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Abstract. Let A = KI'/(X*), where KT is the path algebra of a cyclic quiver
I" over a field K, X is the sum of all arrows of I'" and k is a positive integer.
In this paper, we describe the ring structure of the generalized Yoneda algebra
@D, Exty(A/J', A/J") of A with multiplication given by the Yoneda product,
where J denotes the Jacobson radical of A and [ is a positive integer with [ < k.
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§1. Introduction

Let KT be the path algebra over a field K of the cyclic quiver I' with s
vertices eq, ..., es and s arrows aq, ..., as, Where s is a positive integer. We set
X =ay+---+as, A= KT /(X*) with a positive integer k and .J the Jacobson
radical of A, that is, the ideal of A generated by X. Let [ be a positive integer
with [ < k. Then we call the algebra £(A/J!) = @, Exty (A/J!, A/J') with
multiplication given by the Yoneda product the generalized Yoneda algebra of
A, because the algebra £(A/J) is the usual Yoneda algebra of A.

A. I. Generalov [4] has determined the ring structure of the usual Yoneda
algebra £(A/J) of A by using the diagrammatic method which is presented by
D. J. Benson and J. F. Carlson in [1] (cf. Remark in Section 3.1). Our purpose
of this paper is to describe the ring structure of the generalized Yoneda algebra
E(A/JY) of Aby basic calculations. By the way, a basic self-injective Nakayama
algebra over K is of the form A = KT /(X*) with k > 2 and K. Erdmann and
T. Holm [2] determined the ring structure of the Hochschild cohomology ring
HH*(A) = @,~¢Ext4c (4, A) of A. Here, A° denotes the enveloping algebra
A®p A° of A, where A° is the opposite ring of A.
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This paper is organized as follows: In Section 2, we construct an A-
projective resolution of A/J! (Proposition 2.1) and calculate the group
ExtYy(A/J!, A)JY) for i > 0 (Propositions 2.2 and 2.4). In Section 3, we
calculate the Yoneda product in £(A/J') (Propositions 3.1 and 3.5) and de-
scribe the ring structure of £(A/J') (Theorems 3.4 and 3.8) by referring to

[3].

§2. Calculation of the group Ext% (A/J!, A/JY)

Let s be a positive integer, I' the cyclic quiver with s vertices e, es, ..., es and
S arrows ai, as, ..., as such that each a; starts at e; and ends at e; 1, where
we regard the subscripts i of e; modulo s. Let K be a field and KT the path
algebra of I' over K. In KT, a; = e;11a;¢e; holds for each 1 <1¢ < s. Let X
be the sum of all arrows: X = a; +as + --- + as. Note that X is a non-zero
divisor in KT

We fix a positive integer k, and we denote KT'/(X*) by A. Then A is a
finite dimensional algebra, since A = G}’;;é @2:1 KXPe, and dimg A = ks.
Let J = AX = XA = (X)/(X¥), then J is the radical of A because J is a
nilpotent ideal and A/J ~ KT'/(X) ~ [[;_, Ke; is semi-simple.

Let [ be a fixed positive integer with | < k. In this section, we calculate
the group Exty(A/J', A/J') for i > 0 in order to consider the generalized
Yoneda algebra £(A/J!) = @,~o Extly(A/J, A/JY) of A. First, we give an
A-projective resolution of A/J! for the calculation.

Proposition 2.1. Let A = KT'/(X¥), J = XA the radical of A, | a positive

integer with | < k. Then there exists the following periodic right A-projective
resolution of A/J":

21) ... £, 4245 4L 4T, 40—,

where ™ : A — A/J' is the natural right A-epimorphism, d : A — A and
k: A — A are the right A-homomorphisms defined by

d(z) = X'x, k(z) = Xz
forall x € A.

Proof. Since Ker 7 = J' = X'A =Im d, dx = 0 and kd = 0, it suffices to
show that Ker d C Im x and Ker x C Im d.

Let a € Ker d, where a = u + (X¥) for some u € KT. Then we have
0 =d(a) = X'u+ (X*) in A, hence there exists an element v € KT such that
X'y = X*v in KT. Since X is a non-zero divisor in KT, we have u = X*~ly.
Hence a = X* v + (X*) = k(v + (X*)) € Im &, so we have Ker d C Im &.
Similarly, we also have Ker £ C Im d. O
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In the rest of this section, we calculate the group Extl(A/J', A/J'). We
denote the functor Homy(—, A/J') by (—)*. By applying the functor to the
projective resolution (2.1) of A/J!, we have the following commutative diagram
of left, A/J'-modules:

0 — . A ¥ o o oqx L pe
(2.2) i ll i ZJ( m Zl W ZJ
d# K7 d# K7

0 —— A/Jl e A/Jl e A/Jl e A/Jl —_—
where we set
piA* =Homu(A,A/J) = A)T5 ¢ — ¢(1a),

d#* = pd*p~" and k% = ur*p~!. Note that the inverse u~! of u is given by

pHa+JY(x) =ax+J forallz € Aand a+J' € A/J'. Since the left A/J'-
module A/J' is generated by 14 + J!, the left A/J'-module Homa (A, A/J%)
is generated by u~!(14 + J') = 7, that is,

Hom (A, A/JY = (A)JY.

By the left module action of A/J" on Homy (A, A/JY), for a + J' € A/J!, we
have

(a4 JHn)(z) = (a+ JH)7(z) = (a + ) (z + J') = ax + J'
for all x € A. Moreover, for the left A/J'-homomorphisms d* and x*, we have
" =0, K& (m)= (X" N7,

since d* (7)(z) = (7d)(z) = X'z+J" = 0 and x*(7)(z) = (7k)(z) = XF x4 J!
for all z € A. Hence the left A/J!-homomorphisms d# and x# satisfy that
d# =0 and
(23)  wF(La+JY) = (us*)(m) = p((XP - T)m) = X

If £ > 2] then £* = 0, and hence we easily obtain the following proposition.

Proposition 2.2. In the case k > 21, we have the following isomorphisms of
left A/J'-modules:

Exty(A/J, AJJY = A* =5 AJJY ¢—s ¢ (14),

for i >0, where A* = Homa(A, A/JY) = (A/J )7 with the natural right A-
epimorphism w: A — A/ J'.
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Next we consider the case k < 21. We prepare the following lemma in order
to compute the group Exty(A/J', A/JY) for i > 0.

Lemma 2.3. In the case k < 21, we have the following equations:
Im 7 = JE=1/ L, Ker 7 = J2=F/J,
where k¥ is the left A/J'-homomorphism as above and J° denotes A.

Proof. By the equation (2.3), we have Im % = (AXFL 4 Jh/Jt = Jk=1/ ]t
and k¥ (JH-k/JY) = (JAkXk-U) /g = 0. Hence it suffices to show that
Ker v C J%=k/ ],

Let a + J' € Ker x%, where a = u + (X¥) for some u € KT'. Then we have
0 = r"(a+ J) = aX*k' + J' hence there exists an element v € KT such
that aX*~! = (v + (X*)) X' Tt follows that uX* ! + (X*) = v X! 4 (X*), s0
there exists an element w € KT such that uX*! — vX! = wX*. Since X is
a non-zero divisor in KT, we have u = v X?7% 4+ wX! = (v + wXF X2k,
Let @/ = v+ wX* !+ (X¥) € A, then a = o/ X?~% € J%=% holds. Therefore
we have a + J! € J2=k/ ], ]

So we have the following theorem by Lemma 2.3 and the commutative
diagram (2.2).

Proposition 2.4. In the case k < 21, we have the following isomorphisms of
left A/J'-modules:

Extly(A/J A)TY

A* = A)JY ¢ — ¢(14) ifi =0,
=< Ker s* s JER L s ¢(14) if i is odd,
A*/Tm k* =5 AT [¢] a4+ TP if i is even,

where [¢] is the element represented by ¢ € A* and ¢p(14) = a + J' for some
a€A.

Proof. For the proof, we use the commutative diagram (2.2) of left A/.J!-
modules and Lemma 2.3.
If i = 0, then the left A/.J!-isomorphism

we Ext(ALTLAJTY) = A 5 ALTS 6 o(La),

is the desired isomorphism.
If i is odd, then the left A/J'-isomorphism

Extly(A/J, A)JY = Ker £* 5 Ker 67 = J27F/J5 ¢ — ¢(14),



A GENERALIZED YONEDA ALGEBRA 219

which is induced by p is the desired isomorphism.
If i is even, then the left A/.J!-isomorphism

Extly(A/JY, A)JY = A*/Im &* ~ (A/J")/Im &#

is induced by p. Since Im x# = J*!/J! the composition of left A/.J'-
isomorphisms

A*/Im v* = (A/JY/(JFYTYH S S A)gRL
(] —  o(la) + ST — a

where ¢(14) = a + J! for some a € A is the desired isomorphism. O

83. Calculation of the Yoneda product

In this section, we calculate the Yoneda product in the generalized Yoneda
algebra £(A/JY) = @, Exty(A/J!, A/J') of A by means of the resolution
(2.1). Then we determine the ring structure of £(A/J').

We recall the definition of the Yoneda product x in £(A/J'). Denote the
right A-projective resolution (2.1) by

d4 d3 d2 dl

A3 AQ A1 AO # A/Jl — 0,

Where we set Az = A, d2i+1 = d and d2i+2 = k for i > 0. Let [(}ﬂ €
Ext’y(A/J', A/J") and [¢] € Ext);(A4/J', A/J") be the elements which are
represented by ¢ € Ker d; and ¢ € Ker d},, respectively. There exists the
following commutative diagram of right A-modules:

diHHA- digj dit2 ,  djt1 A
= A —— /> A ——> Ay
ail a1l ool X
di+1 di d2 d1
Ai A1 A() uJ A/Jl4>0,

where 0, (0 < v < i) are liftings of 1. Then the Yoneda product [¢] x [¢] is
given by [po;] € Ext’[7 (4/J!, A/ JY).
Define the ring automorphism 5 : A — A by

(3.1) Bei) = ei-1, B(ai) = a;i—1

for 1 <4 < s. Then it is easily verified that 3(X) = X and a X' = X'3'(a) for
all a € A and t > 0, where 3° denotes the identity map on A. We use these
equations in the following calculations.



220 R. SASAKI, M. SUDA AND T. FURUYA

3.1. The case k > 2l

In this subsection, we consider the case k > 2[. In order to clearly describe the
degree of the generalized Yoneda algebra £(A/J') = @;s, Ext’y(A/J', A)JY),
by Proposition 2.2, we write Ext’y(A/J', A/J') = (A/J")m; for i > 0, where
7; denotes the natural right A-epimorphism 7 : A — A/J!. Note that if
¢ € Ext'y(A/J', A/J') then there exists some a € A such that ¢ = (a + J')m;,
and hence ¢(z) = ax + J' for all z € A.

Proposition 3.1. In the case k > 21, for (a + J')m; € Exty(A/J, A/J") and
(b+ JYm; € Ext’y(A/J!, AJJY) with a, b € A, the Yoneda product (a + J') x
(b+ JY) € Ext'{7(A/J', A/ JY) is given as follows:

a+ JHm x (b+ JYr;
J

(aﬁ%k(b) + JYmiyg if i =0 ori is even,
= (aﬁ%kﬂ(b) + Jl)mﬂ if i is odd, j =0 or j is even,
(aX*=23 T by + Iy if i is odd, j is odd,

where (B is the ring automorphism of A as in (3.1). In particular, m is the
identity element of the generalized Yoneda algebra E(A/J').

Proof. Let ¢ = (a+ JY)m; and ¢ = (b + J')7;, then we have ¢(z) = az + J!
and ¥(z) = bx + J! for all z € A.
First, we consider the case j = 0 or j is even. Define the right A-
homomorphism o; : A;; — A; by
(3.2) oi(z) = {ﬂ%_kl(ll:}j: 1fz : 0 or i is even,
(72 (b)x if 4 is odd,

for € A;1;. Then there exists the following commutative diagram of right
A-modules:

ditj+1 ditj K d__ 4
S Ay s B A s A
o; o1 g0
dit1 d; K d ™
T TV )

Indeed, we check this as follows. Since og(x) = bz for x € A;;, it follows that
wog = . If i =0 or 7 is even, then we have

(0:d) () = B2*(0) X'a = X' 83" (b)x = (doig) ()
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for x € A;yj41 If i is odd, then we have

i—1

(oir)(z) = 57

'L+1

)X = XE5 R b)z = (koi) (@)

for x € A;1j41. Therefore o; is a lifting of ), and hence we have

(aﬁ%k(b) 4 Jl)m-ﬂ- if i =0 or 7 is even,

+ I x (b4 J! o = i
(a )i % ( )y = ¢o {(aﬁ ;k+qb)+_JgWHj if ¢ is odd

Next, we consider the case j is odd. Define the right A-homomorphism
g; Ai—i—j — Az by

(z) = ﬁ%k( K if i = 0 or i is even,
g\ i
XF-23 5 k=L (b)2  if i is odd,

for x € A;1 ;. Then there exists the following commutative diagram of right
A-modules:

ditj+1 ditj d K4
A e A S A
| BN
ag; g1 g0
dit1 d; K d T
A; Aq Ag A/Jl*>0.

Indeed, we check this as follows. It is clear that mog = 1. If i = 0 or 7 is even,
then we have

(0ik) (@) = B (0) X 1w = XIXF2GE R b)x = (doyy1) ()

for x € A;j41. If 7 is odd, then we have

1+1k

(0id) () = XF=2 355 b)) Xl = XML BT (b)a = (koiga)(2)

for x € A;j41. Therefore o; is a lifting of v, and hence we have

a+ JYm x (b+ JHr
J

— Go; = (‘w%k( b) + <1] )it j if i = 0 or i is even,
" (@XRABTE R ) 4 Ty i s odd.

This completes the proof of the proposition. O

Then we have the following lemma.
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Lemma 3.2. In the case k > 21, we have the following equations:

i - .
{7’[‘22 ift =0 or is even,
T = ;

i—1 ..
m X W 2 if i s odd,
where we set w0 = 1.

Proof. We shall show the statement by induction on i. For ¢ = 0, 1, 2, the
equation is true, since we set m" = my and 7 is the identity element by
Proposition 3.1. Suppose as the induction hypothesis that the equation is
true for ¢ > 1. If 7 is odd, then we have

i=1 itl
Ti42 =T X Mg =71 X T 2 X T =71 X T2 2

by Proposition 3.1 and the induction hypothesis. If i is even, then we also
have

i i42
T4 = T; X Mg = T2 X Ty =Ty 2 .

Therefore the equation is true for ¢ + 2 and hence the statement follows. [
By Proposition 3.1, we have
(a+ JYm = (a+ JYmo x m;

for a + J' € A/J" and i > 0. Hence we have the following lemma by Lemma
3.2.

Lemma 3.3. In the case k > 21, the set {(a + J)mg, m1,m|a € A} is a
set of generators of the generalized Yoneda algebra E(A/J') = @iZO(A/Jl)m.
Moreover, for (a + JYm, (b + JYmy € (A/J)mg, 1 and ma, we have the
following equations:
(a+ JHme x (b+ JHmg = (ab+ J)mo,
w1 X (b+ I = (5'(b) + J)mo x 1,
mo X (b4 J)mo = (B5(b) + J)mo x 72,
m x = (X2 4 g,

g X 1 = 1 X TTQ.
The following theorem immediately follows by Lemma 3.3.

Theorem 3.4. In the case k > 21, the generalized Yoneda algebra E(A)TY =
Di>o Ext’y(A/J', AJJY) is isomorphic to the ring

(/¢ [ (¢n=n¢, ¢ = (X524 )
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where deg ¢ = 1, deg n = 2, (A/JY[¢,n] is the non-commutative polynomial
ring over A/J' with the commutative laws

o+ T = BB +IV¢ b+ JY) = (850b)+ )y

forb+J € AJJ, and B is the ring automorphism of A as in (3.1).

In particular, if k > 31 then the relation (> = 0 holds in the above, and if
k = 21 then E(A/JY) is isomorphic to the ring (A/JY)[C], where deg ¢ =1 and
Cb+JY = (BYb) + I forb+ T € A)JL.
Remark. Let [ = 1 in the above theorem, then we have the result for the usual
Yoneda algebra £(A/J) = @,~oExtly(A/J, A/J) as follows. If k = 2, then
E(A/J) is isomorphic to the ring (A/J')[¢], where deg ¢ = 1 and ((b+ J) =
(Bb)+ J)C forb+J € A/J. If k> 3, then £(A/J) is isomorphic to the ring

(A/ D¢, ml/(Cn—n¢, ¢7),

where deg ¢ = 1, deg n = 2, (A/J)[¢,n] is the non-commutative polynomial
ring over A/J with the commutative laws

CO+JI)=(BO)+ )¢ nb+J) = (B(0) + ),
for b+ J € A/J. This result is equal to that obtained by A. I. Generalov in

[4].

3.2. The case k < 21

In this subsection, we consider the case k£ < 2{. In order to clearly describe the
degree of the generalized Yoneda algebra £(A/J') = Do Extly (A/J! AT,
by Proposition 2.4, we write
A* = (AT if i =0,
Exty(A/J', A)JY = { Ker w* = (J2F ) JN)T; if 7 is odd,
A*/Tm v* = (A) IO /(J*=1) T if 4 is even,
where m; denotes the natural right A-epimorphism 7 : A — A/J!. Further-
more, let
) ifi =0,
g =14 (X%F 4 Jhr;  ifiis odd,
[m;] = m; + Im k* if i is even,
then the group Ext% (A4/J!, A/J') is the left A/.J!-module generated by ¢;, that

is,

Exty(A/JY, AJJY = (A)JNe;  fori > 0.
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Proposition 3.5. In the case k < 21, for (a + J')e; € Ext'y(A/J!, A/J') and
(b+ JYe; € Ext)\(A)J', A)JY) with a, b € A, the Yoneda product (a+ J')g; x
b+ JYe, € Extf:j(A/Jl,A/Jl) is given as follows:
(a+ JNei x (b+ Je;
(aﬁ%k(b) + JHeirs if i =0 ori is even,
= (aﬂ%k_l(b) + JYei; if i is odd, j =0 or j is even,
(aX2k3 TR (b) + Tery; i i is odd, j is odd.

In particular, €9 is the identity element of the generalized Yoneda algebra

E(A)TY.
b+ JYm; if 7 =0 or j is even,

Proof. Let
a+ JHm if i =0 or i is even,
¥j 2k ! .
(bX + J)m; if j is odd,

(
b (aX?=F + JYm;  if i is odd,
(

then (a + JY)e; and (b + Jl)sj are represented by ¢; and 1);, respectively.
Therefore, we have (a + J')e; = [¢;] and (b + JV)e; = [1;].
First, we consider the case j = 0 or j is even. In this case, we can use the
same lifting o; of 1; = (b+ J')7; as in (3.2). Since
b5 = (aﬁ%k(b) + I iy if i =0 or i is even,
o (aﬁ%k_l(b)Xﬂ_k + Y if i is odd,
holds and the Yoneda product is given by (a + J')e; x (b+ J')e; = [pi04], we
have
(aﬂ%k(b) + JYeiys if i =0 or 7 is even,
(aﬁ%k_l(b) + JYeiy; if i is odd.
Next, we consider the case j is odd. Define the right A-homomorphism
gj Ai—i—j — 1‘1Z by
ﬁ%k(b)X2l*kx if i =0 or i is even,
O—l(x> = i=lpg AP
B2 "H(b)x if 7 is odd,
for x € A;1;. Then there exists the following commutative diagram of right
A-modules:

(a + Jl)z’:‘i x (b+ Jl)é‘j = {

dis s dis
) Z+]+1A i+j d

K

[ e

PR Ly Y p—y  J—

dit1
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Indeed, we check this as follows. It is clear that mog = ¢;. If i = 0 or 7 is
even, then we have

(oi) () = B (0) XX E X1y = XT B3 (b)ar = (dosy) ()
for x € A;j41. If 7 is odd, then we have

'L+1

(03d)(x) = B2 FH(B) X1a = XI5 ER(B) X2 = (koi1) (@)

for x € A;yj41. Therefore o; is a lifting of v;. Since

5 (aﬁ% (b )XQZ*’C + Jl)7r2-+j if i =0 or 7 is even,

i =
(aX2=k3 SR (b) 4 SNy, if i is odd,

holds and the Yoneda product is given by (a + J')e; x (b+ J')e; = [pi04], we

have

(aﬁ%k(b) + JYeiy; if i =0 or 7 is even,

(aX2=k3 T H(b) + JNeyy;  if i is odd.

(a4 JNei x (b+ JHe; = {

This completes the proof of the proposition. O

Then we have the following lemma by the similar proof to Lemma 3.2.
Lemma 3.6. In the case k < 21, we have the following equations:
62% ift =0 ori is even,
oo {51 e T ifi is odd,
where we set €20 = &¢.
By Proposition 3.5, we have
(a+ JHei = (a+ Jeg x &

for a +J' € A/J" and i > 0. Hence we have the following lemma by Lemma
3.6.

Lemma 3.7. In the case k < 2, the set {(a + J')eq, e1,62|a € A} is a
set of generators of the generalized Yoneda algebra E(A/J') = @Z‘ZO(A/Jl)&-

Moreover, for (a+J")eq, (b+J)eo € (A)J e, €1 and 2, we have the following
equations:
(a+ JHeg x (b+ JHeg = (ab + JHeo,
e1 % (b+J"eo = (87 (b) + J"eo x e,
g9 X (b4 JHeg = (B%(b) + J)eo x eo,
g1 x g1 = (XH7F 4 Jhey,

Eg X €1 =¢€1 XéEg.



226 R. SASAKI, M. SUDA AND T. FURUYA

The following theorem immediately follows by Lemma 3.7.

Theorem 3.8. In the case k < 2l, the generalized Yoneda algebra E(A)TY =
Di>o ExtYy (A/J!, A)JY) is isomorphic to the ring

(Afahicm / (¢n—n¢, ¢ = (XHF 4 .0y),

where deg ¢ = 1, deg n = 2, (A/JY[¢,n] is the non-commutative polynomial
ring over A/J! with the commutative laws

Co+T) =0 + )¢ nb+T) = (850) + T
forb+J € AJJ, and B is the ring automorphism of A as in (3.1).
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