) =2t exp(— 5 L2 x ).

Then, applying Lemma 2.1 to Theorem 1.2 we obtain the result in Remark
1.1. O

Proof of Theorem 1.3. We define

(z—1)(z—2)
C T(z) 2 2T, (17 L, 3,

-2 [ 3—2 [
+ 5 +/O/Ologf(u)dudt+ 5 /OlogF(t)dt>.

Then we show Theorem 1.3 similarly as in the proof of Theorem 1.1. Imme-
diately we obtain

d? 2r — 3T/
@logg(x) = ey

22 =3z +2 IM@)(z)-T2%@x) 3 7
Wt T2(z) 2ty
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On the other hand, we note

logI's(x) = ¢3(0,2)

= 22+ 22y + T D gy,
where we used
C3(s,2) = Z (n1+ng2+mns+x)°

ni,n2,n3>0

= %Z(n—i— D(n+2)(n+z)"*

n=0

1 3—2x (x —1)(x — 2)
—§C(s—2,:1:)+ C(s—l,a:)%-f

(s, ).
Here we have
e 1 2
@C(s,x) =s(s+ 1)((s +2,2).
Then we get
82
@@(8, r) =s(s+1)G(s+2,2)
3—2x

— s(s+ 1) (5¢(s.2) +

5 C(s+1,2)

So we can write

2 Ss(s
88332@)(8,37) = ( ;1) (C(O,x) +g’(o7;,;)3+...>

4 w2<c(o’@ +<’(0’$)3+...>

2 ox
(x—1)(x—2) 2 y
Hence we obtain
d? 2r — 317 22 -3z +2 IM@)(z)-T"%*@x) 3 7
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Therefore for some constants a, b

Ts(a)

Moreover by Lemma 2.1 we have

//logF ) dudt = /g 1tdt+1+1°gf”)—g'(—1),

/0 logI'(t) dt = log(2m) — 1

2
/0 /OtlogF(u) dudt = —l+log(27r)—2C +2/ ¢'(—1,t)dt.

Hence we can calculate

and

¢ _¢=ny

9(2) = eXP( 5 5

On the other hand, treating

Gal5:1) = (Cls —2) + ¢ls — 1)

and
Ga(5,2) = (C(s = 2) = Cls — 1),
we have ‘o i1
Ty(1) = eXp(C (2— ) S (2— ))
and

Iy(2) = eXp(C’(Z—Q) _ C/(Q—l)).

Finally we show

1
(2.1) /0 (=K, t)dt =

where k& > 1 be an integer. To prove (2.1) we use the following formula (see
3, 7]).
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Lemma 2.2 (Generalized Kummer’s Formula). Let k > 1 be an integer and
0<z <1
(1) When k is odd,

CI(_kv JJ) =

2—1)F k! (S (logn) cos(2mna
(=1) {Z(g) (2mnx)

Yo

1 1\\ = cos(27rnz)
+(log(27r)—|—’y— <1+§++%>)ZW
n=1
s sin( 27mx
o 5 o opktl

(2) When k is even,

k) = 2EL2R {Z (log n) sin(27nz)

(2m)k+T nk+1

n=1

1 1\\ = sin(27nz)

+ <log(27r)+7— (1+§+---+*>)ZW
zi cos(2mnx) }
2 nk+1 ’

Here we notice that fo sin(27nt) dt = 0 and fol cos(2mnt)dt = 0. Thus
we obtain (2.1) by Lemma 2.2. From the definition of S3(x), Theorem 1.3 is
proved. O

Proof of Theorem 1.4. The following example was shown by Kurokawa-
Koyama [2, 5]:
3\ _1 3
53(5) =278 eXP<—WC(3)>~

So by Theorem 1.3 we have the result. Applying Lemma 2.1 and (2.1) to
Theorem 1.4, we obtain

(3) = 87; (210 24 +4/ i 1t)dt>

Since
1

: ;
/ g’(—l,t)dt:/ C’(—l,t)dt+/ tlogtdt
1 0 0

1 1

= "(—1,t)dt — - log?2 — —
|7 o= goe2 -5

D=

we have Remark 1.2.
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