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Abstract

Let % be the double cover of the quintic symmetric determi-
nantal hypersurface in P'*. We consider Calabi-Yau threefolds YV
defined as smooth linear sections of %/. In our previous works
[HoTal, 2, 3|, we have shown that these Calabi-Yau threefolds
Y are naturally paired with Reye congruence Calabi-Yau three-
folds X by the projective duality of %', and observed that these
Calabi-Yau threefolds have several interesting properties from the
viewpoint of mirror symmetry and also projective geometry. In
this paper, we prove the derived equivalence between the linear
sections Y of " and the corresponding Reye congruences X .

1. Introduction

Non-birational smooth Calabi-Yau threefolds which have an equiv-
alent derived category are of considerable interest from the viewpoint
of the homological mirror symmetry due to Kontsevich [Ko|. As such
an example, it has been proved in [BC] that smooth Calabi-Yau three-
folds which are given by respective smooth linear sections of G(2,7)
and Pfaff(7) (see [Ro|) are derived equivalent. To our best knowledge,
this pair is the first example of derived equivalent, but non-birational
smooth Calabi-Yau threefolds with Picard number one. In [Ku2|, the
derived equivalence has been understood as a corollary of a more general
statement that a non-commutative resolution of Pfaff(7) is homologi-
cally projective dual to G(2,7). The homological projective duality is a
framework proposed in [Kul|, which sheds light on the classical projec-
tive duality in the theory of derived category. In the case of G(2,7) and
Pfaff(7), the classical projective geometries involved are that of the pro-
jective space of skew symmetric matrices P(A2C7) and its dual projective
space P(A\2(C*)7).

In the previous work [HoTal], by studying mirror symmetry of Cala~
bi-Yau threefold X of a Reye congruence, we naturally came to the
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projective duality of P(S2C®), the projective space of symmetric matri-
ces, and its dual projective space P(S?(C*)%). We have observed that X
should be paired with another smooth Calabi-Yau threefold Y, which
is given as a linear section of the double quintic symmetroid. We are
also led to the prediction [ibid. Conj.2| of their derived equivalence. The
main result of this paper is an affirmative proof for this prediction.

Let V = C® and X be a smooth linear section of the second symmetric
product 2" = S*P(V) in P(S?V). Then Y is given by the orthogonal
linear section of the double symmetroid %, which is the double cover
of the determinantal symmetroid . in P(S?V*). 2  has a natural
resolution 2~ given by 7 the Hilbert scheme of two points. As for &, a
nice desingularization % has been obtained in our recent paper [HoTa3].
Furthermore, it has been found that a finite collection of sheaves (F;)ier
on 2 defines a dual Lefschetz collection in the derived categories Db(.2")
|ibid. Thm.3.4.4], and correspondingly a collection of sheaves (&;)icr on

% defines a Lefschetz collection in DY ) [ibid. Thm.8.1.1]. In this

paper, we study a certain closed subscheme A in Y x 2 and construct
a locally free resolution of its ideal sheaf Z in terms of the sheaves (F;)iecr
and (&;);er. Considering a Fourier-Mukai functor with its kernel I being
the restriction of the sheaf Z to Y x X in % x 2, we prove the derived
equivalence D’(X) ~ D’(Y) (Theorem 8.0.1).

We introduce the subscheme A from the flag variety Ag := F(2,3,V)
in G(3,V) x G(2,V). As we summarize in Subsection 2.2, 2" is a P2-
bundle over G(2,V) and hence there is a morphism to G(2,V). In
contrast to this, the geometry of the double quintic symmetroid # is
more involved. It turns out that % describes the connected families of
planes contained in singular quadrics, which, in the case of quadrics of
rank 4, are represented by conics on G(3, V') (Subsection 2.3 and Section
4). In particular, we see that there is a generically conic bundle 2 over
% which parameterizes pairs of singular quadrics and planes therein, and
hence there exists a natural morphism 2 — G(3,V). Roughly speaking,
the subscheme A is constructed by pulling back Ag by the product of the
above morphisms 2 x 2 — G(3,V) x G(2,V), pushing forward by the
morphism 2 x 2 — % x 2 and taking the transform by the birational
morphism Y x X — U x 2. The fact that the connected families of
planes in rank 4 quadrics can be described by conics on G(3, V') implies
that % is birational to the Hilbert scheme of conics on G(3, V') studied
by [IM].

The choice of the subscheme A comes from our observation on the
so-called BPS numbers of Y listed in [HoTal, Table 3|. Let I, be the
restriction of the ideal sheaf I to Y x {z}. We will show that I, defines
a curve C, on Y of arithmetic genus 3 and degree 5 parameterized by
X, and C, is smooth if X and z are general (Propositions 3.1.3 and
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7.2.2). Our observation/discovery about this family of curves is that this
family can be identified in the table of BPS numbers n}]/ (d) at genus 3
and degree 5 as

nY (5) =100 = (—1)4mXe(X) x 2,

where e(X) = —50 is the Euler number of X. We note that the signed
Euler number (—1)3™mX¢(X) is in accord with the counting rule of the
BPS numbers for a family of curves |GV]. The factor 2 indicates that
there should be another family of curves parameterized by X. In fact it
turns out that there is a “shadow” curve C, of the same genus and degree
as Cp (Fig.1 in Subsection 3.1). The BPS numbers are integers which
we calculate by using mirror symmetry, and its mathematical ground
is still opened in general. We believe, however, that our observation
above may be justified by the Donaldson-Thomas (DT) invariants or
the Pandharipande-Thomas (PT) invariants associated with a suitable
moduli problem of ideal sheaves or stable pairs (see [PT| and reference
therein also [HST| for the BPS invariants). Namely we expect that the
Calabi-Yau threefold X appears as a suitable moduli space of the ideal
sheaf of curves on Y and the derived equivalence between the two is a
consequence of this.

Here we should remark some similarities of our construction to that
of the Grassmann-Pfaffian case. The proof of derived equivalence due
to [BC] (and also [Ku2]) is based on a certain incidence relation on
G(2,7) x Pfaff (7) which gives rise to the kernel of a Fourier-Mukai func-
tor. Our proof using Ag is basically parallel to this, although the for-
mulation of our incidence relation A in % x X and the corresponding
ideal sheaf are much more involved and requires the resolution % — %
[HoTa3|. In the Grassmann-Pfaffian case, the restriction I, to {y} x X
of the corresponding ideal sheaf I defines a generically smooth family
of curves of genus 6 and degree 14 on X. In this case, however, we
read the corresponding BPS number as n (14) = 123676 (see [HoTal,
(4.2)]) and there seems to be some complications in the possible moduli
interpretation in terms of DT /PT invariants.

Recently, the derived equivalence of the Grassmann-Pfaffian Calabi-
Yau threefolds has been formulated in the framework of categorical geo-
metric invariant theory [BDFIK, Ha, DS|. Our case has been argued
in [Hor, HorKn]| in the language of physics called gauged linear sigma
model, which is closely related to geometric invariant theory. It seems
interesting to see how the derived equivalence in our case will be formu-
lated in the categorical geometric invariant theory.

Here we outline the present paper. In Section 2, we summarize some
basic results on which our arguments are based. In Section 3, we con-
struct a family of curves on Y parameterized by X (Proposition 3.1.3)
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and show that it comes with another family of “shadow” curves. Also we
calculate the Brauer group of Y as a corollary. In Section 4, based on
the results [HoTa3|, we summarize the birational geometry of % and

introduce the desingularization %'. We will also introduce generically
conic bundles over some varieties which are birational to %'. In Section
5, we introduce the subscheme A representing the incidence relation on
% x 2 and its ideal sheaf Z. Dividing the process into four major
steps, we obtain a locally free resolution of Z in terms of the collections
of locally free sheaves (&;)icr and (F)ier (Theorem 5.1.3). In section
6, we show that the subscheme A is contained in (the pullback of) the
universal family of hyperplane sections V. In Section 7, restricting the
ideal sheaf to Y x X, we show that this defines a family of curve on Y
which is flat over X, and coincides with the family obtained in Section
3 (Proposition 7.2.2). In Section 8, using the properties of the (dual)
Lefschetz collections (&;)icr and (F;)ier [HoTa3, Thm.8.1.1], we show
the derived equivalence D°(X) ~ Db(Y"). Some further discussions are
presented in Section 9.

Notation: Throughout the present paper, we work over C, the com-
plex number field. We will use the following notation to simplify lengthy
formulas:

V: a (fixed) 5 dimensional complex vector space. P4 := P(V).
V;: an i-dimensional vector subspace of V.

(1) := Qp(v( )-

(1) = A (Qp(v)( )) for ¢ > 2.

(— 1) = T]P(v (—1).

(— 1) N(T(—1)) for i > 2.

(i) == Op)(i) for i € Z.

GHHIO{O
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2. Preliminaries

Here we summarize the basic results on which our proof of the derived
equivalence D?(X) ~ D¥(Y) relies. We also summarize the construction
of the Calabi-Yau threefolds X and Y which have been described in
detail in [HoTal, HoTa3|.

2.1. Basic general results. For the computations of cohomology
groups which appear in this paper, we use extensively the following
Bott theorem about the cohomology groups of Grassmann bundles.
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For alocally free sheaf £ of rank r on a variety and a nonincreasing se-
quence 3 = (B1, B2, . .., Br) of integers, we denote by Y€ the associated
locally free sheaf with the Schur functor ¥,

Theorem 2.1.1. (Bott Theorem) Let 7: G(r, A) — X be a Grass-
mann bundle for a locally free sheaf A on a variety X of rank n and
0 - S - A — Q — 0 the universal exact sequence. For [ :=

(1,...,ap) €Z" (a1 = -+ > ) and v = (Qpg1y...,0p) € Z"T7
(g1 > -+ > ), we set a:= (B,7) and V(o) := LPS* @ LYQ*. De-
fine p :== (n,...,1) and for an element o of the n-th symmetric group

Sy, we set 0+ (a) :=o(a+ p) — p. Then the followings hold:

(1) If a + p contains two equal integers, then R'm,V(a) = 0 for any
1> 0.

(2) If there exists an element o € &, such that o(a + p) is strictly
decreasing, then R'm,V(a) = 0 for any i > 0 except RN m,V(a) =
Yo (@) A* where I(0) represents the length of o € &,,.

Proof. See [Bo], [D], or [W, (4.19) Corollary]. q.e.d.

Theorem 2.1.2. (Grothendieck-Verdier duality) Let f: X — Y
be a proper morphism of smooth varieties X and Y. Set n := dim X —
dimY . We have the following functorial isomorphism: For F* € DY(X)
and £* € DY(Y),

RfiRHom(F*®, Lf*E® @ wx/y[n]) = RHom(Rf.F*,E®).

In particular, if £* and F* are locally free (we write them simply £

and F) and if R®f,F =0 (e > 0), then
R (F @ ffE® wxy) = Ext® (fiuF, E).
Proof. See [Huy, Theorem 3.34]. q.e.d.
For our proof of the derived equivalence, we use the following theorem:

Theorem 2.1.3. Let X andY be smooth projective varieties and &2 a
coherent sheaf on X XY flat over X. Then the Fourier-Mukai transform
Op: DY(X) — DY(Y) (P is called the kernel of ®p) is fully faithful if
and only if the following two conditions are satisfied:

(i) For any point x € X, it holds Hom(P,, P,) ~ C, and

(ii) if 21 # 2o, then Ext'(Py,, Ps,) = 0 for any i.
Moreover, under these conditions, ®p is an equivalence of triangulated
categories if and only if dim X = dimY and P ® priwx ~ P ® priwy .

In particular, if dim X = dimY, wx ~ Ox and wy ~ Oy, then ®p

s fully faithful if and only if it is an equivalence.

Proof. See [BO, Theorem 1.1], [B, Theorem 1.1], [Huy, Corollary 7.5
and Proposition 7.6]. q.e.d.
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In this paper, we adopt the following definition of Calabi-Yau variety
and also Calabi-Yau manifold.

Definition 2.1.4. We say a normal projective variety X a Calabi- Yau
variety if X has only Gorenstein canonical singularities, the canonical
bundle of X is trivial, and h'(Ox) = 0 for 0 < i < dim X. If X is
smooth, then X is called a Calabi- Yau manifold. A smooth Calabi-Yau
threefold is abbreviated as a Calabi-Yau threefold.

2.2. The Hilbert scheme 2 of two points on P(V). Let 2" be
the Chow variety of two points on P(V) embedded by the Chow form
into P(S2V). Denote by 2 the second Veronese variety va(P(V)). It
is a well-known fact that 2y = Sing 2" and 2" is the secant variety of
2. If we take a coordinate of S2V so that it represents a generic 5 x 5
symmetric matrix, then 2y (resp. 27) is characterized as the locus of
rank 1 (resp. rank < 2) symmetric matrices.

Let 2" be the Hilbert scheme of 0-dimensional subschemes of length
two in P(V'), which will be called the Hilbert scheme of two points in
P(V) hereafter. A 0O-dimensional subscheme of length two may be de-
termined from the corresponding 0-cycle 1 of length two on P(V') and a
line | C P(V) containing 7, and vice versa. Hence, we have an isomor-
phism 2" ~ P(S), where F is the universal subbundle of rank two on
G(2,V). Let

(2.1) 0—->F=>V&®0Ogev) —+3—0

be the universal exact sequence on G(2,V). Using the induced injec-
tion S2F — SV ® Og(2,v), We obtain a (composite) morphism 2 —
P(S?V) x G(2,V) — P(S%V). Then the tautological divisor of P(5%F)
is the pull-back of Opsz2y)(1). The image of this morphism is noth-

ing but 2" and the induced morphism f: 2 — 2 coincides with the
Hilbert-Chow morphism. Moreover, f is the blow-up along 2.

X
f g
. S

We define the following divisors on 2 :

Hy = "0y (1) and Ly = g"Oga,v)(1).

We also denote by E; the f-exceptional divisor.
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2.3. The double quintic symmetroid #. Hereafter we assume V ~
C® and write by V* the dual vector space of V. Let s C P(S?V*) be
the locus of singular quadrics in P(V'), which will be called the (generic)
quintic symmetroid since it is the hypersurface defined by the determi-
nant of the (generic) 5 x 5 symmetric matrix. It is the locus of 5 x 5
symmetric matrices of rank < 4.

Let 7 = {(,[Q]) | t € SingQ} C P(V) x P(S®V*). Then the
natural morphism p: Z — S is a desingularization of J# (see [HoTa3,
Subsect.4.1]).

To construct the double cover # of ¢ branched along the locus of
symmetric matrices of rank < 3, we introduce the variety 2 which
parameterizes the pair of quadrics @ in P(V') and planes P(II) such that
P(IT) € @. To describe Z more explicitly, consider the universal exact
sequence on G(3,V);

(2.2) 0=>U—=>V&Ogasy) > W—=0.

The surjection S?V* ® Oc@,v) — S2U* follows from the dual sequence.
Then we define a locally free sheaf £* on G(3,V) by

(2.3) 0— & = S*V*®Ogpv) — SU* — 0.

Then, since the fiber of P(S*U*) over a point [II] € G(3,V) may be
identified with the linear system of quadrics on P(II), the fiber of P(E*)
represents the quadrics which contain the plane P(II). Namely we have

¥ =P(E*) C G(3,V) x P(S*V™).

Note that the image of the naturally induced morphism 2 — P(S%V*)
coincides with the singular quadrics J°, since a smooth quadric does
not contain a plane.

Let % o f)g A be the Stein factorizabtion of the natural mor-
phism 2 — 2. Then py : % — S turns out to be the finite double
covering branched along the locus of quadrics of rank less than or equal
to three [HoTa3, Prop. 4.2.2]. % is called the (generic) double quintic
symmetroid. We say that y € % is a rank i point if py (y) € H corre-
sponds to a quadric of rank i. Gg := Sing % is the subset consisting
of rank 1 and 2 points ([ibid, Prop. 5.7.2]). We introduce divisors on %
and Z, respectively, by

My = pyOu(1) and My =73 0 pyOx(1),

where O (1) := Ops2y+)(1)] -

Consider the fiber Z[g) of the morphism 2° — 7 over a quadric
Q] € . If rank@ = 4, then @ is a cone over the smooth quadric
(~ P! x P') in P(V/V;) with the vertex [V3], and the planes in ) consist
of two different P'-families which correspond to the two rulings of P! x P!,
If rank @ = 3, then @ is a cone over the smooth quadric in P(V/V3) with
the vertex P(V5) ~ P!, and in this case there is only one P'-family of
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planes in ). Thus the morphism 74 : % — % of the Stein factorization
is a generically conic bundle; generic points of % are represented by
pairs (Q,q) of quadrics @ of rank 4 (or 3) and connected families ¢
of planes contained in @, where ¢ represent conics in G(3,V) (|[HoTa3,
Prop. 4.2.5]). It turns out that several birational models of 2 — % play
crucial roles to construct the kernel of a Fourier-Mukai functor giving

an equivalence of D?(X) and D°(Y).

The following computations of the Chern classes of the locally free
sheaf £ on G(3,V') will be used in the next section.

Lemma 2.3.1. We have ¢1(€) = c1(Ogs,v)(4)) and also c2(E) =
5¢a(W) + 6¢1(Ogs,v)(1))2.

Proof. This follows from standard computations of Chern classes by
using the exact sequences (2.2) and (2.3). Note that c1(Ogs,)(1)) is
given by the Schubert cycle o1, which is ¢;(U*) in our notation. Since
rk U = 3, the first relation follows from ¢ (£) = ¢1(S*U*) = 4¢p (U*). For
the second relation, we derive co(S2U*) = 5e1(U*)? + 5eo(U*) and use
CQ(W) = Cl(u*)2 — Cg(u*), 02(5) =C (S2u*)2 — 02(S2u*). q.e.d.

2.4. Calabi-Yau threefolds X and Y. Let us identify P(S?V*) with
the space of quadrics in P(V). Then a 4-plane P C P(S2V*) may be re-
garded as a 4-dimensional linear system of quadrics P = |Q1,Q2, - , Q5|
with the quadrics @; defined by the corresponding 5 x 5 symmetric ma-
trices A;. Let P+ C P(S?V) be the orthogonal space of P with respect
to the dual pairing between S?V and S?V*, and define X = 2 N P+.
Dually, we may construct also Y in % as the pull-back of the quintic
symmetroid s N P. The linear system P is called regular if i) it is base
point free and ii) any line [ C Sing @ for some @) € P is not contained
in a linear subsystem of dimension > 2. X is smooth if and only if P
is regular [HoTal, Prop.2.1|. It has been shown that Y is also smooth
when P is regular [ibid. Prop.3.11]. We say that X and Y defined for
such a choice of P are orthogonal to each other.

Proposition 2.4.1. X and Y constructed as above are Calabi-Yau
threefolds with the following invariants:
1) deg(X) =35, c2.D =50, h*1(X) =26, h'1(X)=1,
where D is the restriction to X of a hyperplane section of 2, deg(X) :=
D3 and cy is the second Chern class of X.
2) deg(Y) =10, co.M =40, h>Y(Y) =26, hb1(Y) =1,
where M s the restriction of My toY, deg(Y) := M3, and cy is the
second Chern class of Y.

Proof. The invariants of X are easy to be determined, see [HoTal,
Prop.2.1]. The invariants of ¥ are determined in [HoTa3, Prop.4.3.4|
(see also [HoTal, Prop.3.11 and 3.12|). q.e.d.
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Hereafter we consider the Calabi-Yau threefolds X and Y which are
orthogonal to each other.

Since X is smooth, X is disjoint from Sing.2", and hence we can
consider X to be contained in .2°. Moreover, X is mapped by ¢g: 2~ —
G(2,V) onto its image isomorphically, and hence we can also consider
X to be contained in G(2,V). By the existence of this embedding into
G(2,V), X is called a (generalized) Reye congruence. As a subvariety
of G(2,V), X is characterized as the subset of lines [ in P(V') such that
quadrics which contain [ form a 2-dimensional linear system (net) in P
([HoTa3, Prop.3.5.2]).

Y will be called the (3-dimensional) double quintic symmetroid or-
thogonal to X. Since Y is smooth, Y is disjoint from Sing % = Ga .

3. A family of curves on Y parameterized by X

In this section, using the generically conic bundle wy: 2 — %, we
construct a family of curves on Y of degree 5 parameterized by X, and
show that its general member is a smooth curve of genus 3 for a general
P. Later in Section 7 (see also Section 9.1), we will show that this family
is flat and explains the BPS number of curves of genus 3 and degree 5
on Y. The ideal sheaf of this family of curves in Y x X will be related
with the birational model G(3,T(—1)"?) of % and will give the kernel
of the Fourier-Mukai functor which shows that D°(X) ~ D?(Y).

3.1. Constructing the family of curves. Recall our definition of ba-
sic morphisms;

oLy GG, V),

where py 1 2 — G(3,V) is a PS-bundle since the fiber over a point [II]
consists of (singular) quadrics which contain the plane P(II).

We consider X in G(2,V), and denote by [, the line in P(V') which

corresponds to a point x € X. We set P, = {[Q] € P | [, C @}, the

linear subsystem of P consisting of quadrics which contain the line [,.
Then dim P, = 2 holds [HoTa3, Prop.3.5.2]).

T P

Z

Lemma 3.1.1. For any x € X, the plane P, is not contained in the
quintic symmetroid H := 7 N P. Moreover, for a general reqular P and
a general x € X, the intersection H N P, is a plane quintic curve with
only three nodes.

Proof. It P, C H, then it is a divisor on H and pg;l(Pm) = aM
with some integer a, where M is the generator of Pic(Y') and satisfies
M? = 10. We set My = Op(1)|y. By pulling back the intersection
relation 1 = My - My - P, toY, we have 2 = M - M - (aM) = 10a, which
is absurd.
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Note that H is a quintic hypersurface while P, ~ P? is a linear sub-
space of P. Therefore H N P, is a plane quintic curve in P,. The final
part follows from an explicit calculation of the plane curve H N P, by
Macaulay2. We verify in the example below that, for a general P and a
general x, the curve H N P, has three nodes as singularities. q.e.d.

Example 3.1.2. (Nodal quintic curve H N P,)) We fix a general 4 di-
mensional (regular) linear system of quadrics P = |Q1, Q2, ..., Q5| giving
quadratic forms ¢;(z) = ‘zA;z on P(V) by 5 x 5 symmetric matrices.
Explicitly we give them by

5 Al A A3 A5 A2
e —=A3 A2—As5 A2 A4

A)\ = Z)\ZAZ = )\3 )\2—)\5 )\2 )\4 )\1+2)\2
A5 Az A A1\

=1 A2 A A+2X2 A1 AitAe

We identify [A)] with the corresponding point [A] = [, \;Q;] in P.
Then it is easy to verify that [z] = [-1,0,0,1,2] and [w] = [-1,2,0,—1,
0] satisfies ‘zAy\w = 0 for any [\] € P, hence defines a point z in X and
also the corresponding line [, = (z,w). The plane P, is determined by
the linear equations ‘zAyz = ‘wAyw =0 as P, = {3\ +2\;4 — A5 =
2M\1 — A2 — A3 = 0} € P. Then the curve H N P, is given by the
quintic equation representing P, N {det Ay = 0}. By calculating the
Jacobian, it is straightforward to see that H N P, has three singular
points at [A] = [1, 2(2a% + 3a + 1), —2(2a% + 3a — 8), , 3 + 2a] for the
three distinct roots a of the cubic 423 — 2% — 13z — 26 = 0. By writing
the local equation of the curve, we verify that all these singularities are
nodal.

The symmetroid H = J# N P is written by {det Ay = 0} C P. By
using Macaulay2, we verify that Sing H is a smooth curve of genus 26 and
degree 20 as noted in [HoTal]. We also verify that Sing HN(HNP,) = 0.

Finally, consider the set {[A\] € HNP, | Ax(az+bw) = 0, az+bw] €
I} of quadrics which contain [, with a point on [, passing through their
vertices. Note that by the regularity condition ii), there is no quadric
that contains [, in its vertex. We can verify that the three nodes on
H N P, exactly correspond to this set (see Fig.1).

From Lemma 3.1.1, we see that the normalization of HNP, is a smooth
curve of genus three for a general P and a general x € X. We show that
the normalization exists as curves on Z := W;jl(Y) and Y = pg}l(H ).
To describe the result precisely, let us define

G, = {[I] € G(3,V) | I, € P(IT)}



DOUBLE QUINTIC SYMMETROIDS 453

Y
@.a) @2 Q.9 C L
Q] Q] F 1 P

Fig.1. Curve C, and its “shadow” C.. The line I,
and quadrics which contain [,. If [, passes through the

vertex of @, then two points ([Q], ¢1), ([Q], ¢2) map to [Q)].
Otherwise, ([Q],¢) € Y is uniquely determined by [Q)].

and also
Zp = {0, [Q)) |l CP(I) C Q} = 3, (Ga) C 2.

G, is a plane in G(3,V) and Z; is a P®-bundle over G, under the natural
projection 25, — G. Set

Y= Zenm (V) = {([1,[Q)) | & c P(II) € Q.[Q] € P}

and denote by C, its image on Y. Now we show

Proposition 3.1.3. For smooth Calabi- Yau threefolds X andY which
are orthogonal to each other, {~; }zcx is a family of curves of arithmetic
genus 3 and of degree 5 with respect to My, and its images {Cy}rex
onY is a family of curves of degree 5 with respect to M. Moreover, if
X and 'Y are general, then a general member Cy is a smooth curve of
genus 3.

Proof. Consider the projections 7, := pgy o T (7,) and J;, 1= py o
7o (Z). We define P, = {[Q] € P(S?V*) | I, C Q}. If we write
T = Wgy € X with &,y € P(V) as a point of S?P(V), then P, =
{[Q] € P(S?V*) | tzAgzx = 'yAgy = 'zAgy = 0}, where Ag is a
5 x b symmetric matrix defining the quadric ). In particular, P, is
isomorphic to P''. Then we have %, = {[Q] | . € “P(II) C Q} and
N, = HNP = ,NP,. If asingular quadric [Q] € # contains a line [,
then there always exists at least one plane P(II) such that [ C P(II) C Q.
Hence we have 5, = 2 NP, and 7, = 7, NP, = NP, C 7 NP.
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Since H = ¢ N P, we have 7, = H N P,, which is a plane quintic curve
by Lemma 3.1.1.

Now we note that if a line [ is contained in a singular quadric @ but
[ ¢ Sing @, then there are at most two planes satisfying | C P(IT) C Q.
For the lines [, of x € X, we have dim P, = 2 as we saw above. By
the condition ii) of the regularity of P (see the beginning of Section
2.4), there is no quadric [)] € P which contains the line [, in Sing Q.
Therefore v, — 7, is finite of degree at most two. In particular, v, is a
curve.

By [HoTa3, Prop.3.5.2|, P, is a plane in P, and hence P, is of codi-
mension 9 in P,. Therefore, since 7, = 5, N P, C 6 NP, = I,
we see that 7, is also a complete intersection in J4;, = py o T4 (%) by
9 hyperplane sections. Corresponding to this, we also see that v, is a
complete intersection of 9 elements of |[My, | := |M#|%,| in 2, since 7,
is the pull-back of 7,. Using this, we compute the degree and the arith-
metic genus of v, as follows: The degree of ~, with respect to Mg is
evaluated by using %, = p :,Z_)l(Gx) and the Segre class of the projective
bundle 2 =P(£*) — G(3,V) as

My (2, - My) =My - % = s3(€lc,) = (c1(E)* — 2(E)) Gy,

which is equal to (c1(£)? — c2(€))Ge = (10¢1(Og3,v(1))? — ez (W)) Gy
by Lemma 2.3.1. Since G, is a plane, we have ¢1(Og,1)(1))*Ge =
1. We note that, by definition, co(W) = o9 which represents the 4-
cycle {[II] | ¢ € P(II)} in G(3,V) parameterizing 2-planes containing
a fixed point t of P4. Therefore choosing such a point ¢ € P* so that
t &1, we see co(W)G, = 1. Hence we have Mg) % = My -y, = 5.
Since deg~y, = deg¥, = 5, we see that v, — 7, is birational. The
canonical divisor of <, is the restriction of K4, + 9Mg4, . From the
relative Euler sequence of the projective bundle %, = P(£¥|q,) over
Gy ~P?and ¢1(€) = c1(Ogsvy(4)), we have K, = (~9My+Ny)|2,,
where Ny := p5Ogqsv)(1). Thus K., = N#|,,. Using the Segre class
again, we evaluate

P (M- 23) = s1(Ela,) = a1(€la,) = ANz|q,,

c
and obtain deg K., = Ny M, - 2, = 4(N#)?*|c, = 4. Therefore the
arithmetic genus of , is 3.

Now we consider the image C, on Y of y,. Note that a point ([II], [Q])
of v, satisfying I, C P(II) C @ ([Q] € P) is mapped to a point ([Q],q)
in Y, where g represents a connected family of planes contained in Q).
Then v, — C, is injective since once we fix a quadric ) of rank 3 or 4
and a connected family ¢ in @, there exists at most one point ([I1], [Q])
which satisfies [II] € ¢ and [, C P(II). In particular, the degree of C, is
5 with respect to M.

Now we assume that X and Y are general. By Lemma 3.1.1, the
geometric genus of 7, is three for a general x. Since the arithmetic
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genus of ~, is three, 7, is the normalization of %,. Since 7, has only
nodes as its singularities and v, — C,, is injective, we conclude C, ~ v,
and C,, is a smooth curve of genus 3 for general x € X. q.e.d.

Assume that X and Y are general. For a general point = in X, as
we have verified in Example 3.1.2, the plane quintic curve 7, has only
three nodes and does not intersect with the singular locus Sing H. Since
Y — H is a double cover branched along Sing H and also the smooth
curve C,, of degree 5 covers 7,, the inverse image ¢~1(¥,) is the union
of C, and another curve C!, which we called “shadow” curve of C, in
Introduction (see Fig.1). As shown in Fig.1, we note that the shadow
curve is also a smooth curve of genus 3 and degree 5 for a general x and
intersects at 6 points with C,. These 6 points are the inverse images of
the three nodal points on 7,,.

3.2. The Brauer group of Y. As an interesting corollary to the ex-
istence of the curves v, on Z, we show that Y has a non-trivial Brauer
group. Let Nz := Ny|z for Ny = p5Oqs,v)(1).

Proposition 3.2.1. The P'-fibration Z — Y is not associated to a
locally free sheaf of rank two on' Y. In particular, the Brauer group of Y
contains a non-trivial 2-torsion element.

Proof. Assume by contradiction that Z = P(A) for some locally free
sheaf A of rank two on Y. Since fibers of Z — Y are of degree two with
respect to Nz, we can write Nz = 2Hp(4) + aMy, where a is an integer
(here we use p(Y) = 1). Since Nz -v, = 4 and My -7, = 5 by the
proof of Proposition 3.1.3, we have 4 = 2Hp4) -2+ 5a. Thus a is even
and %N 7z 1s numerically equivalent to the Cartier divisor Hp(4)+ %aMy.
Note that

(Nz)* = NyMy = s53(8)cr(Ogz (1))
= (&)’ — e2(E))er(Ogsv) (1))
By Lemma 2.3.1, we have (Nz)* = 40. Then (3Nz)* is not an integer,

a contradiction. q.e.d.

We present a further discussion on the Brauer groups of X and Y in
Subsection 9.2.

4. Birational geometry of # and generically conic bundles

Let us consider %3 := G(3,T(—1)"?), which is a G(3,6)-bundle over
P(V'). The fiber of %5 — P(V) over a point [V;] € P(V) parameterizes
planes in P(A2(V/V1)). % appeared naturally in the construction of a

resolution % — ,@v and played important roles to describe a Lefschetz
collection in D?(%#') [HoTa3].
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4.1. Birational geometry of #'. Here we briefly describe the con-
struction of the resolution % — % which can be summarized in the
diagram:

% 7 —G(3,V)
AR
(4.1) gy - 5 P gy
\ s |Ps
I

Note that %5 defined above is equivalently described by
% = {([U],[1]) € GB.A°V) x (V) | U A Vi =0},

since UAV; = 0 implies [U] = [UAV;] for some [U] € G(3,A?(V/V4)) and
there is a bljectlve correspondence between ([U], [V4]) and ([U],[V1]) €
G(3,T(—1)"?). With this definition of %5, % is defined by the prOJectlon
to the first factor with the reduced structure [HoTa3, Def. 5.3.1].
and % are described as blow-ups of % and %, respectively, and the
fibers of the resolution % — % are described in detail [ibid, Sect.5.6].
We can see the birational correspondence between %35 and % as fol-
lows: As described in Subsection 2.3, the fiber of 2 — % over y €
% \ Go is a smooth conic in G(3,V) which parametrizes a family of
planes contained in the corresponding quadric pgy (y) = [Qy] € . Ob-
serving this, we write each point y € % \ Gy by the pair ([Qy], qy)
as in the proof of Proposition 3.1.3. Consider the Pliicker embedding
G(3,V) — P(A*V). In P(A3V), a conic ¢ on G(3,V) is realized as
a conic in the corresponding plane ]P’g in P(A3V). If ranky = 4 (ie.,
rank @, = 4), then ]P’gy takes the form

Uy) = [y A VA]

with some [U,] € G(3,A?(V/V1)), since the planes in Q,, parametrized by
gy contain the vertex [V1] of )y in common. In this case, the intersection
P(U,) N G(3,V) in P(A3V) recovers the conic gy, since

(4.2) P(U,)NG(3,V) in P(A*V) ~ P(T,)NG(2,V/V4) in P(A*(V/V7))

and P(U,) ¢ G(2,V/V1) holds. Namely the intersection with the quadric

G(2, V/Vl) determines a conic g, in G(2,V/Vi) and also ¢, in G(3,V),
and in turn the quadric @, hence y € % [HoTa3, Sect. 5.1, 5.2|. There-
fore we see the bijective correspondence ([Qy],qy) +— ([Uy], V1) when
rank y = 4. Since general points ([U], [V1]) € %5 determine conics by the
intersection P(U) N G(2,V/V1), the correspondence defines a birational
map %3 --» ¥,
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Fig.2. Birational geometries of #%. The singular
locus &, ~ G(2,V) of % and also ps-exceptional set
P, ="F(1,2,V) in %3 and the exceptional set G, of # —
% are depicted. F, p and F; are exceptional divisors which
are contracted to G, and G, respectively. Gy is the
singular locus of #.

The above correspondence of the planes P(U) C P(A3V) to conics
does not work obviously when P(U) C G(3,V). There are two types of
planes contained in G(3,V'). The first one is

Py, = {[l] € G(3,V) | Vo C [T} ~ P?
with some V5, and the second one is
Pyy, = {1l € G(3,V) | Vi CII C Vy} ~ P?

with some V; C Vj. They are called p-plane and o-plane, respectively,
and conics on G(3,V) contained in these planes are called p-conic and
o-conic. Other types of conics on G(3,V) are called 7-conic, and they
are determined by the intersection P(U) N G(3,V).

The above two types of planes in G(3, V') determine the corresponding
planes in P(A3V) under the Pliicker embedding G(3,V) < P(A3V) and

determine the corresponding loci ﬁp and 2, in %, where

?p = G(27 V)7 ?Cf = F(1747 V)

It has been shown that the singular locus in % is exactly along ﬁp
with the singularity being given by the affine cone over the Segre em-
bedding P! x P5 for each point. The resolution % — % is given
by the blow-up along @p in one direction giving the exceptional set
P, = F(1,2,V). The blow-up along &, in the other direction gives
the resolution % — 2%, where the exceptional set G, is described by
P(S2G*) with the universal quotient bundle § of G(2,V) (cf. [HoTa3,
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(5.11)]). %4 is obtained by further blow-up of #5 (or %) with the ex-
ceptional divisor F), (see Fig. 2).

Planes contained in a quadric rank@ = 3 determine a (smooth)p-
conic, since they contain the vertex V5 of Q in common. Hence points
y = ([Q]l,q) € # with rank Q=3 correspond to general points in the

exceptional set G, = P(5?G*). The resolution % — % contracts a prime
divisor F; to G which corresponds to quadrics [Q] € 7 with rank () <
2. The divisor consists of 7- and p-conics in G(3, V') with rank < 2 and
also the o-planes (see [HoTa3, Sect. 5.6 for the complete description).
In particular, the fiber of p,; over a point [Q] € Gy with rank @ = 2 is
isomorphic to P? x P2, which generically parametrizes 7-conics of rank
two, and p-conics of rank two appear on the diagonal.

To describe the birational geometry (4.1) of %/, we will use the fol-
lowing conventions (note that H, = f*O4(1),Ly = g"Oqv)(1)
introduced in Subsection 2.2 do not subject to these conventions since
these are related to the birational geometry of 27) without mentioning
at each time:

Ks: canonical divisor on a normal variety X .

Ly;: pull back on a variety ¥ of O(1) if there is a morphism ¥ — P(V).

Ms;: pull back on a variety ¥ of O (1) if there is a morphism ¥ — 7.

Ny pull back on a variety 3 of Og(s,1(1) if there is a morphism ¥ —
G(3,V).

Hpg) : tautological divisor of the projective bundle 7 : P(£) — X,
namely Hp(g)y = Op(g)(1) with the property m.Opg)(1) = E*.

We denote the universal exact sequence on %3 = G(3,T(—1)"?) by
(4.3) 08— (T(-1)") = Q—0,

where S is the relative universal subbundle of rank three and Q is the
relative universal quotient bundle of rank three. We note that &, =

F(1,2,V) ~ P(T(~1)).

Proposition 4.1.1. The following relations among divisors hold:
(1) det Q@ = det S* + 3L, = det{S*(Las)},

(2) Ky, = —6det Q + 4Ly,

(3) Qlo, = 8" (L),

(4) det Ql», =2(Hp, + Ly,),

(5) My, = pi(det Q) - Ly, — F).

Proof. (1) is immediate from the exact sequence (4.3). (2) follows
from T%/p(v) =S*® 9 and K% = —det T%/p(v) + 5Lg;/3. (3) and (4)
are obtained in [HoTa3, Props. 6.3.1, 6.3.2]. See [ibid, Prop. 6.4.1] for
(5). q.e.d.
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2. Generically conic bundle %3 — %3. Consider the universal
subbundle S and define the projective bundle 23 = P(S) C
P(T(—1)"?) xpyy @5 over %5 = G(3,T(—1)"?), where the superscript u
stands for universal. Since the fiber of P(S) over ([U],[V1]) is the plane
P(U) c P(A%(V/V1)), the intersection with G(2,V/V7) in (4.2) can be
described by

25N (G(2,T(-1)) xpvy %5)
using the inclusion G(2,T(—1)) xp) %5 = P(T(=1)"?) xpq) Z5. We
denote this restriction by 23, and note that it can be written explicitly
by

Zz={([an 0], (U], V1)) lla A B] € P(U) N G(2,V/VA), ([U], [Va]) € %5}

By definition, 23 fits into the following diagram with the natural mor-
phisms:

(4.4) G(2,T(-1))

\

Note that 7w maps the point ([EL/\b],([U], Vi])) to ([a A b, [V4]) €
G(2,7(—1)), which may be considered as a point ([a AbAvi], [V1]) with
Vi = Cu; in G(3,V) x P(V). Hence we naturally have

%, C G(Q,T(—l)) X]p(v) % C G(3, V) X %,

where we use G(2,7(—1)) C G(3,V) x P(V) (actually, G(2,T(—1)) ~
F(1,3,V) is the universal family of planes in P(V) parameterized by
G(3,V)). As explained in (4.2), the intersection P(U) N G(2,V/V;)
generically defines a conic on G(2,V/V}) or G(3,V). Therefore we have;

=G(3,7(-1)")

/\
/

Proposition 4.2.1. 7y : 23 — %3 is a generically conic bundle.
More precisely, fibers over %53\ (2, U Py) are conics in G(3,V).

Below are some properties of 23 which will be used in later sections.

Proposition 4.2.2. wg: 25 — G(2,7(—1)) is a G(2,5)-bundle. In
particular, 23 is smooth.

Proof. By definition, the fiber over ([a A b, [V1]) € G(2,T(—1)) con-
sists of U ~ C? (or points ([a A b, ([U], [V4])) € 23) satisfying

CanbcUc AY(V/V).

The claim is immediate if we write the above condition as C ¢ U ¢ CS.
q.e.d.
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We define
2, =1 (P)) = P(S|»,) and Zy=3 (P0)=P(S],).

Then the fibers of Z, — &2, and Z, — &, are the family of planes
parameterized by &, and &, respectively. The diagram (4.4) naturally
restricts to &2, and &, respectively.

Proposition 4.2.3. ¢/l : 2, — G(2,T(-1)) is a P'-bundle.

Proof. Consider a point ([a A b],[V1]) € G(2,T(—1)). We set Vs =
(a,b,v1) with V4 = (v1) and @ = a mod V1, b = b mod V;. By defini-
tion, the fiber of 7|, over the point consists of [U] € G(3,A?(V/V1))

satisfying
CanbcUc A2 (V/Vy) and [U] = [U A V] is a p-plane.

We note that the former condition is rephrased by A3Vz C U, and the
latter by [U] = Py, = [(V/Vz2) A (A?V3)] for some Vo with V; C V. From
these, we see that the fiber is described by {[U] = [(V/Va) A (V2/V1)] |
Vi cVoC Vsl ~P(V5/V4). q.e.d.

Finally, we observe a fact about the relative Euler sequence for the
projective bundle 7,: Z, = P(S|»,) — Z,;

(4.5) 0— O0gz(-1) —>7rp*(8|%) —+ R, — 0,
where we set R, := Ty /5, @ Oz, (—1).

Lemma 4.2.4. Let W, be the pull-back of the universal quotient bun-
dle W on G(3,V) by the composition pgorng|z, + 2, — G(2,T(-1)) —
G(3,V), where pg is the natural map pg = G(2,T(-1)) = F(1,3,V) —
G(3,V). Then

W, ~R,® WP*OP(T(—I)) (1),
where Op(p(—1))(1) is the tautological sheaf on P(T(—1)) = F(1,2,V) =
P,.

Proof. Let ([U],[V1]) with [U] = [(V/V2) A (V2/V41)] be a point, of 2,
Then a point z, = ([U1], ([U],[V1])) in the fiber 7,1(2,) C Z, may be
written by Uy = (V3/Va) A (Va/V4) with Vo C V3. Since the composition
PG oTar|z, sends 2, to A3V, we have W,lz, = V/V3. On the other hand,

the Euler sequence (4.5) restricts at z, to 0 — Uy — U — U/U; — 0.
Hence we have

Rp®7rp*OIP’(T(—1))(1)|zp = U/Ul ® (Vo/V1)* =V /V;,

which shows the claim. q.e.d.
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4.3. Generically conic bundle 7y, : % — % . Let us recall that
23" = P(S) is the projective bundle over #43 and denote the natural
projection by mge : Z3* — %3. The generically conic bundle 73 :
Z3 — %3 is the fiberwise intersection of Z5* with the Grassmann bun-
dle G(2,T(-1)) xpp) %5. 2, is the inverse image W?j,l(,@p) of #, ~
F(1,2,V). % is the blow-up of #3 along &, with the exceptional di-
visor F,. We will consider the blow-up py : 25 — 23 of 23 along Z,
and denote by E, its exceptional divisor. Then there is a projection
T+ 25 — % with the following commutative diagram:

(2, Cc 23)<,— (E, C £3)
lwg, l%'
(Pp C ) <, — (F), C %)

By construction, the fibers of mo over %4\ (F, U py '(2,)) are T-conics
in the fibers of the Grassmann bundle G(2,7(—1)). We will show that
the fibers of o/ over F), are p-conics.

We first describe the exceptional set F), (see also [HoTa3, Sect. 5.4]).

Lemma 4.3.1. G(2,T(—1)) S ’2H]P(T(_1)/\2) + L]P’(T(—l)/\z)‘-

Proof. Note that G(2,T(—1)) is a divisor in P(T'(—1)"?). Fix a point
[V1] € P(V). The defining equation of G(2,V/Vi) in P(A%(V/V1)) is the
Pliicker quadric, which defines a symmetric bilinear form A2?(V/Vj) x
A2(V/V1) — A*(V/V1). Since this globalizes to A2T(—1) x A2T(—1) —
AT (—1) ~ O(1), the defining equation of G(2,7(—1)) in P(T(—1)"?)
is an element of H(P(V),S%(Q2(1)"?) ® O(1)). This proves the claim.

q.e.d.

Lemma 4.3.2. The normal bundles of &, in %3 and P, in %3,
respectively, are given by

Ngzp/% = 525*®L%|92/) anngzg/% = 525*®L%|@U.

Proof. Recall that both &2, and 2, consist of points ([U], [Vi]) € %
satisfying P(U)NG(2,V/V1) = P(U) in P(A%(V/V7)). As described in the
above Lemma 4.3.1, the defining equation of G(2,T7(—1)) C P(T(-1)"?)
is given by a section of S?(T'(—1)"2)*®O(1) over P(V). Pulling this back
by 73 : %3 — P(V) and composing with the surjection 75 (T'(—1)"2)* —
S*, we obtain a section of S28* @ Ly, over %;. P, U Py is exactly the
scheme of the zeros of this section (which is isomorphic to the orthogonal
Grassmann bundle OG(3,7(—1)"?)). The claimed forms of the normal
bundles follow from this. q.e.d.

Proposition 4.3.3. F, = P(S8* ® La,|»,). The fibers of F, — 2,
are conics in the p-planes parametrized by Z,,.
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Proof. The first claim follows from F, = P(N5,/4,) with the above
Lemma 4.3.2. For the second claim, let us recall that &2, C %3 consists
of points ([U], [V4]) with [U] = [(V/V2) A (Va/V1)] parametrized by [V} C
Vo] € F(1,2,V). Then the fiber of F, — 22, over a point ([U],[V;]) is
given by

P(S%S* ® L%’([UHVH)) = P(S*U* @ Vi) ~ P(S*U™),
which we can identify with conics on the p-plane P(U) as claimed. q.e.d.

Under the composition map % — % — %, general points on F), are
mapped to points ([Q],q) € # with rank ) = 3 and the corresponding
(smooth) p-conic ¢ in G(3,V), i.e., the P!-family of planes contained in
the quadric Q. More precisely, the image of F, in ¢ has a bijective
correspondence to the set of pairs ([Q],q) of a quadric @ (rank @ < 3)
and a p-conic (rank ¢ < 3) which parametrizes planes contained in the
quadric Q. See [HoTa3, Sect. 5.5, 5.6] for more complete descriptions.

Proposition 4.3.4. E, — F, is the universal family of conics para-
metrized by F,. Hence 25 — %, is a generically conic bundle with fibers
over % \ P, being conics on G(3,V) and the fibers over &P, being o-
planes on G(3,V). (For notational simplicity, we write the transform of

Py C W5 on % by the same P,.)

Proof. We describe the blow-up py : 25 — Z3 along Z, C Z3. For
this, we consider the subvariety %, = 7;,'(%,) = P(S|»,) in 25" =
P(S) with the following normal bundle sequence:

0 —)ng/gfg —)Ngfﬂ/’@%u —)Ngﬂa/,@%u&; — 0.

We note that since mg« : Z5* — %5 is a projective bundle and hence is
flat, we have

Na,jzn = (T30l 2,) N,y = (Wau|2,)*S*S*(Lag) | 2,
where we use Lemma 4.3.2 for the normal bundle N, 2,7 From Lemma
4.3.1 and the definition 23 = G(2,T(~1)) xp) %3N 23", we have
(4.6)
0— foﬂ/ffg — (7r3u|gﬂ)*S2S*(L%)|% — nggu(QHgBu + LQ%“)BZ,) — 0,

where H:»Z‘u = W@/OG@T( ))( ) and LJu = (m3 o m3u)*O(1). The
exceptional set (divisor) E, of the blow-up is given by P(Ny, /4, ). Now,
take a pomt ([U], V1)) € L@ with [U] = [(V/V2) A (Va/V1)] and [V} C
Vo] € F(1,2,V). Then the ﬁber of Z, — 2, over the point ([U], [V1]) is
the plane ]P’(U) in G(2,V/V1) C ]P’(/\z(V/Vl)) Restricting the sequence
(4.6) to P(U), we obtain

0— ./\/’Qf’p/fz%hp(f]) — S2U* ® Vi'® OIP’(U) — O]P’(U)(2) ® V" —0.

If we further restrict this to a point # € P(U), we see that the stalk
(N, 2,)z at  is given by the kernel of the map SU* — Op(i7)(2)z,



DOUBLE QUINTIC SYMMETROIDS 463
which we identify with the conics in P(U) passing through z. Now we
recall that the fiber of F, — 2, over ([U],[V1]) is given by P(S%U)
which parametrizes the conics in P(U). Therefore, we see that E, =
PNz, 2|p@)) describes the conics in P(U) which correspond to each
point of F,, i.e., the universal family of conics in the p-planes as claimed.

The rest of the claims is clear since 23 — %3 is a generically conic

bundle over %5\ &, LI Z,. q.e.d.

Definition 4.3.5. For later use in Subsection 5.6.1, we introduce

(i) G(2,4)-bundle B(2,4,%4) := G(2,T(-1)) xp) %2 over %,

(ii) P2-bundle 23 := 23 Xo, % = P(p3S) over %,

(iii) 27 = B(2,4,%) N 23, the intersection of (i) and (ii) over %
and

(iv) natural morphisms 7p : B(2,4,%) — %, my : 24 — % and
also

UB - B(2,4,%) — G(3,V), Mot - %t — G(3,V)

Since mgu : 25 = P(S) — %3 is a flat fibration, the morphism
23 Xy %5 — 23 is the blow-up along Wgul(,@p) with its exceptional
divisor 25" x g, F, = P(p5S|r,). The definition 25 corresponds to the
intersection 23 = (G(2,T(-1)) xpq) #3) N Z5". We note that 25 is
the total transform of 23 C Z3* under the blow-up 25" — 25" since
it contains the exceptional divisor. The superscript ¢ is used to remind
this. 27 is reduced since 23 is smooth by Proposition 4.2.2. 27 will
play important roles in our proof of Proposition 5.6.4 (see Lemma 5.6.2).

We now summarize the generically conic bundles in the following di-
agam (and introduce morphisms between them):

Ly — D=L
/ﬂcllwg, ﬂz,l lﬂ';,
(4.7) G, T(-1)) %=—f— ="
- ’ . 12 P
Pe Ta 3
G(3,V) P(V)=—=P(V) g ~—"y°

Here we set % = % \ Py, W° = U\ P, and 23 = 25\ 7, (P,)
and define ts,7 and 1o to be the respective inclusions as in the above
diagram. This diagram will be used extensively in our construction of
the ideal sheaf Z on % x 2" in the next section. In the rest of this
section, we prepare some prelininary results which will be used in later
sections.
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4.4. The Grassmann bundle G(2,7(—1)) — P(V). Fix a point [V;] €
P(V). Then the Euler sequence 0 — O(—-1) - V® 0O — T(-1) - 0
over [V1] is represented by 0 — Vi — V' — V/V} — 0. We denote the
projection by 7y, : V' — V/Vi. We consider the dual vector space V* to
V' and identify the dual space (V/V1)* as {¢ € V* | ¢|y; = 0}. Then it
is easy to deduce the following isomorphisms:

(V2. € G(2, T(=1)) == G(2, (1)) ((V2)* ],
(4.8) lpc lp
[Ty, (V2)l €G(3, V) —== G(2, V") 2 [Ty (V2)) ],

where V' is a two dimensional subspace in V/Vi.

Note that Grassmann bundles G(2,7(—1)) and G(2,€(1)), respec-
tively, are embedded into the projective bundles P(7'(—1)"?) and
P(Q(1)"?), which have the following relations:

Lemma 4.4.1. There is a natural isomorphism P(T(—1)\?) =~
P(Q(1)"?), and under this isomorphism we have the following identi-
fications:

Heoq)r2) = He-1r2) + L1 and Leoqyn2) = Lea-1)2)-

Proof. From the natural isomorphism 7'(—1)"? ~ Q(1)" 2@ (—1) ~
Q(1)"* ® O(1) and our definitions of Hp(g) and Ly introduced above
(4.3), the claimed identifications follow. q.e.d.

We note that Hpon)r2)laeea) = P Oaey+)(1). Since we iden-
tify Ogo,v+)(1) = Ogv)(1) in (4.8), we have Hp)r2)lger(-1) =
péog(gy)(l). Hence, using the above lemma and setting Ng,r(—1)) :=
p&O0q,v) (1), we have

(49)  Nare) = (Heweime) + Ler02) lopr):

4.5. Canonical divisors Ky /. In this subsection, we calculate Ny,
= (pg o 7c)"Ogs,vy(1) and the relative canonical divisors K 4 5, =
Ky — 7Ky, (i =2,3) as follows:

Proposition 4.5.1. (1) Ng, = HP(S)‘% + Loy,
(2) Koy, = T (det Q@ — Lyy) — N,
(3) Kuyy95 = My, — N,

Proof. (1) follows from (4.9) and Lemma 4.4.1 since Hp(g)|z, is given
by the restriction Hp(p(_1)r2)|2; (see (4.3)). For (2), recall 23" = P(S)
and the projection 73w : 25* — %5. Then we have K oz = —3Hp(s) +
5. det S* from the Euler sequence for 25" = P(S)

0= Ozp(—1) = m5uS = Tou g, (—1) — 0.
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Note the inclusion i : G(2,T(—1)) < P(T(—1)"?) and the definition
25 = 23" Ni(G(2,7(—1))). Then, by Proposition 4.3.1, we have 23 €
|2Hp(s)+ L g’u| Hence, by the adjunction formula and Proposmon 4.1.1
(2), we have

Kooy = {K 2y 2, +(2Hp(s)+ Lay)

Now by (1) and Proposition 4.1.1 (1), we obtain (2). For (3), recall that
E, = 7T271(Fp) is the exceptional divisor of py: 25 — Z3. Since the
codimension of &, in %3 is three and that of 71'??,1(@,)) in 23 is two, we
have

L = —Hp(s)L@%‘i‘LQ‘é—FW; det S*.

Koy, = P2 K a0, — Ep.
Using (2), we obtain Ka, /2, = 7 (ps det @ — Lg, — F,) — N,. Now,
by Proposition 4.1.1 (5), the claimed relation follows. q.e.d.

4.6. The subvariety 25" in P(T'(— )/\2) pv)#3- The univeral family
of planes 25" is contained in P(T'(=1)"?) xp(y/) %3, which is a P*-bundle
over %3. In later sections, we will be required to describe the ideal sheaf
of 24" in P(T(—1)?) xp(y) %3 as a projective subbundle. Here we recall
the following standard lemma:

Lemma 4.6.1. Let X be a variety, and0 — A — B — C — 0 a short
exact sequence of locally free Ox-modules. Associated to the surjection
B — C, we may regard P(C*) as a subbundle of P(B*). As such, the
subvariety P(C*) is the complete intersection with respect to a section of
T A* @ Op(p+)(1), where m is the natural projection P(B*) — X.

Proof. Let Z be the ideal sheaf of P(C*) in P(B*). We have a natural
exact sequence 0 — Z ® Op(g+)(1) = Opp-(1) — Ope+(1) — 0.
Pushing forward this on X, we have 0 — 7.(Z ® Op(z+)(1)) — B —
C — 0. Therefore A ~ m.(Z ® Op(z+)(1)). Moreover, by a natural map
7T*7T*(I X O]P’(B*)(l)) —7T® O]P’(B*)(l)a we obtain ™A - Z ® O]P’(B*)(l)

Investigating this along fibers, we see that this is surjective. q.e.d.

Proposition 4.6.2. The subvariety 23" in P(T(—1)"?) xpg) %5 is
the complete intersection with respect to a section of OP(T(_I)/\2)(1) X Q,
hence Oz has the following Koszul resolution as a OP(T(_I)/\2)XP(V)%-
module:

0 = AH{Op(r(—1)r2)(—1) B Q*} = AH{Opr(—1)n2) (1) K Q*} —
O]P’(T(—l) )( 1) X Q — OP(T(—I)“)XP(V) — OJU — 0.

Proof. Since 23 = P(S), the assertion follows by applying Lemma
4.6.1 to the dual of (4.3). q.e.d.
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5. The ideal sheaf 7 of a closed subscheme A on /@v x X

We formulate a natural incidence _correspondence between % and X
and consider its ideal sheaf Z on % x 2. We obtain a locally free
resolution of the ideal sheaf, which will play a central role for our proof
of the derived equivalence between X and Y in Section 8.

5.1. The ideal sheaf 7 and its locally free resolution. Let us con-
sider an incident relation in G(3,V) x G(2,V) by

Ao =A{([Vs],[Va]) | V3 D Va},

which defines the flag variety F(2,3,V). We note that G(3,V) is con-
nected to 2%, %3 and also G(2,7(—1)) by the morphisms in the dia-
gram (4.7). Considering the products of these morphisms with g : 2 —
G(2,V), we denote the pull-backs of Ag € G(3,V)xG(2,V)in Z5x 2,
P x 2 and G(2,T(—1)) x 2 by

Ag = (p2 x 9)" (Do), Az = (3 x 9)*(A0), Ag = (pg % 9)* (Do),

with po := pgomgr o pyr, 13 := pg o Ty, and denote their ideal sheaves
by Za,,Za, and Za,, respectively. Recall the following definitions of
the universal sheaves:

0=>U=>V&0gzyv)y >W—=0, 0=2F=>V&0Ogey) = 3—0.

Proposition 5.1.1. The ideal sheaf Za, of Ag has the following
Koszul resolution:
(5.1)
0= AW RF) - AW RF) = N2(WKRF) - WKF - Za, — 0.

Proof. Tensoring the two surjections V' ® Ogsyy — W and V* ®
Og(2,v) = J*, we obtain a map (V ® V*) ® Ogs v)xaey) — WK I
Associated to the identity element in Hom(V, V) ~ V ® V*, we obtain a
map Ogs,v)xa2,v) — WK I*. We show that Ag is the scheme of zeros
of the section associated to this map. Indeed, at a point ([V3], [V3]) of
G(3,V)xG(2,V), the fiber of Wis V/V3 and the fiber of * is V5. Then
it is easy to see that the identity in V' ® V* is contained in the kernel of
the natural map V @ V* — (V/V3) ® V5 if and only if V5 C V3, namely,
(IV3), [Va]) € Ao. ged

Pulling back (5.1), we obtain the following locally free resolution of

In,:
5.2 0 = A (W' R g*F) = AP (i3W* R g*F) —
. N(sW* R g* F) — uaW* K g*F — Za, — 0.

We extend all morphisms in the diagram (4.7) by taking the product
xid 5~ to the corresponding morphisms between the products with 2~
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and indicate these by 7, e.g., T3 = w3 Xid 4. We consider the restriction
I3, = 5Za, of the ideal sheaf Za, to 23 x 2°. In what follows, for
simplicity, we abuse 75, for 79, o i3 when it is clear from the context.

Proposition 5.1.2. Define I3 := 75, Ia,, which is an ideal sheaf on
@ x X . There is an exact sequence on %> x 2
g OEERAGE R0 o B AW R)

' RY%S Nz W* R g*F) — I3 — 0.

We prove this proposition in Subsection 5.4. Our strategy to obtain
the ideal sheaf Z on % x 2 consists of the following four steps:

S1. We evaluate each term of (5.3) by Grothendieck-Verdier duality
(Subsection 5.5).

S2. We further simplify the sheaves which result from (S1) to obtain a
locally free resolution of Z3 (Subsection 5.6).

S3. We define the push forward Z° := (p, xid),Z$ and obtain its locally

free resolution on #° x 2" (Subsection 5.7).

S4. Finally, we define the ideal sheaf Z = (7 x id),.Z° on W x X with
its locally free resolution (Subsection 5.8).

Our final results can then be summerized in the following form:

Theorem 5.1.3. The ideal sheaf T has the following SL(V')-equivari-
ant locally free resolution:

0—>§L®037 _),7,*&9*9*
(5.4) — (0;8g°5*) @ (Q (Mz) KO, (L))
70 (07(Mz) RO, (2L ) = 0
with the locally free sheaves Sy = (§Z)*, Q and T on Y introduced in

[HoTa3, Subsect. 6.1, 6.2]. Let A be the closed subscheme defined by T.
Then A is an SL (V)-invariant, normal, and Cohen-Macaulay variety.

We recall that the locally free sheaves S = (:S'VZ)*, Qand T on &
are defined by the following relations on %5;

psS*(Lag) = p3SL. ps Q=050 To=psT,

where S and Q are the universal sheaves on %5 and 75 is defined by the
exact sequence

(5.5) 0—=7Ty = mT(-1)" — (ﬂz\Fp)*OP(T(—l))(l) — 0.
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5.2. Relations to the (dual) Lefschetz collections. Let us intro-

duce the following ordered collection of sheaves on Y and 2 , respec-
tively:

(&3,&2,E10,E1) = (gL, T, Oz, Q*(M@v)>,

(5.6)
(fg,fg,f{a,flb) = (Oﬂf, 9*97*, 9*52?*, OQ?(LQ?)>,

and write the locally free resolution (5.4) as

0— EXRF3— ENF _>51a®]:{a®51b®]:1b
~TI® (O@(M@) R ogg(ngg)> 0.

The ordered collection (F;)icr = (F3,F2, Fia,F1p) for the dual Lef-
schetz collection of 2~ ([HoTa3, Thm. 3.4.5]) and (&)icr = (E3,&9, E1as
&) for the Lefschetz collection of % ([ibid, Thm. 8.1.1]) are defined
from (5.6) with a slight modification Fi, := Fi,/O 5 (—H 5 + 2L 5).
The modification of Fj, will be explained in Proposition 6.0.1, where
we will consider the ideal sheaf Z in the (pull-back of the) universal
family of hyperplane sections in P(S2V*) x P(S?V). Here we explain
the obvious duality in the following the quiver diagrams (determined in
[HoTa3|) which represents the non-vanishing Hom’s among the ordered
collections (&;)ier and (F;)ier:

gla

Homo@v(&-, 5]) HOHI(QBg (]:i, ]:j)

The duality in the above diagrams is related to the SL(V')-equivari-
ance of the resolution (5.4) (or corresponding resolution (6.1)) as follows:
Let us consider two pairs (A1, A2) and (B, B2) of SL(V)-equivariant,
locally free sheaves on an SL(V')-variety in general. By tensoring the
evaluation maps Hom(A;, A2) ® Ay — Ay and Hom(By, By) @ By — Ba,
we have

(Hom(Ay,A3) ® Hom(By,B2)) @ (A1 @ By) = Ay ® Bs.
Suppose that we have the following duality as SL(V)-modules:
(5.8) Hom(A1,.As) ~ Hom(By, B2)*.
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Then corresponding to the identity element in

Hom(A;, As) ® Hom(By, By) ~ Hom(Hom(B1, B2), Hom(B1, B2)),
there is a unique SL(V')-equivariant morphism
(5.9) A1 @ Bp — Ay ® Bs.

Now we read each morphism in the resolution (5.4) (a) & X F3 —
52@]:2, (b) 52@]:2 — 51(1&]:{@7 ( ) (“:2&]:2 — 511)&]:11), (d) gla&}—la
O@(M@) X Oj(QL;%;) and ( ) glbg]:lb — O ( )g Ox(ﬂ*x) in
order. For (a) and (c), we can verify the relatlon (5 8) directly from
the diagrams. For (b), we read the isomorphism Hom(&3, &) ~ V
from (5.7). To compute Hom(F2, F{,), we use the exact sequence 0 —
Oy (—Hy +2L ;) — Fi, = Fia — 0. The vanishing H*(%,¢*F ®
Oy (—Hy + 2Ly )) = 0 follows from the fact that g : 2 — G(2,V)
is a P2-bundle. Therefore we read Hom(Fs, F},) ~ Hom(Fy, Fi4) =~ V*

from (5.7). For (d) and (e), respectively, we use the following isomor-
phisms:

Hom(&14, 05(My)) = H'(#,0,7(Mg)) = SV,

Hom(F{,,0, (2L ;) = H*(G(2,V),S*F ® O(2L ;7)) ~ S*V"*,
and

Hom(Ep, 0,7(M)) = H (%, Q) = H'(P(V), T(=1)*) = AV,

Hom(Fip, O 4 (2L 5+)) = HY(G(2,V),0 (L 7)) =~ N°V.

5.3. Closed subschemes A3 C 23 X 2 and Ay C % x 2. For a
point z € 27, we denote by Az ,(resp. Ag ;) the fiber of As(resp. Ag)
— % over z. Let I, be the line in P(V) corresponding to g(x) € G(2,V).

Proposition 5.3.1. For any point x € 2, the variety A3y is a
G(2,5)-bundle over Ag,, which can be identified with the blow-up of
P(V) along 1.

Proof. Recall that A is the pull-back of Ag by v : 25 x 2 —
G(2,T(—1)) x Z . Then by Proposition 4.2.2, Az, is a G(2,5)-bundle
over Ag . We show that Ag, is isomorphic to the blow-up of P(V)
along l,. We describe G(2,7(—1)) as the universal family of planes on
P(V), namely,

G(2,7(-1)) = {([Va], [Vi]) | Vi C V3} C G(3,V) x (V).
Then it holds that
Age ={([V5],[Vi]) | Vi C V5,1, C P(V3)} € G(2,T(—1)).

We see that the natural projection morphism from Ag , to P(V') sending
([Va],[V4]) to [Vi] is the blow-up of P(V') along the line [,. q.e.d.
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Define Ag, = 73/(A3) in %5 x 2" with its reduced structure, and
consider Agy , as above. We consider the natural projection pr; o
ﬁ3|A@3X{z} : A%@ — ]P)(V)

Proposition 5.3.2. Let [Vi] be a point of P(V). If [Vi] & I, then
the fiber of Ag, , — P(V') is isomorphic to G(2,5). If [Vi] € 5, then
the fiber of Ay, » — P(V') is isomorphic to the 8-dimensional Schubert
cycle {[U] | P(U)N Py # 0} C G(3,A2V/V1), where P, is a fized plane
of P(A\2V/V1). In particular, Az, — Agg o is and hence Az — Agy is
birational.

Proof. We can write

510) Aae={ (@ AT (OLIG]) € 2

Vi= <U>7
I, C P(V3), )

( 3) ‘[3 - <a,b,'U>}
where a € V is determined by @ = a mod V7 and similarly for b. Also,
we have

= N (V3/Vi) C U
1) Ag = ( 3 h that .
611 A= {01V € 24 2V such aman ) A/ T

If [Vi] € s, then V3 in (5.11) is unique by the condition I, C P(V3),
i.e., V3 = Vi @ Cl,. Then the three dimensional subspaces U satisfying
A2(V3/Vi) € U C A%(V/V;) determines the fiber of Ag, , — P(V) over
[V1], which is isomorphic to G(2,5). In particular, identifying [a A b]
with [A?(V3/V1)], we see that the morphism Az, — Ag, , is birational,
and so is Az — Ag,. Now, assume that [V;] € [,. Then V3 satisfying
l, C P(V3) form a p-plane Py, = {[II} | Vo, C II} C G(3,V), where
Vo, is determined by [, = P(Va,). Writing the corresponding plane
P, = {[A*(I1/WV1)] | [1I] € Py, } ~ P? in P(A*(V/V1)), we can rephrase
the condition V3 s.t. A2 (V3/Vy) € U by P,NP(U) # (). Then the fiber
of Ag, » — P(V) over [Vi] can be identified with the Schubert cycle,
{[U1|PO) NP # 0} C G(3, °V/W1). q.e.d.
Remark. The Schubert cycle {[U] | P(U) N P,
resolution of singularities; {([A2(V3/V1)], [U]) | [A2(V3/V1)] € P(U), 1, C
P(V3)}, which is contained in Ajg, and has a G(2,5)-bundle structure
over {[V3] | I, C P(V3)} ~ P2

0} has a natural

Proposition 5.3.3. Ay, is the blow-up of Az, along Z, N Az .. In
particular, Ao, is and hence Ay is smooth.

Proof. Recall that 25 — 23 is the blow-up along Z, = W?:,l(t@p) C
Z3. By Proposition 4.2.3, we see that 2, A3, is a P'-bundle over the
smooth variety Ag, C G(2,7(—1)) (see Proposition 5.3.1), and hence
Z, N As, is smooth. Therefore, Ay, is smooth and so is As. q.e.d.
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5.4. Locally free resolution (5.3) of Z$ on % x 2 .We start
preparing the following two lemmas:

Lemma 5.4.1. Let P = Py, be the p-plane in G(3,V) associated to
some two dimensional vector space Vo in V (cf. Subsection 4.1). Then
W‘p ~ Tp(—l).

Proof. From the natural surjection V' ® Ogs,y) — W, we obtain the
surjection V/Vo ® Op — W|p. Since P ~ P(V/V3), this surjection can
be identified in the Euler sequence of P. Therefore W|p ~ Tp(—1).

q.e.d.

Lemma 5.4.2. Let g be a - or p-conic on G(3,V'). Then H*(W*|,) =
0. Moreover, if q is smooth, then W|, ~ Op1 (1)2.

Proof. We denote by Pg the plane spanned by ¢. Let us first assume
that ¢ is a 7-conic. As we can see in (4.2), there exists an S ~ G(2,4)
in G(3,V) such that ¢ C S. The conic ¢ is a complete intersection in S
since Pg NS = ¢, and then O, has the following Koszul resolution as a
Og-module:

0 — Og(—3) = O0g(—2)%* = 0g(~1)** = 05 — O, — 0.

Tensoring this exact sequence with W*|g and using Theorem 2.1.1, it is
easy to derive H*(W*|,) = 0.

Now consider the case where ¢ is a p-conic. By Lemma 5.4.1, it
holds that Whpg o~ Tpg(—l). Tensoring W*|]P>3 with the exact sequence

0— Opg(—Z) — Op2 = Oy — 0, we have
0 — Qﬁng(—l) — Ql%pg(l) — W*, — 0.

Since all the cohomology groups of Q]%Dz(—l) and Q]%Dz(l) vanish, we have
q q
H*(W*|;) = 0. The rest of the claims is easy. q.e.d.

The following argument to obtain (5.3) is inspired by [Ku2, Lemma
8.2].

Proof of Proposition 5.1.2. Let us split (5.2) into the short exact
sequences:

(5.12) 0 — AW R g*F) — AP (u3W* R g*F) — K1 — 0.
(5.13) 0— K1 — N2(u3W* X g*F) — g — 0.
(5.14) 0— Ky = paW K g*F — Za, — 0.

By Lemma 5.4.2, we have
(5.15) 75, (usW* B g*F) = R'%S,, (usW* K g*F) = 0.
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Hence from (5.14) we have 7©%,Za, = R'%%,Ko and 75,K2 = 0. Then
by (5.13), we obtain

0 — R'%S, K1 — R'%S N(sW* R g*F) — R'%S,, Ko = 75, Ta, — 0.

Since A2 (s W*Rg*F)|; =~ Op1(—2)®° on a smooth fiber ¢ by Lemma 5.4.2
and 79, A2 (uiW* X g*F) is torsion free, we have 79, A2 (u3W* K g*F) = 0.
This implies that 75, K1 = 0 by (5.13). Then by (5.12), we have

0 — R NN bW Rg*F) — R'75, N2 (usW*Rg*F) — R'75,,K1 — 0.

Eliminating lerg,*lCl from the above exact sequences, we obtain (5.3).

Let A§ and A;},Q be the closed subschemes of Z5 x 2 and Xy x A
defined by Z3 | and Z§ respectively. We set TTag := 7o | Ag- The following
lemma will be used in Subsection 5.9.

Lemma 5.4.3. Tag.Oag = Ong, and R p0sOpe = 0.
Wy 2 2
Proof. By (5.14) and (5.15), we have R'79,Z3, = 0. Taking the
higher direct image of the exact sequence 0 — I3 — (’)ffzox 7 =
Oag — 0, we obtain the exact sequence 0 — Z§ — (’)%OX%V — Tag+Oag
— 0 and RlﬁAg*(’)Ag = 0 since Rlﬁg,*IAg =0 and lergl*o%oxj =0.
Hence Tag:Ong = OA%/Q' q.e.d.

5.5. Step 1: Evaluating (5.3). In this step, we rewrite each term of
the resolution (5.3) by the Grothendieck-Verdier duality.

~Lemma 5.5.1. Let q be a 7- or p-conic on G(3,V). Then H'(q,
ANWP2 ® O,(-1)) =0 (1 <i<4).

Proof. Assume that ¢ is a 7-conic. As in the proof of Lemma 5.4.2,
we take S ={[U] | Vi Cc U C V}~ G(2,4) in G(3,V) such that ¢ C S
and consider the Koszul resolution of O, on S. Tensoring this exact
sequence with A'W|$? @ Og(—1), we obtain

0 = (AWIS*)(—4) = (AWIF)(=3)%° = (N WI§H)(-2)®° —

NW[E(~1) = AWP2 @ Oy(—1) — 0.
Using Theorem 2.1.1, it is easy to derive the assertion.

When ¢ is a p-conic, as in the proof of Lemma 5.4.2, tensoring
(AiW@2|P3)(—1) o~ (/\iTpg(—l)@z)(—l) with the exact sequence 0 —
Op2(—2) = Opz = Oq — 0, we have

0 = (NTa (—1)%2)(=3) = (AToa (—1)*2)(— 1)
— NWP2© Oy (~1) — 0.
Now computing the cohomology groups of (/\iTpg(—l)@z)(—3) and
(/\iTPg(—l)EBz)(—l) by Theorem 2.1.1, we have the assertion. q.e.d.
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By Lemma 5.5.1, we may apply the Grothendieck-Verdier duality 2.1.2
to the morphism 79, : 25 x 2" — % x 2, and then we have

RSN (u3W* R g*F) = (75, AN (WK ¢*F) @ w7 a7 1) -
Note that Wty T | Box & = Priws m, = W2, B O 4. By Proposition
4.5.1, we have K g, 9, = Mo, — Ny, for wy, 9,. Thus we have

R'TG N (13W* K g*F) =~
(5.16) (PN (EWRGT) @ (Ozp(~Nag) B O )
@ (O (M) &053)) .

To simplify this, we use the following formula (see [FH, Exercise 6.11]):

(5.17) N (WK g*F*) ~ EB AW R TN g,
A

where \ are partitions of ¢ with at most 2 rows and column, and ) is
the dual partition to A.

Proposition 5.5.2. The ezact sequence (5.3) twisted by Ogo (Mg, )X
O (2L 4) is evaluated as

0 {75, 025(N2g)}* KO — {73, (i3W)}* B g*F* -
(518) Oy Bg'S5" @ {5, (13S* W} (~Nag))} B O, (L) -
9 ® Op(Mag) RO (2L ) = 0
Proof. By using (5.17), we calculate pA*(uiW K g*F*) ~ 2(2’2)u§W X
Y22 g F* = 09,(2N4,) K O (2L ,+). Then we have
R'3 NN (pusW* K g* )
~ ({75,029 (Nap)}* @ Ogp(—Mayp)) B O 4 (2L ).

Similarly, we evaluate A?>(uiW X ¢*F*) ~ ubW(Ng,) ® g*F*(L ) with
A=) =(2,1) and have

RUFG N (W B g™F) = {73, (15W)" © Oug (— Mg )} 8 (g5 (~2L 1),
where we use ¥ = 5*(—L 4 ). Finally, we have
AW g°5) ~ AZEW R S2(g75) & S2(u3W) B A2
~ Oy, (Nz) R g*'S*F* @ 13S*WKH O (L ).
Using this we evaluate RS, A2(uiW* X g*F) as
*q2

O%o(—M%o) gg S FD

{7 ({13S" WY (= Nog))" © Oy (~Mup) } B O (~L ),
and use F = F*(—L 4 ) again to obtain (5.18). q.e.d.
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5.6. Step 2: A locally free resolution of Z§ on % x 2 . We will
characterize the following sheaves:

(5.19) 75,02 (Nag), 79, (15W), 75, ({13S*WH=Nazy)),

which have appeared in the resolution (5.18). Below is a preliminary
result.

Lemma 5.6.1. All the sheaves in (5.19) are locally free on %°.

Proof. By the Grauert theorem, it suffices to check that the dimen-
sions of HY-terms of the restrictions to fibers are constant on %4°. Let
q be the fiber of 25 — % over a point of #°. Let [V1] € P(V) be the
image of ¢ by 25 — P(V'). We may consider ¢ as a conic on G(2,V/V1).
Let Pg be the plane spanned by q.

For 79, O o (Nzp), we have

H(q, Naglg) = H(q,04(1)) = H(P}, Op2 (1)) =~ C°.

For the sheaf 75, (u5W), note that the sheaf u3W|, is generated by global
sections and its degree is two. Therefore, by the Riemann-Roch theorem,
HO(g, p5W|,) ~ C*. Finally, for the sheaf Wg/*({ﬂSS2W}(—NQP;)), we can
show
HO(g, ({5352 W}(~ Nag))l) = C°

by similar computations to those in the proof of Lemma 5.5.1. Here we
present the calculations only for the case where ¢ is a p-conic: Tensoring
({u§S2W}(—Ng20))]Pg o~ (S2TP3(—1))(—1) with the exact sequence 0 —
O]pg(—2) — Opz = Og — 0, we have

0 = (ST (~1))(~3) = (STpa(~1))(~1) > (S*Tpz (~1))(~ 1), — 0.
We compute the cohomology groups by Theorem 2.1.1. It turns out

that all the cohomology groups of (SQTPZ(—l))(—l) vanish, and the only
nonvanishing cohomology group of (SQTPE(—l))(—?)) is H! with

(5.20) H'\(P}, (S*Tp2(—1))(=3)) = U* @ NU,
where U is the three dimensional subspace of A%2(V/V;) such that Pg =

P(U). Consequently, we have
H(q, {u5S*WH(=Nayg))lg) = H' (PG, (S*Tpz(—1))(~3)) = C.
q.e.d.

5.6.1. Part 1: Here we consider sheaves on 2 (see Definition 4.3.5)
which have similar forms to each of the sheaves in (5.19). Recall that
we have defined 25 = B(2,4,%) NP(p3S) in Definition 4.3.5 with the
Grassmann bundle B(2,4,%5). An advantage of working on 2% is that
its structure sheaf O %} has a nice Koszul resolution as Op(3 4)-module,
where and hereafter we abbreviate B(2,4,%5) in subscripts to B(2,4).
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It should be useful to summarize the generically conic bundles %5, 23
and the corresponding universal planes Z5* and 25" in the following
diagram:

2y < 2 =P(p3S5)
U
u %! = B(2,4,%) N 2
U
(G(2,T(-1)) xpp) ¥3) N 25" =245 <——— 5.

By Proposition 4.6.2 and the definition 25" := P(p3S), the variety
Z3* is a complete intersection in P(T(—1)"?) xp() % with respect to
a section of Opip(_1)2)(1) K p5Q. Therefore 24 = B(2,4,%) N 25" is
the complete intersection in B(2,4, %) by a section of (Op(p(_1)r2)(1)X

9Q)|B(2,4)- By (4.9) and Proposition 4.4.1, we have an isomorphism

(Opr(=1)r2y(1) ® p39)|B(2,4)

~ Oga,r(-1) (Na@r-1) — La@r-1) B p5Q.
From Proposition 4.6.2, we see that the sheaf O%t has the following
Koszul resolution as a Opgy 4)-module:

(5.21) 0— A3 = A2 = A1 = Opga) — Oggt — 0,
where we set
A == Ogar(-1)) (—iNger-1) + iLaer-1y) BN

for i = 0,1,2,3. Recall mg:: 24 — % and pye: 24 — G(3,V), and
our convention N 7 for the pull-back of Ng (~1)). Using the Koszul
resolution (5.21), we have

Lemma 5.6.2. (i) T2, O gt (Nyy) ~ p38™(Lay),
(i) 7oes (3 W) = T3T (1), and
(1) Tory ({13, SPWH—Nopg)) = p3Q(—Mys — ).

Proof. We show (i)—(iii) using Theorem 2.1.1 and noting that pry:
B(2,4,%,) — %, is a G(2,4)-bundle. Let I' be a fiber of pr,.
(i) We tensor (5.21) with Op4)(Np(2,4y), which is the pull-back to
B(2,4,%) of Opqayrey(Dlaer(-1) by (4.9) and Lemma 4.4.1. It is

easy to see that

R*pry, (Op(2,4)(Np2.4)) ® A1) = 0 for e >0,
R'prQ*(OB(Q 4) (NB(2,4 ) & AZ) =0 fore >0 for i = 2, 3,
since (Op(2,4)(Np(2,4)) ® Ai)|r =~ Op(—i+1) @ A'C*. Moreover, we have

P12, (Op(2,4)(NB2,4)) ® A1) = p3Q7 (L),
pro, Opo,4)(Np(2,)) = m5T(—1)".



476 S. HOSONO & H. TAKAGI

Therefore we obtain the short exact sequence
0— p;Q*(L%) — W;T(—l)Az — Wgt*O%(Ngg) — 0,

which we identify with the pull-back of the dual of the universal exact
sequence (4.3) twisted by Lg, by the proof of Lemma 4.4.1. Hence
Mot O gt (Nt ) = p55™(Layy) as claimed.
(ii) We tensor (5.21) with the pull back pjW on B(2,4,%5) of W by
i s B(2,4,%,) — G(3,V). We see that R®pry, (upW ® A;) = 0 for
e >0 and ¢ =1,2,3 by Theorem 2.1.1 since (upW ® A;)|r ~ Wr(—1),
where Wr is the universal quotient bundle of rank 2 on I' ~ G(2,4).
Moreover, pro,pupW ~ w57 (—1) by Theorem 2.1.1 and the universal
sequence

0— Z/[G(2,T(—1)) — WET(—l) — p*GW —0
of mg : G(2,T(—1)) — P(V). Therefore we have mat, (13 W) ~ m5T(—1)
as claimed.
(iii) We tensor (5.21) with S?u;;W(—Np(2.4)). We see that

R*pry, (S* i W(— Np4)) ® A;j) =0 for e >0 and i = 0,1,3,
R®pry, (S uW(—Np(a,4) @ Ag) = 0 for e # 2
by Theorem 2.1.1 since (S*uW(—Np(4)) ® Ai)lr ~ S*Wp(—i — 1).
Moreover,
Rzprz*(szﬂ*BW(—NB@A)) ® Az)
~ {N*P5Q"}(Las) = p3(Q @ det Q*)(Lay).
By Proposition 4.1.1 (5), we also have
Pa(Q ® det Q%) (Lay) ~ pQ(—Mag, — Fp).
Therefore we have
Tore ({15 SPWH=Nyy)) = R?pro, (S upW(=Np(a,4)) ® As),
which is isomorphic to p3Q(—Mag, — F,) as claimed. q.e.d.
Proposition 5.6.3. There exist the following injective morphisms:
(i) T2txO gt (Ngy) = T2 O, (N,
(11) 7T2t*(M;tW) — Wg/*(MZW),
(i) mor. ({45 S*W} (—=Nagp) = Tou({#5S*W} (~Nz).
Proof. Since 2 is the total transform of the blow-up 2% X g, % — 23

along 71'??,1(32,,) and 25 is the strict transform of 23, we have a natural
morphism 7ot (B| z1) — Mo« (B| ) for the sheaves on %3 associated to

any sheaf B on 25" = P(p3S). We note that the morphism is injective if
the sheaf mar. (B| 4;) is locally free. Lemma 5.6.2 indicates that this is

the case for sheaves B such that Bl ¢ = e, O gt (Nt ), Tori (13 W) and
T oty (,u;S2W(—N342t)). q.e.d.
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5.6.2. Part 2: Here we determine the sheaves in (5.19) and complete
our construction of the locally free resolution of Z§ © {Ogp(Myp) X
O 4 (2L 4)} as follows:

0 — 13p5S(—Lap) RO, — 375 K gs*
(5.22) — Ogp K g*S*F* © 15p5Q" (M) R O (L )
— Ig ® {O%O(M%O) ‘Zl OQ?(2L{%?)} — 0

Proposition 5.6.4. It holds that
(1) 7T2’*0342(N552) = pSS*(L%)'
(2) mor (W) ~ Ty (cf. (5.5)), and
(3) T ({H5S*WH—Nz)) = p3Q(—Ma,).

Proof. From Lemma 5.6.3, we have a natural injection 7 g, (B| z¢) <
Tor«(B| ) for the sheaves B described there. Note that the injection is
isomorphic outside F),. Let y be a point of F, and ¢ the fiber of 25 — %5
over y. Let [V1] be the image of y on P(V). We write P2 = P(U)
with U a three-dimensional subspace of A>(V/V1). Since ¢ is a p-conic,
there exists a 2-dimensional subspace V5 such that Vi € V5 and U =
(V/Va)A(V2/ V1) = V/Va, namely py(y) = ([(V/V2)A(Va/W1)], [V1]) € 5.

To see (1), we note the injection in Proposition 5.6.3 (i),
PaS" (Lay) ~ 20,0 gy (Ngy) = Tk Oy (N ).

with the first isomorphism in Lemma 5.6.2 (i). This injection must be
an isomorphism since both the fibers of p5S*(La,) and 7o, O, (Na,)
at y are isomorphic to H"(P2, Opg(l)) (note that N, = (Hp(p(—1)r2) +
LP(T(_l)/\Q))|gf2 from (49))

We show (2). By Lemma 5.6.2 (ii), we have m5T'(—1) ~ o, (u5:W).
We now compute the map

(5:23)  mT(=1) @ k(y) = Taru (up W) @ k(y) = Torx(12W) © k(y).

We first write 757 (—1) ® k(y) ~ V/V1 and 7o (uiW) ® k(y) ~ H'(q,
usW|,) by the Grauert theorem. Then, by Lemma 5.4.1, the map
V/Vi — H%(q, usW|,) factors through HO(PS,TPE(—l)) ~ V/Va. There-
fore the cokernel of the dual of the map (5.23) is isomorphic to (Va/V7)*,
which can be identified with the fiber of py|} Op(r(-1))(1) at y (where
p2lF, : Fy = &, ~P(T(—-1)) ). Since both the cokernel of

({mo(uaW)}*) @ k(y) = ({mar (1 W)}) @ k(y)
and that of
(77) @ k(y) = ({maes(p3:W)}") @ k(y)

are the same one-dimensional subspace, the images of them must coin-
cide, i.e., {mo (5W)}* = T5" as claimed.
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Finally we show (3). Let E, := P(p5S|r,) which is the restrictions
of Z3* over F),, and recall our definition E, = 7T2_,1(Fp) in Subsection
4.3. Note that F), is the exceptional divisor of the blow-up 25" — Z3*
discussed after Definition 4.3.5. We summarize the geometry of the
blow-up and morphisms in the following diagram:

Z C Z 2 O 2
U U U U
Z, = "@i)u% u:]P)(pES’Fp) DE,
(5.24) \ lm” Mpl /
71-/327?3’\,) 71-2’\,3
Z, F,

Pr,=P2lF,
Let Wg, be the pull-back of W, (see Proposition 4.2.4) by £, — 2 =
Z,. Then, by the proof of Lemma 5.6.1, we have
o] ({13S*WH(=N2,) )
~ R'Tou|,(S*WE, (~Nap|e, — 2|5,)).

In Lemma 5.6.5 below, we rewrite the r.h.s. of (5.25) in terms of the
pull-back Rpu of R, (introduced in (4.5)) to Ey. The first factor

R'Tgu), o (SR, (—3det Rpp,)) = R'Tau,(EREMV) of (5.26) can be
evaluated by the Bott theorem 2.1.1 applied to the projective bundle
B\, — F, with its Euler sequence; 0 — Og, (—1) = p}, (S|»,) = Re, —
0. It turns out that the first factor is isomorphic to

p;p(S* ® det S*|»,) ~ p}p(Q ®det Q|»,)(—4LE,),

where we use Proposition 4.1.1 (1) and (3). Now evaluating (5.26) for
the r.h.s. of (5.25), we obtain p}pQ(—M%|pp). q.e.d.

(5.25)

Lemma 5.6.5. The r.h.s. of (5.25) is isomorphic to
R17T2u|p*(S2REu(—3 detRg,))
® OFp(_pI*fp det Q|yp + 4LFp — M%|Fp)-

Proof. Let us first note the following relations which follows from
Lemma 4.2.4,

S2Wp ~ S2Rp ® WZO]P’(T(—I))(z) o~ Ssz(ﬂ';(det Q‘yp) — 2ngp),

where for the second isomorphism we use Proposition 4.1.1 (4) and the
equality H 5, = Op(p(—1))(1). Then, pulling this back to E,, we obtain

(5.27) S*Wr, =~ SR, (75 pF, (det Q| ,) — 2Lp,).

(5.26)

Second, we take the determinants of (4.5) to have
Hp(s“@p) =detR, + W:(det S*‘yp)

(5.28) ’
= det R, + m5(det Q| »,) — 3Ly,
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where Proposition 4.1.1 (1) is used for the second equality. Therefore,
using Proposition 4.5.1 (1), we obtain

Ng3u|gﬂpu = det Rp + Wgu‘ﬂ(det Q|@p) — 2Lgpu,

and then pulling this back to E7, we have

(5.29) N:Z;"Eu = det ’RE;; + W;u‘p(pgp det Q‘yp) —2Lg,.
Now, from (5.27) and (5.29), we have
(5.30) S*Wg, (~Nay|p,) ~ S*Rp, (— det Rp,).

Let us compute the class of the divisor Z3|g, (= E,) in E,. We see
that 25 € |2Hp(pss) + Loy — mhuF)| since 25 is the strict transform of
23 by the blow-up 23' — 23 ~ P(S) and 25 € |2Hp(s) + Ly | by the
proof of Proposition 4.5.1. Using Proposition 4.1.1 (5), we now have
2Hp(p§3)+L3“2u—7T§qu = 2H]P>(p92¢3)+2L3/)2u—7T§u (p;p det Q‘WP—M%’FP)
Therefore, using (5.28) for Hp(p;s), we obtain
(5.31) Z|p, € [2det Rp, +T3u(pp, det Q|»,) —4Lp, + Tou(Mas|F, )|

From (5.30) and (5.31), we obtain the claimed form for (5.25). q.e.d.

5.7. Step 3: A locally free resolution of 7° on Yo x X
We calculate the pushforward (p§ x id). of the exact sequence (5.22).
To do this, we split (5.22) as follows:

(5.32) 0= 15058 (= Lap) KO - — 13T Kg*F" —C — 0
and
0 = C = OgpRg*S*T* @ 15p5Q" (M) KOy (L) —

5 ® {00 (Map) WO 5 (2L 5)} — 0.
Since p3S(—Las), T; and p3Q*(My,) are the pull-backs of locally free
sheaves Sp, T*, and Q*(My) on &, the higher direct images of
15p5S(—=La,) KO 4 and 1575, W g*F vanish. Therefore the pushforward

of (5.32) is still exact and the higher direct images of C vanish. Then the
pushforward of (5.32) is also exact. Therefore we obtain the following

(5.33)

exact sequence on /@VO X ,92,;;
0= S, RO, — T K g "
(5.34) — 05, Rg*S*F* & 1" Q" (M7,) RO 5 (L )
= I°@{07,(Mz,) MO 4 (2L 5)} — 0,
where Z° := p},75.
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Lemma 5.7.1. Let A° be the closed subscheme of Yo x X defined
by Z9. Define ﬁAng = pg X id\A%/Q, then ﬁAO%*OA‘;% = Opo and

15 —
R pA%IIQ*OAWZO =0.

Proof. By (5.32) and (5.33), we have R!(p3 x id).Zo° = 0 since
P5S(—La,), T* and p5Q* (Mg, ) are the pull-backs of locally free sheaves

on ¢ . Taking the higher direct image of the exact sequence 0 —
I:° — (’)%oxgg — OAq% — 0, we obtain the exact sequence 0 —

T = Ogoy 5
RY(p§ x id), Z9 = 0 and RY(p§ x id). Oy g = 0, respectively. Hence

ﬁA%/2*OA%/2 = OAO. qed

- 1~ o
— pA%,Q*OA‘;;,Q — 0 and also R pA%/z*OA% = 0 since

5.8. Step 4: Ideal sheaf 7 and its resolution (5.4) . Let Z := 7, Z°
and set I' 7 := &' x Z\X°x 2. We note that codim I' 7 = 6 since the
codimension of P, in % is 6. Define a sheaf A on Z° by

0—>Z*§L®(953 —>Z*7~'*®g*5"* - A—0,
then, we have the following exact sequence

0—>§L®0£ —>7~d*®g*9'~* — Z*A%RIZ*(LngL&O;@)

(5.35) 5 N
— RUL(PT R g ) - RIA— RL(FSL RO ),

and also from (5.34),

0— A —=0; K¢ S?F @ Q" (My;) KO 4 (Ly) —

(5.36) 1
I® {O@“(M@) X Og(QLy)} — RILA,

where we note that 7. (€|, ,) = & for alocally free sheaf £ on Y
since codimT'y; > 2, and 7.(Z° ® {O;,(Mz;,) KOz (2L 4)}) = I ®
{07(M;) ¥ O 4 (2L 5-)} by definition. For a sheaf £ on Y x X, it
holds that R'Z, (€] 7., ,) = 7—[%‘;(5) for i > 0 by [H, p.9, Corollary 1.9].
Moreover, if £ is locally free, then ’Hif;(é’) =0fori+1<4by[H, p.44,
Theorem 3.8| since codimI'j; = 6. Therefore,

RUL(IPSL RO ;) ~ RILIOT R g*F) ~ R* L. ("SR O ) = 0.

From (5.35), we see that R'7,.A = 0. Consequently, we obtain the claim

that the sequence (5.4) in Theorem 5.1.3 is exact on % x 2 by (5.35)
and (5.36).
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5.9. A is normal and Cohen-Macaulay. Let A € & x 2 be the
variety determined by the ideal sheaf Z. We show that A is normal and
is Cohen-Macaulay to complete our proof of Theorem 5.1.3.

We see that Ay is smooth by Proposition 5.3.3, and also Ay — Ag,
is birational since A3 — Ay, is birational by Proposition 5.3.2 and so
are Ag — Ay and Ay, — Ag,. Recall that we have set Tag 1= 7?2/]%7
and ﬁAo% = (pg x id)*’A%’z' We check the claimed properties above

separately on Do x 2 and Pyx X -
Let us first consider the properties on Z° x 2. We show that
Ri([)Ang 07ag)«Onag = 0 fori >0

(5.37) i 3
and (pA%/Q 07ag)+Ong == Ope.

The latter shows that A = 7*A is normal since A§ is smooth, and the
former show that A° has only rational singularities, and then is Cohen-
Macaulay. By using the Leray spectral sequence, the relations in (5.37)
follow from Lemma 5.4.3 for g and Lemma 5.7.1 for ﬁA%/Q‘

Now we consider the properties on &, x 2. By the result above,
we see that A is regular in codimension one since the codimension of
AN(P, x Z) is greater than two. Therefore it suffices to show that A
is Cohen-Macaulay at any point of A N (£, x 2 ). This follows from
taking the local cohomology sequence of the locally free resolution (5.4)
since % x 2 is smooth and the length of the locally free part of (5.4)
is three.

Remark. Since we have shown that A is reduced, A is the closure of
A°.

6. The universal family of hyperplane sections

Let ¥ C % x 2 be the pull-back of the universal family of hyperplane
sections in P(S2V*) x P(S2V). We can regard ¥ as the family of the pull-

backs of hyperplanes in 2 parameterized by %, and also as the family
of the pull-backs of hyperplanes in . parameterized by 2". Retaining
these two meanings, we say that 7" is the universal family of hyperplane
sections of % and 2. Note that the fiber of # over a point z € X ¢ 2
is the pull-back of the hyperplane section wéyﬂ,%” of 7, where & = Wy
as a point of S?P(V).

Let Zy = O;(=M;)XO 4 (—H 5) be the ideal sheaf of ¥ C Yx.
We show, in the followng proposition, that A € % x 2 is a closed
subscheme of ¥ and give a locally free resolution of the ideal sheaf of
A'in ¥ as an Oj ,-module. It should be noted that the locally free
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sheaves in this resolution are exactly those used to construct the (dual)
Lefschetz collections in Db(@ ) and D*(Z) in [HoTa3].

Proposition 6.0.1. Z contains Ly ,i.e., the subvariety A is contained
in V. Define Insy = L/Ly, which is the ideal sheaf of A in ¥, and
denote by vy the closed immersion ¥V — Y x &. Then ty«Iayy has
the following locally free resolution on Y x X

0 — §L®(955 — 7'*&9*3’* —
(6.1) 05K {g*S*5*/0 5 (~ HZ+2L%)}EBQ*( )&O%(L%)

where the quotient g*S*F*/O - (—H 5 + 2ng) is defiend by the inclu-
sion Oy (—H ;) C g*S*F = ¢g*S?F*(—2L ) in the Euler sequence 0 —

Proof. Note that 7 admits a natural SL(V')-action, and hence the in-
jection Zy = O5(—Mz7) RO - (—Hy) = Oy, 5 is SL( )-equivariant.
We apply the construction described in Subsection 5.2 to this SL(V)-
equivariant injection noting Hom(O4;(—M;),0,)) ~ S*V and
Hom(O ,(—H 5),0,) ~ S*V*. Then we see that the injection is
unique correspondlng to the fact that S?V ® S?V*contains a unique
one-dimensional representation of SL (V).

We now turn to the SL(V')-equivariant map

O (=Mz) RO z(—H ) = Og(~Mz) WS (g"F),
which we have from the inclusion O, (—1) — g*S%F. From the resolu-
tion (5.4) and the relation ¥ = F(L ) we obtain an SL(V')-equivariant
inclusion
057(~Mg) ROy (~H )
= 0;(-Mz) RS (g"F) & Q' WO, (—Ly) = I =05 4.

By the uniqueness of the embedding O (—M;)XO ,-(—H ) — O
the image coincides with Zy and hence Z, C Z.

The proof of the remaining assertion follows from the above discussion
and Theorem 5.1.3. q.e.d.

Y

__In Proposition 6.0.2 below, we show that any hyperplane section of
% corresponding to a point of 2~ has only canonical singularities. This
property is important to apply the Kawamata-Viehweg vanishing theo-
rem in our proof of the derived equivalence (Lemma 8.0.9).

To describe the statement, recall that f: 2~ — 2 is the Hilbert-
Chow morphism and Ey is the f-exceptional divisor as in Subsection
2.2. Let z be a point of P(V') and e any point of Ey such f(e) = [2x].
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Then the fiber of ¥ — 2 over e is the pull-back of the hyperplane
section of S parameterizing singular quadrics which contain the point
x. In particular, the fiber is independent of a choice of e once we fix a
point z, and hence we denote it by V.

Proposition 6.0.2. Any fiber of ¥ — 2 is normal and has only
canonical singularities.

Proof. The proof is similar to the argument in Subsection 5.9.

It suffices to show the assertion for V,, (z € P(V)) since it is a special
fiber of ¥ — 2. Let V! is the strict transform of V,, on %, which is
also the total transform since V, does not contains the center G?j; of the

birational morphism % — %. Hence V;} € |Mg,|. We see that — Ky
is (pylye)-ample since V) € [Mag,| and —Kg, = 10Mg, is py-ample.
Therefore it suffices to show similar assertions for V!. Let Wg, W3 and
W5 be the pull-backs on G(2,7(—1)), %3, and Z5, respectively, of the
subvariety Wy := {Il | z € I} ~ G(2,4) in G(3,V). It is easy to see
that V! is the image of W set-theoretically and Wy — V! is birational
(note that, once we fix a general quadric Q and a P!-family ¢ of planes
in @, there is only one plane in ¢ which contains z). We show that W5 is
smooth, therefore Wy — V.! is a resolution of singularities. Indeed, W3
is smooth since Wy ~ G(2,4), Wg — Wy is a P2.-bundle, and W3 — Wg
is a G(2,5)-bundle by Proposition 4.2.2. Then W5 is also smooth since
Wy — Wj is the blow-up along W?j,l(c@p) N W35, which is a P'-bundle
over Wg by Proposition 4.2.3, and hence is smooth.

Similarly to the proof of Proposition 5.1.1, we note that the ideal
sheaf Zyy, of Wy has the following Koszul resolution:

(6.2) 0 — APW* — W* — Ty, — 0.

Now we check the assertions on %°. Since V! is Gorenstein, we have
only to show that V! is normal and has only rational singularities. In
the same way to (5.15), we obtain 7%, 3usW* = RS, (5usW* = 0.
Therefore we have
(63) 71'3/*1&/2 = Rlﬂ-g’* (/\2L§M§W*)a

where T7, is the ideal sheaf of Wy in #45°. In the same way to (5.16),
using the Grothendieck-Verdier duality 2.1.2, we obtain

RS N2 W = (75, ANGIEW © Op(~Narg)} © Ogo (M)
~ O%o(—M%o),

Therefore 7§, Zfy,, is nothing but the ideal sheaf Z), of V! since V! is the

image of Wy set-theoretically. In other words, V! is the scheme-theoretic
pushforward of Wy. We set 7, := 7% |w, : Wa — V. In the same way
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to show Lemma 5.7.1, we also have
(6.4) RF18,Ow, = 0 for k > 0 and 79, Oy, ~ Oy:.

Since W is smooth, the latter shows that V! is normal and the former
shows that V! has only rational singularities.

Second we show the assertions on the whole %;. By the above ar-
gument on %, we see that V! is regular in codimension one since the
codimension of V! N &, in V! is greater than two. Therefore V! is nor-
mal since V! is Gorenstein. To check V! has only canonical singularities,
we have only to show that Wy — th is crepant since Wy is smooth.
This follows by calculating the canonical divisor of Ws. Note that
N,z =~ psWlw, by (6.2). Therefore det Ny, 2, =~ Oz (—Na)|w,
since det W = Og3,1)(1). Thus we have

KW2 = KQPZ|W2 + det./\/’pvz/gf2
= {WS’(K% + M%) - N%HWQ + NQA2|W2 = W;’(K% + M%)|W27
where we use Proposition 4.5.1 (3) for the second equality. q.e.d.

7. The family of curves on Y parameterized by X revisited

Let X and Y be smooth Calabi-Yau threefolds which are mutually
orthogonal linear sections of 2~ and % respectively, as described in
Subsection 2.4 and Section 3. In this section, we show that a family
of curves on Y parameterized by X comes out from A — 2 and this
family coincides with one constructed in Section 3. We prove also the
family is flat.

7.1. Flatness of A — 2 and the locally free resolution of Z,.
Below, we denote by (—1) the tensor product of O (—Mz).

Proposition 7.1.1. (1) The scheme A is flat overv,%?.
(2) Let A, be the fiber of A — 2 over a point x € Z . Then the ideal

sheaf T, of Ay, in ¥ is I®@@~X O, , where /@\; ~ U is the fiber of

z Y’
Y x X — X over . Moreover, the exact sequence (5.4) remains exact
after restricting on %, and gives the following locally free resolution of
T

(7.1) 0= Sp(-1) = T* (-1 - 0;(-1)% @ Q" » I, — 0.

Proof. By Proposition 5.3.2, A — 2 is equi-dimensional (actually
all fibers are isomorphic). Therefore A is flat over 2~ since A is Cohen-
Macaulay and 2 is smooth.

Tensoring the exact sequence 0 - Z — O — Oa — 0 with k(z),
we obtain the exact sequence 7 ® k(z) — Oz — Oa, — 0. Then,
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applying [M, Theorem 22.5 (1)=(2)], we see that T ® k(z) — O, is
injective since A is flat over 2°. Note that, for any coherent Oy 9~
module A and a point = € 2, it holds that A®o .05 = A®o , k(z)
since Oz = Oy, , ®0, k(z). Therefore I, * T ®@ k(z) 2 T ®o, .
O .

%,

Proof of the exactness of (7.1) is similar. q.e.d.

7.2. Cutting a family of curves ¥ — X from A. The generically
conic bundle Z5 — %5 in Proposition 4.3.4 defines a conic bundle 25 —
Ay over Xy = %\ &,, which we can write explicitly as

2= {01 v eq T2 e m B DAC IO

Let us recall % = {[U] € G(3,A*V) | [U] = [U A V4] for some Vi } and
define

7 ={@won|deq

q is a conic in P(U) N G(3,V) }
and [U] € '\ 2, '

Then there is a conic bundle 2° — #° with the following commutative
diagram:

~0
Py
o
(37 l %

e 2 o
We note that the conic bundle 2°° — #° over #° \ F; is isomorphic to
the conic bundle 2 — % over % \ Gy in Subsection 2.3 (see [HoTa3,
Prop. 4.2.5, 5.2.1]).

As we noted in Subsection 2.4, we > can assume that X C 2 and Y is
disjoint from G# = Sing%'. Since ¥ — % is isomorphic outside G,
we can also assume Y C % Note that the subvariety Y x X of Y x X
is contained in ¥ since X and Y are mutually orthogonal.

Definition 7.2.1. We define the restriction of A € % x 2 to Y x X
by
€ = Alyxx-
We denote by I the ideal sheaf of € in Y x X and by I, the ideal sheaf
of C, in Y, where Y, =Y is the fiber of Y x X — X over z.

Proposition 7.2.2. The scheme € is flat over X and its fiber over
x € X coincides with Cy defined in Subsection 3.1. Moreover, it holds
that I ~ IA/«y Koy Oyyxx and I, ~ IAx/"Vx ®(9?7 ny.
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Proof. Recall that the curve C, C Y in Subsection 3.1 is defined
through v, = G, N7, (Y), which consists of ([II],[Q]) € Z satisfying

l; € P(II) and [Q] € P. Let us define Az, C Z° x 2 to be the
image of A§ C :@\;20 x 2 under Py % id 4, and denote by Az, = the
fiber over z € X. Then, by definition, the intersection A z, ﬂﬁ}fl(Y)

consists of points ([¢], (¢, [U])) € Z° such that W?j(([c], (¢,[U]) €Y
and [, C P(V,) with the three dimensional subspace V. C V representing
[] = [A*Ve]. Here we note that 7% (([c], (¢,[U]))) € Y is equivalent to
[Q,] € P for the quadric @, which corresponds to y = 75((q,[U])).
Therefore ~, can be identified with AQ:OJ N W}_l(Y). Now, due to the

isomorphism 2° — #° over ¥° \ F; to the conic bundle 2 — % over
%\ Gy, the curve Cy = Ty () can be identified with the curve that is
defined by the fiber of the scheme % over x € X. Hereafter we denote
by C, the fiber of ¥ — X over x € X.

Recall that the fiber %, of ¥ — 2 over z contains A, by Propo-
sition 6.0.1. Since ¥, contains also Y, we see that Y is the complete
intersection in 7 of 9 members My, ..., My of [Mj|y,|. Therefore C,
is cut out from A, in ¥, by Mj,..., My. By [M, Corollary to Theorem
23.3], A, is Cohen-Macaulay for any = € 2 since A is Cohen-Macaulay
by Theorem 5.1.3 and is flat over 2~ by Proposition 7.1.1. Since Cj is
one-dimensional for any x € X, the divisors My, ..., My form a regu-
lar sequence [M, Theorem 17.4 iii)|. Note that Al . — X is flat by
Proposition 7.1.1 and its ideal sheaf is Z® O, by [M, Theorem 22.5
(2)=-(1)]. Therefore, by [M, Corollary to Theorem 22.5 (2)=(1)], € is
flat over X and is cut out in 7" from Al by a regular sequence. The
latter implies that IA/'V ®O(§7>< . Oy « x is the ideal sheaf of ¥ in X x Y.
Similarly, we have I, = Zx A ®O% Oy, since the scheme C} is cut out

in ¥, from A, by a regular sequence. q.e.d.

8. The Derived equivalence

In this section, we derive the main result of this article:

Theorem 8.0.1. Let X andY be smooth Calabi- Yau threefolds which
are mutually orthogonal linear sections of 2 and % respectively. Let
I be the ideal sheaf as in Proposition 7.2.2. Then the Fourier-Mukai
functor ®; with I as its kernel is an equivalence between DY(X) and

Db(Y).

Since the cohomology groups related to the locally free resolution of
7 have been computed in [HoTa3, Thm.8.1.1], the rest of our proof of
the derived equivalence between X and Y proceeds in the same way as
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that of [BC]. Namely, we show that the functor ®; : D*(X) — D*(Y) is
an equivalence by verifying the conditions (i) and (ii) of Theorem 2.1.3.
The condition (i) may be verified by the following general lemma [BC,
Proposition 4.5]. We include the proof for completeness.

Lemma 8.0.2. Let Y be a smooth projective threefold and I an ideal
sheaf of Oy such that the closed subscheme C defined by I is of (not
necessarily pure) dimension less than or equal to one. Then Hom([, ) ~

C.

Proof. Taking Hom(I, —) of the exact sequence
(8.1) 0—=1— 0Oy —0c—0,

we obtain an injection Hom(7, I) — Hom(Z, Oy ). We have only to show
Hom(I, Oy ) ~ C since Hom(I, I) contains at least constant maps. To
compute Hom(7, Oy ), we take Hom(—, Oy ) of (8.1). Then we obtain the
exact sequence 0 — Hom(Oy,Oy) — Hom(I,Oy) — Ext}(O¢, Oy).
By the Serre duality, we have Ext!(O¢, Oy) ~ H*(Y,Oc ® wy), where
the rh.s. is 0 since dimC' < 1. Therefore we have Hom(I,Oy) —
Hom(Oy, Oy) ~ C. q.e.d.

In what follows, we show the property (ii) of Theorem 2.1.3, i.e., the
vanishing:
(8.2)  Ext*(Iy,Is,) = 0 for any two distinct points x; and zo of X.
We denote by (—t) the tensor product of O (—tM,;). Then the result
(3) of [HoTa3, Thm.8.1.1] may be read as:

Theorem 8.0.3. H*(A* ® B(—t)) = 0(1 <t <9), where A and B,
respectively, are one of the sheaves Sr, T*, Oz, Q*(Mj).

It is standard to derive the following proposition from Proposition 7.1.1
and Theorem 8.0.3.

Proposition 8.0.4. For any two points z1 and xo of 2, it holds
Ext®(Zy,, 2o, (—1)) =0(1 <t <9).

We derive the vanishing (8.2) from Proposition 8.0.4 following [BC,
Subsection 5.6]. For the derivation, it is important to choose a suit-
able sequence of the complete intersections by the members of [M ]|
containing Y.

Lemma 8.0.5. There exists a tower of complete intersections in 72
YocYiC---CYyC Yy (diin:3—|—z’),
by the members of |Mg~|, which satisfies the following conditions: Set
Agyj = Agly; and denote by I, the ideal sheaf of Ay,.j in'Y; and by
vy; the embedding Y — Yji1. Then
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(D) Yo=Y andYipo=¥%.

(2) Y9 = ¥, where ¥, is the fiber of ¥ — 2 over x1 (cf. Section
6). In particular, Yy contains Ay, (Proposition 6.0.1), and hence
WosLuyo = Luy [Oz(=Yo) = Iy /O7(—1). The ideal sheaf Ly, is
equal to Iy, ® Oy, = 1y Ty, . -

(3) Ys = ¥, N ¥y, where the intersection is taken in % . In particu-
lar, Yg contains Ag,|y,, and hence tyyZyys = Layi9/Oyy(—Ys)
T10:9/Oyvy(—1).  The ideal sheaf Iy,.s is equal to Iy .9 @ Oy, =~
L*Ygll‘l;g'

(4) For any j < 7, the ideal sheaf I,,; is equal to Iy.j11 ® Oy,
L*szxﬁj-i'l'

Proof. We take Yo = 7,, and Yg = 7, N ¥, as in the statement and
let Y7,...,Yp be general complete intersections containing Y (recall that
Y is contained in any fiber of ¥ — 2" over a point of X). Note that
Yz, is irreducible by Proposition 6.0.2, and also ¥, # 74, for x1 # z».
The last property follows from the duality between P(S?V') and P(S2V*)
and the fact that X is embedded in 2~ C P(S?V).

The descriptions of Z,,.9, Zy,:8 and Z,,.; (i = 1,2, 0 < j < 7) follow
from the last part of the proof of Proposition 7.2.2. q.e.d.

12

The choices of Yy and Yz in the above lemma turns out to be crucial
in Steps 1 and 2 of the arguments below.

Step 1 (from Y to Yy).
Proposition 8.0.6.
Ext ! (Zay50, Zogo(—t +1)) =0 (1 <t < 9).

Proof. By Zy,,9 ~ 13, Z,, we have
(8.3)  Exty ' (Zey0, Zanio(—t + 1)) = Ext§ (Zay0, 13, Loy (—1 + 1))
By applying the Grothendieck-Verdier duality 2.1.2 to the embedding
Lyy: Y9 — % with Wy, /7 = O,7(=1), we have

Exctye ! (Zoy9, 03 Zoo (—t + 1)) = BExt® (v Zey 9, L (1))
Taking Hom(—,Z,,(—t)) of the exact sequence
0= O5(—1) = Loy — tyeuLy0 = 0

(cf. Lemma 8.0.5 (2)), we obtain the exact sequence
H* YT, (~t+1)) — EXt.@v(Lyg*le;g,Ixz(—t)) — Ext% (Za,, Lo, (—1)),

where the first term vanishes by the following lemma and the last term
vanishes by Proposition 8.0.4. q.e.d.

Lemma 8.0.7. H* Y(Z,,(—t+1)) =0 (1<t <9).
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Proof. The assertion follows from Proposition 7.1.1 and Theorem 8.0.3.
q.e.d.

Step 2 (from Yy to Yg).

Proposition 8.0.8.

EXt;/;1(1x1;87Ix2;8(_t +1)=0(1<t<9).
Proof. Since Zy,;5 ~ 13, Iy,;9, we have
Ethfgl(le;&Imz;S(_t + 1)) = EXt;fgl(L%le;%Imzﬁ(—t + 1))
~ Ext ! (Zoy9, tvieLons(—t + 1)).
From (8.4) and Hom(Z,,.9(t — 1), —) of the exact sequence

(8.4)

0— OYQ(—l) — Ixz;g — LYg*I:CQ;S — 0
(cf. Lemma 8.0.5 (3)) we obtain the exact sequence
(8.5) EXt;/;1(1x1;9=I:cz;9(_t +1)) — EXt.Yg_l(Ing’IxZ;S(_t +1))
= Extyy (Ze19, Oy, (1)),

where the first term vanishes from Proposition 8.0.6 and the last term
vanishes by the following lemma. q.e.d.

Lemma 8.0.9. Exty, (7,9, Oy,(—1)) =0 (1 <t <9).

Proof. Set Fy, := F;|y,. By the Serre-Grothendieck duality, it holds
(8:6)  Exty, (Zoy0, Ovy (1)) = H7* (Yo, Luyio((t — 9) My, + 2Fy,))*
since Ky, = —9My, + 2Fy,. Let us first show that
(8.7)
le_.(}/g,le;g((t—g)Myg +2FY9)) = H12_'(@,le ((t_9)Mg~+2Fg}7))'
Since Ag,.9 = Az, we have the following two exact sequences on Y and
Yy respectively:

(8 8) O%le((t—Q)M@—l—2Fg~) —)O@((t—Q)M@—I—QF@)

. _>OA»"01 ((t—Q)M@—I—2Fg~) — 0,

and

0— le;g((t — 9)My9 + 2Fy9) — Oyg((t — Q)MYQ + 2Fy9)
— OAH ((t — 9)MZ§; + 2F?}7) — 0.

Since (t —9)M,; +2F; = (t + 1)M; + K and (t + 1)M; is nef and
big, the cohomology groups Hm_'(f@v, O ((t—=9)M;+2F,;)) vanish for
12 — e > 0 by the Kawamata-Viewheg vanishing theorem. Moreover, it
holds that H(%, 05 ((t—=9)M ;42F;)) ~ HY(% , Oy ((t—9) My )), and
the latter vanishes if ¢ <8, and is isomorphic to Cif ¢ = 9. If £ = 9 and
12 — e =0, then HY(#, 0;(2F;)) ~ HO(A,, Oa,, (2F;;)) and hence

(8.9)
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HO(/@V,IZBI(QF@)) = 0 by (8.8). For the cases 12 —e >0 or 1 <t <38,
we have H2"*(% I, ((t — )My + 2F;)) ~ H'"*(A,,,0n, ((t —
9)M +2F,;)) by (8.8). Similarly, by (8.9) and the Kawamata-Viewheg
vanishing theorem, we have H%(Yy, Z,,.9(2Fy,)) = 0, and for the cases
12— >0o0r 1<t <8 H?*YyZyollt — 9 My, + 2Fy,)) =~
HY17*(Ay,, O, ((t = 9)M 7 + 2F 7)), where we use the fact that Yy =
., has only canonical singularities (see Proposition 6.0.2).
Therefore we have the isomorphisms (8.7).

Now we note that the vanishings of H'2=*(#, o, ((t=9)M; +2F;))
follow from the vanishings of

H?=(, Sp((t — 10)M,; + 2F)),
H2 (@ T*((t — 10)M; +2F;)),
H'> (7,05, ((t — 10)M,; + 2F;)),
H'>(, Q" ((t — 9)M,; + 2F;))

by the locally free resolution (7.1) for Z,,. Note that these cohomology
groups are Serre-dual to

H N Y, 85(—t), H WY, T(~t)),
BN Y, 07(-1), HNY,Q(—t - 1)),

and vanish by Theorem 8.0.3.  Therefore, we have Ext} (Z,.9,
Oy, (—t)) = 0 by (8.6) and (8.7). q.e.d.

Step 3 (from Y5 to Y7).

Proposition 8.0.10.
(8.10) Exty ! (Zoyi7, Lopr(—t +1)) =0 (1 < t < 8).

Proof. Since L, .7 =~ 1y, Ly, 8, we have
(6.11) Exty " (Zoyi7 Zopir (—t + 1)) = Bxt§ ' (13: Loy s, Zagir(—t + 1))
~ EXt;/;l(le;g, Lyys Ly (—t +1)).

Note that a defining equation of Y7 restricts to a regular element in each
local ring of A,,.s. Hence the sequence

(8.12) 0= Zpys(—1) = Zppg = tyysZayr — 0

is exact. Therefore, by (8.11), and Hom(Z,,.s(t — 1), —) of (8.12), we
have the following exact sequence:

Exty ! (Zoysss Zoas(—t + 1)) = B3 (T, Tagir(—t + 1)

(8.13) ;
— Exty, (Zer:8, Linig (1)),
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where Ext;,gl(Iml;g,Im;g(—t—l—l)) and also Ext$, (Z,8, Zs,;8(—t)) vanish
by Proposition 8.0.8 if 1 <t < &8, and then we obtain the claim. q.e.d.

Step 4 (from Y7 to Yg, ..., Y7 to V).
Here we complete our proof of (8.2). We can choose the defining equa-
tions of Y; so that each of them restricts to a regular element in the local
ring for both A, ;11 and Ay, ;1. Then the argument of Step 3 applies
inductively, and we have the following vanishings for ¢ € 0,1,2,--- ,6:

(8.14) Exty (Lo Lopi(—t + 1)) =0 (L <t < i+ 1),

In particular, we have Ext$!(I,,, I;,) = 0, which is (8.2).

9. Further discussions

In our proof of the derived equivalence, we have used (the ideal
sheaf of) a family of curves {C},ex which arises from the restriction
C = Alyxx. Obviously, the other choice of a family {Cy},cy could
be possible for that purpose. In this section, we obtain a flat family of
curves on X from A for the latter choice, and remark, however, that a
technical problem prevent us to complete a proof by using this family.
We also make a comment on non-invariances of the fundamental groups
and the Brauer groups under the derived equivalence.

9.1. A family of curves on X. For a point y € /@V, we denote by @
the quadric in P* corresponding to the image of y on 7#”. We also denote
by A, the fiber of A — % over y, which is a closed subscheme of Z.

Let V7 be the open subset of 72 consisting of points y such that
rank @, = 3 or 4. For a point y € Vg, let gy C G(3,V) be the conic
corresponding to y (gy is one of the connected components of the families
of planes in Q). We describe A, for y € V.

Proposition 9.1.1. A, is the restriction of Z = P(S*F) — G(2,V)
over the subset

Gy = {l |l is contained in a plane belonging to q,} C G(2,V).

If rank Q, = 4, then Gy, is isomorphic to P(Op1(—1)%% @ Op1 (—2)) and
Ocevy(D)la, is the tautological divisor. If rank @, = 3, then G, is
isomorphic to P(Op1 & Op1 (—2)%?) and Og2,v)(1)|a, is the tautological
diwvisor. In particular, A, is smooth if rank Q, = 4.

Proof. The first part easily follows from the definition of A. We de-
scribe Gy. By definition, G, is nothing but the restriction of Ag —
G(3,V) over g,. Since Ay = F(2,3,V), we can write Ay = P(U*) as a
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P2-bundle over G(3,V). We denote by p; the projection Ag — G(3,V)
and by py the projection Ag — G(2,V). We see that

(9.1) Oparry(1) = p20c v (1) @ p10ges,v)(—1).

(
Indeed, by U* ~ AU ® Og,vy(1), we have P(U*) =~ P(A%U) and
Op(u*)(l) >~ Opp2qp(1) ®p1(9g 3V)( 1). Moreover, by the universal
exact sequence 0 — U — V & Ogz,y) —+ W — 0, we obtain the injection
AU — /\2V®Og(37v). Therefore, OP(AQU)(l) = p30¢(2,v)(1), which im-
plies (9.1). Note that (9.1) is equivalent to OJP(U*(—l))(l) ~ p30q2,v) (1)

By the discussion in the proof of [HoTa3, Prop. 5.2.1], U*(—1)|,, ~
Op1(—1)%26 Opi1 (—2) if rank Qy = 4, and U*(—1)|4, ~ Op1 S Op1 (—2)%?
if rank Q, = 3.

Therefore, G, is as in the statement. q.e.d.

Similarly to the proof of Proposition 7.1.1, we can prove the following:

Proposition 9.1.2. The scheme A is flat over V. The ideal sheaf
v of Ay in 2 is IT® Oggy fory € V-, where 3?,2 ~ 2 is the fiber
of Y x X — Y over y. Moreover, the exact sequence (5.4) remains

to be exact after restricting on eﬁ?,;y and gives the following locally free
resolution of I,

0 —=g*Ogev) (—2)% — g*(5%(-2))%* —

9.2
( ) 9*52?@ g*(’)g(g V)(_1)®3 — I — 0.

Proof. By Proposition 9.1.1, A — Y is equi-dimensional over V.
Therefore all the assertions can be proved in the same way of the proof
of Proposition 7.1.1. q.e.d.

The derivations of the following relations are standard:

Lemma 9.1.3. &1 (529:*) =C1 (Og(gy) (3)), 62(52?*) =2c (OG(2,V) (1))2
+4co(F4), and c3(S*°F*) = 4c1(Oga,vy(1))c2(T7).

Now we have

Proposition 9.1.4. The scheme € defined as in Subsection 7.2 is
flat over Y. Let C be the fiber of € over a point y € Y. Then C, is a
curve of arithmetic genus 14 and degree 20. Moreover, if X and Y are
general, then a general Cy is smooth.

Proof. Note that Y C V;. Take a point y € Y. We only consider the
case of rank (), = 4 since the other case can be studied similarly.
First we show that deg A, = 20 with respect to H ; = P(52F)- The

degree of A, is evaluated by the Segre class of S?F* as s3(S*F*)G,. By
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the formula s3(S2F*) = ¢3(S%F*) — 2¢1(S2F*)ca(S?F*) + ¢1(S?F*)? and

Lemma 9.1.3, we have
deg Ay = (15¢1(Og2,v)(1))? = 20¢1 (O, (1))e2(F7)) Gy

By Proposition 9.1.1, we have deg Gy = ¢1(Og2,v)(1))*G, = 4. Note
that co(F*) = [G(2, V)] as codimension 2 cycle with some 4-dimensional
space V4 C V. Then we see that c(F*)G, is represented by a conic,
which parameterizes a P'-family of rulings in the smooth quadric sur-
face Qy NIP(Vy). Therefore we have c1(Oga,1)(1))c2(F*)Gy = 2. Con-
sequently, we have deg A, = 20.

We show that C is a curve. Similarly to the proof of Proposition 7.2.2,
C, is a complete intersection in A, by 4 members of |H ,|. Therefore
dim Cy, > 1. Assume that dim C,, = 2. Then deg C, < 20 since deg A, =
20. This is, however, impossible since H ,|x generates Pic X modulo
torsion and (H ,|x)* = 35. Therefore Cy, is a curve, and then % is flat
over Y as in the proof of Proposition 7.2.2.

Now we compute the canonical divisor of Cy. Since A, — G, is a
projective bundle, we have Ka, = —3H 5 |a, + (9]a,)*(c1(S*F)|q, +
Kg,). Since we have seen that Cy is a complete intersection in A,
by 4 members of |H |, we have K¢, = H |, + (9|a, )" (c1(S*F)|e, +
Ka,)lc,. Therefore deg K¢, = H%Ay—i—H}(g\Ay)*(Cl(523’*)]Gy +Ka,).
We have already computed H %Ay = 20. By using the Segre class of
S29*, we have

Hy(9la,) (e(S°F)le, + Ka,) = 52(S°F) |, (c1(S*57)|e, + Ka,).

By Lemma 9.1.3, we have s9(S2F*) = ¢1(52F%)? — co(S%F*) =
7c1(Oga,v(1))? — 4cz(F*). By Proposition 9.1.1, we have Og, (K¢, ) ~
Oc,v)(—3)|la, ® p*Op1(2), where p is the natural morphism p: G, =
P(Op1 (—1)%% @ Op1(—2)) — gy ~ P'. Thus ¢ (S*F)|g, + Ka, =
p*Op1(2). Hence

Hy(9]a,)" (1(S*)lg, + Ka,)
= (Te1(Og2,1)(1))* = 4e2(F)) |, p* Op1 (2).

Recall that c2(3%)|q, is represented as a conic on G(2, V'), which is a sec-
tion of p: Gy — g, Therefore (7¢1(Oga,v) (1)) —4c2(F%))| G, p* Op1 (2) =
6. Consequently, we have deg K¢, = 26, equivalently, p,(C,) = 14.
Let y be a point of # such that rank @, = 4. Take a general 4-plane
P in P(S?V*) containing [@Q,] and define X and Y as before. Note that
y € Y. Write P = (Qy,Q1,...,Q4). Let H; be the member of [H |
corresponding to @;. Note that A, C ¥, by Proposition 6.0.1. Since P
is general, H; are general members of |H ,|. Therefore, Cy is smooth
since so is A, and Cj, is a complete intersection in Ay by Hy, ..., Hy.
q.e.d.
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One might consider that we can show the derived equivalence by the
Fourier-Mukai functor with the ideal sheaves of the family {Cy }ycy. Ac-
tually, computations of Ext groups among the sheaves appearing in the
resolution (9.2) are easier than Theorem 8.0.3 (see [HoTa3, Thm.3.4.5]).
However, one technical problem is involved as follows: When we follow
the argument of Section 8, it is crucial to have the property that, for
any distinct two points y; and yo of Y, the hyperplane sections 7%, and
Yy, of X are different (cf. Lemma 8.0.5). This, however, does not hold
for y; and yo such that their images on H coincides. This is the reason
for our choice of {C,},ex in our proof.

Remark. It should be interesting to find the curves Cy, (y € Y') of
genus 14 and degree 20 in the table of the BPS numbers of X [HoTal,
Table 2|. In fact, we read from the table the counting number of the
curves of genus 14 and degree 20 as

n75(20) = 500.

In a similar way to the BPS number n} (5) = 100 discussed in Intro-

duction, we may arrange this number as n75(20) = (—1)3Y¢e(Y) x 10.
This time, however, it is not clear whether the factor 10 has a nice in-
terpretation from the geometry of X. Nevertheless, we expect that the
number n75(20) = 500 is 'counting’ the Euler numbers of the parameter
spaces of generically smooth family of curves on X by general properties
of the BPS numbers [GV], since we were able to verify n{(21) = 0 after
rather heavy calculations using mirror symmetry.

Remark. In the Grassmann-Pfaffian case due to [BC, Ku2], the con-
structions of curves {Cy}zex and {Cy}ycy are more straightforward.
Assume X is a smooth linear section Calabi-Yau threefold of G(2,7),
which is embedded in P(A%2C”), and Y is the corresponding (smooth)
orthogonal linear section Calabi-Yau threefolds of Pf(7) in P(A%2(C*)7).

Let us write by [¢,] = [59(01), 59(02)] ~ P! the line corresponding to a point
z € G(2,7), and by [n,] a skew symmetric matrix rankn, < 4 corre-
sponding to y € Pf(7). Then the incidence relation used in [BC, Ku2]
is A = {([&)], [ny])] dim(&, NKer(n,)) > 1}. In this case, the fiber A, of
A — P{(7) over y is given by a Schubert cycle o3 in G(2,7) of codimen-
sion 3 if rank(n,) = 4, and simplifies the proof of the derived equivalence
using the family of curves {Cy }yey = {AN(X X {y})}yey. As discussed
in Introduction, Cj is generically a smooth curve on X of genus 6 and
degree 14. The fiber A, of the other fibration A — G(2,7) is easy to be
described. It turns out that

Ay = {(&l my]) | (g &) A (y €87) = 0.

When X and Y are generic and smooth, we can verify by Macaulay?2 that
Cy=AN{z}xY) (z € X) is generically a smooth curve on Y of genus
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11 and degree 14. The corresponding BPS number is, unfortunately,
outside of the tables available in literatures (see [HoTal, Section 4]).

9.2. The fundamental groups and the Brauer groups of X and
Y.

Finally, it should be worth while discussing about non-invariance of
the fundamental groups and the Brauer groups by the derived equiv-
alence between a Reye congruence X and the double symmetroid Y
orthogonal to X.

As for the fundamental groups, we have m(X) ~ Zy by [HoTa3,
Prop.3.5.3|, and 71(Y") ~ 0 by [ibid. Prop.4.3.4]. To our best knowledge,
this seems to be the second example of pairs of derived equivalent Calabi-
Yau threefolds with different fundamental groups (see [S]).

As for the Brauer groups, we follow the argument of [A]: By [BK],
the Atiyah-Hirzebruch spectral sequence gives a short exact sequence for
any Calabi-Yau threefold X:

(9.3) 0 — Hi(%,Z) = Koy (S)tors = Br () = 0,
where Kiop(E) = K,(X) & K{,(X) is the topological K-group and

the subscript ’tors’ means the torsion part. As we mentioned above,
we have Hy(X,Z) ~ m(X) ~ Zy and H{(Y,Z) ~ 0. By [AT, §2.2|,

Kl (X) ~ K (Y) since X and Y are derived equivalent. Therefore,

by (9.3), we have the following relation between the Brauer groups of X
and Y:

(9.4) 0—Zy—Br(Y)—Br(X)—0.

We have shown Br (Y') contains a nonzero 2-torsion element in Propo-
sition 3.2.1. If Br (Y) ~ Zy, we will have Br (X) ~ 0 by (9.4), which
indicates that the Brauer groups are not invariant under the derived
equivalence.
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