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Abstract

For a toric Calabi-Yau (CY) orbifold X whose underlying toric
variety is semi-projective, we construct and study a non-toric La-
grangian torus fibration on &', which we call the Gross fibration.
We apply the Strominger-Yau-Zaslow (SYZ) recipe to the Gross
fibration of X' to construct its mirror with the instanton correc-
tions coming from genus 0 open orbifold Gromov-Witten (GW)
invariants, which are virtual counts of holomorphic orbi-disks in
X bounded by fibers of the Gross fibration.

We explicitly evaluate all these invariants by first proving an
open/closed equality and then employing the toric mirror theorem
for suitable toric (parital) compactifications of X. Our calcula-
tions are then applied to
(1) prove a conjecture of Gross-Siebert on a relation between genus

0 open orbifold GW invariants and mirror maps of X — this is

called the open mirror theorem, which leads to an enumerative

meaning of mirror maps, and

(2) demonstrate how open (orbifold) GW invariants for toric CY
orbifolds change under toric crepant resolutions — an open ana-
logue of Ruan’s crepant resolution conjecture.

1. Introduction

1.1. SYZ mirror construction. In 1996, Strominger-Yau-Zaslow [75]
proposed an intrinsic and geometric way to understand mirror symmetry
for Calabi-Yau (CY) manifolds via T-duality. Roughly speaking, the
Strominger-Yau-Zaslow (SYZ) conjecture asserts that a mirror pair of
CY manifolds X and X admit fiberwise dual special Lagrangian torus
fibrations.

Mathematical approaches to SYZ mirror symmetry have since been
extensively studied by many researchers including Kontsevich-Soibelman
[64, 65], Leung-Yau-Zaslow [70], Leung [69], Gross-Siebert [52, 53, 54,
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55|, Auroux [3, 4], Chan-Leung [19, 20], Chan-Lau-Leung [16] and
Abouzaid-Auroux-Katzarkov [1].

A very important application of the SYZ conjecture is to provide a
geometric construction of mirrors: Given a CY manifold X, a mirror
X can be obtained by finding a (special) Lagrangian torus fibration
X — B and suitably modifying the complex structure of the total space
of the fiberwise dual by instanton corrections. For toric CY manifolds,
Gross [51] (and independently Goldstein [47]) constructed such a special
Lagrangian torus fibration which we call the Gross fibration. In [16],
the SYZ construction was applied to the Gross fibration to produce an
instanton-corrected mirror family of a toric CY manifold, following the
Floer-theoretic approach pioneered by Auroux [3, 4].

In this paper we consider the SYZ construction for toric CY orbifolds.
A toric CY orbifold is a (necessarily non-compact) Gorenstein toric
orbifold X whose canonical line bundle Ky is trivial. We also assume
that the coarse moduli space of X is a semi-projective toric variety, or
equivalently, that X is as in Setting 4.2.

Following [51], we define in Definition 4.6 a special Lagrangian torus
fibration p : X — B which we again call the Gross fibration of X. As
in the manifold case, the discriminant locus I' C B can be described
explicitly. I' is a real codimension 2 subset contained in a hyperplane
which we call the wall in the base B. The wall divides the smooth locus
By = B\ T into two chambers By and B_. Over By, the fibration
1 restricts to a torus bundle p : Xy — By, and the dual torus bundle
[ : Xy — By admits a natural complex structure, producing the so-
called semi-flat mirror of X.

This does not give the genuine mirror for X because the semi-flat
complex structure cannot be extended further to any partial compact-
ification of Xy, due to nontrivial monodromy of the affine structure
around the discriminant locus I". According to the SYZ proposal, we
should deform the semi-flat complex structure by instanton corrections
so that it becomes extendable. More concretely, what we do is to modify
the gluing between the complex charts over the chambers B, and B_
by wall-crossing formulas for genus 0 open orbifold GW invariants of X
(cf. the manifold case [3, 4, 16, 1]). The latter are virtual counts of
holomorphic orbi-disks in X with boundary lying on regular fibers of p.
A suitable partial compactification then yields the following instanton-
corrected mirror, or SYZ mirror, of X

Theorem 1.1 (See Section 5.3). Let X be a toric CY orbifold as
in Setting 4.2 and equipped with the Gross fibration in Definition 4.6.
Then the SYZ mirror of X (with a hypersurface removed) is the family
of non-compact CY manifolds

X = {(u7vvz17"'7zn—1) € (C2 X ((CX)n—l | uv = g(zlv"' 7zn—1)}7
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where the defining equation uv = g is given by
n—1 m—1
. _ NV
uv = (1+50)+Z(1+5j)zj—|—z(1+5j)qub3+ Z (1+6,)q Pr 2¥.
1 j=n

Jj= v€Box/ (X)age=1

Here 1 +6; and 7, 4 0, are generating functions of orbi-disk invariants
of (X, F,) (see Section 5.2 for the reasons why the generating functions
are of these forms).

Remark 1.2.

1) The SYZ mirror of the toric CY orbifold &X', without removing
a hypersurface, is given by the Landau-Ginzburg model (X, W)
where W : X — C is the holomorphic function W := w; this is
exactly like the manifold case as discussed in [16, Section 4.6] and
[1, Section 7].

2) Section 6.5 contains several explicit examples. For instance, let &;
be explicitly given by (6.21). Then the mirror of X = [C?/Z,,] is
given by the equation uv = H;”:_Ol(z — Kj).

To the best of our knowledge, this is the first time the SYZ construc-

tion is applied systematically to construct mirrors for orbifolds.

1.2. Orbi-disk invariants. To demonstrate that X is indeed mirror
to X, we would like to show that the family X is written in canonical
coordinates. This can be rephrased as the conjecture that the SYZ map,
defined in terms of orbi-disk invariants, is inverse to the toric mirror map
of X (cf. [55, Conjecture 0.2], [16, Conjecture 1.1] and [18, Conjecture
2]). To prove this, knowledge about the orbi-disk invariants is absolutely
crucial.

One major advance of this paper is the complete calculation of these
orbi-disk invariants, or genus 0 open orbifold GW invariants, for mo-
ment-map Lagrangian torus fibers in toric CY orbifolds. Our calculation
is based on the following open/closed equality:

Theorem 1.3 (See Theorem 6.12 and Equation (6.1)). Let X be a
toric C'Y orbifold as in Setting 4.2 and equipped with a toric Kdhler
structure. Let L C X be a Lagrangian torus fiber of the moment map
of X, and let 5 € wo(X, L) be a holomorphic (orbi-)disk class of Chern-
Weil (CW) Maslov index 2. Let X be the toric partial compactification
of X constructed in Construction 6.1 which depends on 5. Then we have
the following equality between genus 0 open orbifold GW invariants of
(X,L) and closed orbifold GW invariants of X :

(1.1) 1Ptz Loy L) = (t] Loy )4y

The proof is by showing that the relevant moduli space of stable
(orbi-)disks in X is isomorphic to the relevant moduli space of stable
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maps to X as Kuranishi spaces. The key geometric ingredients under-
lying the proof are that the toric compactification X is constructed so
that (orbi-)disks in X can be “capped off” in X to obtain (orbi-)spheres,
and that the deformations and obstructions of the two moduli problems
can naturally be identified.

The closed orbifold GW invariants of X in (1.1) are encoded in the J-
function of X. Evaluating these invariants via the toric mirror theorem
requires extra care since X may be noncompact. Fortunately, X is semi-
Fano (see Definition 2.3) and semi-projective, so the equivariant toric
mirror theorem of [27] still applies to give an explicit formula for the
equivariant J-function of X. Extracting the relevant equivariant closed
orbifold GW invariants from this formula and taking non-equivariant
limits then yield explicit formulas for the genus 0 open orbifold GW
invariants of X and hence the generating functions which appear in the
defining equation of the SYZ mirror X':

Theorem 1.4 (See Theorems 6.19 and 6.20). Let X' be a toric CY
orbifold as in Setting 4.2. Let F, be a Lagrangian torus fiber of the
Gross fibration of X lying above a point r in the chamber By C By. Let
the functions A (y)’s be given explicitly in (6.14).

1) Let 1+ ; be the generating function of genus 0 open orbifold GW
invariants of X in classes B;(r) + «, with o € Hzeﬁ(X) satisfying
c1(X) - a =0 and Bi(r) € m(X, F,) the basic smooth disk class
corresponding to the primitive generator b; of a ray in 3. Then

1+6; =exp (—Aiv(y)) ;
after inverting the toric mirror map (6.16).

2) Let 1, + 0, be the generating function of genus 0 open orbifold
GW invariants of X in classes B, (r) + o, with a € Hzeﬁ(X) satis-
fying c1(X) - =0 and B,(r) € mo(X, F,) the basic orbi-disk class
corresponding to a Box element v of age 1. Then

Vv
Ty + 61/ = yDV eXp | — Z CVzAzX(y) 5
i¢l,
after inverting the toric mirror map (6.16).

These generalize results in [18] to all semi-projective toric CY orb-
ifolds, including the toric CY 3-fold X = K, which cannot be handled
by [18] (see Example (4) in Section 6.5).

1.3. Applications. Our explicit calculations in Theorem 1.4 has two
major applications.

1.3.1. Open mirror theorems. The first application, as we men-
tioned above, is to show that the SYZ mirror family X is written in
canonical coordinates. This concerns the comparison of several mirror
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maps for a toric CY orbifold X. More precisely, the SYZ construction
yields what we call the SYZ map FSY%, defined in terms of genus 0 open
orbifold GW invariants (see the precise definition in (7.2)). In closed
GW theory, the toric mirror theorem of [27] involves a combinatorially
defined toric mirror map F™" (see Section 2.4 and (6.16)). We prove
the following open mirror theorem:

Theorem 1.5 (Open mirror theorem for toric CY orbifolds - Version
1). For a toric CY orbifold X as in Setting 4.2, the SYZ map is inverse
to the toric mirror map, i.e. we have

fSYZ — (J,—;mirror) -1

near the large volume limit (q,7) = 0 of X. In particular, this holds for
a semi-projective toric C'Y manifold.

We remark that an open mirror theorem was proved for compact
semi-Fano toric manifolds in [17] and some examples of compact semi-
Fano toric orbifolds in [14]. On the other hand, open mirror theorems
for 3-dimensional toric CY geometries relative to Aganagic-Vafa type
Lagrangian branes were proved in various degrees of generality in [50,
8, 36, 37].

By combining the above open mirror theorem together with the anal-
ysis of relations between period integrals and the GKZ hypergeometric
system associated to X done in [18], we obtain another version of the
open mirror theorem, linking the SYZ map to period integrals:

Theorem 1.6 (Open mirror theorem for toric CY orbifolds - Version
2). For a toric CY orbifold X as in Setting 4.2, there ezists a collection
{T'y,...,I} € Hy(X;C) of linearly independent cycles such that

G = exp (—/ Q]:SYZ([LT)> ., oa=1,...,7,
g

. , ,
Tb, :/ Qrpsvegry, J=m,...,m —1,
r

j—m4r/+1
where q,’s and Ty, ’s are the Kdhler and orbifold parameters in the ex-
tended complexified Kdihler moduli space of X.

We deduce the following relation between disk invariants and period
integrals in the manifold case:

Corollary 1.7 (Open mirror theorem for toric CY manifolds). For a
semi-projective toric CY manifold X, there exists a collection {I'1,...,
Iy} € H,(X;C) of linearly independent cycles such that

qo = €xp (—/ Q]:SYZ([LT)> , a=1...,m
o
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where q,’s are the Kahler parameters in the complezified Kdahler moduli
space of X, and FSY%(q) is the SYZ map in Definition 7.1, now defined
in terms of the generating functions 1+6; of genus 0 open. GW invariants

”fzﬂim([Pt]L)-

Our results provide an enumerative meaning to period integrals, as
conjectured by Gross and Siebert in [55, Conjecture 0.2 and Remark
5.1]. One difference between our results and their conjecture is that we
use holomorphic disks while they considered tropical disks. In the case
of toric Calabi-Yau manifolds, our symplectic construction was proved
in [66] to be equivalent to the Gross-Siebert tropical construction by
using our explicit formula for open Gromov-Witten invariants given in
Theorem 1.4. On the other hand, their conjecture is much more general
and expected to hold even when X is a compact CY manifold. See [16,
Conjecture 1.1] (also [18, Conjecture 2|) for a more precise formulation
of the Gross-Siebert conjecture in the case of toric CY manifolds.

Corollary 1.7 proves a weaker form of [16, Conjecture 1.1], which con-
cerns periods over integral cycles in X' (while here the cycles T'y, ..., T,
are allowed to have complex coefficients), for all semi-projective toric
CY manifolds. The case when X is the total space of the canonical
line bundle of a toric Fano manifold was previous proved in [18]. (As
explained in [18, Section 5.2], to prove the original stronger form of the
conjecture, we need integral cycles whose periods have specific logarith-
mic terms. Such cycles have been constructed by Doran and Kerr in [34,
Section 5.3 and Theorem 5.1] when X is the total space of the canonical
line bundle Ky over a toric del Pezzo surface Y. Doran suggested to
us that it should not be difficult to extend their construction to general
toric CY varieties. Hence the stronger form of the conjecture should fol-
low from Corollary 1.7 and their construction; cf. the discussion in [33,
Section 4]. In the recent paper [74], Ruddat and Siebert gave yet an-
other construction of such integral cycles by tropical methods. Though
they worked only in the compact CY case, Ruddat pointed out that the
method can be generalized to handle the toric CY case as well.)

1.3.2. Open crepant resolution conjecture. The second main ap-
plication concerns how genus 0 open (orbifold) GW invariants change
under crepant birational maps. String theoretic considerations suggest
that GW theory should remain unchanged as the target space changes
under a crepant birational map. This is known as the crepant resolution
congjecture and has been intensively studied in closed GW theory; see
e.g. [73, 10, 29, 26, 30| and references therein.

In [14], a conjecture on how generating functions of genus 0 open
GW invariants behave under crepant resolutions was formulated and
studied for compact Gorenstein toric orbifolds. In this paper, we apply
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our calculations to prove an analogous result for toric CY orbifolds (see
Section 8 for details):

Theorem 1.8 (See Theorem 8.1). Let X be a toric C'Y orbifold as
in Setting 4.2, and let X’ be a toric orbifold which is a toric crepant
partial resolution of X (such an X' will automatically be as in Setting
4.2). Then we have

]_—E‘YZ — ]:S/YZ’
after analytic continuation and a change of variables.

Open versions of the crepant resolution conjecture for Aganagic-Vafa
type Lagrangian branes in 3-dimensional toric CY orbifolds have been
considered in recent works of Brini, Cavalieri and Ross [12, 9], and of
Ke and Zhou [62].

1.4. Organization. The rest of the paper is organized as follows. Sec-
tion 2 contains a review on the basic materials about toric orbifolds
that we need. The (equivariant) mirror theorem for toric orbifolds is
discussed in Section 2.6. In Section 3 we give a summary on the theory
of genus 0 open orbifold GW invariants for toric orbifolds. In Section
4 we define and study the Gross fibration of a toric CY orbifold. In
Section 5 we construct the instanton-corrected mirror of a toric CY
orbifold by applying the SYZ recipe to the Gross fibration of a suitable
toric modification. The genus 0 open orbifold GW invariants which are
relevant to the SYZ mirror construction are computed in Section 6 via
an open/closed equality and an equivariant toric mirror theorem ap-
plied to various toric (partial) compactifications. In Section 7 we apply
our calculation to deduce the open mirror theorems which relate various
mirror maps associated to a toric CY orbifold. Our calculation is also
applied in Section 8 to prove a relationship between genus 0 open orb-
ifold GW invariants of a toric CY orbifold and those of its toric crepant
(partial) resolutions. Appendix A contains the technical discussions on
the analytic continuations of mirror maps.
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2. Preliminaries on toric orbifolds

In this section we review the construction and basic properties of
toric orbifolds. We also describe the closed mirror theorem for toric
orbifolds due to [27]. See [6, 60] for more details on toric orbifolds, and
see [58, 37, 27| for mirror theorems for toric orbifolds.

2.1. Construction. A toric orbifold, as introduced in [6], is associated
to a set of combinatorial data called a stacky fan: (X,bg,...,bm—1),
where X is a simplicial fan contained in the R-vector space Ng := N®zR
associated to a rank n lattice N, and {b; | 0 <i < m — 1} are integral
generators of 1-dimensional cones (rays) in . We call b; the stacky
vectors. Denote by |X| C Ng the support of X.

Let by, ...,byy—1 € N N |X| be additional vectors such that the
set {b; )7t U {b; ;”:/;11 generates N over Z. Following [60], the data

(2, {b;} U {b; ;’"b:/:nl) is called an extended stacky fan, and {b; ;”;;nl
are called extra vectors. The flexibility of choosing extra vectors is im-
portant in the toric mirror theorem, see Section 2.6.

We describe the construction of toric orbifolds from extended stacky

fans. The fan map,

m/—1
¢: N := @Zei—)N, o(e;) :==b; fori=0,...,m' —1,
=0

which is a surjective group homomorphism, gives an exact sequence (the
“fan sequence”)

(2.1) 0 — L :=Ker(¢) - N -2 N — 0.

Note that L ~ Z™~". Tensoring with C* gives the following exact
sequence:

(2.2)
0— G :=L®;C* — N@zC* =~ (C)" &5 T .= Ny C*X —0.

Consider the set of “anti-cones”,

(2.3) A= {I c{0,1,...,m —1}| Z}Rzobi is a cone in Z} )
il
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For I € A, let C!' ¢ C™ be the subvariety defined by the ideal in
C[Zo, ..., Zy—1] generated by {Z; | i € I}. Put

Ug:=C™\ | C.
I¢A

The algebraic torus G' acts on C™ via the map G — (C*)™ in (2.2).
Since N is torsion-free, the induced G-action on U 4 is effective and has
finite isotropy groups. The global quotient

Xy = [Ua/G]
is called the toric orbifold associated to (X, {b;}7," U {b; ;“:;11) By
construction, the standard (C*)™ -action on U, induces a T-action on
Xs.

Definition 2.1. Let X5 be the toric variety which is the coarse mod-
uli space of a toric orbifold Xs.. We say that Xy is semi-projective if Xy,
admits a T-fixed point, and the natural map Xy — Spec H’(Xyx;, Oxy,)
is projective.

Toric orbifolds appearing in this paper all have semi-projective coarse
moduli spaces. We refer to [32, Section 7.2] for more detailed discussions
on semi-projective toric varieties.

2.2. Twisted sectors. For a d-dimensional cone o € ¥ generated by
b(7 = (bil,... ,bid), put

d
Boxp, = {I/ eN ’ V= Ztkbik, tr € [0, 1) ﬂ@} .
k=1
Let Np, C N be the submodule generated by {b;,, ..., b;,}. Then Boxp,
is in bijection with the finite group Gp, = N/Np, . It is easy to see that
if 7 < o, then Boxp, C Boxy, . Define

Boxp_ := Boxp, — U Boxp., Box(X):= U Boxp, = |_| Boxyp,

T30 sex(n) cES

where X(") is the set of n-dimensional cones in ¥. We set Box'(¥) =
Box(X) \ {0}.

By [6], Box'(X) is in bijection with the twisted sectors, i.e. non-trivial
connected components of the inertia orbifold of Xs. For v € Box(X),
denote by X, the corresponding twisted sector of X'. Note that Xy = X
as orbifolds. See Figure la for an example of Box'(X).

The Chen-Ruan orbifold cohomology H¢p (X;Q) of a toric obifold X,
defined in [22], is

Hig(X;Q) = @ H&*=0)(x,;Q),

veEBox
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where age(v) is the degree shifting number or age of the twisted sector X,
and the cohomology groups on the right hand side are singular cohomol-
ogy groups. If we write v = Zi:l tibi, € Box(X) where {b;,,...,b;,}
generates a cone in X, then age(v) = ZZZI tr € Q>o.

The T-action on X induces T-actions on twisted sectors. This al-
lows one to define the T-equivariant Chen-Ruan orbifold cohomology

Heg p(AX5Q) as

d—
HCR']I' X Q @ H 2age(V lMQ))
vEBox
where H}(—) denotes T-equivariant cohomology. The trivial T-bundle
over a point pt defines a map pt — BT, inducing a map Hy(pt, Q) =
H*(BT,Q) — H*(pt). Let Y be a space with a T-action. By con-

struction the T-equvariant cohomology of Y admits a map Hyj(pt) —
H3(Y,Q). This defines a natural map

For a class C € H}(Y,Q), its image under this map, which is a class
in H*(Y,Q), is called the non-equivariant limit of C. In Section 6,
we will need to consider non-equivariant limits of certain classes in

HéR,’]T(X; Q).

2.3. Toric divisors, Kéahler cones, and Mori cones Let X be a
toric orbifold defined by an extended stacky fan (X, {b;}/~ U{bj m _1).

Let A be the set of anticones given in (2.3). Applying HomZ( Z) to
the fan sequence (2.1) gives the following exact sequence:

d)\/ —~ d}\/
0— M — M -—LY—0,
called the “divisor sequence”. Here M := NV = Hom(N,Z), M =

NY = Hom(N,Z) and LY = Hom(L,Z) are dual lattices. The map
WV 1 M — LV is surjective since N is torsion-free.

By construction, line bundles on & correspond to G-equivariant line
bundles on U 4. Because of (2.2), T-equivariant line bundles on X" cor-
respond to (C*)™ "_equivariant line bundles on U/ 4. Because U ¢ ACl
C™ is of codimension at least 2, we have the following descriptions of
the Picard groups:

Pic(X) ~ Hom(G,C*) ~ LY,

Picp(X) ~ Hom((C*)™ ,C*) ~ NV = M.
Moreover, the natural map Picp(X) — Pic(X) is identified with ¢V :
M — LY.
Let {e/]i = 0,1,...,m' — 1} C M be the basis dual to {eili =
0,1,...,m' =1} € N. For i = 0,1,...,m' — 1, we denote by D} the
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T-equivariant line bundle on X corresponding to e under the identifi-
cation Picy(X) ~ M. Also put

D; =V (e)) € LY.

The collection {D; | 0 < ¢ < m — 1} are toric prime divisors corre-
sponding to the generators {b; | 0 < i < m — 1} of rays in X, and
{D}'| 0 <i<m— 1} are their T-equivariant lifts. There is a natural
commutative diagram and isomorphisms

MoQ ven LY ®Q

| |

(o) / (st onf) — w00 / (3 an)

HE(X,Q) H*(X,Q).

As explained in [58, Section 3.1.2], there is a canonical splitting of
the quotient map LY ® Q — H?(X;Q), which we now describe. For
m < j < m/ —1, b; is contained in a cone in ¥. Let I; € A be the
anticone of the cone containing b;. Then we can write b; = Zi¢ I cjib;
for Cji € on.

By the fan sequence (2.1) tensored with @, there exists a unique
DY € L ® Q such that

1 if 1 = j,
(2.4) (Di, D) =< —cji ifi¢ I,
0 ifiel;\{j}.
Here and henceforth (—, —) denotes the natural pairing between LV and

L (or relevant extensions of scalars). This defines a decomposition
(2.5)

-1
LY ® Q = Ker ((Drvm 7D7\7/z’—1) tLY ®Q— Qm/_m) © EB QDj‘
j=m

Moreover, the term Ker <(D7\7/1, DY, ) LY oQ - Qm/_m) is nat-

» T m/—1
urally identified with H?(X; Q) via the quotient map LY ® Q — H?(X;
Q), which allows us to regard H?(X;Q) as a subspace of LY ® Q.
The extended Kdhler cone of X is defined to be

Cr =) <ZR>0D,-> cLY®R.

IeA \iel
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The genuine Kéahler cone Cly is the image of C'y under the quotient map
LY ®R — H%(X;R). The splitting (2.5) of LY ® Q induces a splitting
of the extended Kihler cone in LY @ R: 5;( =Cy+ Z;HZI;I R-oDj.

Recall that the rank of LV is 7 := m’ — n while the rank of Hy(X;Z)
is given by r' := r — (m’ — m) = m —n. We choose an integral ba-
sis {p1,...,pr} C LY such that p, is in the closure of Cy for all a
and ppy1,...,pr € zg'; R>0D;. Then the images {pi,...,p, } of
{p1,...,p} under the quotient map LY ®Q — H?(X;Q) gives a nef
basis for H?(X; Q) and Pa=0forr"+1<a<r.

Choose {p},...,pr} C M® Q such that Q/JV(pa) = p, for all a, and
pr = 0 for a = r' 4+ 1,....,r. Here, forpGM@@,denotebypG
H2%(X,Q) the image of p under the natural map M ® Q — HZ(Xx,Q).
By construction, for a = 1,...,7', p, is the non-equivariant limit of p, .

Define a matrix (Qiq) by D; = > o _; QiaPa, Qia € Z. Denote by D;
the image of D; under LY ® Q — H?(X;Q). Then for i =0,...,m — 1,
the class D; of the toric prime divisor D; and its equivariant lift DET are
given by

r r’
Di =Y QiPay Dj =) Qiaby + i, where \; € H*(BT;Q),
= a=1
and for i =m,...,m' — 1, D; =0 in H?(X;R), D} = 0.

Let 1 € H°X,Q) be the fundamental class. For v € Box with
age(v) = 1, let 1, € H°(X,,Q) be the fundamental class. It is then
straightforward to see that

Hlp 1(X, Kp) = Krl, HZg (X, Kr) = EBKTpa &y KT ”)
veBox,age(v)=

where Kt is the field of fractions of Hij(pt,Q), and H{}(—,KT) =

Hi (=, Q) ®mz(pt,0) K-

The dual basis of {p1,- ..,pT} C LY is given by {71,...,%} C L
where v, = Y10 QmeZ € N. Then {71,.--,7%} provides a basis of
HSH(X;Q). In partlcular we have Q;, = 0 when m < i < m/ — 1 and
1<a<r.

Set

K:={deL®Q|{j€{0,1,...,m'—1} | (D;,d) € Z} € A},
K :={deL®Q|{j€{0,1,....,m' =1} | (D;,d) € Z>o} € A}.
Roughly speaking K.g is the set of effective curve classes. In particu-
lar, the intersection K.g N Ho(X;R) consists of classes of stable maps

P(1,m) — X for some m € Z>g. See e.g. [58, Section 3.1] for more
details.
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For a real number A € R, let [A], |[\| and {A} denote the ceiling,
floor and fractional part of A\ respectively. Now for d € K, define

/1
(2.6) v(d) = Z [(Di,d)]b; € N,

and let I; :={j € {0,1,...,m' — 1} | (D;,d) € Z} € A. Then since we

can rewrite
m'—1

v(d) = > ({—(Di,d)} + (D;, d))b;
=0
Z{ (Disd)}b; =y {—(Di,d)}

¢l
we have v(d) € Box, and hence v(d), if nonzero, corresponds to a twisted
sector &,(g) of X.

2.4. The I-function. We now define the following combinatorial ob-
ject.

Definition 2.2. The T-equivariant I-function of a toric orbifold X
is an Heg p(AX)-valued power series defined by

Ixr(y,2) =

m/—1 ) _
ezz:lﬁglogya/z Z H Hk TD + (<D27d> k) )1V(d) ’
deKyg  i=0 Hk oD + ((Di, d) — k)z)

where ¢ y<p1’> yﬁp”> and 1,4 € H(X,q)) C Héaﬁge(u(d))(/l’)
is the fundamental class of the twisted sector X, ). The I-function
of X is an H{ g (X)-valued power series Ix(y,z) defined by the above
equation with p. (resp. D]) replaced by p, (resp. D;). Clearly the
non-equivariant limit of Iy r is Ix.

Definition 2.3. A toric orbifold X’ is said to be semi-Fano if p(X) :=

ZZO_ ' D; is contained in the closure of the extended Kiihler cone Cy
inLY®R.

We remark that this condition depends on the choice of the extra
vectors by,,...,b,—1. It holds if and only if the first Chern class
c1(X) € H?(X;Q) of X is contained in the closure of the Kihler cone Cy
(i.e. the anticanonical divisor —Ky is nef) and age(b;) := Zi¢lj cji <1
for m < j < m/ — 1, because p(X) = ¢1(X) + Z;n:,;ll(l — age(b;))D;
by [58, Lemma 3.3]. In particular, when X is a toric manifold, the

condition is equivalent to requiring the anticanonical divisor —Ky to
be nef.



220 K. CHAN, C.-H. CHO, S.-C. LAU & H.-H. TSENG
The orbifolds that we consider in this paper satisfy the following
assumption.

Assumption 2.4. The set {bg,...,b,—1} U{r € Box(X) | age(v) <
1} generates the lattice N over Z.

Under this assumption, we choose the extra vectors b,,,...,b,/_1 €
{v € Box(X) | age(v) < 1} so that {by,...,b,/_1} generates N over Z.
Then the fan sequence (2.1) determines the elements Dy, ..., D, _1 and

p(X) = Dg+---+ D,—1 holds (see [58, Remark 3.4]). Furthermore, we
can then identify .Y ® C with the subspace H?(X)® @T’:;l H O(ij) C

Heg ().
If X is semi-Fano, then its I/-function is a convergent power series
in y1,...,y, by [58, Lemma 4.2]. Moreover, it can be expanded as

T

Ix(y,z) =1+ 7y) + O(272), where 7(y) is a (multi-valued) function
with values in Héé(X ) which expands as

r’ m/—1
r(y) = Zpa log ya + Z yP7 14, + higher order terms.
a=1 j=m

We call ¢q(y) = exp7(y) the toric mirror map, and it defines a local
embedding near y = 0 (it is a local embedding if we further assume that
{bp,...,bpy_1} = {v € Box(X) | age(v) < 1}); see [58, Section 4.1] for
more details. Similar discussion is valid for equivariant /-functions.

2.5. Equivariant GW invariants. In this subsection we discuss the
construction of equivariant GW invariants. We refer to [21] and [2]
for the basics of GW theory of orbifolds, and to e.g. [46] and [71] for
generalities on equivariant GW theory.

The T-action on X induces T-actions on moduli spaces of stable maps
to X. It is well-known that in this situation we can define T-equivariant
GW invariants of X as integrals against T-equivariant virtual funda-
mental classes of these moduli spaces.

Let M (X,d) be the moduli space of n-pointed genus 0 orbifold
stable maps to X" of degree d € Ho(X;Q). For i = 1,...,n, we have an
evaluation map ev; : Mﬁf(X ,d) — IX, and a complex line bundle L; —
ME(X,d) whose fibers are cotangent lines at the i-th marked point of
the coarse domain curves. Suppose ./\/l%l(X ,d) is compact. Then there
is a virtual fundamental class [M(X, d)]pirt € Ho(ME(X,d),Q). For
cohomology classes ¢1,...,¢, € Hig(X,Q) and integers ky, ..., k, > 0,
genus 0 closed orbifold GW invariants of X are defined as

n

e (ot onte)) = [ Tesov o

0,77/7d ]ui'rt i=1

where ¢; := e1(L;) € H*(M{ (X, d), Q).
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The T-action on X induces a T-action on M¢ (X, d). When M (X, d)
is compact, there is a T-equivariant virtual fundamental class
IME(X, d)]virt.T € Her(ME(X,d),Q). For cohomology classes ¢1 7, ...,
dnT € HE}RJT(X,Q) and integers ki, ..., k, > 0, T-equivariant genus 0
closed orbifold GW invariants of X are defined as

(2.8) (610680 s nztl )

0,n,d
n

. /[Mcl(X d) [(evidinuwi) € Hilpt, Q).

) ]'ui'rt,']l’ i=1

where v; == c](L;) € HX(M(X,d),Q) are T-equivariant first Chern
classes.

Suppose again that MS(X,d) is compact. Also suppose that
1,y O € HER(X,Q) are non-equivariant limits of ¢, ..., ¢n1 €
H{g 7(X, Q). Then by construction of virtual fundamental classes, the

non-equivariant limit of <¢17T1/)lf1, ., On, wﬁk">0 7 i.e. its image un-

der the natural map Hij(pt,Q) — H*(pt) = Q, is equal to <¢1¢]f1, -
kn

ontl >Ond

If Mﬂ(X, d) is noncompact but the locus M (X, d)T ¢ M (X, d) of

T-fixed points is compact, then the T-equivariant invariant ¢17T¢f1, -

X,T
qﬁn,qwaﬁ% , can still be defined by (2.8), with the integration

51,

f[ MEL (D) i defined by the virtual localization formula [49]:

()= . e K.
/[Mgll(xvd)}virt,ﬂ‘ Z mrt 6’]1‘ N t)

Fcme(x,d)T

where F runs through all connected components of M (X, d)T, 5 :
F — M (x,d)T is the inclusion, [F], is the natural virtual funda-
mental class on F, and ep(NZ™) is the T-equivariant Euler class of the
virtual normal bundle N of FF € MZ(X,d). Tt follows easily from
the virtual localization formula that if both M¢ (X, d)T and M¢ (X, d)
are compact, the two definitions of T-equivariant invariants agree.

Remark 2.5. If X' is projective, then M (X, d) is compact. If X
is not projective but semi-projective, then it is easy to show that the
locus M(X,d)T ¢ M(X,d) of T-fixed points is compact. In this
case, T-equvariant GW invariants are still defined.
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2.6. Toric mirror theorem. We give a review of the mirror theorem
for toric orbifolds proven in [27] in the case of semi-Fano toric orbifolds.
Our exposition follows [58] and [37].

Let X be a toric orbifold as in Section 2.1.

Definition 2.6. The T-equivariant (small) J-function of a toric orb-
ifold X is an Héy p(&X)-valued power series defined by

(b X, T
J ((L )_eToz/Z<1_|_Z Z ' <1 Ttw - - 7Ttwaﬁ> qba)’

(d,1)#(0,0 0,i+2,d
deHs" (X)

where 792 = Zglzl pilogqs € HA(X), Tow = Z;”l% T, 1p;, €
@;-nzzl H)( X)), q* = elm2.d) — q<p1’ ) pr'd , {da}, {9} are dual
basis of Hép ¢(X). The (small) J functzon of X is an H{ g (X)-valued
power series Jx(q,z) defined by the above equation, with ]32{ replaced
by po and {¢a}, {¢“} replaced by dual basis of Hip(X). The non-
equivariant limit of Jy 1 is Jy.

Roughly speaking, the (equivariant) mirror theorem for the toric orb-
ifold X states that the (equivariant) J-function coincides with the (equi-
variant) I-function via the mirror map.

Theorem 2.7 (Equivariant mirror theorem for toric orbifolds [27];
see also [37], Conjecture 4.1). Let X be a semi-projective semi-Fano
toric Kdhler orbifold. Then

er(y)l/ZJXE(q, z) =Ixr(y(q,7),2),

where y = y(q,7) is the inverse of the toric mirror map q = q(y),
T =71(y) determined by the expansion of the equivariant I-function:

q0(y)1 + 7(y)

T4 0(:72), () € Hip ()

IX,T(yvz) =1+

Taking non-equivariant limits gives (note that the non-equivariant
limit of go(y) is 0):

Theorem 2.8 (Closed mirror theorem for toric orbifolds [27]; see
also [58], Conjecture 4.3). Let X' be a compact semi-Fano toric Kihler
orbifold. Then

JX(q’ Z) = I/\’(y(q’T)v Z),

where y = y(q,7) is the inverse of the toric mirror map q = q(y),
T="1(y).
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3. Orbi-disk invariants

We briefly review the construction of genus 0 open orbifold GW in-
variants of toric orbifolds [24].

Let (X, w) be a toric Kéhler orbifold of complex dimension n, equipped
with the standard toric complex structure Jy and a toric Kahler struc-
ture w. Suppose that X is associated to the stacky fan (X,b), where
b = (by,...,b;,—1) and b; = ¢v;. As before, D; (i = 0,...,m — 1)
denotes the toric prime divisor associated to b;. Let L C X be a La-
grangian torus fiber of the moment map pg: X = Mr := M ®z R, and
consider a relative homotopy class 8 € mo(X, L) = Ha(X, L; Z).

3.1. Holomorphic orbi-disks and their moduli spaces. A holo-
morphic orbi-disk in X with boundary in L is a continuous map w :
(D,0D) — (X, L) such that the following conditions are satisfied:

1) (D,z,...,2") is an orbi-disk with interior orbifold marked points
zf’ e ,zl+ . Namely D is analytically the disk D? C C, together
with orbifold structure at each marked point z;-r forj=1,...,1
For each j, the orbifold structure at z;-r is given by a disk neigh-
borhood of z;-r which is uniformized by a branched covering map
br:z — 2™ for some (if m; =1, z;-' is a smooth interior marked
point) m; € Zo.

2) For any zy € D, there is a disk neighborhood of zy with a branched
covering map br : z — 2™, and there is a local chart (Vi (20), Gu(zo)s
Tw(z)) of & at w(z) and a local holomorphic lifting w,, of w
satisfying w o br = Ty,(,4) © W-

3) The map w is good (in the sense of Chen-Ruan [21]) and repre-
sentable. In particular, for each marked point z;-r, the associated
homomorphism

between local groups which makes w_+ equivariant, is injective.
J

Denote by v; € Box(X) the image of the generator 1 € L under h;
and let &, be the twisted sector of X" corresponding to v;. Such a map
w is said to be of type & = (X,,,...,Xy).

There are two notions of Maslov index for an orbi-disk. The desin-
gularized Maslov index p® is defined by desingularizing the interior
singularities (following Chen-Ruan [21]) of the pull-back bundle w*T'X
n [24, Section 3|. The Chern-Weil (CW) Maslov index is defined in
[25] as the integral of the curvature of a unitary connection on w*T'X
which preserves the Lagrangian boundary condition. We will mainly
use the CW Maslov index in this paper. The following lemma, which
generalizes results in [23, 3, 24], can be used to compute the Maslov
index of disks.
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Lemma 3.1. Let (X,w, J) be a Kdhler orbifold of complex dimension
n, equipped with a non-zero meromorphic n-form Q on X which has at
worst simple poles. Let D C X be the pole divisor of Q). Suppose also
that the generic points of D are smooth. Then for a special Lagrangian
submanifold L C X, the CW Maslov index of a class 5 € mo(X, L) is
given by

(3.2) pow(B) =263 - D.

Proof. Suppose 3 is a homotopy class of a smooth disk. Given a
smooth disk representative u : D?> — X of 3, note that the pull-back
of the canonical line bundle v*(Ky) is an honest vector bundle over
D? and hence, the proof in [3] applies to this case. Also since the CW
Maslov index is topological, we can write any class § which is repre-
sented by an orbi-disk as a (fractional) linear combination of homotopy
classes of smooth disks. Hence (3.2) for an orbi-disk class 3 also follows.

q.e.d.

Orbi-disks in a symplectic toric orbifold have been classified [24, The-
orem 6.2]. Among them, the following basic disks corresponding to the
stacky vectors and twisted sectors play an important role.

Theorem 3.2 ([24], Corollaries 6.3 and 6.4). Let X and L be as in
the beginning of this section.

1) The smooth holomorphic disks of Maslov index two (modulo T™-
action and automorphisms of the domain) are in a one-to-one cor-
respondence with the stacky vectors {bg,...,by,—1}, whose homo-
topy classes are denoted as By, -+ , Bm—1-

2) The holomorphic orbi-disks with one interior orbifold marked point
and desingularized Maslov index zero (modulo T™-action and au-
tomorphisms of the domain) are in a one-to-one correspondence
with the twisted sectors v € Box'(X) of the toric orbifold X, whose
homotopy classes are denoted as [3,.

Lemma 3.3 ([24], Lemma 9.1). For X and L as above, the rela-
tive homotopy group mo(X, L) is generated by the classes B; for i =
0,...,m — 1 together with B, for v € Box'(%).

We call these generators of ma (X, L) the basic disk classes; they are
the analogue of Maslov index two disk classes in toric manifolds. Ba-
sic disk classes were used in [24] to define the leading order bulk orbi-
potential, and it can be used to determine the Floer homology of torus
fibers with suitable bulk deformations.

Let L”fﬁ(L, B,x) be the moduli space of good representable stable
maps from bordered orbifold Riemann surfaces of genus zero with k+ 1
boundary marked points zg, 21 ..., 2, and [ interior (orbifold) marked
points 2], ..., zl+ in the homotopy class 8 of type x = (X,,,...,Xy,).
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Here, the superscript “main” indicates that we have chosen a connected
component on which the boundary marked points respect the cyclic
order of S' = 9D?. By [24], w1y (L, B, ) has a Kuranishi structure

of real virtual dimension

l
(3.3) n+pow(B) +k+1+2—-3-2) age(;).
j=1

By [24, Proposition 9.4], if M’l’}f’"(L,ﬁ) is non-empty and if 95 is
not in the sublattice generated by bg,...,b,,_1, then there exist v €
Box'(%), k; € N (i = 0,...,m — 1) and a € HST(X) such that 3 =
B, + Z?Z)l kiB; + «, where « is realized by a union of holomorphic
(orbi-)spheres. The CW Maslov index of 8 written in this way is given

by pow (8) = 2age(v) +2 15! ki + 261 (X) - a

3.2. The invariants. Let X, ,..., A}, be twisted sectors of the toric
orbifold X. Consider the moduli space ./\/lm“m( ,B,x) of good repre-
sentable stable maps from bordered orbifold Riemann surfaces of genus
zero with one boundary marked point and [ interior orbifold marked
points of type x = (X,,,...,X,,) representing the class § € m(X, L).
By [24], m‘“"( , B, ) carries a virtual fundamental chain, which van-
ishes unless the following equality holds:

l
(3.4) pow(8) =2+ (2age(;) - 2).
j=1

Definition 3.4. An orbifold X is called Gorenstein if its canonical
divisor Ky is Cartier.

For a Gorenstein orbifold, the age of every twisted sector is a non-
negative integer. Now we assume that the toric orbifold X is semi-Fano
(see Definition 2.3) and Gorenstein. Then a basic orbi-disk class 3, has
Maslov index 2age(r) > 2, and hence every non-constant stable disk
class has at least Maslov index 2.

We further restrict to the case where all the interior orbifold marked
points are mapped to age-one twisted sectors, i.e. the type @ consists
of twisted sectors with age = 1. This will be enough for our purpose
of constructing the mirror over HZg(X). In this case, the virtual fun-
damental chain [MTI‘”"(L, B, )] is non-zero only when pucw (8) = 2,
and in fact we get a virtual fundamental cycle because § attains the min-
imal Maslov index and thus disk bubbling does not occur. Therefore
the following definition of genus 0 open orbifold GW invariants (also
termed orbi-disk invariants) is independent of the choice of perturba-
tions of the Kuranishi structures (in the general case one may restrict to
torus-equivariant perturbations to make sense of the following definition
following Fukaya-Oh-Ohta-Ono [41, 42, 38)):
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Definition 3.5 (Orbi-disk invariants). Let 5 € mo(X, L) be a relative
homotopy class with Maslov index given by (3.4). Suppose that the
moduli space M (L, 3, x) is compact. Then we define nflﬁ([pt]L;
1,,,...,1,,) € Q to be the push-forward

nfl7ﬁ([pt]l/7 11/17 ey 11/1) ‘= €U0« ([MI,I(L7B7w)]Vir) S Hn(LvQ) = @7

where evy : M{”ﬁi”(L, B,x) — L is evaluation at the boundary marked
point, [pt] € H"(L;Q) is the point class of the Lagrangian torus fiber
L,and 1,, € HO(X,,j;Q) C Héife(uj)()(;@) is the fundamental class of
the twisted sector Xy,

Remark 3.6. For the cases we need in this paper, compactness of
the disk moduli space M (L, 3, 2) will be proved in Proposition 6.10
and Corollary 6.11.

Remark 3.7. The Kuranishi structures in this paper are the same
as those defined in [41, 42] (we refer the readers to [40, Appendix]| and
[39] for the detailed construction, and also to [72] (and its forthcoming
sequels) for a different approach). But the moduli spaces considered
here are in fact much simpler than those in [41, 42] (and [40]) because
we only need to consider stable disks with just one disk component
which is minimal, and hence disk bubbling does not occur. Also, we
consider only disk counting invariants, but not the whole A, structure;
this reduces the problem to studying moduli spaces of virtual dimensions
0 or 1, which simplifies several issues involved.

For a basic (orbi-)disk with at most one interior orbifold marked
point, the corresponding moduli space M (L, 3;) (or My1(L, By, v)
when £, is a basic orbi-disk class) is regular and can be identified with
L. Thus the associated invariants are evaluated as follows [24]:

1) For v € Box/, we have nngy([Pt]L; 1,)=1.
2) For i € {0,...,m — 1}, we have n{, s ([pt]r) = 1.

When there are more interior orbifold marked points or when the disk
class is not basic, the corresponding moduli space is in general non-
regular and virtual theory is involved in the definition, making the in-
variant much more difficult to compute. One primary aim of this paper
is to compute all these invariants for toric CY orbifolds.

4. Gross fibrations for toric CY orbifolds

The first ingredient needed for the SYZ construction is a Lagrangian
torus fibration. For a toric CY manifold, such fibrations were con-
structed by Gross [51] and Goldstein [47] independently. In this section
we generalize their constructions to toric CY orbifolds; cf. the manifold
case as discussed in [16, Sections 4.1-4.5].
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4.1. Toric CY orbifolds.

Definition 4.1. A Gorenstein toric orbifold X is called Calabi-Yau
(CY) if there exists a dual vector v € M = NY = Hom(N, Z) such that
(v,b;) = 1 for all stacky vectors b;.

Let X be a toric CY orbifold associated to a stacky fan (X, by, ...,
by—1). Since b; = ¢;v; for some primitive vector v; € N and (v, v;) € Z,
we have ¢; = 1 for all i = 0,...,m — 1. Therefore toric CY orbifolds are
always simplicial.

For the purpose of this paper, we will always assume that the coarse
moduli space of the toric CY orbifold X is semi-projective (Definition
2.1).

Setting 4.2 (Partial resolutions of toric Gorenstein canonical singu-
larities). Let o C Ny be a strongly convex rational polyhedral Goren-
stein canonical cone with primitive generators {IN)Z} C N. Here, strongly
conver means that the cone o is convex in Nr and does not contain
any whole straight line; while Gorenstein canonical means that there

exists v € M such that (g, IN)Z> =1 for all 4, and (v, v) > 1 for all

v e onN(N\{0}). We denote by P C Ng the convex hull of {b;} C N in
the hyperplane {v € Nr | (v,v) =1} C Ng. P is an (n —1)-dimensional
lattice polytope.

Let ¥ C Ng be a simplicial refinement of ¢ obtained by taking the
cones over a triangulation of P (where all vertices of the triangulation
belong to P N N). Then ¥ together with the collection

{bi|i:0,...,m—1}CN

of primitive generators of rays in X is a stacky fan. The associated toric
orbifold X = A, is Gorenstein and CY.

By relabeling the b;’s if necessary, we assume that {bg,...,b,_1}
generates a top-dimensional cone in ¥ and hence forms a rational basis
of N@ =N ®g Q

Proposition 4.3. The coarse moduli space of a toric CY orbifold X
18 semi-projective if and only if X satisfies Setting 4.2.

Proof. If X satisfies Setting 4.2, it is clear that its fan has full-
dimensional convex support. Moreover, X can be constructed by using
its moment map polytope, so its coarse moduli space is semi-projective.

Conversely, suppose that the coarse moduli space of X is semi-projec-
tive. Since X is Gorenstein, there exists v € M such that (v, b;) = 1
for all primitive generators b; of rays in 3. Then the convex hull of b;’s
in the hyperplane {(v, -) = 1} C Ng defines a lattice polytope P, and
the support of the fan is equal to the cone o over this lattice polytope
by convexity of the fan. Obviously, the cone o is strongly convex and
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Gorenstein. Also the fan of X is obtained by a triangulation of the
lattice polytope P. q.e.d.

For the rest of this paper, X will be a toric CY orbifold as in Setting
4.2. This implies that Assumption 2.4 is satisfied: If P has no inte-
rior lattice points, then clearly {0} U (P N N) generate the lattice N.
Otherwise we can inductively find a minimal simplex contained in P
which does not contain any interior lattice points, and it follows that
{0} U (P N N) generate the lattice N.

Without loss of generality we may assume that v = (0,1) € M ~
Z" @7 so that P is contained in the hyperplane {v € Ng | ((0,1), v)
1}. We enumerate

Box' (%)= .= {1 € Box/(%) | age(v) = 1} = {by, ..., byy_1}
and choose b, ...,b, _1 to be the extra vectors so that
PNN={by,...,bpm-1,bpm,....,bpy_1}.

4.2. The Gross fibration. In this section we construct a special La-
grangian torus fibration on a toric CY orbifold X. This is a fairly
straightforward generalization of the constructions of Gross [51] and
Goldstein [47] to the orbifold setting.

To begin with, notice that the vector v € M corresponds to a holo-
morphic function on X which we denote by w : X — C. The following
two lemmas are easy generalizations of the corresponding statements
for toric CY manifolds [16], so we omit their proofs.

Lemma 4.4 (cf. [16], Proposition 4.2). The function w on X corre-
sponding to v € M is holomorphic, and its zero divisor (w) is precisely
the anticanonical divisor —Ky = Z?;Bl D;.

Lemma 4.5 (cf. [16], Proposition 4.3). For the dual basis {uo, ...,
Up—1} C Mg := M ®z Q of the basis {bg,...,b,_1}, denote by (; the
corresponding meromorphic function to wj. Then d{y A --- A d(,—1 ex-
tends to a nowhere-zero holomorphic n-form € on X.

Next, we equip X with a toric Kéhler structure w and consider the
associated moment map pg : X — P, where P is the moment polytope
defined by a system of inequalities:

(bi,')ZCi, iZO,...,m—l.

Consider the subtorus 7% := N[éz/NLZ C Nr/N. The moment map
of the TH¥ action is given by composing 1o with the natural quotient
map:

[10] : X 2% My — Mg/R(v).
The following is a generalization of the Gross fibration for toric CY
manifolds [47, 51|, which gives a Lagrangian torus fibration (SYZ fi-
bration).
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Definition 4.6. Fix Ky > 0. A Gross fibration of X is defined to be
piX = (Mg/R@) x Rs_gz, 2 ([uo(2)], |w(z) — Kaf” — K3).

We denote by B := (Mgr/R(v)) x R _g; the base of the Gross fibration
1.

Since the holomorphic function w vanishes on the toric prime divisors
D; C X, the images of D; C X under the map p have second coordinate

zero. Moreover, the hypersurface defined by w(x) = Ky maps to the
boundary of the image of .

Proposition 4.7. With respect to the holomorphic volume form Q/
(w — Ks) defined on pu~*(B™) and the toric Kdihler form w, the map u
is a special Lagrangian torus fibration.

This proposition can be proved in exactly the same way as in the
manifold case (cf. [51, Theorem 2.4] or [16, Proposition 4.7]). It follows
from the construction of symplectic reduction: The function w descends
to the symplectic reduction &X' //T+¥ — C; since the circles centered at
K5 are special Lagrangian with respect to the volume form d log(w—K3),
it follows that their preimages are also special Lagrangian in X with
respect to the holomorphic volume form Q/(w — K»).

4.2.1. Discriminant locus and local trivialization. For each () #
I C {0,...,m — 1} such that {b; | i € I} generates a cone in X, we
define

(4.1) Tr:={¢€P|(b,&) =c¢, ie€l} COP.

T is a codimension-(|I| — 1) face of OP. Let [T7] := [po](T7).

Proposition 4.8. The discriminant locus of the Gross fibration p is
given by

I':={r € B|ris a critical value of n} = 0B U U [T7] | x {0}
1]=2
Proof. This is similar to the proof of [16, Proposition 4.9] in the
manifold case: A fiber degenerates when the TZ-orbit degenerates or
|w — K3 = 0. A T*“orbit degenerates if and only if w = 0 and
[ro] € <U|1|:2[TI]>§ |w — K| = 0 implies that the base point is located
in 0B. q.e.d.
Put By := B\I'. By the arguments in [16, Section 2.1], the restriction

w: Xy = pu 1 (Bg) — By is a torus bundle. For facets T, ..., Ty,_1 of
P, consider the following open subsets of By:

(4.2) Ui = Bo\ |J (] x {0}).
ki
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The torus bundle p over each U; can be explicitly trivialized. Without
loss of generality we describe this explicit trivialization over Uj.

Definition 4.9. We choose vq,...,v,,_; € N such that
1) {bo} U{vy,...,v,,_1} is an integral basis of N;
2) (v,v)=0for1 <i<n-—1L.
Let {vp,...,vn—1} C M be the dual basis of {bp} U {vy,...,v, 1}

Definition 4.10. Denote

i Na/R{bo)
N/Z{bo)

Then, over Uy, we have a trivialization
L (Up) =2 Uy x TP x (R/277Z).

Here the first map is given by p, the last map is given by arg(w—K3), and
the second map is given by the argument over 27 of the meromorphic
functions corresponding to vy, ..., Vy_1.

4.2.2. Generators of homotopy groups. Fix rg := (q1,¢2) € Uy
with g2 > 0. Consider the fiber F,, := u~1(q1,q2). By the trivialization
in Definition 4.10, we have F,, ~ T1% x (R/27Z). Hence 71(F},) =~

N/Z{bg) x Z has the following basis (over Q)
{Ai]0<i<n—1}, X=(0,1),\ = ([vy],0) for 1 <i<n-—1.

Recall that for a regular fiber L of the moment map X — P, the basic
disk classes form a natural basis of mo(X,L) (Lemma 3.3). Then the
explicit Lagrangian isotopy between F}, and L:

(43) Ly = {z € X [ [uo(z)] = 1, |w(z) —t]* = K3 + 2}, t € [0, K

allows us to identify mo(X, F},) with mo(X, L) and view the basic disk
classes in ma(X, L) as classes in my(X, F,,). By abuse of notation, we
still denote these classes by So, ..., Bm—1 and {3, | v € Box/(2)}. For
a general r € Uy, a basis for mo(X, F,.) may be obtained by identifying
F, with F;, using the trivialization in Definition 4.10.

Lemma 4.11. For a fiber F,. of p where r € Uy, the boundary of the
disk classes are

n—1
0Bj = Ao + Z(Vi,bj)/\i, 0<j<m-—1
=1
n—1 n—1
9B, =Xo+ Y _(i,v)hi, v=> (i) €Box' ().
=1 i=1

Proof. Similar to the proof of [16, Proposition 4.12]. q.e.d.
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4.2.3. Wall-crossing of orbi-disk invariants. Like the manifold case,
the behavior of disk invariants with boundary conditions on a fiber F;
depends on the location of r. In this section we study this behavior for
the Gross fibration u: X — B of a toric CY orbifold.

Let B € mo(X, F,) be a class represented by a stable disk. Then
B = >, ui+a where u;’s are disk classes and « is the class of a rational
curve, so that pcw(B8) = >, pow (u;) + 2¢1(X) - a. Since X is CY,
c1(X)-a = 0. The fiber F, C X is special Lagrangian with respect to the
meromorphic form Q/(w — K3). Since the pole divisor of Q/(w — K3) is
Dy := {w(z) = K3} C X, Lemma 3.1 implies that pucw (u;) = 2u;- Dy >
0. Thus we have

Lemma 4.12. If a class f € (X, F,) is represented by a stable
disk, then pow(B8) > 0.

The following result describes when the minimal Maslov index 0 can
be achieved.

Lemma 4.13. Let r = (q1,q2) € By. Consider the fiber F.

1) F, bounds a non-constant stable disk of CW Maslov index 0 if and
only if g2 = 0.

2) If g2 # 0, then F, has minimal CW Maslov index at least 2, i.e.
F,. does not bound any non-constant stable disks with CW Maslov
index less than 2.

Proof. By the observation that for a holomorphic orbi-disk u : D —
X, the composition wowu : D — C is a holomorphic function on every
local chart of D and is invariant under the action of the local groups and
by the maximum principle, this lemma can be proved as in the manifold
case; cf. [16, Lemma 4.27 and Corollary 4.28]. q.e.d.

By definition, the wall of a Lagrangian fibration p : X — B is the
locus H C By of all r € By such that the Lagrangian fiber F, bounds
a non-constant stable disk of CW Maslov index 0. The above lemma
shows that

H = Mg/R(r) x {0}.
The complement By \ H is the union of two connected components
By := Mg/R{v) x (0,+00), B_:= Mg/R{v) x (—K3,0).

For r € By \ H, orbi-disk invariants with arbitrary numbers of age-
one insertions are well-defined for relative homotopy classes with CW
Maslov index 2. We need to consider the two possibilities, namely r €
By andre B_.

Case 1: r € By. Let r = (q1,q2) € B4, namely g2 > 0. Then (4.3) gives
a Lagrangian isotopy between the fiber F, and a regular Lagrangian
torus fiber L. Furthermore, since go > 0, for each ¢t € [0, Ks|, w is
never 0 on L;. It follows that the Lagrangians L; in the isotopy do not



232 K. CHAN, C.-H. CHO, S.-C. LAU & H.-H. TSENG

bound non-constant disks of CW Maslov index 0. Hence for r € By,
the orbi-disk invariants of (X, F,) with arbitrary numbers of age-one
insertions and CW Maslov index 2 coincide with those of (X', L), which
are reviewed in Section 3.2.

Case 2: r € B_. In this case we have the following

Proposition 4.14. Let r = (q1,q2) € B_, namely g2 < 0. Let
p € m(X, F.). Suppose 1,,,...,1,, € H:x(X) are fundamental classes
of twisted sectors X,,,..., X, such that age(v1) = --- = age(y;) = 1.
Then we have

Py . |1 ifB=pPyandl=0
nis(Ptles Lo 1) = { 0 otherwise .

Proof. By dimension reason, we may assume that ucw (8) = 2.

Let u : (D,0D) — (X, F,) be a non-constant holomorphic orbi-disk.
Then the composition (w — K2) ou descends to a holomorphic function
(w— Ks)ou : |D| — C on the smooth disk |D| underlying D. Since
r € B_, |[w — Ko| is constant on F, with value less than K. Since
u(0|D|) = u(9D) C F,, we have |(w — K3) ou| < K5 on 9|D|. By the
maximum principle, |(w — K2) ou| < Ky on the whole |D|. Hence the
image of u is contained in S_ = p'({(q1,q2) € B | g2 < 0}). Also
observe that u(D) must intersect Dy := {w(z) = Ky} C X. Since
the hypersurface w(z) = K2 does not contain orbifold points, we have
u(D) - Dy € Z~o. Lemma 3.1 implies that u is of CW Maslov index at
least 2.

Let h : C — X be a non-constant holomorphic map from an orbifold
sphere C. Then h(C) N S_ = (). To see this, we consider w o h, which
descends to a holomorphic function w o h on the P! underlying C. Since
w o h must be a constant function, the image h(C) is contained in a level
set w™(c) for some ¢ € C. For ¢ # 0, we have w™1(c) ~ (C*)"~! which
does not support non-constant holomorphic spheres, so ¢ = 0. Now we
conclude by noting that w=1(0) N S_ = 0.

Now let v € ./\/lffm(Fr, B, (Xu,,...,&,)) be astable orbi-disk of CW
Maslov index 2. As explained above, each orbi-disk component con-
tributes at least 2 to the CW Maslov index. Hence v can have only one
orbi-disk component. Also, a non-constant holomorphic orbi-sphere in
X cannot meet an orbi-disk, so v does not have any orbi-sphere com-
ponents. This shows that for any 5 € mo(X, F;.) of Maslov index 2, the
moduli space ./\/l’lnl‘“" (Fy, B, (X, ..., X,)) parametrizes only orbi-disks,
and all these orbi-disks are contained in S_ and do not meet the toric
divisors Dy, ..., D,,_1. Since each orbifold point on the orbi-disk of type
v € Box/(X) contributes 2age(v) to the CW Maslov index pcow (8), and
we assumed age(rv) = 1 and pcow () = 2, there are no orbifold points
on the disk.
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Recall that relative homotopy classes (3, can be written as (frac-
tional) linear combinations of [y, ..., ;-1 with non-negative coeffi-
cients. Thus, the class 8 of any orbi-disk can be written as a linear
combination of Sy, ..., B;,_1 with non-negative coefficients. Hence, from
the fact that intersection numbers of 8 with the divisors D1,..., Dy,_1
are zero, we may conclude that § = kfy for some k > 0, and u(g8) = 2
implies that £ = 1 and 8 = §y. Holomorphic smooth disks representing
the class By are confined in an affine toric chart. The argument analo-
gous to that in the proof of [16, Proposition 4.32] then shows that the
invariant is 1 in this case. This concludes the proof. q.e.d.

4.3. Examples.

1) X = [C?/Z,,). This is the A,, 1 surface singularity. The stacky
fan is a cone generated by (0,1) and (m,1) in N = Z? (Figure
la). By subdividing the cone by the rays generated by (k,1) for
k=1,...,m — 1, one obtains a resolution of the singularity. The
age-one twisted sectors of X' are in a one-to-one correspondence
with the lattice points (k,1) € Box’ for k = 1,...,n — 1. The
Gross fibration of this orbifold is depicted in Figure 1b.

[ .
o IR
(b) Gross fibration on

(a) Fans for [C?/Z,,] [C?/Zy). The dotted

and its  resolution. line is the wall and the
The crosses represent cross is the discrimi-
twisted sectors. nant locus.

Figure 1. [C?/Z,,].

9) X = [C3/Zag41] for g € N. Let N be the lattice Z3+7 <(1;92%1>>

The stacky fan is a cone generated by (1,0,0),(0,1,0),(0,0,1) €
N, which is a cone over the convex hull of these 3 vectors in the
hyperplane {(a,b,c¢) € Nr : a + b+ ¢ = 1}. Using the triangula-
tion of the polygon by the lattice points (k, k,2¢g+1—2k)/(2g+1)
(Figure 2a), one obtains a resolution of the orbifold singularity,
which is the mirror manifold of a Riemann surface of genus g
(see [61, 35]). (The mirror of a Riemann surface of genus g is a
Landau-Ginzburg model, which is a holomorphic function defined
on the manifold described here [61, 35].) The age-one twisted
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sectors of X' are in a one-to-one correspondence with the lattice
points (k,k,2g +1 — 2k)/(2g + 1) € Box' for k = 1,...,g. See
Figure 2b for the Gross fibration this orbifold.

(0,1,0)

(0,0,1) l (1,0,0) @
N

(b) Gross fibration on
[C3/Zag41] with base
an  upper-half-space.
(a) Cones over the The plane in the
polytopes give the fans middle is the wall; the
for [C3/Zsg+1] and its  dotted line and the
resolution; the crosses  plane at the bottom are

x

(0,0,1) (1,0,0)

represent twisted sec- the discriminant loci,
tors. This figure is for  with singular fibers as
g =3. shown.

Figure 2. [C?/Zay11].

3) X = [C"/Z,] for n € Z. The stacky fan is a cone generated by
(e1,1),...,(en_1,1),(—e1 — -+ —ep_1,1) € N = Z" ! x Z, where
{e;} is the standard basis of Z"~!. One obtains a resolution of the
orbifold singularity by subdividing the cone by the ray generated
by (0,1) € N, and the resulting manifold is the total space of
canonical line bundle over P"~!. There is only one age-one twisted
sector, namely the lattice point (0,1) € Box'.

5. SYZ mirror construction

In this section we carry out the SYZ mirror construction for toric CY
orbifolds; cf. the manifold case as discussed in [16, Sections 4.6]. The
procedure may be summarized as follows. Let X be a toric CY orbifold
as in Setting 4.2, and p : X — B be the Gross fibration in Definition
4.6.
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Step 1: Consider the torus bundle p : Ay — By. Take the dual
torus bundle /i : Xy — By. The total space Xy together with its
canonical complex structure is called the semi-flat mirror of X.

Step 2: Construct instanton corrections to the semi-flat complex co-
ordinates by taking family Fourier transforms of generating func-
tions of genus 0 open orbifold GW invariants.

Step 3: Take the spectrum of the coordinate ring generated by the
instanton-corrected complex coordinates to be the mirror.

More precisely, we need a toric partial compactification of X and the
corresponding Lagrangian fibration to obtain sufficiently many complex
coordinates of the mirror. This was explained for the manifold case in
[16, Section 4.3], and will not be repeated here.

Realizing the SYZ construction by using symplectic geometry and
open GW invariants was pioneered by Auroux in [3, 4]. The above pro-
cedure was proposed in [16] and applied to all toric CY manifolds; see
also Abouzaid-Auroux-Katzarkov [1]. We carry out this construction
for toric CY orbifolds in the remainder of this section.

5.1. The semi-flat mirror. We construct the semi-flat mirror of X as
follows. Consider the torus bundle p : Xy := (1)~ (Bo) — Bo. Let Xy
be the space of pairs (F, V), where F,. := u~!(r),r € By and V is a flat
U(1)-connection on the trivial complex line bundle over F, up to gauge.
There is a natural projection map fi : Xy — By. We write F} := [ —1(r)
for r € By. According to [16, Proposition 2.5], ji : Xy — By is a torus
bundle.

Recall that By has an open cover {U;} defined by (4.2). We focus on
the open set U = Uj and describe the semi-flat complex coordinates on
the chart ~'(U). Fix a base point ry € U. For r € U, consider the
class A\; € m1(F;) as in Section 4.2.2. Define cylinder classes [h;(r)] €
mo((p)~ (U) F,,, F,) as follows. Recall the trivialization in Definition
4.10: (u)~YU) 2 U x T+% x (R/277Z). Pick a path v :[0,1] — U with
v(0) = rp and (1) = r. Define

hj:[0,1]xR/Z — UxT+% x(R/2xZ), h;(R,0) = <’y(R), 22@-],0)

forj=1,...,n—1, and
ho : [0,1] x R/Z — U x T+% x (R/27Z), ho(R,O) := (v(R),0,270).

The classes [h;(r)] are independent of the choice of . Now the semi-
flat complex coordinates of (p)~(U) are given by zq, 21, ..., 2,1 where
2i(Fy, V) = exp(p; + 2mv/—16;). The semi-flat holomorphic volume
form is the nowhere vanishing form dz; A dzg A -+ A dz,—1 N dzg on
(1)1(U). Semi-flat complex coordinates on the other charts ji~1(U;)
can be similarly described.
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5.2. Instanton corrections. The semi-flat complex coordinate zy re-
ceives instanton corrections by taking a family version of Fourier trans-
formations of generating functions of genus 0 open orbifold GW in-
variants which count orbi-disks with CW Maslov index 2. The result
is a complex-valued function Zy : (j1)~'(Bo \ H) — C such that for
(F.,V) € (1)~%(By \ H), the value of %, is given by

(5.1)

Zo = Z Z %nfm([pt]pr; Ty...,T)€XP <—/Bw> Holy (08),

Bema(X,F) 1>0

where 7 € HEp(X) C HEg(X) and pew (8) = 2.
When r € B_, Proposition 4.14 shows that the only non-vanishing
genus 0 open GW invariant is ny o g = 1 for § = fy. Therefore (5.1) has

only one term: Zy = exp (— f Bo(ro) w) zg. To simplify notations, we put

Cp := exp (— fBO(T’o) w).

When r € By, there are non-trivial open GW invariants and (5.1)
reads

m—1 n—1 n—1

Z0 = 2 Z Ci(1+945) H zl-(ui’bj)+z0 Z Cy(1,+6) H zz-(yi’y),
Jj=0 i=1 vEBox’ (X)age=1 i=1

where C; := exp (— fﬁj(ro) w) for 0 < 7 < m—1and C, =

P <_ fﬁu(m) W) for v € Box/(X)?6°=! and

(5.2)
1446, :=
Hl4 T !
> > %nl,l,ﬁj(r)ﬁ-a([pﬂﬁ [11)exp <— / w),
a 120 py,...,y €Box/ (X)ase=1 i=1 e}
(0<j<m-—1),
T, + 0, =
7 |
>0 > %nl,l,ﬁy(ma([pﬂu [T1)exp <— / w),
a 120 p,...,y€Box/(D)age=1 i=1 @

(v € Box/ (%))
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are generating functions of genus 0 open orbifold GW invariants. Here
we use the relation

n—1

—Bj(r) = =Bj(ro) — [ho(r)] — > _ (i, bj)[hi(r)];

1

-
Il

also, the generating functions can be written as in the left-hand-sides
of (5.2) because n1,075j(r)([pt]L) =n118, () ([pt]L;1,) =1 for any j and

v. Notice that ny g, ()4 ([PtlL; Hi-zl 1,,) is nonzero only when [ > 1,
so the generating function 7, 4+ ¢, has no constant term.
The above discussion may be summarized as follows. For 0 < 7 <

m —1 and v € Box/ ()%= we put 2% = [['} z(y“ ) and 2 =
|y zz'(yi’y)-
Proposition 5.1. We have

202750 Ci(1+ 65)2%
M B - ZueBOX/(Z)agczl Cy(1, +0,)z" forr e By,

Cozo forr e B_.

5.3. The mirror. Let C[[g, 7]] be the ring of formal power series in the
variables

{a1,---, 0} U{m, | v € Box'(2)*°=1},

which are parameters in the complexified extended Kéahler moduli space
of X (see Section 7.1.1 for precise definitions of these parameters) with

coefficients in C. Consider Ry = R_ := C[[¢,7]][2F, ..., 25 ,]. Let Ry
be the localization of C[[g, 7]][25, . . .,25 ] at
m—1
Cj(1+6;) > Culr+6,)2
Jj=0 VEBOX’(E)agC:l
Let [Id] : R— — Ry be the localization map. Also define Ry — Ry by
ze > [zk] for k=1,....,n— 1 and 2z — [g7 2]

Using these two maps, we put R := R_ X, R+. We identify Zy with
= (Coz0,209) € R. Setting v := (C'O_lzo_lg,zo_l) € R, we have

R ~ Cl[q, 7]][u + T zfc,... 2t 1/ {(uv — g).

»*n—1

Taking the relative spectrum Spec(R), we obtain
‘)e = {(U,’U,Zl,. <. 7Zn—1) S (C2 X ((C )n 1 uv = g(Zl, .. -yzn—l)}-

This gives the SYZ mirror of the complement of the hypersurface {w(z) =
Ky} in X. The SYZ mirror of the toric CY orbifold X itself is given by
the Landau-Ginzburg model (X, W), where W : X — C is the Fourier
transformation of the generating function orbi-disk invariants for classes
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with CW Maslov index 2, which is simply the holomorphic function de-
fined by W := u; see [16, Section 4.6] and [1, Section 7] for related
discussions in the manifold case.

It is not difficult to see that

Proposition 5.2. There exists a coordinate change such that under
the new coordinates, the defining equation uv = g of X can be written
as

n—1 m—1
T S TIES S TOMCISD SRR
J=1 Jj=n veBox! (X)age=1

where q; = ¢& and §; € Ha(X;Q) is the class defined by bj = E?:_OI ajib;
forj=n,...,m—1, and ¢ P’ := I q;@“’D’Y) for v € Box'(¥)2e=1,
Remark 5.3 (Convergence). A priori the Kéhler parameters ¢,’s and
the variables 7,’s keeping track of stacky insertions in the generating
functions (5.2) are only formal. However, in our case, the generating
functions can be shown to be convergent; see Corollary 6.21 below.

5.4. Examples. (1) X = [C?/Z,,]. The stacky fan and Gross fibration
are shown in Figure la and 1b respectively. It has m — 1 twisted sectors
of age 1 which are in bijection with the vectors v; = (i,1) for i =
1,...,m — 1. Each twisted sector v; has a corresponding basic orbi-
disk class f3,,. The SYZ mirror constructed in this section is uv =

142"+ Z;n:_ll (15 + 0, (7))2’, where

(5.3)
7+ 0y,(T) =
k:l kmfl
T Tip—1 k K
E : nLlﬁ,,.([pt]L; (11/1) PXLX (]‘mel) " 1)7
(k14 ...+ kmo1)! i
k1,---,km—120

l=Fki+...+kjand 7 = Z?;l 71, € HAz(X). All Kihler parameters
T; are contributed from twisted sectors in this case, and the non-triviality
of orbi-disk invariants is also due to the presence of twisted sectors.

The A,,_1 singularity X = C?/Z,, has a resolution X whose fan and
Gross fibration are shown in Figure 1a and 1b. It has m — 1 irreducible
(—2) curves [;’s which have Chern number 0, and they are in bijection
with the primitive generators (i,1), i = 1,...,m — 1. The SYZ mirror
of the resolution X is

(5.4)
m—1 .

w=1+2"+Y (1+5;(q)2), 1+8i()= > n10s+a0™
j=1 Ktseoskim—1>0

and oy = zg_ll k;l; in the above expression. The Ké&hler parameters
q"’s are given by exp(— flz w), and the non-triviality of disk invariants is
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due to the presence of rational curves of Chern number zero. The SYZ
construction for toric CY surfaces X has been studied in [68], where §;
has been computed explicitly.

(2) X = [C3/Zyg11] for g € N. See Figure 2a and 2b for the fan and
Gross fibration. It has g twisted sectors of age one which are in one-to-
one correspondence with the vectors v; = (i,7,29+1—2i)/(29+1) € N
fori=1,...,9. Let z; be the affine complex coordinate corresponding
to the vector (1,0,—1) € N, 23 to (1,1,—2)/(2¢g + 1) and u to (0,0, 1).
Then the SYZ mirror of X is

g
(5.5) w =14z + 27229 4 Z(Tj + 0y, (7)) 23,
j=1
where
Tfl Tjg k k
Tj+0,, (1) = n14.5, ([Ptl; (1) X x (1)),
V2 kl,.%zo (kl + ...+ kg)' Bu; vy Vg

l=ki+...+kjand 7=537 71, € H(%R(X).

The orbifold X = C3/ Ziag+1 has a toric resolution X. Figure 3 shows
the codimension-two skeleta of its moment map polytope, which is also
the discriminant locus of the Gross fibration. Its Mori cone is generated
by C1,...,Cy4 as shown in Figure 3. The SYZ mirror of the resolution
X is

g
j=1

where

1 + 5J(q) = Z nl,O,Bj-i-Ockqak)
o1, >0

ap = Y7, k;C;, and f3; is the basic disk class corresponding to the toric
divisor D;.

(3) X = [C"/Z,) for n € Z. Its fan has been described in Section 4.3.
It has a twisted sector of age one which corresponds to v = (0,1) €
Z" 1 x Z. Tts SYZ mirror is

wo = (T+0,(T) + 21+ 21+ 2 20,

k

T k
THO,(1) =) ks ([t (10)7).
k>1
When n = 3, this mirror is the same as the one given in (5.5) as we can
new new

n:ike.v C?}?ngi of Variakt)jl.es VY = 2 = 2L e = i in (5.5) to
obtain the above equation.
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C2

Figure 3. A toric resolution of C3/Zy,1 1. The diagram
shows the 1-strata of its moment map polytope. Cj;’s
are labelling the holomorphic spheres which are mapped
to the corresponding edges by the moment map. D;’s
are labelling the toric divisors which are mapped to the
corresponding facets.

The total space of the canonical line bundle Kpn-1 of the projective
space P"~! gives a crepant resolution, whose SYZ mirror is

w=1+0)+z+. . Fzmoatan ot 1H6=) ¢k gerns
k>0

where [ is the line class in Kpn-1 and its corresponding Kahler parameter
is ¢. When n = 3, this serves as one of the first nontrivial examples for
the SYZ construction for toric CY 3-folds in [16].

Note that in the above examples, the mirror of X and its crepant reso-
lution almost have the same expressions, except that they have different
coefficients. This motivates the Open Crepant Resolution Theorem 8.1
which gives a precise relation between their mirrors.

6. Computation of orbi-disk invariants

In this section we compute the orbi-disk invariants of a toric CY
orbifold relative to a Lagrangian torus fiber of the moment map.

Let X be a toric CY orbifold as in Setting 4.2. Let L C X be a
Lagrangian torus fiber of the moment map. Let 5 € mo(X, L) be such
that pcw(8) = 2. Let ¢ = (X,,,...,&,,) be a collection of twisted
sectors of X such that v; € Box’ satisfies age(v;) = 1 for all i. Sup-

main

pose that the moduli space 1 (L, B, ) is non-empty. We would
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like to compute the corresponding genus 0 open orbifold GW invariant
nflﬁ([pt]L; 1,,,...,1,,) (Definition 3.5).

The approach we take here is to construct a suitable toric partial
compactification X of X for each 8 € mo(X, L) with ucw (8) = 2, prove
that the above invariants are equal to certain genus 0 closed orbifold GW
invariants of X, and evaluate them by toric mirror theorems, general-
izing the approach in [18]. The proof of such an open/closed equality,
which is geometric in nature, is by comparing moduli spaces of stable
(orbi-)disks to X with moduli spaces of stable orbi-maps to X, as Ku-
ranishi spaces. The key geometric idea, namely, “capping off” the disk
component to form a genus 0 closed Riemann surface, was first em-
ployed in [13, 67] and later in [68] (for toric CY surfaces) and [15, 17]
(for compact semi-Fano toric manifolds). It was also applied in [14] to
calculate orbi-disk invariants for certain compact toric orbifolds.

6.1. Toric (partial) compactifications. We begin with the construc-
tion of the toric partial compactification X'. According to our discussion
in Section 3.1, the class 3 € mo(X, L) must be of the form 8 = ' + a,
where 3 € mo(X, L) is a basic (orbi) disk class with CW Maslov index
2 and a € HST(X) is an effective curve class such that ¢;(&X) - a = 0.
We have 9p' = b;, € N for some iy € {0,1,...,m' —1}.

Construction 6.1. Let by, := —b;, € N. Let 3 C Ny be the smallest
complete simplicial fan that contains ¥ and the ray R>obse C Nr. More
concretely, the fan ¥ consists of cones in X together with additional
cones, each is spanned by the ray R>obs together with a cone over a
face of the polytope P (recall the definition of P in Setting 4.2). The
data (2, {b;}7," U {bx}) gives a stacky fan. Consider the associated

toric orbifold: X := X5,. We choose the extra vectors to be the same as
that for X, namely, {by,,..., b1} C N.

Remark 6.2. We emphasize that, although not reflected in the no-
tation, the compactification X depends on the class 5 € mo(X, L).

Since X satisfies the Assumption 2.4, so does the stacky fan 3. The
fan 3 has more primitive generators than . We also have X C X and
the toric prime divisor D, := X'\ X corresponding to bs,. The inclusion
X C X divides the toric prime divisors in X into two kinds: the set of
generators {b;}7" ! is a disjoint union {b;} = I'[[J, where for b; € I
the corresponding toric prime divisor D; C X is contained entirely in
X (these correspond to the compact toric prime divisors in X'), and for
b; € J the corresponding toric prime divisor D; C X has non-empty
intersection with D, (these correspond to the non-compact toric prime
divisors in X).

Let B € m2(X, L) be the basic disk class corresponding to bs,. As
OB + Boo) = biy + boo = 0 € N, the class B’ := 3 + B belongs to
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Ho(X;Q) (see [24, Section 9.1]), and we have ¢;(X) - 3’ = 2. Moreover
we have the decompositions

Hy(X;Q) = Hy(X;Q) & QF and H5"(X) = 208’ & H5"(X),

Denote by L, K and K.g respectively the counterparts for X of the
spaces L, K and Kqg for X'. Then we have the corresponding decompo-
sitions

]L:]L@Zdoo, K:K@Zdooy Keff :KCH@ZZOdom

where dy = €, + €00 € N @ Zeo = @?10_1 Ze; ® Leso.

Since a can be represented by a holomorphic map to X whose image
is contained entirely in X and misses Dy, = X' \ X, we have D, -a = 0,
and hence ¢;(X) - a = 0. Moreover, each v; € Box'(2) with age(v;) = 1
determines uniquely an element 7; € Box'(3) with age(7;) = 1.

We make some important observations about X.

Proposition 6.3. The toric orbifold X with the extra vectors
{bm, ..., by_1} is semi-Fano in the sense of Definition 2.3.

Proof. To show that X is semi-Fano, we need to prove that ¢ (X) =
S U Di + Dy is nef (since age(b;) = 1 for j = m,...,m' — 1), ie.
every rational orbi-curve C satisfies

(Do+...4 D1+ Dy)-C>0.

Let C - Dy = k € Z. We must have k£ > 0. Otherwise, C' has a
component contained in D, whose intersection with D, is negative.
Now Dy = {v = oo} is linearly equivalent to the divisor D = {v = ¢}
for any ¢ # 0. (Two divisors D; and Dy are said to be linear equivalent
if there exists a meromorphic function ¢ such that Dy and Dy are the
zero and pole divisors of ¢ respectively. In such a case given a rational
curve C, the intersection number of C' with D; is the same as that
with Dsy. In our situation we take the meromorphic function ¢ to be
v — ¢ for a fixed complex number ¢.) A rational curve in Do, has
transverse intersections with D, and hence the intersection number is
non-negative. Since intersection number is topological, this implies D
has non-negative intersection with any curve contained in D, itself.
Thus k£ cannot be negative.

Now consider C' —kCy, where Cy is a holomorphic sphere representing
the class 3’ + Bs. which has Chern number ¢;(X)-Cy = 2. C — kCj has
zero intersection with the divisor D.,. Moreover it can be written as a
linear combination of one-dimensional toric strata of X. Since X is CY,
(C—=kCy)-(Dop+...4+ Dp—1) =0. Then

(Do + ...+ D1+ Do) - C
:(D0+...+Dm_1+Doo)-(C—kCo)+2k:2/€20.
This completes the proof. q.e.d.
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Proposition 6.4. The toric variety X underlying X is semi-projec-
tive.

Proof. By [32, Proposition 7.2.9], the toric variety X is semi-projec-
tive, as its moment map image is a full-dimensional lattice polyhedron
P. The toric variety X corresponds to intersecting P with a half space
normal to by,. The result is still a full dimensional lattice polyhedron.
Hence X is semi-projective again by [32, Proposition 7.2.9]. q.e.d.

Proposition 6.5. Suppose that b;, € N lies in the interior of the
support |X|. Then the fan X is complete, and hence the toric variety X
underlying X is projective.

Proof. To prove that ¥ is complete, it suffices to see that any vector

v € Nr can be written as a non-negative linear combination of genera-
tors of the fan ¥. Since b;, lies in the interior of the support |X|, there
exists t € Rsq large enough such that v + tb;, € |X|. Thus v + tb;, =
Z?;Bl a;b; for a; € R>g. Thenv = Z?;Bl a;b;—tb;, = Z?;Bl a;b; +tbso.
q.e.d.

Remark 6.6. If b;, € N lies on the boundary of ||, then the fan % in
Construction 6.1 is incomplete, so the toric orbifold X is not projective
but only semi-projective.

We will need the following lemma when we analyze the curve moduli.

Lemma 6.7. Given a generic point in X, there exists a unique non-
constant holomorphic sphere of Chern number two passing through the
point.

Proof. Choose local toric coordinates (v,z1,...,2,-1) such that
Z1,...,%p—1 are not identically zero when restricted on D;,. We take
the point to be in the open toric orbit (C*)" C X. Suppose it has
coordinates (cg, ¢1,...,¢n—1), where ¢; # 0 for alli = 0,...,n—1. Then
the holomorphic sphere defined by z; = ¢; for alli = 1,...,n — 1 passes
through the point, and it only intersects D;, and D4, once but not any
other divisors. Thus it intersects with the anti-canonical divisor (which
is the sum over all toric prime divisors) twice and hence has Chern
number two.

To show uniqueness, suppose we have a non-constant holomorphic
sphere of Chern number two passing through a point in the open toric
orbit. It must intersect D, since otherwise, it will be entirely con-
tained in the toric CY X, and by the maximum principle applied to the
holomorphic function v on the sphere, the sphere must lie entirely in the
toric divisors of X', and hence cannot pass through a point in the open
toric orbit. Since it has Maslov index two, it intersects D, at most two
times (counted with multiplicity). The meromorphic function v on the
sphere must have both zeroes and poles, and thus it must have one zero



244 K. CHAN, C.-H. CHO, S.-C. LAU & H.-H. TSENG

and one pole. This means that the sphere intersects both Dy and D
once, and that it cannot intersect other divisors since it only has Maslov
index two. Thus the functions z;’s on the sphere have neither poles nor
zeroes, and hence can only be constants. We conclude that it is precisely
the holomorphic sphere defined by z; = ¢; foralli=1,...,n—1. q.e.d.

Example 6.8. The fan of the Hirzebruch surface Fy has primi-
tive generators (—1,1), (0,1), (1,1), (0,—1). The total space of the
canonical line bundle X = Ky, is again a toric manifold, whose fan
has primitive generators by = (0,0,1), by = (—1,1,1), by = (0,1,1),
bs = (1,1,1) and by = (0,—1,1). The polytope P is the convex hull of
(—1,1),(1,1),(0,—1) in the plane R%2. The generator (0,1) lies in the
boundary of P but is not a vertex of P, so the toric compactification X
corresponding to by (see Construction 6.1) is noncompact.

The toric prime divisor Dy in X corresponding to by is noncompact
and biholomorphic to P! x C. The inclusion (z,c) : P! <5 P! x C = D,
for any constant ¢ € C gives a (0, —2) rational curve in X = Kf,, whose
class is denoted by | € Hao(X;Z). It has Chern number zero and does
contribute to sphere bubbling so that the open GW invariants ngg Y
for k € Z>o are non-trivial. We will see in Section 6.5 that in fact
ngfﬁkl = 1 when k£ = 0,1 and zero otherwise. Hence n§2+kl = ng;kl
where 2 and [ on the right hand side of the equality denote the basic
disk class corresponding to Dy C Fy and the class of the (—2)-curve in
Fy respectively.

6.2. An open/closed equality. Let ¢ : {p} — L be the inclusion of a
point.

Definition 6.9. Let X and X be as in Construction 6.1. Consider

three moduli spaces:

1) Let MT%(X, Byx) = f’l"m(L, B, x) be the moduli space of stable
maps from genus 0 bordered orbifold Riemann surfaces with one
boundary component to (X, L) of class 8 = '+ a such that there
is one boundary marked point and [ interior marked points of
type ¢ = (X,,,...,&y,). Let evp : MTZ(X,B,:L’) — L denote the
evaluation map at the boundary marked point. Consider the fiber
product M (X, B,z,p) := MP|(X, B, %) X v, {p}-

2) Let M?ﬁ(f, B,x') = TIGW(L’ B, ') be the moduli space of sta-
ble maps from genus 0 bordered orbifold Riemann surfaces with
one boundary component to (X, L) of class 3 such that there is
one boundary marked point and [ interior marked points of type
' = (X,,...,X,). Let evg : MH (X, 3,2') — L denote the eval-
uation map at the boundary marked point. Consider the fiber
product M‘f{}(i’,ﬂ,w’,p) = Mf)l(/l_’,ﬁ, x') Xy, {P}-
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3) Let Mfﬁrl(f, 3, &) be the moduli space of stable maps from genus
0 orbifold Riemann surfaces to X of class 3 := 3’ + « such that
the 1+ interior marked points of are type & = (X, X,,,..., Xy,).
Let evg : fﬂrl(/l_’,B,:E) — X denote the evaluation map at the
first marked point. Consider the fiber product Mfl (X,B,2,p) ==

o +l
M?.H(X7B7j) Xevo,L {p}

Proposition 6.10 (Compactness).

(a) Let D be a toric prime divisor of the toric CY orbifold X, o €
Hy(D;Z) and p € D. Then the moduli space of rational curves
i D representing o with one marked point passing through p is
compact.

(b) Let « € Ho(X;Z) and p € X. Then the moduli space of rational
curves in X representing o with one marked point passing through
p is compact.

(¢c) The moduli M(ff’l(X,ﬂi +a,x) fori = 0,....,m' — 1 and a €
Hy(X;7Z) is compact.

Proof.

(a) The statement certainly holds when the divisor D is compact.
Now suppose that D is a non-compact divisor. We are going to
prove that all rational curves representing a with one marked point
passing through p must lie in a compact subvariety of D, and hence
the moduli space is compact.

The toric divisor D C X itself is a toric orbifold, whose fan X p
is given by the quotient of ¥ in the v-direction and localization at
zero, where v is the primitive generator of ¥ corresponding to D.
Since D is non-compact, v lies in the boundary of the polytope
P. Thus there exists a half space defined by {v > 0} C (N/(v))g
for some v € MY containing |¥p|. Then the function on D
corresponding to v is holomorphic, and by abuse of notation we
also denote it by v. By the maximum principle, v is constant on
each sphere component of a rational curve in D. Since the rational
curve is connected, v takes the same constant on the whole rational
curve. Let v(p) = ¢ € C. Then any rational curve with one marked
point passing through p lies in the level set {v = ¢} C D.

The above is true for all v € M+? such that the corresponding
half space {v > 0} contains |Xp|. Let v1,...,v; be the extremal
ones, meaning that each of the corresponding half spaces con-
tains |[Yp| and a codimension-one face of |¥p|. Then there exist
c1,...,c, € Csuch that any rational curve with one marked point
passing through p lies in {v; = ¢; for alli = 1,...,k}, which is
a compact subvariety of D. Hence the moduli space of rational
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curves representing « with one marked point and passing through
p is compact.

We may assume that p lies in a toric divisor of X', or otherwise the
moduli space is empty since X is a toric CY orbifold. All rational
curves in X lie in toric divisors of X. Thus the moduli space can
be written as a fiber product of moduli spaces of rational curves
in prime divisors of X. By part (a) the moduli space of rational
curves in a toric prime divisor passing through a fixed target point
is compact. Hence the fiber product is also compact.

The disk moduli M%(X ,Bi + a, ) is equal to the fiber product

./\/l(fjl(/l’,ﬁi) X ev flﬂ(/l’,a,:c), where ./\/l(fjl(/l’,ﬁi) is the moduli
space of stable disks in X representing the basic disks class (;
with one interior marked point and one boundary marked point,
./\/lle(X ,a, ) is the moduli space of rational curves in X’ rep-
resenting a with one marked point e and [ other marked points
of type @, and the fiber product is over evaluation maps at the
interior marked point of the disk and the marked point e of the
rational curve. Now, the moduli space ./\/l(ffjl(X , B;) is known to be
compact by the classification result of Cho-Poddar [24]. By part
(b), Mfg_l(X,oz,ac) X ey {pt} is compact. Thus the fiber product
M'ﬁ(?{, Bi) X ME (X, a, ) is also compact.

q.e.d.

Corollary 6.11. The moduli space M?pl(X, B,x,p) in Definition 6.9
is compact. Hence, the open orbifold GW invariant nfl 5([Pt]L§ 1,,,...,
1,,) in Definition 3.5 is well-defined.

The main result of this subsection is the following

Theorem 6.12.
(a) The moduli spaces MTZ(X,B,:B,])) and M?ﬁ(f,ﬂ,w’,p) are 1so-

morphic as Kuranishi spaces. Hence we have the following equality
between genus 0 open orbifold GW invariants:

nfl,ﬁ([pt]lm 11/17 R 11/1) = nflﬂ([pt]ln 11717 s 1171)'

(b) The moduli spaces M%(i’,ﬂ,w’,p) and Mﬁﬂrl(/l_’,ﬁ,iz,p) are 1so-

(6.1)

morphic as Kuranishi spaces. Hence we have the following equality
between genus 0 open and closed orbifold GW invariants, called the
open/closed equality:

X X
nLlﬂ([pt]L; 11/17 SRR 11/1) = <[pt]7 11717 SRR 1Dl>0,1+l,3'

Proof. We begin with part (a). The inclusion X C X gives a natural

map

Mtl){)l(Xa/Bawap) — M(l)%)l(‘)za/ﬁawlap%
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which is clearly injective. To show that this map is surjective, we need
to prove that a stable disk in M (X, 3,2/, p) is indeed contained in X

This means there are no stable disk maps f : (C,0C) — (X, L) of class
B = 8+ a such that C = D UCy U Cy is a union where D is the disk
component; Cp is a closed (orbifold) Riemann surface whose components
are contained in (Jp o Di; and Co is a non-empty closed (orbifold)
Riemann surface whose components are contained in Dy, U Ubj ey Dj
and have non-negative intersections with divisors D;, b; € I (via f).
Suppose there is such a stable disk map. Let A := f,[Cy] and B :=

f«[Csx]. Then @ = A+ B. Since ¢1(X) - a = 0 and —K 3 is nef, we
have ¢1(X) - A =0 = ¢ (X) - B. Writing B = Y, by By as an effective
linear combination of the classes B} of irreducible 1-dimensional torus-
invariant orbits in X', we have ¢ (X)-(bx By,) = 0 for all k (again using the
fact that —K ¢ is nef). Each By, corresponds to an (n — 1)-dimensional
cone o, € ¥, and by construction, either o), contains ba, or o), and ba
together span an n-dimensional cone in 3.

Since f(Coo) C Doy U Ubje] Dj, we see that if b; € I then b; ¢
or. Also, since D - (bB;) > 0 for every toric prime divisor of X not
corresponding to a ray in o, we have by (their argument extends to
the simplicial cases needed here) [48, Lemma 4.5] that D - (byBy) = 0
for every toric prime divisor D corresponding to an element in ({b;} U
{bs}) \ F(0y); here F(o}) is the minimal face in the fan polytope of
¥ that contains rays in 0. As the divisors D corresponding to ({b;} U
{bso}) \ F(0) span H?(X), we must have b, By, = 0. We conclude that
B=0.

Therefore we have a bijection between moduli spaces M'{Z(X ,B,x,p)
o M‘fﬁ(i’,ﬂ,w’,p). Since every stable disk in M?{}(i’,ﬂ,w’,p) is sup-
ported in (a compact region of) X, it is clear that it has the same defor-
mations and obstructions as the corresponding stable disk in M?ﬁ(?«f , 5,
x,p). By the same arguments as in Part(C) of the proof of [17, Pro-
postion 5.6] (which can be adapted to the orbifold setting here in a
straightforward way), it follows that the above bijection gives an iso-
morphism of Kuranishi structures. This proves (a).

The proof of part (b) is basically the same as that of [14, Theorem
35]. First of all, for a stable disk map in M'ljf’l()?,ﬁ,m’,p), it consists
of a unique disk component 1o and a rational curve component C’. We
denote such a stable disk by ug + C’. The disk component represents
a basic (orbi-)disk class and hence is regular by [24, Propositions 8.3
and 8.6]. Thus the obstruction merely comes from the rational curve
component.

On the other hand, by Lemma 6.7, there is a unique holomorphic
sphere Cy with Chern number two in X’ passing through a generic point
p € X. So for a stable curve in Mfﬁrl(f, B, &, p), since it passes through
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p and it has Chern number two, it has C as one of its components, and
the rest is a rational curve C’ with Chern number zero contained in the
toric divisors. We denote such a rational curve by Cy+ C’. Since Cj is a
holomorphic sphere whose normal bundle is trivial, it is unobstructed.
Thus the obstruction of Cy + C’ merely comes from C’. A bijective
map between M(ff’l()?, B,z p) and Mflﬂ(f, B, &, p) is given by sending
ug + C’ to Cy + C’" and vice versa. They have the same deformations
and obstructions (which are contributed from the same rational curve
component C’); and hence, as Kuranishi structures, we have

M(I)I,)l(‘)?757wl7p) = Mil—kl(‘/?767jap)

The identification of the two Kuranishi structures can be done as
explained in Step 3 of the proof of [14, Theorem 35|, except that the
choices of obstruction bundles have to be suitably modified in order
to obtain smoothly compatible Kuranishi charts which can be glued
together to obtain a global structure (see [72, 39]).

Recall that in the general scheme developed by Fukaya, Oh, Ohta and
Ono in constructing Kuranishi structures of a moduli space, one first
constructs a Kuranishi neighborhood for each point of the moduli space.
To obtain a global Kuranishi structure which is smoothly compatible,
one then chooses a sufficiently dense finite set of points in the moduli
space, and redefines the Kuranishi neighborhood by considering a new
obstruction bundle obtained as the direct sum of parallel transports of
the obstruction bundles over the finite set of points. When the domain
of the stable map is not stable, however, one has to further consider
a stabilization of the domain and extra care is needed in choosing the
obstruction bundles. See [39, Section 3.2] for a brief description and
[39, Sections 15-18] for the detailed construction.

The construction of Kuranishi neighborhoods given in the proof [14,
Theorem 35| corresponds to the case where the domain of a stable map
is also stable, in which the above description of the obstruction bundles
already suffices. But for the moduli spaces we consider here, the domain
of a stable map may not be stable, so we need the general construction as
described in [39, Part 4]. Nevertheless, we emphasize that all these (or
any such) constructions can be carried out in the same way for the open
and closed moduli spaces because the obstruction bundles on the disk
component ug and the sphere component Cy both vanish, and therefore
the Kuranishi structures are naturally identified with each other. q.e.d.

Remark 6.13. The proof of Theorem 6.12 identifies the moduli space
fﬁrl(/l’, B, @, p) with the moduli space M1" (X, 8, ,p), which is com-
pact by Corollary 6.11. So Mﬁ_l(f ,B,2,p) is also compact, and hence

the closed orbifold GW invariant ([pt], 15,, ..., 1,;»6“1 11,5 18 well-defined

even when X is noncompact.
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6.3. Calculation via mirror theorem. By the open/closed equality
(6.1), the open orbifold GW invariants of X we need may be computed
by evaluating the genus 0 closed orbifold GW invariants ([pt], 1z, ...,

1171>6Y1 I of X. These closed orbifold GW invariants are certain co-

efficients of the J-function of X. We evaluate them by extending the
approach developed in [18] to the orbifold setting.

The idea is to use closed mirror theorems for toric orbifolds to explic-
itly compute these coefficients via the combinatorially defined I-function
of X. However, since X may not be compact, we cannot directly ap-
ply the closed mirror theorem (Theorem 2.8) to X' as in [18]. We get
around this by first applying the equivariant mirror theorem (Theorem
2.7) to evaluate the genus 0 equivariant closed orbifold GW invariants

of X: {[pt]r, 15, ..., 1,7l>)2’T -, where [pt]r € H:(X) is the equivariant

a 0,1+1,3’
lift of [pt] € H*(X) represented by a T-fixed point, and then evaluating
{[pt], 15, ., 1,;»6“1 41,5 by taking non-equivariant limits.

6.3.1. Identifying the invariants. We now begin the computation
of the relevant equivariant orbifold GW invariants. The T-equivariant
J-function of X' (cf. Definition 2.6) expands as a series in 1/z as follows:

JX',T(Q?’Z)
q*1 XT
WZ(HZ DR DY (PR
o (d,1)#(0,0) k>0 e
deHg™ (x)

(o(2)

1 q’ o1\ VT ¢”
+Z Z > Z Tiws - Tow, Pat) 0+1,d 2F )’
> b b

a  (d,1)#(0,0)
deHeff(X)

where we use the string equation in the second equality. Note that
702 € H3(X), and ¢, = [pt]r if and only if ¢* = 1 € HO(X). If we
consider

(6.2) Tew = Z 71y,

veBox/ (X)age=1

then the closed equivariant orbifold GW invariants ([pt|r,15,...,

1,7Z>X’T > occur as the coefficients of qBT,,1 -7, in the 1/z%-term of

071+l7ﬁ _
Jx1(q, 2) that takes values in HO(X).

Since X is semi-Fano (by Proposition 6.3) and semi-projective (by
Proposition 6.4), we can apply the equivariant toric mirror theorem

1
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(Theorem 2.7) which says that
er(y)/Z‘].)E,T(Q7 Z) = I?E,T(y(q7 T)7 Z)

via the inverse y = y(q,7) of the toric mirror map. Recall that the
equivariant [-function here is the one defined using the extended stacky
fan

(Z,{bi |0<i<m—1}U{boc}U{bj |m<j<m —1}),
where
{bj|m<j<m —1}={veBox'(X)]|age(v) = 1}.

Therefore our next task is to explicitly identify the part of the 1/z2-
term of the equivariant I-function of X that takes values in HO(X).
According to the definition of the equivariant I-function in Definition
2.2, the part taking values in H°(X) arises from terms with d € Kg
such that

(6.3) v(d) =0, ie. 1,4 =1€ H(X).
And for d € Keg to satisfy (6.3), we must have
(D;,d) € Z, fori € {0,...,m" — 1} U {oo}.

This follows from the definition of v(d).
Let d € Keg be such that v(d) = 0. We examine the (1/z)-series
expansion of the corresponding term in the equivariant I/-function of X:

J [L:Zr(pya (DF + ((Ds, d) — k)2)
6o ’Hl}u{w} [10(DT + (Drd) — F)2)

Recall that D{,..., DY |, DL € H?*(X) are T-divisor classes corre-
sponding to by, . .., by, _1, bso, and DT =0in H3(X)form < j <m/—1.
We may factor out copies of z to rewrlte (6.4) as

y? 1 [1: 1Dy (D7 /2 + ((Di d) — k)
2(p(X).d) (0o} [Tieo(DF /2 + ((Dy, d)y — k))

where p(X) = Y7 Dy + Do + Py _1 Dj. So we need

(6.5)

m—1 m/—1
(6.6)  (p(X),d) =D (Di,d) + (Deo,d) + Y (Dj,d) <2
=0 j=m

Since we need the part taking values in H 0(X), we need the terms in
(6.5) in which the divisor classes D{,..., DY _;, DL do not occur. For
0<i<m—1ori= oo, the fraction

[ 1(psay (D7 /2 + (Di, d) — k)
120D} /2 + ((Di, d) — k)
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is proportional to D}T if (Dj,d) = [(Dj,d)] < 0. Thus we need
(6.7) (D;,d)y >0, i€{0,...,m—1}U{occ0}.
Also observe that since d € Keg, <Dj,d> >0form<j<m'—1. So

there are only two possible cases: either

e there is exactly one j such that (D;,d) = 2in (6.6) and (D;,d) =0
for ¢ # j; or

e there are ji,jo such that (D; ,d) = (Dj,,d) = 1 in (6.6) and
<Dl7d> =0 for i 7éj17j2-

By the fan sequence (2.1), an element d € K.g corresponds to an
element

> (Dijd)ei + (Do, diess + > (Dj,d)e;

0<i<m—1 m<j<m’—1
€ EB Zej @ Les @ EB Zej
0<j<m—1 m<j<m/—1
such that
> (Did)bi+ (Doo,d)boe + > (Dj,d)b; = 0.
0<i<m—1 m<j<m/—1

In order for this equality to hold, we cannot have (D;,d) = 0 for all
but one i. So we must be in the other case, namely, there are exactly
two indices ji, j2 such that (D;,,d) = (Dj,,d) =1, and (D;,d) = 0 for
i # j1,72. Since the vectors bg,...,bmym—1,bp, ..., by_1 belong to the
half-space in Ng @ R opposite to the half-space containing b.,, we must
have oo € {j1,j2}. As noted in Remark 6.2, the fan ¥ depends on the
disk class 8 € mo(X, L) in question. There are two possibilities:

e Case 1: [ is a smooth disk class. This means that 8 = '+«
with @ € Hy(X) and 8 € mo(X, L) is the class of a basic smooth
disk. In this case 98" = b;, for some 0 < iyp < m—1 and by, = —b;,.
So the only possible d € Kqg comes from the relation b;, +bs, = 0.
In this case the necessary term in the equivariant I-function of X
is y, where do = €; + €00 = ' € Ho(X; Q).

e Case 2: (3 is an orbi-disk class. This means that 8 = 8/ + «
with a € Hy(X) and ' = B, € (X, L) is the class of a basic
orbi-disk corresponding to b;, € Box'(¥)%°=! for some m < jy <
m/ — 1. In this case 93’ = bj;, and b = —bj,. So the only
possible d € K.g comes from the relation bj, + b = 0. In this
case the necessary term in the equivariant I-function of X is ye,
where do, = e, + ex. Note that in this case, d is not a class in

Hy(X;Q).
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Equating the relevant 1/z-terms in the equivariant /- and .J-functions
yields

q(y)?
6.8 doo =
(6.8) y 5t
1 l
)DED DD DI L | pTr
deH§H (%) 120 v1,... ;eBox/ (D)eee=t =1

6.3.2. Computing toric mirror maps. To explicitly evaluate (6.8),
we compute the toric mirror map for X', which is part of the 1/z-term
in the expansion of the equivariant /-function.

Let d € Kog. Similar to the calculations in the previous section, we
first examine the (1/z)-series expansion of the corresponding term in
the equivariant I-function of X

d Hk (D + ((Dy, d) — k)2) -
! z‘e{o,...,fguu{oo} Hk:O(DE-T + ((D;,d) — k)=z) L=

y’ I I1:21(p,.ay (D7 /2 + ((Di,d) — k))

> 50 = 11/ d)-
D dsaeel@) L To(DF/ + (Did) = k) (@)

We need the 1/z-term that takes value in H(%?{,T(QE ). There are three
types.

e degree 0 term: This requires that v(d) = 0. As noted above,
this implies (D;,d) € Z for all i. Furthermore, we must have
(Dj,d) > 0 for all 7 in order for the term to be of cohomological
degree 0. Also, we need 1/zP(X).d)+age(v(d)) — 1 /- which means
that (p(X),d) = 1. Consequently (D;,d) =1 for exactly one D;
and = 0 otherwise. As we have seen, such a class d € Kqg does
not exist. So there is no H%(X)-term.

e degree 2 term from untwisted sector: This means terms
proportional to T-divisors D}. Again this requires that v(d) =
0, which implies (D;,d) € Z for all i. Furthermore, we must
have exactly one D}T/z, which requires (Dj,d) < 0 for this j
and (D;,d) > 0 for all i # j. To get the 1/z-term, we need
(p(X),d) + age(v(d)) = 0, so we should have (p(X),d) = 0.

For each j € {0,1,...,m — 1} U {00}, we define

QJX = {d € Kof‘f ’ </3(‘)E)7d> = an(d) =0, <D]7d> S Z<0

and (D;,d) € Z>o Vi # j},
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and set

=3y ~ P~ (Dj, d) — 1)!

(D, d)!
dEQ;Y Hz;ﬁ]< >

Then the degree 2 term from untwisted sector is given by

>_A

m—
AF(y)DY /2 + AX (y) DL, /.
7=0
e degree 2 term from twisted sectors: This requires that v(d) =
v. Since age(v) = 1, we must have ((X),d) = 0. In order to avoid
being proportional to a T-divisor, (D;,d) cannot be a negative
integer for any 1.
For each j € {m,m +1,...,m' — 1}, we define

OF = {d € Kegr | (p(X),d) = 0,0(d) = b and (D;,d) ¢ Z<o i},

and set

- [T oy (D) — B)
=> v I T (Dod— 7

40 iE{0,..m ~1}U{oo}

Then the degree 2 term from twisted sectors is

2?
Z i W)L,/
j=m
The fan sequence of X is given by 0 — ker — N- ::/JSTEBZ -+ N —0,
and the divisor sequence of X is given by 0 — M — M~ := (N7)" —
LY — 0. Observe that rk(LY) = rk(LY) +1 =741 =m'+ 1 —n and
tk(H?(X)) = rk(H?*(X))+1 =r'+1 = m+1—n. We choose an integral
basis
{p1,- - pry oo} C LY

such that p, is in the closure of 5’;3 for all @ and pyiq,...,pr €
ZZ’;;} R>oD; so that the images {p1,...,Pr, P} Of {P1,..., P, Poo}
under the quotient LY ® Q — H?(X;Q) form a nef basis of H?(X;Q)
and p, =0 for a ="+ 1,...,r. And we pick {p],....,pr,po} C M~ in
the way described in Section 2.3. We further assume that {p1,...,p,}

gives the original basis of .V chosen for X.
Expressing D; in terms of the basis {p,} defines an integral matrix

(Qia) by
Di = Z Qiapa: Qia € Z.

ac{l,...,r}U{cc}
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As above, the image of D; under the quotient LVeQ - H 2£;€ ;Q) is
denoted by D;. Then for i € {0,...,m — 1} U {00}, the class D] of the
toric prime T-divisor D is given by

Dff =X\ + Z QiaPy, i € H3(pt);
ae{l,...,r'}U{co}
and for i = m,...,m' — 1, DI =0 in H?(X;R).

Hence the coefficient of the 1/z-term in the equivariant I-function
can be expressed as

(6.9)
m/—1
> phlogya+ > AF()D] + ) AT (y)1y,
ac{l,...,r' }U{co} j€{0,...,m—1}U{oo} j=m
= 3 logyat Y. QAT | bt
ae{l,...,r' }U{cc} j€{0,....m—1}U{co}

m/—1
+ ) AT ()1, + > AT (y).
j=m

j€{0,....m—1}U{co}

On the other hand, the coefficient of the 1/z-term in the J-function is
given by

r m'—1
(6.10) > PelogdatTiw = Pslogdat Y m,1p,.
ae{l,...,r'}U{co} a=1 j=m

The toric mirror map for X is obtained by comparing (6.9) and (6.10):
(6.11)

logga =logya+ . QuAY(), a€{l,....r"}U{cc},
j€{0,....m—1}U{oc0}

Tb, :Aj-((y), j=m,...,m —1,

and set qo(y) := Zj€{07___7m_1}u{oo} )\jAj-((y).

Let us have a closer look at the toric mirror map (6.11) for X. First of
all, recall that Kog = Ke @ Z>0doo, 50 we can decompose any d € Keg as
d = d + kds, where d' € Keg and k € Z>o. Suppose that (p(X),d) = 0.
Then we have 0 = Y5 ND;, d') + (Doo,d) = (p(X),d) + k. But X is
semi-Fano, so (p(X),d’) > 0. This implies that (Dy,d) = k = 0, and
hence d = d' € Keg. ) )

As an immediate consequence, we have AY = 0, since d € Q% implies
that (p(X),d) = 0 and (Ds,d) < 0 which is impossible and so Q% =
0. Also for j € {0,1,....,m —1,m,...,m' — 1}, d € QJX implies that
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(p(X),d) =0, so d lies in Keg and hence we have Qf = Q;Y, where
OF :={d € Kegg | v(d) = 0,(Dj,d) € Zco and (D;,d) € Zxq Vi # j},
j=0,1,....,m—1,
QF :={d € Keg | v(d) = bj and (D;,d) ¢ Z< Vi},
j=mm+1,...,m —1.
Here we have used the fact that p(X) = 0.

Proposition 6.14. The toric mirror map of the toric compactifica-
tion X is of the form

m—1
log o =logya + Y Qjadf (y), a=1,....7,
(6.12) jzg{
log goo =log yoo + Aj; (v),
Tb, :A;Y(y), j=m,...,m —1,

when 8 = Bi, + o is a smooth disk class, and of the form

m—1
log gu =log ya + ZQjaA;((y)y a=1,...,1,
(6.13) i=0
IOg Goo :lOg Yoo
Tbj :A;Y(y)) j:mv"'vm/_L

when B = By, + o is an orbi-disk class, where
~=1 (D, d) 1)
Hz’;ﬁj <Di7 d>' ’

(6.14) Af(y) =Dy

dey®
7=0,1,...,m—1,
a1 ((Di, d) — k)
(6.15) At (y) == ,
=2 }TO (D@ )
J
j=m,m+1,...,m —1.

Proof. We already have Q¥ = and Q;‘? = QJX for j=0,...,m —1.
Also, d € QJX = QJX implies that (D, d) = 0. Thus we have AY =0
and Aj-( = Aj-( for j = 0,...,m' — 1. Finally, when 8 = §;, + a is
a smooth disk class, we have Qo = 1 for j € {ip,00} and Qo = 0
for j ¢ {ig,00}; whereas when § = By, + a is an orbi-disk class, we
have Qjooc = 1 for j € {jo,00} and Qjoc = 0 for j ¢ {jo, 00}, and in
particular, Qo = 0 for all j = 0,...,m — 1. The result now follows
from (6.11). q.e.d.
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A key observation is that in both cases (6.12) and (6.13), the toric
mirror map of X contains parts which depend only on X

Proposition 6.15. The toric mirror map for the toric CY orbifold
X is given by
m—1
log q, =logy, + Z QjaAj-Y(y), a=1,...,7,
(6.16) =0
Tb, :A;-Y(y), j=m,...,m —1,

where the functions A])-((y) are defined in (6.14) and (6.15) in Proposi-
tion 6.14.

Proof. This can be seen by exactly the same calculations as in this
subsection applied to the equivariant I-function of X'; see also [37, Sec-
tion 4.1]. q.e.d.

Remark 6.16.

1) In the non-equivariant limit Hy(pt) — H*(pt), we have \; — 0.
Hence ¢p(y) — 0 in the non-equivariant limit.

2) Tt is clear from the description that (6.12), (6.13), (6.16) do not de-
pend on T-actions, and remain unchanged in the non-equivariant
limit Hy(pt) — H*(pt).

3) Also note that, for j =m,m+1,...,m' —1,

A;Y (y) = yDJY + higher order terms,

where Djv € K is the class described in (2.4).

6.4. Explicit formulas. In this subsection we combine previous dis-
cussions to derive explicit formulas for generating functions of genus
0 open orbifold GW invariants of X. First we discuss non-equivariant
limits.

Proposition  6.17. The non-equivariant limit of ([pt]r,
l X, T . l Y
ITics 1172->0,z+1,d is ([pt], [[i= 117i>0X,l+1,d'

Proof. If X is projective (this is the case when b;, € N lies in the
interior of the support || by Proposition 6.5), then moduli spaces of
stable maps to X of fixed genus, degree, and number of marked points
is compact. In this case the result follows by the discussion in Section
2.5.

Suppose that X is semi-projective but not projective. As noted in

Remark 6.13, the moduli space M?H(f ,B,2,p) used to define the in-

variant ([pt], Hi’:l 1171.)& 1,4 18 compact for p € L. In fact it is straight-
forward to check that Mfﬁrl(f ,B,,p) is compact for any p, using the
arguments in the proof of Proposition 6.10. A standard cobordism
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argument shows that the invariant ([pt], HZ 1 1,,Z>0 1414 does not de-

pend on the choice of p. If p € X is a T-fixed pomt then T acts on
1+l(X 3,2, p) and for such p the moduli space M1+l(2€ B,&,p) can
be used to define T-equivariant GW invariant ([pt]qy,]_[Z 1 1,72.>0X7[’1T_17 4

Choose p € X to be a T-fixed point and argue as in Section 2.5, the
result follows. q.e.d.

This proposition allows us to obtain the following

Proposition 6.18. Using the notations in Section 6.2, we have
(6.17)
l

l
doo B! H: 7 7 .
Yy = qB E E E : l'l - nfl,ﬁ’—l—a([pt]lm H 1V¢)qa‘
aeHS () 120 v, mEBox (S)ese=1 i=1

Proof. In view of Remark 6.16 and Proposition 6.17, the non-equivari-
ant limit of (6.8) gives
(6.18)
l

l _
TAEEDSID SEEED DI AN ) GRSt

de HS®(X) 120 vy ...,y €Box’ (8)ase=1 i=1

By dimension reason, the invariant ([pt], HZ 1 1,,Z>0 /41,4 vanishes unless

¢1(X)-d = 2. Now we have H$"(X) = Z>f8' & H$ (X) Also X is semi-
Fano and ¢;(X) - 8’ = 2. So cl( ) - d = 2 implies that d must be of the
form 3’ + a where a € HS"(X) has Chern number ¢;(X) -« = 0. The
formula (6.17) then follows from the open/closed equality (6.1). q.e.d.

Recall the choice of 7ty in (6.2). (6.17) can also be written in a more
succinct way as

yl= = ¢ Z Z ,nugura PtL,HTtw ;

acHSE(x) 120

where 11y = ZVEBOX’(E)agC(”):l 7,15.

Recall that (4.3) gives a Lagrangian isotopy between a moment map
fiber L and a fiber F, of the Gross fibration when r lies in the chamber
By. Hence (6.17) also computes the generating functions of genus 0
open orbifold GW invariants defined in (5.2):

y™ =¢7 (1+4;),
when ' corresponds to ;(r) under the isotopy (4.3), and
ydoo = qﬁlTu(l + 6y),

when ' corresponds to 3, (r) under the isotopy (4.3).
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The formula (6.17) identifies the generating function of genus 0 open

orbifold GW invariants with yde q_B,. We can now derive an even more
explicit formula for computing the orbi-disk invariants using our results
in the previous subsection.

Theorem 6.19. If 5’ = 3, is a basic smooth disk class corresponding

to the ray generated by b;, for some iy € {0,1,...,m—1}, then we have
(6.19)
l
)DRD DD DI A PRI | T
acHI (x) 120 v1,...,y EBox’ (X)ase=1 ' =1

= exp (— A7 (y(q,7)))
via the inverse y = y(q,T) of the toric mirror map (6.16) of X.

Proof. Recall that in this case, we have dse = 3'. Also, Dao = Poc.
S0 {Poo; doo) = 1. On the other hand, since do, € Ha(X;Q), we have
(D;,dso) = (D;,dso) for any i and (py,dso) = (Pa, dso) for any a. Using
the toric mirror map (6.12) for X', we have

7,,/

108" = (Pas doo) 108 G + (Poo, doc) 108 oo

a=1
r’ m—1

= (Pa: dso) <10g Yat Y QiaAf (y)) + (log yoo + A7 (1))
a=1 =0

3

= logy™ + A3 () + D (D, doo) — Qico) AT (y).
But (D;,dx) = Qico for i = 0,...,m — 1, so we arrive at the desired
formula. q.e.d.

Il
=)

Theorem 6.20. If 5’ = 6% 18 a basic orbi-disk class corresponding
to v, € Box ($)¥°=1 for some jo € {m,m +1,...,m' — 1}, then we
have

(6.20)
l

l
D e L £l

acH(x) 120 v1,...,1 €Box! (¥)ase=1 i=1

=Y JO exXp Z C]ol q, )) s

7'¢IJ0

via the inverse y = y(q,T) of the toric mirror map (6.16) of X, where
Dy € Keg is the class defined in (2.4), Ij, € A is the anticone of the
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minimal cone containing b, = vj, and cj; € QN [0,1) are rational
numbers such that b;, = Ziﬁéljo Cjoibi.

Proof. In this case, the class 3’ € Hy(X;Q) is given by

m/—1
B, = Z cjoiei + oo € N (&) Zeoo = @ Zei SP ZeOCM
i1, =0

while do = €, + €0 (recall that this do is not a class in Ha(X;Q)).
Hence dy — [’ is precisely the class D;{) € Keg. So we can write
_ A DY a1 _ 4
yloq= =y oy g
Now,

log y” Z B')10g Yo + (Poos B') 108 Yoo,

and using the toric mirror map (6.13) for X', we have

log qB/

Z B")10g go + (Poos ') 108 goo

Z log Yo + Z <Z Qm Da, B ) (y) + <ﬁoo, B/> log Yoo -

Since Qoo = 0fori =0,...,m—1, we have Za lQm( W B = (Dy, B).
Also, since B’ € Hy(X; Q) we have (D;, ') = (D;, ') for any i (and
<pa,5> (Pa; B') for any a), so

m—1 r’
Z <Z Qia<ﬁa75/>> A;Y(y) = Z CjOiA;-Y(y),
=0 \a=1 7;¢Ij0

and hence log yB/ — log P —— Zi¢ I, cjoi A% (y). The formula follows.
q.e.d.

As a by-product of our calculations, we obtain the following conver-
gence result:

Corollary 6.21. The generating series of genus 0 open orbifold GW
mvariants

l
Mmoo
Z Z Z %nl,lﬁ’"‘a([pﬂﬂn1,,1.)(]0‘,
aGHQCﬁ(X) 120 vy,...,y,€Box’ ()age=1 | 11

n (6.17) and hence those in (5.2) are convergent power series in the
variables qq’s and T, ’s.



260 K. CHAN, C.-H. CHO, S.-C. LAU & H.-H. TSENG

Proof. As noted in [58, Section 4.1], the toric mirror map (6.16) is
a local isomorphism near y = 0. The inverse of (6.16) is therefore also
analytic near ¢ = 0, which allows us to express the variables y,’s as
convergent power series in the variables ¢,’a and 7,,’s. Also note that
the expressions in (6.19) and (6.20) are convergent power series in the
variables y,. The result follows. q.e.d.

6.5. Examples. (1) X = [C?/Z,,] (Example (1) in Section 5.4). There
are m — 1 twisted sectors v, j = 1,...,m — 1, and each corresponds
to a basic orbi-disk class f,,. The generating functions of genus 0 open
orbifold GW invariants are 7; +6,,(7) given in (5.3). By Theorem 6.20,
this is equal to the inverse of the toric mirror map. The toric mirror
map for X was computed explicitly in [28]: 7, = ¢,(y), where

o= 3 vy T(Do(K)  T((Dwm(K)))
" L=kl k! D(L+ Do(k)) T(1 + Dy (k)
1yeerskm—12>0
(b(k))=r/m
m—1 i 1 m—1 1 m—1
:Z;nk?“ D(] :—Ezl —Zkl,D ):—mZ;ZkTZ
Denote the inverse of (¢1(y), ..., gm-1(y)) by (f1(7), ..., fm—1(7)). Then
fi(t) = 75+ 6,,(r) for j = 1,..,m — 1. The inverse mirror map

(fi(7),..., fm—1(7)) was computed in [28, Proposition 6.2]:

fi(r) = (—1)m_jem_j(/£0, vy Bm—1), J=1,..,m—1,
where e; is the j-th elementary symmetric polynomial in m variables,

and
(6.21)

K (T1y ooy Tmo1) = (T H eXP< SRR ) , (:=exp(mV/~1/m).

r=1

Using these calculations, the SYZ mirror of [C%/Z,,] can be written in a
nice form as follows. Recall that the mirror curve is given by uv =1+
zm+2§”:_11(7'j+5,,j (7). As 1;+6,,(1) = fi(7) = (=1)"Vem—j(Ko, .\
Km—1) and it is easy to check that 1 = (—1)™kq -+ * Kpp—1, the SYZ mirror
of [C?/Zy,) is given by

(6.22) nﬁ (z — Kj).

For the crepant resolution Y of X = C2?/Z,,, its genus 0 open GW
invariants have been computed in [68]. The result can be stated as
follows. Let Dy,...,D,, be the toric prime divisors corresponding to
the primitive generators (0,1),...,(m,1) of the fan, 5,..., 3, be the
corresponding basic disks, and ¢; for ¢ = 1,...,m — 1 be the Kéahler



SYZ AND OPEN GW FOR TORIC CY ORBIFOLDS 261

parameters corresponding to the (—2)-curves D;. It turns out that the
generating functions of genus 0 open GW invariants

i—1 i—1
G-14i - @ (1+0;(0) = ¢j-145 - - 4} (Z nﬁj+aqa>
«

are equal to the coefficients of 2/ of the polynomial (1 + 2)(1 4 q12)(1 +
Q1q22) .. (14 q1 ... Gm-12).
(2) X = [C3/Zay+1] (Example (2) in Section 5.4). In this case [C?/Zay11]
is obtained as the quotient orbifold of C3 by the Zing+1-action with
weights (1,1,2g — 1). The standard (C*)3-action on C3 commutes with
this Zgg41-action and induces a (C*)3-action on the quotient [C?/Zag1].
There is an alternative route to derive the mirror map of [C3/Zgy41] as
follows. The J-function of (C*)3-equivariant GW theory of [C3/Zag1]
coincides with a suitable twisted J-function of the orbifold BZsagy1, con-
sidered in [76] and [28]. The J-function of BZag41 has been computed
in [59] (see also [28, Proposition 6.1]):

kg

ko
1 Yo ---Yo
JBZ29+1 (yaz) = Z Zk?()-‘r...-‘rkgg T h 9' 1<2230i . .
ko,....,k2g>0 0----R2g- 1=0"2g+1

The twisted GW theory we need is the GW theory of BZs, 1 twisted
by the inverse (C*)3-equivariant Euler class and the vector bundle L1 @
Ly ® Log—1, where L;, is the line bundle on BZsy,41 defined by the 1-
dimensional representation Cj, of Zog41 on which 1 € Zggy;1 acts with
eigenvalue exp(%zgi‘/;illk). The generalities of twisted GW theory are

developed in [76]. The J-function of the twisted GW theory can be
computed by applying [28, Theorem 4.8]:

ko k2g
IM(y, 2) = Z My Mo M3 i Yo Y2
V= hotetRag kol kggl (S intiy)

ko129 >0

where

Lb(k)] -1
M= [ Ou-(bk)+m)z),

m=0
[b(k)] -1
Map= J] (o= (k) +m)2),
m=0
My = I Qs+(m—(1—(ck))2),

N(k)+1<m<0
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and

29 ik
c(k) :=—Zzg+1<2g—1>,

_1+ZL > +1 k+Lc( ).

Here A\, k = 1,2,3 is the weight of the k-th factor of (C*)? acting on
the k-th factor of C3. By [28, Theorem 4.8] it is then straightforward
to extract the J-function of [C3/Zag+1], the mirror map, and generating
functions of orbi-disk invariants from I'*(y, z). We leave the details to
the readers.

(3) X = [C"/Z,] (Example (3) in Section 5.4). In this case there is only
one twisted sector v of age one. Let 7 be the corresponding orbifold
parameter. The toric mirror map has been computed explicitly in [14]:

PR (G P (L it ) peeey

— (kn +1)!

Then Theorem 6.20 tells us that the generating function 7 + §,(7) =
Y k1 %nl,kﬁy([pth; (1,)%) of genus 0 open orbifold GW invariants is
equal to the inverse series of g(y).

The total space of the canonical line bundle of P~ Y = Kpn_1, is a
crepant resolution of X = C"/Z,. Its cohomology is generated by the
line class | of P! let ¢ denote the corresponding Kihler parameter.
Let Sy be the basic disk class corresponding to the zero-section. The gen-
erating function of genus 0 open GW invariants 1+6(q) = >0 ngo+k1q"
is equal to exp g(y), where -

_ _ nk(nk—l)' k
g(y)—kzw( D oA

and ¢ and y are related by the mirror map ¢ = yexp(—ng(y)).

(4) X = Ky, (Example 6.8). X is a smooth toric manifold whose fan
has primitive generators by = (0,0,1), by = (—1,1,1), by = (0,1,1),
bz = (1,1,1) and by = (0, —1,1). Note that the Hirzebruch surface Fo
is not Fano (but semi-Fano). We remark that X = Kf, is a new example
whose open GW invariants were not computed in previous works.

The primitive generators which are not vertices of P (the convex hull
of by, b3 and by) are by and by. Hence ng,1o = 0 for i = 1,3,4 and
a # 0. Also ng, = 1 for i = 0,...,4. Only the open GW invariants
Ngy+a and ng, o for a # 0 can be non-trivial.
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Take p; = Do, pa = D to be the basis of H?(X,Q), and let Cy, Cy
be the dual basis. Denote the (—2) exceptional curve class of Fy by e,
and denote the fiber curve class of Fo by f. e and f form a basis of
Hy(X;Z). By computing the intersection numbers of e and f with p;
and po, we obtain the relations f = Cy — 2C; and e = —2(%.

The Kahler parameters of C7 and Cy are denoted as ¢; and ¢ re-
spectively, while that of e and f are denoted as ¢¢ and ¢/ respec-
tively. we have ¢/ = q2q; 24 = q5 2. The corresponding parame-
ters of the complex moduli of the mirror are denoted by (y1,¥2), and
we have y/ = Y2yy 2 ye = Yoy 2. The mirror map is given by ¢ =

y1 exp(AT (y1,92)), g2 = y2 exp(AS (y1,y2)), where

—1)=Pid=1(_(D. d) —1)!
Jo 3 Y . <<D'<d§' ) - 1)
deQ CE AN
by Equation (6.14), and Q;Y ={d € Kegr | (Dj,d) € Z<o and (D;,d) €
Zxo Vi # j}.
First consider A2X. For C = ae+bf where a,b € Z, C-Dy = —2a+b <
0and C-Dg = —2b> 0 imply that b =0 and a > 0. Also C-D; >0
for i # 2. Hence Q5 = {ke : k € N}, and

ke 2k 1(2k — 1)
5 (Y1, v2) Zy ()2 = —log2 +log(1l+ /1 — 4y°).

Thus
_ 4y
¢° = q;2 = y° exp(—24% (y1,12)) = (1 4+ /1= dyo)2°

Taking the inverse, we obtain

e

e 4

1+g¢)2 27 y = (14 ¢

Yy
Comparing  with g9 = g exp(—AZ (y1,v2)), this implies
exp(—AZ (y1,92)) = 1+ ¢° under the mirror map. By Theorem 6.19, we
have > ng,+0q" = 1+¢°. Thus ng,, = 1 when a = 0, e, and zero for
all other classes a.

The hypergeometric series Agf above also gives the mirror map of Fs.
This is the analytic reason why the open GW invariants above are the
same as those of Fs: ng; o = nEQ 4o It is geometrically intuitive: the
bubbling contributions of the curve class e to 3o in Fy are the same as
that in K,, because Dy in Kp, is just the product of the corresponding
divisor in Fy with the complex line C.

Now consider Ay. For C' = ae+bf where a,b € Z, C-Dy = —2a+b >
0,C - Dy = —2b < 0 imply that b > 2a > 0. Also C - D; > 0 for i # 2.
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Hence Q7 = {kf +a(e +2f) :a € N,k € Z>o}, and

oy i o~ hfraera) (CDPETOL(20 + k) — 1)
1Y2) —~ (K1) (a))2(2a + k)!

By Theorem 6.19, this gives > ng,1aq® = exp(—A{((yl (9),y2(q)))
where the mirror map q(y) is
¢/ =yl exp(=241(v%,y7) + A2(¥%)), ¢° = y° exp(—242(y%)).
The following table can be obtained by inverting the mirror map us-
ing computers:

NBotaetbf | @ =0 a=1 a=2 a=3 a=4 a=5|a=6
b=0 1 0 0 0 0 0 0
b=1 0 0 0 0 0 0 0
b=2 0 -3 0 0 0 0 0
b=3 0 —20 —20 0 0 0 0
b=4 0 —105 —294 —105 0 0 0
b=5 0 —504 | —2808 | —2808 —504 0 0
b=6 0 —2310 | —21835 | —42867 | —21835 | —2310 0

7. Open mirror theorems

In this section we define the SYZ map, and prove an open mirror
theorem which says that the SYZ map coincides with the inverse of the
toric mirror map. For toric CY manifolds, this theorem implies that
the inverse of a mirror map defined using period integrals (so this is not
the toric mirror map) can be expressed explicitly in terms of generating
functions of genus 0 open GW invariants defined by Fukaya-Oh-Ohta-
Ono [41]. This confirms in the affirmative a conjecture of Gross-Siebert
[65, Conjecture 0.2], which was later made precise in [16, Conjecture
1.1] in the toric CY case.

7.1. The SYZ map.

7.1.1. Kahler moduli. As before, X' is a toric CY orbifold as in Set-
ting 4.2. Let Cx C LV ® R be the extended Kihler cone of X as
defined in Section 2.6. Recall that there is a splitting Cy = Cx +
Z;”:LI R.oD; C LY ® R, where Cy C H?(X;R) is the Kéhler cone of
X. We define the complexified (extended) Kéhler moduli space of X" as

My (X) = (C*X + \/—1H2(X,]R{)> JH*(X,7) Z CD;.
Elements of Mg (X) are represented by complexified (extended) Kahler

class w® = w4+ v/~ 1B+ 370 ' 7,D;, where w € Cy, B € H*(X,R)
and 7; € C.
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We identify Mg (X) with (A*)” x €™, where A* is the punc-
tured unit disk, via the coordinates ¢, = exp (—27T f% (w + \/le)>
fora=1,...,7" and 7, € C, j=m,...,m'—1, where {7y,...,7}
is the integral basis of Hy(X;Z) we chose in Section 2.6. A partial
compactification of Mg (X) is given by (A*)" x C"" c A™ x C"".

7.1.2. Complex moduli. On the mirror side, recall that
PNAN = {b(),...,bm_l,bm,...,bm/_l}

and P is contained in the hyperplane {v € Nr | ((0,1), v) = 1}. Denote
+1

by L(P) ~ C™ the space of Laurent polynomials G € (C[zlil, ey 2]
of the form Zﬁo_l C;z%  i.e. those with Newton polytope P. Let Pp be
the projective toric variety defined by the normal fan of P. In Batyrev
[5], a Laurent polynomial G € L(P) is defined to be P-regular if the
intersection of the closure Z + C Pp, of the associated affine hypersurface
Zr = {(21,-. -, 2n-1) € (C)"V | f(z1,...,20-1) = 0} in (C)"7L,
with every torus orbit O C Pp is a smooth subvariety of codimension 1
in O. Denote by Lycs(P) the space of all P-regular Laurent polynomials.

Following Batyrev [5] and Konishi-Minabe [63], we define the com-
plex moduli space Mc(f ) of the mirror X to be the GIT quotient of
Lyeg(P) by a natural (C*)"-action, which is nonempty and has complex
dimension 7 = m/ — n [5]. It parametrizes a family of non-compact CY
manifolds {X,,}:
(7.1)

X, = {(w,v,21,...,2n-1) € C? x (C)" ™ |uw = Gy(z1, . .. Zn—1)}

where

Gy(z1,.. . 2p—1) = C;2% + C,. 2",

and the coefficients C;, C),

=0
m—1 m/—1
HCZQW Hclgja:yaa a—'r'/_‘_ly T
=0 j=m

Note that the non-compact CY manifolds in the family (7.1) may be-
come singular and develop orbifold singularities when some of the y,’s
go to zero.

To define period integrals, let Qy be the holomorphic volume form on
QEy defined by

y 1
Qy:Res< dlogzo/\"-/\dlogzn_l/\du/\dv),
ww — Gy(z1,. .., Zn—1)
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where Gy(z1,...,2n-1) == > ity L 2bi +Z _1C’ AL
7.1.3. Two mirror maps.

Definition 7.1. We define the SYZ map as follows:

(7.2)
FYL Mg (X) = Mc(X), yw—s F¥%(q,1)
m—1

/

Ya := qa (1+5i)Q’“‘, a=1,...,7,

=0
m—1 m/—1 . Q;
. _ ja
wom TL0+00% TL (e (7 +0,)) % a=r' 41
=0 j=m

DY HT/ <pa7D;‘/>

where ¢ 77 == ][, % , and 1+6; and 7, +9,, are the generating
functions of genus 0 open orbifold GW invariants in X relative to a
Lagrangian torus fiber of a Gross fibration p : X — B, defined in (5.2).

By Theorems 6.19 and 6.20, we have

(7.3) 146; =exp (—Af((y(q,T))) , fori=0,1,...,m —1,

(7.4)

Ty +0y; = yDJ'V exp Zcﬂ q,7)) |, for j =m,m+1,...,m' —1.
i¢l;

On the other hand, recall that the toric mirror map (6.16) for X is
given by

]:mirror . M(C(‘)e) N MK(X), (q,T) — ]:mirror(y)
qa—yaHexp )@ a=1,.0,

b, :A;-Y(y), j=m,...,m —1.
7.2. Open mirror theorems.

7.2.1. Proof of Theorem 1.5. Recall that the toric mirror map F™irror
is a local isomorphism near y = 0, so we can consider its inverse

(.F'mirmr)_l given by y = y(q, 7) near (¢,7) = 0.
For a =1,...,r', we have, by the formula (7.3),

m—1
log q, + Z Qia(l + 5 = log qq — Z Qm )) = log ya-

1=0
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For a =7r"+1,...,r, we have, by the formulas (7.3) and (7.4),

m’'—1

Z Qja <10g q_D]Y + IOg(Tuj + 5Vj)>

s=m

= Z Qja( Z pb,D;'/>10ng
b=1
+ Z pb, log Yo — Z C]z q, T >

i¢l;
(7.5) o
= > Qjalpe: DY) | logys
b=r'4+1 \ j=m
m/—1 r’

+ZQja

(pv. D} ) 1og (ypq;, 1))
j= b=1

Qja ( cjiA 7))

i¢l;

<.
||

Now, the definition of Djv implies that (D;, DJV> = ;; for m < z', j <
m' — 1. Since D; = Y. | Qigpa and Q;q = 0 for 1 < a < r’ and
m<i<m'—1, wehaveza THQm(pa,D ) =05 form <i4,5 <m/—1.
This shows that the (r—r")x (r—r’) square matrices (Q;q) and ((pa, D;’))
(wherem < i <m’—1andr'+1 < a < r) are inverse to each other (note
that » — 7" =m’ —m), so Z;n:,;ll Qja<pb,D;-/> =g for ' +1<a,b<r.
Hence the first term of the last expression in (7.5) is precisely log y,.

On the other hand, we have

r’ r

Z(pb,DﬁlOg (weay ") = (o, DY) ( ZkaAk )
b=1 b=1

m—1

Z (Z Qrv(pp, D ) N (),

and using the above formula Z;”:l;ll Qja<pb,Djv> = 04 again, we can
write
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m—1 m—1
Qkalog(1l +6y) = QraAj (

k=0 k=0

m—1

M

Z ka Z Qja pb7 Akx(y)

0 \b=r'4+1

m@m( o (Z@M )

b=r'+1

% R

j:
We compute the sum

m’—

m—1 r
> Qralog(1+d;) + Z Qja < (py, D) log (ybqb‘l)>
k=0 b=1

= )

b=r'+1
r! m—1
- Z Qja <Z Py, D)) (Z QuvARY <y>))
b=1 k=0
m—1 m'—
- z o (z Dk,DpAz«y)) SN 0[S etw)
k=0 j=m k¢l;

which cancels with the third term of the last expression in (7.5). Hence
we conclude that

m—1 m'—1
—DY
> Qialog(1+8) + > Qs (loga™7 +10g(r, +dy,)) = log
i=0 j=m
for a =71"+1,...,r. This proves the theorem.

7.2.2. Connection with period integrals. Traditionally, mirror
maps are defined in terms of period integrals, which are integrals fF Qy
of the holomorphic volume form Qy over middle-dimensional cycles
I' € H,(X,;C) (see, e.g. [31, Chapter 6]). Theorem 1.6 shows that the
inverse of such a mirror map also coincides with the SYZ map. When
X is a toric CY manifold, we do not have extra vectors so that m’ = m
and r = 7/, and there are no twisted sectors insertions in the invariants
nf 1.5;+a([Pt]L). Theorem 1.6 in this case specializes to Corollary 1.7.
Theorem 1.6 and Corollary 1.7 give an enumerative meaning to pe-
riod integrals, which was first envisioned by Gross and Siebert in [55,
Conjecture 0.2 and Remark 5.1] where they conjectured that period in-
tegrals of the mirror can be interpreted as (virtual) counting of tropical
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disks (instead of holomorphic disks) in the base of an SYZ fibration
for a compact CY manifold; in [56, Example 5.2], they also observed a
precise relation between the so-called slab functions, which appeared in
their program, and period computations for the toric CY 3-fold Kp2 in
[50]. A more precise relation in the case of toric CY manifolds was later
formulated in [16, Conjecture 1.1]. (It was wrongly asserted that the
cycles 'y, ..., T, form a basis of H,,(X,;C) in [16, Conjecture 1.1] while
they should just be linearly independent cycles; see [18, Conjecture 2]
for the correct version.)

We point out that Corollary 1.7 is weaker than [16, Conjecture 1.1]
because the cycles I'y, ..., I, are allowed to have complex coefficients
instead of being integral. In the special case where X is the total space of
the canonical bundle over a compact toric Fano manifold, Corollary 1.7
was proven in [18]. As discussed in [18, Section 5.2], to enhance Corol-
lary 1.7 to [16, Conjecture 1.1], one needs to study the monodromy of
H,,(X,;7) around the limit points in the complex moduli space Mc(X).

Theorem 1.6 is essentially a consequence of Theorem 1.5 and the
analysis of the relationships between period integrals over n-cycles of
the mirror and GKZ hypergeometric systems in [18, Section 4]. Re-
call that the Gel’fand-Kapranov-Zelevinsky (GKZ) system [44, 45] of
differential equations (also called A-hypergeometric system) associated
to X, or to the set of lattice points X(1) = {bg, b1,...,bm,—1}, is the
following system of partial differential equations on functions ®(C) of

C = (C'o,él,...,ém_l) e C™:

where 0; = 0/0C; for i = 0,1,...,m— 1. Note that the first equation in
(7.6) consists of n equations, so there are n + r = m equations in total.
By [18, Proposition 14], the period integrals

/Qy, I e Hy,(X;7),
T

provide a C-basis of solutions to the GKZ hypergeometric system (7.6);
see also [57] and [63, Corollary A.16]. Now Theorem 1.6 follows from
the following
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Lemma 7.2. The components of the toric mirror map (6.16) of a
toric CY orbifold X,

m—1
log gu = log ya + ZQjaA;((y)v a=1,...1,
=0
X . /
™, = A7 (y), j=m,...om =1,

are solutions to the GKZ hypergeometric system (7.6).

Proof. The proof is more or less the same as that of [18, Theorem 12],
which in turn is basically a corollary of a result of Iritani [58, Lemma
4.6]. We first fix ig € {0,...,m’ — 1}, and consider the corresponding
toric compactification X. For i € {0,...,m — 1} U {oc}, set

0
D; = iaYa
Z Qiay O
a€{l,...,r}Uu{oo}
and, for d € L, we define a differential operator

—(D;,d)—

com T @0 T T

i:(D;,d)>0 i:(D;,d)<0

Now [58, Lemma 4.6] says that the I-function I3(y,z) satisfy the
following system of GKZ-type differential equations:

(7.7) O, =0, de L.
In particular, the components
m—1
log g, = log ya + ZQjaA;’Y(y)y a=1,...1,
j=0
T, =AY (y), j=m,....m —1,

of the toric mirror map of X, which are contained in the toric mirror
map (6.12) of X, are solutions to the above system.

Hence, it suffices to show that solutions to the above system also
satisfy the GKZ hypergeometric system (7.6). This was shown in the
proof of [18, Theorem 12], so we will just describe the argument briefly.
First of all, we have Z:-io_l Qio =0 for a =1,...,r. Together with the
fact that y, = H?:ol é?“’ for a =1,...,r, one can see that the first n
equations in (7.6) are satisfied by any solution of (7.7). On the other
hand, it is not hard to compute, using the fact that (D.,d) = 0 for
deL®0cCL, that

H a;Di,d)_ H 8 (Dj,d) H C’;<Di’d> up

i:(Dy,d)>0 i:(Dy,d)<0 i:(Dy,d)>0
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for d € L. Hence the other set of equations in (7.6) are also satisfied.
The lemma follows. q.e.d.

8. Application to crepant resolutions

Let Z be a compact Gorenstein toric orbifold. Suppose the underlying
simplicial toric variety Z admits a toric crepant resolution Z. In [14], a
conjecture on the relationship between genus 0 open GW invariants of
Z and Z was formulated and studied. In this section we consider the
following setting. Let X be a toric CY orbifold as in Setting 4.2. It
is well-known (see e.g. [43]) that toric crepant birational maps to the
coarse moduli space X of X can be obtained from regular subdivisions
of the fan X satisfying certain conditions. More precisely, let X/ = Xy
be the toric orbifold obtained from the fan Y, where ¥’ is a regular
subdivision of 3. Then the morphism X’ — X between the coarse
moduli spaces is crepant if and only if for each ray of ¥/ with minimal
lattice generator u, we have (v,u) = 1. We prove the following:

Theorem 8.1 (Open crepant resolution theorem). Let X' be a toric
CY orbifold as in Setting 4.2. Let X' be a toric orbifold obtained by a
reqular subdivision of the fan X, such that the natural map X' — X be-
tween the coarse moduli spaces is crepant. Denoted by (q,7) and (Q,T)
the flat coordinates on the Kdhler moduli of X and X' respectively, and
r 1s the dimension of the extended complexified Kdhler moduli space of
X (which is equal to that of X'). Then there exists

1) € >0;

2) a coordinate change (Q(q,7),T (q,7T)), which is a holomorphic map
(A(e) —R<g)” — (C*)", and A(e) is an open disk of radius € in
the complex plane;

3) a choice of an analytic continuation of the SYZ map F3¥%(Q,T)
to the target of the holomorphic map (Q(q,7),T (q,7)),

such that
F¥ g, 1) = F34(Q(q,7), T (q,7)).

Theorem 8.1 may be interpreted as saying that generating functions
of genus 0 open GW invariants of X’ coincide with those of X after
analytical continuations and changes of variables. See [14, Conjecture
1, Theorem 3] for related statements for compact toric orbifolds.

Our proof of Theorem 8.1 employs the general strategy described
in [14]. Namely we use the open mirror theorem (Theorem 1.5) to
relate genus 0 open (orbifold) GW invariants of X and X’ to their toric
mirror maps. These toric mirror maps are explicit hypergeometric series
and their analytic continuations can be done by using Mellin-Barnes
integrals techniques. See Appendix A.
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Proof of Theorem 8.1. We adapt the strategy used in [14] for proving
related results for compact toric orbifolds. By Theorem 1.5, we may
replace FSYZ by (]:mir“’r)_l, which are given by the toric mirror maps
(6.16). It suffices to show that an analytical continuation of the toric
mirror map exists. The necessary change of variables is given by com-
posing the inverse of the (analytically continued) toric mirror map of
X’ with the toric mirror map of X.

Now the crepant birational map X’ — X may be decomposed into a
sequence of crepant birational maps each of which is obtained by a regu-
lar subdivision that introduces only one new ray. If we can construct an
analytical continuation of the toric mirror map for each of these simpler
crepant birational maps, then we would obtain the necessary analytical
continuation of the toric mirror map of X’ by composition. Therefore
we may assume that the fan Y’ is obtained by a regular subdivision of
>} which introduces only one new ray. In terms of secondary fans, this
means that X’ — X is obtained by crossing a single wall. Therefore it
remains to construct an analytic continuation of the mirror map in case
of a crepant birational map corresponding to crossing a single wall in
the secondary fan. This is done in Appendix A. q.e.d.

Example 8.2. In the case when X = [C?/Z,,] (see Example (1) of
Section 5.4), and X’ the minimal resolution of X, an analytic continu-
ation of the inverse mirror map was explicitly constructed in [28]. We
reproduce the result here. Denote by ¢%.(y'), ..., gy L(y/) the inverse
mirror map of X, and denote by go(y), .., gm—1(y) the inverse mirror
map of X'. Then according to [28, Proposition A.7], for 1 <i<m —1,
there is an analytic continuation of g% (y’) such that

m—1
Goy) =~ 4 LN R (Ryg(y),
k=1

where ( = exp <”Tm) . It may be checked that this yields an identifi-

cation between the mirrors of X and &”.

Remark 8.3. In the case when X = [C"/Z,] (see Example (3) of
Section 5.4), and X’ = Opn-1(—n), an analytic continuation of the
inverse mirror map was explicitly carried out in [14]. We refer the
readers to [14, Section 6.2] for more details.

Appendix A. Analytic continuation of mirror maps

We explicitly construct analytic continuations of the toric mirror
maps in case of crepant partial resolutions obtained by crossing a single
wall in the secondary fan. This is needed in the proof of Theorem 8.1.
The technique of constructing analytical continuations using Mellin-
Barnes integrals is well-known and has appeared in e.g. [11], [7], [29].
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A.1. Toric basics. In this subsection we describe the geometric and
combinatorial set-up that we are going to consider. Much of the toric
geometry needed here is discussed in Section 2 and repeated here in
order to properly set up the notations.

Let X7 be a toric CY orbifold given by the stacky fan

(Al) (21 C NR,{bQ,...,bm_l}U{bm,...,bm/_l})
where N is a lattice of rank n, X1 C Ny is a simplicial fan, by, ..., b, 1 €
N are primitive generators of the rays of X1, and b,,,, ..., b,,/_1 are extra

vectors chosen from Box(31)28°=!. The CY condition means there exists
v € M := NV = Hom(N,Z) such that (v,b;) =1for i =0,...,m — 1.
We also assume that X7 is as in Setting 4.2 so that Assumption 2.4 is
satisfied.

The fan sequence of this stacky fan reads 0 — L := Ker(¢;) RN
@;@:'0_1 Ze; & N — 0. Tensoring with C* yields 0 — G1 := L1 ®g
C* — (C*)™ — N®zC* — 0. The set of anti-cones of the stacky fan
(A.1) is given by Ay := {I c {0,...,m' — 1} | >ig1 R>ob; is a cone in
31}. Note that {0,...,m'—1}\{i} € A; ifand only if i € {0,...,m—1}.
Hence if I € Ay, then {m,...,m' — 1} C I. Therefore we may define
the following

1={I"c{0,....om =1} | I'U{m,....m' —1} € A }.

v ¥

Vv
The divisor sequence 0 — M A, @?;61 Ze; — Ly — 0 is obtained

by dualizing the fan sequence.
For each i =0,...,m’ — 1, we put D; := Y (e)) € LY. The extended
Kéhler cone Cy, of X} and the Kéhler cone Cy, of &) are defined to be

Cv, == (Z R>0D,-> cLy®R,

Ie Ay \iel

Cx, = ) (ZR>ODZ-> C H*(X,R).

I'e A} \i€l
We understood that Cly, is the image of 6;(1 under the quotient map
m/—1
Ly ®R - Ly ®R/ > RD; ~ H*(X1,R).
=m

There is a splitting
-1
LY ® R = Ker <(D,Vm DY) LY @R Rm’—m) o @ RD;,
j=m

and the extended Ké&hler cone is decomposed accordingly: 5;51 =Cux, +
S RooDj.
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Let w; € éxl be an extended Kéhler class of &X;. According to
[68, Section 3.1.1], the defining condition of .4; may also be formu-
lated as w1 € Zz‘e ;R-0D;. The extended canonical class of Xj is

Px, = Z;ilo_l D,. By [58, Lemma 3.3], we have py, = Z;ZBI D; +
Z:in_@l (1 —age(b;)) D;. Since we choose b;,i = m,...,m' — 1 to have
age 1, we see that py, = Z:-if)l D; =c1(X;) =0.

A.2. Geometry of wall-crossing. As mentioned earlier, we want to
consider toric crepant birational maps obtained by introducing a new
ray. We now describe this in terms of wall-crossing. We refer to [32,
Chapters 14-15] for the basics of wall-crossings in the toric setting.

By definition, a wall is a subspace

m/—1
W=wea PRD; CL®R,

j=m

where W' is a hyperplane given by a linear functional I, such that (1)
Cx, C{l >0}, and (2) the intersection C'x; N W of the closure of Cy,
with W is a top-dimensional cone in W. Let Cx, (W) C Cx, N W be

the relative interior and let Cly, (W) := Cy, (W) & EDT:,;LI RD;.

We want to consider a crepant birational map obtained by introducing
one new ray. This means that there is exactly one D; lying outside the
Kéhler cone Cy,. By relabeling the 1-dimensional cones, we may assume

that D,,_; lies outside Cly,. More precisely, we assume

I(D;) >0 for0<i<a-—1,
(A.2) I(D;) =0 fora<i<m-—2,
l(Dm_l) < 0.

Let wo be an extended Kéhler class in the chamber (the chamber
structure is given by the secondary fan associated to ;) adjacent to
Cx, NW)® @;”:l; RD;. Following [58, Section 3.1.1], we may use
wy to define another toric orbifold Xy as follows. The set of anti-cones
is defined to be Ay := {I C{0,...,m' —1} |wy € > ,c; RsoD;}. The
toric orbifold X5 is then defined to be the following stack quotient

Y= |Cm\ | /G,
I¢As

where C' := {(20,...,2m—1) € c™ | zz =0 fori ¢ I}. The fan 39 of
this toric orbifold is defined from As; as follows: 3,4, R>ob; is a cone of
o if and only if I € Ay. We also define A := {I' € {0,...,m—1} | I'U
{m,...,m'— 1} € ./42}

Next we make a few observations about the two sets Aq, Ay of anti-
cones.
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Lemma A.1. Let I € A;. Then I € Ay if and only if m—1¢€ 1.

Proof. Suppose I € As. Then wy € Y ,.; R-oD;. Since [(D;) > 0 for
all i except i =m — 1, and l(w2) < 0, in order for wy € Y, ; R-oD; we
must have m — 1 € I. Suppose that I ¢ A;. Then wy & > .. RoD;.
But this means that Ruows ¢ > ..y RsoD;. This implies m —1 ¢ 1.

q.e.d.

Lemma A.2. Let I € Ay and I ¢ Ay. Then

1) (TUu{m—1})\{0,...,a—1} € As.

2) If |I| = dim Gy, then INA{0,...,a — 1} = {i;} is a singleton, so
(U {m —1})\ {ir} € Ao,

Proof. The statement (1) follows from the fact that [(D;) < 0 for all
i€ (TU{m—1})\{0,...,a—1}. The statement (2) follows from the
fact that the minimal size of an anti-cone is equal to dim Gj. q.e.d.

Moving the Kahler class wy across the wall W to wsy induces a bira-
tional map

(AB) X1 — XQ.

between the toric varieties underlying X; and X5. In the theory of toric
GIT, this map is induced from the variation of GIT quotients by moving
the stability parameter from wq to wo.

We may describe the birational map X; — X5 in terms of the fans.
By Lemmas A.1 and A.2, if Zi¢] R>0ob; is a cone in ¥y, then either this
cone is also in X9 (in which case R>gb,,—1 is not a ray of this cone), or
Zigﬁ(]u{m—l})\{o,...,a—l} R>ob; is a cone in ¥g. This shows that the fan
¥ is an refinement of ¥y obtained by adding a new ray R>ob,,—1. The
birational map X; — X5 in (A.3) is induced from this refinement, in a
manner described more generally in e.g. [43, Section 1.4].

Lemma A.3. The birational map (A.3) contracts the divisor D,,_1 C
X1 and is crepant.

Proof. The fan sequence implies that (A.3) contracts the divisor
D,,_1. Since A is toric CY, there exists v € NV such that (v,b;) = 1
for ¢ =0,...,m — 1. We conclude that X; — X5 is crepant by applying
the criterion for being crepant (see e.g. [43, Section 3.4] and [6, Remark
7.2]) with the support function (v, —). q.e.d.

A.3. Analytic continuations. Recall that
Ki={deli®Q|{i| (D;,d) € Z} € A},
Ke:={deLi®Q|{i|(D;,d) € Z} € As}.

As defined in (2.6), there are reduction functions

v:K; — Box(¥1), v:Ks— Box(32),
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which are surjective and have kernels IL;. This gives the identifications
(A4) Kl/]Ll = BOX(El), Kg/Ll = BOX(EQ).

We now discuss the toric mirror map. By (6.16), the toric mirror
map of AXj is given by

m—1
log gu =log ya + ZQjaA;Y(y)a a= 1,...,7’/,
(A5) =
b, :Aj-((y), j=m,...,m —1.
Some explanations are in order. Fix an integral basis {p1,...,p,} C

LY, where r = m/ —n. For d € L; ® Q, we write ¢¢ = HZ, 1 qép“’d>, yt =

| yflp“’d) which define ¢, and y,, where v’ = m —n and {p1,...,p}
are images of {p1, ..., p, } under the quotient map Ly ® Q — H?(X1;Q)
and they give a nef basis for H2(X1; Q). Also, Q;, are chosen so that

(A.6) Di=Y Qipa, i=0,....,m—1,

For j=0,1,...,m — 1, we have
Q;’(l = {d € (Kl)off ‘ V(d) = 07 <D]7d> S Z<0 and
(Di,d> >0€Zso Vi # Jt

AXl Z y ~ (D)~ ( <D]7d>_1)|
e’
For j =m,...,m' — 1, we have
O = {d € (Ky)er | v(d) = bj and (D;, d) ¢ Zg i},
ANy Z ﬁl [T 1y ((Dis d) = F)
Hk 0 D27d> k)
et

To study the analytic continuation of (A.5), we first need to be more
precise about the variables involved. We pick py, ..., p, such that p; is
contained in the closure of C,yl and pa,...,pr € C,yl (W). Applying the
linear functional [ & 0 to (A.6) gives

(D) = Qal(p1) + > Qial(pa)-
a>2
By the choice of py,...,p,, we have I(p;) > 0 and [(p,) = 0 for a > 2.
The signs of [(D;) are given in (A.2). This implies that
Qi1>0 for0<i<a-—1,
Qi1=0 fora<i<m-—2,
Qm—-1,1 <0.
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Since 0 = Z;@:/O_I D; = Z:'Zo_l >y QiaPa, we have Z;ilo_l Qia = 0 for
all a = 1,...,7. Also note that Q;u = 0for 1 <a <7’ and m < i <
m' — 1.

We now proceed to construct an analytic continuation of A;(y) where
j€{0,...,m" —1}. We do this in details only for j € {m,...,m' — 1}
because the case when j € {0,...,m — 1} is similar.

Let j € {m,...,m' —1}. The element b; € Box(¥;)%°=! corre-
sponds to a component X} p; of the inertia orbifold /X;. According to
[6, Lemma 4.6], X p, is the toric Deligne-Mumford stack associated to
the quotient stacky fan 3;/0(b;), where o(b;) is the minimal cone in
¥ that contains b;. Let dp, € K; be the unique element such that
v(dp;) = bj and (pa,dp;) € [0,1). Then by the identification of Box in
(A4), every d € Ky with v(d) = b; can be written as

d= dbj + dop with dy € L.

We consider A;Yl (y). Put

Ay, = {[c{o,...,m'—l}y

ZRzobi is a cone in Y1, (D;, dp,) € Z for i € I} C Ay,

il
~ m/—1

and define C, = e, (ZierR=0Di) = C,y, + 2%, R20D;.

Clearly Cy, C CXl,bj‘ Taking duals gives

NE(%1y) = CY,, < CY = NE(X).

By definition, A;(y) is a series in y whose exponents are contained in
Q. Tt is straightforward to check that Q; C NE(Xp,;). In this way
we interpret A;(y) as a function on 5;(1,%_ and a function on 5;(1 by
restriction. _ _

If we also have Cy, C CXl,bj7 then A;(y) can also be interpreted as a

function on 6’)(2 by restriction. So in this case no analytic continuation
is needed. N
It remains to consider those b; such that Cl, is not contained in

5-)(1,17]-’ First observe that A;(y) can be rewritten as follows:

m/'—1
L({(Di,dp, + do)} + 1)
. = db. d() ’ :
Aily)= D y™iy H L((Dy,dp, +do) +1)
do€lly i=0 !

We put Ty, := H:'Zo_l L({(Di,dp; + do)} + 1) so that we can write
Aj(y) =
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1 1

dy;  do
y iy, ,
doez;hl "T((Dm—1,dp; + do) + 1) [Ty T((Di, db; + do) + 1)

Since I'(s)['(1 — s) = 7/ sin(7s), we have
1
F((Dm_l,dbj +do) +1)

sin(m(Dp—1, dp, + d
__sin(@{Dm—1, ds, 0>)r(_(Dm_1,dbj+do>),

T
and
Ajy) =
j —I'(—(Dm—1,dp, + do))
do ] : ) j
y iy sin(m(Dy,—1,dp, + dy .
dozen; o ! >)Hi;ﬁm—1 L({D;,dp, +do) + 1)

We put dy, := (pg,dp). In view of (A.6), we have

—T'(—(Dm—1,db; + do))
[Ti1 DDy do; + do) + 1)

—F( = (Dm—-1,dp;) = Qm-11d01 — X021 Qm—ladOa)
[ipmt T((Disdy) + 1+ Quuton + 3 Q- 1ado

1 pa7d
Since y% =[]/ _ 1y[<1 o) — [1._, ydoe, we have

A;j(y) =—1 Z Hydoa sin(m(Dy,—1,dp; + do))

do1 ,...,d07.>0 a>2

—F< — (D1, dp;) — Qu—1,1do1 — 301 Qm—1ad0a>
X

[Tizm— F((Di, do;) + 1+ Qm-11dor + 3, Qm—ladOa)

ox e (me

d027---7d07‘>0 a>2

sin <7T<Dm1, dbj> + Z Qm—l,adOa
a#l

i ( 3 ((~)@mragy) ™

dp1>0

—F< — (Dm—1,db;) — Qum—1,1d01 — 301 Qm—ladOa) >
[ipmt T ((Disdy) + 1+ Quu1on + 3 Q- 1ado
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Now observe that

(A7)

Z ((_1)Qm71,1y1)d01

dp1 >0
—F< — (Dm—-1,dp;) — Qm-11d01 — >0z Qm—ladOa)
[Litm—1 F<<Di7 do;) + 1+ Qm-11do1 + 3,4 Qm—ladOa)

= Res,cnoqopds (= T(=)(~1)2"450) T = (D1, do,)

—Qm-115— Z Qm—ladOa))

a#l

/( H F<<Dz‘7dbj> +14+Qm-1,15+ Z Qm_lado,l)).

i#m—1 a#l

Fix a sign of y; so that (—1)?m-119; € R(. By using the Mellin-Barnes
integral technique (see e.g. [7, Section 4] and [7, Lemma A.6]), we have
that the right-hand side of (A.7) is

e o Q115 = Y Qu-1adoa ) )
a#l
/( 11 F<<Dz’7dbj> +1+Qm-115+ Y Qm—ladOa))7
i#Fm—1 a#1

where Cyy, .. do,. is a contour on the plane with (complex) coordinate s
that runs from s = —v/—1o0 to s = ++1/—100, dividing the plane into
two parts so that

<Dm—17 dbj> + Za;él Qm—ladOa -1 0.1 }

(A.9) Poley, := { Q11

lies on one part and {0, 1,...} lies on the other part. Note that —Q,—11
> 0.

To analytically continue to the region where |y;] is large, we close the
contour Cyy, ... 4. to the left to enclose all poles in Poley. This shows
that (A.8) is
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RessGPoloLdS< - F(_S) ((_1)Qm71,1y1)sr(_<Dm_17 dbj>

~Qm-115— Y Qm—ladOa)>

a#l

/( 11 F((Di, ) + 14 Qm-115+ Y Qm—lad0a>>7

i#£m—1 a#l

which is equal to

! Qm-1,1

<Dm71’dbj >+Za7£1 Qm—1a90a ! )

Z (—1)l <F <<Dm—17 dbj> + Za;ﬁl Qm—ladOa - l>

>0

((=1)@m-rig) T9m-11

/( H F((Di,dbj>+1+Qm—1,1><
1

<Dm—17 db> + Za Qm—ladOa —1
. _Q ! + Z Qm—ladOa
m—1,1 a1l

(Dm—1 vdbj >+Ea;ﬁ1 Qm—1a90a—!

Y
:Z ( lll) <((_1)Qm1,1y1) —Qm—1,1

7T
Q . <Dm717dbj>+za¢1 meladOa_l
m—1,1 ST —Qm-1,1

/( H F((Di,dbj>+1+Qm—1,1><
1

i#m—
Dm—7d,‘ + a Qm—ada_l
< e bJ> Z Z o + ZQm—ladOa
—Qm-1,1 por

1
F <1 . <Dm717dbj>+2a;s1 leadOa_l> ’

X

C271171,1

where we again use I'(s)I'(1 — s) = 7/ sin(ws).
This gives an analytic continuation of A;(y):
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(A.10)
A _Fbj dp ; dog
j(y)_T Z y H?Ja
doz,...,dor>0 a>2
sin 7T<Dm—17dbj>+7TZQm—1,ad0a
a#1
(_1)l <Dm71’dbj>+za#lmelad()a*l
DI (CL
>0
ﬂ- >
. <Dm7 7d '>+Za Q’,n, (Ld a,_l
—Qm—l,lsm< g )
/( H F((Di,dbj>+1+Qm—1,1
i#Fm—1
<D —lvdb:>+ Q -1 dO —1
X " : _g:a#l e +ZQm—1ad0a
m—1,1 a#l
1
x (Dim—1,dp )+ .1 Q doa—1Y\
m—1,4b; a#1 ¥m—1al0a—
F<1_ ’ C271171,1 >

It remains to show that the expression in (A.10) can be interpreted

as a function on 5;(2. To do this, we need a new set of variables. Pick
another integral basis of {p1,...,p,} C LY ® Q such that p; := Dy,—1
and P, := pg for a = 2,...,r. Introduce the corresponding variables
01, ..., 0r, namely y¢ = 9% = | gjflp“’d>. From this it is easy to see

that 71 = yi/Q"“” and g, = yl_Q"“l’a/Qm*l’lya fora = 2,...,r. We

may express D; in terms of pq,...,p, as follows:

Di = 2_:1 Qiapa = Qilpl + Z Qiapa

a>2

Qi b+ Z (Qm B QilQm—l,a) 5.

B Qm—l,l Qm—l,l
a>2

Next we interpret the expression in (A.10) as a series in § whose

~

exponents are contained in NE(Xy) = C;Y(Q- Define cZ,,j elL; ®Q to be
the unique class such that

(A.11) (ﬁl,czbj> =0, <ﬁa,d,,j> = (pa;dp;), fora=2,...,r.
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Given [, dgs, . .., dor > 0, define dy € L; ® Q to be the unique class such
that

(A.12) (p1,do) =1,  (Pa,do) = doa, for a=2,...,r.

Lemma A.4. Given [,dys,...,do. > 0. Then d = chj + CZO s con-
tained in Ksy.

Proof. First note that <Dm_1,cz> = <ﬁ1,d,,j + db> =1 ¢c Z Let
i € {a,...,m —2}. We consider (D;,d). Let pY,...,pY be such that

(ParDy) = dap- We calculate (p1,do) = 3,51 @m—1,0doa and (pa, do) =
do, for a > 2. So

do = Z Qm—l,adOa ﬁ\l/ + Z dOaﬁt\zl'

a>1 a>2

By (A.11) and (A.12), we have

d= ij +do = dy, — (Pa>de, )Py +do+ | 1 — Z Qm—1,0doa | DY

a>1

=dp, +do+ | 1= (Pardy,) = Y Qum-1.adoa | BY-

a>1

Since i € {a,...,m — 2}, we have D; € Cx,(W). So D; is a linear
combination of py,...,p,. This implies that (D;,pY) = 0, and hence
<Dz,d> = <Di,dbj + d0> We know that <Di,d0> = 22:1 Qia<pa,d0> =
22:1 Qiadoa € 7Z. So <Dz,d> = <Di,dbj + d0> € 7 if and only if
(Dj,dy,) € Z.

By assumption, 5;52 is not contained in 5;(1,%. It follows easily
that  icqa,...m—2y R>0D; must contain Cx, N W. Thus RuoDyp1 +

(Divdbj>€Z
> ie{a,..,m—2} R>0D; contains the Kéhler class wy, and {m — 1} U {i €

{a,...,m =2} | (Dj,dy;) € Z} is in Aj. Since (Dy,d) € 7 for all
ie{m—-1}U{iec{a,...,m—2} | (Dj,dp;) € Z}, we conclude that
de Ky by the definition of Ks. q.e.d.
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We calculate
(Diydp,;) + 14 Qm-1.1
« (Dm—la dbj> + Za;ﬁl Qm—ladOa -
_Qm—l,l

_ Qil o QilQm—l,a
_Qm—ml * az;ﬂ (Qm Qm-1,1 > %0a

Qi
- QT_lll<Dm—17dbj> + (Dijdbj>
Qi

= DZ,J +{(D; — ———
(Di, do) + Qi

l
+ Z Qm—ladOa
a#l

Dm—17 (ibj>'

Also,
(Pm—1,dp, )+ X a1 Om—1a%0a !

((_1)Qm71,1y1) —Qm—1,1

—({Dm—1,dp.. m—1adoa—1
:(_1)(<Dm,17dbj>+za¢1Qm,lad()a_l)gl (« 1,db; )+ 041 @m—1ado )’

doa ~doq ACmel,adOa
Yo' =Yg Uy for a > 2,
which gives

<Dm71vdbj >+Ea¢1 Qm—1a90a—!

dp . =
y b; H nga ((_1)Qm71,1y1) Qm—1,1
a>2
<Dm717dbj>+za¢1 Qm—1ad0a—1 .
:(_1)Qm71,1>< mel,l deﬂ'@do.
Also
<Dm—17 dbj> + Za;él Qm—ladOQ -1
Qm—l,l
Dy, D1 = gr1 @m-1.4Da
:<L1,dbj>+< a#1 w¥m—1l,a a’d0>.
Qm—l,l Qm—l,l

From these calculations it is easy to see that the expression in (A.10)
can be interpreted as a series in § whose exponents are contained in
NE(Xp) = 6}2 This completes the construction of the analytic con-
tinuation.
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