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A note on a theorem of A. Saeki and R. Ikehata
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Abstract. We extend the theorem of A. Saeki and R. Ikehata for the wave
equation with linear dissipation.
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1. Introduction

In this note we consider the wave equation of the form

wtt − ∆w + b(x)wt = 0 in (0,+∞) × Ω,(1.1)

w(0, x) = w0(x), wt(0, x) = w1(x) in Ω,(1.2)

w(t, x) = 0 on (0,+∞) × ∂Ω,(1.3)

where N ≥ 3, Ω(⊂ R
N ) is an unbounded domain with smooth boundary ∂Ω

and b(·) ∈ C1(Ω) is a positive and bounded function: 0 < b0 ≤ b(x) ≤ b1 in Ω
for some constants b0 and b1. In the following we denote L2 = L2(Ω), H1

0 =
H1

0 (Ω) e.t.c.. If we assume {w0, w1} ∈ H1
0 × L2 then we know the following

estimate holds for the solutions w(t, ·) ∈ C0([0,∞);H1
0 ) ∩ C1([0,∞);L2) of

(1.1) − (1.3):

(1 + t)||w(t)||2E + ||w(t)||2L2 +
∫ t

0

{
(1 + τ)||wt(τ)||2L2 + ||∇w(τ)||2L2

}
dτ

≤ C1{||w0||2H1 + ||w1||2L2}

for some positive constant C1 (cf. Hirosawa–Nakazawa[1]), where

||w(t)||2E =
1
2

(||wt(t)||2L2 + ||∇w(t)||2L2

)

is the energy at time t(≥ 0).
Recently, A. Saeki and R. Ikehata showed the following
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Theorem 1 ([3]). (1) Assume {w0, w1} ∈ H1
0 ∩ L2,1 × L2,1, where

L2,1 =
{
f

∣∣∣ ||f ||2L2,1 =
∫

Ω

(1 + |x|)2|f(x)|2dx <∞
}
.

Then the solutions w(t, ·) of (1.1) − (1.3) satisfy the following inequalities:

(1 + t)2||w(t)||2E ≤ C2||(w0, w1)||2H1∩L2,1×L2,1 ,(1.4)

(1 + t)||w(t)||2L2 ≤ C3||(w0, w1)||2H1∩L2,1×L2,1(1.5)

for some positive constants C2 and C3, where

||(w0, w1)||2H1∩L2,1×L2,1 ≡ ||w0||2H1 + ||w0||2L2,1 + ||w1||2L2,1 .

(2) Moreover assume that w1 + b(x)w0 = 0. Then the following inequalities
hold:

(1 + t)3||w(t)||2E ≤ C4||(w0, w1)||2H1∩L2,1×L2,1 ,(1.6)

(1 + t)2||w(t)||2L2 ≤ C5||(w0, w1)||2H1∩L2,1×L2,1(1.7)

for some positive constants C4 and C5.

In this theorem, essential lemma is the following:

Lemma 2 ([3]). Under the same assumption as in Theorem 1 (1),

(1.8) ||w(t)||2L2 +
∫ t

0

||w(τ)||2L2dτ ≤ C6||(w0, w1)||2H1∩L2,1×L2,1

for some positive constant C6.

We shall give the simple proof of Theorem 1 and its extension:

Theorem 3. (1) Under the same condition as in Theorem 1 (1),

(1 + t)2||w(t)||2E +
∫ t

0

{
(1 + τ)2||wt(τ)||2L2 + (1 + τ)||∇w(t)||2L2

}
dτ

(1.9)

≤ C7||(w0, w1)||2H1∩L2,1×L2,1 ,

(1.10) lim
t→+∞(1 + t)2||w(t)||2E = 0,

(1.11) lim
t→+∞(1 + t)||w(t)||2L2 = 0,

hold for some positive constant C7.
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(2) Under the same assumption as in Theorem 1 (2),

(1 + t)4||w(t)||2E +
∫ t

0

{
(1 + τ)4||wt(τ)||2L2 + (1 + τ)3||∇w(t)||2L2

}
dτ

(1.12)

≤ C8||(w0, w1)||2H1∩L2,1×L2,1 ,

(1 + t)2||w(t)||2L2 +
∫ t

0

(1 + τ)2||w(τ)||2L2dτ

(1.13)

≤ C9||(w0, w1)||2H1∩L2,1×L2,1 ,

(1.14) lim
t→+∞(1 + t)4||w(t)||2E = 0,

(1.15) (1 + t)3||w(t)||2L2 ≤ C10||(w0, w1)||2H1∩L2,1×L2,1 ,

(1.16) lim
t→+∞(1 + t)3||w(t)||2L2 = 0,

hold for some positive constants C8, C9 and C10.

Remark. Obviously, we can treat (1.1) − (1.3) with N = 2 and the Cauchy
problem in R

N with N ≥ 3 ([3]).

2. Proof of Theorem 3 (1)

We assume that ϕ(t) and ψ(t) are the smooth, non–decreasing and non–
negative functions of t. Multiplying {ϕwt + ψw} the both sides of (1.1), and
integrating on Ω, we obtain (c.f., Mochizuki–Nakazawa [2])

(2.1)
d

dt

∫
Ω

X(t, x)dx +
∫

Ω

Z(t, x)dx = 0,

where

X(t, x) =
ϕ(t)
2

{
w2

t (t, x) + |∇w(t, x)|2} + ψ(t)wt(t, x)w(t, x)

(2.2)

+
b(x)ψ(t) − ψt(t)

2
w(t, x)2,

Z(t, x) =
{
b(x)ϕ(t) − ϕt(t)

2
− ψ(t)

}
wt(t, x)2

(2.3)

+
{
ψ(t) − ϕt(t)

2

}
|∇w(t, x)|2 +

ψtt(t) − b(x)ψt(t)
2

w(t, x)2.
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Firstly we shall show (1.9). Put ϕ(t) = 2( 3
b0

+ t)2 and ψ(t) = 3( 3
b0

+ t).
Then easy computations give

b(x)ϕ(t) − ϕt(t)
2

− ψ(t) ≥ C11(1 + t)2,

ψ(t) − ϕt(t)
2

≥ C12(1 + t),

ψtt(t) − b(x)ψt(t)
2

≥ −b(x)ψt(t)
2

≥ −C13

for some positive constants C11, C12 and C13. Thus we have
(2.4)∫

Ω

Z(t, x)dx ≥ C14

{
(1 + t)2||wt(t)||2L2 + (1 + t)||∇w(t)||2L2 − ||w(t)||2L2

}

for some positive constant C14. Next choosing η as 0 < η < 1, we find

X(t, x) ≥ (1 − η)
2

ϕ(t)
{
wt(t, x)2 + |∇w(t, x)|2}

+
{
b(x)ψ(t) − ψt(t)

2
− ψ(t)2

2ηϕ(t)

}
w(t, x)2.

As is easily seen, there exists a positive constant C15 such that

b(x)ψ(t) − ψt(t)
2

− ψ(t)2

2ηϕ(t)
≥ − ψ(t)2

2ηϕ(t)
≥ −C15

holds. From this, we have

(2.5)
∫

Ω

X(t, x)dx ≥ C16

{
(1 + t)2||w(t)||2E − ||w(t)||2L2

}
.

On the other hand,

(2.6)
∫

Ω

X(0, x)dx ≤ C17

(||w0||2H1 + ||w1||2L2

)

Integrating (2.1) over [0, t] and using (2.4), (2.5), (2.6) and Lemma 2, we
obtain (1.9).

Next we shall show (1.10). By (1.9), we find

lim inf
t→+∞ (1 + t)2||w(t)||2E = 0.

Integration the both sides of

d

dt

{
(1 + t)2||w(t)||2E

}
= 2(1 + t)||w(t)||2E − (1 + t)2

∫
Ω

b(x)wt(t, x)2dx,
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where we have used

d

dt
||w(t)||2E = −

∫
Ω

b(x)wt(t, x)2dx,

on [t1, t2] (0 ≤ t1 ≤ t2 < +∞) gives

∣∣(1 + t2)2||w(t2)||2E − (1 + t1)2||w(t1)||2E
∣∣(2.7)

≤ 2
∫ t2

t1

(1 + τ)||w(τ)||2Edτ + b1

∫ t2

t1

(1 + τ)2||wt(τ)||2L2dτ.

Using (1.9), we find the right hand side of (2.7) tends to 0 as t1 and t2 → +∞
and conclude (1.10).

Finally we shall show (1.11). Lemma 2 gives

lim inf
t→+∞ (1 + t)||w(t)||2L2 = 0.

From

d

dt

{
(1 + t)||w(t)||2L2

}
= ||w(t)||2L2 + 2(1 + t)(w(t), wt(t))L2 ,

where (·, ·)L2 denotes the inner product in L2, we obtain

∣∣(1 + t2)||w(t2)||2L2 − (1 + t1)||w(t1)||2L2

∣∣
≤ 2

∫ t2

t1

||w(τ)||2L2dτ +
∫ t2

t1

(1 + τ)2||wt(τ)||2L2dτ → 0

as t1 and t2 → +∞ by Lemma 2 and (1.9), where we have used

|2(1 + t)(w(t), wt(t))L2 | ≤ ||w(t)||2L2 + (1 + t)2||wt(t)||2L2 .

3. Proof of Theorem 3 (2)

Firstly we shall show (1.12) and (1.13). We put ϕ(t) = (13
b0

+ t)4 and
ψ(t) = 3(13

b0
+ t)3. Easy computations give

b(x)ϕ(t) − ϕt(t)
2

− ψ(t) ≥ C18(1 + t)4,

ψ(t) − ϕt(t)
2

≥ C19(1 + t)3,

ψtt(t) − b(x)ψt(t)
2

≥ −C20(1 + t)2
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for some positive constants C18, C19 and C20. Thus we have∫
Ω

Z(t, x)dx

≥ C21

{
(1 + t)4||wt(t)||2L2 + (1 + t)3||∇w(t)||2L2 − (1 + t)2||w(t)||2L2

}(3.1)

for some positive constant C21.
Similarly as in section 2, there exists a positive constant C22 such that

b(x)ψ(t) − ψt(t)
2

− ψ(t)2

2ηϕ(t)
≥ −C22(1 + t)2

holds. From this, we have

(3.2)
∫

Ω

X(t, x)dx ≥ C23

{
(1 + t)4||w(t)||2E − (1 + t)2||w(t)||2L2

}
.

Integrating (2.1) over [0, t] and using (3.1), (3.2) and (2.6), we obtain

(1 + t)4||w(t)||2E +
∫ t

0

{
(1 + τ)4||wt(τ)||2L2 + (1 + τ)3||∇w(τ)||2L2

}
dτ

≤ C24

(
||w0||2H1 + ||w1||2L2 + (1 + t)2||w(t)||2L2 +

∫ t

0

(1 + τ)2||w(τ)||2L2dτ

)
.

(3.3)

Put

u(t, x) =
∫ t

0

w(τ, x)dτ.

Noting the assumption w1(x) + b(x)w0(x) = 0, we find u satisfies (1.1)− (1.3)
with u(0, x) = 0 and ut(0, x) = w0(x). Applying Theorem 3 (1), (1.9) and
noting ut(t, x) = w(t, x), we obtain

(3.4) (1+t)2||w(t)||2L2 +
∫ t

0

(1+τ)2||w(τ)||2L2dτ ≤ C25||(w0, w1)||2H1∩L2,1×L2,1 .

(3.3) and (3.4) give (1.12) and (1.13).
Next, we shall show (1.14). (1.12) gives

lim inf
t→+∞ (1 + t)4||w(t)||2E = 0.

Integration the both sides of

d

dt

{
(1 + t)4||w(t)||2E

}

= 4(1 + t)3||w(t)||2E − (1 + t)4
∫

RN

b(x)wt(t, x)2dx
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over [t1, t2] (0 ≤ t1 ≤ t2 <∞) gives∣∣((1 + t2)4||w(t2)||2E − (1 + t1)4||w(t1)||2E
∣∣

≤ 4
∫ t2

t1

(1 + τ)3||w(τ)||2Edτ + b1

∫ t2

t1

(1 + τ)4||wt(τ)||2L2dτ → 0

as t1 and t2 → +∞ by (1.12) and conclude (1.14).
Next we shall show (1.15). Put ϕ(t) = 0 and ψ(t) = (1+ t)3. Then we have

|ψ(t)(wt(t), w(t))L2 | ≤ C26

{
(1 + t)4||wt(t)||2L2 + (1 + t)2||w(t)||2L2

}
,

b(x)ψ(t) − ψt(t)
2

≥ C27(1 + t)3 − C28(1 + t)2.

From these we obtain∫
Ω

X(t, x)dx

≥ C29(1 + t)3||w(t)||2L2 − C30

{
(1 + t)4||wt(t)||2L2 + (1 + t)2||w(t)||2L2

}(3.5)

Moreover,

(3.6)
∫

Ω

Z(t, x)dx ≥ −C31

{
(1 + t)3||wt(t)||2L2 + (1 + t)2||w(t)||2L2

}

Integrating the both sides of (2.1) over [0, t] and using (3.5), (3.6) and (2.6),
we obtain

(1 + t)3||w(t)||2L2

≤ C32

{
(1 + t)4||wt(t)||2L2 + (1 + t)2||w(t)||2L2

+
∫ t

0

(1 + τ)3||wt(τ)||2L2dτ +
∫ t

0

(1 + τ)2||w(τ)||2L2dτ + ||w0||2H1 + ||w1||2L2

}
.

Noting (1.12) and (1.13), we have (1.15).
Finally, we shall show (1.16). By (1.13), we find

lim inf
t→+∞ (1 + t)3||w(t)||2L2 = 0.

Integration the both sides of
d

dt

{
(1 + t)3||w(t)||2L2

}
= 3(1 + t)2||w(t)||2L2 + 2(1 + t)3(wt(t), w(t))L2

over [t1, t2] (0 ≤ t1 ≤ t2 < +∞) gives∣∣(1 + t2)3||w(t2)||2L2 − (1 + t1)3||w(t1)||2L2

∣∣
≤ 4

∫ t2

t1

(1 + τ)2||w(τ)||2L2dτ +
∫ t2

t1

(1 + τ)4||wt(τ)||2L2dτ → 0

as t1 and t2 → +∞ by (1.12) and (1.13).



74 H. NAKAZAWA

References

1. F. Hirosawa and H. Nakazawa, Precise energy decay estimates for the dissipative hyper-

bolic equations in an exterior domain, Mathematical research note, Institute of math-
ematics, University of Tsukuba, 2000–008 May, 2000.

2. K. Mochizuki and H. Nakazawa, Energy decay and asymptotic behavior of solutions

to the wave equations with linear dissipation, Publ. RIMS Kyoto Univ. 32, (1996),

401-414.

3. A. Saeki and R. Ikehata, Remarks on the decay rate for the energy of the dissipative

linear wave equations in exterior domains, SUT J. Math. 36 (2000), 267–277.

Hideo Nakazawa

Department of Mathematics, Tokyo Metropolitan University

Minami-Ohsawa, Hachioji-shi, Tokyo, 192-0397 Japan


