ALBANIAN JOURNAL

OF MATHEMATICS

Volume 3, Number 1, Pages 4348
ISSN 1930-1235: (2009)

CONVEXITY OF FINITE SUMS

ANTHONY SOFO

Research Group in Mathematical Inequalities and Applications
School of Engineering and Science
Victoria University, PO Box 14428 Melbourne
VIC 8001, Australia.
anthony.sofo @uu.edu. au

ABSTRACT. Convexity and log convexity results are established for sums in-
volving ratios of binomial coefficients. We utilise recent results in which inte-
gral identities have been given to represent sums involving ratios of binomial
coefficients.

1. INTRODUCTION

The integral representation of series of ratios of binomial coefficients have re-
cently been investigated by a number of authors, see in particular Amghibech [1],
Batir [2], and Sofo [5, 6, 7]. Recently Purkait and Sury [4], using mainly combina-
torial methods, obtained expressions for

~ ()" (7)
S = Z ("H) N
n=0 n
and deduced that for even integer r > 0 and p = j > 5, S is identically zero or

% according as to whether » > 0 or not. In this paper we supplement the results
of Purkait and Sury by considering convexity properties of slightly more general
forms of S.

In particular, the following theorem was given in [5].

Theorem 1. fora>0,p>1,t€R andj >0

1 p tn(P) 1 .
(L) S(ajpt) ==Y —2b = / (12~ (1 + ta®)" da.
J an+j 0
"=0( j )
For an integer a we can write
12 3
P tn(z) - F a’a’a’ 53771) _
<an+j> R S C A B ’
n=0 j a’ a’ a7 a
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where the generalised hypergeometric representation ,Fy [-,-], is defined as
a1,a2,...,a = (a az), ... (a t"
qu P _ Z( 1)n ( 2)n ( p)n '
b1, b2, ...y by = (b1), (b2), - (bg), n!

and (w), =w(w+1)(w+2)..(w+a—-1)= F(F“(’z;l) is Pochhammer’s symbol.

The following analysis establishes the monotonicity and convexity properties of
S (a,j,p,t), by the use of its integral representation (1.1).
2. CONVEXITY PROPERTIES
The following theorem is proved.

Theorem 2. Forp>1,a> 1,t > 0 and j > 0 the function a — S (a,j,p,t), as
given in Theorem 1 is strictly decreasing and convex with respect to the parameter
a € [1,00) for every x € [0,1].

Proof. Let
(2.1) g(z,a) =1 —z) 7" (1 +ta®)?

be an integrable function for z € [0, 1] and put

f<a>=/olg<x,a>dx,

1 1a_p
so that f (1) = 5 2F} - —t
J

Applying the Leibniz rule for differentiation under the integral sign, we have that

F@= [ ot

1 .
(2.2) = pt/ ¢ (1—2)’ ' (1 + tz®)P " Inada
0
Since 4
2 (1—az) ' A +tz*)’ '"Inz <0 for ze(0,1),

then f’'(a) < 0, so that the sum of the ratio of binomial coefficients (1.1), is a
strictly decreasing sum with respect to the parameter a for z € [0,1]. Now

2 ! 82
f (a):/o %g(x,a)d:c

(2.3) = pt/o (1—z) ' (1 +ta®)P "% 2% (pta® + 1) (Inz)* da,

and since _
(1—a) " (1 + 2P 2% (pta® + 1) (Inz)* > 0,
then f” (a) > 0 so that (1.1) is a convex function for z € [0, 1]. O
In the following we establish the log convexity of the function a — S (a, j,p,t)

with respect to the positive parameter a. Firstly, we state the Cauchy-Buniakowsky-
Schwarz inequality.
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Cauchy-Buniakowsky-Schwarz inequality: Let p(z), q(x) and r(x) be inte-
grable functions for x € [a, (], then

3 3 3 2
(/ p(ﬂﬁ)f(%‘ﬂﬂ?) (/ p(x)TQ(r)daf)Z(/ p(%)a(%)f(ﬂfﬂﬂ«“) :

A proof of this theorem can be found in [3].

Theorem 3. Forp>1,a> 1,t >0 and j > 0, the function a — S (a,j,p,t) as
given in Theorem 1 is log convex with respect to the parameter a € [1,00) for every

z€10,1].
h(a)zlog(/olg(x,a)d,r),

Proof. Let
where ¢ (z,a) is given by (2.1), and applying the Leibniz rule for differentiation
under the integral sign, we have that:

t (1- 1+t Ynad
pfo x) ( )P nxm<0

W (a) = _
f (1—2)’ " (1 + tao)? da

Now,

(fo azgzadm)(fo xada:) (fo 529 xadx)2
(fo z,a) al:r)2

where g (x, a) is given by (2.1), fol 2 g (z,a) dz is given by (2.2) and fol 8‘%9 (x,a)dx

is given by (2.3).
Since we require h” (a) > 0 it will suffice to prove that

9

(2.4) h" (a) =

pt/ (1—2) 7 (1 + ta*)? %2 (ptz® + 1) (Inz)? dm/ (1—2z) ' (14 tz")" dz
(2.5) 0 0

1 2
> (pt/ 2 (1—z) ! (1+tx“)p_11na:da:) >0
0

1 .
pt/ (1—z) ' (1 +ta®)? % 2% (pta® + 1) (Inz) da
0

1 .
> pt/ (1—2)? " (1 + ta®)P 2 2% (pta®) (Inz)* dz
0

1 2
i avp [Ptz Inz
:/o (1—2) ' (1 +ta )p(1+txa> dx > 0,

hence from (2.5),

(/01 (1= )~ (14 ta®) (Wf da:) (/01 (1= 27~ (14 ta®)? d:c)
> (/01 <”1“”+th;x) =2 (A a0y dx)

2
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is satisfied by application of the Cauchy-Buniakowsky-Schwarz inequality and iden-
tifying

i tx1
p(x)=(1—z) " (1+ta)?, q(m):% and 7 (z)=1.
From (2.4) we can claim A" (a) > 0 and the theorem is proved. O

Note: The series (1.1) can be represented in the generalised hypergeometric form

as:
12 3 a
a’a’a’ agv_p

(2:6) a+1fa 145 245 3+4j a+j _t]'
a ’ a ' a ' " a

We can therefore claim that (2.6) is a log convex function with respect to the
parameter a > 1.

In the paper [5], Sofo further generalised Theorem 1 to obtain the following
representation.

Theorem 4. Fora>0,p>1,t € R,r >0 and j > 0 we have

1 , 1t (P
ES(a,j,p,t,r) = —ZTEH)

n:l(j)
_/lejlwwnw¢v
0

a?"

<

where
(p (@) = (1 + ta®)?

(p (@) =i (s (e (14 t2)"))
is the consecutive derivative operator of the continuous function (1 + tx®)? for x €
(0,1).

An example for Theorem 4 is:

(2.7)
1t n ()
fS(a]p,tl JZ an+]
(2.8) :pt/ (1—2) "2 (1 + ta®)’ " da
0
atl a+t2 a+3 ata 1 _
- pt F a ' a ' a ' ¢
- ( a+j ) atlfa | a414) at2+j at3+j ata+tj
i ] a 4 a ? a LA a

The following remark claims a convexity and log convexity property for the series
%S (a,j,p,t,1) by the use of its integral representation (2.8).

Remark 1. Fora > 1, p > 1,t > 0,r > 0 and j > 0, the function a —
%S (a,j,p,t, 1) as given in Theorem 4 is strictly decreasing and convex with respect
to the parameter a € [1,00) for every x € [0,1], it is also log convex.
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As in the proofs of Theorems 2 and 3 we can outline the following steps. From
(2.8), let

(2.9) G (x,a) =pt(1—z) 2% (1 + ta®)?
be an integrable function for z € [0, 1] and put
1
F(a) :/ G (z,a)dz,
0

applying the Leibniz rule for differentiation under the integral sign and using (2.8),
we obtain

-1

(2.10) F'(a) = pt/ol (1—2)? " 2% (1 4tz (1 4 ptz®) In (z) dz < 0,

and
(2.11)

F (a) = pt/o (=2 et (1 ) (1 (3p— 1)t 4 (pta®)?) (1n (2)* e > 0,

since p > 1, so that (2.7) is a monotonic decreasing function for every x € [0,1].

Similarly, if we let
1
H (a) =log (/ G(a:,a)dx) ,
0

fol (1—a)y 2o (1 +ta®)? % (1 + ptz®) In (z) d

fol (1—az) ' ze (14t da

H' (a) = <0,

and we require that
2
01 592 G (z,a) dx) (fol G (z,a) dm) - (fol LG (z,q) dw)

(fo (z,a) dx)2

where G (x, a) is given by (2.9) fl 2 G (z,a) dx is given by (2.10) and fo G (z,a)dz
is given by (2.11). Tt is sufﬁcwnt to investigate

>0,

H" (a) = <

(2.12) </01 (1 —2)" 2% (1 + tz2)P > (1 +(3p—1)ta® + (pm;a)?) (In (z))° dx)

x (/01 (1—2)’ "2 (1 + ta®)P" dx)

> (/01 (1—2)” " 2% (1 + 2’2 (1 + pta®) In (2) da:)

2

Now since

/ (- 2) ™ e (2 (14 (3p— 1) 2 + (pra)?) (In (2))° d
0

1 a 2
Y = ayp—1 (1 +pta?)In (z)
> /0 (1—2)" 2% (1 4 tz?) ( g dz,

if we identify
1+ ptz®)Inz
1— 14 tz®)P~! _ (dfplat)ine
p() = (=) et (L), q(e) =

)
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and r (z) = 1 and applying the Cauchy-Buniakowsky-Schwarz inequality we con-
clude that (2.12) is satisfied, hence (2.7) is log convex with respect to the parameter
a for every z € [0,1].

We make the following observation.

For an integer a > 1, p>1,¢t > 0, and 5 > 0,

(2.13)
+1 a+2 a+3 +
P t”n(g)_ pt P aaaaavaaa"'aaaaal_p ¢
(o) at+j \ T ekl av24y a3+ atatj
n=1 7 ] X a a a ") a
J

Hence we make the claim that the generalised hypergeometric function in (2.13) is
a log convex function with respect to the parameter a > 1.

3. CONCLUSION

We have demonstrated convexity and log convexity properties for a class of series
involving ratios of binomial coeflicients.
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