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ABSTRACT. On se donne une suite de vecteurs aléatoires (X1,Y1), ..., (Xn, Yn)
définies sur le méme espace probabilisé (2, A, P) . Aprés avoir considéré I'estimation
de la fonction de regression r (x) , nous étudions le test d’hypothese nulle“r () =
cste”, c’est a dire que X n’a pas d’effet en moyenne sur Y, dans deux situations

ol les variables aléatoires (X, Y;) sont indépendantes ou forment un processus
stationnaire et a—mélangeant. Des lois limites sous diverses alternatives sont
obtenues ainsi que des conditions nécessaires et suffisantes de convergence du
test. Des simulations sont indiquées.

1. INTRODUCTION

The nonparametric test for a regression function has been studied by several
authors for processes both in discrete and continuous time. Several methods have
been used, among others the kernel, the orthogonal series and the least squares
method. J. D. Hart(1997), in his book “Nonparametric smoothing and lack of fit
tests”, examines the relation between a variable Y and a deterministic variable
x, expressed as Y = r(x) + €, where r denotes the regression function and ¢ the
error term. In later times Hart and Aerts et al. (2000) have developed tests
under different assumptions. In Lee and Hart(2000), they use the trigonometric
functions to estimate r and also supply a method to choose the order of the Fourier
coefficients.

In our work we have assumed the existence of a relationship expressed by the
model Y = r (X) + ¢ where X is a random variable, to test the no-effect hypoth-
esis Hy : r (z) = ¢, where ¢ is a constant. We have hence considered a projection
estimator of r (x) and defined the statistics of our test. We then analyze the asymp-
totic behavior of the test for independent and correlated observations, obtaining in
both cases the limit distribution and the necessary and sufficient conditions for the
consistency of the test.

2. DEFINITION OF THE TEST

We consider the sequences of r.v.s (X;,Y;) with 1 < i < n, defined on (Q, A, P)
with values in a mesurable space (E X IR, B X Br,u ® \) where u is a o—finite
measure on F and A the Lebesque measure. We suppose that the (X;,Y;) are
identically distributed, and also that X; «~ p with density f (x).
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We consider r (z) = E(Y | X = x) in the regression model Y = r (X) + ¢ and
we want to test the hypothesis Hy = ¢ where ¢ is a constant. Without loss of
generality, we pose ¢ = 0 ( as c¢ is known) since it is possible to apply the test on
the obsevations Y; — ¢ considering the model Y — ¢ = r (X)) + &. Moreover, if rq ()
is a specified function one can use the test for the hypothesis Hy : r () = ¢+ 1o (2)
running on the observations Y; — ¢ — rg (X;) .

We suppose that 7 € L? (1) , so that one can write r () =32, bje; (z) with the
fourier coefficients b; = (r,e;) = r (x) e; (x) dp () ; For a fixed positive integer k, let
{eq, €1, ...., ex} be an orthonormal system with eq = 1, in L? (1), which generates
a subspace Fj, with dim (Ej) = k + 1. The estimator of the regression function by
projection on Fj is defined by ( see Bosq and Lecoutre (1987))

ro (X,Y:;2) =71, (x) :§=0 binej ()
n
where b;, = . 1)/1‘6_7' (X;) is the unbiased estimator of the fourier coefficients b;.

n

~ 1 _
We observe that for j = 0 one has by, = — Y; =Y.
ni=1

To test the hypothesis Hy : r(x) = 0, we consider the distance d(r,,0) =
|7 — O] in L? (11) between the estimated regression function and the true one under
Hy, where ||.|| denotes the L? (1) —norm. Now we consider the statistic R,, = v/nr,
and its norm in L2 (1), ||R.| = v/7 ||rn]|, obtaining

||RYLH2 = n?:objn'
So the test rejects Hy for large values of ||R,||>. We observe that ||R,||> depends
only on the estimated Fourier coefficients and that the null hypothesis Hy : r (z) = 0
for every x versus Hy : 7 (x) # 0 is equivalent to the system Hg : b; = 0 Vj > 0
versus Hy : 35 > 0 : b; # 0. Indeed we shall consider the alternative hypothesis
H, (k) : r(z) # 0 with r such that it exists j € {0,1,...,k} for which b; # 0.
Subsequently, we will adopt the following notations:
For each j, let us define the centered real random variables

Dij = Yiej(X;) — E[Yie;(Xi),1 <i<n
and for

n_%Snj = niil’LDij = \/ﬁ(b\zn — bj)7

let us consider also the vectors

) n=2 S bon bo
n-285, = =+/n -1 .. =/n[B, — b
n_%Snk bin bi
Dy
and let D; = , for 1 <i < n and the linear combination v; :§=0 cjDs; =
Dy,

CTD; with C = (cg,...,cx) € RFF1. Note finally matrix Y indicating the matrix
with the elements defined by:

0ij = E{(Yie;(Xs) = bj)(Yiei(Xi) = bi)] (1)
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3. LARGE SAMPLE BEHAVIOUR

We give here some results; for details see Ignaccolo (2002), or Gadiaga (2003).
We first deal with the

INDEPENDENT DATA: We suppose now that the observations (X1, Y1), ..., (X,, Y,)
are independent identically distributed (iid).

Theorem 1:Under Hy : v = 0 and if E(Yf |Xi) = v, where v > 0 is a
constant, one has

d
D) |[Ral® 5 7Q, where Q ~x7.,.
2) Moreover, if E <|Dij\3> < oo (where D;; = Yie; (X;) — E (Yie; (X;))) for
every j then

(k+1)3k

[

Dn=sup [P (I Rall* < 1) = P(Q < )| < e
telR

where ¢y is a constant.

Proof:

1) Under Hy, the coeflicients of Fourier are equal to zero, i.e b = 0. By using the
central limit theorem in the multivariate case to the sequence (D;)1<i<n Where the
D; are of the same law and independent, we can write:

VABy = 3" Di £ 7 o N (0,Y)

where Y denote the general element:

oji = E[D;i;Dy] = E[(Yiei(X3))(Yiel(Xi))]

and by using the conservation of the convergence in law by continuity, one has:

nBlIyi1B, = n?:o/b\?n = |\Rn||2

i.e

IRu||? = nBL L1 By & 2711 Z

where I denote the identity matrix of order k 4+ 1. Moreover, the formula (1)
becomes (under Hy)

oij = E[Y7e;(X;)e(X;)]

= BIBE(Y?/Xi)ej(Xi)e(X)]
and, with the condition E(Y;?/X;) = v, one has:
0if j#£1
cElef(Xi)] =~ if j=1

K2

Oil =

e > =lgy1. Then ZT 11 Z =5 \jU? = 7Q since \; =~y are the eigenvalues

of >~ and the random variables U; ~ N(0,1) are independent. consequently,
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| Rall” 5 7o UF = 7Q.

2) By applyng Sazonov theorem (see appendix A) to the random variables D;,
with values in IR*+! | ii.d, centered, with the same matrix of variance-covariance
as Z.

If we take (to,t1,...,t,) as the basic of unit eigenvectors of >, then it coincide
with the canonical basic of IR**!; the scalar product
(D; t;) are the real random variables not correlated D;; and the eigenvalues A; are
equal to 7.

E[(D1,t;) (D1, t)] = tjrztl =1 (Nitr) = \oji = o1,
then (see appendix A)
El(Dut)f’]  E[IDyP

k

B[t P

(M)

3
’y 2
Consequently, one has (2).

Remark:
We also prove (Th. 5.2.5) in Ignaccolo (2002) that under Hi (k) one has
| Rn|® %5 00. So we can say that with o € 10,1 such that

P('yx,%H >w):a
it is possible to construct a test with rejection region {(xl, @) 1 || Ra)? > w}

with asymptotic size o and, under the null hypothesis, one has

~ w _
P (it 2) ol =0 ()
Since v is unknown, to apply the test one can estimate it by
I 1k
Moreover (Th. 5.2.6 in Ignaccolo (2002)) the test with rejection region || Ry, || > w,

is consistent with respect to Hy (k) if and only if w, — oo and — — 0.
n—oo n n—oo

¥ =1 Yf‘f]z (Xi) -
§=0

Now we handle the CORRELATED DATA to model a weak dependence.
In the following we suppose to have observations generated by (X, Y:),., that is
a — mizing with coefficients axy. We recall that a process (X¢),.,, is said strong
mixing (or oo — mixing) if

a(n) = sup sup |[P(ANB)—P(A)P(B)] — 0.
t€Z A€Ft _ ,BEF? n—0oo

t+n
where « (n) are the mixing coefficients and F* __ = o (X;,7 < t) denotes the o —algebra
generated by (X;,7 < t) and FY, = 0 (X;,i >t +n). Now we pose D;; = Yie; (X;)—
E (Yie; (X;)), for 1 <i < n, and V; :;‘?:0 ¢jDij = ¢I'D; with ¢ = (co,...,ck)T €
IRF*1 and we consider the assumptions:
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(A) E (|D1j|2+6D> < oo for 6p > 0;
(B) E (|V1\2+‘5V) < o0 for 6y > 0;
(C) 02> 0 where 02 = E (\V1|2) 12X E(ViV;) =5 E(WV;).

Theorem 2. Under Hy : v (x) = 0 and under the assumptions (B)-(C), we set

o= sup [P (I1Ra)* < w) = P (U] < u)]
weR
with U* :§:0 AiUje;, where /\;k-2 are the eigenvalues of the matrix * defined by
o5=E (Ye; (X1) e (X1)) +325E (Yie; (X1) Yier (X1)) 4525 F (Yie; (Xi) Yie (X1))
and the r.v.s U;j ~ N (0,1) are independent. Then
i) if axy (n) =0 n76(2+5)(1+6)/62) for some B > 1, then there exists a con-

stant vy, such that

N _a(B-1)
Ang yyn~ 2EFD

i) if axy (n) = O (e7"") for some B > 1, then there exists a constant 2 such
that

s
VANE N log1+6 n,

with 6 = max (dy, 0y ). Moreover,

k
2 d
[Bnll” =0 /\;‘2 Uj2'

Proof:

We will examine only case i), case ii) shows ourselves in a similar way. With the
notations and the conditions above, one can apply Tikhomirov theorem ( appendix
B) to the sequence V;, which is centered and real values by definition, stationary
and o — mizing with ay(n) = ax(n), since we have V; = CTX; = f(X;) with f
mesurable; then there exists a constant y; such that

_%n - _ _6v<ﬁl’_1)
sup P [nizl Vi < t} PN, <t]| <mn 20, £1)
where N, ~ N(0,0?) since 02 < +o0; but,

n n n
izlvi = 0111:1Xi1 + ...+ Cni:lXik

n T

Then, VC € IR*, CT65, % N(0,02) and if 02 = CT 3 C where 3 is the matrix of
variance-covariance of vector Z which is definite positive since 02 > 0, by condition
(C), on has:

CT8, 4 N (0,CT Y C) and €75, 4 CT . (3)
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It remains to be seen that 02 = CT Y C with Y symmetrical, one has:
o? = E(V?) + 22, E[V1 Vi)
but,

EWiVi] = E[[C"X1)[C"X,]"] = E[[C"X,X,"C] = CTE [ X, X;,"] C=C") " C.

In the same way, E[V;V1] = CT Y, C where ), ; = E[X1X]]. Then }_,, =
E[X;XT]. Further

o?=CTY C+2,C"Y C+2, Ty C
1,1 1, 1,1
=CTY 4y 4y Jo=Cc"y ¢
1,1 1,i 4,1

By (3), by applying the criterion of Cramer Wold, on has:

n"18, L 7 = Ny(0,))).

Under Hy, the coefficients of Fourier are equal to zero, i.e b = 0, then D;; = Y;c;(X;)
and consequently,

RICES
A < yn 2(6+1)

where ||R,,||? =nj_ Ob == O)\*QU2

in

Remark:

We prove again (Th. 5.3.8 in Ignaccolo (2002)) that under H; (k) one has
| Rn|l® %5 0o. Hence if we get o € )0, 1] such that

P (J:O)\;‘ZUJ2 > w) = a.

We can construct a test with rejection region {(ml,...,xn) R > w} with

asymptotic size «. Raeally the estimation of the eigenvalues )\;2 needs. Then we

define an estimator of o7 as ;i —U_il wy, (v) 651 (v), where 65, (v) is the classic
estimator of the crossed covariance of the stationary bivariate process (Dyj, Dtl)teZ ,
wy, (V) are weights satisfying some conditions and 1, is a sequence of positive in-

n
tegers such that 1, < n and lim [, = lim -—. Under suitable conditions &; is

n—oo n— oo l
consistent, so we can use the estimated ezgenvalues to have an approzimation of the
limit distribution (for further details see Ignaccolo (2002)).

To obtain the consistency of the test we set a boundedness condition, that is:

(D) sup sup max |Yie; (z)| = M < oo,
1<i<n zeE 0<j<k

and we have the following result :
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Theorem 3. Under the assumptions (B)-(D) and if 2,0 (i) < oo, where
a* (i) are the mizing coefficients for the r.v.s Yie; (X;), the test with rejection
region | Rp||* > wy, is consistent with respect to Hy (k) if and only if w, — oo

n—oo

Wn,
and — — 0 .
n mn—oo

Proof: The application of the theorem is equivalent to the following points:
1) ap — 0= w, — +©

2) 2ok (Z) < oo and Yn -0 = ﬂn(rl) 1

n n—oo

3) Bulr) 1= 22 0

n n—oo

where (3, (r1) denote the power of the test and «, is level:

O = 7”:0[||Rn||2 > wn}

ﬁn(rl) = PT'#0[||R7L||2 > wn] :

It is thus enough to prove the 3 points above.
1) For the random variable |[U* || =k_y X5?U?2, one has:

*2

k
P|U*[* > wn] < 22 — 0 <= w,, — +o0.
W

According to item i) of theorem 2, one has:

5(B—1)
2(

an = Pl|U** > w]| < yn™ 27D
then «,, — 0 if and only if w, — co. What we get by considering also item ii) of
theorem 2.
2) According to H;(k), there is 5 € {0,1,...,k}, that is to say jo such that
bjo = E[Yejn (X)] # 0. )
Let m > 1 be an integer and N (b;,,m) the smollest integer such that On < o
n

Jo» m2
for n > N(bj,,m). As

w ~ w
1Ral® < wn =g By < 22 = [bn| < /=2
for n > N(bj,,m), one has
~ b
‘bjon | i;)Lnlv
from where,

~ ~ 15, m—1
‘bjo —bjo| = [bjo| — ’bjo > |bje| — T:IO = [bj, | -

Consequently, for n > N (bj;,, m),
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~

2 m—1
Pl|R,|” < wy,] < P[ ol —]
N 2

E[‘bjon - bjo ] B Va,r(gjon) m2

m—1 b2 —1)2
bl (e b ()

1 - ﬂn(rl)

bjon - bjo 2 |b]

o~

by using Bienaymé-Tchebychev inequality. Let us raise Var(b;,,); by posing R(i) =
Cov(Yiejy (X1), Yitrejo (Xit1)),

~

1 n
Var(bjyn) = ﬁvar(izlnejo(Xi))

= 0=

n|i|<n—1 n

IN

C{IR(O)| + 25 RG]

Var(son) < ~[IRO)| +8MZ, [a*(0)]

where in the last majoration, we have used exponential inequality:

[Cov(Ys, Yst)| < 4[Yslloo [[Vortllo @ (£)

to the random variables Y;e;(X;) bounded by assumptions.
Then, 1 — 3,(r1) — 0 for n — +o0.
3) One reasons by adjonction by supposing that n 0; then, there is n > 0
n

and an infinite part N; C IN such that Wn > n for n € Ny. Taking n € Hy(k)
n

such that 0 <§=0 b? < 7, then existence is done because for a given n > 0, take
ri(x) = biei(x) in Hy(k), choosing 0 < by < /7, then ?:Obi < 1. The condition
Bn(r1) — 1 give for n € Ny,

PlE_gb?, < 1] < Pl_ob?

jn = jn = =

-n
n n—-+oo
In addition

k /b\2 a.sk b2

5=005n =005 <1

from where,

which is absurd.
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4. CONCLUSION

This work lies in the wake of the functional tests of fit associated with the
projection estimators, introduced by Bosq (for general results see Bosq (2002)).
The results of this work bring us the limit distibutions for the case of no effect
hypothesis, for correlated data, the method requires an estimation of the eigenvalues
and the deermination of the quantiles of a linear combination of y%. Simulations to
evaluate the empirical power of the test are in progress.

5. APPENDIX

A- Theorem of Sazonov (Sazonov, 1968) [9,10]

Let (X,,)n>1 be a sequence of random variable of values in IR*, independent and
of the same law v, centered and admitting one moment of order 3. Let C' be the
class of convex measurable of IRF; and let t = (ty,ta,....,tx) be a finite part of
IR* such that the scalar productl ((X1,t;)),7 =1,,....,k are not correlated random
variables. Then

sup [P,(B) — N(B)| < okl *p\n~%, n>1
BeC

k
where P, denote the law of —  X;, N the normal law having the same moments
N,
of order 1 and 2 like v and where we posed:

o_ ElXn )1
B )

and where cg denote a universal constant.

B- Theorem of Tikhomirov
Let (Xy)ier a process centered, stationary, o — mixzing and of real values. Let

us pose
A, =sup P(n_%S’n <t)—P(N, <t)
telR
1 n
where N, ~ N(0,02%), S, = —  X;

Vi
If E[|X1]*™°] < 400 for 6 >0, and if o2 > 0,0ne has:
i) If a(n) = O(n’ﬁ@*‘s)(pﬂs)/‘sz) for > 1 then there is a constant v, such that

5(B—1)

i) If a(n) = O(eP™) for B > 1, then there is a constant v such that An< von~% log'*d n.
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