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N-DIMENSION CENTRAL AFFINE CURVE FLOWS

CHUU-LIAN TERNG! & ZHITWEI WU*

Abstract

For n-dimensional central affine curve flows, we

1) solve the Cauchy problem with periodic initial data and with
initial data having rapidly decaying central affine curvatures,

2) construct Backlund transformations, a Permutability formula,
and explicit solutions,

3) write down formulas for the Bi-Hamiltonian structure and con-
servation laws.

1. Introduction

In this paper, we study the Cauchy problem, Béacklund transforma-
tions, and the bi-Hamiltonian structure for central affine curve flows on
R™\{0}.

The group SL(n,R) acts transitively on R™\{0} by the natural ac-
tion g -y = gy for g € SL(n,R) and y € R™. First we review the
central affine arc-length parameter, central affine moving frames, and

central affine curvatures for curves in R™\{0} (cf. [3], [17]). Given
(n—1

a curve 7 in R™\{0}, if det(y,vs,...,7s )) is positive, then there is

an orientation preserving parameter z unique up to translation, 4 =

' ds
2
det (7, s, - - - K}ﬂgn_l))”(”—l), such that
(1.1) det('y,’yx,...,%(c"_l)) =1,

where ’y;(ci) = %. Such parameter x is called the central affine arc-length

parameter, and

9= )

is called the central affine moving frame along ~.
Take the = derivative of (1.1) to get

det(v, vy - - - :(C"_Q),yé”)) =0.
Hence, we have
(1.2) A =y 4 ugye A Uno19 Y,
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146 C.-L. TERNG & Z. WU

where u; = det(v, vz, - - -, g(f_2),’y;(cn), g(f), . ,*yén_l)) is the i-th central
affine curvature of ~v for 1 <i <n — 1. Note that

where b = Z;:ll i1, and u = Z;:ll ujein. Here we use e;; to denote
the n X n matrix whose entries are all zero except 1 on the ¢j-th entry.
We also call u the central affine curvature of ~.

Let I= 5! or R, and

Mo (1) = {y : T— R"\{0} [det(y, 7z, ..., 7" Y) = 1},
V, = EB?:_IIRem C sl(n,R).

Let U : M,(R) = C*®(R,V,,) be the central affine curvature map de-
fined by

n—1

U(y)=u= Zuiem =9 'g: - b,

i=1
where g and u are the central affine moving frame and curvature along
~. It follows from the Existence and Uniqueness Theorem of ordinary
differential equations that {u1, ..., u,—_1} forms a complete set of differ-
ential invariants for v € M, (R).

Mari Beffa proved in [13] that central affine curvatures for curves
v € M, (R) are linear combinations of Wilczynski’s projective invariants
for curves 7(y) in RP""! in [24], where 7 : R"\{0} — RP"! is the
natural projection.

We say n(y) = (01,-..,0m) : R = R™ is a differential polynomial of
order k iny = (y1,...,yn)t € C°(R,R") if each 7, is a polynomial in
(y,»);]) for1<i<mnandj<k.

A central affine curve flow is an evolution equation on M,,(R) of the
form

(1L3) = X(3) = gé(u) = o(u)y + &1 + -+ Eamr ",

where X () is tangent to M, (R) at 7, g(-,t) is the central affine moving
frame along (-, t), and &(u) = (&o(u),...,&—1(u))! is a differential
polynomial in the central affine curvature u(-,t) of y(-, ).

It is easy to see that central affine curve flows are invariant under
the action of SL(n,R) on R™\{0} and translations in the (z,¢)-plane.
In other words, if v(x,t) is a solution of (1.3), then so is F(z,t) =
cy(z +r1,t+ re), where ¢ € SL(n,R) and r1,r2 € R are constants.

Drinfel’d and Sokolov associated to each affine Kac—Moody algebra
a KdV type soliton hierarchy in [6]. The j-th flow of the hierarchy

associated to ASZl (i.e., the ASZl—KdV hierarchy) is of the form
(1.4) up = [0z + b +u, Zjo(u)] = (Zjo(u)s + [b+u, Zjo(u)],

for some sl(n,R)-valued differential polynomial Z;o(u).
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It was proved in [6] that the j-th Ale_)l—KdV flow (1.4) is the j-th

Gel’fand—Dickey (GD,,) flow,
(1.5) Ly = [(L7)+, L],
when u = Z?:_ll uiein is identified as L, = 0 — Z?:_ll uiag(f_l).

A natural hierarchy of curve flows on RP" !, whose projective in-
variants satisfies the Agzl—KdV hierarchy, was given by Mar{ Beffa in
[11] and also by Ovsienko and Khesin in [16]. When n = 3, the second
projective flow on RP? was also noted by Chou and Qu in [4]. These
curve flows on RP"~! lift to the following hierarchy of central affine
curve flows on M, (R),

(1.6) Y = gZjo0(u)er,

where g(-,t) and u(-, t) are the central affine moving frame and curvature
along v(-,t), Zjo(u) is as in (1.4) and e; = (1,0,...,0)" € R™. It was
proved by Mari Beffa in [13] that the central affine curvature map ¥
gives a one-to-one correspondence between the space of solutions of (1.6)
modulo SL(n,R) and the space of solutions of (1.4).

For example, the second and the third central affine curve flow on

M, (R) are

2
(1.7) Tt = _gun—l’)’ + Yoz, N F 2.
3 3(n—3 3
(1.8) 7 = (—un_g - H(“n—l)x) Y= —Un-1Ye+Vozzs N F 3.
n 2n n

Note that when n = 2, we have v,, = u;7y. So (1.8) becomes

1 1

(1.9) "= 1(U1)w — UL

Pinkall proved in [17] that if -y is a solution of (1.9) on M3(R), then u;
is a solution of the KdV equation,

(12)e = ((un)aze — Gun (1)),

Next we explain some of our results:

Cauchy problem

The Cauchy problem for the Agll_)l—KdV hierarchy with rapidly decay-
ing initial data was solved by the method of inverse scattering (cf. [2]).
We use the central affine curvature map ¥ to show that the solution of
the Cauchy problem of the AS_)I—KdV hierarchy gives the solution of
the Cauchy problems for the central affine curve flows with initial data
having rapidly decaying central affine curvatures and with periodic ini-
tial data. The proof of the rapidly decaying case follows directly from
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the correspondence between the spaces of solutions of (1.4) and (1.6)
under the central affine curvature map W. For the periodic case, we
need to solve the period problem.

Bécklund transformation (BT)

Adler used Miura transform to construct a class of BT's for the GD,,-
hierarchy in [1]. We constructed in [23] a class of BT's with a parameter
k for the GD,, hierarchy and showed that Adler’s BTs are our BTs with
parameter £ = 0. So we can use the central affine curvature map ¥ to
construct BTs for the central affine curve flow (1.6) from BTs for (1.4).
But this direct approach does not seem to give a geometric formula
relating the new solutions and the given solution of (1.6). We need
more results in our paper [23] to give a geometric formula. Moreover,
BTs with parameter k£ # 0 and k£ = 0 for the central affine curve flows
are given by different formulas. We also use BTs to construct infinitely
many explicit soliton solutions and rational solutions of the central affine
curve flow (1.6).

Bi-Hamiltonian structure
The well-known Adler-Gel’fand-Dickey (AGD) bi-Hamiltonian struc-

ture for the AS_)I—KdV hierarchy (cf. [5]) is a pair of compatible Poisson
structures {, }1 and {, }2 on C°°(S%,V},). Here compatibility means that
c1{, }1 + c2{, }2 is again a Poison structure for all constants c1,ca € R.

Note that if y(u) is a differential polynomial in u then ¢(y(u)),dz =0
foru e C>*(S*,V,,) and [ (y(u))zda = 0 for rapidly decaying u : R —
Vi. So the AGD brackets and their Hamiltonian theory works for both
the periodic and rapidly decaying cases.

Ovsienko and Khesin in [16] determined all symplectic leaves of the
AGD brackets {, }1 and {, }2 on C*°(S',V;,). In particular, they showed
that the space C°(S1,V},) of u € C*(S',V,,) with trivial monodromy
for the linear operator ¢~'¢, = b+u is a symplectic leaf for {, }o. Since

the central affine curvature map ¥ induces a bijection from {9\/227(15]13 to
1
C>(S',V,,), the pull back of {,}2 by ¥ is symplectic on ﬁ’zfﬁR;

It is known that the two AGD brackets give rise to a sequence {, };
of compatible Poisson structures for i > 1 (cf. [5], [9]) and the Poisson
operator of {,}; is J; = (JoJ; 1) 2 Ja.

Let {, }? be the Poisson bracket on M, (S*) pulled back by the cen-
tral affine curvature map ¥ from {,}; for i > 1. So we can use ¥
and formulas for J; to obtain properties of Poisson structures {,}/
on M, (S'). But this translation of the bi-Hamiltonian theory for the
Ang_)l—KdV hierarchy to that of the central affine curve flow hierarchy

involves some delicate and long computations. We also prove the fol-
lowing results:
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(i) We identify the kernels of {,}4 and {,}4 on M, (Sh).

(i) We find two embeddings from M, (S!) to certain co-adjoint or-
bits such that the restrictions we and ws of the co-adjoint orbit
symplectic forms are the 2-forms defined by the Poisson structures

{,}2 and {,}3. )
(iii) The 2-form wy induces a symplectic form on %.

(iv) The group R™! acts on M,,(S!) generated by the first (n — 1)
central affine curve flows. Since the central affine curve flows com-
mute with the SL(n, R)-action, the direct product SL(n, R)xR?~!

acts on M, (S'). We show that w3 induces a symplectic form on
My (Sh)
SL(n,R)xR—1"
(v) We write down the formulas for the closed forms wy and w3 in
terms of tangent vectors of M., (S1).

Result (iii) was proved by Fujioka and Kurose for the case n = 2 in
[8], and the formula for w3 on M., (S!) was obtained by Calini, Ivey,
and Mari Beffa in [3] when n = 3.

Let G be the Lie algebra of a finite dimensional semi-simple Lie group
G. If the Lax pair of a soliton equation is G-valued, then it is often
possible to find a homogeneous space %, moving frames for curves in
%, and a G-invariant geometric curve flow on % so that the evolution of
differential invariants for a solution of this curve flow is the given soliton
equation. In [12], [13], [14], and [15], Mari Beffa used Fels and Olver’s
moving frame method (cf. [7]) to construct moving frames for curves
in % and then used reduction of the natural bi-Hamiltonian structure
on C*(S',G) to the space of differential invariants to give a general
construction of integrable curve flows on % The first author in [21]
used slices of the gauge action of C*(R, H) on C*(R,G) to construct
moving frames for curves in % so that the space of differential invariants
is the phase space of some soliton equation, then used the Lax pair of the
soliton equation to construct an integrable curve flow on % We refer
the readers to these papers for more examples and references concerning
integrable curve flows on homogeneous spaces and soliton equations.

This paper is organized as follows: In Section 2, we review the con-

struction of the Agzl—KdV hierarchy and introduce the operator P,
that is needed to write down the formula for the AGD brackets. In
Section 3, we review the relation between the Afll_)l—KdV and the cen-
tral affine curve flow hierarchies and study the Cauchy problems with
periodic initial data and with initial data having rapidly decaying cen-
tral affine curvature. We construct Béacklund transformations and a
Permutability formula and families of explicit solutions for the central

affine curve flows in Section 4. In Section 5, we review the Hamiltonian
aspects of the AS_) 1-KdV hierarchy and write down the AGD brackets

in terms of the operator P,. Results (i)—(v) stated above are proved
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in Section 6. We use n = 3 through out the paper as our running
example.

The authors would like to thank the referee for many good suggestions
and references for the revision of the paper.

2. The A" -KdV hierarchy
In this section, we

1) review the construction of the AS_)I-KdV hierarchy (cf. [6], [22]),

2) solve the Cauchy problem for the central affine curve flows with
periodic initial data or initial data with rapidly decaying central
affine curvatures,

3) define and give properties of operator P,, which will be needed
to write down the formula for the bi-Hamiltonian structure in

Section 5.

First, we set up some notations. Let
By = {y = (yyy) € sl(n,R) | yij = 0, > j},
B, ={y = (yi;) € sl(n,R) |ys; = 0,1 < j},
Ny =1y = (yiy) € sl(n,R) [ yi; = 0,0 > j},
Dy =A{y € gl(n,R) |yij = 0,0 # j}
denote the subalgebras of upper triangular, lower triangular, strictly

upper triangular matrices in sl(n,R) and diagonal matrices in gl(n,R),
respectively. Let NI denote the corresponding Lie subgroup of N,/ .

Construction of hierarchy on C*(R, B;})
Let

& € sl(n,R), ng integer

L(sl(n,R)) = $EA) = Y &N

J<no

For £ € L(sl(n,R)), we use the following notation:

=Y N, & =) gN.

720 j<0
Let
n—1
(2.1) A=ed+b, b= e
i=1

A direct computation implies that

(22) Al=®H"TIA4+b, A=) I 1<i<n—1,
(2.3) A" =\,

Use (2.2), (2.3) and a direct computation to get the following.
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Proposition 2.1. ([6]) Given & € L(sl(n,R)), then there exist unique
& € Dy, such that € =Y, &A"

Given y = diag(yi,...,yn) and a permutation 7 of {1,2,...,n}, let
y" = diag(yr(1);---»Yr(n))- Let o denote the permutation defined by
o(l)=nand o(i) =i —1 for 2 <i <n. Then

y” = diag(yn, Y1, - - Yn—1)-

A direct computation implies that
(2.4) Ay =y°A, Ay =y AL

Proposition 2.2. ([6]) Given ¢ € C®(R,B}}), then there exists a
unique T = T(q,\) = T+ > ,00Ti(q)A™" with Ti(q) € C®(R,Dy),
T(q,\)e1 = e1 and

(2.5) T@r+A+ T =0+ A+ > fih ™
>0

for some f; in C*°(R,R). Moreover, T; and f; are differential polyno-
mials of q.

Example 2.3. ([6]) We explain how to compute T'(u,A\) = I+
Y is0 Ti(u)A=% and f; of Proposition 2.2 for u = Z?;ll Ui€in. It is easy
to see that u = Z;:ll v; A%, where v; = Up—i€n—in—i- The condition
Te; = 0 means that T, = 0 and the (n—i+1,n—i+ 1) entry of Tp54,
is zero for 1 <i <n — 1. Equation (2.5) gives

(2.6) T(A+u)—T, — AT =Y fih™'T =0.
i>0

Substitute the power series of w and T"in A into (2.6) and use (2.4) to ex-
press the left hand side of (2.5) as Y.~ miA~" for some ; € C*®(R, D,,).
We use induction on i to show that we can find unique 7} to make 7; = 0.
For example, ng =11 — 17 — fo = 0. Take trace to see that fo = 0. So
T) — TY = 0, which implies that 71 = h;1I,, for some h. But (17)n, =0,
so T1 = 0. The coefficient of A~! gives m =1To—T5 +v1 — fi = 0. Take
trace to see that nf; = tr(vy) = u,—1. So T3 can be solved uniquely from
T-T§ = %un_lln—vl and (T2)n—1,n—1 = 0. The coefficient of A2 gives
T3 —T§ + vy — (T2)g — fo = 0. Take trace to get nfa = up—o — tr(712),.
Continue this computation to get T3, f3, ... etc. In particular, we obtain

filu) = .

1
Fal) = Ftn s — tx(To(0))
n — 3 2
o n

) = s+ 202 ) = (T,
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Since [0y + A+ )50 fiA=% AJ] = 0, bracket (2.5) with AJ gives
[T(0y + A+ )T A =0,

Conjugate this by 77! to see that [0, + A+ ¢, T 'AJT] = 0. Hence, we
get the following known result:

Theorem 2.4. ([6], [22]) Let ¢ and T(q, \) be as in Proposition 2.2,
and
Y(a,A) = T~ (g, AT (g, \).

Then
1) Y(g,A) =A+> 5 yi(q)A~" for some differential polynomial y;(q)
€ C*(R,Dy),
2) Y satisfies
O +A+q,Y(q,\)] =0,
@7) [0: + A+ q,Y(q,N)]
3) Y(q,\) can be solved uniquely from (2.7),
4)
(2.8) [0: + A +4,Y7 (g, M)] = 0.
The second equation of (2.7) gives
(2.9) Y™ (g, X) = XY (g, \).
Write
[2]+1
(2.10) Yi(g, ) = > Yiilg)N'
It follows from (2.9) and (2.8) that we have
(2.11) Yotj0(q) = Yj-1(q),
(2.12) 00 + b+ 4, Yiala)] = [Yii1(0), 1a].
Since the right hand side of (2.12) lies in C*°(R, B;}),
(2.13) gt = [0: +b+q,Yj0(q)]

is an evolution on C®°(R, B;'), which is the j-th flow on C*(R,B,}). Tt
can be checked that these flows commute and u is a solution of (2.13)
if and only if

00 + A+ ¢,80+ (Y7 (g, A)+] = 0,

for all parameter \ € C.
The Afll_)l—KdV flows as quotient flows under gauge action

Next we review the gauge invariance of (2.13) ([6]). The group
C*>®(R, N,I') acts on C*°(R, B;}') by gauge transformations
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Axqg=Ab+ A7 — A AT —b,
for A € C*(R, N,5) and ¢ € C*(R, B;"). Or equivalently,
Ay +b+ A =0, +b+ Axq.

It can be checked (cf. [22]) that if Y(g,\) is a solution of (2.7) and
A € C®(R,N;}), then Y(A % ¢, \) = AY(q,\)A™L. Hence, the flow
(2.13) is invariant under the gauge action of C*°(R, N,").

It was proved in [6] that given ¢ € C°(R,B;}) there exist unique
A € C®°(R,N,;5) and u € C*(R,V,,) such that A x ¢ = u. In other
words, each gauge orbit of C®°(R, N,I) meets C*(R,V,,) exactly once
and C*°(R,V},) is a cross section of the gauge action. So C*°(R,V},) is
C>=(R,B})
C>(R,N,7)’
flow on the cross section C*°(R, V},) by projecting down along the orbits.
Hence, given u € C®(R,V,,), there is a unique N, -valued differential

polynomial (j(u) in u, such that

isomorphic to the orbit space and (2.13) induces a quotient

(2.14) [0 + b+, Yjo(u) — ¢j(u)] € Vi, = B[ Rej.

Set

(2.15) Zi(u, \) = (Y (u, )y = Glu) = Y Za(w)\.
0<i<[Z]+1

Then

(2.16) Zjo(u) = Yjo(u) — (u),

and (2.14) can be written as

(2.17) [0r +b+u,Zjp(u)] € CC(R,V,).

The j-th Agllll—KdV flow (j > 1 and j # 0 (modn)) constructed by
Drinfel’d—Sokolov in [6] is the flow (1.4) on C*(R,V},), i.e.,
Ut = [82 +b+ u, ij(u)].
Proposition 2.5. ([6]) Let A = ejpA + b be as in (2.1). Then the

following statements are equivalent for u € C*(R2,V,,):

(i) u is a solution of the j-th Afll_)l—KdV flow, (1.4).
(ii) System

-1 —

9 g = Zjo(u)

is solvable for g : R?> — SL(n,R).
(iii) For all parameter X\ € C, we have

(2.19) O +A+u, 0+ Zj(u,\)] = 0.
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(iv) Given any constant X\ € C, the following system is solvable for

E(z,t,\) € GL(n,C):

E7'E, = A +u,
(2.20) E'E; = Zj(u, \),
E(z,t,\) = E(z,t,)).

Definition 2.6. Let u be a solution of the j-th ASZI—KdV flow (1.4),
and O an open subset of C. We call a smooth map F : R? x O —
GL(n,C) a frame of u if E(x,t,\) is holomorphic for A € O and
E(z,t,\) satisfies (2.20).

Remark 2.7.

(i) Equation (2.19) gives a flat sl(n, C) connection on the (z,t)-plane
for each parameter A and is called the Lax pair of the solution
of (1.4). A solution E(-,-, ) of (2.20) is a parallel frame of the
flat connection (2.19). The parameter A is often called the spectral
parameter in the literature of soliton theory.

(ii) The linear system (2.20) depends on the parameter A € C poly-
nomially. So given a holomorphic map ¢ : C — GL(n,C) satisfy-
ing ¢(\) = ¢()), the solution E(x,t,\) of (2.20) with initial data
E(0,0,A) = ¢(\) is holomorphic in parameter A € C.

(iii) The third condition of (2.20) implies that E(z,t,\) € GL(n,R)
for A € R.

(iv) If E(x,t,\) is a frame of a solution u of (1.4) and ¢ : C — GL(n,C)
is holomorphic and satisfies c¢(A) = ¢()), then c¢(\)E(z,t,\) is
again a frame of u.

From d(Indet(E)) = tr(E~'dE) and tr(A+u) = tr(Z;(u, ) = 0, we

have
Corollary 2.8. If E(x,t,\) is a frame of a solution u of the j-th
A;l_)l—KdVﬂow, then det(E(xz,t,\)) is independent of x,t.
The operator P,

Recall that Z;o(u) satisfies (2.17). Next we give some properties of
C € C*(R, sl(n,R)) that satisfies the same condition.

Theorem 2.9. Givenu € C*°(R,V,,), if C = (Cyj) € C*(R, sl(n,R))
satisfying

(2.21) [0z +b+u,C] € C(R,V,),
then
(i) entries of C are differential polynomials in u,Ca,...,Ch1,
(ii) there exist differential polynomials ¢; in u and Cya,...,Ch_it31

for 1 <i<n-—1 such that
(2.22) Cpi = Cpojg11 + (1 = 1)(Cnoig2,1)z + ¢i(u, Cnts - -, Cri31),
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(iii) Ci;’s are differential polynomials in u,Cp,...,Cpp_1.

Proof. Let C; denote the j-th column of C. It follows from C, + [b+
u,C] € V,, and a direct computation that Cj11 = (Cj)z + (b+ u)C; for
1 <j <n—1. Using this formula and >} ; Cs = 0, we can prove (i).
Statements (ii) and (iii) can be proved using (i) and induction. q.e.d.

Theorem 2.9 implies that if C' = (C};) satisfies (2.21) then Cj;’s are
determined by the first column or the last row of C. So we have

Corollary 2.10. Let u € C*(R,V,), and B,C € C®(R,sl(n,R)).
Suppose B and C satisfies (2.21). If B and C have the same first column
or the last row, then B = C'.

Definition 2.11. Let V! = @' Re,;. Fix u € C®(R,V},), let
P, : C®(R, V) = C®(R, sl(n,R))

denote the map defined by P,(v) = C, where C' is the unique sl(n,R)-
valued map satisfies mo(C') = v and [0 + b+ u,C] € C°(R,V,,). Here
7o is the projection of sli(n,R) onto V! defined by

n—1
(2.23) 7o :sl(n,C) = Vi mo(y) = Zymem, for y = (yij)-
i=1

It follows from Theorem 2.9 that P, is well-defined and the entries of
P,(v) are differential polynomials in v and v.

Since [0y +b+u, Zjo(u)] € V,, we have Z;o(u) = Py(mo(Zjo(u))). It
follows from (j(u) € N, and Zjo(u) = Y;o(u) — (j(u) that we have the
following.

Corollary 2.12. Let m be the projection onto V! defined by (2.23),
Y (u, \) the solution of (2.7), and Y;o(u), Zjo(u) = Yjo(u) — (j(u) as in
(2.10) and (2.15). Then Z;o(u) = Py(mo(Z;0(u))) = Pu(mo(Yjo(u))).

So the j-th Aill_)l—KdV flow (1.4) on C*°(RR,V,,) can be written as
ug; = [0r + b+ u, Py(mo(Yj0(w)))]-

Example 2.13. We use the algorithm given in the proof of The-
orem 2.9 to compute P,(v) for n = 2,3. For n = 2 and u = geya,
v = £eog1, wWe get

_& 1
(2.24) P,(v) = < 2 2§ﬂlm + q§> ]
3 58
For n =3, u = uie13 + usess, and v = vies) + vae30, we have
—vh + 2vf — Zugvr pio P13
(2.25)  P,(v) = vy — vy P22 P23 ;

/ 1, .7 1
U1 V2 Uy — 3V + 3U2V1



156 C.-L. TERNG & Z. WU

where
2 2
pr2 = —vh + 5(01)553) - g(uzm)' + uqvy,
2 2
D13 = —(U2)§c3) + 5(1’1);4) - 3(“2“1)” + (u1v1) + urvg,
1, 1
P22 = —gvl + §U2U1,

1 1
po3 = —vh + g(vl)f’) - g(UgUl)/ + ugvg + uvy.

Example 2.14. ([3], [6]) We write down the formula for Z (u) and
the second Aibl_)l—KdV flow with n = 3. We have computed T;’s for small
i in Example 2.3, so we can compute the first column of Y7 (u,\) for
small j. We see that the first column of Y3 o(u) is (—3uz,0,1)". Use for-
mula (2.25) for P,(v) to see that v1 = 1 and vy = 0. By Corollary 2.12,
Zao(u) = P,(v). Use Example 2.13 to see that

3 up — %(UQ)I (ul)x - %(UZ)xx
(2.26) ZQ,O(U) = 0 %UQ Uy — %(UQ);B
1 0 Tu2

Therefore, the second A§)-KdV flow, u, = [0, + b+ u, Zao(w)], is
(227) (ul)t - (Ul);m; - E(UQ):EMU + §U2(u2)m,
(u2)t = —(u2)zz + 2(u1)a-

3. The central affine curve flow

In this section, we review the relation between the Afllzl—KdV hierar-
chy and central affine curve flows (cf. [3], [13]) and use the solution of

the Cauchy problem of the Af(llzl—KdV flows to solve the Cauchy problem
for the central affine curve flows.

Descriptions of tangent vectors of M, (R)

Let v € M,(R), and u € C*®(R,V,,) its central affine curvature. We
first derive some conditions for é-y being a tangent vector of M,,(R) at ~.
Since det(y, vz, - - - ,’yén_l)) =1{,... ,’yx } is a basis of R™ for each

z € R. So given X € C*(R,R"), there exist & € C*°(R,R) such that

X = ZZ o0 & l) Take var1at1on of the equation det(vy,... ,ry;E,”’l)) =1

to see that dy = Zi:o 51-% is tangent to M,,(R) at v if and only if

(3.1) Zdet G0 (67)0,40+D 4Dy =0,
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Use (1.2), (3.1) and a direct computation to obtain the result noted in
[13]:
50 - ¢n(u7§17 cee 75%—1)7

for some differential polynomial ¢, in u,&,...,&—1.

Example 3.1. X (v) = Z?:_ol fwg(f) is tangent to M, (R) at v if
1

& = —553, for n = 2,

§o = —%( 5 + 381+ 2ugéy), forn =3,

& = i( Vb ALl + 6€] + Bubés + bush + 2uaés + 2uzls), for n = 4.
Here we use 3/ = v, y// = yg(c ), ym = y;(,;3). For general n, we have

fo= (6 ) o).

Proposition 3.2. ([13]) Let ¥ : M, (R) — C>*(R,V,,) be the central
affine curvature map and u := V(y). Then the differential
d\II’Y((SIY) = [ax =+ b + u7g_159]7

where g = (Y, Yas - - - ,'yg(gn*l)) is the central affine frame for v and

89 = (67, (07)as -, (G9)I).
Proof. Take variation of ¢"1g, = b+ u to get
du=—(g""0g)(b+u) + g~ (59)a-
Set n = g~'6g and compute directly 7, to get n, = —[b+u,n] +du. But
U(y) = g tg, —b. Hence, d¥.,(67) = du = [0, + b+ u,g '0g]. q.e.d.

As a consequence of Proposition 3.2, we see that if §y € (TM,(R))~,
then C = g~ !dg satisfies (2.21). In fact, this is also a sufficient condition.

Proposition 3.3. ([13]) Let v € M, (R), g and u the central affine
moving frame and curvature along v. If C = (Cy;) : R — sl(n,R)
satisfying (2.21), then

£(7) = gCer = ch“ Y

is tangent to My (R) at .

Proof. Let g = (’y,...,’y;(gn*l)) be the central affine moving frame

along v, C; the i-th column of C, and 7; = gC;. Then g~ lg, = b+ u
and £(y) = gC1 = m. Let p = [0z +b+u,C] = Cy + [b+u,C]. Then
p €V, and

(3.2) (9C)z = 9.C + gCr = gC (b + u) + gp.
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Since the first (n — 1) columns of p are zero, (3.2) implies that 7,41 =
(ni)z for 1 <i <n—1. So we have

EENEY = ()™ = mi = 9Ci.

Hence, det(vy,..., g(f_g), (g(fy))g‘l),yﬁ),...,75"‘1 ) = Cy. Since C' is
in sl(n,R), we have > | Cj = 0. So &(7y) satisfies (3.1), i.e.,

> det(y, ..., A0 (@)Y AW, LAYy = 0.
=1

Hence, £(7) is tangent to M, (R) at ~. q.e.d.
By (2.17), Z;jo(u) satisfies (2.21). So we have the following.

Corollary 3.4. ([13]) Let v, g, u be as in Corollary 2.10, and Z;o(u)
as in (2.16). Then &(v) = gZjo(u)e is a tangent vector field of My, (R)
and (1.6), v+ = gZ;o(u)er, is a flow on M, (R) (the j-th central affine
curve flow).

Since Yjo(u)er = Zjo(u)er, the j-th central affine curve flow (1.6)

can be written as
Ve = gYjo(u)er.

Example 3.5. We explained in Example 2.3 how to compute T
Since Y = T—'AT, we can compute Yjo(u). In particular, we get for-
mulas for small j.

(i) The first column of Y3 (u) is (—%un,l, 0,1,0,...,0)! for general

n. So the second central affine curve flow on M3(R) (cf. [3]) is

2

(3.3) M= U2y + Vs

(ii) For n # 3, the third central affine curve flow on M, (R) is (1.8).
(iii) The fourth and the fifth central affine curve flows on M3(R) are

1 1 u
vy = —§(Qu§’ — 3uy — 2u3)y + g(Ué —u1)Ye — 32%96’
1 1 1
v = §(—u/1' + uiug)y — §(U/2/ — 3u) +u3)y + g(ué = 2u1) Yz

The following is a consequence of Proposition 3.3.

Corollary 3.6. Suppose g, u are the central affine moving frame and
curvature along v € My (R), respectively. Let g = (67, .., (57)3(6"71))

for 6v € T,My(R). Then:
1) g7'6g = P.(mo(g~'6g)), where mg is the projection onto V! defined
by (2.23).
2) Given v € C®(R,V}), then dv := gP,(v)er is in TyM,(R) and
g 1og = P,(v).
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Proof. By Proposition 3.2, AU (0v) = [0,+b+u, g~ 16g] € CP(R, V,,).
Then (1) follows from the Definition of P,, and (2) follows from Propo-
sition 3.3. q.e.d.

Next we identify the kernel of d¥. Recall that ¥(vy;) = ¥(y2) if and
only if there exists ¢ € SL(n,R) such that v2 = ¢y;, where U is the
central affine curvature map. So we have

Proposition 3.7. Let ¥ : M, (R) — C>®(R,V,,) be the central affine
curvature map, V() = u, and g the central affine moving frame along
v € My (SY). Then

(i) Ker(dV¥,) = {coy|co € sl(n,C)},

(i) U=Y(W(y)) is the SL(n,R)-orbit at ~.

Corollary 3.8. Let g and u be the central affine moving frame and
curvature along v € My, (R), and & € C°(R, sl(n,R)). If [0y +b+u, ] =
0, then there exists cg € sl(n,R) such that £ = g~'cog = Py(mo(9  cog))
for some ¢y € sl(n,R) and g€e1 = coy is tangent to M, (R) at ~.

Proof. By definition of P,, £ = P,(mp(§)). Proposition 3.3 implies
that 0y := g€e1 € Ty M, (R). Corollary 3.6 implies that { = P, (mo(§)) =
g~ '8g. By assumption, §¥,(dv) = 0. Conclusions follow from Proposi-
tion 3.7 (i). q.e.d.

Remark 3.9. Note that the image of the central affine curvature
map ¥ : M, (SY) — C°°(S',V,) is the space C.(S',V,) of all u €
C>(S',V,,) such that the solution g~'g, = b+ u is periodic, i.e., u
has zero monodromy. Moreover, all formulas are given by differential
polynomials. Hence, results of this section work for M, (S').

Correspondence between central affine curve flows and Aflll -
KdVv

The following correspondence between solutions of the central affine
curve flows and of the Agbl_)l—KdV flows was given in [13]. Since the
proof is short, we include here.

Theorem 3.10. ([13])

(i) Letu = 31" uiein be a solution of the j-th AS_)I-KdVﬂow (1.4),
and g : R? — SL(n,R) a solution of (2.18). Then (z,t) :=
g(z,t)ey is a solution of the j-th central affine curve flow (1.6)
with central affine curvature u(z,t).

(ii) Let v(x,t) be a solution of (1.6) on My (R), and u(-,t) the central
affine curvature along v(-,t). Then u is a solution of the j-th

AW KAV flow (1.4).

Proof. (1) Note that g_lgz = b+ u implies g = (77»-}%7‘ . ",yq(:"*l))

and %(En) =uy+.. .—I—un,win_m. So y(+,t) € Mp(R) and uq, ..., up—1
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are the central affine curvatures of y(-,t). Since g; = 9Z;0(u), we get
Y = gre1 = gZjo(u)eq, which is the j-th central affine curve flow.

(2) Let g(-,t) be the central affine moving frame along ~(-,¢). Then
g Y9, =b+u Set B =g lg. It follows form g g, = b+ u and
g g = B that u; = [0, + b+ u, B]. Since u(-,t) € V,, B satisfies
(2.21). By (2.17), Z;o(u) satisfies (2.21). But Be; = Zjo(u)e;. By
Corollary 2.10, we get B = Zjo(u) and u is a solution of (1.4) g.e.d.

As a consequence of Theorem 3.10, we have

Corollary 3.11. Let ¥ denote the central affine curvature map, and
Y1, Y2 solutions of (1.6) on M, (R). Then
(1) ¥(yi(-,t)) = ¥(y2(-,t)) if and only if there is a constant co in
SL(n,R) such that v2 = cov1,
(ii) U induces a bijection between the space of solutions of (1.6) mod-
ulo SL(n,R) and the space of solutions of (1.4).

Example 3.12. Note that E(z,t,\) = *+* is a frame of the
solution u = 0 of (1.4), v(z,t) = exp(bx +bt)e; is a solution of the j-th
central affine curve flow (1.6) with central affine moving frame g(z,t) =
exp(bz + bt) and zero central affine curvature, where b = Z?;ll €itli-

We need the following simple Proposition later.

Proposition 3.13. Let y(z,t) be a solution of the j-th central affine
curve flow (1.6), g(-,t) and u(-,t) the central affine moving frame and
curvature along ~y(-,t). Let E(xz,t,\) be the frame of the solution u
of the j-th AELI_)I-KdV flow (i.e., E satisfies (2.20)) with initial data
E(0,0,\) = ¢(0,0) for all A\ € C. Then E(x,t,0) = g(x,t).

Proof. Let g1(x,t) = E(x,t,0). Since E satisfies (2.20), g1 satisfies
(2.18). But g is a solution of (2.18) and ¢1(0,0) = ¢(0,0). Uniqueness
of solutions of (2.18) implies that g1 = g. q.e.d.

Cauchy Problem
Next we discuss the Cauchy problem for the j-th central affine curve

flow (1.6). The Cauchy problem for the Afllll—KdV hierarchy (1.4) is
solved for an open dense subset of rapidly decaying smooth initial data
using the method of inverse scattering (cf. [2]). As a consequence, we

get the solution for the Cauchy problem for the curve flow (1.6):

Theorem 3.14. [Cauchy problem with initial data having rapidly
decaying central affine curvatures]
Let 5 > 1 and j # 0(modn). Given vy € My, (R) with rapidly decaying

central affine curvatures ul, ... u let go be the central affine moving

n—1’

frame along ~y. Suppose u = Z?:_ll uiein 1S the solution of the j-th
Aq(ll_)l-KdVﬂow (1.4) with u(x,0) = S ud(x)em. Let glz,t) : R? —
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SL(n,R) be the solution of (2.18) with initial data g(0,0) = go(0). Then
v = gey is the solution of the j-th central affine curve flow (1.6) with
v(z,0) = yo(x). Moreover, the central affine curvatures of v(-,t) are
also rapidly decaying.

We use the solution of Cauchy problem of the second Agllzl—KdV flow
with periodic initial data to solve the Cauchy problem for the curve flow
(1.7) with periodic initial data. By Theorem 3.10, we only need to solve
the period problem of (2.18). In fact, we have the following.

Theorem 3.15. [Cauchy Problem with periodic initial data)]

Let vo € M, (SY), go and u?,...,ul_, the central affine moving frame
and central affine curvatures of vo. Suppose u = Z?:_ll W;€in 1S the solu-
tion of the periodic Cauchy problem of (1.4) with initial data u(x,0) =
Z?;ll udein. Let g @ R? — SL(n,R) be the solution of (2.18) with
initial data co = go(0). Then v = ger is a solution of (1.6) with
initial data v(x,0) = o(x). Moreover, y(x,t) is periodic in x and
{u;i(-,t),1 <i <n—1} are the central affine curvatures for v(-,t).

Proof. Note that both gy and g(-,0) satisfy the same ordinary differ-
ential equation, g~ g, = b+ u(z,0), and have the same initial data. So
the uniqueness of ordinary differential equations implies that g(z,0) =
go(x). It follows from Theorem 3.10 that v(z,t) = g(x,t)e; is a solu-
tion of the curve flow (1.6). Moreover, y(z,0) = g(z,0)e; = yo(z). It
remains to prove that « is periodic in z.

Since g is periodic with period 27, gy and wug are periodic in z with
period 27. And Z;o(u) is periodic because u(x,t) is periodic. It suffices
to prove
is identically zero. To show this, we calculate
ye = gi(2m,t) — g:(0,)

= (9Zj0(w))(2m,t) — (9Z;0(u))(0,t) = (9(2m,t) — (0,1)) Zj0(u(0, t))

=y(t)Zjo(u(0,1)).

Since g is periodic in x with period 27, y(0) = ¢g(27,0) — ¢(0,0) = 0.
Note that Z;0(u(0,t)) is given and 0 is the solution of y; = yZ; o(u(0,1))

with the same initial condition y(0) = 0. So it follows from the unique-
ness of ordinary differential equations that y is identically zero. q.e.d.

4. Backlund transformations

In this section, we use Bécklund transformations (BTs) and a Per-

mutability formula for the AS_)I—KdV hierarchy given in our paper [23]
to construct BTs and a Permutability formula for the j-th central affine
curve flow (1.6). We also apply BTs to the trivial solution to obtain
families of explicit solutions of (1.6). We proceed as follows:
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1) We try to find a transformation v — 4 such that v = D(0, + h)¥
for some constant D € GL(n,R) and h € C®°(R?,R). If we use
D =1, then we only get BT with parameter k = (—1)".

2) We show that such h in (1) must satisfy system (4.3).

3) We use results in [23] to construct all solutions of (4.3).

4) Given a solution vy of (1.6) and a solution h of (4.3), we construct
a new solution 7 in terms of v and h.

Theorem 4.1. Let v,5 be solutions of (1.6), and g, g, u,u the central
affine moving frames and curvatures of v, 7, respectively. Suppose there
exists h € C°(R2% R) and a constant D € GL(n,R) such that v =
D(h¥y 4+ Az). Then we have the following:

1) g = Dgf, where f = b+ hlL, + N(u,h), and N = (N;;) is strictly
upper triangular with

. L o
{Nij(u,h):(i(f)!(lj)‘i)!hgf Z), 1<i<j<n,

Nin(u, h) = + s n™, 1 <i<n—1.

(4.1)

2) There exist differential polynomials s;(u,h) of order (n —1i) in h
such that

(42) ﬂlzul—{—sl(u,h), 1<i1<n—1.
3) det(f) = (—1)"_1(11:(,3"_1) —&n(u, b)) = det(D)~1 for some differ-

ential polynomial &,(u, h) of order (n —2) in h.
4) h satisfies

WY = ¢ (u, h) — k,
ht = Mn,j (U, h)7

where My ;(u, h) is a polynomial differential of order j in h and
k= (—1)(Ddet(D)~1.

Proof. (1) Since g = (77, V- - - ;(Un_l)), we have

D(y{™V)e = D(3){ ™ = DAY= (0; + h)y.

Compute directly to get the formula for f and g = Dg f .

(2) By assumption, we have g g, =b+uand GG, = b+ a. Use
g=Dgf to get

g e =bru=ft0+ )+ e
Multiply the above equation by f on the left to get
fo=fb+u) = (b+a)f.

Compare coeflicient of the nn-th entry of the above equation and use

the formula for f to obtain %, 1 = u,_1 — nh,;. Compare coefficient of
the (n,n — i)-th entry to get the formula relating @, —;—1 and u,—;—1.
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(3) Since det(g) = det(g) = 1 and g = Dgf, we have det(f) =

det(D)~!. Use (4.1) and (4.2) to see that det(f) = (—1)”*1(h§cn_1) -

&n(u, h)) for some differential polynomial &, (u, h) of order (n — 2) in h.
(4) Note that g = Dgf implies

9 g =Zjo(uw) = F i+ 1 Zjo(0) .
So we have }
fo = FZjo(w) = Zjo(@) f.
Compare the 11-th entry of the above equation to see that h must
satisfies the second equation of (4.3) for some 1, ;(u, h). q.e.d.

Definition 4.2. Given u € C*°(R2,V,,) and h € C®(R?,R), let
Jun(@, t,A) = A+ h(z, ), + N(u,h),
where A = e, A + b is defined by (2.1) and N = (1V;;) is strictly upper
triangular such that NN;; is defined by (4.1) for j < n and Ny, = u; +
si(u,h) + %h&nii). (Note that if we substitute (4.2) to (4.1),
then f in Theorem 4.1 is equal to fy, (-, -,0)).

Example 4.3. We use the algorithm given in the proof of Theo-
rem 4.1 to compute s;(u, h) and f, p, for the case n = 3 to get

(4.4) s1(u, h) = up — (u2)y + 3hhy,
52(“7 h) = Uz — 3hx7

h hy wu— (U/Q)l- + hyr + 3hhy
(4.5) fu’h(x, t, )\) =e3A+ |1 h Ug — hy
0 1 h

Theorem 4.1 gives a necessary condition on h for the existence of a
BT v — 4 between solutions of (1.6). The proofs that (4.3) is solvable
and the converse of Theorem 4.1 holds are quite complicated and long

(ct. [23]).

Theorem 4.4. [BT with parameter & for the j-th Aglzl—KdV] (123])
Let u be a solution u of (1.4), and k € R a constant. Then the system
(BT)y i (4.3) is solvable for h. Moreover, if h is a solution of (BT), i,
then we have the following:

1) det(fun(@,t,A) = (=1)""1(A = k).

2) @ = S0 Giein is a solution of (1.6), where @; = u; +s;(u, h) and

si(u, h) is obtained as in (4.2).

Definition 4.5. Given a solution u of (1.4) and a solution h of (4.3),
let h @ u denote the new solution of (1.4) constructed in Theorem 4.4.

The n x n mKdV hierarchy constructed in [6] is a hierarchy on
C>(R, T,), where T, is the space of diagonal matrices in sl(n,R). It is
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known that if ¢ = diag(qi, ..., ¢n) is a solution of the j-th n x n mKdV
flow, then L = (0, — ¢n) - - - (0 — q1) is a solution of the j-th GD,, flow.
This is the Miura transform. Adler constructed a class of Backlund
transformations for the GD,, hierarchy via Miura transform as follows:

Theorem 4.6. ([1]) Suppose L = 0 — Z?:_ll uw; 051 is a solution
of the j-th GDp-flow (1.5) and we can factor L as the product (0, —
qn) -+ (0y — q1) such that q = Z?;ll gi€i; 18 a solution of the j-th n xn
mKdV flow. Then L = (0—qn_1) - (0—q1)(d—qyn) is again a solution
of (1.5).

Theorem 4.7. ([23]) The class of Bécklund transformations con-
structed by Adler’s Theorem 4.6 is the class of Bdcklund transforma-
tions with parameter k = 0 constructed in Theorem 4.4. In fact, if we
use the same notations as in Theorem 4.6, then h := —gq, is a solution

Of (BT)U’O .

Theorem 4.8. [Darboux transform] ([23])

Let E(x,t,\) be a frame of a solution u of (1.6) holomorphic for A € O,
k € R a constant, and c = (c1,...,cp—1,—1)" a constant vector. Let v;
denote the i-th coordinate of E~'(z,t,k)(c) for 1 < i < n. Then we
have the following.

1) h:= —U’;:, is a solution of (4.3), and all solutions of (4.3) can

be obtained this way.

2) If k # 0, then E = Ef;}l is a frame of h e u and E(z,t,\) is
holomorphic for A € C\{k}.

3) If k = 0, then F(z,t,\) = C(\)E(x,t, A)f;l(m,t, A) is a frame
for h e w and is holomorphic for A € C, where C(\) = ejpnA+ b+
2?2—11 Ci€it1n-

Theorem 4.9. [BT for the j-th central affine curve flow with &k # 0]
Let v(z,t) be a solution of the j-th central affine curve flow (1.6),
and g(-,t), u(-,t) the central affine moving frame and curvature along
v(-,t) (so u is a solution of (1.4)). Let E(x,t,\) be a frame of u with
E(0,0,\) = g(0,0). Let h be the solution of (BT), 1 constructed from
E, k # 0 and ¢ as in Theorem 4.8, and n;(u, h) the i-th coordinate of
f;l(:c, t,0)ey for 1 < i < n (so they are differential polynomials in u, h).
Then

hiry i= (= 1)k (s Ry + - 1, )Y
is a solution of (1.6) with central affine moving frame
htg(z,t) := d(k)g(x,t) fun(w,t,0)7",

and central affine curvature heu, where f, 5, is defined by Definition 4.2
and

d(k) = diag((—1)"k, 1,...,1).
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Proof. First note that both g and E(-,-,0) satisfies (2.18) with the
same initial condition. So g(z,t) = E(x,t,0).

By Theorem 4.4, det(fyn(z,t,0)) = (=1)"k # 0. So fun(x,t,0) is
invertible for all x,¢. By Theorem 4.8, § = gfun(:,-,0)7! solves (2.18)
for u = h e u. Note that det(g) = det(fu_’l(ac,t, 0)) = (-1)"k~ L. So
htg = d(k)g lies in SL(n,R) and is a solution of (2.18) for . By
Theorem 3.10, d(k)ge; is a solution of (1.6) with central affine moving
frame hflg and curvature h e u. q.e.d.

Remark 4.10. In Theorem 4.9, we can replace d(k) by any constant
matrix C € GL(n,R) with det(C) = (—1)"k. Then Cgn is still a
solution of (1.6).

Example 4.11. [Bdcklund transformations for the 2nd central affine
curve flow on M3z(R)] Suppose « is a solution of the second central
affine curve flow (3.3) on M3(R) with central affine curvature u, and h
is a solution of (BT), , with k # 0. Recall that f,; for n = 3 is given
by (4.5). By Theorem 4.4 we have det(f, n(x,t,0)) = —k. It follows
from (4.5) that

(4.6) fujl(a;, t,0) = —k Y (h* + hy — up, —h, 1)*.

Then Theorem 4.9 implies that

1 1
(4.7) hify = (h2 + hy —ug)y + Eh’yx — E’ym

is a solution of (3.3) with central affine moving frame
htg = d(k)g(x,t) fun(z, 1,07,
and central affine curvature h  u, where d(k) = diag(—k, 1,1).

Example 4.12. We have seen in Example 3.12 that E(z,t,\) =

At g g frame of the trivial solution u = 0 of (2.27),
2
(4.8) y(z,t) = E(z,t,0)e; = (1,2, % + 1)t

is the trivial solution of the second central affine flow (3.3) on M3(R)
with central affine curvature u = 0. We apply BTs with parameter
k # 0 to this solution. It is not easy to express the entries of E(x,t, \) =
e®MA? 49 known functions. But if we introduce A = 23, then entries
of E(x,t,z) are given by exponentials. First note that E, = FE(b +
23e13), By = E(b? 4 23(e12 + e23)), which is equivalent to the following
linear system of function y:

(4.9) (@2 = 2"y =0, (8 —=")y=0.
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So the first column 7 of E(x,t,23) can be constructed by finding fun-
damental solutions for (4.9). We obtain

my(x,t,2)  zmao(x,t,2) 2°ms(z,t, 2)
(410) E(xvtvzg) = g l77’13(‘%77572) ml(x7t7 Z) zmg(x,t,z) )
ijg(l',t, Z) %mg(.ﬁ,t, Z) ml('r’t? Z)

where
2
ma(z,t, 2) 1 1 1 ezt
ma(z,t,2) | = |1 a o e(zztaz’t)
mz(x,t,2) 1 o® « e (zz+a?2%t)
and o = e27/3,

Although the entries of F(x,t,2%) involves 2% in the denominators,
a simple computation implies that they are holomorphic at z = 0. To
see m;’s are holomorphic in A = 23, we use 1 + a +a?> = 0 and a
direct computation to see that the coefficients of z3¢+1 and 23#+2 of
my(z, t, z) = e¥@ ="t 4 galzrtaz?t) | po?(ze0®2t) g9 power series in z are
zero. So m1(z,t,z) is holomorphic in A = 23. Similarly, ma(z, ¢, 2) and
ms(x,t,2) are holomorphic in A = 23.

We use F given by (4.10) to apply Theorem 4.8 with k = —8¢% and

po = (2¢, —c, —1)! to compute function h. We obtain
h(z,t) = —V3ctan(V3c(z + 2ct)) —
We use (4.4) to see that

i1 = 9¢3 sec?(v/3c(x + 2¢t)) (1 + /3 tan(v/3c(x + 2ct))),
g = 9c? sec?(v/3c(x + 2ct))
is a solution of (2.27). By (4.7),
22(6 — 1)
2%2(€ — 1) + g (€ +1)
Aa? +20)(E = 1) + a2 +1) + 53
is a solution of the second central afﬁne curve flow (3.3), where
£(z,t) = V3tan(V3e(x + 2ct)).
Below we use M“ to denote the adjoint of an n x n matrix M, i.e.,
M?®, is the transpose of the cofactor matrix of M and
MM® = det(M)I,
Theorem 4.13. [BT for the central affine curve flow with k£ = 0]

Let v, g,u, E be as in Theorem 4.9, and h the solution of (BT), 0 con-
structed from E, k = 0 and c as in Theorem 4.8. Let El(as t) =

%’A:()E(x’t’)‘)’ Az, t) = 8>\|,\ ofin(@,t,A), by = b+ S0 cieivin.
Then

(4.11) 3= (=1)""ewng + boE1) fin(-, -, 0)er + bog A

,’?
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is a solution of (1.6) with central affine curvature hew and central affine
moving frame

(4.12) §=(=1)"""(ewng + boE1) fi (-, 0) + bog A,
where fih is the adjoint of f.p.

Proof. We have seen in the proof of Theorem 4.9 that E(x,t,0) =
g(z,t). By Theorem 4.4 (i), we have det(fy,n(z,t,\)) = (—1)" "'\, So

1

-1 a n—1

] r u AT u )
f%h et( u,h) h T ( ) h

where f, is the adjoint of f, . Theorem 4.8 (3) implies that

F(z,t,A) = COE(x,t,\) f, (2,1, A)
= (=1)" " ATICNE(x, 6, M) fE (2,8, A)

is a frame for the new solution 4 = h e u and is holomorphic at A = 0,
where C(\) = A + E?:_ll Ci€it1m-

Set &(z,t,\) = (=1)" LC(\)E(x,t,\) wn(@,t,A). It was proved in
[23] that &(z,t,\) is holomorphic at A = 0 and &(z,¢,0) = 0. So
F(z,t,0) = % | »=0&(z,t, ). Compute directly to get

nla

F(%,t,O) ( 1) ‘)\ 0 ()‘)E(lUt?)‘)fs,h(xatv)‘)a

= (—1)n_1(€1ng—|—b0E1(l‘,t))f37h(.’Z},t,0) + bog (8)\‘/\ Ofuh z,t )‘)>

where by = C(0) = b+ Z?:_ll Ci€it1,n- SO we have
g(x,t) .= F(x,t,0) = (—1)"_1(61ng+boE1) wn(7,t,0)+bog(w, 1) A, t).

Since det(C(\)) = (=1)" 7'\ = det(fun(z,t,)\)) and det(E(x,t,\)) =
1, we have det(F'(x,?,A)) = 1. This implies that det(g(x,t)) = 1. Since
F(x,t,\) is a frame for @, g(x,t) = E(x,t,0) satisfies

Gl =b+a, GG = Zjo(a).

By Theorem 3.10 (i), 4 = ge; is a solution of the curve flow (1.6).
Since the (1,7)-th cofactor of fun is independent of A, the first column
of A(z,t) is zero, i.e., A(x,t)e; = 0. Hence, 7 is given by (4.11). q.e.d.

Example 4.14. [Rational solutions for (3.3)]

We apply BT with parameter £ = 0 to the trivial solution v defined
by (4.8) of the second central affine curve flow (3.3) on M3(R). We use
E(z,t,)\) = exp(xA +tA?) as a frame of u = 0 and apply Theorem 4.13
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to obtain
Ey(z,1) =9 }A oE(x,t, ) = (e137 + (e12 + e23)t) exp(bx + b’t)
xt + 6 t+ %az2 x
142 +3 th +3 xt + %$3 t+ %xQ

A\ 7

sot? + 1x3t + ;i, x5 502+ g2t + ot wt+ gad
We apply Theorem 4.13 to u = 0 and vy = (a1, az,1)! to get
alxr — ag

1 —l—a1(§ —t) — agx’

where a1, as are real constants. By (4.7), we get
(h? + haw) (5 + ) — ha + 1
v = (h2+hm)(6:€3+$t) h(%$2+t)+:n

(h? + he) (312 + 32°t + Syat) — h(3ad + at) + 122 + ¢

is a rational solution of (3.3) with central affine curvatures

i = 3(a1x7a2)(Za%x27a1a21+a1t+a27a1)

o (14a1 (% —t)—apz)?
3(%a%z27a1a2;t+a%t+agfa1)
2
(1+a1(%—t)—a2:p)2

)

Uy =

N

Theorem 4.15. ([23]) [Permutability formula for BTs of the Aq(ll_l—
KdV]
Let u be a solution of (1.4), E(x,t,\) a frame of u, and ki # ka non-zero
real constants. Let h; denote the function constructed from E(z,t,k;)

and a constant vector p; € R", and h; ® u the solution of (1.4) as in
Theorem 4.8 for i =1,2. Suppose hy ;é hg Set

h2 = h2 + h;) .
Then hye(hyeu) = hye(hieu) is again a solution of (1.4). In particular,

a new solution of (1.4) can be constructed algebraically from hy e u and
ho e u.

Corollary 4.16. [Permutability for the j-th central affine curve flow]
Let v, u, g be as in Theorem 4.9, and ki, ko, h1, ho, b1, ha, as in Theo-
rem 4.15. Let h;i#fy denote the solution of (1.6) constructed from v and
h; fori=1,2 as in Theorem 4.9. Then izljj(hgjj'y) = Bgﬂ(hlﬁ’y) is again
a solution of (1.6).

Remark 4.17.

(1) Suppose we have an explicit formula for a frame E(z,t,\) of a
solution u of the j-th A(l) ;-KdV flow (1.4). Given non-zero distinct
constants ki, ..., kp, we apply Theorems 4.8 and 4.4 to construct an
explicit solution h; e u of (1.4) for 1 < ¢ < m. The Permutability
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formula gives us a new solution hy e (hy e u) of (1.4), which is written
explicitly in terms of u, h; and hy. We can continue this process to
obtain infinitely many explicit solutions of (1.4).

(2) Suppose u is the central affine curvature of a solution 7 of (1.6)
and E(z,t,\) is an explicit frame for u such that g(z,t) = E(z,t,0) is
the central affine moving frame along . Let k; and h; be as above. We
use Theorems 4.9 to compute h;ffy and Corollary 4.16 to get infinitely
many family of solutions of (1.6).

5. Bi-Hamiltonian structure for the ASZI—KdV hierarchy

In this section, we

(i) review the AGD brackets and conservation laws,
(ii) write down formulas for the AGD brackets in terms of the operator
P, defined in Definition 2.11,
(iii) give formulas for the Poisson operators Ji, Jo defined by the AGD
brackets and compute the kernels of Jy, Js.

As explained in Introduction that the Hamiltonian theory of the
Agll_)l—KdV hierarchy works for both the space S(R, V) of rapidly de-
caying smooth maps and C>°(S!, V},).

Let (,) be the bi-linear form on C*°(S!, si(n,R)) defined by

(5.1) (1, 2) = f tr (1 (2)y2(a))dz.

The gradient of F : C°(SY,BF) — R at ¢ € C°(S',B}) is the
unique element V.F(q) in C*(S*, B;,) defined by
dFy(y) = (VF(a),v),
for all y € C*(St, B;}).
The gradient VF(u) of a functional F': C*°(S',V,,) — R at u is the
unique element in C*°(S!, V') satisfying
dF,(v) = (VF(u),v),
for all v € C*°(S1, V).
The AGD brackets for the Agllzl—KdV
The two Poisson structures on C*°(S1, B;F) given in [6] are:
{F1, Fahi(u) = ([VFi(w), e1n], VFa(w)),
{F1, Fa}a(u) = ([0z + b+ u, VFi(u)], VF2(u)).

Recall that C*°(S!,V;,) is isomorphic to the orbit space %.
C>°(S1,N;)
)_

So given a functional F' on C*°(S',V;,), there is a unique C>°(S*, N,F
invariant function F on C°°(S', B}f) whose restriction to C=(S,V;,)
is F, ie., F(q) = F(u) if ¢ lies in the same C*°(S', N;F)-orbit as u €
C>(SY, V).
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The Adler-Gel’fand-Dickey (AGD) Poisson brackets on C*°(S*,V;,)
given in [6] are
(5-2) {F1. B2 }1(u) = ([VEi(u), e1n], VE2 (w)),
(5.3) {F1, Fo}o(u) = ([0 + b+ u, Vi (u)], VE(u)),
where F} is the unique C*°(S!, N;F)-invariant functional on C*(S*, B;)
defined by F; : C*(S',V,,) — R.

We need the relation between VF(u) and VEF(u) for u € C°(S*,V;,)
below to write down the formulas for {,}; (i = 1,2) on C*°(S1,V},).

Proposition 5.1. Let F' be a functional on C®(S*,V;,), and F the
functional on C°(SY,B;F) invariant under C>°(S', N,I) defined by F.
Then

VE(u) = B~ (Pu(VF(u))),
where u € C*(S1,V,,), P, is the operator defined Definition 2.11, and
Ty is the projection of sl(n,R) onto B;, along N;T.

Proof. Note that the infinitesimal vector field f for the gauge action
defined by & in C*(S*, N.) is
where u € C*(S1,V},). By assumption, ﬁl(f s u) = F(u) for all u €
C>(SY,V,,) and f € C°(S', N;}F). So dF,(£(u)) = 0. But

dFy(€(w)) = (VF(u),&(u)) = —(VE(u), [0: + b+ u,&])
= [0z + b +u, VE(u)), &),
for all ¢ € C°(S, N,1). So
[0z + b +u, VE(u)] € C=(S', B,).

Note that (N, B) = 0. So to prove VF(u) = T (Pu(VE(u))) for
u € C®(S,V},), it is equivalent to prove
(5.4) dFu(y) = (Pu(VF(u)),y),
for all y € C*°(SY, B)Y).

We first prove (5.4) for y € C>°(S,V},). Given u,v € C*®(S,V},),
we have . .

dF,(v) = (VF(u),v) = dFy,(v) = (VF(u),v).
So (VF(u) — VF(u),v) = 0 for all v € C>(S,V},). This implies that
mo(VF(u)) = VF(u),
where g : sl(n,R) — V! is the projection defined by (2.23). By defini-

tion of P,, we have mo(Py(VF(u))) = VF(u). So we obtain dF,(v) =
dF,(v) = (P,(VF(u)),v), i.e., (5.4) is true for y € C=(S*, V},).
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Since C*>(S1,V;,) is a cross section of the gauge action of C>°(S1, N,})
on C*(S1, B}), the tangent space of C®(S1, B}) at u € C®(S',V,,)
can be written as a direct sum of C*°(S!,V,,) and the tangent space of
the C°°(S', N;H)-orbit at u. Since F' is invariant under C*°(S!, N;), we
have dF,(£(u)) = 0 for all £ € C°(S*, N:F). So

(Pu(VF(u)),§(w)) = (Pu(VF(u)), =[0z + b+ u,&])
= ([0r + b+ u, Pl(VF(u))], &)

By definition of P,, we have [0, + b + u, P,(VF(u))] € C>®(SY, V).
Since £ € C®(SY, N;F), we conclude that (P, (VF(u)),&(u)) = 0. This

proves dF,(E(u)) = (Pu(VF(u)),&(u)) = 0. So (5.4) is true for y in
the tangent space of C°°(S*, N;F)-orbit at u. This completes the proof.
q.e.d.

Theorem 5.2. The Poisson structures on C*°(S',V},) defined by
(5.2) and (5.3) can be written as follows:

(5:5)  {F1, Bohi(u) = ([Pu(VEL (1), ern], Pu(VE> (1)),
(5.6)  {F1, Fa}a(u) = ([0x + b+ u, Pu(VFi(u))], VFy(u)),

where P, : C®° (S, V) — C>(S, sl(n,R)) is defined in Definition 2.11.
Proof. Since (B}, N;) =0, we have
(5.7) (g (€)sm) = (&), neB.
By Proposition 5.1 and (5.2), we have
{F1, Foh(u) = ([mp- (Pu(VF1(w))), €1n], mp— (Pu(VEF2(u)))).
Because [e1,,, N, | = 0, we continue the above computation and it equals
([Pu(VFi(u)), €1n], T (Pu(VF2(w)))).

But [e1n, sl(n,R)] € B}. Use (5.7) to see that the above quantity is
equal to

([Pu(VEL()), e1n]; Pu(V F2(w))).

This proves (5.5).
To prove (5.6), we first note that if n € C*°(S*, N,F) then

[0 +b+u,n] € B
By definition of P,, we have [0, + b+ u, P,(v)] € C=(5',V;,). So
[0x + b+ u, 7 (Pu(VF1(u)))] € C=(S", ByY).
Use (BF,N;F) =0 to see that
{F1, Fo}o = —(mp— (Pu(VF1(u))), [0 + b+ u, Pu(VEy(u))]).
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By definition of P,, the second term is in C*°(S,V,,). But (V,,, N;J) =
0. So we can continue the computation and get
{F1, Fa}o(u) = —(P,(VFi(u)), [0r + b+ u, Py (VEF2(u))])
= ([0z + b+ u, Pu(VF1(u))], Pu(VF2(u))),

which is (5.6) since [0, + b+ u, P, (VFi(u))] € C®(S', V,,). q.e.d.

Poisson operators and their kernels
Let

(Ji)u : C(SY, V) — C=(S1, V)
be the Poisson operator corresponding to {,}; at u for i = 1,2, i.e.,
(J;i)y is defined by

{F1, Foti(w) = ((Ji)u(VEL(0), VF(u)).

Then the Hamiltonian equation for a functional H : C*®(S',V,,) — R
with respect to {, }; is

u = (J3)u(VH(u)).
Next we compute the formula for the Poisson operator Ji.

Proposition 5.3.
The Poisson opemtor (J1)u : C®(SH,VEH) — C=(SY, V,) is of the form
(J1)u(§) = = Xi5 (Li)u(€)ein with
(LZ)U(é.) = n(fn—z)$ + ki(€17 oo 7£n—i—1)7

where £ = Z?;l Eieni and k;’s are linear differential operators with
differential polynomials of u as coefficients.

Proof. By Theorem 2.9, entries of P,(v) are differential polynomials
of u and v. So we can use integration by parts to compute (J1),. We
proceed as follows: Let u = Z?;ll Ui€in, and

n—1 n
§= &eni=VFi(u), n=> niew:=VFu),

i=1 =1
C = (Cij) = Pu(§), D= (Dij) = Pu(n).
Then Cy; =& and D,; =n; for 1 <i <n —1. By (5.5) we have

{Fla FZ}l( ) < C 61n %Z Ci1 Dy — CyiDjde.

From the definition of P,, we have [0, + b+ u,C] € C*®(R,V,,) and
[0r + b+ u,D] € C®°(R,V,). It follows from Theorem 2.9 that there
exists a differential polynomial ¢ such that

Ci1 = ¢0(Ca1,...,Cn1) = f(&1, .-, 6n—1)-
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By Theorem 2.9, there is a differential polynomial f, such that
Cnn:fn(gl)"'vén*l)v Dnn:fn(nla---a'r/nfl)-

We then use integration by parts to write down the Poisson operator
(J1)u. To get (Lj)y(§), we only need to calculate the terms involving
nj = Dy in > 1 Ci1Dypi — CriDji. We use (2.22) to compute these
terms as follows:
n+1—j
Dy;iCj1 + Cpi(Dpn — D11) — Z CriDi
i=1

n—1 n—j
=n;Cj1 + &1 (Z D§+1,z‘> — Cpnt1—jDny1—j1 — Z CniDin

i=1 i=1

n—1
=0j(ns1—j — (N = 5)&_; + On—j(u, &1, Enj1)) + & Z Diiy;

i=1
n—j

—&nar—j(mj = (G = Dy + djoa(usm,. . mim2)) = > &Da.
i=1

Note that &; Z?:_f D;,, ; only depends on &1, 1, ..., p—1, and & Dy is a
differential polynomial in u, & and 71, ..., n,4+1—; for each i. Therefore,
to consider the term §,_; in the coefficient of 7; in Z?;f &Dg, we
only need to calculate &,_;D,_;1. Again, use D,_j1 = nj+1 — jn} +
¢j(u,m,...,nj—1) and integration by parts to see that the coefficients of
n; is —nfgfj plus a differential operator depending on u, &1, ..., {n—j—1.

q.e.d.
Corollary 5.4. The dimension of the kernel of (J1)y is n — 1.

Proof. Tt suffices to prove that solutions of the linear ordinary differ-
ential equations (J1),({) = 0 are determined by arbitrary n — 1 con-
stants. Suppose £ = E?:_ll &ieni and (J1)y(§) = 0. By Proposition 5.3,
(Lp—1)u(§) = (&1)z = 0. So & = c¢; a constant. Suppose we have
solved &1,...,& with initial data £;(0) = ¢; for 1 < j < 4. Then by
Proposition 5.3, we have

(Ln—i—1)u = n(&i+1)z + kn—i—1(&1,...,&) = 0.

So there is a unique &;4 satisfies the above equation with &11(0) = ¢;4;.
This proves the claim. q.e.d.

Proposition 5.5. Let g and u denote the central affine moving frame
and curvature along v € My(St). Then

1) the Poisson operator (Jo)y : C*®(SY, ViI) — C*°(S1,V,,) is
(5.8) (J2)u(v) = [0z + b+ u, Py(v)].
2) Ker(J2)u = {mo(9~"cog) | co € sl(n,R)}.
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Proof. Statement (1) follows from (5.6) and (2) follows from Corol-
lary 3.8. q.e.d.

In the following examples, we compute explicit formulas for J; and
Jo for n = 2, 3.

Example 5.6. For n = 2, write u = geg1, VFi(u) = £ej2, and
VFy(u) = neg1. By (2.24), we have

P(vR@) - (5 T ),

3 7€z
1
— —5% anx+q77
P, (VFy(u)) < n L )

Use (5.5), (5.6) and integration by part to get
{F1, F2}1(u) = —2}45 ndzx,
(A1 Fahaw) = - f (569 - 20, — 0,8,

and the corresponding Poisson operators are
(J1)u(Ee21) = =28, €12,
1 .
(JQ)u(£€21) = (_559(55) + 2QEI + QI§)€12-

These are the known Poisson structures for the KdV hierarchy.

Example 5.7. We write down the formula for J; and J for n = 3.
Let u = ujeiz + ugeas, § = VFi(u) = {1e31 + &aesz, and n = VIh(u) =
niesr + meese, Then C' = Pu(f) = (Cij)a and D = Pu(n) = (Dz]) are
given by (2.25). Integration by part gives

{Fh F2 fz Cle?n CSz zldx - —3f(§1772 + 52771)

Hence,
(J1)u(€re31 + E2e32) = —3(Ene13 + Eeas).

This formula was also obtained in [3].
We use (5.8) and a direct computation to see that

(J2)u(§) = (Cl3 + u1(Cs3 — Ch1) — uaCha)ers
+ (Ch3 + Ci3 + ua(Cs3 — Caz) — u1Coay)eas.

This gives
(J2)u(&re31 + &2e32) = (A1)u(§)e1s + (A2)u(§)eas,
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where
_ 2.5 _ a2 @ 2 3, ) o
(Al)u(g) - ggl - 52 - g(u2§1) - §U2§1 +uié1 + 2uq &
2
+ Bur &y + uféo + ugll + §U2(U2§1)',

(A2)u(€) = &Y — 2689 — (up€1)" + 2ua8h + uha + ur&) + 2u4€1.

Conservation laws
Next we review the conservation laws of the AS_)I—KdV hierarchy
given in [6] and we include a proof here.

Theorem 5.8. ([6]) Let u € C°(R,V,,), and T(u, \) satisfying
(5.9) T+ A+ )T =0+ A+ fid™,
>0
for some fi € C°(R,R) as in Proposition 2.2. Let H; : C*(S1,V,,) —
R be defined by

(5.10) Hj(u) = nj{fj(u)dx.
Then we have
(5.11) V H; (1) = mo(Y50(u).

Moreover, the j-th Ang_)l-KdVﬂow is the Hamiltonian flow for H; with
respect to {, }2 and the Hamiltonian flow for H,; with respect to {, }1.

Proof. By Theorem 2.4, Y = T~ !AT satisfies (2.7). Take variation
of (5.9) when we vary u by du to get

[T(0: + A+ w)T, (6T)T ') + TouT ™ = > " 5f:A".
i>0
Conjugate the above equation by 7! to get
(5.12) 0 + A+ u, T16T] + 6u = 6fiT AT,
i>0
Take the inner product of (5.12) with Y7 = T~1AJT to get
([0p + At u, T7HOT) + 6u, Y7) = > (0fiT'AT'T, T 'NT),

>0
= (=T 7107, [0 + At V7)) + (6, Y9) = 3 (5fi, A7),
i>0
By (2.8), the first term on the left hand side is zero. So we obtain
(5.13) (Ou, Y7) =3 (5, A7),

>0
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But tr(A*) = 0 for k # 0 (mod n) and tr(A™) = n\¥. Equate constant
coefficients of both sides to get (du,Yjo(u)) = n ¢ §fjdz. This proves
that VH] (u) == WO(}/]"O(U)).

By Proposition 5.5, the Hamiltonian flow for F; with respect to J is

up = (J2)u(VHj(w) = [0z +b+u, Pu(mo(Yio(w)))] = [0 +b+u, Zjo(u)],

which is the j-th A%Y KdV flow.
To compute (J1)y(VHp4j(u)), we first note that

(5.14) Zro(u) = Yio(u) € N,
(5.15) (NF ern) = 0.

Corollary 2.12 gives

(5.16) Pu(mo(Yjo0(w))) = Zjo(u),

and (2.12) is

(5.17) Yotjo(w), ein] = [0z + b+ u,Yjo(u)l.

Given any functional H on C*®(S',V;,), we use (5.5) to compute

{Hntj, Hh(u) = ([Pu(VHpyj(u)), e1n), Pu(VH(u))), by (5.11),
= ([Pu(mo(Ynsjo(w))), 1], Pu(VH (u))), by (5.16),
)

(Zntio(u), e1n), Po(VH(w))), by (5.14) and (5.15),
[Yoiio(u), ein], Pu(VH(u))), by (5.17),
[0z + b+ u, Yjo(u)], Pu(VH(u)))

o(u), [0r + b+ u, Pu(VH(u)

{
=
{
(=Y D

By Definition of P, (Definition 2.11), the second term is in C*°(S', V},).
So only the V;! component of Y;o(u) matters. Since Y} o(u) and Z;o(u)
have the same V! component, the above equality is equal to

(=Zj0(w), [0z +b+u, Pu(VH (u))]) = {[0x +b+u, Zjo(uw)], Pu(VH (u))).
Since the first term is in V,, and 7,(P,(VH (u))) = VH(u), we obtain
{Hutj, Hi1(u) = {[0p + b+, Zjo(u)], VH(u)),

which is equal to ((J1)u(VHpyj(u)), VH(u)) for all functional H. So
we have

(J1)u(VHnij(uw) = (02 + b+ u, Zjo(u)],

e., the Hamiltonian flow for H,; with respect to {,}; is the j-th
Aq(ll_)l—KdV flow. q.e.d.
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Example 5.9. ([6], [5]) We have computed fi, f2, f3 in Example 2.3.
So the first three conservation laws for general n are

Hy(u) = ?{Un—ldﬂfa
Hy(u) = jgungdx,

n—3

Hs(u) = fun_g + o u?_da.

Corollary 5.4 implies that dim(Ker((J/1),)) = n — 1. The following
Theorem, which will be used in Section 6, shows that the Kernel of (J;),,
is spanned by VHi(u),...,VHy_1(u).

Theorem 5.10. Let H; be the functional defined by (5.10) for the
Agllll—KdV hierarchy. Then (J1)u(VHj(u)) = 0,1 < j < n—1. In
other words, Hy,...,Hp—1 are Casimirs of {, }1. Moreover, Ker((J1),)
is equal to the span of {VHy(u),...,VHy_1(u)}.

Proof. Let Y (u, A) be the solution of (2.7). The power series of Y in
A s

Y(u, )\) = e+ YL()(’LL) + Y171(U))\_1 + e
Let Y;o(u) be defined by (2.10), i.e., the constant term of Y7 (u, \) as a

power series in A. We claim that (J1),(mo(Yj0(u))) =0for1 < j <n—1.
It follows from the expansion of Y (u, \) that we have

Y (u, \)? = (0" I+ Yjo(u) + Yja(wAt+---, 1<ji<n-—1.

Since [0y +A+u, Y (u, \)7] = 0, [0z +b+u, (b1)" 7] = [Y;o(u), €1n]. Recall
that Z;o(u) = Yj0(u)—¢;j(u) for some unique ¢;(u) € C=(S', N;). But
[¢j(u), e1n]) = 0. So we get

[Zj0(u), e1n] = [Yjo(u), e1] = [0z + b +u, (b)"77].
By Corollary 2.12, Z;jo(u) = Pu(mo(Zjo(u))). Let & = mo(Zj0(uw)),
& € C(SH, V). Then we have
{[Zj0(u), e1n], Pu(€2)) = {[00 + b+ u, ()" 77], Pu(é2))
= _<(bt)n7ja [ax +b+u, Pu(f?)Da

which is zero because [0, + b+ u, P, (&)] € V,, by definition of P, and
(b7 is in N,". This proves that ((J1)u(mo(Z;0(u))),&) = 0 for all
& € V. Hence, mo(Zjo(u)) lies in the kernel of (J1),. By (5.11),
VHj(u) = mo(Yjo(u)) = mo(Zjo(u)) for 1 < j < n—1. So we get
(J1)u(VHj(u)) =0,1<j<n-—1 q-e.d.

Next we write the conservation law Hj; in terms of nl-th entry of
Y (u, A).
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Theorem 5.11. Let Y (u,)\) be the solution of (2.7), Y/ (u,\) =

Zig[%]—i-l Y;i(u)A!, and H;(u) defined by (5.10). Then we have

Hj(u) = —§ f (Y _1 (w)ern)dz.

Proof. By Theorem 2.4, Y (u,\) = T~ (u, \)AT (u, \), where T(u, \)

is as in Proposition 2.2. Take A derivative of (5.9) to get
[T(0r + A+ w)T  TNT )+ TANT " = (A)x+ D fi A7)
>0
Conjugate the above equation by 77! to get
[0r + A+ u, T Ty + e1n =T er, T+ Y fT (AT
>0
We take the inner product of both sides of the above equation with
YJ =T~'AIT and we get
LHS = ([0 + A +u, TN\, YY) + (e1,,, Y7)

= (=TT, [0 + A+ u,Y7]) + (e1n, Y7) Dby (2.8)
<61n7 >7
RHS = (T e T, Y7) + > (fT (AT, YY),
>0
61%7 + Z f27 )\A]
1>0
So we have

<€1n,Y > €1n7 + Z fz> AT )\A]
>0
The coefficients of A=! of the left hand side is (e1n, Yj —1(u)) and the
first term of the right hand side has no A~! term. We claim that the
coefficient of A™! of tr((A=%)\A7) is zero if i # j, and is —j if i = j. To
prove this, we write i = nr +m and j = ns+p with r,s > 0 and 0 <
m,p <n—1. By (2.2) and (2.3), we have A=" = A7"((b")™ + A~ 1pn=™)
and AJ = \*((b")""PA +bP). A direct computation shows that

(5:18) tr((A)AAT) = =N (rtr((B)") + (r + )t (6" 7)),

So the coefficient of A=! of tr((A=")\AJ) = 0 if r # s or m # p (ie.,
if i # j). If i = j, then (5.18) implies that the coefficient of A\=1 of
tr((A=7)5A7) is equal to —(str((bt)pbp) (s + Dtr(0"P(0")"P)) = —j.
This proves the claim and (e, Y (u, = —j ¢ fi(udz = —LH;(u).

q.e.d.

Theorem 5.8 implies that
(J2)u(VHj(u)) = (J1)u(VHnyj(u)).
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So (J2)u(VHj(u)) is in the image of (J1),. We write the above equation
as (J; ' J2)u(VH;(u)) = VHpyj(u). Then
(5.19) (1 J2)u(VH; (1)) = V Hog ().

Recall that {, }1 and {, }2 generate a sequence of Poisson brackets (cf.
[10], [5]) on C>=(S5*, VL),

(5.20) {F1, Fo}(u) = ((Jj)u(VEL(u)), VF(u)),
where
(5.21) Jj = Jo(J7 ) 72 = (o d; ) 2 s,

Proposition 5.12. ([5]) The (nk + j)-th Aibl_)l—KdVﬂow is
wirs = (Jhe2)u(VHj(w) = (JoJi)FJ2(VH; (u)),
where Hj is the functional on C*°(S',V},) defined by (5.10).
Proof. The Hamiltonian equation of Hj(u) w.r.t. {, }ryo is
e = (1) TH; () = (I IS (VH; (), by(5.19)
= Jo(VHprrj(u) = [0z + b+ u, Znprjo(u)],
which is the (nk + j)-th A -KdV flow. qe.d.

Ut

The above Proposition gives the well-known fact that the Afllzl—KdV
hierarchy is given by the first (n — 1) flows and the recursive operator
JoJt

6. Bi-Hamiltonian structure for central affine curve flows

In this section, we
1) give formulas for Hamiltonian vector fields for functional H =
H oW on M, (S") with respect to the pull back bracket {,}7,
2) prove results (i)—(iv) stated in the introduction.
Recall that the pull back {,}} of the Poisson structure {,}; to
M,,(SY) via the central affine curvature map V¥ is defined for func-

tionals of the form F o ¥, where F is a functional on C*°(S!,V},). In
other words, {, } is defined by

{FiloW, Fo W)} = {Fi, Fa}jo0 ¥,
for functionals Fy, F, on C*°(SYV,,).
Proposition 6.1. Let J; be the j-th Poisson operator defined by

(5.21), H a functional on C=(S',V,,), ¥ the central affine curvature
map, and X the Hamiltonian vector field for H=HoVU with respect to
the pull back Poisson structure { , }} on My (SY). Then for vy € M, (S1)
we have

[0 +b+u, 97 xg] = (J))u(VH(w)),
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where g and u are the central affine moving frame and central affine
curvature along vy, respectively, and

(6.1) 0xg = (X(7),--. (X(1))FY).

Note that X () is a column vector and dxg is sl(n,R)-valued. We
use 0x g instead of dx()g to simplify the notation.

Proof. Since {, }/ is the pull back of {, };, we have

AW, (X(7)) = (Jj)u(VH (w)).
By Proposition 3.2, dW.(X (7)) = [0 + b+ u, g dxg]. q.e.d.

Definition 6.2. A tangent vector field X on M, (S') is SL(n,R)-
equivariant if X (cy) = cX(v) for all ¢ € SL(n,R) and v € M,,(S).

Since both H = H o ¥ and {,}} are invariant under the action of

SL(n,R), the Hamiltonian vector field X of H is equivariant under
SL(n,R). Although dV, is not one-to-one, the following Lemma shows
that it is injective on the space of SL(n,R)-equivariant tangent fields.
We need this to show that the Hamiltonian flow for H. ; with respect to
{, }% is the j-th central affine curve flow.

Lemma 6.3. Let g and u denote the central affine moving frame and
curvature along v. If X is a SL(n,R)-equivariant tangent vector field
on Mp(S') and [0y + b+ u,g  0xg] = 0, then X = 0, where dxg is
defined by (6.1).

Proof. By Corollary 3.8, there exists a constant ¢, € sl(n,R) such
that g~ '6xg = g 'cog. So 6xg = cog and X (y) = coy. Note that for
¢ € SL(n,R), the central moving frame for ¢y is cg. Since X(cy) =
cX (7), we have cocy = ccoy for all v € M, (SY). So coc = ccp for all
¢ € SL(n,R). Hence, ¢y = pl,, for some p € R. But tr(cy) = 0, so
co = 0. q.e.d.

Proposition 6.4. Let H; be functionals on C*(S1,V},) defined by
(5.10), W the central affine curvature map, and H; = Hj o U. Then the
j-th central affine curve flow (1.6) is the Hamiltonian equation for I:Ij
and ﬁnﬂ with respect to {,}5 and {, }1, respectively.

Proof. Let X denote the Hamiltonian vector field of H’nﬂ» = Hy,yjo¥
w.r.t. {,}) and dxgasin (6.1). Since H,, ; is invariant under SL(n, R),
X is SL(n,R)-equivariant. By Proposition 6.1 and (5.19), we have

(00 +b+u, g7 0xg] = (J1)u(VHnij(u) = [0z + b+ u, Zjo(u)].
Both X and gZ;o(u)e; are equivariant under SL(n,R) and the above
equality implies that we have [0, + b + u,g '5xg — Z;jo(u)] = 0.
Lemma 6.3 implies that X(v) = gZ;o(u)e;. So the Hamiltonian flow
for ﬁnﬂ- with respect to {, }{' is the j-th central affine curve flow.
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Let Y denote the Hamiltonian vector field of H; = HjoW w.r.t. {,}s
By Proposition 6.1, we have

00+ b+, g 3y g] = (J2)u (VH; (w)) = [0 + b+ u, Zjo ().

Since both Y and gZ;(u) are equivariant under SL(n,R), Lemma 6.3

implies that Y (v) = gZ;0(u)e1, and hence the Hamiltonian flow for ﬁj
with respect to {, }4 is the j-th central affine curve flow. q.e.d.

Proposition 6.5. Let 1 < j <n—1and k > 0. Then the (nk+j)-th
central affine curve flow on M, (S?) is
Yoy = 9Znkrjo(wer = g(Pu((J7 )5 (VH;(u))))er,

where g and u are the central affine moving frame and curvature of ~,
respectively.

Proof. By Corollary 2.12, we have Z,p4j0(u) = Pu(mo(Ynktj0(w)))-
From (5.11), this is equal to P, (VH,;(u)).

By (5.19), we have P,(VHuii;(u)) = Py((J7 Jo)k(VH;(u))). This
proves the formula for ¢, . .. q.e.d.

Hence, the central affine curve flows can be generated by the func-
tionals Hy,..., H, 1 and the operator J1_1J2 recursively.

Proposition 6.6. Let | and F» be functionals on C*(S*,V},), and
X; the Hamiltonian vector field of F; = F; o W with respect to {,};\ for
i1 =1,2. Then
(6.2) {F1, B} (7) = —{g7 " 0x,9, (25 " To)u(mo(g " 0x,9))),

where g is the central affine moving frame along v, u = ¥(v), dxg is
defined by (6.1), and o is the projection defined by (2.23).

Proof. By Proposition 3.2, dU.,(67) = (J2)u(m0(g~'dg)). Proposi-
tion 6.1 gives d¥(X;(v)) = (Jj)u(VFi(u)) for i = 1,2. So we get
(6.3) (J2)u(mo(97'0x,9)) = (Jj)u(VEi(w)),
(6.4) VEi(u) = (J; ' J2)u(mo(g ™ dx,9))-
By definition, we have
{F1, B2Y} () = {F1, B}y (w) = ((J))u(VEL (u), VEs (u)).

We substitute (6.3) to the first term and (6.4) to the second term and
get

= (Ja(mo(g~"0x,9)), (J; " T2)u(mo(g~ " 0x,9)))
= —(mo(9~10x,9), (J2J; ' Ja)u(m0(9 " 0x,9)))-
Since (JQJJ-_ng)u(WO(g_15X2g)) € C*(R,V,), we obtain (6.2). q.e.d.
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Definition 6.7. Let w; be the 2-form on M,,(S1) defined by
(6.5)  (wj)4(X1(7), X2(7)) = — (97" 0x,9, (JoJ; ' J2)u(mo(97 ' 0x29))).
where X; is a tangent field on M,,(S!) and dx,g is given by (6.1) for
i=1,2.

Let X denote the Hamiltonian vector field of the Hamiltonian F=
FoW. By Proposition 6.6, we get (1;) (X (7), Xp, (7)) = {F1, F2};(7)-

Note that J2J2_1J2 = Jy and J2J3_1J2 = Ji. So (6.5) gives the
following.

Proposition 6.8. Let w; be the 2-form on M, (S*) defined by (6.5).
Then

(6.6) (2)(X1(7), X2(7)) = ([0z + b+ u, g7 0x,9), 9~ 0x,9),
(6.7) (3)(X1(7), X2(7)) = ([97'0x,9, €1n), 9™ 0x,9)-
Proof. By Proposition 5.5, we have

(J2)u(mo(g™ " 6x,9)) = [0n + b+ u, Pu(mo(g™ " 0x,9))-

It follows from Corollary 3.6 that P,(m(g '0x,9)) = g 10x,9. So
we have

(2)1(X1(7), X2(7)) = (g™ "6x,9, [0 + b+ u, g~ " 0x,9])
<[8€E +b+ u7g_15X1g]7g_16X2g>'

Similar computation gives the formula for ws. q.e.d.

Next we construct two embeddings of M,,(S!) into certain co-adjoint
orbits and show that ws and w3 are the restrictions of co-adjoint orbit
symplectic forms, hence they are closed.

Let M be the co-Adjoint orbit of G on the dual G* of the Lie algebra
G at £y € G*. The orbit symplectic form on M is defined by

Te(§(0),7(€)) = €([&:n)),
where ¢ € M, and £ and 7 are infinitesimal vector fields corresponding
to the co-Adjoint action generated by &, m € G.
We identify the Adjoint orbit of C*° (S, SL(n,R)) on C*(R, sl(n, R))
as the co-Adjoint orbit of C°°(S!, SL(n,R)) via the non-degenerate bi-
linear form (5.1), i.e.,

(€1 = e,

Theorem 6.9. Let O denote the Adjoint orbit of C>°(S*, SL(n,R))
on C*®(S!,sl(n,R)) at the constant loop e1,, T the orbit symplectic
form on Oy, and €1 the map from M, (SY) to Oy defined by £1(v) =
geing ', where g is the central affine moving frame along . Let w3 be
as in (6.7). Then €1 = Ws3.
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Proof. Given & € C*(S, sl(n,R)), a direct computation implies that
the infinitesimal vector field is

E(geing ™) = [€ 9197 "]-
So the orbit symplectic structure is
(T1) gerng—1 ([6, 9€1097 '], [0, ge1ng ') = (gerng ™", [€,1])-
The differential of £, at v is
d(t1)(67) = [999™", gerng '],
Hence,
(€171 (817, 027) = (T1)ger,g-1 ([(019)97 " ge1n9™ '], [(829)9™ ", gerng 1)
= (gerng ™", [(619)97", (629)97']) = (en, [97 619, 9~ ' Gag]),
which is equal to (ws3), (817, 627). q.e.d.

Let RO, ® C*(S1, sl(n,R)) denote the Lie algebra with bracket de-
fined by

(1102 + u, 7205 + V] = 1105 — roug + [u,v], 71,72 € R.

It is known (cf. [18], [19]) that the dual of the central extension of the
loop algebra C*°(S, sl(n,R)) defined by the 2-cocycle

plEsn) = f (€ (2)n())da,

can be identified as the Lie algebra RO, + C*°(S!,sl(n,R)) and the
co-Adjoint action corresponds to the gauge action,
g- (81’ + u) = g(ax + U)gil =0y + gu.gil - gngl'

Theorem 6.10. Let Oy denote the gauge orbit of (S, SL(n,R))
at Oz, T2 the orbit symplectic form on Oo, and £y : My, (S') — Oy the
map defined by £2(7) = g~ gz, where g is the central affine moving frame
along 7. Let wy be as in (6.6). Then &(m) = ws.

Proof. The infinitesimal vector field on O3 given by the gauge action
for £ € C(S1, sl(n,R)) is £(0r +v) = — [0z + v, &]. Note that

B(7)=0:+9 'go =0 +b+tu=0+b+¥(7).
By Proposition 3.2,
d(E2),(67) = AW, (87) = [0z + b+ u, g 'dg].

Then

(8572)5 (017, 027) = (72) 9y +b4u(dE2(017), dE2(d27))

= (72)0,+b+u([02 + b+ 1, g7 619, (00 + b+ u, g 529])

= ([0x + b+ u, g7 b19], 97 b29),
which is equal to (w2)~ (517, d27). q.e.d.
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Recall that a weak symplectic form on M is a closed 2-form on M
such that wy(vy,v2) = 0 for all vo € T'M,, implies that v; = 0. If M is
of finite dimension, then a weak symplectic form is symplectic. When
M is of infinite dimension, a weak symplectic form need not to be non-
degenerated, but we can still have the Hamiltonian theory. Below we
show that w9 and @3 induce weak symplectic forms on the orbit spaces
M, (SY)/SL(n,R) and M,,(S')/(SL(n,R) x R*~1), respectively. As we
mentioned in the introduction, the following two Theorems were proved
by Fujioka and Kurose for n = 2 in [8]. We show that they are true for
general n.

Theorem 6.11. The 2-form Wy induces a weak symplectic form on
the orbit space M,,(S')/SL(n,R).

Proof. By Theorem 6.10, w9 is a closed 2-form. It follows from (6.6)
that (w2)~ (817, 62v) = 0 for all 82 if and only if [0, +b+u, g 1d1g] = 0,
where g is the central affine moving frame along v and u = ¥(y). By
Proposition 3.2,

AW, (617) = [0z + b+ u, g~ 01g] = (J2)u(mo(g~ 61g) = 0.
The theorem follows from Proposition 3.7. q.e.d.

We consider the R"1-action on M,,(S!) generated by the first (n —
1) central affine curve flow (1.6). Since the central affine curve flows
commute with the SL(n,R)-action, the product group SL(n,R) x R*~!
acts on M, (S1).

Theorem 6.12. The 2-form w3 induces a weak symplectic form on
the space My (S*)/(SL(n,R) x R*~1),

Proof. By Theorem 6.9, w3 is a closed 2-form. The formula of w;
implies that (ws3)(617,827) = 0 for all Sy in TM(S?), if and only if

(J1)u(mo(g™'é19)) = 0.
So mo(g~1d1g) lies in the kernel of (J;),. It follows from Theorem 5.10
that ¢ lies in the span of VHi(u),...,VHy,_1(u), where H;’s are the
Hamiltonians defined by (5.10).

Let Xy,...,X,_1 denote the vector fields that generated the first
(n — 1) central affine curve flows. Then d¥.(X;) = (J2)u(VH;(u)).
If mo(g~'19) = VH;(u) for some 1 < i < n — 1, then d¥(§;7) =
(J2)u(VH;(u)). So 617 € Xi(y) + Ker(dV¥,). By Proposition 3.7,
Ker(dV¥,) = the tangent space of the SL(n,R)-orbit at . This fin-
ishes the proof. q.e.d.

We have written w;(X;, X2) in terms of g 10x,9 and show that
g Yxg = Pu(mo(9 " 9xg)). It follows from Theorem 2.9 that entries
of g '9x g are also differential polynomials of the first column. Hence,
we can write g~ 'dxg as differential polynomial in X. So we can write
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w;(X1, X2) in terms of X; and their derivatives. In fact, Pinkall gave
such formula for s in [17], Fujioka and Kurose for ; in [8] on My (S?),
and Calini, Ivey, Mari Beffa wrote down the formula of w3 on M3(S*)

in [3]. Below we work out the formulas for general n.

Theorem 6.13. Let X,Y be tangent vectors of Mn(sl) at~. Then
n—1 A ' |
(B2, (X,Y) =3 %det(% AR X A0, YY)
i=1

n—1
— Z j{ujdet(’y, e ,’Yéiil), ngjil), fy;(zi)7 ey Y;p(iil))dx)

i,7=1
n—1 . ‘ ‘
(ih3)(X, ) = Zﬂgdet(% D X A0, YD e
=1

n—1
£y 7{ det(7, .., 402, XG0 A0 y)dg)
=1

Proof. Let ~,g,u,d;7v,d;9 be as in Proposition 6.6,
C = (Cij) =g "019, D= (Dy) =g 629,

and C;, D; the i-th column of C' and D, respectively. By Theorem 2.9,
we can express C;’s as differential polynomials in C;. Similarly, D;’s
can be expressed as differential polynomials in D;. Moreover, C; =

(Chi, ..., Cp;) is the coordinate of (517);(;_1) with respect to the frame

9= ) i, )EY =00 G,

Iy =" yi%(tifl)’ then Y =371, (y; + yi—1 + Uiyn)%(f*l). Write
(51’7)?) =>", 51(517);(;_1). Then

By Proposition 6.8, we have

(W3)4 (617, 0277) = 7{2 Ci1Dp; — CniDjrde,
i1

=1

n n—1

= jﬂ{i&Dm‘ =3 ) Ciju;Dpida.
i=1

i=1 j=1
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We compute (w3) as follows: Let X = 01y, and Y = d2y. Then

(w3)y(X,Y) = fz CitDp; — CpiDinda
i=1

n—1

= %CnlDrm — CpnDn1 + Z Ci1 Dy — CyiDijnde
=1

n—1 n—1 n—1
= 7{(2 Cii)Dn1 = Co1 (D D) + Y Ciy Dpi — CiDnda.
i=1 i=1 i=1

Note that det(~,... 77£TL71)) = 1 and the k-th column of C and D are

the coefficients of Xg(ck_l) and Ym(k_l) written as a linear combination of
Vyous ;E«n_l). So we have
(6.8) det(v, 7z, ..., A2, XFE-D A0y = 0Dy — ChrDig.

Substitute (6.8) into the above formula for w.(X,Y’) to get the formula
for (ws3), as stated in the theorem.
Use tr(C) = tr(D) = 0 and (6.8) to get the formula for we.  q.e.d.

Example 6.14. For n = 2, Theorem 6.13 gives
(2)4(X,Y) = — ?{ det(X",Y') + updet(X,Y)dz,
(w3),(X,Y) = Q%det(X, Y)dz.

The 2 form wy was given in [8] and w3 in [17].

Example 6.15. For n = 3, we get
(13), (X, V) = 3 f{ det(X,+,Y)da,
which is the 2 form given in [3]. We also have
(W2)(X,Y) = fdet(X"’,’y’,Y) + det(y, X", Y")dz
- 7{ i (det(X, 7, Y) + det(v, X, Y'))dz

_ j,{uQ(det(X',ry', Y) + det(v, X', Y"))dx.
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Example 6.16. For n = 4, let |vi,v9,v3,v4] = det(vy,ve,v3,v4).

Th

en we have

(wS)’y(Xu Y) - f ‘X7 7/7’7”7Y| + |’77X7 ’Y”vY/‘ + ’777/7X7 Y”|d$
+ f XA A" Y] + [ XA Y] + s X, Y
= 2% X, 77" Y]+ |y, X, Y |dz

L2 7{ o X" Y]+ [y X, Y da

(t2)4(X,Y) = 74 XD A A Y+ 1y, XD A Y+ |y, 4, XD Y |de

1]

2]

- JC[W(IX’,W’,V”,YI + 17, XA Y 4+ |y, XL YY) de

— ]{ul(lX, VALY |+, X ALY 4 1y, X Y ) de.
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