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lar group of degree 2 are determined by their Fourier coefficients indexed by matrices
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1. Introduction

Recognition results for modular forms have been a very useful theme
in the theory. We know that the Sturm’s bound, which applies quite
generally to a wide class of modular forms, says that two modular forms
are equal if (in a suitable sense) their ‘first’ few Fourier coefficients agree.
Moreover, the classical multiplicity-one result for elliptic newforms of in-
tegral weight says that if two such forms f1, fo have the same eigenvalues
of the p-th Hecke operator T}, for almost all primes p, then f; = f2. Even
stronger versions are known, e.g., a result of D. Ramakrishnan [13] says
that primes of Dirichlet density more than 7/8 suffices.

However, when one moves to higher dimensions, say, to the spaces of
Siegel modular forms of degree 2 onwards, the situation is drastically dif-
ferent. Such a form, which is an eigenfunction of the Hecke algebra, does
not necessarily have multiplicative Fourier coefficients, and multiplicity-
one for eigenvalues (in a suitable sense, for Sp,(Z)) is not known yet.
However the Fourier coefficients, which are indexed by half-integral sym-
metric positive definite matrices, do determine a modular form. Thus one
can still ask the stronger question whether a certain subset, especially
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one which consists of an arithmetically interesting set of Fourier coeffi-
cients (say e.g., the primitive Fourier coefficients, i.e., those which are
indexed by primitive matrices), already determines a Siegel cusp form.
These may be considered as a substitute for a “weak multiplicity-one”,
as Scharlau-Walling [18] puts it, in the context of Fourier coefficients.

This line of investigation has attracted the attention of many math-
ematicians. As a first result in this direction, it was shown by D. Za-
gier [22] that the Siegel cusp forms of degree 2 are determined by primi-
tive Fourier coefficients. This has been generalized to Siegel and Hermit-
ian cusp forms with levels and of higher degrees by S. Yamana [21]. Sim-
ilar results along this line, essentially distinguishing Siegel Hecke eigen-
forms of degree 2 by the so-called ‘radial’” Fourier coefficients (i.e., by
certain subset of matrices of the form mT with T half-integral, m > 1),
has been obtained in Breulmann—Kohnen [2], Scharlau-Walling [18],
Katsurada [10]. A result of B. Heim [8] improves upon some of these
results using differential operators on Siegel modular forms of degree 2.
More recently in [15], [16] A. Saha and R. Schmidt have proved that the
Siegel cusp forms of degree 2 are determined (in a quantitative way) by
their fundamental (in fact by odd and square-free) Fourier coefficients.

In this paper we take up the question of determining when two Her-
mitian cusp forms of degree 2 on the full Hermitian modular group,
which are not necessarily eigenforms, coincide when a certain subset of
their Fourier coefficients are the same. This certain set is given explic-
itly in the theorem stated below, e.g., for K = Q(4), it consists of all
square-free Fourier coefficients up to a divisor of 4. Let Dg < 0 be a
fundamental discriminant such that K = Q(v/D) has class number 1
(see Remark 4.20 for comments on this condition), and Ok be its ring
of integers. Recall that in this case Dk belongs to the following set
{-4,-8,-3,-7,—11,—19,—43, —67, —163}.

Let Sx(Ok) denote the space of Hermitian cusp forms of degree 2
and weight & on the Hermitian modular group I's(O). Each such cusp
form F has a Fourier expansion of the form (see Subsection 2.1 for the
formal definitions)

(1.1) F(Z)= Z a(F,T)e(trTZ), (e(z):=e*"" for z € C),
TeA; (Ok)
where Ay (Ok):={TeM(2,C) | T=T >0,t,,€Z, t,,€ \/ﬁol{}

is the lattice dual to the lattice consisting of Og-integral 2 x 2 Hermit-
ian matrices with respect to the trace form tr. Let us note here that
(see Subsection 2.1) |a(F,T)| is invariant under the action T+ U'TU
(U € GL2(Ok)), and that |Dg|det(T) is a positive integer. Further, let
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pr be the prime such that |Dg| = pl, for some r > 1, i.e., px = |Dk]|
when Dg is odd and px = 2 when Dk is even. We can now state the
main results of this paper.

Theorem 1. Let F' € S;(Ok) be non-zero. Then:

(a) a(F,T) # 0 for infinitely many matrices T such that |Dg|det(T)
is of the form p%n, where n is square-free with (n,px) = 1 and
0<a<?2ifDg#-8and0<a<3if Dg = —8.

(b) For anye >0,

#{0 < n < X, n square-free, (n,px) =1, a(F,T) # 0,

pEn = |Di|det(T)} >pe X'

We say a few words about the proof of the theorem. We assume that
F # 0 and via the Fourier—Jacobi expansion of F', reduce the question to
Hermitian Jacobi forms of prime index in Section 3, thanks to a theorem
of H. Iwaniec. The standard avenue now would be to pass on to the
integral weight forms by using the injectivity of the so-called Eichler—
Zagier map (which is essentially the average of all theta components of a
Jacobi form). However we stress here that the possibility of this passage
to the integral weight forms turns out to be rather non-trivial in our case.

The main point is that even in the case of prime indices, the Eichler—
Zagier map (see (2.14) for the definition) may not be injective; unlike
the scenario for the classical Jacobi forms. The only result known in
this regard is from [6] that such a map is injective on a certain sub-
space j,:i’fz((’)K) (p prime, see Subsection 4.1). Moreover Lemma 4.6,
Proposition 4.7 in Subsection 4.2 show that 7" (Ox) may be a proper
subspace of Jj »(Ok ) and the Eichler—Zagier map may fail to be injective
in the complementary space (see Remark 4.9).

The heart of this paper is devoted to overcome such an obstacle, this
s at the same time the second main topic of the paper, treated in detail
in Section 4. Given that our aim is to reduce the question to Sk (N, x)
(the space of cusp forms of weight k on I'g(IN) with character x) which
are pleasant to work with, we consider a ‘collection’ of Eichler—Zagier
maps t¢ indexed by suitable characters ¢ of the group of units of the
ring Ok /i\/|Dk|pOk, see Subsection 4.3 for more details. Each ¢¢ do
map J,, P (Ok) to Sk(N,x) for certain N and x (see Subsection 2.2).
Working with this collection of maps, we show that

(i) if the index p of the Hermitian Jacobi form ¢, at hand is inert
in Ok, then this ‘collection’ {1¢}¢ defines an injective map, and

(ii) if p splits, then either this ‘collection’ is injective or that ¢ itself
is injective. For this, we have to develop a part of the theory of
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index-old Hermitian Jacobi forms of index p a la Skoruppa—Zagier
in [20]. See Subsection 4.3.

Finally (i) and (ii) allow us to reduce the problem to the following
theorem on S (N, x) (the space of cusp forms on I'g (V) with character x)
for certain IV and x. Results somewhat similar to this have been obtained
by Yamana [21], but his results do not imply ours. Thus as far as we
know, the following result is not available in the literature. We assume

X(_l) = (_1)k7 so that Sk(N7 X) 7& {0}

Theorem 2. Let x be a Dirichlet character of conductor m, and N be
a positive integer such that my | N and N/m,, is square-free.

(a) If f € Sk(N,x) and a(f,n) = 0 for all but finitely many square-free
integers n, then f = 0.
(b) Let f € Sk(N,x) and f # 0, then for any e >0

#{0 < n < X, n square-free, a(f,n) # 0} >z X' 7°.

Clearly, part (a) of Theorem 2 follows from part (b), however we
include an independent proof of part (a) using an argument adapted
from the work of Balog—Ono [1], which we feel is worth noting and the
method could be useful in other circumstances. In a nutshell and loosely
speaking, this method allows one to reduce to the case of newforms. In
either of the proofs, the condition on the ratio of the level and conduc-
tor is necessary; this can be seen by taking the example of a non-zero
form g(7) € S,(SLy(Z)) and considering g(m?7) for some m > 1. The
proofs of these results are given in Section 5. Let us mention here that
motivated by Theorem 2 and with the same hypotheses, very recently
we could prove that there exists a constant B depending only on k&, N
such that if ay(n) = 0 for all square-free n < B, then f = 0.

For the proof of part (b), we essentially consider the cusp form ob-
tained from a given form by sieving out squares and then apply the
Rankin—Selberg method to get asymptotics of the second moment of its
Fourier coefficients; the details are rather technical, see Subsections 5.2
and 5.3. Along the way, we present some nice calculations on the Pe-
tersson norms of U,z f, which arise as a part of the main term in the
asymptotic alluded to above, with f as in the theorem, and which ex-
tends the results of [3].

Finally we remark that with some modifications, one expects to ex-
tend our results to the corresponding spaces of Eisenstein series as well;
it could be interesting to work this out.
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2. Notation and terminology

We mostly follow standard notation throughout the paper: M (n,R) de-
notes, as usual, the space of n xn matrices over a commutative ring R; for
A€ M(n,C), A* := A’, with A’ denoting the transpose of A; A is Her-
mitian if A = A* and is positive definite (resp. semi-definite) if £*A¢ > 0
(resp. > 0) for all £ € C™\{0}.

2.1. Hermitian modular forms. We define the unitary group of de-
gree 2 as

U(2,2) :={M € GL(4,C) | M'JM = J},
where J = ( 102 7012 ) We recall the Hermitian upper half-space of de-
gree 2 on which most of the holomorphic functions in this paper live:

Ho = {Z € M(2,C) | (Z — Z%)/2i > O}.

Let Dg be a fundamental discriminant and K denote an imaginary
quadratic field of discriminant D, i.e., K = Q(v/Dg). The class num-
ber of K is assumed to be 1. Denote the ring of integers of K by Ok and
the order of the unit group O of Ok by w(Dk). The inverse different
of K is denoted by

#.__ !
o7 Do Ok.
We denote by I'y(Ok) the Hermitian modular group of degree 2 defined
by

I'2(Ok) :=U(2,2) N M(4,Ok).
Given an integer k, the vector space of Hermitian modular forms of
degree 2 and weight k consists of all holomorphic functions f: Hy — C
satisfying

f(Z) =det(CZ + D)fkf(M<Z>) for all Z € Hay, M = (é, ZB;) € I'2(0Ok),

where M(Z) := (AZ + B)(CZ + D)~!. The vector space of Hermitian
modular forms of degree 2 (with respect to K) and weight k is denoted
by My (Ok). Further, those forms in My (Og) which have Fourier ex-

pansion as in (1.1) are cusp forms and the subspace of all cusp forms is
denoted by S (Ok).
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Moreover, following Yamana [21] let us define the content ¢(T) of a
matrix T € A (Ok) by

¢(T) :=max{a € N|a 'T € AL (Ok)}.

T € Ay (Ok) is called primitive if ¢(T) = 1.
Expanding an F' € Sk (Ok) along the Klingen parabolic subgroup, we
can write its Fourier—Jacobi expansion as

(2.1) F(Z) =" ¢m(T, 21, 22)e(m7"),

m>1

where Z=(_, ;) and for each m > 1, the Fourier-Jacobi coefficient ¢,,, €
TP (Or) with

k,m
(2.2) Om (T, 21, 22) = Z a (F, (;L ;)) e(nt +7z1 + rz2),
nEZ,rGOﬁ
nm>N (r)

where N(-) is the norm function of K and J;"P(Ok) is the space of

Hermitian Jacobi cusp forms for the group I'/ (O ) (see next section for
details).

2.2. Hermitian Jacobi forms.

The Hermitian-Jacobi group. Let S! denote the unit circle. Then
the set C% x S! is a group with the following twisted multiplication law,
which we would use freely throughout the paper:

(A1, 1), €] - [(A2, 1), &2] = [(M1 + Aoy 1 + pa2), E1€2 e(2Re(Arpi2))]-
The group U(1,1) = {eM | e € S', M € SLy(R)} acts on C% x ST as
[\ 1), El(eM) == [(EN, Eu) M, Ee(abN (N) + cdN (i) + 2bc Re(Ap))].

Let G7 denote the semi-direct product U(1,1) x (C? x S'). The multi-
plication in G” is given by

[61M1,X1H62M2,X2] = [61€2M1M2, (X1(62M2)) . XQ].
G’ acts from left on H x C? and from right on functions ¢: H x C2 — C.

These actions are given by individual actions of U(1,1) and C? x S* as
below:

Ez1 Ez2
(2.3) M2 22) ( " w+d’cr+d)’

(00,817 21, 28) = (1 37+ 22+ 30 40,
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—2mimczy zg

(Dlo.meM) (7,21, 22) :=€ *(cr +d) Fe™ erta

£21 €22
M
(2.4) X¢< T’cr—i—d’cr—&—d)’
(Blml(A 1), €]) (7 21, 22) 1= @IV VTR FA)
X @(T, 21 + AT+ p, 22 + AT + ).

Here M = (24%) is in SLy(R), M7 = Z:is, and k,m € Z.

The Hermitian-Jacobi group I'’/(Of) is defined as T'/(Ok) :=T"1 (O ) x
02, where

Pl(OK) = {ESLQ(Z) ‘ RS O;é} C U(l,l)
and 0% = {(\, ) | \, u € Ok} is the subgroup of C? x S! with compo-
nent wise addition (here (A, ) is identified with [(\, u), 1]).
For positive integers k and m, the space of Hermitian Jacobi forms
of weight k and index m for the group I'/(Ox) consists of holomorphic
functions ¢ on H x C? such that (see [6], [7]):

(1) lemy = ¢, for all v € T7(Ok).
(2) ¢ has a Fourier expansion of the form

(1, 21, 22) Z Z (n,r)e(nT + rz1 + T22).

=0 reof
nm>N(r)
The complex vector space of Hermitian Jacobi forms of weight k and in-
dex m is denoted by Ji,m(Ox ). Moreover, if cy(n,r) = 0 for nm = N(r),
then ¢ is called a Hermitian Jacobi cusp form. The space of Hermitian
Jacobi cusp forms of weight k and index m is denoted by J, P (Ok).
For the rest of the paper, for the sake of simplicity we just write O
instead of Ok, D instead of Dy, and Ji ., instead of Ji m(Ok). Since

(’)ﬁ = ﬁ(’);{, if ¢ € Ji,m we can rewrite the Fourier expansion of ¢

equivalently as

2.5 7'21,22 cy(n,r)e | nT LZQ .
23) DI S . e =

reO
\D\nm>N('r)

Theta decomposition. As in the case of classical Jacobi forms, Her-
mitian Jacobi forms admit a theta decomposition. Let ¢ € J ,, has the
Fourier expansion as in (2.5). Then we have

(2'6) ¢(7_7 21722) = Z hS(T) . Hm,s('ry 217752)7

s€0/iy/|D|mO
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where, for s as above

N(r) ir ir
(2.7) Om,s(7,21,22) i = Z e ( T+ 21 + z2 |,
’ |Dlm~ \/|D D
r=s (mod i4/|D|m) | | m

(2.8) hs(7) = Z c (%ﬁﬁ,s) e(nt/|D|m).

n>0
N(s)+n€e|D|mZ

The theta components hs of ¢ € Ji.m (see [6, 17]) have the following
transformation properties under SLy(Z) and O*:

(2.9) ha(r +1) = e (f N(S)) e,

|D|m
(2.10) €*hes(1) = hs(1) where e € O,
S % k—1 QRG(SF)
(2.11) hs(—=7"") = |D|mT Z e( Djm he (7).
r€0/i\/|D|mO

Let xp := (Q) be the unique real primitive Dirichlet character mod-
ulo |D|. Then, for any M = (¢%) € Io(m|D|) and J = (% §), we
have

iXD(d) 7
(2.12) Omsl1,s MJ= "= Z e(a(bN(s)+2Re(5s"))/|DIm)b,, s -

D]

s'€0/i\/|D|mO

An exponential sum. For K, D as above, we would encounter the
following exponential sum. Its evaluation is standard, so we just state
it:

(2.13) Y ef2Re(2Z _[N(s) itz eso,
' re0/sO ms 0 otherwise.

Eichler-Zagier maps. Using the theta decomposition for ¢ € Jj m
as in (2.6) define the Eichler-Zagier map ¢: Ji m — Sk—1(|D|m, xp) by
t(¢) = h, where (see [5] for the classical case and [6] for more details)

(2.14) h(r) = > ho(ID|m).

s€0O/iy/|D|mO

Let D = /[D[iO denote the different of Q(+v/D) and define the sub-
group G of (O/i/|D|mO)* by

(2.15) G:={u+mD|N(u)=1 (mod |Dlm)}.
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Let n: G — C be any character of G such that n(¢) = e 7% for alle € 0%
Let 7 be an extension of 1 to (O/i\/|D|m®)*. Now define the twisted
Eichler—Zagier map t7: Ji.m — Sk—1(2f|D|m, xp - 77) by t7(¢) = hi(7),
where

(2.16) hi(T) i= > 7(s)hs (| D|mr)

s€0/i\/|D|mO

and f € Z Ni\/|D|mO. We choose f to be the minimal such positive

integer, so that f = |D|m when D is odd and f = |D|m when D is even.
For the convenience of the reader we indicate how one can prove that
hﬁ c Sk_1(2f|D|m,XD ﬁ)

Namely, for any M = (26f|D|m d) € T'o(2f|D|m) and f as above,

(2.17) hﬁ|k1M(T):SEO/ZZﬁmOﬁ(s)<h5|k1 (2zf b|Dd|m>>(|D|m7').

Now using the transformation formula (2.12) for 6, 5, we have

a b|Dlm d 2¢
hisle—1 (2cf |d| )‘h 1] (b|D|m —5)‘]

= fﬁi‘fﬁ > e((2cdf N(s')—2Re(3s')+2d Re(s”s")) /| D|m)hn.
s',8"" €0 /i\/|D|mO

Using this in (2.17) and evaluating the exponential sum over s’ from
(2.13) we infer that hj € Sx_1(2f|D|m, xp - 7).

2.2.1. Decomposition of Jg, m,. For pe O with N(u)=1 (mod m|D|)

define
Wu(¢) = Z Zhus “Om,s 7' 21722)

s€0/i\/|D|mO

where ¢ € Ji , and has theta decomposition as in (2.6). Then W, is an
automorphism of Jj .

Let G be the group defined as above. Then the map G — End(Jk.m),
p — W, is a homomorphism. Now as in the case of classical Jacobi
forms we can decompose Jj m as

Jk,m = @j]g,ma
n

where 7 is a character of G as above and

Tl =6 € Tem | Wa(9) = 1(n) for all p € G}
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Now let 79 be the trivial character of G. For n # ng, let ¢ € jk”m
Then we have W,(¢) = n(u)¢ for all p € G. That is hy,s = n(p)hs for
all u € G. Note that g is a unit in O/i\/[D[mO. Thus if h = «(¢) is
defined as in (2.14), then

M= Y (D) = S h(Dimr)

s€0/iy/|D|mO s€0/in/|D|mO
=n(p) Y. hs(IDm7) =n(uh(r).
s€0/iy/|D|mO

Since 1 # 1o, we have h = 0. This implies that ©,.,,J,’,, C ker(¢).

Similarly for any non trivial character n of G it follows that ©,,J, ,f;n -
ker ().

2.3. Elliptic modular forms. For positive integers k, N and a Dirich-
let character x (mod N), let Sx(N, x) denote the space of cusp forms of
weight k and character x for the group I'o(V).

For f € Sk(N, x) we write its Fourier expansion as

f(r) = Z n)n = em’)

so that by Deligne [4], we have the estimate for any € > 0:
(2.18) |a'(f,n)| <e g 0.

For a positive integer n with (n, N) =1, the Hecke operator T}, on S (N,x)
is defined by

(2.19) Tof =n®" Y Z (0 Z)

a>0
ad=n

For any n, the operator U, is defined as

_ky i 1 b
(2.20) Unf=n2""> | 0 n)
b=0

The space Si(N, x) is endowed with Petersson inner product defined
by

(2.21) (frg)n = /1“ - F(M)g(r)y* 2 dz dy.
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3. Proof of Theorem 1

3.1. Reduction to Hermitian Jacobi forms. In order to prove The-
orem 1, as is quite natural (see also [15]) we first reduce the question
to the setting of Hermitian Jacobi forms of prime index. This would be
possible, as is explained later, if we could show that any matrix in Ay (O)
is equivalent to one with the right lower entry an odd prime. The fol-
lowing lemma allows us to do that. To prove the lemma, we crucially
use the following very non-trivial result due to H. Iwaniec [9] on primes
represented by a general primitive quadratic polynomial of 2 variables,
stated in a way to suit our need.

Theorem 3. Let P(z,y) = Ax?+ Bay+Cy*+ Ex+ Fy+G € Zx,y| be
such that (A, B,C, E, F,G) = 1. If P is irreducible in Q|x,y], represents
arbitrarily large odd integers, and it depends essentially on two variables,
then it represents infinitely many odd primes.

In the above theorem, P(x,y) is said to depend essentially on two
variables if (0P/0z) and (OP/Jy) are linearly independent.

Lemma 3.1 (Hermitian forms representing primes). Let T € A, (O) be
a primitive matriz. Then there exists g € GLo(O) such that g*Tg =
(%p) for some odd prime p.

Proof: Let us write g = (?y‘g) and T = (27) € A (O). Then one

computes that

* o * . * B
919 = <* N(B)n + 618 + 8 + N(a)m> '
At this point we would like to invoke Theorem 3, choosing g appropri-

ately according to the following cases.

Case 1. Either m or n is odd: If m is odd, set § = 1, v = 0. Such a
matrix can be easily completed to GL2(O) for any value of .
When D =0 (mod 4), r is of the form r = L(rl + % |D|r2) and

| VI
set 8= x4+ 5+/|Dly. We put

P(z,y)=n <x2 + %gf) — rox + 11y + m.
When D =1 (mod 4), r is of the form r = —— (%2 + : 2|D|r2) and set

VIDI
B =z +iy/|D|y. In this case we put

P(z,y) = n(a:2 + |D|y2) — rox + Ty + M.
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Noting that 7" is primitive, it is easily seen that in both cases P satisfies
the first hypothesis of Theorem 3. Hence it is enough to prove that
P(z,y) is irreducible in Q.

If at all there is a non-trivial factorization over Q, it has to be into
two linear factors, say

P(z,y) = (a1 + by + c1)(azz + bay + ¢2).

A short calculation shows that a;/b; = —as/bs = A (say). Now com-
paring the coefﬁcients of 2 and y? we get that A% = f‘%l, when D =0

(mod 4) and \? = ‘D‘ when D =1 (mod 4). A contradiction in both
cases. Hence P is irreducible.

Further that P represents arbitrarily large odd values is clear since
m is odd and we can vary x, y over large even integers. Essential depen-
dence in two variables is trivial in our case. Thus P represents infinitely
many odd primes. The case when n is odd follows by symmetry of the
situation (we take 8 =1 and proceed similarly).

Case 2. Both m and n are even: In this case we can take P as before and
note that one of r; or ro must be odd, since T was primitive. Say ry is
odd. Then varying x through odd integers and y through even ones, we
see that P represents arbitrarily large odd integers. The other properties
of P continue to hold. O

We embark upon the proof of Theorem 1 by using the following result
due to S. Yamana [21].

Theorem 4. If F' € S;(O) is non-zero, then there exists a primitive T €
A (O) such that a(F,T) # 0.

2. Reduction to elliptic cusp forms and proof of Theorem 1.
Let F' € Sk(O) be non-zero and by Theorem 4, choose Ty € A4 (O)
primitive such that a(F,Ty) # 0. From the fact that a(F,¢*Tg) =
(det g)ka(F,T) for all g € GL2(O) and by using Lemma 3.1 with T' = Ty,
we can assume that Ty = (% ) for an odd prime p.

Appealing to the Fourier—Jacobi expansion of F' as in (2.1) and the
above conclusion, it follows that there is an odd prime p with (p,i/|D]|)=
1 such that ¢, € Jj p is non-zero. Recall that the Fourier expansion of ¢,
has the shape

(3.1)  ¢p(T, 21, 22) Z Z cr(n,r)e <n7’ + \/Z%m + \/Tﬁ'za) ,

re
IDlnp>N( )

where cp(n,r) = a (F (/\”/3 /\p/f»



DETERMINATION OF HERMITIAN CUSP FORMS 319

Now let ¥ and hg be the images of ¢, under ¢ and 5 respectively
(defined in Subsection 2.2). The crucial fact is the following, proved at
the end of Subsection 4.3.

Proposition 3.2. Letp € Z be a prime and ¢ € Ji,p be non zero. Then
Lii(¢) # 0 for some n or v(¢) # 0.

Now suppose that h # 0. Let the Fourier expansion of h¥ be given
by hf (1) = 3,20 A(n)e*™"7, where A(n) is given by

n+ N(s
A(n) = Z cr (TT'I)(),S) .
s€0/i\/|D[pO

N(s)+n€|D|pZ

Since h # 0 and N/m,, is square-free, using Theorem 2(a), we get
infinitely many square-free n such that A(n) # 0. For each of these n,

n+N(s) i /D
we get an s such that cF("Té\‘[Z()s) ,S)=a (F7 (}/’\3/"’3' VI )) is not
is P

equal to zero. Moreover by Theorem 2(b), for any e > 0 we have
#{0 < n < X, n square-free, A(n) # 0} >,r . X'e
Thus, for any € > 0,
#{0 < n < X, n square-free, a(F,T) # 0, n = |D|det(T)} >r. X' .

Now suppose A" = 0, then by Proposition 3.2, there exists a charac-
ter n of G such that hg = 0. We need another proposition, whose proof
is deferred to end of Subsection 4.4.

Proposition 3.3. Let 1 be a character of G. Suppose 1(¢) # 0 for
some extension 1 of 1, then there exists an extension 7y of n such that
restriction of Mo to Z has conductor divisible by p and v5,(¢) # 0.

Proof: Note that there is a choice in extending 7 to 7. But different ¢5(¢)
obtained in this way are either all vanish or none of them can vanish (see
Lemma 4.22). This allows us to assume that hg satisfies the conditions
in Proposition 3.3.

We can write hf (1) = 3, . B(n)q", where B(n) is given by

B(n) = Z 7(s)cr (%,s) .
s€0/ir/|D[pO

N(s)+n€|D|pZ

Case 1:  When D is odd, 2f|D|p/m,
1<a<2.
If @« =1, then we can apply Theorem 2 to hg and we get the result.

is of the form |D|*2p, where

D7
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If « = 2, then we apply Proposition 5.10 (please see the end of Sec-
tion 5) to hf with p1 =2, po = [D|, p3 = p, and a1 = 1, ag = f = 2
and we get the result.

Case 2: When D is even, 2f|D|p/m. 7 is of the form |D|p, since xp - -7
is a primitive character modulo |D|p We use Proposition 5.10 for hn ,
with po = 2, p3 = p, a3 = 0, and ay = 4, f = 2, when D = —4 and
ag =6, =3, when D = —8 to get the result. O

4. Interlude on Hermitian Jacobi forms

4.1. Some operators on Jg . In order to proceed further we need
a few operators on Ji . Let p € O (p # 0), define the Hecke-type
operator Uy : Tk,m — Tk,mn(p) by [6, p. 51]

(4.1) O\U, (T, 21, 22) = &(T, pz1, p22).

If ¢ has a Fourier expansion as in (2.5), then the Fourier expansion
of ¢|U, is given by

O\U, (T, z1, 22) n,r/ple( nT+—— lZQ.
(12) o DD S ] v e e

|DIN (p)nm>N(r)

Now for p € O with p | m and N(p) | m we define a new operator u,
on Ji,m as given below:

43 dlulram) =N X (o |2]) /oo

€02 /p0O2
Lemma 4.1. Let u, be defined as above. Then u,is an operator from Ji m
t0 Jk,m/N(p)-
Proof: Let eM € T'1(0O) and [\, u] € O?. Then the requisite transfor-
mation properties of ¢|u, easily follow since if {x = (z1,22)} is a set of
representatives for O%/pO?, then {(z1,22)eM} and {(x1+\, xo+u)} are

again a set of representatives for O2?/pO?. Further using that N(p) | m
and the formulas (2.3), (2.4) we get

(D1up)[km/N(0)EM = (Blk,me)|up = Plup,
(Blp)lim/n (o) [N 1] = Bl

To complete the proof we find the Fourier expansion of ¢|u,. Let x =
(z1,22) € O?/pO?, then from (2.4)

(o1 [2]) 1/ afm) = e (B + Ly 4 21, )

N(p) p

x x 1 T2
x¢(7,zl+—17+—2,22+f17+ é).
p P P P
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On writing the Fourier expansion and using (2.13), we see that ¢|u,
equals

(,i) - — 1 ) - . —_
ey VD] pp ipp

><e<n7'—|— ir 21+ ir z)
—F21 T —F—=22 | .
vardl VDI

As z1 varies modulo p, r’ varies mod-

| D|mzy
ipp
VI IDmo . iy/|D|m 1 T
% with 7 =r (mod %). Also we have that 22 — ™Z1 —

i
ulo L
VD] op

Now let ' = r —

t_(r' +r) and so

VDI
RS SED SENE (RS OR ey

- |D|m
T =y (mod %)
iv/IDlm |
P

r’ (mod

X e (nr + i z1 + ir Z >
- <1 2 .
VID| VID|
From this the conditions at cusps are easily seen to be satisfied. This
completes the proof. O

Proposition 4.2. Let p € O.
(a) If ¢ € Ti,m, then ¢|Uyu, = N(p)o.
(b) If ¢ € Ta and (p,p) = 1, then ¢|U,uz = ¢.

Proof: (a) Let c,,(n, ) denote the (n, r)-th Fourier coefficient of ¢|U,u,.
Then from (4.2) and (4.4) we have

cop(n,r) = Z Co (n + %,r’) = N(p)ce(n,r).
r’ (mod i\/\ﬁﬁm)
' =r (mod iy/|D|m)
The last step follows from the fact that if ¢ € Jim, then cy(n',r’) =
¢y (n,r) whenever |D|n'm—N (') =|D|nm—N(r) and r'=r (mod i+/|D|m).
This condition is satisfied in each summand above.

(b) Let ¢,5(n,7) denote the (n,r)-th Fourier coefficient of ¢|U,up.
Then we have

N('")—=N(r) pr
CPﬁ(nﬂﬂ) = Z Co (n+ ( |)D\m ( )77 .
r’ (mod i4/|D|p)
r’'=r (mod i\/|D|)
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Since (p, p) = 1, the only non-zero summand is for which p | /. But there
exists exactly one such v’ (mod i\/|D]p) with ' =r (mod iy/|D]). Now
the proof follows by noting that if ¢ € Ji 1, then cy(n',r’") = c4(n,r)
whenever |D|n’ — N (') = |D|n — N(r) and r = r (mod i~/]D]). O

Let J; denote the subspace of Jj,,, consisting of those ¢ € Ji.m
whose Fourler coefficients ¢(n,r) depend only on |Djnm — N(r). We
present the following arguments for the benefit of the reader.
Proposition 4.3. The FEichler—Zagier map ¢ defined in Subsection 2.2
is injective on jSpeZ.

Proof: Let ¢ € Jph". Then cg(n,r) = cg(n’,r’), whenever |D|n'm —
N(r'") = |Dinm — N(r). Recall from (2.8), the definition of the theta
component hg:

= S e (%]'\;ES),S) e(nt/|D|m).

n>0
N(s)+n€|D|mZ

n+N(s n+N(s
But |D|( ‘Jbl( ))m N(s) = n, thus ce( Llé),s) = ¢( B ,0). That
is hy = hg. This is true for every s. Now if h := «(¢) = 0, then
0 = h(r) = m|Dlihg|g—1J(m|D|7) (from (2.11)). Thus ho = 0. This

along with hs = hg for all s implies ¢ = 0. O

Lemma 4.4.
(a) Fork#0 (mod w(D)), Jh" = 0.
(b) For k=0 (mod w(D)), jsPeZ =Tk1-

Proof: For (a) note that from (2.10), we have *hg = ho, for ¢ € O*.
Since k # 0 (mod w(D)), choosing suitable & we get hg = 0. Thus h =
t(¢) =0 for any ¢ € J m. Now the proof follows from Proposition 4.3.

(b) follows from the fact that if ¢ € Ji 1, then cy(n',r") = cp(n,r)
whenever |D|n' — N(r') = |D|n — N(r) and 7' =r (mod i+/]D]). More-
over for our choice of discriminants D (which are of the form —p, p =3
(mod 4) as in Theorem 1), N(r) — N(r') € |D|-Z implies that € € O*
such that r—er’ € z\/ﬁ@. This can be checked by hand for D = —4, —8
and for odd D, using Lemma 4.12. O

Lemma 4.5. Let p € O and ¢ € J;5". Then ¢|U, € j:,I;:ZN(p).

Proof: Let c,(n,r) denote the (n,r)-th Fourier coefficient of ¢|U,. Then
cp(n,r) =01if ptrand cy(n,r) = cy(n,r/p) if p | r. Hence it is enough
to prove the result for (n,r) when p | r.
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Let (n,r) and (n’, ') be such that |D|nmN (p)—N(r) = |D|n'mN(p)—

N(r'). Then |D|nm — NE;) |D|n'm — %. L.e., we have cy(n,r/p) =

co(n',7"/p). Since ¢ € J P this implies ¢,(n,r) = c,(n’,r"). Thus
ANUp € Tpimin o) =

For any [ € N, like in the classical case we can define an operator
Vi Teom — Timu (see [6]). For any ¢ € Ji m, the Fourier expansion
of ¢|V] is given by

(4.5)  @|Vi(r, 21, 22) Z Z Z akilcd, (Z—Ql, 2)

n>0 N(r)<|D|lmn \ r/acO
al(n,l)

xe(nTJr o z1+ ir z>

4.2. Injectivity of Eichler—Zagier map ¢. The aim of this subsection
is to indicate that the Eichler-Zagier map ¢: Jxp, — Sk—1(|D|p, xD)
defined by ¢ — 1(¢) =: h (as in (2.14)) may fail to be injective at least
for certain primes p. This is in contrast with the classical case where
it is known (see [5]) that the Eichler—Zagier map is injective for prime
indices. Perhaps this subsection justifies our efforts in Section 4 to prove
Theorem 1 using these maps. In this subsection we restrict ourselves
to K = Qi) (i.e., D = —4). We start with some auxiliary results.

Lemma 4.6. For any odd prime p € N, p > 5, let V}, be the operator
on Ji1. Then V,’s are injective on ijSp

Proof: Let V' denote the adjoint of V,,. Then from [12, p. 190] we
have V'V, = T, + (p + 1)p*~2, where T}, is the p-th Hecke operator
on Ji 1. Suppose ¢ € J7T is such that ¢|V, = 0, write ¢ = Y c;¢;
as a sum of Hecke elgenforms, say, with ¢y > 0. Then we get that
Ai(p) = —(p + 1)pF=2, where ¢1|T, = Ai(p)¢1. We also have from
[12, Lemma 2, p. 195] that A\ (p) = a(p?) — p*3x_4(p) for any odd
prime p and for some normalized eigenform f € Si_1(T'0(4), x—4) such
that f(r) =, -, a(n)e(nt). This means that a(p?) = —p~~1 — pF=2 +
p"3x_4(p). Thus

~ ~ . 11 _
R R a(p)| = 0" 1+*—p*x a(p)| > P

p

But this is impossible since we have |a(p?)| < 3p*~2 (from Deligne’s

bound). Thus V,, must be injective on jcuSp. O
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Proposition 4.7. Jy, \ Jp0” is non-empty when k > 12 is even and
p > 5 splits in Q(7).

Proof: For k, p as in the theorem, we claim that there exists a non-zero
® € J; 7 such that ®|V, ¢ 7, Spez Note that ®|V,, # 0 by Lemma 4.6.
To prove this, we start more generally by taking a non-zero form ¢ € J,; 1
(k > 4) and consider ¢|V,.

Now ¢,(n,r) = cy(np,r)+p~~ lc¢( ) where ¢, (n, r) is the (n, r)-th
Fourier coefficient of ¢|V, and the term c¢(f 7) = 0 if either p t n or
p 1 r. Since p splits in Q(7), we can write p = 77, where m € O is a prime.
Choose two pairs of (n,r) as ny = Np, r; = p, and ny = Np, ro = 72.
Then 4n1p — N(r1) = 4nop — N(ra). But cp(ni,r1) = co(Np?,p) +
p"tey(N,1) and cp(n2,m2) = cp(Np?, m?). Since ¢ € Jg,1 and from
Lemma 4.4, we get cs(Np?, p) = cy(Np?,7%). Thus to prove our claim,
it is enough to get a ¢ such that cs(N,1) # 0 for some N > 0 or
equivalently hi(¢) # 0, where hq(¢) denotes the ‘odd’ theta component
of ¢.

Let U := Wg ;1 € Jg1 be the cusp form as given in [17, p. 308]. Then
one can directly verify that the theta component hi(¥) of ¥ is non-zero.
Now consider the Jacobi form

U, =B, -0,

where E; € M,i is the Eisenstein series in one variable. Clearly ¥y €
Ji+s,1 is such that hq(Pg) = Ej - h1(¥) # 0. By our discussion in
the above paragraph (with ¢ = ¥y and k = k + 8 > 12), we see that
UV, & Ti0 O

Proposition 4.8. If p does not split in Q(i), then J;0 is the mazximal
subspace of Jy,p on which the Fichler-Zagier map v is injective.

Proof: We first claim that, under the above assumptions, J;"), jks};ez.
Granting this for the moment, note that the proposition follows since
v annihilates Jy., \ Ji0; see Subsection 2.2.1. To prove the above
equality, by the same reason as above, clearly 7 Spcz cJ "O

Now suppose that ¢ € J,°, so that h,s = hs for all s (mod 2p) such
that (s, 2p) =land p € G (see (2.15)). Therefore it is enough to show
that 71 = pry (mod 2p) for some p € G, whenever r1,72 € O, with
N(r1) = N(rg) (mod 4p) and (rire,2p) = 1. The proof now is a easy
exercise in congruences, and we omit it. O

Remark 4.9. Summarizing the content of the above results, we see that
in general jkpez could be strictly smaller than J , and that ¢ may fail
to be injective in its complement.
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4.3. Index-old Hermitian Jacobi forms of index p. In this sub-
section we prove the assumptions made in Subsection 3.2 that given
¢ € Jip, either h # 0 or hz # 0 with 7 and 7 as in Subsection 2.2. In
the process we also show that if ¢ € J,, is such that c(n,s) = 0 for
all s with (s,iy/|D|p) = 1, then either ¢ = 0 or ¢ must come from a
Hermitian Jacobi form of lower index depending on whether xp(p) = —1
or xp(p) = 1 respectively.

Let G be the group defined in Subsection 2.2. Denote the group

(0/i\/IDIp0)* by G

Proposition 4.10. Let ¢ € Jy,, be such that hi = 0 for all extensions 1
of any character n of G. Then the theta components hs of ¢ are zero for
all (s,i4/|D|p) = 1.

Proof: Suppose for any character n on G
hi = Z A(t)he = 0 for all extensions 7 of 7.
te0/ir/|D[pO
Let us fix 6 to be one character which extends . We say that ¢ is

over 7. Then all other characters which extend 7 are of the form ¢ -G /G,

where ~ denotes the character group. Let s € O with (s,i4/|D|p) = 1.
Now look at the sum

A= <Z§A(t51)> hy.
7 over 1 t€0/iy/IDjpO N A

In the above sum, X varies in G/G. Let us look at the sum in braces.
Let a € O. Then by orthogonality

o if (v, iy/IDlp) # 1,
> (6A ZA #(G/G) ifaeg,
A 0 ifaeG-G.
This means that the sum above is
(4.6) 0= > di(s)hs =#(G/G) > n(w)
7 over m HeEG

Note that when n(e) # =%, then hj is automatically zero (see [6]).
Thus (4.6) is true for all characters n on G. Now sum (4.6) over charac-

ters of G to get
0= Y 3 W = #(Ghe

'qeé HEG

Thus hs = 0 for all (s,i1/|D|p) = 1. This completes the proof. O



326 P. ANAMBY, S. DAs

Remark 4.11. Proposition 4.10 remains true for any fundamental dis-
criminant D.

Lemma 4.12. Let p € O be a prime such that N(p) € Z is a prime.
Then {1,2,...,N(p)} is a set of coset representatives for O/pO.

Proof: Let C = {1,2,...,N(p)}. It is enough to prove that any two
distinct elements of C are not congruent modulo p. Suppose o, € C
are such that o = f (mod p). Since N(p) is a prime, this would imply
N(p) | (a — B). But this is possible only when a = g. O

Remark 4.13. Note that when D is odd, | D| is a prime in Z. Thus i+/|D]|
is a prime in O. If D = —4, then iy/|D| = (14 i)? and if D = —8, then
iv/ID| = (—iv/2)?. Both (1+41) and —i\/2 are primes in their respective
ring of integers.

Proposition 4.14. Let p € Z be a prime such that xp(p) = —1 and
¢ € Tip be such that hy = 0 for s € O with (s,iy/|D|p) = 1. Then

hs =0 for (s,i\/|D]) = 1.

Proof: First we consider the case when D is odd. Since p is a prime in O
and (p, D) = 1 and since we already know that hs = 0 for (s,/|D|p) =1,
it is enough to prove that hs = 0 for s with (s,iy/|D|p) = p. Any such
s is of the form ap, where a € 0/i/|D|O and (a,i+/|D|) = 1. By
Remark 4.13 and Lemma 4.12, we can choose C = {1,2,...,|D|} to be
the set of coset representatives for O/i\/|D]O. Now if N(ap) = N(Sp)
(mod |D|p) for some «, € C, then we must have that N(a) = N(B)
(mod |DJ) or equivalently a? = 32 (mod |D|). But since | D] is a prime
we must have that o« = £8.

From the given condition and using (2.11) we get, for any s with
(s,iy/|Dlp) = 1,

> ()
r€0/iy/|D[pO
Now it is clear from (2.10) that h,p, = 0. This completes the proof when
D is odd.
When D = —4 or —8, we replace i1/|D] in the above proof by (1 +
1) and —iy/2 respectively and proceed to prove the result in the same
manner. O

Proposition 4.15. Let ¢ € Ji, be such that c(n,s) =0 for all s with

(s,in/|D]) =1. Then ¢ = 0.
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Proof: First we prove this for the case D odd.
Let 6(r.21,22) = Xcln,s)e(nr + o1 + —fesz2). For any r € O

with (r,i4/|D|) = iy/|D|, we have 1 — e(\/%Re(\/lrﬁ)) = 0. Since
c(n,s) =0 for all s with (s,iy/|D|) = 1, for any r € O we have

(o-ap ] oo
=3 e(n, s) <1—e (\/%'Re (\/’%») e(...)=0.

Now applying the matrix (7 §) € T'1(O) to the above equation and using
the formulas in Subsection 2.2 we get

__(pN()
(4.7) ¢—e(p|D‘ )d)'[\/lﬁ zﬁ]

Also applying the matrix (9 ') € I'1(O) we get, ¢ = ¢| [%/—, 0]. Thus

|D]
/D] [ivID[ i/IDI" i\/ID]
Now from (4.7) and (4.8) and from the fact that (p, |D|) = 1, we get ¢=0.
When D = —4 or —8, the proof follows similarly by replacing i1/|D|
by (1 +4) and —iv/2 respectively. O

(4.8) ¢ =9 {

Corollary 4.16. Let p € Z be a prime such that xp(p) = —1 and
¢ € Jrp be non-zero. Then there exists a character n of G such that
hy # 0.

Proof: This is immediate from Propositions 4.10, 4.14, and 4.15. O

For any r € O, let (r) denote the ideal generated by . We now define
the Mo6bius function on O similarly as in case of Z.

Definition 5. Let r» € O, then define the Mobius function p as follows

1 when (1) = (1),
p(r) = ¢ (=1)* if (r) = p1p2 - - - p¢ for distinct prime ideals p;,
0 otherwise.

The following lemma is the starting point of our discussion of index
old forms.
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Lemma 4.17. Let r,s € O be such that (r,s) # 1. Then
2 ir
uwt)lle < Re <>> =0.
2O\ Gzt

Proof: By our assumption on r and s, there exists a prime divisor 7 of s
such that 7 | r. Thus we have 1 — e(—2= Re()) = 0. Now taking the

ViDI

product over all prime divisors of s we get

(- (i (%))) -0

Expanding the product on the left hand side we get the required expres-

sion. U
Proposition 4.18. Let p € Z be a prime such that xp(p) = 1 and
¢ € Tip be such that hy = 0 for s € O with (s,iy/|D|p) = 1. Then

¢ € T 1|Un + T2 |Uz, where p =77, with m € O prime.

Proof: Suppose ¢ is such that hs = 0 for all s € O with (s,i+/|D|p) = 1.

Then ¢S 6} = 0 for all s € O with (s,i/[D]p) = 1. This in
[Dlp

turn implies ¢(n,s) = 0 whenever (s,iy/|D|p) = 1. We now prove the
proposition by adapting a method as outlined in [20], and with some
care.

We first prove the result when D is odd. Let r € O, then using
¢(n, s) = 0 whenever (s,i4/|D|p) =1 and Lemma 4.17 with s = i,/|D|p
we get

(49) > uol (H o ”D ~o.

tlin/|Dlp plt

* ok

Now, by applying suitable matrices () € I'1(O) and summing up, we
get

D2 [ 1227 ] 2
0:; S uwel (HK,,;)(NC[@))D

S i avEe
iy r1 T T1T2

- > o 3 oI 5) - (56)] )
tliy/IDlp LTSl o NP P

Recall that p in the above sums are primes in O and that N(p) is a
prime in Z (cf. Remark 4.13). Now using Lemma 4.12 we note that for
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each p, the number of distinct x; (mod p) as x; varies from 1 to |D|p?
is |D|p?/N(p) (and similarly for z3). Finally using the Chinese Remain-
der theorem we can rewrite the above as

410) 0= S 4 |D| H > ‘15'{(%’%)’6(1?3)]'

tlin/IDlp plt 1,22 (mod p)

Since (4.9) is unchanged if we change the order of the variables in-
volved, separating the terms in (4.10) according to whether (¢,i+/|D|) =
or not (and recalling that i,/|D] is a prime), we get

|D| s
X1x2
(4.11) lDW_IIIZQle\/W ﬁ) (|D|)],
where
v=ro=r® 3 dl[Z]-r 3 el[Z]+I1 X al[Z].
z (mod ) z (mod T) m|p x (mod )

Since xp(p) = 1, p splits in O, say p = 7w. Now using the operators
defined in Subsection 4.1 we have

¥ =p"'¢—p’BluzUr — p’¢|luzUs + p°dluzUsurUx
=06 — P’ PluxUx — p*dluxUs + p*pluzUs

The last equality follows from part (b) of Proposition 4.2. Thus ¢ € Jj p.
Now applying [0,7] € O% to (4.11) we get

Pre=2 (2““( wf)) Y K N zﬁ) (xllef)]'

Now summing over r (mod i4/|D|) in (4.11) and using (2.13) for the
exponential sum over r, we get

|D|
Dy = D|Zw|[ f}

Now writing the Fourier expansion of the right hand side, we find that
cy(n,s) = 0 for all s with (s,i4/|D]) = 1. That is, ¢ satisfies the
hypothesis of Proposition 4.15. Thus ¢ = 0, that is we get

1 1 1
¢ - 7¢‘u7\'Uﬂ' - *(ﬁ‘U?UF"F 7¢|U?Uﬂ- =0.
p p p

When D = —4 or —8, the proof follows very similarly by replacing i+/|D]|
by (1 +¢) and —iv/2 respectively. We omit the details. This completes
the proof since @lur, pluz € Tk 1 O
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Corollary 4.19. Letp € Z be a prime such that xp(p) =1 and ¢ € Tip
be non zero.

(a) If k £ 0 (mod w(D)), then there exists a character n over G such
that h,f] 7é 0.
(b) If k=0 (mod w(D)) and h; =0 for all 7}, then h # 0.

Proof: (a) Suppose not, then by Proposition 4.18 ¢ € Ji 1|Ux + Ji,1|Us-
By Lemma 4.5 this means ¢ € J; = {0} (by Lemma 4.4), a contra-
diction.

(b) By Proposition 4.10, the given condition means hs = 0 for all
(s,i4/|Dlp) = 1. Thus by Proposition 4.18 and Lemma 4.5 we have
¢ € T Thus h # 0 (see Proposition 4.3). O

Proof of Proposition 3.2: This is immediate from the above corollary.
O

Remark 4.20. When the class number of Q(v/D) is not 1, we do not
see immediately how to adapt the arguments used in Proposition 4.18.
Moreover, the definition of the operator U, (p € O) perhaps has to
be generalized to the setting of ideals, which again is not clear at the
moment.

4.4. Some lemmas about characters of GG. To descend to the ellip-
tic modular forms we must control N/m,, ratio. To this end we prove the
following results about the characters of G defined as in Subsection 2.2.

Lemma 4.21. Let n be a character of G. Then there exists an exten-
sion 11 of n to G such that restriction of 11 to Z is non trivial and its
conductor is divisible by p.

Proof: Since (i\/|D],p) = 1, any extension 7 of  to G can be decom-
posed as 7 = fjp - 7, where 7jp and 7, are characters of ((’)/i\/ﬁ(’))X
and (O/pO)* respectively.

Let v denote the restriction of 7 to Z so that 1 is a Dirichlet character
modulo |D[p. Since (|D|,p) = 1 we can decompose ¢ = 9|p| - ¢, where
Y p| and 1, are Dirichlet characters modulo |D| and p respectively. Note
that ¢ p| and 1, are the restrictions of 7)p and 1), to Z respectively. Now
it is enough to prove that v, is non trivial for some restriction of 7. We
proceed as follows.

Let n € Z be such that (n,p) = 1 and n £ +1 (mod p). Choose
m € Z such that m = n (mod p) and m =1 (mod |D|). Then ¢(m) =
¥p(m) = ¢p(n). Now summing over all 7 over 1 we get

D odpm)= > ip(m)= > i(m).

7 over n 7 over n 7 over n
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Now for the last sum we have > . ., 7(m) = deg/\a flo(m)é(m) =

#(G /G0 (m)dg(m), where g (s) = 1 if s € G, 0 otherwise, and 7o is a
fixed extension of n7 to G. Thus we have

Y Wp(m) = #(G/G)ijo(m)dc(m).

7 over n

Clearly by our choice of m and n we have N(m) =m? # 1 (mod |D|p).
Thus dg(m) = 0. Hence not all 1, could be trivial. This completes the
proof. U

Lemma 4.22. Let n be a character of G and &,€' € G be two extensions
of n. Then he defined as in (2.16) is zero if and only if he = 0.

Proof: We can write he(7) :== > | i/IDTp, (s,iy/TDlp)=1 &(s)hs(|D|pT)

as
0] (Z ) us<|D|pr>>
s€G/G neG
and similarly for he/. Now he = 0 implies that each of the terms (let us
call them fs) in the braces above are zero. This can be checked from the
shape of the Fourier expansion of the fs’s. Namely, the Fourier expansion
of fs is supported on all n such that n = —N(s) (mod |D|p) and no two

norms of two distinct elements s1, so from G/G with (s1s2,i+/|D]p) = 1
can be congruent modulo | D|p (cf. end of proof of Proposition 4.8). Since
fs does not depend on &, this proves the lemma. O

Proof of Proposition 3.3: This is an immediate consequence of Lem-
ma 4.21 and Lemma 4.22. O

5. The case of elliptic modular forms
5.1. Proof of Theorem 2(a).

Theorem 6. Let x be a Dirichlet character of conductor m, and N be a
positive integer such that N/m, is square-free. Let f € Si(N,x) be such
that a(f,n) = 0 for all but finitely many square-free integers n. Then

f=o.

Proof: When f € Si(N, x) is a newform the result follows from multiplic-
ity-one. Let f € S;(V,x) be non-zero. Consider a basis {f1, fa,..., fs}
of newforms of weight k and level dividing N. Let their Fourier expan-
sions be given by f;(7) = Y .-, bi(n)q™. Then for all primes p, one has
T,fi = bi(p)fi- By “multiplicity-one”, if ¢ # j, we can find infinitely
many primes p > N such that b;(p) # b;(p). Now by the theory of
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newforms, there exists a; s € C such that f(7) can be written uniquely

in the form

(5.1) flr) = ZZai,gfi(éT).

i=1 §|N
Since f # 0, after renumbering the indices, we may assume a5 7# 0 for
some ¢ | N. Let p; 1 N be any prime for which by (p1) # ba(p1). Then
consider the form g; (1) = Y02, a1(n)q" := Ty, f(7) —ba(p1) f(7) so that
g1(7) = > _(bi(p1) = ba(p1)) Y s fi(07).
i=1 5|IN

The cusp forms f3(d7) for any ¢ | N, do not appear in the decomposition
of g1(7) but f1(d7) does for some § | N. Also it is easy to see that a;(n) =
a(f, pln)—i—x(pl)p’f*la(f, n/p1)—ba(p1)a(f,n). Proceeding inductively in
this way, we can remove all the non-zero newform components f;(67) for
all i = 2,...,s, to obtain a cusp form F(7) in Si(N,x). After dividing
by a suitable non-zero complex number we get

F(r)= Z A(n)q" = Z a,s f1(07).
n=1 SN
Now by repeating the above steps we get finitely many algebraic num-
bers B; and positive rational numbers «; such that for every n

(5.2) A(n) =Y aisbi(n/d) =Y Bialf,m).
5N j
Let 1 be the smallest divisor of N such that a4, # 0 in (5.1) and let
F*(1) = Us, F(7). Then F*(1) € Si(N, x) with F*(7)=>""_, A(61n)q".

Since f; # 0 there are infinitely many primes p such that by (p) # 0.
Let S = {p:p prime, p | N} U{p : p prime, b1 (p) = 0} U {the primes p;
chosen as above}.

If p ¢ S, then A(01p) = a1,5,b1(p) # 0 and there are infinitely many
such primes. For each of these p we get a j = jo such that a(f,v;,01p) #
0. Let us now finish the proof of the theorem.

Let my | N be such that fi1(7) is a newform in Sk(mi,x1), where
X1 (mod mq) is the character induced by x (mod N). Then m, | my
and for each ¢ in the sum (5.1), dmy | N. Since N/m,, is square-free we
must have that each of the ¢ in (5.1) is square-free (since § | (N/m,)). In
particular d; is square-free. Next, in the process of obtaining F' as above,
clearly we can choose primes p1, ps, . .. pairwise distinct (by multiplicity-
one). By construction, the prime divisors of any ; appearing in (5.2) are
from the set {p1,p2,...,ps}. Moreover, since the highest power of a p;
(t=1,2,...,s) is either 0, &1, all the 7;’s are square-free. In particular
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Vj, is square-free and 41, p, 7y, are pairwise co-prime. The result thus
follows with n = v;,01p with any p € S. O

5.2. Second moment of square-free Fourier coefficients. Theo-
rem 2 would be proved by studying the second moment of the Fourier
coefficients of an integral weight cusp form. We first recall the following
well known result due to Rankin [14] and Selberg [19].

Theorem 7. Let f € Si(N,x) be non-zero. Then there exists a con-
stant Ay > 0 such that

(5.3) ST ld'(fn)P = ApX + O(XF).

n<X

Moreover, Ay = %(ff?k))k [SLo(Z) : To(N)]~Y{f, f)n. The implied constant

depends only on f.

The following is a first step towards the proof of Theorem 2, adapted
from Saha [15].

Proposition 5.1. Let N be a positive integer and x be Dirichlet char-
acter modulo N whose conductor is m,. Let f € Si(N,x) be non-zero
and a(f,n) =0 whenever (n, N) > 1. Let M be a fized square-free inte-
ger such that M contains all the primes dividing N. Then there exists
B¢ > 0 such that

(5.4) > ld (i) = BruX +O(X
n<X
(n,M)=1

3
5

).

Proof: Define g(7)= Z(n,M):l a(f,m)q™. Let p1,pa,...,pt be the primes
in M that do not divide N and My be such that M = Mgypips - - - ps.
Then g € Si,(NM? /Moy, x) (see [11]). If g # 0 then

Yo ld(En)P =" ld (g ) = AX +0(X

n<X, (n,M)=1 n<X

3
5

),

where A, is as in Theorem 7. Put By := Agy. Since g # 0, we have
Bf’M > 0.

We now prove that g # 0. Let go=f and g1 (7) :Z(n,pl):1 a(go,n)q™.
Then g1 € Sp(Np?,x) (see [11, p. 157]). If g1 = 0, then a(f,n) = 0
for every (n,p1) = 1, which in turn implies (p1, N/m,) > 1, which is
impossible.

For each 1< j <t construct g; as g;(7) :Z(n,pj):1 a(gj—1,n)q". Then
g; € Sk(Np%---p?,X). If for any 1 < j <t¢, g; = 0 but g;j—1 # 0, then
a(gj—1,n)=0 for (n, p;)=1. This would mean (p;, Np3 ---p3_,/m,)>1,
which is impossible. Hence g; # 0 for 1 < j < t.
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We have from the definition of g that
o= 3 algma
(n,Mg)=1
If g=0, then a(g:,n) =0 whenever (n, My)=1; that is a(f,n)=0 when-
ever (n, Mp)=1. Consequently f =0 which is not possible. Thus g#0. O

Corollary 5.2. Let f € Sip(N,x) be non-zero. Then for any r with
(r,N) =1, there exists a constant Ay, > 0 depending only on f and r
such that

(5.5) 31 (f )P = Ape X+ O(XF).
n<X
Moreover, Ay, = = lilzrk)) [SLo(Z) : To(N7))"1rt=* (U, f,Up-f) nr--

Proof: Consider the Hecke operator U, acting on f defined by U, f =
Y onsoalf,nr)e(nt). Let g = U, f, then we have that g € Sip(Nr,x).
Now applying Theorem 7 to g we get (5.5). O

5.2.1. Some bounds for Peterson norms. In order to get an es-
timate for Ay, in (5.5) we slightly modify a result by J. Brown and
K. Klosin [3] to include characters and use it to get an expression
for (U, f,U,g). The following results might be of independent interest
also.

Theorem 8. For p{ N, let f,g € Sp(N,x) be eigenfunctions for the
Hecke operator T,, with eigenvalues \;(p) and Ay(p) respectively. Then

ke . 0= DAs(0)Ag(p)
(5.6) (Upf,Upg)np = (pk + pi1> (fsg)np

Proof: We have U,f = T,f — X(p)p§*1f|Bp, where B, is the ma-
trix( 9). Thus (U, f, Upf)nyp is given by (Ar(p)Ag(p) + 0" 2)(f, 9)np —

P2 @)X (0) (1 By, 9) np+A s (0)X () (9 By, f) np), where By, is the ma-

trix (g?)

Now we evaluate (f|By, g) np and (g|Byp, f)np. Since (é p) (69)(6 1),
we get

T gy = 5 (n(; 1) “">Np X0 1Brr g

j=0
Now there exists a,b € T'g(N) such that a ((1) 2) b= (g (1)) and, proceed-
ing as in [3], we get that
~k Ai(p)
: B —p i
We get a similar expression for (g|Bp, f)np-



DETERMINATION OF HERMITIAN CUSP FORMS 335

Putting everything together we get

(p — DAs(p)Ag(p)
p+1

<Upf7 Upg>Np = <pk2 + ) (fs 9>NP' O

We now use Theorem 8 to study the quantity (U, f, U,2g), where r is
square-free.

Proposition 5.3. Let p{ N and f,g € S,(N,x) be eigenfunctions for
the Hecke operators T, and T2 with the eigenvalues \f(p), Ag(p), and
Ar(p?), Ag(p?) respectively. Then

(5.8) <Up?,f7 Up2g>sz =

(Af I + 2 ) — L <p; £ X (p2>> (f, )i

Proof: Using the definition of T}2 from (2.19) we have
Tyof = Uy f + x(p)p* " (Up ) By + x(0)p" 2 f|B,2,
e, Upef = Tpe f — x(0)p? " (Upf)|By — x(02)0" 2 f|B,2,
where for d > 1, By is the matrix (¢ 9). Now expanding (Upz f, Up2g) np2

using the above expression for Up: f and using Theorem 8 we get the
proposition. O
Corollary 5.4. Let f,g € Sk(N, x) be eigenfunctions for all Hecke oper-
ators T,, with (n, N) =1 and r be any square-free integer with (r, N) = 1.
If {(f,g)n =0, then (U2 f,U2g9) N2 = 0.

Proof: First we prove by induction on the number of prime factors of r
that (U2 f,U,29) N2 equals

(5.9)

(£ ez - [ [ Ar @)X (02 + 0" 2 X5 ()Xo (p) —

plr

Ar(P*)A2(p) + A3 (P)Ag (p?)
p+1 '

Let r = p1p2 -+ - pm- For m = 1 the result in (5.9) is true from Proposi-
tion 5.3. Now we assume (5.9) to hold for m — 1.

Let 11 = r/p,, and let f1 = Urfff and g1 = U,2g. Then fi,91 €
Si(N7?,x) and f1, g1 are eigenfunctions for T}, ~and Tz with the eigen-
values At (pm), Ag(Pm), and A (p2,), Ay(p2,) respectively (since U,z com-
mutes with 7}, and T}, ). Now using Proposition 5.3, (U f1,Up2 g1)ny2
equals

<f17gl>N7‘2

(MG 98- OB N R ).
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The proof of (5.9) follows now by induction, and Corollary 5.4 is imme-
diate. O

For any positive integer r, let w(r) denote the number of distinct
primes dividing r. We have the following corollary.

Corollary 5.5. Let f € Sp(N,x) be an eigenfunction of the Hecke op-
erators Ty, for all (n, N) = 1 with the corresponding eigenvalues A¢(n)
and r be a square-free integer with (r,N) =1. Then

(5.10) (U2 U2 fynpe < 19002 K 7208 Y 0o

Proposition 5.6. Let f € Si(N,x) and r be a square-free integer with
(r,N)=1. Then

(5.11) (U2 foUp2 ) npz < 19°O02572(F )

Proof: Let {fi}{_; be a orthogonal basis for Si(N, x) such that f; is an
eigenfunction for Hecke operators T, for all (n, N) = 1. Write f(7) =
>-7¢;fi(7). Then using the orthogonality property from Corollary 5.4,

<U1"2fa Ur2f>N'r2 = Z |Ci|2<Ur2fia Urzfi>Nr2~
Using Corollary 5.5 we get

(Ua f, U2 [y np2 <1900 72N Mo 2 fi, i) war =190 72(f, [y, O

An immediate consequence is the following.

Corollary 5.7. Let Ay, be as in (5.5) and r = s* where s is a square-
free integer with (s, N) = 1. Then As, < 19“()A;.

Proof: From the expression for Ay, in Corollary 5.2 and Proposition 5.6
we get

3 (477)’“
m L'(k)
Since (f, f)nr = er|r(1 + %)(f, f)n, we get the required bound. O

w

Ay, < [SL2(Z) : To(N7T)] " 19 (£, f) o

Let & denote the set square-free positive integers and let Sy C S
denote those which are coprime to an integer M. We now proceed as
in [15] to prove Theorem 2.

Proposition 5.8. Let N be a positive integer and x be Dirichlet char-
acter modulo N. Let f € Si(N,x) be non-zero and a(f,n) = 0 whenever
(n,N) > 1. Then there are infinitely many odd and square-free integers n
such that a(f,n) # 0. Moreover, for any e > 0,

#{0<n<X:necS, a(f,n) #0} >p. X'
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Proof: For any square-free positive integer M as in Proposition 5.1, de-
fine

(5.12) Sf(M,X) = > |d'(f,n)]?

Letting g(7) = Z(n,M):l a(f,n)q™ and use the sieving identity

Z {1 if n is square-free,
w(r

5 0 otherwise,
r2|n

for sieving the square-free terms from the Fourier expansion of g to get
Sp (M, X) = > u(r) Y | (gmr?)*

r€Sym m<X/r?
r<X (m,M)=1

Thus for large X, we get from Proposition 5.1
Sf(M,X)ZBfMX— > D ldgmr))?

re€Sp m<X/r2
2<r<vVX

\Y]

Bju X
TX - Z 2A 7‘27

reSym
2<r<VX

where Ag,2 is as in Corollary 5.2. Using the bound for A, . from
Corollary 5.7 and the definition of By ps from Proposition 5.1, we get
Ag 2 < 19“’(’°)Ag = 19"J(T)Bf7M, hence

1 w7 _
Sp(M,X) > [ 5 =2 3 19" | By X
r>2
re€Snr
= ( —2H <1+ )) ny]uX.
ptM

Let us choose M to be the product of primes p < 87 and the primes di-
viding N such that M is square-free. Note that HP>Y (1—|— %) is bounded

19
by ¢>»>¥ ¥ which in turn bounded above by e¥. In our case Y > 87

and so e¥ < 5/4. Therefore S¢(M,X) > By X, for some By > 0. Now
using (2.18) it is immediate that, for any € > 0,

#{0<n<X:neS, alf,n) #0} > X' O

Remark 5.9. The introduction of the parameter M in the previous propo-

sition is done so as to make the quantity > ,res 19472 less than 1/4.
r>2
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Now we prove the result in general case by reducing it to the situation
of Proposition 5.8.

5.3. Proof of Theorem 2. Let py,po, ..., p; be the distinct prime fac-
tors of N. We construct a sequence {f; : 1 <14 <t} with the following
properties:

(a) fi #0.

(b) fi € Sk(NN;, x), where N; is composed of primes py,pa, ..., p;.
(¢) a(f;,n) =0, whenever (n,pips---p;) > 1.
(d) If there exist infinitely many square-free integers n such that

a(fi,n) # 0, then same is true for f;_;.
(e) If #{0 < n < X : n square-free, a(f;,n)#0} > X¢, for some € >0,
then #{0 < n < X : n square-free, a(fi_1,n) # 0} > X°©.
Let fo = f. Now we construct f;. If

(5.13) S alfo,n)" £0,
(n,p1)=1
then we take fi(r) = >3, -1 a(fo,n)¢". Then fi € Si(Npi,x)
(see [11]) and satisfies all the required properties. If (5.13) is not
true, then a(fo,n) = 0 for all (n,p1) = 1, that is (p1, N/m,) > 1 and
fo(T) = fp, (p17) for some f,,, € Sk(N/p1,x). Since fo # 0, we see that
fpr # 0 and let
A= 3" alfp,n)q"
(n,p1)=1

We have fi1 € Si(N,x). If fi =0, then (p1,N/(pim,)) > 1, which is
impossible since N/m,, is square-free. Thus again f; # 0 and satisfies

all the listed properties. Now we construct f; from f;_; inductively for
1<i<tasabove. Let fi_1 € Sk(NN;_1,x). If

(5.14) Z a(fi-1,m)q" # 0,
(n,p;)=1
then we take
fitr) = alfi-1,m)g"
(n,p;)=1
and it satisfies all the required properties. If (5.14) is not true then

(pi7N1/mX) >1 and fi—l(T) = qu(pzT) for some fpi € Sk(NZ—l/pl7X)
Since fi—1 # 0, fp, # 0 and we take

filr) =3 alfpn)q"
(n,p;)=1
As above f; # 0 and satisfies all the properties. Thus we have con-
structed the sequence {f; : 1 < i <t} as claimed. Now take g = f; and
N’ = NN;. Then g € S(N’, x) and a(g,n) = 0 whenever (n,N') > 1.



DETERMINATION OF HERMITIAN CUSP FORMS 339

Now we can apply Proposition 5.8 to ¢ and get that a(g,n) # 0 for
infinitely many odd and square-free integers n. The properties of the
sequence {f; : 1 < i < t} allow us to reach f from g and we find that
the result is true for f. O

Theorem 2 can be generalized to any N and Y, however the state-
ment of the theorem becomes much more complicated. Here we give
one sample of this when N has three distinct prime factors. The fol-
lowing proposition indeed is necessary for us, it is used to arrive at the
statement of Theorem 1.

Proposition 5.10. Let N = p{'py?p3 (az > 2 and 0 < oy < 1),
where p1, pa, ps are distinct primes, and let x be a Dirichlet character
modulo N of conductor m,, such that N/m,, = pflpgpg with 0 < 8 < as.
Let f € Sk(N,x) be non zero. Then there exist infinitely many odd and
square-free integers n with (n,p2) = 1 such that a(f,pan) # 0, where
y<ag ifag=p and v < as — B if ag > . Moreover, for any € > 0,

#{0<n<X:neS, a(f,pin) #0} > X' 7°.

Proof: We construct a new cusp form ¢ such that g satisfies the hypoth-
esis of Proposition 5.8 or Theorem 2 and get the result for f from the
corresponding result for g.

Let 6 = as — 8 — 1, when 8 < as, and as — 1, when as = . For
0 < i <6, define fo = f and fi(1) = >, 5, a(fi—1,p2n)q". Since

ag >2and i <6, f; € Sp(pS? '3, x). If fi # 0 for all 1 <i <4 take

g = fs. Then g € Sk(p?lpg"’_‘spg,x) and a(g,n) = a(f,pin). Now, by

the definition of §, we get that the ratio N/m, = p{'paps, i.e., square-
free. Using Theorem 2 we get the result for g and hence for f.

If f; = 0 for some 1 < i <4, let 0 < iy < § be the smallest ¢ such
that fi,4+1 = 0. Then a(f;,,pen) = 0 for every n > 1. Thus f; (1) =
S a1 @(figs n)g" and we already have f;, € Si(pip§**p2, x).

If 37 pey=1 alfig, m)g" # 0, we set gi(7) = 32, .y alfig,n)q"

Then g; € S,(pS'pS>~p3, x). If the above sum is zero, then fi (1) =
OL27’L‘0

g1(ps7), for some non-zero §; € Sk(pi*ps p3, X)- We set go(T) =

n az—1ig

> (nps)=1 4(G1,1)q". Clearly go € Sy(pi*p3* "p3,x). If go = 0, then
(pg,p?‘lpgrio) > 1 (see [11]), which is impossible. Hence g5 # 0.

Now let g1 # 0 (resp. g2 # 0). We repeat the above procedure with g;
(resp. g2) and prime p; to get g such that g satisfies the hypothesis of
Proposition 5.8.

The proof now follows by noting that ig < ¢ and that a(g,n) =

a(f,p¥n), when (n,p2) = 1 and 0 otherwise. O
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