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ON A GENERALIZATION OF ATOMIC DECOMPOSITIONS

S.K. KAUSHIK AND S.K. SHARMA

ABSTRACT. We generalize atomic decomposition for Banach spaces and called
it T-atomic decomposition. A necessary condition for T-atomic decomposition
is given. A characterization for a triangular atomic decomposition is also given.
Finally, as an application of triangular atomic decompositions, we prove that
if a Banach space has a triangular atomic decomposition, then it also has an
approximative atomic decomposition, an atomic decomposition and a fusion
Banach frame.

1. INTRODUCTION

Coifman and Weiss [3] introduced the notion of atomic decomposition for func-
tion spaces. Feichtinger and Grochenig [5] extended the notion of atomic decom-
position to Banach spaces. Frazier and Jawerth [6] had constructed wavelet atomic
decompositions for Besov spaces which they called as ¢-transform. Feichtinger [4]
constructed Gabor atomic decompositions for the modulation spaces which are Ba-
nach spaces similar in many respects to Besov spaces, defined by smoothness and
decay conditions. Atomic decompositions have played a key role in the development
of wavelet theory and Gabor theory. Atomic decompositions and Banach frames
were further studied in [1, 2, 8].

Motivated by Kozolov [10], we generalize atomic decompositions for Banach
spaces. Infact, we introduce the notion of T-atomic decomposition for Banach
spaces. Also, a necessary condition for T-atomic decomposition has been obtained.
Further, a characterization for triangular atomic decomposition and a characteriza-
tion for Banach frames have been obtained. Finally, as an application of triangular
atomic decompositions, it has been proved that if a Banach space F has a triangular
atomic decomposition, then F also has an approximative atomic decomposition, an
atomic decomposition and a fusion Banach frame.

2. PRELIMINARIES

Throughout this paper, E will denote a Banach space over the scalar field K (R
or C), E* the dual space of E, L(E) the space of all linear operator on E, [x,)]
the closed linear span of {z,} in the norm topology of E, E; an associated Banach
space of scalar-valued sequences, indexed by N.

A sequence {x,} in E is said to be complete if [z,] = E and a sequence {f,} in
E* is said to be total over F if {x € E : f,(x) = 0,n € N} = {0}. A sequence of
projections {v, } on E is total on E if {x € E : v,(x) =0, n € N} = {0}.

Definition 2.1 ([5]). Let E be a Banach space and E; be an associated Banach
space of scalar-valued sequences, indexed by N. Let {z,} C F and {f,} C E*.
Then, ({fn},{zs}) is called an atomic decomposition for E with respect to Ey, if

(i) {fa(@)} €EEs,z€E
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(ii) there exist constants A and B with 0 < A < B < oo such that
Allzlle < [{fa(@)} e, < Bllzlle, z€FE

(i) =z = f filz)x;,, z€E.
i=1

The constants A and B, respectively, are called lower and upper atomic bounds
of the atomic decomposition ({f,},{zn}).

Definition 2.2 ([7]). Let E be a Banach space and Ey be an associated Banach
space of scalar-valued sequences, indexed by N. Let {f,} C E* and S : E; — E be
given. Then, ({f»},S) is called a Banach frame for E with respect to Ey, if

(i) {fu(x)} € Eq,z € E
(i) there exist constants A and B with 0 < A < B < oo such that

21 Allzlle < [{fa(@)}H e, < Bllzlle, =eE
(iii) S is a bounded linear operator such that

S{fa(x)}) =2, €k

The constants A and B, respectively, are called lower and upper frame bounds of
the Banach frame ({f,},S). The operator S : Eq — E is called the reconstruction
operator (or, the pre-frame operator). The inequality (2.1) is called the Banach
frame inequality.

A generalization of the concept of Banach frame namely, fusion Banach frame
was introduced and studied in [9] and defined as follows:

Definition 2.3. Let E be a Banach space. Let {G,,} be a sequence of subspaces
of E and {v,} be a sequence of non-zero linear projections such that v,(E) = G,,
n € N. Let A be a Banach space associated with E and S : A — E be an operator.
Then, ({Gn,v,},5) is called a frame of subspaces (or, fusion Banach frame) for E
with respect to A, if

1) {vn(zx)} e A,z €eF

(i) there exist constants A and B with 0 < A < B < oo such that

Allzlle < [{von(2)}|la < Bllele, z€E
(iii) S is a bounded linear operator such that
S{vn(x)}) =2, ze€kF.
The constants A and B, respectively, are called lower and upper frame bounds
of the frame of subspaces ({G,,v,},5).

The following results are referred in this paper and are listed in the form of
lemmas:

Lemma 2.4 ([12]). If E is a Banach space and {f,} C E* is total over E, then E
is linearly isometric to the associated Banach space Eq = {{fn(x)} : x € E}, where
the norm is given by |[{ fn(x)}| £, = |lz|lE, * € E.

Lemma 2.5 ([9]). Let {G,} be a sequence of non-trival subspaces of E and {v,} be
a sequence of non-zero linear projections with v,(E) = G,,, n € N. If {v,} is total
over E, then A = {{v,(2)} : x € E} is a Banach space with norm ||[{v,(z)}|a =
|z||g, € E.

3. MAIN RESULTS

We begin with the following definition of T-atomic decomposition

Definition 3.1. Let E be a Banach space, E; be an associated Banach space of
scalar-valued sequences, indexed by N and T' = (¢,,,,) be a matrix of scalars such
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that
(3.1) > ftnil <M <oo,  n=123,...
j=1
(3.2) lim t,; =0, j=1,2,3,...
(3.3) nan;OZ;tnj =1.
iz

Let {z,} be a sequence in E and {f,,} be a sequence in E*. Then, (T, {f.}, {zn})
is called a T-atomic decomposition for E with respect to Ey, if

(i) {fu(x)} € Eq,z € E
(ii) there exist constants A and B with 0 < A < B < oo such that

Alzlle < [{fn(@)} e < Bllzle, z€E
e J
(i) lim )"ty ( > fz(:c)xl) =z,z€FE.
nTroo =1 i=1

In case, T is a triangular matrix, then (T, {f,}, {z,}) is said to be a triangular
atomic decomposition for E with respect to Ej.

Regarding the existence of T-atomic decomposition, let F be a Banach space,
{fnt {zn}) {fn} € E*, {2} C E) be an atomic decomposition for E with respect
to an associated Banach space E4 and T = (t,,,) be a matrix such that ¢,, = 1,
n € N and tpm, =0, m # n. Then (T,{f.},{xn}) is a T-atomic decomposition for
FE with respect to Ej.

Also, one may observe that if F is a Banach space and (T,{f.},{zn})
(T = (tnm),{fn} C E*,{zn} C E) is a T-atomic decomposition for E with re-
spect to E4, then {z,} is complete in F and for each n € N, ¢, : E — E defined
by

on(z) = g:ltnj <z:f(x)x) z€E

is well defined bounded linear operator such that sup |lo,| < cc.
1<n<oco
Conversely, we have the following example

Example 3.2. Let F = ¢, the space of all sequences convergent to 0 in K. Let
T = (tpm) be a matrix such that t,, = 1, n € N and ¢, = 0, n # m. Let {e,,} be
the sequence of unit vectors in E and {f,} be a sequence in E* defined by

fo=1(0,0,..., (=1)™ ,0,0,...), neN.
T

nth position

Then, {e,} is complete in E and for each n € N, 0, : E — E defined by

on(z) = itnj<iizlfi(x)ei>, v €E

is well defined bounded linear operator such that sup ||o,|| < co. But lim o, (z) #
1<n<oo n—oo

x, for some x € E. Infact, if we take z = (1,0,0,...) € E then lim o,(z) # z.
n—oo

Hence, (T,{fn},{en}) is not a T-atomic decomposition for E with respect to any

associated Banach space Ej .

In the next result, we prove that for any matrix T' = (¢,,,) satisfying (3.1)-(3.3),
every atomic decomposition for E is also a T-atomic decomposition for F.
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Theorem 3.3. Let ({fn},{zn}) be an atomic decomposition for a Banach space
E with respect to Eq. Then, for any matric T = (tnm) satisfying (3.1)-(3.3),
(T, {fn}, {xn}) is a T-atomic decomposition for E with respect to Eq.

Proof. Let cp be the Banach space of all convergent sequences of elements of E
with the norm ||{zx}||c; = sup ||zk||g. For each n€N, define u,, : cg — E by
1<k<oo

un({2x}) = Ztnjzja {2z} € cE.

j=1
Then, each u,, is well defined on cg and

[unll = sup [lun({z:})]]
{zr}€ECcE

oo
> ftnjl <M, neN.
j=1

Now, for any {z1,22,...,2Zm,0,0,...} € cg, we have
lim w,({z1,22,...2m,0,0,...}) = 0
n— o0

and, for any {x,z,z,...} € cg, we have

lim u,(z,z,2,...) = =z, x€E.

n— oo

Since, the set of all the elements of the form {z1, z2,...,2,,,0,0,...} and {z, z, z, ...},
where x1,z2,...,2, € E, 1 <m < oo and x € F is complete in cg, we have

oo
nh—?;ozgt"jzj = nh_g)lo un({z1}) = klgrolo 2k
J:

-

Define, S, (z) = fi(x)x;, n € N and z € E. Then le Sp(z) =z, € E.

i=1

Therefore, lim )" t,;s;(zx) =z, x € E.

Hence, (T, {fn},{zn}) is a T-atomic decomposition for E with respect to E;. O

The converse of Theorem 3.3 may not be true as shown by the following example

Example 3.4. Let E = (2. Define {z,,} C F and {f,} C E* by

Tnp = €Ep —€n4l
folx) = (e1+ex+...+ep,x), zE€EE n=12....

Then, ({fn},{zn}) is not an atomic decomposition for F with respect to any associ-
ated Banach space E;. But, by Lemma 2.4, there exist an associated Banach space
Eqy = {{fn(2)} : z € E} with the norm |[{fn(z)}[|E,, = 7|, * € F and a matrix
T = (tym) given by tn, = %, m=12,....n, tym =0form>n (n=1,2,...)
such that (T, {fn}, {zn}) is a T-atomic decomposition for E with respect to Eq,.
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Indeed,

on(z) = Z Mfi(x)xi

- n
=1
" n—i+1 :
B Zn<zeﬂ"x>(ei—@i+1)
=1 —
i i—1
n—1i+1 n—i+2
= (e, €1+Z{n<26]‘,x>ei n< 6]’,!17>€Z‘:|
j=1 j=1
1 n
n<zej7$>6n+1
Jj=1
n : n+1
— 1
Z%@“x) €; Z<Zej, >ei, r€BNn=1,2.3,....
i=1 =2

Since, lim Y ({e;,x)e; = x, x € E, we have
n—oo /7]

i in—i+1<A er = cE
nl_)rrgo_ - e, rYe; =T, X .

For each n € N, define v,, : E — FE by

i) =335 (S e, a€Ea-1a
i=1
Then, each v,, is well defined bounded linear operator on E. Also, for each n,k =

1,2,3..., we have

an ek =

2 n—k+1
Z%% SLELARY

I

Therefore, lim |lv,(ex)||* = 0. Hence, lim v,(z) = 0, x € span{z;};2;. Also,
n—oo n

—00
since
n 7 2
@l = =3 Ser)
—11 V=1
2
< |||
n(n+1)
= Tanz
< =3, r€FE n=1223,...,

we have, sup ||v,] < co. Hence, lim o,(x) =2, z € E.
1<n<oo n—oo

Next, we give a necessary condition for a T-atomic decomposition in a Banach
space.
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Theorem 3.5. Let E be a Banach space and T = (tnm) be a matriz satisfying
(3.1)-(3.3). If (T, {fn}, {zn}) {fr} C E*, {21} C E) is a T-atomic decomposition
for E with respect to Eq. Then for each n,m € N, there exists a linear operator
Unm € L(E) such that

lim lim vppm(z) =2z, x€E.
n—o0 m—roo

Proof. For each n,m =1,2,3..., define
m J

Upm () = Ztnj<2fi(x)xi), zekFE.
j=1 i=1

Then, vy, € L(E). Also

oo

J
n%gnoo Upm (T) = thnj( 2 fi(:r)zi>, rz € FE.
J= i=

Since, (T, {fn}, {zn}) is a T-atomic decomposition for E, therefore

o J
nl;n;ozltnj<;fi(x)xi) =z, x€kE. O
j= i=

Let E be a Banach space and T' = (t,,) be a triangular matrix satisfying (3.1)-
(3.3). Let {x,} be any sequence in E and {f,} be any sequence in E*. For each
n € N, define

n J
on(z) = Ztanfi(x)xi, x€E, n=123,...,
j=1 =1
BN = {r € E: lim o,(x) =2} and
0 o ’ n—oo " o
EiT) = {z € F: lim o,(x) exists}.
n—oo

The following result characterizes triangular atomic decompositions in terms of
{on} and E(ST)

Theorem 3.6. Let E be a Banach space and T = (tnm) be a triangular matriz
satisfying (3.1)-(3.3). Let {fn} C E* and {x,} C E. Then there exists an associated
Banach space Eq, such that (T,{fn},{xn}) is a triangular atomic decomposition for

E with respect to Eq, if and only if {o,} is total on E and E(ST) =FE.

Proof. Assume that EéT) = F and {o,} is total on E. Let z € E such that
fn(x) =0 for all n € N. Then o,,(z) = 0, n € N. So totality of {o,} yields x = 0.
Therefore, by Lemma 2.4, there exists an associated Banach space Eq, = {{fn.(2)} :
z € B} with the norm |[{fn(z)}[|E,, = ||lzll£, z € E. Also, by hypothesis, we have

0 j
lim tnj( > fz(x)xz) =z, 2z € E. Hence, (T,{fn},{z,}) is a triangular atomic
n—o0 i i=1

decomposition for E with respect to Eg,,.
The converse part is straight forward. O

We conclude this section with the following characterization of Banach frames in
. (T) (T)
terms of "’ and E;

Theorem 3.7. Let E be a Banach space and T = (tnm,) be a triangular matric
satisfying (3.1)-(3.3). Let{z,} C E and {f,} C E* such that f;(z;) = ;;, i,j € N.

Then there exist an associated Banach space E4 and a bounded linear operator
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S : Eq — E such that ({f,},S) is Banach frame for E with respect to Eq if and
(T) _ (™)
only if By’ = E;

Proof. Let ({fn},S) be a Banach frame for E. Then
Fntonte) = (St (X lo)ar) )
j=1 i=1
= (i tnj)fm(x), n,m=123... and z € E.
Jj=m

Let x € E:fT). Then

n— oo n—r oo

fm(x_ lim Un(x)) = fm — lim (Ztru>fm

m—1
ful) [1 i St lm S tm} 0
j=1 j=1
Therefore, by the frame inequality for the Banach frame ({f,},S), we have z €
ESD.
Conversely, let © € E be such that f,(z) =0, n =1,2,3.... Then o,(z) =0

for all n € N. Since, E(()T) = E%T), we have x = 0. Therefore, by Lemma 2.4,
there exist associated Banach space E4, = {{fn(z)} : © € E} with the norm
[{fn(@)} E4, = llzll5, 2 € E and a bounded linear operator S : Eq, — E defined
by S({fn(2)}) =z, x € E such that ({f,},S) is a Banach frame for E with respect
to Edo- O

4. APPLICATIONS

In this section, we give some applications of triangular atomic decompositions.
First, we give the definition of approximative atomic decomposition introduced in
[11].

Let E be a Banach space and let E4 be an associated Banach space of scalar-
valued sequences, indexed by N. Let {z,} C E and {hy;}i=1, 2, mn C E*, where

{my} is an increasing sequence of positive integers. Then, ({hnl} =12, {zn})
is called an approximative atomic decomposition for F with respect to Fy, if
(i) {hn’i(.’L’)}i:Li,éN,mn eFE;,xeFR
(ii) there exist constants A and B with 0 < A < B < oo such that
Allzl|z < [I{hni(2)} =12 mn |5y < Bllzle, z€E
(iii) z = lim Z hi(z)z;, © € E.

n—)oo

In the following result, we prove that if a Banach space has a triangular atomic
decomposition, then it also has an approximative atomic decomposition

Theorem 4.1. If a Banach space has a triangular atomic decomposition then it
also has an approximative atomic decomposition.

Proof. Let F be a Banach space having a triangular atomic decomposition (7', { f,.}, {z,» })(T =

(tnm), {fn} C E*,{z,} C E) with respect to E4. Since, T is a triangular matrix,
for each n,m € N, m > n,

St st0m) =S (St e

j=1
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For each n € N, define 0, : E — E by

on(z) = itnj<§fi(x)xi), z€E.

Then, each o, is well defined finite rank linear operator on FE. Since, for each
n € N, 0, (E) is finite dimensional. So, there exist a sequence {yn i}, 1 in E
and a total sequence {gn i};-%, .1 in E* such that

Mn

O—n(x) = Z gn,i(x)yn’i, HAS Ev n e N,

i=mp_1+1

where {m,} is an increasing sequence of positive integers with mo = 0. Define,
{zn} C F and {hnl}=1an C E* by
ne

Zi = Yn,i, Z-:Tnn—ldl“]-a"'a M,
0, if i=1,2,...,mu_1
hn,i = AP
nyi, if i=m,_1+1,...my, n € N.

Then, for each x € F,

Mn
lim Z hi(2)z; = lim o,(z) =x.
n—oo i1 n—o0

Let x € E be such that h,(x) = 0, for all + = 1,2,...,m,, n € N. Then

x = 0. Therefore, by Lemma 2.4, there exists an associated Banach space E4, =

{{hn7i(x)}i=1,2.,.]\,],771.n : ¢ € E} with the norm given by ||{hn,i(x)}i=1,z,.,N,mn
€ ne

lz|lg, z € E such that, ({hn,i}i=1.2....mn , {25 }) is an approximative atomic decom-
neN

position for E with respect to Eq,. O

Corollary 4.2. If a Banach space F has a triangular atomic decomposition, then
it also has an atomic decomposition.

Proof. Follows in view of Theorem 4.1. O

Finally, we prove that, if for a suitably chosen triangular matrix T satisfying
(3.1)-(3.3), F has a triangular atomic decomposition, then it also has a fusion
Banach frame.

Theorem 4.3. Let E be a Banach space and T = (tnm,) be a triangular matric
such that tpm, #0, n > m. If (T, {fo},{zn}) {fn} C E*,{xn} C E) is a triangular
atomic decomposition for E, then E has a fusion Banach frame.

Proof. By Theorem 4.1, E has approximative atomic decomposition. Let {z,} C F

and {hn,i}ml,z,..N.,mn C E* be sequences such that ({hm}=12Nn,{xn}) is an
ne ne

approximative atomic decomposition for F with respect to E4, where {m,} is an

increasing sequence of positive integers. For each n € N, define u,, : E — E by

Mn

up(x) = Z hni(z)z;, x € E.
i=1

Then, each u, is a well defined continuous linear operator on E with dimu,,(E) < co
and le un(z) =z, x € E. Define G,, = u,(E), n € N. Then, each G,, is finite
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dimensional. Therefore, there exist a sequence {y, ;};-% in E and a total sequence
{gn,i}i2y in E* such that

My,

un(z) = Zgnz(x)ynz, rc€E andneN.
i=1
Now, for each n € N, define v,, : E — E by
Un(2) =Y gni(@)yni, x € E.
i=1

Then, each v, is a projection on G,, such that {x € F: v,(z) = 0,n € N}={0}.
Therefore, by Lemma 2.5, there exist an associated Banach space
A = {v,(z) : ® € E} with the norm given by |{v,(2)}|a = |z||g, = € E and
a bounded linear operator S : A — E given by S({v,(2)}) = =, x € E such that
({Gn,vn},S) is a fusion Banach frame for F with respect to A. O
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