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Abstract: In this paper, we establish existence, uniqueness, and scale-invariant
estimates for fundamental solutions of non-homogeneous second order elliptic systems
with bounded measurable coefficients in R™ and for the corresponding Green functions
in arbitrary open sets. We impose certain non-homogeneous versions of de Giorgi—
Nash—Moser bounds on the weak solutions and investigate in detail the assumptions
on the lower order terms sufficient to guarantee such conditions. Our results, in
particular, establish the existence and fundamental estimates for the Green functions
associated to the Schrédinger (—A 4 V') and generalized Schrédinger (— div AV + V)
operators with real and complex coefficients, on arbitrary domains.
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1. Introduction

In this paper, we consider non-homogeneous second order uniformly
elliptic systems, formally given by Lu=—D,(A*’ Dgu+b*u)+d” Dsu+
Vu. The principal term, L := —DQA"‘ﬁDﬂ7 satisfies the following ellip-
ticity! and boundedness conditions

N n
[ 45 @059 @006 @)z 20323 [ 006/ @)

i=1 a=1

N n
Yo 1A @) < A%
i,j=1a,8=1

for some 0 < A\, A < oo, where the first inequality holds for all ¢ =
(¢, ...,8") belonging to an appropriate Hilbert space, and the second
inequality holds for all z in the domain. Note that, in particular, equa-
tions with complex bounded measurable coefficients fit into this scheme.
We establish existence, uniqueness, as well as global scale-invariant es-
timates for the fundamental solution in R™ and for the Dirichlet Green
function in any connected, open set Q@ C R™, where n > 3. The key
difficulty in our work is the lack of homogeneity of the system since this
typically results in a lack of scale-invariant bounds. Here, the existence
of solutions relies on a coercivity assumption, which controls the lower-
order terms, and the validity of the Caccioppoli inequality. Furthermore,
following many predecessors (see, e.g., [HK], [KK]), we require certain
quantitative versions of the local boundedness of solutions. This turns
out to be a delicate game, however, to impose local conditions which are
sufficient for the construction of fundamental solutions and necessary for
most prominent examples. Indeed, they have not been completely well-
understood even in the case of real equations, due to the same type of
difficulties: Solutions to non-homogeneous equations can grow exponen-
tially with the growth of the domain in the absence of a suitable control
on the potential V, even if b = d = 0. This affects the construction of
the fundamental solution. Let us discuss the details.

IThe authors would like to thank Pascal Auscher for pointing out the Garding in-
equality could be used in place of a pointwise uniform ellipticity assumption.
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The fundamental solutions and Green functions for homogeneous sec-
ond order elliptic systems are fairly well-understood by now. We do not
alm to review the vast literature addressing various situations with addi-
tional smoothness assumptions on the coefficients of the operator and/or
the domain, and will rather comment on those works that are most
closely related to ours. The analysis of Green functions for operators with
bounded measurable coefficients goes back to the early 80’s, [GW] (see
also [LSW] for symmetric operators), in the case of homogeneous equa-
tions with real coefficients (N = 1). The case of homogeneous systems,
and, respectively, equations with complex coefficients, has been treated
much more recently in [HK] and [KK] under the assumptions of local
boundedness and Hélder continuity of solutions, the so-called de Giorgi—
Nash—Moser estimates. Later on, in [Rosl], the fundamental solution
in R™ was constructed using only the assumption of local boundedness,
that is, without the requirement of Holder continuity. In [Bar], Barton
constructed fundamental solutions, also in R™ only, in the full generality
of homogeneous elliptic systems without assuming any de Giorgi—Nash—
Moser estimates. The techniques in [Bar] are based on descent from the
higher order case.

The present paper can be split into two big portions. In the first part,
we prove that one can define the fundamental solution and the Green
function, and establish global estimates on par with the aforementioned
works for homogeneous equations, roughly speaking, if:

(1) The bilinear form associated to L is coercive and bounded in a
suitable Hilbert space.

(2) The Caccioppoli inequality holds:
If u is a weak solution to Lu = 0 in U C © and ( is a smooth
cutoff function, then

/ Dl < © / 2| DCP,

where C' is independent of the subdomain U.

(3) The interior scale-invariant Moser bounds hold:
If u is a weak solution to Lu = f in B C , for some R > 0,
where f € L*(Bg)" for some £ € (%,oo], then for any g > 0,

1/q .
(][ |u|q) R e |
Br

where C' is independent of R.
(4) The solutions are Holder continuous:

sup |ul < C
Br/2
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If u is a weak solution to Lu = 0 in B, C €2, for some Ry > 0,
then there exists n € (0, 1), depending on Ry, and Cr, > 0 so that
whenever 0 < R < Ry,

B A2
sup lu(z) —u(y)| < Cp R <][ [u? ) _
Br

z,yEBR/2, TFY |‘T 7y|77

If, in addition, the boundary scale-invariant Moser bounds hold (that
is, the Moser estimate holds for solutions with trace zero on balls possibly
intersecting the boundary), then the Green functions exhibit respectively
stronger boundary estimates. This part of the paper is modeled upon the
work in [HK] and [KK]. However, the scaling issues and identifying the
exact form of necessary conditions that are compatible with the princi-
pal non-homogeneous examples make our arguments considerably more
delicate. Note, in particular, the local nature of Holder estimates versus
the global nature of Moser-type bounds. The Moser-type bounds are
independent of the domain, whereas the Holder estimates may depend
on the size of the ball.

In the second portion of the paper, we motivate the assumptions from
above by showing that conditions (1)—(4) above are valid in the following
three situations. To be precise, we show that in each case listed below,
(1)—=(2) from above hold for the general systems, while (3)—(4) holds for
equations and, hence, the resulting estimates on fundamental solutions
and Green functions are valid for the equations with real coefficients in
each of the three cases below.

Case 1. Homogeneous operators: b,d,V = 0 and the function space for
solutions is F(Q) = Y12(Q)V. Here, Y12(Q) is the family of all
weakly differentiable functions u € L?" (), with 2* = 20 whose
weak derivatives are functions in L?().

Case 2. Lower order coefficients in LP: There exist p € (g,oo]7 s,t €
(n,00] so that V€ LP(Q)N*N 'be L (Q)"*N>*N de LH(Q)n<NVxN
and we take the function space for solutions to be F(Q)=W12(Q)V.
As usual, WH2(Q) is the family of all weakly differentiable func-
tions u € L?(Q2) whose weak derivatives are functions in L?((2).
The lower-order terms are chosen so that the bilinear form asso-
ciated to L is coercive. For conditions (3)—(4), we assume further
that V—divb > 0 and V —divd > 0 in the sense of distributions.

Case 3. Reverse Hélder potentials: V € B, the reverse Holder class,
for some p € (%, oo), b,d =0, and F(Q) = le/’Z(Q)N, a weighted
Sobolev space (with the weight given by a certain maximal function
associated to V —see (1.1) and definitions in the body of the paper).
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We would like to point out that in Theorem 18 from [AT], P. Auscher
and Ph. Tchamitchian prove the global Gaussian bounds on the heat
semigroup under the assumption of W2(R™) coercivity of the corre-
sponding form, for b,d, V € L>*(R"™), without assuming that V—V-b >0
and V — V -d > 0 in the sense of distributions. This is a version of
our Case 2. Such estimates should, in principle, imply a global point-
wise estimate on the fundamental solution in R™ of the form |I'(z,y)| <
Cloz —y|>=™, for all x,y € R", z # y. A similar result could be obtained
in Case 3 by the maximum principle. It is not immediately clear, how-
ever, if in either case one can obtain a complete package of results that
we have targeted (see Theorems 3.6 and 3.10), particularly for the Green
functions on domains. For those reasons, we did not pursue this route in
the present work. More generally, one can sometimes establish bounds
on the fundamental solutions and Green functions for elliptic boundary
problems by an integration of the estimates of the corresponding heat
kernels. However, the latter requires a suitable form of uniform expo-
nential decay of the heat kernel in ¢ > 0, while the non-homogeneous
equations typically give rise to bounds for a finite time, 0 < ¢t < T,
with a constant depending on T' (cf., e.g., [Dav], [Aro], [AQ], [Ouh]).
There are notable exceptions to this rule, including [AT], but they do
not provide a basis for a unified theory, particularly on general domains.

The verification of local bounds and Holder continuity in our argu-
ments follows a traditional route (see [GT], [HL], [Sta]). However, we
have to carefully adjust the arguments so that the dependence on con-
stants coincides with our constructions of fundamental solutions.

Going further, let us say a few words about Case 3, —div AV + V,
V € B,, p > n/2. This is the version of the Schrédinger equation
that initially interested us. With pointwise bounds on the fundamental
solution and the Green function (Theorems 3.6 and 3.10, respectively), as
well as basic Moser, Holder, Harnack estimates established in our present
work, one can now move on to derive the sharp exponential decay of the
fundamental solutions in terms of the Agmon distance associated to the
maximal function

(1.1) m(z, V)= (Eli% {r sp(xyry V)= rn{z /B( )V(y) dy < 1}) .

For instance, it is natural to expect that in Case 3

e ¢ d(z,y,V)

T(2,y) < C—0—
(=:9) |z —y[n—2
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for some C,e > 0, with the distance function

(w,y, V) = inf / m(3(t), V)Y (1) dt,

where v: [0,1] — R"™ is absolutely continuous, v(0) = z, v(1) = v,
and m is the Fefferman—Phong maximal function. This question is ad-
dressed in [MP], along with the corresponding estimates from below.
Analogous results will be proved for the magnetic Schrodinger operator,
—(V —iB)? 4+ V. See [Shed] for the case of —A + V.

2. Basic assumptions and notation

Throughout this article, the summation convention will be used. Let
n > 3 denote the dimension of the space, and let N > 1 denote the
number of components in each vector function. Let 2 C R™ be an open,
connected set. We use the notation B,.(z) to denote a ball of radius r > 0
centered at x € R”, and the abbreviated notation B, when zx is clear
from the context. For any = € Q, r > 0, we define Q,(x) := QN B,(z).
Let C2°(€2) denote the set of all infinitely differentiable functions with
compact support in 2. We set 2* = %

For any open set £ C R", define the space Y'2(Q) as the family of all
weakly differentiable functions v € L?"(Q) whose weak derivatives are
functions in L?(Q). The space Y12(£) is endowed with the norm

(2.1) [ull3s 20y = llullZ2 (o) + 1DulZ2(q)-

Define Y, ?(Q) as the closure of C2°(Q) in Y12(22). When Q = R",
Y1L2(R") = Y, *(R™) (see, e.g., Appendix A). By the Sobolev inequality,

(2.2) [l 12+ () < cnllDull 2y for all u € Yy *(9).
It follows that W, () C Y, "*() with set equality when  has finite
measure. Here, W12(Q) is the family of all weakly differentiable func-

tions u € L?(2) whose weak derivatives are functions in L?(2). The
norm on Wh2(Q) is given by

ullwiz) = lullz2@) + [1Dull 22y,

and W,y (Q2) is the closure of C2°(Q) in WH2(€). We shall mostly be
talking about the spaces of vector-valued functions in Y ?(Q)N. The
bilinear form

(2.3) (u,v)y12qn ::/DauiDavi
0 Q
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defines an inner product on Y, *(€2)N. With this inner product, Yy ()
is a Hilbert space with norm

ullyz gy = (w2 g = [Dullza.
For the sake of brevity, we sometimes drop the superscript of dimension
from the norm notation when it is understood from the context. For
further properties of Y2(£), and some relationships between Y2(Q)
and W12(Q), we refer the reader to Appendix A.

Hofmann and Kim used the space Y12()" in their constructions
of fundamental matrices and Green matrices for homogeneous opera-
tors [HK]. Since we are concerned with non-homogeneous operators,
this function space will not always be appropriate, but we intend to
mimic some of its properties. To this end, we will define the pair consist-
ing of a non-homogeneous elliptic operator and a suitably accompanying
Banach space, and then show that standard cases of interest fit in this
framework.

We assume that for any 2 C R™ open and connected, there exists
a Banach space F(Q2) consisting of weakly differentiable, vector-valued
Li .(Q) functions that satisfy the following properties:

loc

A1) Whenever U C €,
(24) uc F(Q) — ll|U S F(U), with ”u‘UHF(U) < ||ll||F(Q)

A2) C(Q)N functions belong to F(Q2). The space Fo(Q2), defined as
the closure of C2°(Q)" with respect to the F(£2)-norm, is a Hilbert
space with respect to some || - ||, (o) such that

||u||F0(Q) ~ ||u||F(Q) for all u € Fo(Q)

A3) The space Fo(Q) is continuously embedded into Y;*(Q)" and re-
spectively, there exists ¢y > 0 such that for any u € Fy(2)

(2.5) Hu”YOl’z(Q)N < collullr()-

Note that this embedding and (2.2) imply a homogeneous Sobolev
inequality in Fo(9):

(2.6) [all 2+ ) S 1Dl L2(v) for any u € Fo(€),
which will be used repeatedly throughout.
A4) For any U C R" open and connected
ueF(Q) and £ € CX(U) = ul e F(QNU),
ucFQ) and £ € CX(OQNU) = u € Fo(QNT),

with [[ué[lrnvy < C¢ lullr@)-

2.7)
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It follows, in particular, that

(2.8) F(Q) c ;"2 ()N,

loc

Indeed, for any = € Q there exists a ball B,(z) C Q. If u € F(Q)
and € € C2°(B,.), we have uf € Fo(Q) < Y"*(Q)". Hence, taking
£ =1 on B, 5(x), we conclude that u € Y12(B, j5(z))"

Another consequence of (2.7) is that for any U C R™ open and
connected

(2.9) ifueFo() and £ € C°(U) = u€ € Fo(QNU).

Indeed, if ue Fy(£2) then there exists a sequence {u, }nen CC(Q)
which converges to u in F(Q2). But then {{u, }nen C CE(Q2NT)
is Cauchy in F(QNU) and in Y2(Q N U)N by (2.7) and (2.5).
Therefore, it converges in F(QNU) and in Y2(QNU)YN to some
element of Fo(QNU) < Y 2 (2N U)N, call it v. And it follows
that v = ué as elements of Y, *(QNU)V.

For future reference, we mention that for Q,U C R™ open and con-
nected, the assumption

(2.10) ueF(Q), u=0o0onUNQY,
is always meant in the weak sense of
(2.11) u € F(Q) and u€ € Fo(Q) for any £ € C°(U).

This definition of (weakly) vanishing on the boundary is independent
of the choice of U. Indeed, suppose V is another open and connected
subset of R™ such that VN 9oQ = U NIQ and let £ € C°(V). Choose
Y € CP(UNV) such that 0 < ¢ < 1 and ¢¥» = 1 on the support of £
in some neighborhood of the boundary. Then £(1 — v)|q € C°(Q2), so
by (2.7) we have ué(1 — ¢) € Fo(R2). Additionally, £y € C°(U), so
by (2.11), uéy € Fo(2). Therefore, u = uéy) + ué(1 — ¢) € Fp(NQ), as
desired.

Before stating the remaining properties of F(Q), we define the elliptic
operator. Let A* = A*3(x), a,8 € {1,...,n}, be an N x N matrix
with bounded measurable coefficients defined on 2. We assume that
AP satisfies an ellipticity condition in the form of a Garding inequality

(2.12) /QA%B(m)aquJ(m)aaqﬁz(x) deAZZ/QWaW(m)de

i=1 a=1

for all ¢ € Fp(2)
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and a boundedness assumption

(2.13) Z Z |A°‘B < A? forallz €Q,

i,j=1 «a,B=1
for some 0 < A\, A < co. Let V denote the zeroth order term, an N X
N matrix defined on Q. The first order terms, denoted by b® and d?,
for each o, 8 € {1,...,}, are N x N matrices defined on Q. We assume
that there exist p € (ﬂ oo] and s,¢ € (n, o] such that

(2'14) V ¢ L (Q)NXN b e LIOC(Q)anxN de Lloc(Q)nXNXN'

We now formally fix the notation and then we will discuss the proper
meaning of the operators at hand. For every u=(u?,...,u™)? in Fj,.(Q)
(and hence, in Y;"2(Q)N) we define

loc
(2.15) Lu= —D,(A“*Dgu).
If we write out (2.15) component-wise, we have

(Lu)t = —Da(A%ﬁDﬁuj), foreach i =1,..., N.

loc

The non-homogeneous second-order operator is written as
(2.16) Lu:= Lu— D, (b%u) +d’Dgu + Vu
' = —D,(A**Dgu + b%u) + d’Dsu + Vu,
or, component-wise,
(Eu)i:—Da(AiO}ﬁDﬂuj—Fb?juj)+dij5uj+Wjuj, for each i=1,...,N.

The transpose operator of L, denoted by L*, is defined by

L*u= —D,[(A*?)*Dgul,
where (A*8)* = (AP)T or rather (A?jﬁ)* = A?ia. Note that the adjoint
coefficients, (A?jﬁ )* satisfy the same ellipticity assumptions as A%ﬁ given
by (2.12) and (2.13). Take (b®)* = (d*)T, (d°)* = (b?)T, and V* =
V7. The adjoint operator to L is given by
L*u:= L*u— D,[(b%)*u] + (d°)*Dgu + V*u
(2.17) . T T T
= —D,[(AP)TDgu+ (d*)"u] + (b?)TDgu + VT,

or
(L*u)'= —Da(AfiaDguj+d?iuJ)+bﬂ Dgu/+Vju?,  for each i=1,...,N.

All operators, L, L*, £, L* are understood in the sense of distribu-
tions on Q. Specifically, for every u € ¥;2*(Q)N and v € C*(Q)V, we
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use the naturally associated bilinear form and write the action of the
functional Lu on v as

(Lu,v)=B[u,v|

u- v+b u- v+ u-v+vu-v
(2.18) AaﬁDﬁ Dov+b%u- D,v+d’ Dy Vv

/A Dgu? Dyv —|—bauJD v +dﬁDgujv +Vijul vt

It is not hard to check that for such v, u and for the coefficients satisfy-
ing (2.13), (2.14), the bilinear form above is well-defined and finite. We
often drop the €2 from the subscript on the integral when it is under-
stood. Similarly, B*[-, ] denotes the bilinear operator associated to L£*,
given by

(L*u,v)=B*[u, V]

:/(ABO‘)TD[guDaer(do‘)Tu~Dav+(bB)TD5u~v+VTu~V

(2.19)

/ABQDguJD v’ +dfu! Dov +bﬁ  Dgulv' + Vvt
Clearly,
(2.20) Blv,u] = B*[u,v].

For any vector distribution f on Q and u as above we always understand
Lu = f on Q in the weak sense, that is, as Blu,v] = f(v) for all v €
Cx(Q)N. Typically f will be an element of some L‘(Q)" space and
so the action of f on v is then simply [f-v. The identity £*u = f is
interpreted similarly.

Returning to the properties of the Banach space F(£2) and the asso-
ciated Hilbert space F((£2), we require that B and B* can be extended
to bounded and accretive bilinear forms on Fo(Q2) x Fo(2) so that the
Lax—Milgram theorem may be applied in Fo(2).

Ab) Boundedness hypotheses:
There exists a constant I' > 0 so that for any u,v € Fo(Q),

(2.21) Blu,v] < I'[luf[g||v]e-

A6) Coercivity hypotheses:
There exists a constant v > 0 so that for any u € Fy(f),

(2.22) YllulfE < Blu, u].

Finally, we assume
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AT) The Caccioppoli inequality: If ueF(Q) is a weak solution to Lu =
0in Q and ¢ € C°°(R™) is such that D¢ € C'°(2) and Cu € Fy(9),
oi¢ue L2(Q)N,i=1,...n, then

(2.23) / Duf?c? < © / uf?| D¢,

where C is a constant that depends on n, s, ¢, v, T', ||b]
|d|| ¢ (q). However, C'is independent of the set on which ¢ and D¢
are supported.

We remark that the assumption D¢ € C2°(2) implies that ¢ is
a constant in the exterior of some large ball and, in particular, one
can show that under the assumptions of A7) we have also (*u €
Fo(Q?) (using A4)). This will be useful later on. We also remark
that the right-hand side of (2.23) is finite by our assumptions.

Finally, let us point out that normally the Caccioppoli inequality
will be used either in a ball or in the complement of the ball, that
is, (=nor{=1-—nforn € CX(Bygr) with n =1 on Bg, where
Bp, is some ball in R™ possibly intersecting 0. It is, in fact, only
the second case (the complement of the ball) which is needed for
construction of the fundamental solution.

L3 (Q)> and

Throughout the paper, whenever we assume that A1)-A7) hold, we
mean that the assumptions described by A1)-AT7) hold for the collections
of spaces F(2) and Fy(2) and the elliptic operators £ and £* with
bilinear forms B and B*, respectively.

We shall discuss extensively in Section 7 and below how the common
examples (notably, homogeneous elliptic systems, and non-homogeneous
elliptic systems with lower order terms in suitable LP or B, classes) fit
into this framework.

To avoid confusion, we finally point out that F(Q) is of course a col-
lection of Banach spaces, indexed by the domain 2, and the connection
between F (1) and F(s) for Q1 N Qs # 0 is seen through the prop-
erty Al). That is, F(U) contains all restrictions of elements of F(€2),
when U C Q. We do not assume that any element of F(U) can be
extended to F(Q2). This is typical, e.g., for Sobolev spaces W12((Q),
because the extension property might fail on bad domains.

3. Fundamental matrices and Green matrices

This section resembles the work done in [HK], but we deal here with
operators that have lower order terms. In addition to the assumptions
regarding F(Q), Fo(Q), £, and B that are described in the previous
section, we assume that all solutions satisfy certain de Giorgi-Nash—
Moser estimates. Recall that in [HK] the authors imposed that all
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solutions to Lu = 0 satisfy bounds on Dirichlet integrals (their results
applied only to homogeneous operators). Here, instead, we assume that
weak solutions to non-homogeneous equations, Lu = f, for suitable f,
satisfy certain scale-invariant Moser-type estimates and that solutions to
homogeneous equations, Lu = 0, are Holder continuous. We shall make
it precise below. To start though, let us introduce a slightly weaker
hypothesis (a Moser-type local bound):

e For any y € Q, there exists an R, € (0,00] such that whenever
0<2r <Ry, feLQ(y)" for some ¢ € (£,00], u € F(Q,(y))
satisfies u = 0 on 9 N Ba,-(y) in the weak sense of (2.11), and
either Lu = f or L*u =f in Q,(y) in the weak sense, then for any
q > 0 there is a C' > 0 so that

31 ulie, .z < C[r ¥ ulla,m) + I,

Without loss of generality, we can assume that the righthand side
of (3.1) is finite. Indeed, if we take ¢ € C°(Ba,(y)) such that ( =1 on
B,.(y) then u¢ € Fo(Qy,) assures that u € L (€2,)" by the homogenous
Sobolev inequality, (2.6). Then (3.1) shows that u € L7(€,. /o) for any
q < 0o. Strictly speaking, it would be more coherent then to write (3.1)
for r < R, /4 but we ignore this minor inconsistency as clearly in practice
one can always adjust the constants when proving (3.1). If £ = oo, then
we interpret % to equal 0. This convention will be used throughout.

Note that the constant C in the estimate above is allowed to depend
on the choice of £, but it should be independent of r and R,,. In other
words, we assume that all solutions satisfy a local scale-invariant Moser
boundedness condition.

In this respect, we would like to make the following remark. All
boundedness and Holder continuity conditions on solutions that we im-
pose are local in nature. However, slightly abusing the terminology, we
refer to a given condition as local if it only holds for balls of the radius
smaller than Ry, for some fixed Ry > 0, depending or not depending on
the center of the ball. As such, (3.1) is local. Later on, we will also talk
about interior estimates which hold for balls inside €2 and boundary es-
timates in which balls are allowed to intersect the boundary. Either can
be local or global depending on whether the size of the balls is restricted,
and the interior estimates are of course always local if Q # R”. In any
case, we are always careful to specify the exact condition.

Remark 3.1. If R, = dist(y, 0$2) then 02N B, = (), hence, in that case,
(3.1) is merely an interior (rather than a boundary) condition.
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3.1. A general construction method. First, we establish a support-
ing lemma that will make the proofs in the following sections more con-
cise. We follow closely the argument in [HK].

Lemma 3.2. Let Q be an open connected subset of R™. Assume that
A1)-A7) hold. Then for ally € Q, 0 < p < d, := dist(y,00), k €
{1,..., N}, there exists v, = V1 € FO ) such that

(3.2) Blv,,u] = ][ uk / uf, Yu e Fo(Q).
By (y) |B N B, )

If, in addition, (3.1) holds, then there exists a function v = v, and a
subsequence {p,}pq, pp — 0, such that

(3.3) v,, —=v in WH(Q(y)V, Vr< iR, Vqe (1, %) '

(3.4) v,, —vVv in LYQ,(y)Y, Vr<iR,, Vgqe€ (1, nEQ) ,
(35) v,, —=v inY"2(Q\Q. ()N, Vr>o.
For any ¢ € C(Q)N,

(3.6) Blv, 9] = 6" ().

If f € L ()N and u € Fo(Q) is the unique weak solution to L*u = f,
then for a.e. y € €,

(3.7) uk(y):/gv-f.

Furthermore, v satisfies the following estimates:

(38) ||VHL2*(Q\QT(y))SOTli%, VT<%Ry7
(3.9) ||DV||L2(Q\QT(y))§CT1_%, V?‘<%Ry,
(3.10) [[Vl| oo () < Cqr® "7, S
(311) |DV| g,y <Cor' "5, Wr<iRm, vge 1, 32;),

2—n

(3.12) {zeQ: |v(z)|>7} <Cr 7=, VYr>(iR,)" ",
(3.13) {zeQ: |Dv(z)|>7} <Cr 71, vr> (4R,)' ",

(3.14) |v(2)| <CRZ" for a.e. x€X), where Ry y:=min{Ry, Ry, |z — yl},

where each constant depends on n, N, co, I', v, and the constants
from (2.23) and (3.1), and each Cy depends additionally on q.
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Proof of Lemma 3.2: Let u € Fo(Q). Fixy € Q, 0 < p < d,, and
ke {l,...,N}, and consider the linear functional

u u®.

B, (y)
By the Holder inequality, (2.6), and (2.5),

n—2
1 2-n on \ 27
k 2-n _2n_
o < [ < B ([ )
][Bp(y) |Bp(y)| B,(y) g Q
(3.15) - )\ 2
< 0| B, ()] 5 ( / |Du|)

2—n
< cocnp ® |lullpa)-

Therefore, the functional is bounded on F(€?), and by the Lax—Milgram
theorem there exists a unique v, € Fo(Q) satisfying (3.2). By coercivity
of B given by (2.22) along with (3.15), we obtain

k
v
]ip(y) g
so that

2—n
(3.16) 1Dv,llz2(0) < collVpllr) < Cp 7,

2—n
Mol < Blve, vol = < coenp  [IVollr)

where the first inequality is by (2.5).
For f € L>°(Q)", consider the linear functional

Fo(Qow— [ f-w.
Q

This functional is bounded on Fo () since for every w € F(({2), and any
le (2,00],

n+42 1
f-wl <|f w n supp f| 2= — ¢
(3.17) ‘/Q ‘— [€llzeco) Wl 2n, , IsupPE]

nt2 1
< C|fl| ey lsupp £ 27 ~ 2 ||wlp(q),

where we have again used (2.6) and (2.5). Then, once again by Lax—
Milgram, we obtain u € Fo(Q2) such that

(3.18) B*[u,w] = /Qf -w, VYw e Fy(Q).

Set w = u in (3.18) and use the coercivity assumption, (2.22), for B*
and (3.17) to get

nt2 1
(3.19) lullp) < Cllf|lLe)lsupp f] 2 ~7.
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Also, if we take w = v, in (3.18), we get

(3.20) / f-v,=B"u,v,] =Bv,u] = ][ uk.
a B, (y)

Let f € L2°(Q)" be supported in Q,.(y), where 0 < 2r < R, and let
u be as in (3.18). Since u € Fy(Q?), then Al) implies that u € F(Qy,)
and A4) gives u = 0 on 92 N Q. so that (3.1) is applicable. Then,
by (3.1) with ¢ = % and / € (%,oo],

2 2-n 2 4-2n 2
<o o < Oy ) 415 2 B, )

By (2.6), (2.5), and (3.19) with suppf C Q,(y),
[ull2 0, ) < Ill72x () < Cllullfg)
22 2_2
< W7 Ze i) < CIBr W77 El L0 (),

where, as before, 2* = % Combining the previous two inequalities, we
get

_2n
||u||2L°°(QT,/2(y)) S CrE|f)1 e -
Therefore,
Il (e, 20 < Cr*7 7 If] e
= 07‘2_7 Hf”Ll(Qr(y))a Vi e (%, OO] .
By (3.20) and (3.21), if p < /2, p < d,,, we have

/ f-v, ‘/f~v,, g][ lu| < fluflz=(s,w)
Q.- (y) Q B (y)

<z, @) < Cr* EllfllLe,w), V€ (5,00] -
By duality, this implies that for r < %Ry,

(3.21)

(8:22) IV, llpao,y SCT* 5, forall p<5, p<dy, Vae[1,52%5).

Fix x # y such that r := %\x —y| < 3Ry For p<71/2,p<dy,, v,is
a weak solution to Lv, = 0 in Q,,4(x). Moreover, since v, € Fo(Q),
then A1) implies that v, € F(Q,/2(z)) and A4) implies that v, = 0
on 02N Q. /5(x) so we may use (3.1). Thus, applying (3.1) with ¢ =1
and (3.22), we get for a.e. z € Q as above,
[Vo(z)| < Cr"|[vplli, )

(3.23) . . .
< CrMvplle @,y < Cr¥ " & o —yP"
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Now, for any r < %Ry and p <1/2, p <dy, let ¢ be a cut-off function
such that

(3.24) CeC™®(R™), 0<(¢<1, (=1 outside B.(y),
¢(=0in B,/3(y), and |D(| <C/r.

Then v,(,v,0'C € Fo(2\ Q2(y)), for all i = 1,...,n. For the func-
tions v,0°C, this fact follows from (2.9). The function v,( is a little more
delicate since ( is not compactly supported. However, since ( equals 1
in the complement of B,.(y), then 1 —( is compactly supported. Thus, if
{vn} C C(Q)N converges to v, in the F(2)-norm, then, by (2.9),
{vn(1 = O} € C=(Q)N converges to v,(1 — ¢) in the F(Q)-norm.
Adding up these statements, we conclude that {v,(} € C®(Q)N ap-
proximates v,¢ in F(Q), as required.

Now, since Lv, = 0 in 2\ Q, 2(y), the Caccioppoli inequality, (2.23),
implies that

[ @pviP <c [ pePiv,
Q Q
SC’T_2/ Vo2, Vp< i, p<d,
Qr(Y\Qr/2(y)
Combining (3.25) and (3.23), we have for all r < R, and ( as above,

ID(cv,) 2 <2 / CIDv,? +2 /2 D¢, 2

(3.25)

(3.26) °°

SC’r*/ |vp|2§Cr27", Vp < 5, p<dy.
Q- (W\Q/2(y)

It follows from (2.6) and (3.26) that for r < 3R,

oz < no3
/ |Vp | 2n < / ‘CVP | 2n
2\Q0-(y) Q

(3.27) n_
< (/ |D(Cvp)|2> <COr", Vp< 5, p<dy.
Q

On the other hand, if £ < p < d,, then (2.6) and (3.16) imply

(3.28) / \vp\%g/|vp|% gc(/ |Dvp|2) <o
N () Q Q

Therefore, combining the previous two results, we have

(3.29) /Q\Q . vl <Cr ", Wr< iR, W0<p<d,
Y
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Fix 7 > (R,/2)*> ™. If R, = oo, then fix 7 > 0. Let A, = {z € Q:
|v,| > 7} and set r = 777 Note that r < $R,. Then, using (3.29), we
see that if 0 < p < d,,

2n n

AN < [ P o,
A\Q(y)

Since |4, N Q. ()| < |Q(y)| < Cr™ = C7~ 72, we have
__n_ R 2—n
(3.30) [{zeQ:|v,(z)|>7H<Cr 7= ifr> (7) . Yo<p<d,.
Fix r < 3R, and let ¢ be as in (3.24). Then (3.26) gives
/ |Dv, > <Cr?™™ Vr< iR,, VYp<1i.
O\Q-(y)

Now, if § < p < d,, we have from (3.16) that

/ |Dv, > < / |Dv, > < Cp* ™ < Cr* ™.
Q\Q () Q

Combining the previous two results yields

(3.31) / |Dv,[> < Cr*™", Vr<iR,, Y0<p<d,.
2\2:(y)

Fix 7> (R, /2)'"". If R,=00,let 7 > 0. Let A, ={z€Q: |Dv,| > 7}
and set r = 777 . Note that r < $R,. Then, using (3.31), we see that
if 0 < p<dy,

1A\ Q(y)] < 7*2/ |Dv,|* < Cr~ 7 1.
A.,-\Qr(y)

Since |A, NQ,.(y)| < Cr" = C7~ 71, then
(3.32) [{z€Q: [Dv,(x)|>7}|<Cr~ "1 ifr>(LR,)'T", V0<p<d,.

For any o > (R, /2)'~" and ¢ > 0, we have

/ DV, [ < 070, (1) +/ |Dv, |7,
Q. (y) {|IDv,|>0}
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By (3.32), for q € (0, n7—Ll) and p € (0,dy),
/ |Dv,|? :/ g Y{|Dv,| > max{r,o}}|dr
{‘Dvp|>0} 0
n e o0 n
<Cg n1 / qr?ldr + C/ qri~mw T dr
0 o

=C|1- qn ol T,
9= n—1

1-n

Therefore, taking o = r* =", we conclude that

(3.33) / |Dv,|? < C rati—m+n,
Q- (y)

' n—1

vr <R, W0 <p<dy, Yae(0,5:%).

2—n

By the same process with (3.30) in place of (3.32) and o = r*7", we
have

(3.31) / [vl? < Cra®mm e,
Q- (y)
vr <R, W <p<dy, Yoe(0,5:%).

Fix ¢ € (1,-25) and g € (1, -25). From (3.33) and (3.34), it follows

' n—1

that for any r < %Ry
(3.35) [[Vpllwra(a, ) <C(r) and [|v,| La(q, ) <C(r) uniformly in p.

Therefore, (using diagonalization) we can show that there exists a se-
quence {p, };2 tending to 0 and a function v = v, ; such that

(3.36) v,, —v in Wh(Q,(y))" and in L7(Q,(y))", for all r<1iR,.

Furthermore, for fixed 1o < 7, (3.29) and (3.31) imply uniform bounds
on v,, in Y12(Q\ Q,(y))" for small p,. Thus, there exists a subse-
quence of {p,} (which we will not rename) and a function v = v,  such
that

(3.37) Vo, =V in YHQ\ Q. (y)Y.

Since v.= v on Q.(y) \ Q- (y), we can extend v to the entire Q by
setting v = v on Q \ ,(y). For ease of notation, we call the extended
function v. Applying the diagonalization process again, we conclude
that there exists a sequence p, — 0 and a function v on 2 such that
(3.38) v,, = v in WhH(Q,.(y))" and in LY(Q,(y))V,

n
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o

FUNDAMENTAL MATRICES AND GREEN MATRICES

and
(3.39) Vo, = v i YRAHQ\ Q(y)Y,

forall o <7 < %Ry.

Let ¢ € C°(Q)Y and r < R, such that r <d,,. Choosen € C°(B,(y))
to be a cutoff function so that n=11in B, /5(y). We write ¢=n¢-+(1-n)s.
By (3.2) and the definition of B,

li k= lim Blv,, .,k
Ji Bm(y)mb i BV, k0]

B “li_>n;o Q A%ﬁDﬁvzu;y,kDa(mbi) + biajvi)my,kDa(mbi)

+ dijﬁvi)my,kai + ijzu;y,kn¢i'
Note that n¢! and D(n¢') belong to C2°(£2,.(y)). From this, the bound-
edness of A given by (2.13), and the assumptions on V, b, and d
given by (2.14), it follows that there exists a ¢’ > n such that each of
ASP Da(n#)’ b% Da(n¢'), diin¢' belongs to LY (Q,(y))V, and Vin¢' be-
longs to L9/2(Q,.(y))N. Therefore, by (3.38),
i f o= | A D] D16) + 0%, Dalrd)

By, (y

H—00

(3.40) P Y
"‘dijBV;,kVW +Vijvi,,k77¢

= B[Vy,kv 77¢]
Another application of (3.2) shows that

lim (1—n)¢*
po0 Bp“ (v)

= lim [ AY'Dgv’  Do[(1—n)¢ ] +b5v) Dol —n)¢']

p—o0 Jo Puiy,k L pu

+lim [ d)Dgv) (1)t + Vigv) (1)

poo g puiy,k Puiy,k
Since ¢ € ()N and n € C>*(B,(y)), then (1 — n)¢ and D[(1 — n)¢]
belong to C2°(2\ B,/2(y))". In combination with (2.13), this implies
that each A?jﬂDa[(l—n)qﬁi] belongs to L?(Q2\ B, /2(y))"V. The assumption
on d given in (2.14) implies that each d?j(l — )¢’ belongs to L2(2\
B, 2(y))" as well. And the assumption on b and V given in (2.14) imply
that every b Dy [(1—7)¢'] and Vj;(1—7)¢" belong to Ltz (Q\B,)2(y)N.
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Therefore, it follows from (3.39) that

lim (1—=n)¢*

=) B,, ()
641 = [ A D] Dul( = )]+ ¥y ¥] Dl = 1)

+ [ 4D (1= Vi) (=) =Bl (1))
It follows from combining (3.40) and (3.41) that for any ¢ € C°(Q)V,

¢*(y) = lim ¢* = lim "+ lim (1—n)e"
p=o0 Bpu (v) proo B,,” (v) p=o0 BPM (y)
=B[vyk, 9] + Blvyr, (1 = n)¢] = Blvyk, ¢,
so that (3.6) holds.
As before, for any £ € L(Q)V, let u € Fo(Q) be the unique weak
solution to L*u = f, i.e., assume that u € Fy(Q) satisfies (3.18). Then
for a.e. y € Q,

(3.42)

k . k
U = lim u® = lim Blv
(y) =00 g, ) oo [ puiy.kr U u]
= /}H}I;OB (W, vy, k] = Mlgxgo vau -f,

where we have used (3.2). For n € C°(B,(y)) as defined in the previous
paragraph, since nf € L7 (B,(y))" and (1 —n)f € L#52(Q\ B, ;5(y))",
then it follows from (3.38) and (3.39) that

lim [ v, -f= lim . onf + lim vp, - (L=n)f
neeJa pmreo Br(y> #7200 JO\B, /2 (y)

:/ v-r]f—|—/ V-(l—n)f:/v-f.
B, (y) Q\B./2(y) Q

Combining the last two equations gives (3.7).

The estimates (3.8)—(3.13) follow almost directly by passage to the
limit. Indeed, for any r < R, and any g € L(Q,(y))", (3.34) implies
that

7 . 2—n+2 ,
/S;v.g‘ ulinéo‘/nv”“ g‘ < G gl 0,

where ¢’ is the Holder conjugate exponent of g € [1, ﬁ) By duality,
we obtain that for every ¢ € [1, %),

(3.43) IvilLa(a, () < qu2_n+%v vr < %Ry’
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that is, (3.10) holds. A similar argument using (3.33), (3.29), and (3.31),
yields (3.11), (3.8), and (3.9), respectively. Now, as in the proofs of (3.30)
and (3.32), (3.8) and (3.9) give (3.12) and (3.13).

Passing to the proof of (3.14), fix x # y. For a.e. x € Q, the Lebesgue
differentiation theorem implies that

1
= i = lim o
via = Jim vt o [

where x denotes an indicator function. Assuming as we may that 2§ <

2n
min{d,, |z — y|}, it follows that Xo,) = XBs@) € L +2(Q\ Qs(y)).
Therefore, (3.39) implies that

v = v = lim vV, .
|Ba|/ XBs(@) = 0, \Ba|/ P XB@ 55 ey

If |x —y| < 3Ry and p, < 3|o—yl, pu < dy, then (3.23) implies that for
a.e. z € Bs(x)

Vo (2) < Clz =y,
where C' is independent of p,. Since |z —y| > %|x — y| for every z €
B(;(.’L') C B|1:7y|/2(x)7 then

(3.44) Vol 2o (Bs(a)) < Clz—yl>™.

On the other hand, if | — y| > %Ry, then for r:= é min{R;, R,}, the
restriction property, Al), implies that v,, € F(Q2,(z)) and it follows
from A4) that v, vanishes along Q. (2)N0Q. Aslong as p, <r, p, <d,,
Lv,,=0in Q.(x), so we may apply (3.1) with ¢ = 2*. We have

S
_n=2 *
Vol (@, o)) < Cr™ 2 </ Vo, |?
Q. (z)

(3.45)

where the last inequality follows from (3.29). If we define R, ,, = min{R,,
Ry, |z — y|}, then (3.44) and (3.45) imply that for § and p,, sufficiently
small (independently of each other),

(3.46) 1V, o (85 (o) < CRE

By combining with the observations above, we see that for a.e. x € ,

o L .
)= i gy | e = v

< lim lim CR} " = CRY " O

§—0+ p—o0

xy'
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3.2. Fundamental matrix. In this section, we construct the funda-
mental matrix associated to £ on 2 = R"™ with n > 3. We maintain the
assumptions A1)-A7) with Q = R™ and replace (3.1) with the following
global (interior) scale-invariant Moser-type bound. For the sake of fu-
ture reference, within these definitions we maintain a general set 2 and
emphasize their interior nature.

(IB) Let © be a connected open set in R™. We say that (IB) holds in
if whenever u € F(Bzp) is a weak solution to Lu = f or L*u =f
in Bg, for some Bg C Q, R > 0, where f € L*(Bg)" for some
{ e (%,oo], then for any ¢ > 0,

(3.47) Iullzoe B0y < C|R™7|ullpa(p, + R

flleoa)

where the constant C' > 0 is independent of R > 0.
We also assume a local Holder continuity condition for solutions:

(H) Let © be a connected open set in R"™. We say that (H) holds in
if whenever u € F(Bapg,) is a weak solution to Lu =0 or L*u=0
in Bp, for some Bag, C Q, Rg > 0, then there exists n € (0, 1),
depending on Ry, and Cr, > 0 so that whenever 0 < R < Ry,

1

(3.48) sup Ju@) = u(y)| < Cgr,R7" (ﬁ} u|2*>2* :

z,yEBR/2, T£Y |J;_y|7]

Notice that (IB) is (3.1) with R, = d,,. Note also that the solutions
to Lu = f and Lu = 0 above are well-defined in the weak sense for the
same reason as those in (3.1).

The assumption (H) for equations with lower order terms implies a
version of (IB) with C' depending on Ry. However, since it is essential to
our constructions that C' in (IB) be independent of R, we require both
of the assumptions (IB) and (H). In fact, determining the appropriate
dependence of constants in (H) and (IB) that are sufficient for the con-
struction of the fundamental solution was one of the biggest challenges
in going from the constructions in [HK] and [KK] to our constructions
for systems with lower order terms.

Existence of the fundamental solution may be obtained even when
properties (IB) and (H) are replaced by the weaker assumption (3.1) (see
Proposition 3.5). What is gained by property (IB) over (3.1) is a quan-
tification of the constraint given by R,,. The property (H) assures Holder
continuity and, in addition, helps to show that I'(z, y) = I'*(y, 2)*, which
leads to analogous estimates for I'(x, -) as for I'(-, y).
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Definition 3.3. We say that the matrix function I'(, y) = (Ui (2, y)) ;-

defined on {(x,y) € R™ x R™ : © # y} is the fundamental matriz of L if
it satisfies the following properties:

(1) T'(,y) is locally integrable and LT'(-,y) = §,I for all y € R™ in the
sense that for every ¢ = (¢',...,¢M)T € C*(R™)V,

ASP DT (-, y) Dad' + b T+, y) Dad’
Rn

+d) DT, 9)" + Vi )9 = 6" (y).

(2) For all y € R® and r > 0, T'(-,y) € YL2(R™ \ B,.(y))V*V.

(3) Forany f=(fL ..., fM)Te L (R")V, the function u= (u},...,u™)T
given by

W) = [ Tnlo)fie)do

belongs to Fo(R™) and satisfies £*u = f in the sense that for every
¢p=(¢"....6"M)T € CRMY,

/A%’BDauiD5¢j—‘rb%Daui(ﬁj—i—diBjuiDg(bj—i—Vijui(;Sj: il
Rn Rn

We say that the matrix function I'(x,y) is the continuous fundamental
matriz if it satisfies the conditions above and is also continuous.

Remark 3.4. As we will see below, we first establish the existence of
a fundamental matrix using an application of Lemma 3.2. With the
additional assumption of Holder continuity of solutions, we then show
that our fundamental matrix is in fact a continuous fundamental matrix.

We show here that there is at most one fundamental matrix. In gen-
eral, we mean uniqueness in the sense of Lebesgue, i.e. almost everywhere
uniqueness. However, when we refer to the continuous fundamental ma-
trix, we mean true pointwise equivalence.

Assume that I" and I' are fundamental matrices satisfying Defini-
tion 3.3. Then, for all f € L°(Q)Y, the functions u and U given by

)= [ Talen)Pla)de T0) = [ Fuew)fe)ds

satisfy
L'(u—u)=0 inR"
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and u — u € F(R™). By uniqueness of solutions ensured by the Lax—
Milgram lemma, u — u = 0. Thus, for a.e. z € R",

[ IPsa(o) = Enla )l P @) de =0, vf € L&)

Therefore, P=T a.c. in {x # y}. If we further assume that T' and T are
continuous fundamental matrices, then we conclude that I'=T" in {x #y}.

Proposition 3.5. Assume that A1)-A7) and (3.1) hold. Then there
exists a fundamental matriz, T'(z,y) = (Fij(x,y))f-\fj:l, {z # y}, unique
in the Lebesgue sense, that satisfies Definition 3.3. Furthermore, I'(x,y)
satisfies the following estimates:

(349) ||F( )Hyl’an\B <C’I“ 2, Vr<%Ry,
(3.50) IT(, )| o5, ) < Car® ™5, vge[l,:%5), Vr<iR,.
(8:51) IDTC,9) | nacs.on <Cor' "5, vae[Li2), r<iR,

(3.52) {zeR™: |l"(a:,y)|>7'}|SC’T_ﬁ7 V71> (%Ry)Q_n,
(3.53) [{z€R" : [D,T(x,y)|>7H <Cr 7, vr> (IR,) "

(3.54) |T(z,y)| < CR2,™, where Ry, := min(R,, Ry, |r —yl),

;cyv

where each constant depends on n, N, co, I', v, and the constants
from (2.23) and (3.1), and each C, depends additionally on q.

Proof: By assumption, the hypotheses of Lemma 3.2 are satisfied, and
for each y € R", 0 < p < dy, and k = 1,..., N, we obtain {v ., 1} C
Fo(R™) and v, j satistying properties (3.2)—(3.7) and the estimates (3.8)—
(3.14).

For each y € R", define I'?(-,y) and I'(-,y) to be the N x N matrix
functions whose k' columns are given by v;  and vT y.k» respectively.
That T is the fundamental matrix of £ follows 1mmedlately from the
conclusions of Lemma 3.2. One can also deduce from Lemma 3.2 that
I'(-,y) satisfies (3.49)—(3.54) as a function of x. O

Theorem 3.6. Assume that A1)-A7) as well as properties (IB) and
(H) hold. Then there exists a unique continuous fundamental matriz,
L(z,y) = (Tij(z,9))N=1, {z # y}, that satisfies Definition 3.3. We
have T'(x,y) = T*(y,x)T, where T* is the unique continuous fundamen-
tal matrixz associated to L*. Furthermore, I'(z,y) satisfies the following
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estimates:
(3.55) [T (s »)lly 2@\ B, (y)
+IT(z, ) lyr2@e\ B, (@) <Cr' "2, Vr >0,
(3.56) [IT(, 9) | La(B.(v))
HIT(@, )| La(p, (@) < Cqr® ", Vge [1» %) , V>0,
BB DT y)l s, )
+IDT(@, )| Lo, o)) < Cor' ™71, Ve [17 #) , Vr>0,

(3.58) [{z eR™ : |I'(z,y)| > T}

+{y € R" : [T(z,y)| > 7}|<Cr~ 72,  Vr>0,
(3.59) {zeR" : | D, (x,y)|>7}|

+{y € R" : |D,T'(z,y)| > T} <Cr7 7T, V>0,
(3.60) [D(z,y)| < Clz —y|*™", Va#y,

where each constant depends on n, N, co, I', v, and the constants
from (2.23) and (IB), and each C, depends additionally on q. More-
over, for any 0 < R < Ry < |z — g,

i n
B6) M) -Tepl<cne () m
whenever |z — z| < & and

- n
(3.62) T(x,y) — T(z,2)| < Cg,C ('y 7 Z') R2m

whenever |y — z| < &, where Cr, and n = n(Ro) are the same as in

assumption (H).
Proof: By our assumptions, Proposition 3.5 holds with R, = oo for all
y € R". Let I'?(-,y) and I'(+, y) be as in Proposition 3.5.

Fixz,y e R"and 0 < R < Ry < |z—y|. Then LT'(-,y) = 0 on Bg,(z).
Therefore, by assumption (H) and the pointwise bound (3.54), whenever
|z — 2| < & we have

e

R

n
)cwmwmﬂ%@>

n
r—z
< C’ROC’ (1%|> RQ—n'

This is the Holder continuity of I'(-, y) described by (3.61).
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Using the pointwise bound on v, in place of those for v, a similar
statement holds for I'” with p < %|:c — yl, and it follows that for any
compact set K € R™\ {y}, the sequence {I'*» (-, y)}5%; is equicontinuous
on K. Furthermore, for any such K € R™\{y}, there are constants Cx <
oo and px > 0 such that for all p < pg,

1T, y) o (r) < Ok

Passing to a subsequence if necessary, we have that for any such compact
K eR"\ {y},

(3.63) rer(,y) = T(y)

uniformly on K.
We now aim to show

D(z,y) =T*(y,2)",

where I'* is the fundamental matrix associated to £L*. Let Vy = Vg 1 de-
note the averaged fundamental vector from Lemma 3.2 associated to L£*.
By the same arguments used for v,, we obtain a sequence {o,}32,
o, — 0, such that T (-,x), a matrix whose k-th column is GZV%,“ con-
verges to I'*(+, ) uniformly on compact subsets of R"\{z}, where I'*(-, x)
is a fundamental matrix for £* that satisfies the properties analogous to
those for I'(+, y). In particular, I'*(-, z) is Holder continuous.
By (3.2), for p,, and o, sufficiently small,

(3.64) ]fa ( )Agl('v33)ZB[Vp;yvlvVo;x,k]:B*[Vo;x,kaVp;yJ}:f Flplc('vy)~
p\Y

0(17)
do=f  Tito=f Tt
By, (y) Bo, ()

By continuity of I‘f,g(o, y), it follows that for any x # y € R,

Define

P

: kL _ 3 Tow (., _ TPu
Jim g = i TG =T @),
L0

so that by (3.63),
lim lim gj, = lim T7 (z,9) = Tik(z, ).

H—>00 V—00

But by weak convergence in W14(B,.(y)), i.e., (3.3) with R, = oo,

. kKl q: Ro, . _ * 0
VILII;O Gpwr = Vlggo B,, (1) Li () ][Bp (v) Hal ),
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and it follows then by continuity of I'}; (-, z) that

. . kKl _ 7. * (0 _T*
MILII;O Vlgl(f)lo v = Mh_{%o B,, (y) (o) =Ty, o).
©

Therefore, for all k,l € {1,...,N}, z #y,

Flk(xa y) = FZZ(ya .’E),
or equivalently, for all z # y,

(3.65) L(z,y) =T*(y,2)".
Consequently, all the estimates which hold for I'(,y) hold analogously
for I'(x, -). O

Remark 3.7. We have seen that there is a subsequence {p,}71, p — 0,
such that I'P«(z,y) — I'(x,y) for all x € R™\ {y}. In fact, a stronger
fact can be proved. By (3.64),

% (2,9) = lim T8 (ny)=lim f  T%(a)= f I (- ).
Bp(y) B/J(y)

vV— 00 BO',/ (ZD) V—00

By (3.65), this gives
I (z,y) = ][ Lie(z, 2) dz.
B, (y)

By continuity, for all x # v,
.y _
(3.66) lim T (z,y) = T(z,y).

Theorem 3.8. Assume that A1)-A7) as well as properties (IB) and (H)
hold. Iffe (Lﬂ%z (R™M)NL{ (RM)N for some L€ (2,00, then there exists
a unique u € Fo(R™) that is a weak solution to Lu = f. Furthermore,

we have
for a.e. x € R™.
Proof: We see from (3.17) that
Fo(R") > w+— f-w
R’V‘L
defines a bounded linear functional on Fo(R™). Therefore, the existence
of a unique u € Fy(R"™) that is a weak solution to Lu = f follows from

the Lax—Milgram theorem.
By definition of a weak solution, we have

363 [ £% =B =R =f
" Qo ()
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where V, = Vg;y,k is the averaged fundamental vector from Lemma 3.2
associated to £*. Taking the limit in ¢ of the left-hand side, we get

(3.60) lim [ £-9,=lim / f.vg+/ £.9, :/ £.9,
=0 JRn o0\ J B (x) R\ B, () n

where V is the k-th column of I'*(-, z). Here, we have used (3.22) and f €
L{, (R™)Y for £ € (%,00] to establish convergence of the first integral,

loc
and we have used (3.5) and f € Lt (R™)N to establish convergence of
the second integral. Combining (3.68) and (3.69), we get

uf(z) = / 5y, ) fi(y)dy, for a.e. x € R™.
Rﬂ,

The conclusion (3.67) now follows from (3.65). O

3.3. Green matrix. Here we show existence of the Green matrix of £
on any connected open set 2 C R™ with n > 3.

Definition 3.9. Let (2 be an open, connected subset of R". We say
that the matrix function G(z,y) = (Gy;(z,y))};—, defined on the set
{(z,y) € @ xQ : x # y} is the Green matriz of L if it satisfies the
following properties:

(1) G(-,y) is locally integrable and LG(:,y) = 6,1 for all y € Q in the
sense that for every ¢ = (¢1,...,¢N)T € C>(Q)Y,

/QA%’BDﬁij(wy)DaW+b?jij('7y)Da¢i

+ DG (98 + VisGin(9)o" = 6" ().
(2) Forally € Qandr > 0, G(+,y) € YH2(Q\Q,(y))V*N. In addition,

G(-,y) vanishes on 09 in the sense that for every ¢ € C(£)
satisfying ¢ =1 on B, (y) for some r > 0, we have

(1= QG y) € Yo 22\ ().

(3) Forany f=(f1,..., fN)Te L2 (Q)Y, the function u= (u?,...,u™)T
given by

w@zé@mwﬂmm

belongs to Fo(Q2) and satisfies £*u = f in the sense that for every
= (¢"....0"M)T € C(QY,

/QA;-;BDau"DquMb%Dauiqsf +dfjuiD5¢j+wjui¢j=/ij¢i.

We say that the matrix function G(z,y) is the continuous Green matriz
if it satisfies the conditions above and is also continuous.
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As in the case of the (continuous) fundamental matrix, and by the
same argument, there exists at most one (continuous) Green matrix,
where the sense of uniqueness is also as before.

Theorem 3.10. Let ) be an open, connected, proper subset of R™. De-
note dy :=dist(z, 0Q) for x€Q. Assume that A1)-A7) as well as prop-
erties (IB) and (H) hold. Then there exists a unique continuous Green
matriz G(z,y) = (Gij(x,y))ﬁ\fj:l, defined in {z,y € Q, x # y}, that
satisfies Definition 3.9. We have G(z,y) = G*(y,x)T, where G* is the
unique continuous Green matriz associated to L*. Furthermore, G(x,y)
satisfies the following estimates:

(3.70) HG(, y) ||y1,2(Q\BT(y)) < CTl_n/Q, Vr < % dy,

BT IGC Wl om ) SCr* ™, V<t Vee[l,7%),

n—2
(372) IDG( Y)llzas, @y <Cor' 75, vr<dd,,  Voe|l ),
(373) o eQ: |Gz, y)| >} <CT 72, vr>(1d,)" ",
(3.74) {z €9 : |D,G(z,y)| > 7} <Or 77, vr> (L d,) ",
(3.75) |G (z, ) lyr2(@\B, @) <Cr' "2, Vr<id,,
(3.76) |G (2, )| La(B,(2)) < Cqr® "3, vr<ld, — vge {1, #) ,

(377) HDG(J:’ ')HL"(B,.(z)) Squlin+%a Vr< % dwa VQE |:1a %) )

n—1
(3.78) [{y€Q : |G(z,y)| > 7} <Cr "2, wr>(Ld,)" ",
(3.79) [{y €9 : | D, G(x,y)| >} <Cr =T, ¥r> (L d,)' 7",
(3.80)|G(z,y)| < Cd2.", Vo #y, where d,,, := min(dy,d,, |z —y|),

z,y
where the constants depend on n, N, co, I, v, and the constants from
(2.23) and (IB), and each Cy depends additionally on q. Moreover, for

anyO<R§R0<%dx,y,

_ n
B3) (G - Gl < One (F5T) R
whenever |z — z| < & and

_ n
B8 (G - Gl < one (M)

whenever |y — z| < &, where Cg, and n = n(Ry) are the same as in

assumption (H).



566 B. DavEY, J. HILL, S. MAYBORODA

Proof: The hypotheses of Lemma 3.2 are satisfied with R, = d,, for
all y € Q. Foreachy € Q, 0 < p <dy, and k = 1,...,N, we ob-
tain {v .y 1} C Fo(R2) and v = v, i, satisfying (3.2)-(3.7) and the esti-
mates (3.8)—(3.14), where R, = d,, and R, , = min{d,,d,, |zt — y|}.

We define G (-, y) to be the matrix whose columns are given by vi ., for
k=1,..., N, and we define similarly the averaged Green matrix G*(-,y).
Then estimates (3.70)—(3.74) and (3.80) are inherited directly from Lem-
ma 3.2.

We now prove that G(z,y) satisfies Definition 3.9. This definition
largely resembles that of the fundamental matrix, and the proof can be
executed analogously, except for an additional requirement to prove that
G(-,y) = 0 on 09 in the sense that for all ( € C°(Q) satisfying ( =1
on B, (y) for some r > 0, we have

(3:83) (1= OG(y) € Yy (M.
By Mazur’s lemma, Y, *(Q)" is weakly closed in Y12(Q)N. Therefore,

since (1 — ()v,, =v,, —(Vv,, € Yy 2 ()N for all p, < d, it suffices
for (3.83) to show that

(3.84) (1=¢)v,, = (1 =¢v inYh2Q)N.
Since (1 —¢) =0 on B, (y), the result (3.84) follows from (3.5). Indeed,

A(l—C)le(-,y>¢=/§20kl(-,y )(1- Q)= lim /G“- —)6

= lim [ (1=CO)G(,y)p, Vo€ Litz(9),

u—oo fo

/ DI(1 - O)Gry)] - = / G- y)DC -+ / DGl ) - (1 - O
Q Q Q

== lim [ G (y)DC- 9

H—oo [

+ lim [ DGy (y) - (1= Qv

p—oo Jo

= lim [ D[(1-Q)Gyi (wy)]- v, YeeLl* (@)Y
p—oo o
Therefore, G(x,y) is the unique Green matrix associated to L.
It follows from (3.70) and property (H) that for any 0< R< Ry < %dz’y,

there exists n=n(Ry) and Cg, >0 such that, whenever |z — z| < %

(3.85) IG(z,y) — G(z,y)| < Cr,C ("”;') R
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By the same argument that lead to (3.63), this implies that, passing to
a subsequence if necessary, for any compact K € Q \ {y},

(386) Gp“('/y) - G('ay)

uniformly on K, and from here the same argument as the one for (3.65)
proves that

(3.87) G(z,y) = G*(y,2), VYo,yeQ, z#uy.

The remaining properties, (3.75)—(3.79), follow from Lemma 3.2 applied
to G*(-,x) in combination with (3.87). O

Remark 3.11. As with the fundamental matrix, we obtain
(3.88) G (x,y) = ][ G(z, z) dz,
Qp ()

and, by continuity,

(3.89) lim G*(z,y) = G(z,y), Ve,yeQ, w#y.
p—

3.4. Global estimates for the Green matrix. It was observed in
[KK] that if the interior boundedness assumption (IB) is altered as below
(to being valid on balls possibly intersecting the boundary), then the
pointwise and local L? estimates of G can be freed of their dependence
on the distances to the boundary for the homogeneous elliptic operators.
Similarly, assuming local boundedness on boundary balls gives enhanced
Green function estimates in our setting.

(BB) Let €2 be a connected open set in R™. We say that (BB) holds in
if whenever u € F(Q2r) is a weak solution to Lu = f or L*u = f
in Qg, for some R > 0, where f € L*(Qg)" for some ¢ € (%,oo],
and u = 0 on 92 N Bg, then u is a bounded function and for
any q > 0,

(3.90) [ullz(0p2) < CIR™ 7 [l|za(n) + B2 7 fll e

where the constant C is independent of R.

We note that condition (BB) holds, for example, whenever (IB) holds
for an extended operator £# defined on R™ with £ = £# on Q. This
fact can often be established by a reflection argument.
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Corollary 3.12. Let Q be an open, connected, proper subset of R™.
Assume that A1)-A7) as well as properties (BB) and (H) hold. Then
the continuous Green matriz satisfies the following global estimates:

(391 |G, 9)llyr2\B.(»)

+HIG (@, ) lyr2@\ B, @) <Cr' "2, Vr>0,
(3.92) HG(',?/)HLQ(BT(y))
G (@, )| La(B, (@) chTQ—n+%7 Vr>0, Vg€ {1, ﬁ) ,

(3.93) IDG (-, y)llLa(B,(v))
HIDG (@ g, @y SCar'FE, V>0, Vg€ 1, 38).

(3.94) {z € Q : |G(z,y)| > T}
—|—|{y€Q:\G(m,y)|>7’}|§C7_ﬁ, V71 >0,

(3.95) [{z € Q: |D,G(z,y)| > T}
+{y € Q:|D,G(z,y)| > T}|SCT_"%1, V71 >0,

(3.96) |G(x,y)| < Clz —y|*™™, Ve #y,

where the constants depend on n, N, co, I', v and the constants from
(2.23) and (BB), and each C,; depends additionally on q. The Hélder
continuity estimates of Theorem 3.10 remain unchanged.

Proof: As in the proof of Theorem 3.10, the global estimates are inher-
ited directly from Lemma 3.2 with R,, R, = oo for all z,y € Q. O

Remark 3.13. In conclusion, I'(z, y) exists and satisfies the estimates of
Theorem 3.6 whenever (IB) and (H) hold for solutions. The conclusion
of Theorem 3.6 also states that

I(-y) € YR2(R™\ B.(y))Y*N  for any r > 0.

However, it does not follow from Theorem 3.6 that I'(-,y) € F(R™ \
B,.(y)) for the general space F. In Section 7, we examine a number of
examples and show that in each case, a version of this statement holds
for I'(-,y) as well as I'(x, -), G(-,y), and G(z,-). Details may be found
in Subsection 7.4.

4. A Caccioppoli inequality

The remainder of the paper will essentially be a discussion of the
major examples that fit our theory. In this section we prove a version of
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the Caccioppoli inequality. In the next two sections we demonstrate local
boundedness and Holder continuity of solutions (for equations, rather
than systems, only). And finally, in Section 7, we tie it all together by
presenting the most common examples.

Lemma 4.1. Let Q C R™ be open and connected. Assume that F(£2),
Fo(Q), £, and B satisfy A1)-A5). Suppose b € L5(Q)"*N*N d ¢
LY(Q)NXN for some s,t € [n,00|, and (instead of assuming AG6)),
assume that either

e s,t =n and Blv,v] > 7||Dv||%2(Q)N for every v € Fo(Q); or

e 5, t € (n,00] and Blv,v] > 7||V||%V1,2(Q)N for every v € Fo(Q).
Let u € F(Q) and ¢ € C*(R™) with D{ € C(R™) be such that u¢ €
Fo(Q), 0'¢ue L2Q)N,i=1,...,n, and Blu,u¢?] < [f-u(? for some
fe LY )N, ¢ e (%,00]. Then

/f ‘uc?

where C = C(n, s,t,v, A, ||bllLs ), |d| t@)), ¢ = c(7).

)

(4.1) / D¢ < © / uP|DC +

Remark 4.2. Let us make a few comments before the proof. First, as
in the comments to A7), we remark that the condition D¢ € C°(R"™)
implies that ¢ is a constant outside some large ball (call it C¢) and hence,
Cc — ¢ € CZ(R™). Then, by A4), u¢®> = Ceu¢ — (Ce — Qu( € Fo(€2).
We shall use this in the proof. Also, the conditions u¢ € Fy(Q2), 9°Cu €
L2(Q)N,i=1,...,n, and D € C=(R"), along with (2.5), ensure that
the first and the second integral in (4.1) are finite. The last one is finite
for otherwise both the assumptions and the conclusion of the lemma are
meaningless.

Second, if we do assume A6), then the condition B[v,v]> 7||Dv||22(Q)N
for every v € Fo(Q) follows from (2.5). Moreover, the actual require-
ments on b and d that are necessary to carry out the arguments, and ap-
pear in the constant C, are b € L¥(QNU)"*N*N d € L{(QNU)*N*N
for any U containing the support of D(. Since the latter is compact, one
could always reduce the case s,t > n to the case s =t = n and hence
to work in the first regimen. However, such a reduction would bring up
the dependence of the constants on the size of the support of D(, and
this is typically not desirable.
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Proof: Let u, ¢ be as in the statement. A computation shows that

Blu¢, u¢] = Blu, u¢?|
+/Aa’8[(—D5u -uD,¢ +uDg( - DQU)C +u- UDﬁCDad

+ /(—bau( -uD,¢ +d?uDgs( - uQ).

By the assumption, Blu, u¢?] < [ |f[[ul¢?
By (2.13),

/AO"@[(—Dgu ~uDo ¢ +uDg( - Dau)C +u- uD[;CDaC]

<20 [ |DulDClfuly -+ A [ D¢ P

8A2
< (7 +A> /|u|2|DC|2+%/|Du|2§2.

If s € (n,00), then since u¢ € Fo(Q2),

/bo‘uC~uDaC < /|b||u§ Slu¢|t 5 [uD(|
n 1_2
< Pbllzs @ ludll 72+ () 1uCll 72 (o) laDC| 22 )
n n 1-n
< s |b] LS(Q)HD(UC)”LSz(Q)Hu§||L2(§z)||UDC||L2(Q)
Y Y
< ZHD(UC)H%%Q) + §||UC||2L2(Q)
CTL.S
+ 2 bl g [ 1D
Similarly, if s = oo, then
[ ¢ uDag] < Il 2oy [uDCl 2o

v 1
< Jhuclaey + 51Dl oy [ TaPIDG.
Finally, if s = n, then

e unad] < [ bllacun < blls oy ucl o o fuDC o

Y 2 C% 2 2 2
< [ 1Pd)] +7llb\|m(m [u|*|D¢|".

Analogous inequalities hold for d.
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It follows from the inequalities above and the coercivity assumption
on B that

1 [1puper = [ ner < 3 [ 10w

842 CualblEe  Cudldl,
<+A+ Al | CB ) g

v
+2 [1Dupe+ [ Iguic®,

which leads to the claimed inequality after rearrangements. O

<

5. Local boundedness in the equation setting

For general elliptic systems, homogeneous or not, (IB), (BB), (H), or
even the fact of local boundedness of solutions may fail. For counterex-
amples, we refer to [MNP] for dimension n > 5 and [Fre] for lower
dimensions. In this and the next section we discuss the cases when local
boundedness is valid, restricting ourselves to the context of equations
rather than systems, i.e., to N = 1. We insist that such a restriction is
taken in Sections 5 and 6 only and that this restriction is not necessary
in order for (IB), (BB), (H) to hold. Nonetheless, it is perhaps the most
commonly used application. Much of the material in Sections 5 and 6, or
at least analogous arguments, have appeared in classical literature (e.g.,
[GT], [HL], [Sta]). However, we have to carefully track the constants,
the exact nature of dependence on b, d, V, the impact of coercivity,
and the resulting scale-invariance, since this is crucial for building the
fundamental solutions. Therefore, for completeness, we present the full
arguments.

The following lemma gives a scale-invariant (independent of the choice
of R) version of local boundedness. To prove the lemma, we will use
de Giorgi’s approach, as explained in [HL], [Sta]. The novelty of our
argument is that rather than assuming ellipticity of the homogeneous
operator, we assume coercivity of the bilinear form associated to the
full operator. This allows us to prove a scale-invariant version of local
boundedness under a certain sign assumption on the lower order terms.
In other words, we avoid picking up dependencies on the size of the
domain over which we are working. Recall that Qr = Bg N Q.

We continue to work in the abstract framework that was first intro-
duced in Section 2, but we will have to impose some further properties on
our function spaces in order to show that local boundedness and interior
Holder continuity are in fact reasonable assumptions.
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B1) For any R >0, k > 0, if u € F(Qg) satisfies u = 0 along 0Q N B
(as usual, in the sense of (2.10)—(2.11)), then {(u— k), € Fo(Qr),
0¢(u — k)4 € L*(Qg), i = 1,...,n, for any non-negative ¢ €
C°(Bg), where (u — k)4 := max{u — k, 0}.

B2) For any ball B C R", R > 0, if u € F(Bg) is non-negative, and
k,w >0, then (u+ k)~ € F(Bg).

Lemma 5.1. Let Q C R" be open and connected and take N = 1.
Assume that F(Q), Fo(Q?), L, and B satisfy A1)-A5) and B1). Sup-
pose b € L¥(Qg)™, d € LY(Qg)" for some s,t € [n,00], and (instead of
assuming A6)) assume that either

e s, t =n and Blv,v] > 7HD1}|\%2(QR) for every v € Fo(QRr); or

e 5.t € (n,00] and Blv,v] > 'yHUH%/Vl,Q(QR) for every v € Fo(Qr).
Assume also that
(5.1) V = D,b* >0 in Qg in the sense of distributions.

Let u € F(Qqr) satisfy u = 0 along QN Bag. Let f € LY(QR) for some
{ e (%, oo] and assume that Lu < f in Qi weakly in the sense that for
any ¢ € Fo(Bg) such that ¢ > 0 in Qg, we have

(5.2) Blu,¢] < / fo.

Then ut € LC.(QR) and for any r < R, ¢ > 0,

loc

C n
5.3 suput < ———||lut| e +c,R*™7 ,
(5.3) upu < Rt [u™l[Laan) + Cq 1fllzecan)
where C = C(n,q,s,t,4,7v, A, ||b]
on q.

en)s 1l Lt r)) and cq depends only

Remark 5.2. Let us remark that (5.3) is of course vacuous if [[u™ || La(qy)
is not finite. In practice, however, this is not a concern because in
any ball of radius strictly smaller than R, the norm is finite and hence
we can apply (5.3) in such a ball. Indeed, [[ut]/Loq,) < oo for any
u € F(Qagr) by (2.8). Therefore, by applying (5.3) with ¢ = 2, we
conclude that [[u'||p e (q,) is finite for any r < R. Hence, ||u™||Lqe(q,) is
finite for any r < R. Below, we will first prove (5.3) with ¢ = 2 and then
assume that ||u™||La(qp) is finite. (Again, one can always take a slightly
smaller ball if necessary.)

Remark 5.3. If Qrp = Bpg, then 022N Qg is empty so that the boundary
condition on wu is vacuously satisfied. Therefore, this version of local
boundedness is applicable for all of our settings, i.e. when we are con-
cerned with the boundary and when we are not.
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Remark 5.4. As previously pointed out, the estimate (5.3) is scale-in-
variant since it doesn’t depend on R. In our applications, we will as-
sume that b € L*(Q)" and d € L'(Q)". Since [|b]lz:,) < [16llL:0)
and |||zt () < |ld||Le(q) for every R, then this lemma shows that we
may establish local bounds with constants that are independent of the
subdomain, Qg.

Proof: We will first prove the case of ¢ = 2 and r = %R. Fix ( €
CS°(BR), a cutoff function for which 0 < ¢ < 1. For some k > 0, define
v=(u—k)y. By Bl), v(,v(? € Fo(Qg). Lemma 7.6 from [GT] implies
that Dv = Du for u > k and Dv = 0 for u < k (since (2.8) implies that
v is weakly differentiable on ().

Since V — D4b® > 0 in the sense of distributions and supp(v¢?) is a
subset of {u > k}, then

Blv,v¢?) = / (AP Dgv + b*v) Do (v¢?) + (d° Dv + Vo)u(?
= Blu,o¢?] — k [ (V= Datoc® < [ 1o,

where we used (5.2) with ¢ = v(% € Fo(Qr), ¢ > 0 to get the last
inequality.

Since v¢ € Fo(Qr), v0;¢ € L?(QR), and D( is compactly supported,
then Lemma 4.1 is applicable with u = v. It follows that

2
/\Dv|2g2g KS[\) + 8A +4
¥ gl

Crs bl )+ CntlldlLe o 8
. et @) ool +2 [ifiloic
Y Y
By Holder and Sobolev inequalities with 2* = %,

(5.4) /mUCQS (/|f€> (/|UC|2*) [{v¢ # 0}|1 =7~ 2"

Y 2 80721 2 142-2
< 35 | [P0 +7||fHLe(QR)|{vC7é0}I nTE



574 B. DavEY, J. HILL, S. MAYBORODA
Therefore,

[ (2) 2

Cn«s b 23 +Cn d 2t
8 ; || ”L (QR)72 ,t” HL (Qr) /|U|2|DC|2

+ (2 f||Le(QR))2 e # 0},
Since the Holder and Sobolev inequalities imply that
2/2*
o= (Jeor ) e o+ < [IDeori 2o,
then
65 [wo? <
where €1 = %, €9 =

C, = 16¢2 [

(5.6)
Ch,s 0]
8

7 gl
For fixed 0 < r < p < R, let ( € C(B,) be such that ( =1 in B,
and |D¢| < p—zr in Br. Welet A(k,r) ={z € Q, : u >k} =suppvN,.
Then, for any 0 < r < p < R and k > 0, it follows from (5.5) that

|A(, p)|°!
(=17
Considering r = R/2, the goal is to show that there exists a k > 0

such that
/ (u—k)*=0.
A(k,R/2)

Take h > k> 0 and 0 < r < R. Since A(k,r) D A(h,r), then
[wenrs [ wew?
A(h,r) A(k,r)

_ w— _ b w— k)2
A = 1B (k> bk S s [ kg

%S(QR) + Cn,t||d|%t(QR)‘| " (16031)2

(5.7) /A L s

[ ke ra p
A(k,p)

and



FUNDAMENTAL MATRICES AND GREEN MATRICES

(S5
J
ot

Using these inequalities in (5.7) above, we have that for h > k& > 0 and
%R <r<p<R

/ (w—h)2<C)
A(h,r)
1 14¢4
<C / u—k)?
AGEDE = l a D ]

F2 1+eo
P / (u— k)2
(h— k)2072) [ o)

[A(h, p) |t
(p—r)?

/ (u— h)? +F2|A(h,p)””]
A(h,p)

or
1
— W < - — k)F||ites
[(w = h)*| L2,y < Co [(p_r)(h_ PELAGN 2GS
(5.8)
F “+ 1 14e2
+ m”(“* k) ||L2(Qp)] J

where C5 depends on (1.
Set p(k,7) = |[(u — k)*||L2¢q,). Fori=0,1,2,..., define

1
ki:K<1_>’ 7",-254— i

Qi 2 21417
so that
R
ki—kio1 =55, Tic1—Ti= o

where K > 0 is to be determined. Then it follows from (5.8) with
p=ri_1, =1, h==Fk;, and k = k;_; that

2(1+61)i

)1+€1
RK®&

ok, m;) < Cy [2 o(ki—1,mi—1

(5.9) e
+F (K) o(ki—1,mi1)' 2|, P> 1.

Claim. There exists p > 1 and K sufficiently large (depending, in par-
ticular, on p) such that for any ¢ = 0,1, ...

(p(]fo, TO)

(5.10) o(ki, i) < :
1
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It is clear that the claim holds for ¢ = 0. Assume that the claim holds
for i — 1. Then

1+e¢ e
)  \l4e ¢(ko, 7o) o @(ko,0)° | @(ko,r0)
ki1, i)'+ < [N e

Substituting this expression into (5.9), we have

9(1+e1) i SO(kOaTO) €1
pe R:K

o(ki,ri) < C lQN(HEl) <

JUE2 K R:K ul

If we choose i > 1 so that uf > 22%¢i for each 4, then for the claim to
hold we need

_n £1 o_n _n €9
P k
02{2,,41%1){32@}(?0”’0)} +u<1+52>RK’Z [R w}io’r‘))} }Sl.

Thus, we choose K = CoR~"/?p(kg, 7o) + R*>~ % F for some Cy > 1 that
depends on Cs, i, and each ¢;.
Taking i — oo in (5.10) shows that ¢ (K, Z) = 0. In other words,

)2
since ¢ (ko,70) = ¢(0, R) = [[u™||z2(qp),

+‘u(1+€2) <2(1+52))i R3e2F |:S0(k0a7’0):| 62‘| (Ko, 7o)

sup ut < K < CoR™ % ||[ul||p2(qp) + R*7 7 Flloear)-
Qn)s
For any ¢ € [2, o0], an application of the Holder inequality gives
(5.11) sup ut < CoR™ % |[uM| pagan) + B2 E | fllLen-
R/2

To obtain an estimate in Qpr, we apply (5.11) to Q(;_g)r(y), where
y € Qggr. That is, for any y € Qgg,

ut(y) < sup  wt < Col(1— 9)R]_%||U+|\LQ(QR) + R27%||fHLZ(QR)~
Q<1—20)R(y)

Now for 8 € (0,1), R > 0, and ¢ € (0,2), we have
[ut ] Loe@om) < Col(1 = ORI || L2y + B2 E (£l Le(an)

_n 1-42 2
<Gl - ORH e ldo, | [ ]
R
+ R Il Lecon)
1 . a
< 2Jut e + Coul(1 - O)R) [ / (W]
R

+R>Y £l Lecon)s
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where Cp 4 depends on ¢ and Cp. Assuming that [[ut]|pe(o,) < o0
(recall the remark before the proof), set h(t) = |[u™|| L (q,) fort € (0, R].
Then, for 6 € (0,1), R > 0, and ¢ € (0,2), we have

1 CO n
h(r) < h(R) + —L—|u* R*7% .
(1) < 5H) + e iy + W s
It follows from Lemma 4.3 in [HL] that for any r < R,
C(0, _n
[ut ||z (e,) < ¢q | —2=lut | zan) + B2 7| FllLecan | - O
(R—r)7a

Remark 5.5. If u is a supersolution, then the conclusions of the previous
lemmas apply to u~ in place of u™.

Now we prove a slightly different version of Moser boundedness. We
show that without the assumptions of coercivity and non-degeneracy,
solutions are still locally bounded, but there is a dependence on the size
of the domain and on the negative part of the zeroth order potential.

Lemma 5.6. Let 2 C R™ be open and connected and take N = 1.
Assume that F(Q), Fo(Q?), L, and B satisfy A1)-A5) and B1). Sup-
pose V.= Vi — V_ where Vi > 0 a.e. and V_ € LP(Qg) for some
p € (%,00]. Assume that b € L*(Qr)", d € L'(Qg)™ for some s,t €
(n,00]. Let u € F(Qar) satisfy u=0 along 0Q N Bag. Let f € L*(QR)
for some £ € (%,oo] and assume that Lu < f in Qg weakly in the
sense that for any ¢ € Fo(Br) such that ¢ >0 in Qr, we have (5.2).
Then ut € L2 (Qr) and for any r < R, ¢ >0, (5.3) holds with C =
C’(n,q,p,s,t,f,)\,A,R27%||V_||LP(QR),R1_% b”Ls(QR),Rl_%HdHLt(QR)),

where cq depends only on q.

Proof: We will first prove the case of ¢ = 2, R = 1, and r = % Fix
¢ € C°(By), a cutoff function for which 0 < ¢ < 1. For some k > 0,
define v = (u—k),. By B1), v¢,v¢? € Fo(2;), and Dv = Du for u > k,
Dv =0 for u < k, by Lemma 7.6 from [GT] (since (2.8) implies that
v is weakly differentiable on Q).

Since supp(v(¢?) is a subset of {u > k}, then a computation gives
/ AP DgvDow¢? = Blu,v¢?] — 2 / AP DguDyCo
— / [b*v Dy (v¢?) 4 (d° Dgv + Vu)uc?

— e [ B Dalog?) + Ve,
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Therefore,
[ 4 D501 D)
= Blu, v¢?] +/Aaﬁ(DgCDav — DguD )¢ +/Aa5DﬁgDaqv|2
—/ﬁﬂupa@g%4-mﬂpﬁu+vwﬁ@ﬂ-@/wapa@g%4-vm?]
< /(f + kV_)u¢® — k/baDa(vg)C — k:/b“DQCUC
+/Aaﬁ(DB<Dav—DﬁvDa()v(+/A“ﬁDﬁcDaqv\?
- /(ba ) Dol — /(ba 4 d*)Da(vC)uC + / Voo,

where we used (5.2) with ¢ := v¢? € Fo(21), ¢ > 0 to get the first term
in the last inequality. An application of the Hélder, Sobolev, and Young
inequalities shows that

A 16¢2
Jrpacrc <3 [1D@OR+ 52101 @) [ 21D £ 0}

Similarly,

2_2
n s,

1

oy [ IDGORIC £ 045,
/ Vi < Ve lean / ID@E)P e #0375,

The ellipticity condition, (2.12), in combination with bounded-
ness (2.13) and the computations above, shows that

4 4k 4k
[1pwor <5 [u+rme =5 a5 [ Dacc

2_2
n s

/b"DQ(UOUC < ¢y ||B]

47, A2 ,
+32 [8/\ A4+ 160n<|\b|

oo {v¢ # 0}

# 14l 0 o £ 0432)| [ o210

+2 (o

1_1 1_1
re@n{v¢ # 075 +[|d|| Lean)[{v¢ # 0} =

#3) [ 1o,

+ el Voo @y {v€ # 0}
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As in (5.4),
2 - )2+ ng 2 14+2-2
562 < 25 [1IDEOR + 223 o # 0},

062 < 2 [1DGOR + B2V 0 log £ 03432,

Similarly,

/b“Da(vc (< 327;/|D OF +
/ﬁﬂhwcsgﬁ/vmxﬁ

It follows that

2
/ DO < (8‘3"|f||m)) {ug # 0|HE

2
-
)

Ql)|{UC7éO}|1“

8¢y, 2 2_2
e (nv ||Lm) (o # 0|13

8
2 (3

+8[8A2+/\A+/\+16c (

1 ) |{v<¢0}|1?]

2_2
|~ *

)\2

i ||d|%ml)|{v<7é0}|if>] [ e

8” _ 1
= (Il |0 # 07 + [l e [{o¢ 0}~
+eallVo s ¢ £ 0}1EF) [ DGO

If |[{v¢ # 0} is chosen so that

A = A o
912) e # 0y s ming { 5= —— ] s\ 3o Taia. )
(5.12) H{v¢ #0}| < {( . > (32cn||d||v(m)>

()
32¢2[|V_[|Lr(ay)
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256A2 32A 9N?
[1pwor < (5 + B4 250 [ g

N (160"||f|u Qn) (o £ 0} +3 -2

then

n (16’“C"||v I ) {o¢ £ 052

w2 (S bl ) (g £ 0}

Since the Holder and Sobolev inequalities imply that

Juwor=(f <v<>2*)2/2* o6 £ 0} # <2 [IDEOPIuc £ 0}

then
6:13) [ (067 < S [ IDCPIC £ O} + CoF +RPI{uG £ 0},

4
n

S

~2,2-2150, F = |fllseqa,, and
O = 2 324 2+@+%+ Zn 2
1= Cp A A 2 A

32¢c, 2
+( v ||ml>) +2( ) ]

For fixed 0 < 7 < p < 1, let ¢ € C®(B,) be such that ( = 1 in
B, and |D¢| < %inBl. We let A(k,r) = {z € Qp : v > k} =
suppv N Q.. Then, for any 0 < r < p < 1 and k > 0, if (5.12) holds,
then (5.13) implies that

N

where £ = min {%

)

N
e R R O] ]

Since the Holder inequality implies that

|A(k,r)\§1/ wt< / ut?) Ak, )2
k Jaer) k\Jag

then [{v¢ # 0}] < k%Hu‘*‘H%Q(QR). To ensure that (5.12) holds, we take

(5.14) / o )(ufk)z <C;

(5.15) k>ky:= C||u+||L2(QR)7
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where

32c = (3% 7w
¢ (B liean) T+ (B ldln, )

322 e
; ( "||v_||m<gl>) |

A
The goal is to show that there exists a k > kg such that

/ (u—k)*=0.
A(k,1/2)

With h > k > kg and 0 < r < 1, it follows from the arguments in the
previous proof that

1 F+h
(510 l(u=1)" iz <Ca|

(=) (h—k)F  (h—k)* I (u—=k)* I 56

L2(Q,)°

where C5 depends on Cf.
Set p(k,r) = |[(u — k)| 2(q,). Fori=0,1,2,..., define

1 1 1
k2:k0+K(1_22>7 ri:§+ﬁ7
where K > 0 is to be determined. Then it follows from (5.16) with
p=ri_1,r=r;, h==Fk;, and k = k;_1 that for: > 1

21’ 1+e¢
+ (F + ko) <K> ] @(ki—1,mio1)' T
Claim. There exists p > 1 and K sufficiently large (depending, in par-
ticular, on p) such that for any ¢ = 0,1,... (5.10) holds.
Clearly, the claim holds for ¢ = 0. If the claim holds for ¢ — 1, then
F+ kg olte ‘ (p(k() To) € gD(/f() 7“0)
ki) < 1+e ’ i
80( ,7")702/1 |:3+ K :|<‘ug K it
If we choose 1 > 1 so that u® > 21F¢ then for the claim to hold we need

Copl ™+ [3+ F+k‘0} (w(koJ“O)) <1

2(1+6)’i
3

(5.17) (ki 1) < Co

K K

Setting K = Cop(ko,ro) + F + ko for some Cy > 1 that depends on Co,
1, and ¢, gives the claim.
Taking i — oo in (5.10) shows that ¢ (ko 4+ K, 1) =0. Since ¢(ko, o) =
p(ko, 1) < [[u™|12(0,), then
Sup ut < K+ko < Collut|| L2 +F+2ko = Csllu™ || 1200y + 11 £l L2y
1/2
where C3 = Cy + 2C.
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The estimate for R # 1 follows from a standard scaling argument.
Assume that Lu = f weakly on Qgr. Let ur(z) = w(Rx), Vg(z) =
R2?V(Rz), br(x) = Rb(Rx), dr(x) = Rd(Rx), fr(z) = R2f(Rz), and
define Lg to be the scaled version of £. Then Lrur = fr on B;y. Since
L has the same ellipticity constant as £, then by the previous estimate,

sup ut = sup uf;, < Cs gllufl200) + [If&llLeon)
QRr/2 Q12

S OS,RRin/2||u+||L2(QR) + RQi%Hf”Le(QR),
327 2+ 128A N 9\2 N 32¢,\ 2
A A 2 A

32, o n 2 32 .
+ (R2 p”V—”LP(QR)> +2(R1 s

c1

bl

A A

3262 o 4p7ip2n
(B V- e

32¢, 1_n P 32¢, 1_n T
(BEr e ) +(BER dlan ]
grows with R.

A
The rest of the proof, which includes ¢ # 2 and r = R for 6§ # %,
follows that of the previous lemma. O

2
LS(QR)) ]

+ 2

6. Interior Holder continuity in the equation setting

Within this section, we prove Holder continuity of solutions to gen-
eral second-order elliptic equations with lower order terms. Towards
proving Holder continuity of solutions, we first show that a lower bound
holds for all non-negative supersolutions to our PDE. The combination
of this lower bound with the upper bounds in Section 5 and the argu-
ments presented in Corollary 4.18 from [HL] leads to the proof of Holder
continuity.

To prove the lower bound, we use some of the ideas presented in [HL],
but since lower order terms were not considered there, we have added
the details. Again, the general approach that we follow is based on
the ideas of de Giorgi. Similar estimates are presented in [GT] using
Moser’s approach. We actually avoid the use of Moser’s iteration, and
as a consequence, we prove a lower bound for v in terms of ||u||4, for only
one g instead of a full range of values as was done in [HL] and [GT].
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For us, the lower bound is a step towards Holder continuity, so a single qq
is sufficient.

Since our proofs are different from those in [HL] and [GT], we have
included the details here. We also present the structure of the associated
constants.

To start, we prove the following result that uses the John—Nirenberg
lemma.

Lemma 6.1. Taoke N = 1. Assume that F(Br), Fo(Br), L, and B
satisfy A1)-A5) and B2). Suppose V.= V. — V_ where Vo > 0 a.e.
and Vi € LP(Bg) for some p € (%,00]. Assume that there exists s,t €
(n, 0] so that b € L¥(Bg)", d € L*(Bg)"™. Assume that f € L*(Bg) for
some l € (2,00], g* € L™(Bg) for some m € (n,c]. Let u € F(Bg) be
a non-negative supersolution in the sense that for any ¢ € Fo(Bgr) such
that ¢ > 0 in Bgr, we have

(6.1) Blu, ¢] = —/fs0+/g“Daso~

Then there exists

n

qo(nvpa s, 1, Aa A7R27% HV+||L”(BR)7R17% LS(BR)7R17;

bl

dl|lzt(Br)) >0

so that for any k > ‘BR|%7%||f||LK(BR) + \BR|%7%HQ||Lm(BR), and any
B.(y) C Bsrya;

(6.2) / (u+ k)~ / (u+ k)% < C,r2".
Br(y) Br(y)

Remark 6.2. This lemma is analogous to the first step of the proof of
Theorem 4.15 from [HL], except that here we have lower order terms.

Proof: Let (€ CS°(Bgr) be a cutoff function, 0<{<1. By B2) withw=1,
for any k > 0, @ := (u+ k)~! € F(Bg). It follows from A4) that
¢ :=u¢? € Fo(BR). Since u is a supersolution, we have

OS/(AO‘BDgqubo‘u)DasOerBDgugaJrVugoJr/fﬁflCQf/go‘Dago

- / AP DgwDwC? + 2 / AP DgwD, (¢

_/ (1 - 5) b Dgw(? + 2/ (1 - S) b DaC ¢

+/d5D5wC2+/V<1—§> <2+/£C2+ %Daw<2—2/ %CDQC,
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where we have set w = logu. With f % g := %, we rearrange and
bound to get

)\/\Dw\QCQ < /Aaﬁpﬁwpawé
<2n [ [Dul|DCc + [ () + 14l + )| Dulc®

2/<|b| n |§\>|D<|<+/(\v+| L He
A
<5 [1DuPe e [ pe,

8A2 &% 1
cr= 5 B

n

_1
“lldll s

11 2
+ | Bl HgHLm(BR))

+ 26, (|BRI*

11
(Ba) + | B[ G| ()
2 2_1 2 1, -~
+&(1Bal* H Vil o + 1Bald 1 Flluean).
If ‘BR|%_%||f||L‘(BR) + |BR|%_#||g||Lm(BR) > 0, then we choose k =

|BR|%_%||f||Le(BR) + |Bg|" = ||g| Lm(Br)- Otherwise, we choose k > 0
to be arbitrary and eventually take k — 07. Then

(6.3) / D < Gy / D2,

where

n (3 (3 o

4c,,
(6.4) +L(‘BR|TL bl

1_1 2
FHBRF ] nepg +1)

Le(Br) T 1)

2¢2 2_1
+ 22 (1B F Villioma +1).

Let B,(y) C Bsr/s. Choose ¢ so that ( =1 in B,(y), supp( € Bg, and
|D¢| < % It follows from the Holder inequality, Poincaré inequality,
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then (6.3), that for any B,.(y) C Bsg/a,

: 3
[owmud < imlt ([ ) <er® ([ Do)
B:r(y) Br(y) B,

<cprT (Cz/|DC|2> < Csr™,

where wy,, = fB ()W and C3 = ¢,/C5. Therefore, w is a BMO func-
tion. By the John—Nirenberg lemma, there exists q1, Cy > 0, depending
only on n, so that for any B,(y) C Bsg/4

91—
/ 603‘7‘) Wy, r| S 047,.”.
B (y)

Therefore, with go = & = cililf’
n 2

/ a—qo/ 11‘1":/ e—qologﬂ/ edologu
B,-(y) B, (y) By (y) B, (y)
:/ e—qo(w_wy.,r)/ e‘]o(w_“’y,r)
B,-(y) B, (y)

:/ eqo\wfwm/ e—tolv—wyrl < 0yp2n [
Br(y) Br(y)

Remark 6.3. We sometimes use the notation go(R) to refer to the expo-
nent ¢g associated to the ball of radius R.

With the previous estimate, we can prove a lower bound for solutions.

Lemma 6.4. Take N = 1. Assume that F(Bgr), Fo(Bgr), L, and B
satisfy A1)-A5) and B1)-B2). Assume that there ewists p € (%,00],
s,t € (n,0] so that V. € LP(BR), b € L*(Bg), d € L*(Bgr). Assume
that f € LY(Bg) for some { € (%,00], g* € L™(Bg) for some m €
(n,00]. Suppose u € F(BR) is a nonnegative supersolution in the sense
that for any ¢ € Fo(BRr) such that ¢ > 0 in Bg, (6.1) holds. Then for
g0 = qo(R) (see Remark 6.3), we have

1

a0
. 2_1 1_1
(][ Uq“) < Co< inf u+|Br|" " 7| fllLe(pp) T Brl" ™
B3gry/a Bry/2

where Co = Co(n, qo, p, 8, t,£,m, A, A, R* % IVillor(Br) R'—%
R d|| e Br))-

g|Lm(BR))7

b||Ls(BR)7
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Proof: If | Br|= =% || fllne(sr) + |BrI" =7 |gllm(Br) > 0, let

k=Bl %[ fllLe(sa) + 1BrIT 7 gllm5p)-

Otherwise, if f,g = 0, let & > 0 and eventually take to k¥ — 0%. Set
4 =u+k Let & € C*(Bgr), £ >0, and set p = ﬂ_(1+%q°)§ >0,
where qo = ¢o(R) is the constant given to us in Lemma 6.1. By B2) with
w =1+ % and an application of A4), p € Fo(Bg), so we may use it as
a test function.

Set w = u~% so that Dw = —%a~ (") Du. By B2), w € F(Bg)
as well. Then

/AaﬁDguDago + 0%uDyp + dﬁDBwp + Vup

A 200 / 499 D (5= 20y D, (3~ )¢
QO

kY .. 24 qo kY ..

o

It follows from (6.1), with f = £, §* = £ that

- _—/A"‘ﬁDﬂwDag 4—=

2
/AaﬁDng <42 + a0 /Aaﬁpﬁ(a—%")pa(a—%")g
qo

n 120 (1—§>bawDa§—|—(1+qQO>/<1—§> b® Do wé
f/dBDBwar %0/ <1 - k) Ve
(0 / Fug - (1+2) / §° Dot — 2 / FowDaE.

Therefore, with b® = 9 L g+ (£ —1) b°], d? =d+(14+92) [(E-1) P+37],
and V = -L(Vi+ f), we have that

/ AP DgwD o€ 4 b wDy& + d° Dagwé — Vwé

<-4 (1 + 2) /Aaﬂpﬁ(a‘%)Da(ﬁ‘qTﬂ)f <0.
q0

Since ¢ € C¢°(BpR) is arbitrary and nonnegative, then it follows from A2)
that Lw < 0 in Bg in the weak sense. We may apply Lemma 5.6 to w.
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Thus,

sup w < OR7%”W”L2(33R/4)’
Br/2

where C' = C(n, 4o, p, s, t, £,m, A\, A, RZ7 |V || Lo(ap), R 5
R'™7%||d|| Lt (2p))- Since w = %~ 2% and % = u + k, then

bl

L<(Qr)>

inf ut k= inf a=(supw) @ > (CR F||w]|r2(p,n,,)

Bry2 Br/2 Br/2
_1
_2 _n a0
> (C w0 R TR .
B3sgry/a

1 _ 1

~ 0 -1 a0
/ w90 Z C’an ][ o
B3ry/a B3r/a

and therefore,

By Lemma 6.1,

1 1

inf u+kz(020n)‘%][ o 2(02()”)‘%][ uv |
Br/2 B3ry/a B3ry/a

since u > u > 0. O

By combining our upper and lower bounds, we arrive at the following
Harnack inequality.

Lemma 6.5. Toke N = 1. Assume that F(Bag), Fo(Bar), L, and B
satisfy A1)-A5) and B1)-B2). Assume that there ezists p € (%,00],
s,t € (n,00| so that V € LP(Bg), b € L*(Bgr)"™, and d € L'(Bg)™. Let
f € LYBg) for some £ € (%,00]. Let u € F(Bag) be a non-negative
solution in the sense that Blu, ] = [ f¢ for any ¢ € Fo(Bg). Then

sup u < C(R) inf u+ ¢(R)R?>™ %
Br/a Br/2

f||L£(BR)7
where C(R) = CCy|Bs 4| and ¢(R) = CCo|Bs ;] | By |+~ + ¢y, with
g0 = qo(R), C and ¢q, as in Lemma 5.6, and Cy as in Lemma 6.4.
The proof is an application of Lemmas 5.6 and 6.4.
Proof: By Lemma 5.6 with gy = ¢o(R),

sup u < CR_%”UHLGO(BMM) + quR2_%||fHL<’-(BR),
Brya
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where C = C(n, qo, p, 8, t, £, A\, A, R2_7||V e n)> R-%
R'™%||d| 1¢(25))- By Lemma 6.4,

LS(QR))
5 -
][ uwo | < Co( inf w+ |BR|Z77H.}E”LZ(BR))’
B3srya Bry2

where Cy = Co(n, qo, p, s, t7€,)\,A,R2_%HV+||L;D(BR),R17%
R17%||d| LS(BR))' Thus,

sup u < CCO\Bg/4|q0 mf u
Bry/a

L 2_1 _n
+(cco|33/4\qo|31\n Pt ) B f ey O

Now we have all of the tools we need to prove interior Holder conti-
nuity of solutions.

Lemma 6.6. Take N = 1. Assume that ¥(Bag,), Fo(B2r,), L, and
B satisfy A1)-A5) and B1)-B2). Assume that there exists p € (%,00],
s,t € (n,00] so that V € LP(Bg,), b € L*(Bg,)", and d € L'(Bg,)".
Let u € F(Bag,) be a solution in the sense that Blu,] = 0 for any
¢ € Fo(Bg,). Let Cy = Co(Ry) be as given in Lemma 6.4. Then there
exists n(n,p, s,Co) € (0,1), such that for any R < Ry, if x,y € Br/2

u(x)—u(ynsc('ny') (]i“)

where C(n,p,s,t, AaAanacO(RO) ||V||LP(BRO)7R ||b‘
1—%

RO ||d||Lt(BRO))'

Proof: Assume first that R = 2. For r € (0, 1), let m(r) = mfu M(r) =

L*(BRrgy)»

supu. By our previous results, —oo < m(r) < M(r) < co. Set My =
B,

sup |u|. Let go = qo(1) as given in Lemma 6.1. The Minkowski inequality
B

shows that
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Let ¢ € Fo(B,) be such that ¢ > 0 in B,. Since M(r) —u > 0 and
BIM(r) —u.¢] = [ (A" D5 (M (1) — u) + 1 (M)(r) — )] Da
A Ds(M(r) — )+ VO ()~ wlle
—~Blu] + M(r) [ (V=Dab)e = M(r) [ (V- Dab)g.

then by Lemma 6.4 with f:= —M(r)V € LP(B,) and ¢g%* := M(r)b* €
L3(B,),

1

(69 (f M) - u|qo) )
B34

< Col 1 V0 a3 (1B IV ) B )|

Similarly, since u — m(r) > 0 and
Blu—m(r),¢] :/[AQBDa(U —m(r)) +0%(u —m(r))|Dap
+1d°Dp(u—m(r)) + V(u—m(r)p

—Blu, ] — m(r) / (V = Dab®)p=—m(r) / (V = Dab®),
then

1

(6.7) (fg fu— m(r>q°> ’
3 /4

<0, Lénf [u—m(r)]+M0(|Br
r/2

2 1
n s

1 1_
P IVilzr s, +IBrl™

b||LS(BT))} .

Combining (6.5), (6.6), and (6.7), we see that

1
Co

r

M () =m()] < M(r) =M (5) +m (5) = mr)

2_1 9 mn 1_1 4 _n
+ 20y (IBUI* =502 B |Vl g,y + | Bal 5505 o)

LS(BT))'
Set w(r) = oscg,u = M(r) — m(r), § = min{Q—%,l—%}, c =

2max{\B1|%_%, |By|#—* } Since Cy = Cy(r) is monotonically increas-

ing,

r 1
w (f) < (1 — > w(r) + CT6M0(||V||LP(B1) + (0]

Le(By))-
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Choose p € (0,1), so that n = (1 — u)% < pé. For any
oglz
such 7, it follows from Lemma 4.19 in [HL] that for any p € [0, 1),

27 CCO( )
P i S 7
W(p) S 1— C()(l)ilp W(l) + 25 (1—p) (H‘/”Lp B,) + ||bHL5 ) MO'

By Lemma 5.6,

*"“

w(l) < ( [ P

*""

)
)

sw=cr ([ 2 |u|2*) .

where C(nvpa S, t7)‘aA7 naCO( ) ‘ s(B2)» Hd”Lf(Bz)) The usual
scaling argument gives the general result O

My = bup lu| <C ( |u|2

Thus,

7. Examples

Within this section, we show that a number of cases satisfy the as-
sumptions from our general set-up:

Case 1. Homogeneous operators: When b, d,V =0, take F(Q)=Y12(Q)V.
This case was studied by Hofmann and Kim in [HK] and fits into
our framework.

Case 2. Lower order coefficients in LP, Sobolev space: When b, d, V are
in some LP spaces and satisfy a non-degeneracy condition, F(2) =
W1,2 (Q)N

Case 3. Reverse Hélder potentials: When V € B, for some p € [%, oo)
(to be defined below), b,d = 0, we define F(Q) = W*(Q)V, a
weighted Sobolev space, with the weight function depending on the
potential function V.

The goal of this section is to show that each of the three cases listed
above fits into the framework described in Section 2. More specifically,
we first show that F(2) and Fo(Q) satisfy assumptions A1)-A4). Then
we show that A5)—A7) hold for F(2), Fo(Q2), £, and B; we prove bound-
edness as in (2.21), coercivity as in (2.22), and the Caccioppoli inequal-
ity (2.23). At this point, if we assume that (IB), (BB), and (H) also hold,
then we have the full set of results on fundamental and Green matrices.
Going further, we consider the case of real equations (as opposed to real
systems), and we justify the assumptions of (IB), (BB), and (H) in each



FUNDAMENTAL MATRICES AND GREEN MATRICES 591

of the cases described above. To this end, due to Sections 5 and 6, we
will only have to show that B1)-B2) hold. We remind the reader that
for systems, the assumptions (IB), (BB), and (H) may actually fail.

7.1. Homogeneous operators. We start with the case when V, b, d=
0, L=1L, and

Blu,v] = Blu,v] := /AO‘BDBu-Dav = /A%BDﬁuj D'

By ellipticity (2.12) and boundedness (2.13) of the matrix A, B[] is
comparable to the inner product given by (2.3). Therefore, it is natural
to take the Banach space to be F(Q) = Y*2(Q)", while the associated
Hilbert space is Fo(Q) = Y3 2(Q)N, for all Q open and connected.

The restriction property (2.4) is obviously true in this setting. It
is also clear that C2°(Q)" functions belong to Y12(Q)", and, by the
discussion in the beginning of Section 2, Yol’z(Q)N is a Hilbert space
equipped with the scalar product (2.3). A3) is trivially satisfied.

By Lemma D.2, C®(U)N nY12(U)V is dense in Y12(U)N for any
bounded U. This implies (2.7) since we may assume that U in (2.7) is
bounded because the support of £ is bounded. With £ € C*(U), it is
immediate that u¢é € L2 (QNU)" and

0 ou ¢

where we have used that u € L2 (QNU)N — L2(Q N U)N since U is
bounded. It follows that [[u&lly1.2nu) < Cellully12(q). Now if {u,} C

C>(QNU)N approximates u in the Y12(Q N U)N-norm, then for ¢ €
C(U), we observe that {u,£} C C>®(QNU)Y approximates u since

e L2 (QnuU)¥N,

[uné — u€llyrzonu) < [|D(an = )llL2@@nv) 1€l L= (@ne)
(7.1) +[un — ul| 22 (n) D€l L (ono)
+ [[un = ull 2= (o) €l L= (onu)-

Applying the Holder inequality to the second term, the latter is ma-
jorized by [[u, — ully1.2ynq), as desired. A similar argument implies
that when £ € C°(QNU), {u,&} € C®(QNU)YN approximates ué.

Turning to A5)-A7), (2.21) and (2.22) follow directly from (2.13)
and (2.12) with T' = A and v = A. The Caccioppoli inequality is well-
known in this context, however one can also refer to Lemma 4.1. Indeed,
since all of the lower order coefficients vanish, then Lemma 4.1 applies
to give the Caccioppoli inequality (2.23) with C' = C'(n, A, A). All in all,
A1)-AT) are verified in this setting.
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Reducing to the case of equations, i.e., N =1, conditions (IB) and (BB)
hold with C' = C(n, g, £, A\, A) due to Lemma 4.1 from [HL], or one could
also use Lemma 5.1 by showing that B1) holds.

If one wants to show B1), it is enough to observe that its proof can
be reduced to the case of F(Q) = W2(Q). This is because Y, *(Qg) =
W,y ?(g) by Lemma A.7. Indeed, for any u € Y12(Qg) < W'2(QR)
(see Lemma A.7), if u¢ € Yy?(Qg) for all { € C(Bg), then u¢ €
W,y (g). If B1) holds for F(Q) = W2(Q), we have for all ¢ smooth
compactly supported non-negative ¢(u — k), € Wy *(Qgr) = Yy *(r)
by Lemma A.7, as desired. Clearly, the property 9'¢(u — k), € L*(QRr)
is also inherited. We will postpone the proof of B1) for F(Q2) = W2(Q)
to Case 2.

In this context, (H) also can be found in the literature, specifically,
Corollary 4.18 from [HL] applies since the spaces W?(Bg) and Y1?(Bg)
coincide for any Br C € (see Corollary A.11). The latter fact also allows
us to reduce the proof of B2) to the case of F(Q) = W2(Q) (discussed
below) should we prefer to use Lemma 6.6.

7.2. Lower order coefficients in LP, Sobolev space. Assume that
there exist exponents p € (%, oo}, s,t € (n,00] so that V € LP(Q)N*N
b € L¥(Q)"N*N and d € LY (Q)"*N*N| Set F(Q) = WH2(Q)N and
Fo(Q) = W2 ()N,

To establish the assumptions A1) through A4), we rely on a number
of facts regarding Sobolev spaces which are contained in Appendix D,
with further details in [Eva], for example.

The property (2.4) is straightforward and therefore A1) holds. Clearly,
O (Q)N is contained in W2(Q)N and the completion, Wy *(Q)V, is a
Hilbert space with respect to || - ”Wol'Z(Q)N = |- [lwr2@~. A3) follows
from Lemma A.1. For u € W2(Q)" and ¢ € C2°(U), boundedness of ¢
and D¢ implies that ué € WH2(Q N U)N, and, as in the previous case,
[uéllwrz@nuy < Cellullwizg). By Lemma D.2, C°(U)N nWh2(U)N
is dense in WH2(U)¥, so that (2.7), and hence A4), holds by the same
argument as in Case 1, similar to (7.1).

Boundedness of the matrix A, (2.13), implies that for any u,v €
W0172(Q)N5

Blu,v] < A / \Dul|Dv| + / Iblul[Dv] + / d||Dul|v] + / V[ullv].

By the Holder inequality

J1puiov < ([ DuF)é (/ |Dv|2)5.
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By Holder, homogeneous Sobolev and Young’s inequalities, since s €

o),

[1blaliovi= [ |b||u|"s;|u|?'|Dv|
() () (o) (o)’

o ([ 1) N (f1oue)” (/ |Dv|2)
() o ] )

where we as usual interpret < L'to0 be 0 in the case where s = co. Similarly,

Jialiuivl < e |Du|2) (1-3) [weel ] |Dv|zr,

and

1
n n n 2
A% < |V 1—— >+ — [ |Duf?
Vit < F iV (1= 55 ) [+ 5 [ 1Du]
n n %
1— — 2 s D 2
XK 2p>/|v| +2p/| V@

Combining these inequalities, we see that

Blu,v] < (A—|—c

s+ ci A lldll e o)
+ Cnp VI zr @) lallwrz@n [ VIiw 2y~

Therefore, we may take I' = A+t (Q)"‘C% A +er” V] e o)
so that (2.21), and therefore A5), holds. Clearly, the estimate from below
on B[u,u] may or may not be satisfied without further assumptions on
the lower order terms. Thus, we have to assume that for some v > 0,
depending on A\, V, b, d,

Y(ulZe@eyy + 1Dul72 @~ ) < Blu,ul.

In other words, we assume that (2.22) holds. This is valid, for instance,
if V is positive definite and the first order terms are small with respect
to the zeroth and second order terms. To be specific, we say that V is
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positive definite if there exists € > 0 so that for any £ € RN, V;;(z)£'¢? >
g|€|? for every z € Q. In this case,

Blu, u] 2)\/|Du|2+/bau-Dau—i—/dﬁDﬂu-u—i—E/\u\Q.

If b and d are small in the sense that for some 61,9 > 0

A €
b%u- D d’Dgu-u| < Dul? 7/ 2
'/ " au+/ pu-u _1+51/| ul +1+52 fuf®

then it follows that B[u, u] > ,7||uH[2/Vl,2(Q)N7 where v =min { ﬁfgl , lifgz }
There are other conditions that we could impose to ensure that the lower
bounds holds for some v > 0. When N = 1, the lower bound holds also
in the presence of more involved non-degeneracy assumptions on the
zeroth and first order terms that we discuss below.

By Lemma 4.1, the Caccioppoli inequality, (2.23), holds with C' =
C(?’l, s, 1,7, Aa Hb”LS(Q)a Hd”L’(Q))

Moving towards (IB), (BB), (H), when N =1,

(7.2) Lu = —Do (A’ Dgu + b%u) 4+ d’ Dgu + Vu,

where M¢|2 < AP (2)¢,85 < AJE? for all z € Q, € € R, V € LP(Q),
b € L*(Q2), and d” € L'(Q2). Moreover,

(7.3) Blu,v] = / A DguD o + b*uDgv + d° Dguv + Vuw.

Since u € L*(Q) N L?¥ () and Du € L?(), then by an application of
the Holder inequality D|u|? = 2uDu € LP() for any p € [1 L} Tt

P n—1
follows that D,b* and Dsd? can be paired with |u|? in the sense of
distributions. That is,

1 1
Blu, u] = /AQBDguDau + ibo‘Da|u|2 + idﬂpﬁ\uﬁ + Vlul?
(7.4) ) )

where the integrals above are interpreted as pairings in dual spaces.
Note that to ensure coercivity of the bilinear form, it suffices, for

example, to assume that there exists § > 0 so that V' — %Daba — %ngﬁ >

d in the sense of distributions. That is, for any ¢ € C°(Q) such that

» =0,
1., 1 8
V—§Dab —EDﬁd —§)p>0.
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In this case, we see from (7.4) that the bound from below, (2.22), holds
with y=min{\, §}. If we further assume that V—D,b* >0 and V—ngﬁ >
0 in Q in the sense of distributions, then Lemma 5.1 implies that (IB) and
(BB) hold for this setting with C' = C(n, q,s,t, 4,7y, A, [|b] £+ (), ||| ¢ ()
in (3.47) and (3.90) as long as B1) holds. If B2) also holds, then it follows
from Lemma 6.6 that assumption (H) is also valid.

Therefore, we need to show that assumptions B1) and B2) are valid
for F(Q) = W2(Q). These facts are commonly used in the classical ar-
guments for De Giorgi—-Nash—Moser estimates, but the proofs are often
omitted. One can find details, e.g., in [HKM]. Since Qg is bounded,
then Lemma D.2 implies that W12(Q) could also be defined as a com-
pletion of C°°(Qg) in the W12(Q)-norm, thereby coinciding with the
Sobolev space H?(Q;dz) of [HKM]. Then, given that ue WH?(Qg),
Theorem 1.20 of [HKM] implies that (u — k), € W1H2(Q), and there-
fore (u — k)+C € Wh2(Q), (u — k);0°C € L*(Q), i =1,...,n (by a di-
rect computation). Also, since we assume that u¢ € Wy?(€), then
(u¢)4 € Wy 3(Q) by Lemma 1.23 of [HKM]. Finally, if ¢ and k are
non-negative, 0 < (u— k)¢ < (u¢) and hence, (u— k) (€W, ?(Q) by
Lemma 1.25(ii) of [HKM], as desired.

To show that B2) holds, we use a modification of the arguments given
in Theorem 1.18 of [HKM]. We work with f(¢t) = (t + k)%, ¢t > 0,
which belongs to C'(R) and has a bounded derivative on R (not on
the entire R). The exact same argument applies upon observing that
a non-negative function v € W2(Bg) can be approximated by non-
negative u; € C°*°(Bpr) due to Corollary D.3.

7.3. Reverse Holder potentials. Recall that By, 1 < p < oo, de-
notes the reverse Holder class of all (real-valued) nonnegative locally
LP integrable functions that satisfy the reverse Holder inequality. That
is, w € By, if there exists a constant C' so that for any ball B C R™,

(7.5) (7{9 w(z)? dx)l/p < C]iw(x) da.

If w € B,, then it follows from an application of the Hélder inequality
that w € B, for any g < p. Moreover, if w € By, then there exists ¢ > 0,
depending on w and n, so that w € By, as well [Geh].

For an N x N matrix function M(z), define lower and upper bounds
on M in the following way

My(z) = inf{M;;(x)&;& : € € RN, €] = 1},
M, (z) = sup{|M;;(2)&;G| : £,¢ € RY, [¢] =1 = [¢]}.
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For the zeroth order term V, we assume that there exist constants
c1,c2 > 0 and a non-trivial V' € B, for some p € [%,oo) (and there-
fore p € (%7 oo) without loss of generality) so that

(76) Clv S ‘/g S Vu S CQV

Even if (2 is a proper subset of R", we still assume that V is associated
to some V' € B, which is defined on all of R". Since V' € B,,, then V is
a Muckenhoupt A, weight, and it follows that V' (z)dx is a doubling
measure. As V is assumed to be non-trivial, it follows from the doubling
property that V' cannot vanish on any open set. We set b,d = 0.

One might wonder whether an appropriate matrix B, class could be
suitable in this context. We did not pursue this topic, in part, because
the theory of matrix reverse Holder classes seems to be largely undevel-
oped. For the case of p = 2, some (very limited) discussion can be found
in [Ros2]. Developing the theory of matrix B, for p # 2 was not in the
scope of the present work.

Let m(z, V) denote the Fefferman—Phong maximal function associ-
ated to V € B,. This function was introduced by Shen in [Shel], mo-
tivated by the work of Fefferman and Phong in [Fef]. For the definition
and additional details we refer the reader to Appendix B. For any open
set Q C R”, we define the space W*(2) as the family of all weakly
differentiable functions u € L?*(Q, m(x,V)? dx), whose weak derivatives
are functions in L?((2, dz). We endow the space VV‘l/2 (©) with the norm

2 2 2
wizQ) T lull 2 (,m (e vy2 oy T 1Pl 72(0,00)

= [lum(, V)||2L2(Q) + ||DU||2L2(Q)-

il

(7.7)

Since m(-, V') is non-degenerate in the sense that it is bounded away from

zero on any bounded set (see for example Lemma B.3 and Remark B.5),

it follows that || - H%/V“ @ is indeed a norm and this norm makes the
\4

space complete (details in Appendix C). The space Wola (Q) is defined
as the closure of C2°(2) in W‘l/Q(Q) For further properties of W‘l/’2(Q),
we refer the reader to Appendix C. Perhaps the most important fact that
we want to highlight here is that on bounded sets VV‘I/’2 () and W12(Q)
coincide (with the norm comparison depending on the set though) — see
Remark C.1.

Remark 7.1. Using V' (z) in place of m(x, V)2, we define the space W‘I/Q(Q)
as the family of all weakly differentiable functions u € L*(Q,V (z)dz)
whose weak derivatives are functions in L?*(Q, dz). The space W‘l,’2 Q)
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is endowed with the norm

(|l 31/‘1/,2(9) = ||u||%2(Q,V(x)da:) + ||Du||2L2(Q,dac)

= V2| Z2(0) + I DullZs (0)-

Since V' is also non-degenerate, this is indeed a norm and not a semi-
norm. We define Wgé(ﬂ) as the closure of C'2°(2) in W‘l/Z(Q)

The space W&,Q(Q) serves as an alternative (but not equivalent) Hilbert
space to W‘l/Q(Q) for the case of reverse Holder zeroth order terms. The
spaces Wol‘z, (Q) and Wol‘% (Q2) are the same — see Appendix C. In practice,
we find it easier to work with W‘l,Q(Q) compared to W&,Q(Q) due to

the aforementioned fact that W‘l/Q(Q) coincides with the usual Sobolev
spaces W12(Q)) whenever € is bounded.

For V specified above, we set F(Q) =W*(Q)N and Fo(Q) = W01‘2/ Q)N
Define the inner product on W‘l/’Q(Q)N by

(u, V>W‘1/,2

(@ = / Dou' Do’ + uvim(-, V)2
Q

As above, Al) and A2) follow directly from the definition. A3) is
shown using the exact same argument as that for Lemma A.1. For u €
VV‘I,’2 ()N and € € C°(U), it follows from the boundedness of ¢ and D¢,
along with Remark B.5, that u¢ € W,>(QNU)YN with Hu£||W‘1/,2(QﬂU) <

Cellullyyz2(q)- Using the density of smooth functions in WA (U)N for
any bounded domain U, i.e., Lemma D.2, the remainder of A4) follows
from the arguments in Cases 1 and 2, with appropriate modifications
to (7.1).

The next goal is to show that boundedness and coercivity given by
(2.21) and (2.22) hold. At this point we recall Lemma C.6. Having that

at hand, for any u,v € Wolf, (©2) we have

Blu, v] :/AaﬁDﬁu~Dav+Vu-v §A/|Du\|DV|+02/V\uHV\

1
2

<A (/'D“V)% (/Dvr")% Yo (/v|u|2) (/V|v|2>é

<A+ CQCVJL)”“Hw}ﬁ(g)N ||VHW‘1/*2(Q)N3
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where the last line follows from Lemma C.6. Therefore, boundedness
holds with I' = A + C Cy,,. Since

B[u, u] :/A"‘ﬁDgu-Dau+Vu~u2 )\/|Du|2—|—cl/V|u|2

A A
> 2/|Du2+min{2,c1} [/|Du|2+/Vu2},

then by another application of Lemma C.6, we see that coercivity holds
with v = min {%, %, %}

By Lemma 4.1, (2.23) holds with C = C(n,~v, A).

When N =1, £ and B are given by (7.2) and (7.3), respectively, with
b,d =0 and V € B, for some p € (%, oo)7 without loss of generality.
By the non-negativity of V', Lemma 5.1 implies that (IB) and (BB) hold
for this setting with C = C(n,q,¢,v,A) in (3.47) and (3.90) whenever
B1) holds. Since V' € L, ., Lemma 6.6 shows that assumption (H) holds
under the additional assumption of B2). In turn, B1) and B2) in the
setting of F(Q) = W&’Q(Q)N follow directly from the same statements
for F(Q) = W12(Q)¥, i.e., Case 2, and Remark B.5 since Q and B are
bounded and the statements B1) and B2) are qualitative (they assure
membership in the corresponding function spaces, without particular

norm control).

Remark 7.2. We point out that for the case of equations (N = 1) with
the potentials in B,, class for some p € [g, oo), a stronger version of the
Harnack inequality than Lemma 6.5 is possible, without the dependence
of constants on the size of the ball [CFG]. In the present paper, we
do not need this stronger estimate, and we aim to keep the discussion
uniform across several cases.

7.4. Conclusions. From the above arguments, we conclude that I'(x, y)
exists and satisfies the estimates of Theorem 3.6, where in the vector
case (N > 1) we must assume that (IB) and (H) hold for solutions. The
estimates of Theorem 3.6 imply immediately that

T(-,y) € YR2(R™\ B.(y))V*N  for any r > 0.

With these estimates, however, it does not follow that I'(-,y) € F(R™ \
B,.(y)) for the general space F.

Nevertheless, in many reasonable cases it is true. In Case 1, it follows
clearly since F(R™ \ B,(y)) = Y12(R" \ B,(y))V. In Case 2, it is true
locally — i.e., we have that T'(-,y) € I/Vﬁ)f(R" \ {yH)V*N because of

the relationship between the spaces (see Lemma A.7). Furthermore, for
|U| < oo, the space Y12(U) embeds continuously into W2(U), so we
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have
(7.9) ITC, ) lwr2@ns.w) < CullLC,y)llyrzan s, @)
' < CyCri=%, Vr>0,
where C' is the constant of Theorem 3.6. In Case 3, observe that for
|U| < o0,

Wé’z(U)NXN N Wl,Q(U)NXN N YI,Q(U)NXN
(see Remark C.1). Thus a similar estimate to (7.9) holds in Case 3.

By the same reasoning, similar conclusions hold for I'(z,-), G(-,y),
and G(z,-).

Appendix A. Function spaces Y12 and W12

Let 2 be an open, connected subset of R™, n > 3. Let us recall the
definitions. Define the space Y12(Q) as the family of all weakly differ-

entiable functions u € L?" (Q), with 2* = 20 whose weak derivatives

are functions in L?(2), endowed with the norm
[ullyrz) = llull L2+ () + [ DullL2(0)-

Define Y,'? to be the closure of C2°(2) in the Y2(Q)-norm. Define

W12(Q) to be the space of all weakly differentiable functions u € L*(Q),

whose weak derivatives are functions in L?(Q), endowed with the norm
lullw2) = llullrz@) + [[Dull2(0)-

Let Wy*(€2) be the closure of C°(Q) in the W!2-norm.

This section will explore various connections between W and Y-spaces.
We remark that for any open connected set  in R™, by completeness
of W12(Q) and Y12(Q),

(A1) Wy () = WH2(Q) and Y, () — Y12(Q).
Lemma A.1. For any open set  C R"
W52 () = Y5 2(9).

Proof: Let u € Wy?(). Then there exists u; € C°(Q) such that
lim [Ju; — ulpw12(q)=0. By the Sobolev inequality applied to u;—uy we
11— 00
have

wi — ukll L2+ (@) < enllDui — Dug||r2() < enllui — uk|lwiz(q),

and therefore, {u;}$2; is Cauchy in Y12(2). Hence, there is a limit
in Y;"?(Q) and since this limit is, in particular, in L2"(2), it must coin-
cide with v a.e. O
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Before stating the next result, we recall a standard smoothing proce-
dure.

Definition A.2. For any U C R” open, and any € > 0, define U, =
{z € U : dist(z,0U) > e}.

Definition A.3. Define the function ¢ € C°(R™) by
b(z) = {C’exp (\le 1) if || < 1,

0 otherwise,

where the constant C' > 0 is chosen so that [, ¢(x)dax = 1. We refer
to ¢ as the standard mollifier.
For every € > 0, set

C rx
pe(x) = 67¢ (g) :
We remark that for every ¢ > 0, ¢. € C°(R"), supp . C B.(0) and
Jgn P=(x) dx = 1.

Definition A.4. For any function f that is locally integrable in U, we
may define

ffi=¢.xf inU,.
That is, for every = € Uy,

fs(w)Z/BE(O) ¢e(y)f(w—y)dy:/Ucﬁa(w—y)f(y)dy-

The proofs of the first four statements below may be found in the
appendix of [Eval, and the last one is a part of the proof of Theorem 1
in [Eva, §5.3.1].

Lemma A.5 (Properties of mollifiers). Let U be an arbitrary open set
in R™ and let f € L}, (U). Then

(1) fe e C>=(Us).

(2) f¢— f a.e. ase — 0.

(3) If f € C(U), then f¢ — f uniformly on compact subsets of U.

(4) If 1 < g < oo and f € LL _(U), then f¢ — f in LL _(U).

(5) If, in addition, f is weakly differentiable on U and Df € Ll (U),
then
Dff =¢.xDf in U..

Lemma A.6. If Q =R", then we have the following relations:
(A2)  WEERY) = WIARY) © VAR = VIR,

where the inclusion is strict.
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Proof: To show that W, ?(R") = W12(R"), we take any u € W2(R™),
multiply it by a smooth cut-off function (g, for R > 0, that is supported
in Bog and equal to 1 on Bg, and convolve the product with a standard
mollifier ¢., e > 0. One can show that ug . := ¢.*(ulg) € C°(R™) con-
verges to u in L?(R™), and that the derivatives converge to Du in L?(R™),
ase — 0, R — oo. Indeed, one can see directly from the properties of the
Lebesgue integral that ur belongs to W12(R™) and converges to u in the
WLH2(R")-norm since u € WH2(R™). Now, since each ug is compactly
supported, the fact that ug . converge to ug as e — 0 in L? is due to (4)
in Lemma A.5. The fact that each Dup . exists and converges to Dug
in L?(R") follows from a combination of (5) and (4) in Lemma A.5. The
same argument shows that Y, ?(R") = Y12(R").

We only have to show that the inclusion is strict. To this end, consider

1
(A.3) f(@) = A+ [z /mri2

with % <m < 2*. A direct computation shows that

(A4) |Dflle@n) <000 Ifllpe ey <00, and [[fllzan) = o,

so that
(A.5) feYh2R")\ WhH2(R"),
Therefore, W12(R") C Y12(R"). O

Lemma A.7. If |Q| < oo, then we have the relations
(A-6) Wy () = Y5 %(Q) = Y12(Q) = WH(Q),

where the last inclusion may be an equality for certain domains (see, e.g.,
the next lemma), and the norm of the embeddings Y*2(Q) — W12(Q)
and Yy 2 (Q) < W, *(Q) depends on |9

Proof: One side of the first equality in (A.6) is due to Lemma A.1. On
the other hand, for u € Y;*(€2) (or more generally, u € Y'12(12)), since
|Q2] < oo, we have by Holder inequality

(A7) [ullz2 (@) < Callull L2 (0)-

Therefore, Y12(Q) < W12(Q) and we can prove that Yj?(Q) <
W, 2(£2) roughly the same way as Lemma A.1, using (A.7) to make sure
that the sequence which is Cauchy in Y %(Q) is also Cauchy in W?(€2).
Together with (A.1), this finishes the proof of the lemma. O



602 B. DavEY, J. HILL, S. MAYBORODA

Now, the opposite inclusion, W12(Q) — Y12(Q), is a question of
validity of the Sobolev embedding W2(Q) «— L? (). It may fail, but
it holds, e.g., for Lipschitz domains. Following [Stel], we adopt the
following definitions.

We say that Q is a Lipschitz graph domain (or special Lipschitz do-
main) if there exists a Lipschitz function ¢: R"~1 — R such that

Q={(",2,) : Ty > ¢(z")}.
We say that Q is a Lipschitz domain (or a minimally smooth domain,
following Stein’s terminology) if there exists an ¢ > 0, N € N, M > 0,
and a sequence of open sets Uy,...,U,,,... along with the correspond-

ing Lipschitz functions ¢1,...,®m,... defined on R”~! and having a
Lipschitz constant bounded by M, such that

(1) If x € 0N then B(x,e) C U; for some i.
(2) No point of R™ is contained in more than N of the U;’s.
(3) For each i we have, up to rotation, that
UiNQ=U;N{(a,zn) : xn > ¢s(z")}.
If 2 satisfies the definition above and is bounded, we refer to it as a
bounded Lipschitz domain.

Definition A.8. We say that 2 is a Sobolev extension domain if there
exists a linear mapping £: WH2(Q2) — WH2(R") and a constant Cg > 0
such that for all u € W12(Q),

(A.8) Eulg = u,

(A.9) [Eullwrz@ny < Cellullwrz(q)-

Theorem A.9 ([Stel, VI, §3.3]). Lipschitz domains are Sobolev exten-

sion domains. The constant of the corresponding extension operator, Cg,
depends on the number of graphs and their Lipschitz constants.

Lemma A.10. If Q is a Sobolev extension domain, then we have the
inclusion (which may be equality)

(A.10) wh2(Q) — Y13(Q),
with the constant in the accompanying estimate for norms depending
on Ceg.

Proof: If Q is a Sobolev extension domain, then it follows from (A.8),
(A.9), and Lemma A.6 that for all u€ W12(Q) we have Eue W12 (R") —
Y12(R") and

ull 2+ ) < [€ull 2+ mny < Crll[€ullL2ny + [D(EW)|| L2 m))

(A11)
< ChCe(llullp2) + [[Dullz2y). O
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Corollary A.11. If Q is a bounded Lipschitz domain, then we have the
following relations:

(A.12) Wi2(Q) = Y 2(Q) = YH2(Q) = wh2(Q).

Lemma A.12. If Q is a Lipschitz graph domain, then we have the
following relations:

Wo () = ¥ ()

where the inclusions cannot be made equalities.

not comparable

Wh2(Q) = Y12(9),

Proof: The inclusions are given by Lemmas A.1 and A.10.
Without loss of generality, assume 0 € 9. Let I' C 2 be a cone with
its vertex at 0 and its axis in the x,,-direction. Define

~v:={x €T :dist(z,0T) > 1}.

Let ¢ € C2°(T") be a smooth cutoff function such that ( =11in~, ( =0
in Q\T, and |D¢| < C. Note that { = 0 on I. Let f(z) be as in the
counterexample given by (A.3) with % < m < 2*. Consider

g9(z) = ((z) f ().
Then, a computation similar to that which gives (A.4) also gives
g€ L¥ )\ L*(Q).

It remains only to show that Dg € L?(T'\ 7). Since the cones v and I’
have equal aperture, we have for sufficiently large s,

|(T'\v) N 9B (0)| < Cs™ 2.
Consequently, a direct computation shows

Ilfllz2r\y) < oo

Notice that for t > 1, (I'\ v) N {z, = t} forms a (n — 1)-dimensional
annulus of width 1. Thus, we have

[T\ 7)) NOB(0)| < Cs" 2, Vs>1,

and

e < [ 1E4C [T 1R 2as

<C+ C’/ s(1=2/mIn=3 gs < oo,
1

where in the last step we have used that (1 —2/m)n < 2.
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Therefore,

2 2 2 2 2
/Q|Dg\ s2/mD<| ] +2/ch D]

<C [”f”LQ(F\y) + /Q |Df|2] < o0

so that g € Y%2(Q). As in the proof of Lemma A.6, multiplying g
by smooth cut-offs (r, we obtain a sequence of C°(Q) functions that
approximate g in the Y-2(Q)-norm. Thus, g € Y;"*(Q) or more precisely,

9 €Y () \WHA(Q).

Therefore, Yy *(Q) € W'2(Q). The fact that the opposite inclusion
fails is obvious as elements of W12(Q) do not need to have trace zero
on 0 (in the sense of approximation by smooth compactly supported
functions). O

Appendix B. The auxiliary function m(x, V)

Within this section, we will quote a number of results from [She2].
Other versions of these lemmas and definitions appeared in [Shel] and
[She3], and are related to the ideas of Fefferman and Phong [Fef]. We
omit the proofs in our exposition.

Recall that V' € By, 1 < p < oo, if there exists a constant C' so that
for any ball B C R™,

(B.1) (7{3 V(z)P dx)l/p < c]é V() da.

If V e B,, then V is a Muckenhoupt A, weight function [Ste2]. There-
fore, V(x) dz is a doubling measure. That is, there exists a constant Cy

such that
/ Vi(y)dy < Oo/ V(y)dy.
B(z,2r) B(z,r)

This fact is very useful in establishing the following results. We now
define
1

(B2) varV)= g [ vy

We will at times use the shorter notation ¥ (x,r) when it is understood
that this function is associated to V.

We assume that V' € B, for some p € [g, oo). In fact, it follows from
the self-improvement result for reverse Holder classes that V' € B, for
some p € (g, oo) [Geh]. Therefore, we will assume throughout that the
inequality is strict.
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Lemma B.1 ([She2, Lemma 1.2]). If V € B, then there exists a
constant C' > 0 so that for any 0 <r < R < oo,
9_n

V) <O () v RY).

The proof of Lemma B.1 uses the reverse Holder inequality (B.1) as
well the Holder inequality.

As V' > 0, then for every x € R™, either there exists r > 0 so that
Y(x,7; V) > 0or V =0 ae. in R*. For now, we assume that V # 0.
Since p > 7, the power 2 — % > 0, and

(B.3) lim ¢(x,r; V) =0,
r—0+
(B.4) li}m Y(x,r; V) = 0.

This leads to the following definition.

Definition B.2. For z € R™, the function m(x, V) is defined by

(B.5) = sup{r : Y(z,m; V) < 1}.

m(x, V) r>0

It follows from (B.3) and (B.4) that 0 < m(z,V) < oo and for ev-
ery x € R”

(B.6) " (xm(le)V> — 1

Furthermore, from Lemma B.1, if ¢¥(z,7; V) ~ 1, then r ~ ﬁ If
r= ﬁ then fB(w o Viy)dy = ﬁ, where w,, is the measure of the

unit ball in R™.

Lemma B.3 ([She2, Lemma 1.4]). There exist constants C,c,kg > 0
so that for any x,y € R",

(a) m(z, V) ~m(y, V) if [v —y| <

m(z, V)’
(b) m(y,V) < ClL+ |z — ylm(z, V)]*m(z, V),

cm(z, V)
(C) m(yv V) > [1 T |:L' — y‘m(I,V)}kO/(k°+1) !

Corollary B.4 ([She2, Corollary 1.5]). There exist constants C,c, ko >0
so that for any x,y € R™,

c[1+|z—y|m(y, V)] *otD) <14 |z —y|m(z, V) < C[1+|z—y|m(y, V)]Fo L.
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Remark B.5. Another important consequence of Lemma B.3 is that
m(z,V) is locally bounded from above and below. More specifically,
for any bounded open set U C R"”, there exists a constant C' = Cy > 0,
depending on U and on the constants in Lemma B.3, such that

% <m(z,V)<C, foranyzxeU.

Indeed, the collection {Bj/p(2,v)(%)}zev is an open covering of U.

Since U is compact, then there exists a finite collection of points,
_ M

x1,..., x5, such that U C |J By /m(a,,v)(2i). It follows from Lemma B.3
i=1

that there exists C' > 0, depending on V, n, so that for any = € U,
C~ min{m(z;, V)}M, <m(x, V) <Cmax{m(z;,V)}M,. In other words,
m(x,V) is bounded above and below on U, and consequently on U.
Lemma B.6 ([She2, Lemma 1.8]). There exist constants C, kg > 0 so
; 1
that ZfR Z W
1
Rn—2
The last lemma that we will quote from [She2] is the Fefferman—
Phong inequality.

Lemma B.7 ([She2, Lemma 1.9], see also [Fef]). If u € C}(R"), then

[ w@pme e <[ ipuwpars [ uwpve w).

If V =0, then m(z,V) = 0 and the previous four results are auto-
matically satisfied.

/ V(y)dy < C[Rm(z,V)]™.
B(x,R)

Appendix C. The weighted Sobolev space W‘l,’2

Recall that we define W‘l/Q(Q) as the family of all weakly differentiable
functions u € L*(Q, m(z,V)? dz) whose weak derivatives are functions
in L2(Q, dr). The norm and inner product on W&Q(Q) are given by

lullfy 2y = lum( V) Ez0) + 1 Dulliz @),
<u,v>W‘1/,2(Q) = (um(-, V), vm(-,V))r2(q) + (Du, Dv) 12(q).
Wyt (Q) is defined as the closure of C2°(€) in Wy%(Q). Recall also the
analogously defined spaces Wy *(€2) and Wolf,(Q) with V(x) in place
of m(x,V)? in the norms, see Remark 7.1. Here we prove the claim

stated in Remark 7.1 to the effect that Wola(Q) = WS‘Q/(Q) for any
open set 2 C R™.



FUNDAMENTAL MATRICES AND GREEN MATRICES 607

Remark C.1. Assume that V € B, for some p € (%,oo). First of all,
we observe that by Remark B.5, for any bounded open set U C R",
the spaces W‘1,’2(U ) and W12(U) coincide, albeit the norms are only
comparable modulo multiplicative constants that depend on U.

First we prove that the weighted Sobolev spaces are indeed Hilbert

spaces as defined.

Lemma C.2. Let Q C R™ be open and let n € Li, () be real-valued
with n > 0 a.e. The inner product

(U, v) 2 (0,0 () da) Z/Qu(l’)“(x)ﬁ(x) dz

makes L2(2,n(x) dx) a Hilbert space.

Proof: Tt is easy to check that L?(Q,n(x)dz) is a vector space and
{*s*,)L2(Q,n(z) dv) defines an inner product that generates a norm on the
space.

To prove completeness, it suffices to show that L2(Q, n(x) dz) is uni-
tarily equivalent to L?(£2). Consider the map

o: L2(Q) — LQ(Q,T](JU) dz): f+— fnfl/z.
For f € L?(2), we have

160 22 com(e) dmy = /Q Y0 = 1 -

Thus, ¢ is injective. For g € L?*(Q,7(x)dz), take f = gn'/2. Then
f € L3(Q) and ¢(f) = g. Thus, ¢ is surjective. Finally, we check

(D), 6(9)) L2 (1o ) = / (= 2) (gn= 72y = / 7= 9@ O

Lemma C.3. Let Q C R™ be open and let n € L, () be real-valued
with n > 0 a.e. Define the space Wnl?(Q) as a collection of functions in
L2(Q,n(z) dx) that are weakly differentiable in Q with the weak gradient

in L?(Q). The inner product

(U, V)yp12(q) = / Du~Dv+/ uvn
! Q Q
makes W,1*(0) a Hilbert space.

Proof: A quick computation verifies that (-, '>Wﬁ’2(ﬂ) is an inner product
generating the norm on the space. It remains only to show completeness.

Let {ur} be a Cauchy sequence in W,»2(€2). Then {uy} is Cauchy in
L?(Q,n(x) dx), so by Lemma C.2 there exists u € L?*(Q,n(x)dx) such
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that
(C.1) up —u  in L*(Q,n(x) dz).

Furthermore, for o = 1,...,n, {Dyuy} is Cauchy in L?(2), so there
exists v, € L2(2) such that

(C.2) Doup — vy in L2(Q).
It remains to show that v, = Dau. Let ¢ € C°(2). We need to show

that
/QUaCZ —/QuDg.

First, suppose supp(¢) C B, where B is an open ball that is compactly
contained in 2. The Poincaré inequality yields

[ A Gl A0 W Ry A W

< C|D(ur, = )l 2(m)-

Therefore, {uy, — ¢} is Cauchy in L?(B), with ¢, = fp k. Thus, there
exists u € L?(B) such that

(C.3) up —cp —u in L*(B).
By Holder’s inequality,

L*(B)

[(ur — e — W0 2| 1) < lluk — ek — @l 2y 0" 22(m)

(C.4)
Therefore, by (C.4),

~ 1/2
= lux — cx = @l 2 Inll 47 5y — O

(C.5) (up — cx)n’? = an*/? in LY(B).
By (C.1), uxn/? = un'/? in L*(B), so it follows that
(C.6) uen? = un'’? in L*(B).

Combining the previous two results shows that
an'’? = (u—w)n'/? in LY(B).
Since each ¢ is a constant, it follows that lim ¢, = ¢, where ¢ is some

k—o0
fixed constant. This fact, in combination with (C.5), implies that

wen'’? = (@ +c)nt’? in LY(B).

With (C.6), using that 7 is almost everywhere non-vanishing, we con-
clude that & + ¢ = u a.e. in B. From (C.3) and the fact that {cy} is a
convergent sequence of real numbers, we have

(C.7) up = U+c=u in L*(B).
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Therefore, by (C.2) and (C.7),

(C.8) /U(XC: lim / Dyup¢ = — lim / upDoC = —/ uD,(C.

Now, for any ¢ € C(f2), we can cover supp(¢) with finitely many
balls, {B;}, with each B; compactly contained in . Using a partition of
unity argument and the result (C.8), we obtain the desired equality. O

Corollary C.4. Let Q C R™ be an open set. The spaces W‘l/Q(Q),
W‘l,’Q(Q), W(}‘Q/(Q), and Wol‘g,(Q) are Hilbert spaces.
Proof: This follows directly from the previous lemma and the fact that

Wolf/(Q) and VAVolf/(Q) are defined as the closure of C'°(2) in their re-
spective spaces. O

The following lemma shows an important relationship between
W (R™) and Wi (R™).
Lemma C.5. Assume that V € B, for some p > 5. Then for any
ue Wy (R"),

/ V(x)|u(x)|2 dx < Cv,n< \Du(alc)|2 dx+ |u(3c)\2m(a:7 V)? dm)
(C.9) /R" R

R"L
= CvallulZnz -
Vv (R™)

Conversely, for any u € W‘l/2 (R™)

(C.10) | Ju(@)Pm(e, V)P dr < Cyn ( /R 1DuE) e | fula) V(@) dx)

_ 2
= CV7”||u||W‘1/’2(R")'
In other words, W‘l,’Q(R”) = W‘l,Q(R”)

Proof: This is essentially Theorem 1.13 in [She4]. We only remark that
our V dz satisfies the conditions of dyu in the aforementioned theorem by
Remark 0.10 in [She4], and that the functions with Du € L?(R") are
L2 (R™) — this is a standard part of the proof of the Poincaré inequality

loc

(see, e.g., [Maz, 1.1.2]). O

If O € R™ is open and connected, then a similar relationship holds
for W01‘2, (©2) and Wgé(Q) and we have the following result.
Lemma C.6. Assume thatV € B, for somep > 5. Then for any open
1,2 51,2 ~
set 0 C R"™ we have Wy, (Q2) = Wy (82), and || - ||W(31,"2/(Q) ~ |- HW&;&(Q)
with implicit constants depending on dimension and the By, constant of V
only.
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Proof: Let u € WOI‘Q/(Q) By definition, there exists u; € C2°(£2) so that
lim |ju; — u||W‘1/,2(Q) = 0. Applying Lemma C.5 to u; — uy, we deduce
1—> 00

that the sequence {u;}2, is Cauchy in Wol‘% (). Hence, it has a limit
in Wolf,(Q) and this limit must coincide with u a.e. since V> 0 a.e.
and m(z, V) > 0 for all x € R™. Applying again Lemma C.5, we deduce
the desired control of norms. The same argument works in the converse
direction. O

Appendix D. Smoothing and approximations

Here we build on Lemma A.5 and collect some results that are related
to approximation by smooth functions.

Lemma D.1 (Local approximation by smooth functions). Let U C R™
be open. Let F(U) be either Y12(U), WH2(U), or W‘l/Q(U). Assume
that u € F(U), and set u® = ¢ xu in U.. Then u® € C°(U;) for each
e >0 and u® = u in Fioc(U) as e — 0.

The case of F(U) = WH2(U) appears in [Eva], the case F(U) =
W‘l/’z(U ) is the exact same statement due to the local nature of the result
and Remark C.1. The case of F(U) = Y12(U) is a slight modification
of the aforementioned proof in [Eva], and we omit it.

Lemma D.2 (Global approximation by smooth functions). Assume that
U is bounded. Let F(U) be either YY2(U), WH2(U), or WA(U). If
u € F(U), then there exists a sequence {ux}3>, C C(U)NFU) such
that kh—>Hc>lo ug = u in F(U).

When F(U) = W2(U), this is Theorem 2 from §5.3.2 of [Eva], the
case F(U) = W*(U) is the same due to boundedness of U and Re-
mark C.1, and the case F(U) = Y12(U) is proved in an analogous way.
However, we outline the proof here as some elements of it will be useful
down the road.

Proof: We have that U = |J U; where U; = {z € U : dist(z,0U) > 1}.
i=1

Set W; = Ui+3 — Ui—i—l- Choose Wy € U so that U = U W;. Let
i=0
{¢:}62, be a smooth partition of unity subordinate to {W;}32,. In other

words, for each 4, 0 < (; < 1, (; € C(W;), and > ¢; =1 on U. Let
i=1
u € F(U). Since each ¢; € C°(U), then supp(u¢;) C W; and by a

straightforward argument similar to the proof of Lemma 1(iv) from §5.2
of [Eval, u(; € F(U).
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For each i = 0,1,..., define X; = U;4 4 — U; D W;. Fix § > 0. Then,
for each 4, choose g; > 0 so small that u’ := ¢., * (u¢;) is such that
suppu’ C X; and |ju’ — ulillpwy < 0271, The second property is
guaranteed by Lemma D.1.

Define v := > u’. For any open set W & U, there are at most
i=1

finitely many terms in the sum for v, so it follows that v € C°(W). As
oo}

u=Y_ u(; then for each W € U, we have that
i=1

lv = ulleqaw) < D llu' = uGillegry <5271 = 4.
i=0 i=0
By taking the supremum over all sets W € U, we conclude that ||v —
u|lgpy < 0, and the conclusion of the lemma follows. O

Since the mollification of an a.e. non-negative function is also non-
negative, the following corollary is true.

Corollary D.3 (Global approximation by smooth non-negative func-
tions). Assume that U is bounded. Let F(U) be either Y12(U), WH2(U),
or W&’Q(U). If u € F(U) is non-negative a.e., then there exists a se-
quence {ux}ye, C C®(U) NF(U) of non-negative functions such that
lim wu, =u in F(U).
k— o0

Finally, if u is compactly supported in U, then it follows from the
previous lemma that u may be approximated by smooth compactly sup-
ported functions.

Lemma D.4 (Global approximation by smooth compactly supported
functions). Assume that U is bounded. Let F(U) be either Y12(U),
Wh2(U), or W‘l,’Q(U). If u e F(U) and suppu € U, then there exists a
sequence {ug}52, C C(U)NF(U) such that kli_{rolo up = u in F(U).

We sketch the proof of the lemma.

Proof: Define U;, W;, (; as in the proof of Lemma D.2 and conclude as

o0

before that each u¢; € F(U). Since suppu € U, and U = W;, then
i=0
M M
there exists M € N so that suppu C |J W;. Therefore, u = 3 u(;.
i=0 i=0

Then (for i =0, ..., M) define X;, u’ as before so that supp u’ C )}i and

M
u — uGllpy < 027! and set v = u®. Since each u; € C*°(U),
© i=1 ¢
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then v € C°(U) as well. Moreover,

M M
v —ullp@y < Z |t — uGi|lp ) < 5227%1 =94
i=0 i=0

and the conclusion follows. O
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