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Abstract

We introduce filtered cohomologies of differential forms on sym-
plectic manifolds. They generalize and include the cohomologies
discussed in Papers I and II as a subset. The filtered cohomolo-
gies are finite-dimensional and can be associated with differen-
tial elliptic complexes. Algebraically, we show that the filtered
cohomologies give a two-sided resolution of Lefschetz maps, and
thereby, they are directly related to the kernels and cokernels of
the Lefschetz maps. We also introduce a novel, non-associative
product operation on differential forms for symplectic manifolds.
This product generates an A,-algebra structure on forms that
underlies the filtered cohomologies and gives them a ring struc-
ture. As an application, we demonstrate how the ring structure of
the filtered cohomologies can distinguish different symplectic four-
manifolds in the context of a circle times a fibered three-manifold.
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1. Introduction

On a symplectic manifold (M?",w) of dimension 2n, there is a well-
known s[(2) action on the space of differential forms, *(M). This action

leads directly to what is called the Lefschetz decomposition of a differ-
ential k-form, Ay € QF(M),

(1.1) Ak:Bk—l-w/\Bk_g+w2/\Bk_4—|—w3/\Bk_6—|-...,

where the forms By € P*(M), for 0 < s < n, denote the so-called
primitive forms. The primitive forms are the highest weight elements of
the sl(2) action and in (1.1) are uniquely determined by the given Ag.

In Papers I and II [18, 19], several symplectic cohomologies of differ-
ential forms, labeled by {H g, g, Hyga, Hp, , Hp_}, were introduced and
all were shown to commute with this s[(2) action. Hence, in essence, all
information of these cohomologies is encoded in their primitive compo-
nents, {PH g, gz, PHygn, PHy, , PHy_}, which can be defined purely on
the space of primitive forms, P*(M). In short, the cohomologies intro-
duced in Papers I and II are truly just primitive cohomologies.

This may seem to suggest if one wants to study cohomologies of forms
on symplectic manifolds that one should focus on the primitive forms
and their cohomologies. However, this certainly can not be the case as
we know from explicit examples in [18, 19] that primitive cohomologies
in general contain different information than the de Rham cohomology,
and of course, the de Rham cohomology is defined on Q*(M) which are
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PHY ,PH} ,...,PH; "'\ PH}\, PH} n, PH3"',...,PH} ,PHj
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Table 1. The primitive cohomologies introduced in Pa-

pers I and II [18, 19] for symplectic manifolds of dimen-

sion 2n.

generally non-primitive. So one may wonder, besides the de Rham coho-
mology, are there any other non-primitive cohomologies of differential
forms on (M,w)?

Another curiosity comes from the relations between the known prim-
itive cohomologies. In Table 1, we list the main primitive cohomolo-
gies that were studied in [18, 19]. As arranged, the cohomologies listed
above the top horizontal line are all associated with a single symplectic
elliptic complex [19]. It would seem rather unnatural if somehow the
other primitive cohomologies, between the two vertical dashed lines, do
not also arise from some elliptic complexes. For instance, what makes
P];[Z;Jr gn so different from P ;’;}A? Certainly from their definitions in
[18], the only difference is just the degree of the space of primitive forms
P*(M) which they are defined on and nothing more. But if they are not
so different, then what other elliptic complexes are there on symplec-
tic manifolds? Would these new elliptic complexes involve non-primitive
forms?

1.1. Filtered forms and symplectic elliptic complexes. These
questions concerning the existence of new non-primitive cohomologies
and other elliptic complexes on symplectic manifolds turn out to be
closely related. For at the level of the differential forms, one can think of
the primitive forms as the result of a projection operator, IT : QF (M) —
PE(M), that projects any form to its primitive component and thereby
discards all terms of order w and higher. Generalizing this, we can in-
troduce the projection operator, II?, for 0 < p < n, that keeps terms up
to the wP-th order of the Lefschetz decomposition in (1.1):

Ak:Bk—i—w/\Bk_g+w2/\Bk_4+w3/\Bk_6+...,
A, = By,
HlAk = B +w A B_o,

IIPA;, = B, +w A Bi_o +w2/\Bk_4—|—...—|—wp/\Bk_2p,
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We shall use the notation FPQ* to denote the projected space of IIPQ* C
Q* and call it the space of p-filtered forms. We shall also call the index
p the filtration degree as it parametrizes a natural filtration:

P* = FOQ* c F1'Q* c F2Q0* C ... C F"Q* = Q*.

Notice that the zero-filtered forms are precisely the primitive forms, i.e.
P* = FOO*, and the n-filtered forms are just Q*. In this way, increasing
the filtration degree from p = 0 to p = n allows us to interpolate from
P* to QF.

The introduction of filtered forms turns out to be a fruitful enterprise.
For one, it allows us to generalize the symplectic elliptic complex for
primitive forms to obtain an elliptic complex of p-filtered forms of any
fixed filtration degree p. Specifically, we shall show in Theorem 3.1 that
the following complex is elliptic:

(1.2)

dt . dt FrQntp—1 i) FrQntp

o

FrQntp—1 L FrQntp

0 —— 0 T g

d_ d_

d_
0 <— FPQV — FrQ!

The three differential operators—two first-order differential operators
{d4,d_} and a second-order differential operator 0;0_—appearing in
this complex will be defined in Section 2. What is important here is
that associated with the above elliptic complex are filtered cohomologies
defined on the space of p-filtered forms, FPQ*. We shall denote these
cohomologies by FPH. Let us note that the elliptic complex in (1.2)
has two levels: a top level associated with the “4” operator d; and a
bottom one associated with the “—” operator d_. Hence, it is natural to
notationally split the cohomologies within each grouping of FPH into
two as follows:

FPH = {FPH_,FPH_}
={(Frs,.. PPHE PP,

(Fprﬂ’, FPE™MPL  prEO ) } .

Of particular interest, we point out the isomorphisms FPH ™" =PH, Y

and FPH™ P %PH;:;’A. Thus, Table 1 can now be filled in precisely by
the filtered cohomologies as seen in Table 2.

Having introduced filtered cohomologies, it may seem that we have
now a full-blown array of cohomologies arranged together by the filtra-

tion degree p in FPH. But why so many? And what information do
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F*H F*H* F*H*

0 0 —1I —1I 0
FOH |PH) , ..., PHj", s boans PHT', ... PHj
F'H|F'HY, ..., F'H}, PHy. |PH ., F'H", ..., F'HY

dd? > dtd?

FPH |FPHY, ... FPHP P PHY P | PH D PP PO

Table 2. The filtered cohomologies FPH =
{FPH+,F7’H_} with 0 < p < n with isomorphisms

FPH!™ Z PH) P and FPH"™P = PHY) P,

these cohomologies contain? It turns out the answers are directly re-
lated to Lefschetz maps, which are fundamental algebraic operations in
symplectic geometry. Let us turn to describe them now.

1.2. Cohomologies and Lefschetz maps. For any symplectic mani-
fold, there is a most distinguished set of elements of the de Rham coho-
mology consisting of the symplectic form and its powers, {w, w?, ..., w"}.
As the de Rham cohomology has a product structure given by the wedge
product, it is natural to focus in on the product of W™ € Hfl’"(M ),
for r = 1,...,n, with other elements of the de Rham cohomology, i.e.
W' ® HZ;(M) Such a product by w” can be considered as a map, tak-
ing an element of HY(M) into an element of H5+2T(M). This action is
referred to as the Lefschetz map (of degree 7):

L H(M) — HE (M)

(13) [Ag] = [w" A Ay,

where [Ay] € H¥(M). Clearly, Lefschetz maps are linear and only de-
pend on the cohomology class of [w"] € H2"(M). But importantly, Lef-
schetz maps are in general neither injective nor surjective. So a basic
question one can ask for any symplectic manifold is what are the kernels
and cokernels of the Lefschetz maps?

In the special case in which the symplectic manifold is Kéhler, this
question is directly answered by the well-known Hard Lefschetz theo-
rem. But for a generic symplectic manifold, the Hard Lefschetz theorem
does not hold. We can nevertheless address this question in full general-
ity by first analyzing the Lefschetz action on differential forms. Indeed,
the degree one Lefschetz map, L, is one of the three sl(2) generators
that lead to the Lefschetz decomposition of differential forms. We will
show in Section 2 that the information of this Lefschetz decomposition
can be neatly re-packaged in terms of a series of short exact sequences
of differential forms involving Lefschetz maps. Though these exact se-
quences do not naturally fit into a single short exact sequence of chain
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complexes, we will prove in Section 4 that they do nevertheless give a
long exact sequence of cohomologies involving the Lefschetz maps.

These long exact sequences of cohomologies turn out to contain pre-
cisely the data of the kernels and cokernels of the Lefschetz maps. As
we will show in Section 4, for Lefschetz maps of degree r, there is a two-
sided resolution that involves precisely the (r —1)-filtered cohomologies,
F"~1H . (For the r = 1 case, this result concerning the primitive coho-
mologies was also found independently by M. Eastwood via a different
method [5].) We can in fact encapsulate the resolution of the degree r
Lefschetz map in a simple, elegant, exact triangle diagram of cohomolo-
gies:

(1.4) Fr=YH*(M
/ \ v

For example, in dimension 2n = 4, the triangle for r = 1 represents the
following long exact sequence:

0

Hy(M) —— PH(%JM))

L

. H3(M) —*= H}(M)—— PH} (M
C,, H3(M

Since the information of the long exact sequence at each element can be
written as a split short exact sequence of kernel and cokernel of maps,
we immediately find from the above exact sequence for example in four
dimensions that

PH?,,(M) = coker[L : H)(M) — H3(M)] ® ker[L : Hj(M) — H3(M)],
PH3, ;a(M) = coker[L : Hy(M) — H3(M)] @ ker[L : Hj (M) — Hy(M)).

"
Q» HY(M) —> H}(M)— PH?, (M )
D

0

In general, the triangle (1.4) and its associated long exact sequence
implies that the (r—1)-filtered cohomologies F"~*H* (M) are isomorphic
to the direct sum of kernels and cokernels of the Lefschetz maps of degree
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r. More explicitly, we have the following isomorphisms:
Fr=tHY (M) = coker [L": HE " (M) — HE(M)]
@ ker [L":HE 2 (M) — HEM (M)],
F' HF (M) = coker [L": H3" " M) — H3" 2 H(M)]
@ker [L™: HI"H(M) — H3"F27(M)],

for0<k<n+r-—1.
In fact, we can also think of the Lefschetz map triangle (1.4) as a
special case of the exact triangle relating filtered cohomologies:

(1.5) Fr=tH*(M)

T

FIH*(M) Fl—I—TH*(M)

as we will also show in Section 4.

1.3. Filtered cohomology rings and their underlying A -algebras.
It is indeed rather interesting that the filtered cohomologies FPH, de-
fined differentially by the elliptic complex (1.2), are isomorphic via the
exact triangle (1.4) with the kernels and cokernels of the Lefschetz maps,
which are purely algebraic quantities. Considering the exact triangle
(1.4), it is further tempting to think that the filtered cohomologies may
have similar algebraic properties to the two de Rham cohomologies that
accompany it. For instance, could the p-filtered cohomology group FPH
actually form a cohomology ring? Ideally, to consider this question, one
would like to have a grading for p-filtered forms and introduce a prod-
uct operation that preserves the grading. But what grading should one
use for p-filtered forms? This is not at all immediate as each filtered
space FPQF for 0 < k < n + p noteworthily appears twice in the elliptic
complex of (1.2). To settle on a grading, we can appeal to the analogy
with the de Rham complex, and heuristically, just “bend” the elliptic
complex of (1.2) and rearrange it into a single line:

Oy

d d . — d_
L * FpQ"+pi>FpQ"+p*>...

0 ——> FpPQO

d_ _— d_
S T (U —

where we have used a bar, FPQ*, to distinguish those FPQ* associated
with the bottom level of the elliptic complex. Writing the complex in
this form, we can construct a new algebra

Fp = {FFQ FPQ .. FPQYP FpQnte . FPQL FPQO}
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with elements fg, for 0 <j <2n+2p+1, given by

Fil =

{FPQj if0<j<n+p,
p

FrQO2nt2ptl=j  ifn4+p+1<j<2n+2p+1.

Fo_llowing closely the elliptic complex, we define the differential d; :
Fp = .7-"IJ,Jrl to be

dy fo<j<n+p-1,
(1.6) dj = —040- ifj=n+p,
—d_ ifn+p+1<j3<2n+2p+1.

One can then try to construct a multiplication which preserves the grad-
ing

j k j+k
Fo xX Fp = Fp

and is graded commutative, i.e. Fj x ]:Ilf = (—1)jk]~'llf x Fp. In fact, as we
will describe in Section 5, such a multiplication operation x can indeed
be constructed based on the exact triangle (1.4). (See Definition 5.1.)
This multiplication on forms is rather novel in that it involves first-order
derivative operators. The presence of these derivatives turns out to be
important as they allow us to prove the Leibniz rule:

i (F) x FE) = (d;F)) x F¥ + (1Y FJ x (dF).

This Leibniz rule represents a rather subtle balancing between the def-
inition of the differential d; and the product x. However, one of the
consequences of having derivatives in the definition of a multiplication
is that the product x generally is non-associative. This means that the
algebra (F,,d;, x) can not be a differential graded algebra as in the de
Rham complex case. Nevertheless, as we will show in Section 5, the non-
associativity of the p-filtered algebra F, can be captured by a trilinear
map mg. Together, (F,,d;, x,m3) turns out to fit precisely the A..-
algebra structure, with the higher k-linear maps, my, for k£ > 4 taken to
be zero. And as an immediate corollary of satisfying the requirements
of an A-algebra, the cohomology FPH = H(F,) indeed has a ring
structure.

The existence of the ring structure of FPH provides a new set of in-
variants for distinguishing different symplectic manifolds. We will show
in Section 6 how the product structure can be different for two sym-
plectic four-manifolds that are both a product of a circle times a fibered
three-manifold. We give an example of a pair of such symplectic mani-
folds that have isomorphic de Rham cohomology rings and identical fil-
tered cohomology dimensions, but with different filtered product struc-
ture.
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2. Preliminaries

We here present some of the properties of differential forms and dif-
ferential operators on symplectic manifolds that will be relevant for our
analysis in later sections. We begin first by describing the s[(2) action
and other natural operations on differential forms. We then introduce
the filtered forms and discuss the linear differential operators that act
on them. We then use these filtered forms to write down short exact
sequences involving Lefschetz maps.

2.1. Operations on differential forms. On a symplectic manifold
(M?",w), the presence of a non-degenerate two-form, w, allows for the
decomposition of differential forms into representation modules of an
5[(2) Lie algebra which has the following generators:

L: A—wAA,
1 L
(2.1) A A— i(w_l)” Lo ito ;A
H: A= (n—kA for Ae Q¥(M),
and commutation relations:
(2.2) [H,A]=2A, [H,L]=-2L, [AL|=H.

Here, L is called the Lefschetz operator, and is just the operation of
wedging a form with w. The operator A represents the action of the
associated Poisson bivector field. The “highest weight” forms are the
primitive forms, which are denoted by Bs € P*(M ). The primitive forms
are characterized by the following condition:

2.3
Epriznitivity condition) A B, =0, or equivalently, L""'"*B,=0.
An sl(2) representation module then consists of the set
{Bs, wABs, w)ABy, ..., w"_s/\Bs},
where each basis element can be labeled by the pair (r, s) with
LO(M)=L"P(M)={A€ Q" (M)|A=w"ABy and A B, =0} .

Indeed, the sl(2) decomposition of Q*(M) can be simply pictured by
an (r,s)-pyramid diagram [19] as for example drawn in Figure 1 for
dimension 2n = 8.
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Qoo 02 2 ot 8 9 o 08

7)4
P? LP?
P? LP? L*P?
P! LP! L*P! L3Pp!
PY LP° L?P° L3P° LApO

Figure 1. The decomposition of differential forms into
an (r, s)-pyramid diagram in dimension 2n = 8. The de-
gree of the forms starts from zero (on the left) to 2n = 8
(on the right).

We now introduce some natural operations on differential forms that
will be useful for the discussion to follow.

First, note that there is an obvious reflection symmetry about the
central axis of the (r, s)-pyramid diagram as in Figure 1. This central
axis lies on forms of middle degree, Q™. An example of an operator that
reflects forms is the standard symplectic star operator *,, which can be
defined by the Weil’s relation [20, 9]

1 ' LTS Bs.

1
2.4 s — L' By=(—1)s6tb/2_ =
(2:4) * 7! (=1) (n—r—s)!

where B, € P?. The minus sign and combinatorial factors in (2.4), how-
ever, can become rather cumbersome for calculations. So for simplicity,
we introduce another reflection operator, denoted as *,, and define it
simply as
(2.5) *, (L" Bg) = L™ " By.
It is easy to check as expected that

(>1<T)2 =1.

Second, we can broaden the definition of the Lefschetz operator L”
to allow for negative integer powers, i.e. r < 0. For a differential k-form
Ay, € QF | consider its Lefschetz decomposition

(2.6) A, =B+ LB o+ ...+ Lka_gp + Lp-HBk_gp_g +....
The map LP : QF — QF=2P for p > 0 is then defined to be
(2.7) L PA, = By _op+ LBj_9p2+....

Notice that this action of L™P is similar to AP in that both lower the
degree of a differential form by 2p; however, they are not identical. This
can be easily seen by noting that by definition, L='(L B,) = B, while
A(L B;) = HBs, using the third sl(2) commutation relation in (2.2).
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Defining L raised to a negative power by (2.7) is useful in that it allows
us to express the reflection *, operator simply as

(28) *e Ak = Ln_kAk)

for k arbitrary. In fact, L™ can be heuristically thought of as the x,
adjoint of LP:

(2.9) L7P =, LP %,

which can be checked straightforwardly using (2.8). This relation (2.9)
indeed is analogous to the standard adjoint relation, A = %5 L x4 [21].

Comparing (2.7) with (2.6), it is clear that the operator L™P com-
pletely removes the Lefschetz components of a form that have powers of
w less than p. This suggests it may be useful to introduce an operator
that projects onto the Lefschetz components with powers of w bounded
by some integer. Thus, we define a projection operator, IIP : QF — QF
for p > 0, which acts on the Lefschetz decomposed form of (2.6) as

(2.10) IIPA, = By + LBy_o+ ...+ Lka_Qp.

In other words, it projects out components with higher powers of w, i.e.
(Lp+lBk_2p_2 + ...). With such a projection operator, we can express
any differential form as

Ay =TIP Ay, + LY LD Ay,
which simply implies
(2.11) 1=11P 4 P =(+D),

Written in this form, it is clear that LPT'L~®*1 ig also a projection

operator and we can alternatively define the projection operator as [P =
1 _ [ptip—(p+1)

As will be useful later, we can take the %, adjoint of (2.11) and obtain
the following:

(2.12) 1=1P* 4 [P e+t

where IIP* = x,IIPx,. Note that both IIP* and L~®+D P! are also
projection operators.

Regarding differential operators, we first point out that the exterior
derivative operator, d, has a natural decomposition into two linear dif-
ferential operators from the above sl(2) or Lefschetz decomposition [19]:

(2.13) d=0, +La_

where 9y : L7 — L™F! The differential operators (9,0_) have the
desirable properties that

(04)> =(0_)*=0, L(0+0_-+0-0,)=0, [L,0.]=I[L,Ld_]=0.
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Another useful operator is the symplectic adjoint of the exterior de-
rivative [6, 2]
d* :=dA - Ad
(2.14) = (—1)* s, d g
where the second relation is defined acting on a differential k-form.

Analogous to d®, we shall introduce the %, adjoint operator defined to
be

(2.15) d_ = %, d*,.

It follows trivially from (%,)®> = 1 that d_d_ = 0. In fact, it can be
straightforwardly checked for any £*(M) space that

(2.16) d-=0_+0y L%

2.2. Filtered forms and differential operators. The Lefschetz de-
composition is suggestive of a natural filtration for differential forms on
(M?",w). The space of differential k-forms QF has the following Lef-
schetz decomposition:

(2.17) QF = &y Lk
max(0,k—n) <r <|k/2]

where | | denotes rounding down to the nearest integer. Applying the
projection II?, which caps the sum over the index r to some fixed integer
p, we define the p-filtered forms of degree k as

(2.18) FPQF = TIPQF = &y Lrk=2r,
max(0,k—n)<r <min(p,| k/2])
We call p the filtration degree which can range from 0 to n. Let us
note the two special cases of FPQF: (i) p = 0 consists of primitive -
forms, FOQF = Pk: (i) p = |k/2] consists of all differential k-forms,
FLE2IQk — QF | Clearly then,
Pk = FOQF ¢ F1QF c F20F c ... c FIF2Qk = oF,
Now, consider the elements of FPQ* for a fixed filtration number p.

In this case, the degree k in FPQF has the range 0 < k < n + p. For
p > 1, we have

(2.19)  FPQF = QF for 0 <k <2p+1,

(2.20)
rQrtr—1 — Lp—lfpn—p-i-l D Lpfpn—p—ly
(2.21) FPQ"*P = [PP"P,

Hence, for k sufficiently small, FPQF contains all differential k-forms. On
the other hand, for the largest value k = n + p, FPQ""P has only one
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Qoo 02 0 ot b 9 9 08

7)4
P? LP?
P LP? L*P?
P! LP! L*P! o
PO LPO L*pO %) o

Figure 2. The forms of F2QF with 0 < k < 6 decom-
posed in an (7, s) pyramid diagram in dimension 2n = 8.
Notice that F2QF = QF for k < 5.

component of the Lefschetz decomposition of (2.17) and is isomorphic
to PP . The example of F?Q* in dimension 2n = 8 is illustrated in
Figure 2.

Alternatively, we can also define the filtered form based on loosening
the primitivity condition of (2.3).

Definition 2.1. A differential k-form A; with & < n + p is called
p-filtered, i.e. Ay € FPQF | if it satisfies the two equivalent conditions:
(i) APTLAy =05 (i) LTk A4, = 0.

By equation (2.8), the p-filtered condition can be equivalently ex-
pressed as
(2.22) LPth s, Ay = 0,
for Aj, € FPQF .

Turning now to the differential operators that act within the filtered
spaces, the composition of the projection operator with the exterior
derivative induces the differential operator

dy : FPQF %y okt I pegktd,
The projection operator IIP effectively drops the LOJ_ action on the
LPF=2P component. Explicitly, letting Aj, € FPQF, we can write
d+Ak - d+ (Bk + LBk_Q +...+ Lka_gp)
=d(By+...+ LP ' By_opio) + LPO . By_o,
where in the second line, we have applied (2.13) on the LP dBj,_o, term

and projected out the resulting term Lp“@_Bk_gp. Now, applying d
again, we find

dy(dyAy) =d® (By+ ...+ LP ' By_gpi0) 4+ LP(91)*By_op = 0;

hence, we have shown that (d,)? = 0. We remark that with (2.19), d
is just the exterior derivative d when k < 2p.
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Now we will also be interested in the action of the d_ operator (2.15)
on filtered forms. Indeed, acting on FPQ*, it preserves the filtration
number and decreases the degree by one:

d_: FPQF— FPQML,

The convention for the + signs for dy and d_ indicates that the differ-
ential operator raises and lowers the degree of differential forms by one,
just like the notation for (04,0_).

What follows is a formula involving the relation of the operators d_,
IIP, and x,.. It will be helpful for calculations in later sections.

Lemma 2.2. For A;, € QF,
(2.23)  TIP %, (dAy) = d_ (I1” %, Ap) + 1P s, d L~ (WPHE A Ay).
Proof. Since d_ : FPQF — FPQF~1 preserves the filtration degree,
d_TIP Ay, = TIPd_TIP Ay,
= IIPd_ Ay — TP 5, d s, wPTLL=PHD A
Replacing Ay with *, A and using (2.15) and (2.9), we obtain (2.23).

q.e.d.

2.3. Short exact sequences. The data of the (r, s) pyramid diagram
can be nicely repackaged in terms of short exact sequences. For instance,
from the pyramid diagram of Figure 1, it is not hard to see that the
following sequences involving a degree one Lefschetz maps are exact:

0 Q0 Loz 0 p2 0
0 o Lo 0 ps 0
0 02 Lot 1 pe 0.
At the middle of the pyramid, we have
0 03 - o 0.
For forms of degree four or greater, we can write
0 yZEay o PR N o 0
0 72 B o LN o 1 0
0 P2t 06 Lo gf 0.

Exact sequences involving higher degree Lefschetz maps L” can similarly
be written using F"~'Q*. Generally, we can arrange the short exact
sequence of any filtration number together in a suggestive commutative
diagram as follows.
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Lemma 2.3. On a symplectic manifold (M?",w), there is the follow-
ing commutative diagram of short exact sequences for 1 < r < n:

(2.24)

0 Q2r-1 I pro102r-1 0
e
0 QO L" QQT I F'r71927‘ - -0

|4

0 Q7L7’r'72 L Qn+r72 L FT'719n+'r72 0

R

0 an'rfl L” Qn+'r71 1! Fr'len+7“71 0
| |
0— o anr L Qn«kr 0

0 F'rflﬂn«krfl *r an'r+1 L” Qn+r+1

A

— — * — L"
0 F'r 1Qn+7‘ 2 ks Qn 42 Qn+r+2 O

I
1

0 Fr71927‘ *r Q2n72r L” QZn 0

o

- — * —
0 F'r 1QZ7‘ 1 T Q2n 2r+1 O

o 4

)

Note that Fr—1Q2—1 = pl2r=1Q2r—1 — O2~1  The above is not a
standard exact sequence between the three complexes (Q*, Q*, F"~1Q*)
due to a “shift” in the middle of the diagram. This shift is due to
the structure of the (r,s) pyramid, and as we will see in Section 4, it
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provides an explanation for the presence of cohomologies that involve

the 2nd-order differential operator 040_ .

Additionally, for the Lefschetz map, we can also write short exact
sequences involving filtered forms (F'Q*, FIT"Q* FT=1Q*). For instance,
for the pyramid diagram Figure 2, the elements of the complexes (F1Q*,
F2Q* FQ*) give the following series of short exact sequences (with

three shifts):

0 FrQY F2Q?
0 Fiot F203
0 F'Q? F20t
0 FQ3 F2Q°
0 Foot "o plof F2Q0
0 Fod T plod 0
—2
0 F2q8 L FOQ? 0
N -2
0 PP s L FOQ! 0
N -2
0 Flot ot L FOQO 0

1

LN -7 B
ol

— > F'%Q* — s 0

1'[1
— = F0* — s 0

In general, we can write the following chain of short exact sequences.

Lemma 2.4. On a symplectic manifold (M?",w), there is the follow-
ing commutative diagram of short exact sequences for 1 < r < n:
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S

r—1
0 FlrQ2r—1 u Fr-lg2r-1 0
d+¢ d+$
r r—1
0 Jo g a— plrgr Lo proigr o g

dJMl, d+¢ d+¢,

0 Flﬂnfrfl L Fl+7‘Qn+7‘71 n”‘il FTflgln#»T*l 0

d+l/ d+$ d+l/

0 FlanT L" FL+TQ7L+T 0

o) o)
0 Frlen#»rfl *r FlanT#»l L FL+TQ7L+T+1 0

d,\L d+¢ d+¢

0 X FT*IQn«Frfl *r X Flﬂnfrﬁ»l LT: FL+TQ7L+T+Z 0

.| o)

0 Frolgntr—1-1 " plon—rtitl 0
| |
0 5 FL+TQ7L+T+ZLi(l+1}77‘71$ln+7‘7l72 *TE FlQn77‘+l+2 =0

d,\b d,\L d+¢

d,l d,l d+l
d7¢ d,¢
0o prirgnit? U proignin
d,l/ d,\L
0 —» plontl s prirgnit D proignoio

d,\l, d,\l, d,\L

d,l d,l d,l
0> plgitz o prirgrz PN e
S

0 Flolt! v pltrolt+t 0

d,\l/ d,\l/

Frolgn-l T o plontl o

—— 0
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3. Filtered cohomologies

3.1. Elliptic complexes and associated cohomologies. In Paper
IT [19, Proposition 2.8], the following differential complex of primitive
form was shown to be elliptic:

0 0. 0 0
31) 0 po Troopt T T pnol T pn
la+a
o_ 0 o_ _
0 PO P! ~ prl — pn

This complex was found in the four-dimensional case by Smith in 1976
[14]. In higher dimensions, besides [19], it was also independently found
by Eastwood and Seshadri [4] (see also [3, 5]) who were motivated by
the hyperelliptic complex of Rumin in contact geometry [16].

In the context of filtered forms, primitive forms correspond to FPQF
with p = 0, and therefore, we can rewrite the primitive elliptic complex
equivalently as

dy

0 ——= FOQ0 ~o FOQlL & &

FOQn—l d

d_ d_

d—
0 —— FI9QY —— FOQO!
Written in this form and with the introduction of more general p-filtered
forms, it is then natural to consider complexes with higher filtration

degree p by replacing FPQ* with FPQ* in the complex above. Indeed,
the resulting complexes are elliptic as well.

Theorem 3.1. The following differential complex is elliptic for 0 <
p<n.
(3.2)

a a FrQntr—i LFPQ"“’

la+a

prontr-1 = pponitp

0 —— 0 T g

d_ d_ d_
0 <— FPQY —— FprOt e

Proof. Recall from the previous section that (dy)? = (d_)? = 0.
Moreover, it is straightforward to check that (040_)dy = d_(0+0-) =0
acting on any p-filtered form. Hence, (3.2) is a differential complex.

To prove that the complex is elliptic, we need to show that the asso-
ciated symbol complex is exact at each point x € M. Let £ € T;\{0}.
By an Sp(2n) transformation, we can set { = e; and take the symplectic
form to be w = e; Aes+egAeg+ ...+ eap_1 A€oy, where eq, ..., €9,
spans a basis for 7). Let n, € F? /\k TY. Then we can write

(3.3) Mo = Pk + WA g2+ ...+ WP A pg_ap,
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where the p’s denote elements of the primitive exterior vector space,
P A\ T;. Each primitive vector can also be decomposed as [19, Lemma
2.3]

(3.4) po=elABL,+es ABEL e ABE L+ 8}

where 81, 3%, 8%, 8* € P \" T are primitive exterior products involving
only e3,ey,...,ea,, and

1
6/12 =e1Neyg — ——— €2j—1 N\ €2;.
H+1¢“ 5
]:

Here, H is the operator defined by (2.1). In the following argument,
the letter n always means a p-filtered element, and p always means a
primitive element. The symbol is denoted by o.

We will show the exactness in four steps.

(1) Exactness of the symbol sequence corresponding to the top line
0— FPQY — ... — prontr=l

Since dydy = 0, it is clear that imo(dy) C kero(dy). We need
to show that kero(dy) C imo(d4). Now, o(dy) = IIP(e; A -). So if
nr € kero(dy), then either (i) e; A = 0 or (ii) e A = WPTLA
fi—2p—1 7# 0. In case (i), it follows by the exactness of the symbol
complex associated with the de Rham complex that there exists an
(p_1 € /\k_1 T such that n, = e; A (y_1. But since the operation
e1 N - can only preserve the filtration degree p or increase it by one,
we conclude that np = o(d4)(II1P(;_1). In case (ii), g must contain a
nontrivial Lefschetz component w? A 2, (3.3). By (3.4),

e1 A pg—ap = e1 A (e A /Bl%—2p—1 +ea A /813—2])—1 + €jp A 51?5—2;;—2 + /8]%—2]))
=c1elg ABi_gp 1 T QWA BL_gp 1+ C3wAELA B gy o
+ 61 /\ /8]3_211
for some non-zero constants ¢y, ¢z, and c3. This implies that jiz_g, must
have a non-zero 2 or 3 term. However, a 52 term is not possible since
the first term €}, A 82 can not be canceled to satisfy IIP(ey A ;) = 0.
This is because €}, A 2 ¢ imo(d_) [19, (2.36)] (or see (3.7) below).

Hence, we only need to worry about the e}, A 3% term in Hk—2p , and
express it as an element of imo(dy). To do so, we note that

H+1,
H4292 H+2

Therefore, we can write €j5 A ﬂk op-2 = gﬁ %(e; Aeg A 52—2])—2) =
I {61 A [HH(@ A B —ap- 2)] }

(2) Exactness of the symbol sequence corresponding to the bottom
line 0 < FPQO « ... « prQntr—1

3 3
e1 Nex A Bj_gp o = ABii—op-2+ 5w A Biogpa-
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Note that the reflection of the de Rham complex by %, gives an
elliptic d_-complex, and therefore, kero(d_) = imo(d_) for the AT}
sequence. Now for a filtered space, suppose that n, € F? /\k T and
o(d-)ne = 0. By the exactness of the d_-complex, n = o(d_)&41 for
some gy € /\kJrl T . It suffices to show that we can choose a &1
such that &1 € FP \F T .

Consider the Lefschetz decomposition of 7 as in (3.3), and write

i1 = fikt1 oo F WP A fip—op1 + WPTEA fgop1 + ..
where i’s are elements of the primitive vector space P A\*T%. Using
(2.16), we have
Nk = o(d—)Ek+1
=0 (d-) (fks1+ - + WP A fig—oprs) +0(00) (WP A fik—opt1)
+ 0(0-) (W A fik—2p41) + 0 (04 ) (WP A fig—2p—1)-
Since 0(d1) : P A T — P A" T | it implies for the wP term that
pk—2p = 0(0=) fik—2p+1 + 0(04) firs—2p—1-

Now the condition o(d_)n; = 0 requires o(0_)ui—2p, = 0. Hence, in the
decomposition (3.4) for j;_o,, there are only two non-zero terms,

(3.5) Hk—2p = €1 N\ 6]1—2])—1 + ﬁfz‘_zm

as {ea A B%,el5 A B3} ¢ kero(0-) [19, (2.39)]. Let us also recall from
[19, (2.35) and (2.36)] that acting on the decomposition (3.4), we have

(3.6) imo(04) = {ely A B, e1 A B},
(3.7) imo(0-) = {B%,e1 A B*}.

Hence, it is clear that if o(04 )fig—_2p—1 is non-zero, then o (04 )fig—2p—1 =
e1 N\ ﬂ,’g_Qp_l for some primitive element 3 independent of e; and es.
But then by (3.7), we can write

~ / /
(04 ) ftk—2p—1 = co(0-)€1y N By_op_1
where ¢ is some non-zero constant. Letting yj_, ., = cels A By o,

and noting that (94 )uy,_o,, 1 = 0(9+)(cels A By _y, 1) =0, we obtain
the desired result

Mo = 0(d=) [figs1 + -+ WP A fg—oprs + WP A (Be—ap1 + Hi_ops1)] -

(3) Exactness of the symbol sequence corresponding to FPQmP—1
FrQnTr s ppOnte,
By (2.20) and (2.21), we need to show that

PA P T PP %&d*—>) PN T 709 NPT
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is exact at the middle. In terms of the decomposition of (3.4), it is
straightforward to check that

ker 0(0;.0-) =imo(dy) = {e1 A 5%_11_1 €9 A 53;_1,_2 , ﬁi_p} .

(4) Exactness of the symbol sequence corresponding to FPQ" P —
FrQntr _ prQntp—l
Here we need to show that the symbol sequence

(5+ - (d

P/\n+p T* P/\n—l-p T* P/\n p+1 T* o P/\n p—1 T*

is exact at the middle. In terms of the decomposition of (3.4), it is clear
that

ker o(d_) = imo(040- {61/\ﬁn —p 1}

q.e.d.

Having established the ellipticity of the complex (3.2), we have also
shown the finite-dimensionality of the associated filtered cohomologies
which we shall denote by

(3.8)
FPH = {FPHY, FPHL, L FPHY PP, PP PP

where
ker(dy ) N FPQF ker(d_) N FPQF
FPHY = R FPH* =
+ dy (FPQk=1) 7 - d_(FrQk+1) 7
for k=0,1,--- ,n+p—1 and
P ker(9;0_) N FPQTP P ker(d_) N FPQn+p
P d (et T T b ()

Let us make several comments concerning these filtered cohomologies.
First, modulo powers of L, we can make the identification:

FrQrtr—l o pn—ptl o pn—p-1
For the middle of the elliptic complex (3.2), such an identification trans-
lates into
. pnptl @ pnr—p-1 EL_H)j pn—p % pn—p

m;ea; pr—p+l g pn—r-1 ___ ...
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Thus, the middle two cohomologies of (3.8) are equivalent to PH, F(M)

ddA
and PH;;;’A(M ) introduced in [19]. Specifically,

 kerdy0_ NP (M)
T, PrrL g g priptl

p py+p ~ n—p _ ker(0y +0_) NP P(M)
(3.10)  FPH"™(M) = PHy [\(M) = §+a_7>n—P(M)

d+dA
Second, since FPQF = QF for k < 2p + 1 as noted in (2.19), the section
of the elliptic complex consisting of the first 2p 4+ 1 elements of the
top line of (3.2) is effectively equivalent to the usual de Rham complex.
Similarly, the section of the bottom line involving the last 2p+1 elements
is equivalent to the *, dual of the de Rham complex. Thus, we have the
following relations:

(3.9) FPHY™P(M) = PH! P(M)

(3.11) FPHY (M) = HY (M), for 0 < k < 2p,
(3.12) FPHF (M) = H7* (M), for 0 < k < 2p.

Lastly, since the filtered cohomologies are associated with elliptic
complexes, we can write down an elliptic laplacian for each filtered co-
homology. Note that the laplacians associated with the cohomologies
FPHY'P (3.9) and FPH™? (3.10) are of fourth order. But since each
laplacian is elliptic, we can nevertheless associate a Hodge theory to each
cohomology. That is, with the introduction of a Riemannian metric, we
can define a unique harmonic representative for each cohomology class
and Hodge decompose any form into three orthogonal components con-
sisting of harmonic, exact, and co-exact forms. An expanded discussion
of the Hodge theoretical properties for those filtered cohomologies that
are primitive (i.e. p =0 or k =n + p) can be found in [18, 19].

3.2. Local Poincaré lemmata. We now consider the above coho-
mologies for an open unit disk U in R?" with the standard symplectic
form w = Y"1 | da’ Ada™". The primitive cohomologies PHY , (U) and
PH g+ (U) have been calculated by [19, Proposition 3.12 and Corollary

3.11]:

1  when k=1,

0  otherwise ;

1 when k =0,

dim PHﬁdA(U) = { 0 otherwise

dim PH}, ja(U) = {

Proposition 3.2 (di-Poincaré lemma). Let U be an open unit disk
in R?™ with the standard symplectic form w =Y dx* A dz". Then for
0<p<n,

dim FPHO(U) = dim FPHPT (U) = 1,

and dim FPHK(U) =0 for 1<k <n+p—1and k # 2p + 1.
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Proof. When 0 < k < 2p, the cohomology FpH_’ﬁ(U) = HC’?(U). When
k > 2p+ 1, any element A, € FPQF has the Lefschetz decomposi-
tion Z?:i%(p’n+p_k) LP™°By,_op49s for By_ogpios € PE=20+2s If Ay is d.-
closed, either (1) dAx = 0 or (2) dy A = 0 but dA; = Lerl]_?/{C_ZD_1 #0
for some B,;_zp_l e ph-2r-1,

Case (1): The standard Poincaré lemma implies that A, = dAj_, for
some A) | € QF1 Let AY_, =TIPA, . After taking IT” o d and using
(2.11), we find that dy A} | = Ay.

Case (2a): Let 2p + 1 < k < n + p. Since d?Ay, = LerldB,;_zp_1 =0
and LP*! is not zero on P¥~P, we have alB/{C_%D_1 = 0. It follows from
the primitive Poincaré lemma [19, Proposition 3.10] that there exists
a B]Z—Zp—l e Pk=2r—1 guch that 8+8_B,Z_2p_1 = B,;_Qp_l. Note that
LPTO By, ¢ FPQF and

d(Ay — Lp+16—Bl/c/—2p—1) = Lp+1Bl/c—2p—1 - Lp+1a+8—Bl/c/—2p—1 =0.

The standard Poincaré lemma implies that Ay — Lp+18_B,Z_2p_1 =
dA) _, for some A) | € QF1 Now let AY_, = TIPA}_,. Then simi-
lar to case (1), we have dy A} | = Ay.

Case (2b): Let k = 2p+1. Since dAgp+1 = LPTIB) # 0 and d? Agp 1 =
LPT1dBf = 0, B} must be a non-zero constant function. Since
(FPQ?P dy) = (Q%,d), such Ag,y1 does not belong to dy(FPQ?P).
Because B, is a constant, the argument of case (1) implies that dim
FPH2PYH(U) < 1. We finish the proof by taking Ag,q = LP(— 3 2"t
dx"). q.e.d.

Proposition 3.3 (d—-Poincaré lemma). Let U be an open unit disk
in R?™ with the standard symplectic form w =Y dx' A dz". Then for
O<p<nand0<k<n+p-—1,

dim FPH"* (U) = 0.

Proof. When 0 < k < 2p, it follows from (3.12) that dim FPH* (U) =
dimHﬁ”_k(U) = 0. When 2p < kK < n + p — 1, the *,.-dual of the

standard Poincaré lemma implies that any d_-closed A, € FPQF is
equal to d_ A}, for some A) | € QFFL Let Ay, =TIPA; . Then the
difference between Ay and d_ A 41 can be expressed as Ay — d_A] a=
LpBl’C_2p for some Blg_2p € pk-2p,

Now we have d_(Ay, —d-A}_,) = d_(LPB;_,,) = 0. By (2.16), this
implies 0, B;,_,, = 0_Bj_,, = 0, and equivalently dBj_,, = 0. Since
k —2p > 0, the primitive dd*-Poincaré lemma [19, Proposition 3.10]
says that there exists a Bg_zp € Pk=2P guch that B,Q_Qp = 8+8_B,’€’_2p.
Therefore, we have LBy, = d_(LPO. By ,,) and Ay = d_(A} ; —
LPOL By ). q.e.d.
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Let us note that the above proof does not work for p = 0, which is the
primitive 0_-Poincaré lemma [19, Proposition 3.14]. The argument fails
because we can not conclude that dB,;_Qp = 0 when p = 0. Moreover,
when p = n, the elliptic complex (3.2) simply consists of two de Rham
complexes.

Corollary 3.4. Let U be an open unit disk in R2" with the standard
symplectic form w = > dx* A daz"'. For 0 < p < n, the index of the
elliptic complex (3.2) is zero.

4. Filtered cohomologies and Lefschetz maps

Let (M,w) be a compact symplectic manifold of dimension 2n. Recall
that the strong Lefschetz property means that the map

LF: Hy (M) — HY (M)

is an isomorphism for all k£ € {0,1,...,n}. It is known that the strong
Lefschetz property is equivalent to what we call the dd"-lemma [13,
9, 18]. In general, the strong Lefschetz property does not hold for a
non-Kéahler symplectic manifold.

We would like to analyze the kernel and cokernel of an arbitrary
Lefschetz map, L". Certain aspects of Lefschetz maps have appeared
in the literature previously. In four dimensions, Baldridge and Li [1]
identified the symplectic invariant ker[L : H} — H3] and called it the
degeneracy. Lefschetz maps in higher dimensions were also discussed for
instance in [8, 11].

The commutative diagram of short exact sequences of Lemma 2.3 and
Lemma 2.4 is suggestive of a long exact sequence involving Lefschetz
maps. However, the main challenge and novelty remains with the shifts
in the diagram. In order to maintain a continuous long exact sequence
and also take account of the shift, cohomologies involving 2nd-order
differential operators must be introduced. In this regard, these shifts
provide a natural explanation for why cohomologies like PH, , and
PH, , involving 04 0_ operators are natural for symplectic manifolds.

4.1. Long exact sequences. In the following proposition, we explain
how to treat the shift in the commutative diagrams of Lemma 2.3 and
Lemma 2.4.
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Proposition 4.1. Given the cochain complezes

0 —> Dl—2 L El—2 ¥ Fl—2 0
éDi éEl JFL
0— > Dl—l ¢ El—l ¥ Fl—l 0
6Dl (sEl
0 pl— . 0
éDi éEl
0 Cl-i—l P Dl+1 4 Dl+1 0
©of wl
0 o2 P plt2 ¢ El+2 0
50¢ 5D¢ 5E¢
such that
pop=0, o =0,

pdc = dp p, ¢dp = Ik ¢, Yop = 0r v,
there is a long exact sequence of cohomology

Hl—l(D) L Hl—l(E) L Hl—l(F)

O

¢*

H'(D)

H!(E)
)

5* * *
C_D> Hl+1(C)L> Hl+1(D)L> Hl+1(E)

where 0}, and 0y, are induced by the derivative operators dp and o,
respectively, and except for the two cohomologies H'=*(F) and H™*1(C)
which are defined as follows:
_ ker(6péy) N FI?
- imépnFIE Y
ker 6 N Ot
im(85,0p) NCHL
the other cohomologies are standardly defined, for instance,
ker 6p
im 5[) '

Hl—l(F)

Hl+1 (C) —

H*(D) =
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Proof. We first define the operators:

(1) Definition of 0%. Let ¢, € H'(E). Choose a d; € D' such that
#(d;) = e;. Then there exists ¢;1; € C*1 such that p(c;1) = dpd;. We
therefore define

dpler] = leal.

That 67, defines a homomorphism should be self-evident. Let us show,
though, that d7, is well-defined. That is, we want to show that if ¢; and
e, are cohomologous in H (E), then the corresponding ¢;41 and Cjy are
also cohomologous in H'*1(C'). Here, we will see that the non-standard
definition of H'*!(C') becomes important.

Since €; and ] are cohomologous, we can write

/
€ =€ + 6E €l—1

for some e¢;_; € E'71L. Note in general that ¢(e;—1) # 0. Now by surjec-
tivity, there exist d;,d}, d; € D! such that ¢(d;) = o(d)) + 0p e;—1 and
therefore,

¢(d; — d)) = dpe—1 = ¢dy.
Clearly, dp(d; — d)) = dp dy. With 6p d; = peiyq and p dy = pcpy,, we
then have

pcir1 = ciy) = 6pdi = 0p(¢™ ' 0pé 1)
= p(p”'opd " pE1).
By the injectivity of p, this shows that ;1 and ¢ ; are cohomologous.
(2) Definition of 3. Let fi_1 € Hl_l(F). Choose an ¢, € E1

such that 1(e;_1) = fi_1. Then there exists a d; € D' such that ¢(d;) =
0r ej—1. We therefore define

Oplfi-1] = [di].

It follows from standard arguments that 0% is a well-defined homomor-
phism.

(3) Definition of H'*1(C) and H!"'(F). Let us show that both (a)
im(0%62)NC!H! and (b) ker(6p 8% )NF!=! are well-defined. To show this,
it is important that the map ¢ at degree I, ¢ : D' — E', is bijective,
and thus ¢! is well-defined. For (a), notice here that d% = p~1dpgp~1
E! — O is well-defined only if ¢; € E' is dp-closed. Hence, 00 is
well-defined. For (b), ¢}, = ¢ 1oy~ . F'=1 — Dl is only defined up to
a dp-exact term. Hence, dpdy, is well-defined.

Proving the exactness of the cohomology sequence follows the stan-
dard diagram-chasing arguments. Indeed, all standard arguments can
be applied to this case with the exception of the exactness at H!(E),
for which we will give a proof here.

Firstly, at H'(E), it is clear that im C ker since 0 ¢* = 0. Thus,
we only need to show that ker C im. So consider the case when ¢; €



COHOMOLOGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS 109

HY(E) maps to the trivial element, i.e., pe = p Ypdplope s =
[0] € H*1(C). In this case, there exist a d; € D' and a ¢ € C!*!
such that ¢(d;) = e; and p(c;11) = dp d;. Then it is clear that dp(d; —
¢~ g e—1) = 0, and hence, (d; — ¢~ 0 e;_y) is an element of H'(D).
Moreover, we have

¢*ldy— ¢ oper ] = [e1— dper1] = [el].
This completes the proof of the proposition. q.e.d.

4.2. Resolution of Lefschetz maps. With the chain of short exact
sequences of Lemma 2.3 and now Proposition 4.1, we obtain the fol-
lowing long exact sequence relating filtered cohomologies and Lefschetz
maps.

Theorem 4.2. Let (M,w) be a symplectic manifold of dimension 2n,
which needs not be compact. Then, the following sequence is exact for
any 1 <r <n:

0 erfl(M) 1! Fr—lHirfl(M) )
L="d " r -t e ”
HYM) e (o) s (MD
C L~"d n—r—2 L” n4r—2 1! r—1rrn4+r—2
=S HP7UAHM) = H}TA(M) = FTTUHTTT(M)
L~"d Hg—rfl(M) L%T Hn+r71(M) L F'rlen+'r71(M)
L~ "d L"

" lx,.dL—"
_

F'rleszrfl(M)

*p —r " 7‘71*7' - — —
C—> Hy Y (M) — s w2 ()

: *r H§7L72T'+1(M) 0

In other words, the (r — 1)-filtered cohomologies give a resolution of
the Lefschetz map L".
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Proof. The theorem follows from the short exact sequences of Lemma
2.3 and Proposition 4.1 with the following identifications:

p =, ¢p=1L", Y =1I""
and
bc=d_, op =0 =d, op=dy.

(4.1)

r—1
0 ng—l(M) 1T FrleiT*l(M) >

L™"d LT nr—1 _ .
HYy(M) ———> HI(M) ———> F" 1H17(M1>

C L~"d n—r—2 L n+r—2 HT71 r—1 n+r—2
— — — — > HJ} (M) —— H}, (M) —— F"""HY} (M)

r r—1
Hngfl(M) L H;L#»Tfl(M) 11 LT*IPH;L;X‘#»I(M)

HI7"(M) — > H" (M)

n"—lu,dL—"

. .
<—> Lo PHT TR (M) — s HP PN (M) — 2 HTTN(M)

d4dh

. .
<—> FrotEm (M) — s B TR (M) ——— HIPTR2 ()

n"—le,dL—"

o7 lu,an="

n"—lu,dL—"

: FTlezT‘fl(M) *r H§n727‘+1(M) 0

The long exact sequence is obtained noting that FT—1Qrtr—1 —
Lr=iproril o pn=rtl and also (3.9)—(3.10):

Fr—lHi—i-r—l(M) _ Lr—IPHZlLd—AH—l(M)’

FrtEM N (M) = L PH TN (M),

This completes the proof of the theorem. q.e.d.

We emphasize that the above theorem with its long exact sequence
follows directly from the chain of short exact sequences which are all
algebraic in nature. Therefore, the theorem certainly holds true for dif-
ferential forms of any type of support, e.g. compact or L?, and for both
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closed and open symplectic manifolds. Furthermore, as described in the

Introduction, Theorem 4.2 can be expressed very concisely in terms of
the following exact triangle:

(4.2) Fr—YH*(M)

RN

H;(M) B H;(M)

Here, F"~'H*(M) represents exactly the filtered cohomologies in (3.8)
associated with the filtered elliptic complex (3.2) with p =r — 1.

Now we have obtained the exact triangle (4.2) starting from the chain
of short exact sequences in Lemma 2.3. In fact, we have written down
another chain of short exact sequences consisting of purely filtered forms
in Lemma 2.4. Thus, we can also use Proposition 4.1 to derive another
long exact sequence involving only filtered cohomologies with Lefschetz
type actions. Instead of writing out explicitly the long exact sequence,
we will just write down the resulting exact triangle:

(4.3) Fr—tH*(M)

T

FUH*(M) h FIAT (M)

where the map h can be read off from Lemma 2.4 and is either L" or
the inclusion map ¢. Notice that F'H (M) when [ > n consists roughly
of two copies of the de Rham cohomology H,(M). Hence, the exact
triangle of (4.2) can be easily seen to be contained in (4.3) when | = n.

4.3. Properties of cohomologies. Let us consider some of the impli-
cations of Theorem 4.2 for the cohomologies. We note first some imme-
diate corollaries.

Corollary 4.3. Let (M,w) be a symplectic manifold of dimension
2n. Then for k <mn,

PHY (M) = ker(L" "1 Hy ™ — HI' M
@ coker(L" R+ gh=2  [in—k),
PHY n (M) = ker(L"FH: Hj — H"H2)

@ coker(L"FFL Hg_l — Hg"_kﬂ),

(4.4)
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and for 2p < k <n+p,
FPHE (M) 2= ker(LPT . HY 271 o ghtl)

@ coker(LPTL . HF 272 k),
FPHP (M) 2 ker(LPT! . H2vF 5 g2 ht2rt2)

@ coker(LPH! : gIn—h=l _y pant2eokily

(4.5)

In particular, when p =0, we have
PHp (M) = ker(L: Hy ' — Hy™) @ coker(L: Hy ™ — Hj),
(4.6) PHE (M) =ker(L : H"F — H2n=F2)
@ coker(L : H2—k=1 — pan=h+ly
where 0 < k < n.

Note that for p = 0 and k = 1, we have

PHj (M) = Hj(M) @ ker(L : Hy — Hy)

4.7
.7 PH) (M) = H" Y (M) @ coker(L : H3""? — H3").

In the closed case, the symplectic structure and more generally its pow-
ers, w”, are non-trivial in H3"(M). Hence, the formulas above in (4.7)
simplify with the kernel and cokernel terms on the right vanishing. Such

simplification also holds more generally for F' pHip +1(M ) as expressed

in the following corollary.
Corollary 4.4. On a closed symplectic manifold (M?",w),
FPHPYN (M) = PPN (M), FPHPYN(M) = H" 7N (M)
for anyp€{0,1,...,n—1}.

This corollary extends the general isomorphism relations between fil-
tered cohomologies, FPH% (M) for 0 < k < 2p, and de Rham cohomolo-
gies in (3.11)—(3.12). For the other filtered cohomologies, we write out
explicitly their properties in the case of dimensions four and six.

Corollary 4.5. Let (M,w) be a 4-dimensional symplectic manifold.
Then

PHZ (M)
PH;, g (M)

12

(L:H) — H3) @ coker(L : H) — H3),

4.8
48 (L: H? - Hj) ® coker(L : Hy — H3).

ker
ker

12

Proof. The corollary follows from Theorem 4.2 for n = 2 and r = 1.
q.e.d.
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Corollary 4.6. Let (M,w) be a 6-dimensional symplectic manifold.
Then

PH6+(M) >~ ker(L : H) — H3) @ coker(L : H} — H3),
PH? (M) = ker(L : Hj — Hj) ® coker(L : Hy — HJ),
(49) PH} (M) =ker(L: H} — Hj) @ coker(L : Hj — Hy),
PH2Z (M) =ker(L : H; — HS) @ coker(L : H3 — HJ),
PH? (M) 2 ker(L? : Hy — HJ) @ coker(L? : Hy — H}),

PHj, 2 (M) =ker(L?: Hf — HJ) ® coker(L* : Hy — HJ).
Proof. The corollary follows from Theorem 4.2 for n = 3 and r = 1, 2.
q.e.d.

Let us describe further a few more relations between filtered coho-
mologies. In [18, 19], it was shown that on a closed symplectic manifold,
we have the following isomorphisms:

(4.10)  PHE (M) = PHY (M), PH (M) = PHj (M).
This can also be seen from the above relations (4.4) and (4.6) after
applying the following proposition:

Proposition 4.7. Let (M?",w) be a closed symplectic manifold. Then
(4.11)  ker(L" : HY — H§+2T) = coker(L" : Hsn—k—zr — Hfl"_k).

Proof. This can be checked using the duality HE(M) = Hg"_k (M)
for a closed manifold and focusing on the de Rham harmonic forms.
q.e.d.

This proposition together with (4.5) then implies the following:
Proposition 4.8. Let (M,w) be a closed symplectic manifold. Then
(4.12) FPH* (M) = FPH* (M).

Hence, we can now generalize the statement of Corollary 3.4 to the
case of a closed symplectic manifold.

Corollary 4.9. On a closed symplectic manifold, the index of the
filtered elliptic complex of (3.2) is zero.

4.4. Examples.

4.4.1. Cotangent bundle. The filtered cohomologies can be straight-
forwardly calculated for the cotangent bundle M = T* N with respect to
the canonical symplectic structure w = —da where « is the tautological
1-form.

Due to the fact that N is a deformation retract of M and that the
de Rham cohomology is homotopically invariant, we have

Hi(M) = Hj(N),
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and hence, all the de Rham cohomological data on the bundle M comes
from the base N. However, for filtered cohomologies, the Poincaré-
lemma results of Section 3.2 are suggestive that F? H(M) should contain
more information; for instance, they should involve the tautological one-
form, a. With a local coordinate chart {x1,..., 2z, nt1,-..,Ton} and
the canonical symplectic form given by w = —da = > dz; A dxy4;, the
following results for the primitive cohomologies, FVH (M) = PH(M),
were obtained previously by direct calculation in [17]:

Proposition 4.10. The primitive symplectic cohomologies of the
cotangent bundle M = T*N with respect to the canonical symplectic
form are

1) PHY (M) = HY(N) and PHJ (M) = {Hc’l“(N), aAHC’;—l(N)}

for1 <k<n;
2) PHO, (M) = 0, PH% (M) = {aAH;f—l(N)} for1 <k <n
and PH? , (M) = {H}(N), o A H} 7Y (N)};

3) PH5+dA(M) = HK(N) for0 <k <n;

4) PHE (M)=0 for0<k<n.

These results can now also be obtained using the long exact sequence
of Theorem 4.2. Moreover, we can also derive the following results for
all filtered cohomologies by applying Theorem 4.2.

Proposition 4.11. The filtered cohomologies of the cotangent bundle
M = T*N with respect to the canonical symplectic form are

1) FPHE(M) = HY(N) for 0 <k <2p;
9) FPHE(M) = {Hg(zv),wp AaA H§_2p_1(N)} foroptl <k <n;

3) FPHE (M) = {wp Aa A H§‘2p‘1(N)} forp>landn+1<k<
n+p;

4) FPHE (M) = {wk_" A Hj"‘k(N)} Jforn<k<n+p;

5) FPHE(M) =0, for0<k <mn.

From the above proposition, it is clear that the isomorphism relations
that hold true for closed manifolds such as FPHY (M) = FPH*(M)
(4.12) or those in Corollary 4.4 do not hold for the cotangent bundle
M = T*N and are also generally not valid for open manifolds.

4.4.2. Four-dimensional symplectic manifold from fibered three-
manifold. In this subsection, we apply Theorem 4.2 to calculate the
primitive cohomologies for another class of examples: the symplectic 4-
manifold which is the product of a fibered 3-manifold with a circle. Due
to McMullen and Taubes [12], such a construction provides the first
example of a manifold with inequivalent symplectic forms.
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The input is a closed surface ¥ with an orientation preserving self-
diffeomorphism 7. The map 7 is called the monodromy. By Moser’s
trick, we may assume that there is a 7-invariant symplectic form wy, on
3. To be more precise, the monodromy 7 might be replaced by another
isotopic one. Denote by Y, the mapping torus

¥ x [0,1]
(7(x),0) ~ (z,1)
There is a natural map from Y, to S! induced by the projection ¥ x
[0,1] — [0,1]. Let ¢ be the coordinate for the base of the fibration

Y, — S'. Then, the 4-manifold X = S x Y, admits a symplectic form
defined by

(4.13) Y, =% x, 8 =

w=dt Ndo + wy

where t is the coordinate for the S'-factor of X.

Noting Corollary 4.4, the interesting filtered /primitive cohomologies
to consider for a compact symplectic 4-manifold are PHfl (X)) and
PHC% N (X). Their dimensions are given by Corollary 4.5. As we will
see momentarily, the Lefschetz map L on X is determined by the map
of wedging with d¢ on Y,. Let us start with the following useful linear
algebra lemma.

Lemma 4.12. Let (V?",Q) be a symplectic vector space, and let
AV = V be a linear symplectomorphism. Then, the Q-orthogonal
complement of ker(A — 1) is im(A — 1), where 1 is the identity map on
V. As a consequence, ker(A — 1) Nim(A — 1) is exactly the kernel of
Q|ker(A—1)'

Proof. Suppose that u € ker(A — 1), which means that Au = u. For
any v € V, we compute

Q(Av —v,u) = Q(Av,u) — Q(v, u)
= Q(Av, Au) — Q(v,u) = 0.
It follows that ker(A—1) and im(A —1) are Q-orthogonal to each other.

By dimension counting, they must also be the Q-orthogonal complement
of each other. q.e.d.

Now the de Rham cohomology of Y, can be standardly derived.

Proposition 4.13. Let Y; be the 3-manifold defined by (4.13), and
let d¢ be the pull-back of the canonical 1-form from S* to Y. Then,
1) Hcll(YT) = span{d¢} @ ker ((T* —1): Hcll(E) — Hcll(E));
2) H3(Y;) = span{ws} & coker ((7* — 1) : H}(X) — H}(X));
3) with the above identifications, the kernel of wedging with d¢ from
HY(Y;) to H3(Y;) is span{d¢} & (ker(7* — 1) Nim(7* — 1)).
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Proof. These assertions basically follow from the Wang exact se-
quence:

T*—1

(4.14) - —= HYS) —— H}(Y,) ——= H}(Z) —= H}(%)

e HAY) —— HY(®)

which can be proved by the Mayer—Vietoris sequence. Explicit construc-
tion of the differential forms will be given in Section 6.
q.e.d.

By the Kiinneth formula, the de Rham cohomologies of the 4-manifold
X = S x Y, are then given as follows:

Hj(X) = span{dt,d¢} @ ker ((7* — 1) : Hy(Z) — Hy(%)),

Hy(X) = (dt A Hy(Yy)) ® Hi(Yr),

H3(X) = span{d¢ A ws, dt Aws} © coker (r*—1): HI(Z) — Hé(E))
For a compact symplectic 4-manifold, the only interesting Lefschetz map
is the one from H}(X) to H3(X). In the current case, the map is deter-

mined by the third item of Proposition 4.13. With the help of Lemma
4.12, Theorem 4.2 leads to the following proposition.

Proposition 4.14. Suppose that X is a closed surface, T is a mon-
odromy, and ws; is a T-invariant area form. Then the 4-manifold X =
St xYy, =8 x (Z X r Sl) with the symplectic form w = dt A d¢ + wx,
has the following properties:

1) Consider 7" — 1 acting on H}(X). The dimension of ker(r* — 1)/

(ker(7* — 1) Nim(7* — 1)) is even, and we denote it by 2p. Let
q + p with ¢ > p be the dimension of ker(7* — 1) and q — p be the
dimension of ker(7* — 1) Nim(7* — 1).
2) dim H}(X) = dim H3(X) = ¢+p+2 and dim H3(X) = 2q+2p+2.
3) dim PHj,\ (X) = dim PH}, ;s (X) = 3¢+p+1 and dim PHj (X) =
dim PH) (X)=q+p+2.

+dh

We remark that the dimensions of the de Rham cohomologies only
depend on the dimension of the 7*-invariant subspace of H}(¥). The
dimensions of the primitive cohomologies involve the degeneracy of the
intersection pairing on the 7*-invariant subspace of H}(3). We will re-
turn to this example in Section 6 to demonstrate aspects of the product
structures which we shall describe next.

5. A -algebra structure on filtered forms

The exact triangle (1.4) relates the filtered cohomologies closely with
the de Rham cohomologies through Lefschetz maps. It is thus tempting
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to think that some of the algebraic properties of the de Rham coho-
mology should also be present for filtered cohomologies. For instance,
an important property of the de Rham cohomology is its ring structure
with the product operation taken to be the exterior product on forms.
Underlying this ring structure is the standard differential graded algebra
on the space of differential forms, (Q*, A, d), with the two operations be-
ing the exterior product and the exterior derivative. So could the filtered
cohomology groups also be rings? As we shall see in this section, the
answer turns out to be yes. However, there is not a differential graded
algebra for filtered forms. What we have instead is a generalization, that
of an A..-algebra on the space of p-filtered forms.

Let us first recall the definition of an A..-structure (see, for example,
[15, 10]). An As-algebra is a Z-graded vector space A = ®jez A’ , with
graded maps,

my: A% 5 A k=1,2,3,...

of degree 2 — k that satisfy the strong homotopy associative relation:

(5‘1) Z (_1)r+st Myt (1®7’ Q@ m,s ® 1®t) =0,
r,t>0,s>0

for each K = r + s + t. Here, when acting on elements, the standard
Koszul sign convention applies:

(5.2) (01 ® p2)(v1 ® v2) = (—1)172"loy (1) ® o (v2),

where ; are graded maps, v; are homogeneous elements, and the abso-
lute value denotes their degree.

Explicitly, relation (5.1) implies the following for the first three my
maps:

e my : A — A satisfies mym; = 0. Since m; increases the degree
of the grading by one and squares to zero, it is a differential with
(A,my) a differential complex.

o my : A®? — A satisfies

(5.3) mimeo = Mo (m1 R1I+1® ml) .

Here, mo preserves the grading, so it is considered a multiplication
operator in A. With m; as the differential, condition (5.3) is just
the requirement that the Leibniz product rule holds.
o m3: A®? — A satisfies
(5.4)
me(l@ma—ma®@1)=mmg+m3z (M 101+1@m; +11Qmy).

The left-hand side measures the associativity of the multiplication
ma. Equation (5.4) effectively stipulates that ms is associative up
to homotopy.

Let us note that a differential graded algebra is just a special case of
an As-algebra with the multiplication mso being associative, and hence,
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FO | Ty | Futrtt | Fpre | Fpel| gptesr || FRevee| paevae

FPQY | FPQY || FPQrP = [ FPQrtr | FrQrire | FrQrie—1| | FrQl | FpQO

Table 3. The ]-"g subspaces of a p-filtered graded alge-
bra F, following the notation of (5.5).

my, = 0 for all £ > 3. Moreover, even though the multiplication my is in
general not associative on A, it is always associative on the associated
homology H*A = H*(A,m;). This follows directly from (5.4), since
acting on elements of H*(A, m;) which are mj-closed, the right-hand
side is zero modulo the mi-exact term, mims.

We now construct an A.-algebra on p-filtered forms. We will denote
it by Fp,. The first step is to specify the F} subspaces. We shall use
the assignment suggested by the p-filtered elliptic complex (3.2) and its
associated filtered cohomology

FPH = {FPH) FPH!, ... FPH"™ FPH™™ prE"~1  FrHO}

which consists of 2(n + p) + 2 distinct objects. Assigning each to be
the homology of a subspace, the nontrivial F} subspaces should have
degree in the range 0 < j < 2(n+p)+ 1. Specifically, we shall label the
subspaces in the following way. (See also Table 3.)

AjerQj:]-"g for 0 < j <n+p,

5.5 o :
(5:5) Aj € FrQi = Frravtl=i for 0 < j <n+p.

For clarity, since a p-filtered j-form may be in either ]:g or f§”+2p =g

subspace, we have distinguished the two spaces by adding a bar to de-
note those j-forms in Fp" TP e, A; € FrQi = F PP We
will follow this convention for the rest of this paper as well.

Further, mimicking closely the filtered elliptic complex, we choose the
differential of the A,-algebra d; : Fj — ]-'g“, i.e. the my map, to be
as follows:

dy ifo<j<n+p-—1,
(5.6) dj =4 —0,0_ if j=n+p,
—d_ ifn+p+1<j5<2n+2p+1.

This differential clearly satisfies dj1d; = 0 on the space { FPQY*, FPQ*}.
It only differs from the differential operators of the elliptic complex by
a negative sign in front of the “minus” operators d_ and d_. We will
see that these negative signs are needed for satisfying the Leibniz rule
conditions in Section 5.2 below.

5.1. Product on filtered forms. The symplectic elliptic complex (3.2)
motivated the definition of the grading and the m; map. To obtain the
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me multiplication map, we turn to the long exact sequence of cohomol-
ogy (4.1) and its underlying chain of short exact sequences (2.24). These
exact sequences are suggestive of how to define a product on FPQ*, for
they contain maps between FPQ* and Q* such as I1? |, %, , L~®?*1d  and
P%,.d L~ 1) So to define a product on filtered forms, we can first map
FPQ* to Q*, then apply the wedge product on Q* ® Q*, and finally map
the resulting form back to FPQ* with the desired grading. (See Figure
3 for more details.) In this way, we are led to defining the following
product operation on F, = {FPQ* FPQ*}:

Definition 5.1. The product x : F} ® .7:;,“ — ]-"ZJFk is defined as
follows:

(57) Aj X A = Hp(Aj AN Ak)
+ P, [—d L™ 0(A; A Ag) + (L-PTDdA ) A Ay,
+H(=1) A4, A (L—<P+1>dAk)}

(5.8) Aj X Ak = (—1)j*T (A] A (*rlek))

(59) Aj X Ak = *, ((*T‘A]) VAN Ak)

(5.10) A; x A, =0

where we have used the notation of (5.5) denoting A; € ]:g, and A; €

.7-"5"+2p+1_] for0<j<n+p.

Let us note that the product of p-filtered forms FPQ* in (5.7) sim-
plifies depending on the value of j + k. For if j + k > n + p, then
IIP(Aj; A Ap) = 0. On the other hand, the terms in the bracket of (5.7)
become trivial when j 4+ k < n + p. Hence, we can write

(5.11)

IIP(A; A Ay) ifj+k<n+p
Aj XAk =0 1P, [ —d L= (45 A Ay)
(5.12) HLPEDGA) A Ay + (—1) A5 A(L*@H)dAk)] ifj+k>ntp

Notice also that the expressions on the right-hand side of (5.8) and
(5.9) are automatically p-filtered. This can be seen simply by applying
the p-filtered condition (2.22) and using (2.8) and (%,)> = 1. Further-
more, the product 4; x Ay of (5.8) is identically zero unless j < k.
(Similarly, for (5.9), a non-trivial product only occurs for & < j.) This
property is natural since the product Fj x .7-"5 =0if j+k>2n+2p+1,
as subspaces with grading greater than 2n + 2p + 1 are defined to be
the empty set. This also explains why the product in (5.10) is trivial.
Lastly, the factor of (—1)7 in (5.8) ensures that the product is graded
commutative. That is,

Fix FF = (—1)*FF x Fi.
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Column A B C D
Grading
T
2 0 0?2 T —)
3 0 dflﬁ s dzjﬂlim 0
_—
4 el
4 0 o LA o VL SR 2 o ¥
dil L? dls IS d+1¢ 5
5 0 0 Q FIQ5 — =
Jd
0 02 L, s 0
NI
6 0— > FIs 7 3 L2, qF 0
R
7 00—~ Figir . ot L2 g8 0
dld
8 0— = FI3 "= 05—~ 0
ol
9 0— = FIQ2- "> 6~ 0

Figure 3. Consider as an example the above commu-
tative diagram of Lemma 2.3 in dimension 2n = 8 for
the degree two Lefschetz map which involves the p = 1
filtered forms { F*Q*, F1Q*}. The filtered product of Def-
inition 5.1 can be heuristically understood as first map-
ping the filtered forms in Columns A and D into Columns
B and C. Once in the middle two columns, the wedge
product can be applied and then the resulting form can
be projected back to the outer columns. For the case of
FPQI x FPQOF where j 4+ k > n + p, the product crosses
the middle row of the diagram which notably is without
filtered forms and therefore has no grading assignment.
Hence, in order to obtain the desired product grading of
j+k > n+p, the definition of the product must involve
a derivative map which shifts forms down by a row. The
three terms in (5.12) correspond to the three different
ways one can apply the derivative map to a product of
two filtered forms.
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Now we can check that our definition of the filtered product x is
consistent with the exact triangle of (4.2). At the level of cohomology,
the long exact sequence (4.1) locally has the following form (setting
r=p+1in (4.1)):

(5.13)
N Hi-?= Pt gl Lo prgi o pi-wer L HIH
where
p. —(+h) ¢ for i <
Gy (fog) = L) ris e
(P, dL=PTY ) %) forj>n-+p,
and we have denoted the filtered cohomology by
, FPH’ for j<n+p
5.15 FPHI = 3 . - ’
(5.15) {FPHE"HPH_] for j > n +p.

Heuristically, we can view the product of two filtered cohomologies as
tensoring two long exact sequences locally in the following way:

j—2p—2 k—2p—2 j+k—2p—2
Hd Hd Hd

L+l Lp+1 Lp+l

HI © HF "~ HItH
! ! f

(5.16) FPHI @ FPHK X FrHItk
g g g

i—2p—1 k—2p— )y jtk—2p—1
HY P e Hy PR

d
p+1 p+1 Lpt+1
j+1 k+1 J+k+1
Hd Hd Hd

In the above, the product at the top, Hg ® HC’? — HZ;H, is clearly just

the standard wedge product. The product at the bottom, chl_2p 1
H§_2p 1S H fl+k_2p _1, however, does not have the correct degrees for it
to be a wedge product. Instead, for our purpose, it has the interpretation
as the standard Massey triple product with the middle element of the
triple product fixed to be wPt!. To see this, since our concern is the
filtered product, we are mainly interested in the subset of elements of
Hgl_2p_1 and Hs_zp_l that are in the image of ¢ from FPH7 and FPHF,
respectively. By the exactness of the sequences, these elements are in
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the kernel of the Lefschetz map:
[€j—0p—1] € ker[LPTL: HI7?~1 — H7FYand
k—2p—1
[€k—op—1] € ker[LPTH: {7271 — ghtl),

Therefore, there must exist an 7; € Q7 and an n;, € QOF such that

dnj = WP A E_op1 and dng = WP A Epop1.
Given this, it is then natural to consider the Massey triple product
(&j—op—1, wPTL, & _9p_1). With the symplectic structure element w?™!

kept fixed, this Massey triple product then defines what we shall simply
call the Massey product:

(€imop—1,Eha2p1)p = Ej—ap—1 A + (= 1) A Ex_9p_1
Hy(M)
T(&—2p—1,Ek—2p-1)

where Z(&;_op—1,&k—2p—1) is the ideal generated by &;_2,—1 and &;_2p—1.
We note that this Massey product is only well-defined on the quotient
since different choices of 7; and n, may differ by a d-closed form.

We can now ask whether the filtered product x is compatible with
the wedge and Massey products that surround it in (5.16). For the
filtered product we defined in Definition (5.1), the diagram in (5.16) in
fact commutes. The precise statement of this is given in the following
theorem whose proof is given in Appendix A.

(5.17) €

Theorem 5.2. Let (M,w) be a symplectic manifold. The product
operator x on FPH*(M) is compatible with the topological products.
That 1is, it satisfies the following properties:

1) (Wedge product) For any two [¢;] € H(M) and [&] € HY(M),
FENE) = f(&) % f(&k). The equality is considered on the filtered
cohomology class corresponding to f : HglJrk(M) — FPHI ;

2) (Massey product) For any two [A] € FPH*(M) and [A'] € FPH*(M),
(g(A),g(A")p = g(Ax A"). To be more precise, the equality is con-
sidered on H}(M)/Z(g(A),g(A"));

where the maps f and g are defined by (5.14) and the Massey product
is defined by (5.17).

5.2. Leibniz rules. Having defined m; = d; and my = x, we now
show that they satisfy the Leibniz rule (5.3):

djs(F) x FF) = d;F) x F¥ + (=1 FL x dy .
Note that the differential d; as given in (5.6) varies with the subspace
F} and can be either a first- or second-order differential operator. Thus

we will need to consider the Leibniz rule condition for different ]-'g X ]-'I’f
cases separately.
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Theorem 5.3 (Leibniz’s Rule). For A;, A, € FPQ* and Ay, € FPQ*,
the following holds:

(5.18) (i) dy(Aj x Ag) = djA; x A + (=1)7 A; x dy Ay, forj+k<n+p
(5.19) (i) — 940 (A; x Ay) =d;jAj x A + (—1)7 A x di Ay, forj+k=n+p
(5.20) (i) —d_(A; x A) =djA; x Ap + (=1)7 A x di, Ay, for j+k>n+p
(5.21)  (iv) —d_(A; x Ay) =djA; x A + (=1)7A;j x (—d_) A, for j <k

where dj = dy if j <n+p andd; =0,0_ if j =n+p.

Before proving the theorem, let us set up some conventions that we
shall use frequently. We shall express the decomposition of A;, Aj €
FPQ* as

Aj=Bj+wABj_o+...+wP A Bj_gp,
Ay =Bp+wABr_g+ ...+ w’ AN By_gp,
where the B’s are primitive forms and therefore,
(5.22) L=PdA; =0 Bj o,  L™PVdA, =0 By o,
Thus, for example, we would write
(5.23)
dyAj x Ag + (—1) Aj x d Ay
:IP*T{——dL_@+Uw+AjAAk)+L_@+Dﬂd+Aﬁ/\Ak
+ (=1Yd Ay A L=PHVGAL + (=17 [ — d L~ PV (A; A dLAy)
+ L0GA; A dy Ay + (—1Y A; A L0 d(d, Ay)] }
=107, { — dL70D (d, A5 A Ay
+ (—1)/Aj Ndy Ay) — 040-Bj_9p N Ay, — Aj N 040_By_o,
(<1 (0-Bjoap Ady Ay + ds A A OBy a,) }

where the second equality wuses the fact that d(d4A4;) =

d(dA; — wPTIO_Bj_9,) = —wPT10,0_Bj_o, for A; € FPQ*.

Proof of Theorem 5.3.

Case (i): Fj x FF, j+k<n+p.

dy(Aj x Ag) = d TIP(A; A Ay) = (TIPd) (1 — wPHLL=PFDY (A5 A Ay)
= IPd(A; A Ay) — TP (WP Ad LD (A5 A Ay))
=117 [(d+ Aj + WP ANO_Bj_9p) A Ay + (—1) A;
A(dy Ag + WP A O_By_p)]

=dyAj x Ag + (=17 Aj x di Ay
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Case (ii): Fj x F&, j+k=n+p.
Let us first note that for j + k =n 4+ p,
(5.24)
0L (Aj x Ap) = 0,0_[IIP(Aj A Ap)] = TP %, d L=PTDd(A; A Ay).
To see this, we can write
Aj N A = wP A By_p +wPTA Ao
for some B,_, € P"7P and A;L_p_2 € Q" P=2 Then, we can calculate
both sides of (5.24):
040-(Aj x Ay) = 040_ (WP A By—p) = wP N 040_Bp—y,
P %, d L=PHDd(A; A Ay) = TIP %, d(0_Bp_p + w A dA},_, 9)
=11 %,0,0_-Bp_p =wP’ NO+O_By_p
which verifies (5.24). Furthermore, we have
(5.25)
P %, d L= PO (A A Ay)
=11 %, d L~ PTD[d L Aj A Ay + WP OB _op A A + (—1)7 (A A dy Ay
+A; A wp+18_Bk_2p)]
=P %, d L™ PV [dL Aj A Ay + (1) Aj A dy Ay
+ 1P %, [040_Bj_op N Ay — (=1)70_Bj_o, AN dAg + (—1) dAj A O_Bj_o,
+ Aj N 040_Bj_sp)
=P %, d L~ PV [d Aj A Ay + (1) Aj A dy Ay
+ 1P %, [040-Bj_op N Ay — (=17 0_Bj_op A dy Ay
+ (—=1YdyAj A O_By_op + Aj A 040_Bj,_oy)|
where the last equality is obtained by canceling II? x,. [pr@_Bj_gp A

0_DByj_2p]. Note that (5.25) is precisely equal to the minus of (5.23).
With (5.24), this proves the Leibniz rule (5.19).

Case (iii): Fy x Fiy, j,k <n-+pandj+k>n+p.
Note first,

(5.26) —d_(Aj x Ap) = —1IP %, d*,(Aj x Ap).
Now for j + k > n+ p, we can use (2.12) to write
s0(Aj x Ay) = TP [ = d L= (A; A Ay) + L~ PHDdA; A A,
+ (=1)7A; A L™ dA4,]
= —d L~V (A; A AL) + L—(p+1)d(wp+1L—(p+1)(Aj A Ar))
+0-Bj_op NAp + (=17 Aj NO_By_a,
— L= (WP OB oy AN A+ (=17 A; AwPTrO_By_s,) .
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Since j + k > n + p, (2.11) says that wp+1L—(P+1)(Aj NAg) =Aj N Ag.
Furthermore, we can substitute wp+18_Bj_2p NAy = (dA;j —d Aj) N A
and A; /\wf”“a_Bk_gp = Aj N (dAy, — d4 Ay). After some cancellations,
we find

(5.27)  #p.(Aj x Ap) = —d L~PTV(A; A Ay)
+ L PO A A Ay + (1) Aj A dy Ay
+0_Bj_op N Ay + (=1) Aj NO_By_op.
By substituting (5.28) into (5.26), we obtain

(5.28)
—d_(Aj x Ap) = ~T1P %, {d LD (dy Aj A Ay + (=17 A A dy Ag)

+d(0-Bjoop A A+ (—1Y A5 A O_By ) }.

After applying the derivative on the second line, it gives precisely (5.23),
which proves the Leibniz rule (5.20).

Case (iv): ]-'g x]—'ﬁ, j<n+pand {>n+p.

Let k=2n+2p+1— /¢ and A, € FPQ*. Then we have

—d_(Aj x A) = =(=1Vd_#, (A5 A %, Ag) = —(=1)%,d(Aj A%, A)
—1)7%, [dAj A s, Ar + (—1)jAj A d*rf_lk]
—1)j*r [(d+Aj + wp+18_Bj_2p) A %, Ap
+(=1)7A; A spd_ Ag]
= (=17 s (A Aj A AL) — 5, (Aj A %pd_ Ay)
=dyAj x A+ (=1)7 A5 x (—d_Ay)

-
—

where (2.22) is invoked to set wP*1x,.A4; = 0 for the fourth equality.
q.e.d.

5.3. Non-associativity of product. We now analyze the associativ-
ity of the product. In general, A% x (A7 x AF) #£ (A% x A7) x A*. Hence,
there is a non-trivial ms map. We will show that the induced msz map
satisfies (5.4).
Due to Definition 5.1, (5.7)—(5.10), there are three distinct cases when
considering the triple product A% x A7 x A*:
(i) i+j+k<n+p;
(i) i+j+k>n+pandi,jk <n-+p;
(iii) max{i,j,k} >n+p.
We will show for both case (i) and case (iii) that the triple product
is associative. In contrast, case (ii) will be seen to be in general non-
associative.
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Consider first case (i). Here,
A; x (Aj x Ap) = A; x [(1 — WP (DY (45 A Ak)]
= II? (Ai NAjAAp —wPPE A A A LD (45 A Ak)>
=117 (A; A Aj A Ay).
It is not hard to see that (A; x A;) x Ay, is also equal to ITP(A; AA; AN Ay).
Thus, the triple product for ¢ + j + k < n + p is associative.
For case (iii), we will show as an example the case where i > n + p

and j+k < n+p. Let £ = 2n+2p+1—1i. The triple product corresponds
to

Ay x (Aj x Ag) = #p (x4 NTIP(Aj A Ay))
. (*TAZ A (1 — WPt L= P DY (A4 A Ak)>
= %, (*,,Ag NA;N Ak)
since by (2.22), wP*1x. 4, = 0. From the definition in (5.8), we have
(Ag x Aj) x A = #, (%, Ag N Aj) x A = 5, (5, A0 N Aj N Ay)

Therefore, the triple product is associative if ¢ > n + p. In a similar
manner, the associativity for the case when j >n+por k > n+ p can
also easily be shown. We also note that if a pair or all three indices are
greater than n + p, then the triple product is identically zero.

For case (ii), we have the following result.

Proposition 5.4. For A;, A;, A, € FPQ* and i+ j+k > n+p,
(5.29)
Aj X (A X A) = —d-TI7 s, [A; AL=HD (450 4y)]
T IIP %, {d+Ai AL=PFD (A5 A Ay) + (—1) A; A L~PHD (A A A Ay)
+(—1)A; ALY (4 A d+Ak)}
LI %, { —dL= T (A; N Aj A AR) +0_Biop ANAj A Ay
F(—1) A AD_Bj_gp AAj + (—1)TTA; A A; A a,Bk,zp}.
Proof. Assume first j + k < n + p, then A; x Ay = IIP(A; x Ag).
Hence,

(5.30)
Ap X (Aj x Ag) = Ay x [(1 —wPPLL=CFDY (45 A Ap)]

— T1P %, [ —d LD (Ai NAjA A — Ay AwPHIL=0FD (4 A Ak))
+ (L= PHDdAN A (1 — P TEL= Ty (A5 A A)

+ (=1 A A LT[ — WL 0ED) 45 A A
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We will analyze the six terms in (5.30) separately. For the 2nd, 4th, and
6th term, we obtain

1P , [d(1 — TP (A A L P (A A Ag) — O_Bi_ap AwPTILT P (A A Ay)
— (=1)"As AdL™ PV (4, A Ak)]
(5.31)
- d_I"%, [Ai AL~ (45 A Ak)] F I %, [d+Ai AL~ (A A Ak)] .

For the first term of the first line, we have used (2.12). For the sec-

ond line, we have set L~ (®PTDwPtl equal to one since it is acting on
d L=+ (A; A Ag) € ker(TIP*) for j + k < n + p. For the 3rd and 5th
term, we obtain

17 %, {(L’(p“)dAi) ANAGAAg + (1) A AL A(A; A Ak)}
= 11" %, {a,BHp AAGA A+ (=1)" A AP [(dy A + wP T O Bj_2p) A Ak
(5.32)
+ (—1)i+jAj A L™@+D [Al A(d+ Ak + prrlakafzp)] }

Inserting (5.31) and (5.32) into (5.30) then results in (5.29).
The remainder case is when j 4+ k > n + p, and we have

Ai % (A; x Ay) = (=1)'TI" %, [Ai ATIP*[ = d L™ (A5 A Ay)
+ LA A A+ (<1) A, A LAy
= (—1)in % [— A A dLi(p+1)(Aj N Ak)
(5.33) + A AL A A Ay + (1) A AdyAy)
+ AN (D-Bjop AN Ak + (1) A; A a,BH,,)] .
The second equality uses (2.12) and the fact that wPt'L=(FP+D(A; A
Ag) = Aj N Ay for j +k > n+ p. We can re-express the first term of
(5.33) as follows:
P %, d (AZ- AL~ (4 A Ak)) I %, <dAZ- AL~ (4 A Ak))
= —d_TIP %, (A; A L~PFD (A5 A Ay))
— TP %, d L~PHD (4; A WPTLL=(PHD (A5 A AL))
(5.34)
FIP s, [(d+Ai ANL™PYD (A A AL) + 0_Biop A A; A Ak}

where we have used (2.23) and wP L=P+HD (A, A Ay) = A; A Ay, for the
second line. Inserting (5.34) into (5.33) then gives (5.29). q.e.d.

An analogous calculation gives the result for the other order of multi-
plication.
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Proposition 5.5. For A;, Aj, A, € FPQ* and i +j+k>n+p,
(i x Ag) x Ay = —d T s [L70FD (40 Ag) 1 Ay
+IP*T{L*F“Rd+AiAfy)AAk
+ (D)LY (A; AdyAG) A Ay
(5.35) + (—1)H LD (A, A Af) A d+Ak}
P %, { — ALY (A A Aj A Ay) + O_Bi_op A Aj A Ay,
+ (=1)"A; A O_Bj_9p A Ay
+(—1)HA A A A a_Bk_gp}.
With (5.29) and (5.35), we find that for A;, A;, Ay € FPQ* and i +
Jj+k>n+p,
A x (Aj x Ag) — (Ai x Aj) x Ay,
- _d,{np s [Ai A L™PTD (A5 A Ay) — L= (A, A A)) A Ay }
(5.36)
I «, {d+Ai AL=HD (AL A A) — L= (d) A A AS) A Ay
+ (=1) [A; AL Ay A Ay) — LT (A4 AdyAj) A Ay
+ (=) [A; A LD (A A dy Ay) — LPD (A A A) A dy Ay }
This is precisely in the form (5.4) required for an A-algebra with
(5.37)
ma(As, Aj, Ag) = TP %, [A; AL™OFD(A; A Ay) — L-FD(4; A Aj) A A

Notice that if i + j + k& = n+ p + 1, then the form inside the bracket of
(5.37) has degree i +j +k —2(p+1) = n—p— 1. But II” %, acts on
Q" P~1 as the zero map. Hence we find that
(5.38)
0 ifi+j+k<n+p+2
ma(As, Ay, Ay) = { TPy | A; A L=0FD (45 A Ay)
—L*mﬂ@%AAﬂAAq ifitj+k>n+p+2

for any A;, A;, A, € FPQ*.

Note that with a ms map satisfying (5.4), we have shown that the
product is associative on FPH*. Together with the differential satisfying
the Leibniz rule, we conclude that (FPH*,+, x) is a ring.

5.4. Triviality of higher order maps. With mgs found to be non-
zero, we can use it to determine my, for k > 3. The condition (5.1) for



COHOMOLOGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS 129

k = 4 reads

ma(ms ® 1) 4+ ma(1 ® ms) — ma(ma ® 192) + m3(1 @ my ® 1)
(5.39) — m3(1®2 ® mg) = mymy — my (m1 ®1®3

+1om @12 +120m @1+ 1% @ my).

We will show that the left-hand side of (5.39) consisting of mg and ms
is identically zero. Therefore, m4 can be taken to be zero.

From (5.38), we know that mg3 is only non-trivial when all three ele-
ments it acts on have degree < n+p and the sum of the degrees is greater
than n+4p+1. Thus we only have to consider forms A;, A;, Ay, A; € FPQ*
and we can write the left-hand side of (5.39) as

LHS = mg(Ai, Aj,Ak) x A; + (—1)iAi X mg(Aj, Ak,Al)

(5.40)
—mg(A; X Aj, Ag, Ay) +ms3(Ai, Aj X A, Ap) — ms(Ai, Ay, A X Ay).

Let us consider each term on the right-hand side of (5.40).
For the first term, we find
ma(Ai, Aj, Ap) x Ay = {*TH” . (Ai AL~ (A A Ay)
LD (A, A Af) A Ak) A Al}
S (Az- AL~ (A A AR A A
LD (A A AS) A Ag A Al)
(5.41) - [L—<p+1>wp+1 (Ai A L®ED(A; A AR)) A A,

_ L_(p“)wf”“(L_(pH)(A,- A Aj) A Ay) /\Al},
where we have used (2.12). Similarly, the second term gives

(=) A Ams(Ag, Ay, A)) = 5y (A; A Aj AL (A A
—A; ALY (A A AR A A,)
(5.42) F [ — Ay A LGP (A A LD (A A A))

+ A; A L—(p+1)wp+1L—(p+1)(Aj A Ag) A Al] .
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For the third term, the only non-zero contribution comes from i + j <
n + p. Therefore, we have

—my(A; X Aj, Ap, Ay) = —m3 (IIP(4; A Aj), Ag, Ap)
= %, [ — A AA; AL (A A A
+ LPED (A A A A Ag) A A
(5.43) +WPPIL= D (A A A A LD (A, A A))
— LD (P LD (4, A Af) A AR) A Al} .
By the same token, the fourth and fifth terms are
ma(Ai, Aj x Ay, Ay) = [A,- AL~ (A A A A A))
— L7PHDA; A A A AR A A
(5.44) — A, A LPFD (WP LR (A0 A ALY A A))
+ L7 (4, NPT (45 A AR)) A Al} ,

—ms(As, Aj, Ap x A)) = %, [ — Ay AL (A A A A A
+ LTPHDA; A A A AR A A

(5.45) + Ay ALY (4 AP LD (4 A 4)))
— L4, A A) A wPHLL= P (4 A Al)] .

Summing all the terms of (5.41)—(5.45) then gives zero. This shows that
my can be chosen to be zero. It is also straightforward to see that the
higher maps my, for k£ > 4 can also be chosen to be zero. Thus, we have
shown that there is an A..-algebra for the p-filtered forms.

6. Ring structure of the symplectic four-manifold from
fibered three-manifold

The purpose of this section is to present a pair of symplectic four-
manifolds with the following properties:

e their de Rham cohomology rings are isomorphic and their primi-
tive cohomologies have the same dimensions;

e their primitive cohomology has different ring structure; in partic-
ular, the products in the component PHgdA ®PH§dA — PH}L are
different.

Both four-manifolds are topologically S' x Y, where Y, = ¥ x, S*

is a mapping torus of a closed surface ¥ identified with a monodromy
7. The construction of such symplectic four-manifolds were described in
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Section 4.4.2 and here we shall use the same notations and conventions
as there.

According to Proposition 4.14, the dimensions of the de Rham co-
homologies as well as the primitive cohomologies of such symplectic
four-manifolds are determined by two natural numbers. Consider the
action of 7% on HJ(X):

1) the first number is the dimension of the 7*-invariant subspace,

which we denote by q + p;

2) the intersection pairing is not always non-degenerate on the 7*-
invariant subspace; the second number is the dimension of this
kernel, which is ¢ — p.

But in order to calculate the product structure of the primitive coho-
mologies of the four-manifolds, we need to understand well their basis
elements. So to begin, we shall first give a systematic construction of
the basis elements of the de Rham cohomology of the three-manifold,
Y, which then will lead us to the basis elements of the primitive coho-
mologies of X = S! x Y, and their products.

6.1. Representatives of de Rham cohomologies of the fibered
three-manifold. By symplectic linear algebra, we may choose a basis
for the 7*-invariant subspace of H}(X):

{[041], [a2]7 SRR [Oép], [ap-i-l]? sy [QQL [51]7 [/82]7 EERE) [Bp]}
where p < ¢ and such that [o;] - [5;] =1 = =[] - [a] for 1 < j < p
and other pairings vanish. Here, the pairing [y] - [y] is defined to be
(v Av)/ [ ws for any [4],[y] € Hj(X). Again, by symplectic linear
algebra, we can extend this basis to a symplectic basis for H}(X):

{leals- . agl, [B1]s - [Bp]} U {lagls - lag),
[/BP-H]?"'7[BQ]7[BQ+1]7"'7[/89]}

where g is the genus of the surface . A linear algebra argument shows
that the image of 7% — 1 is always perpendicular to {[ay|},_, and
{[Bk]}i_, with respect to the above symplectic pairing. It follows that
the image of 7" — 1 is spanned by

{[ap-i-l]?' K [QQL [alﬁ-l]?' (K [a9]7 [BQ-H]? R [/89]}

Thus, for example, there exists a [(x] such that

7*[Ck] — [Ck) = [a]  for any p < k < g.

Now the de Rham cohomology of Y. is determined by the Wang exact
sequence in (4.14) which involves the map 7* — 1 on H}(X). Hence, we
can explicitly construct the basis elements of H}(Y;) and H3(Y;) in
terms of ker(7* — 1) and coker(7* — 1) as follows.

To start, consider the Jordan form of 7*. When 1 < k < ¢, the
element [ax] must be the upper-left-most element of some Jordan block
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of eigenvalue 1. The size of the Jordan block is 1 if and only if 1 <
k < p. That is to say, the interesting case is when k € {p +1,...,q}.
Let [v&0], [Vk1)s- -5 [Yke,) De the canonical basis for the block, where
Vo = Ok, Vi1 = Ck and with £ + 1 being the size of the Jordan
block. The discussion in what immediately follows will be within a single
Jordan block, and so for notational simplicity, we shall suppress the first
subscript of v and write «; for 75 ;. With this understood, there exist
functions {g; }gzo on X such that

7 (70) = Y0 + dgo,
(1) =7 + v + dar,

T (Ve) = e + Ye-1 + dge-
We remark that the terminal element [v,] does not belong to the image

of 7 — 1. From the canonical basis, we can construct the following
globally-defined differential forms on Y;:

Yo ~ Yo = Yo + d(x 90),

Y~ A=+ 0 +dxgr) + (¢ — 1)d(x 90),
2

—% 0 +d(xg) + (6~ Dd(xg)

Yo~ Y2 =2+ om+

2_3¢p+2
+ %d(xgo),

where x(¢) is an interpolating function defined on the interval ¢ €
(—0.1,1.1) and is equal to 0 on (—0.1,0.1) and 1 on (0.9,1.1). Here, we
are covering the interval [0, 1] using three charts: (—0.1,0.1), (0,1), and
(0.9,1.1). The above 4’s are invariant under the identification (z,¢) —
(1(x),¢ — 1), and thus are well-defined one-forms on Y. In general, for
j€{0,...,0} where ¢+ 1 is the size of the Jordan block, we have
J
v~ A= Y (fil @i + fi(d = 1) d(x(9) gj-i)).
=0
where

i—1
1 1 .
fil®) = 5 How—m): G0@—1.(e—it1)
and fo(¢) = 1. The functions f;(¢) have the following properties:
e fi(¢) is a polynomial in ¢ of degree i;
e f:(0) =0 for any i > 0; namely, f;(¢) does not have any constant
terms;

o fi(¢) — fil¢ —1) = fi—1(¢p —1);



COHOMOLOGY AND HODGE THEORY ON SYMPLECTIC MANIFOLDS 133

o fi(®) = X0ma (1) fimm(0)/m.
Taking the exterior derivative of 7;, we find
~ J (_1)i+1 ~
(6.1) dy; =do A (D )

1

i=1

for any j € {1,...,¢}. Notice that the sum above starts from i = 1 and
hence there are no terms of the form d¢ A 7, on the right-hand side
of (6.1). Therefore, each oy for k € {1,...,q} leads to an element in
H2%(Y,) defined by

do N aﬁk where aﬁk = Vi b, »
and /;, + 1 is the size of the associated Jordan block.

Notice that for 1 < k < p, ¢, = 0, and therefore, aﬁk = Y0 = 0. With
Proposition 4.13 and the Wang exact sequence of (4.14), this construc-
tion gives the following basis for the de Rham cohomologies of Y, from
the canonical basis of 7*:

H(Y,) = RTPH = span{de, a1, ..., dq, B1, -, By},
H3(Y,) = RPH = span{ws, dp A a1, ..., do A dp,dd A Br, ..., dp A By,

dp Nab,y,... .do Ao},
6.2. Representatives of the primitive cohomologies of the sym-
plectic four-manifold. We now consider the four-manifold X = S' x
Y, with the symplectic form w = dt Adp+wsy. Its de Rham cohomologies
are

Hj(X) = RTPT2 = span{dt, Hj(Y;)},
H%(X) = R*2P+2 — gpan{dt A H}(Y;), H3(Y;)},
H3(X) = RTPT2 = span{d¢ A ws, dt AN HA(Y;)}.

Clearly, the Euler characteristic of X is zero. It is also straightforward
to check that the signature of X is also zero.

We will use the exact sequence of Theorem 4.2 to construct a basis
for the primitive cohomologies PH} , (X) and PH§+dA (X). As noted in
Proposition 4.14, they are both isomorphic to R34+P+1,

By Corollary 4.5, PHfl a(X) has a component isomorphic to the
coker(L : HI(X) — H2(X)), and PHfHdA(X) has a component iso-
morphic to the ker(L : H3(X) — H3(X)). It is not hard to see that
both these components are isomorphic to the following basis elements
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in H2(X):
dt A (dp — ws), dt Néq, ..., dtANédg, dtABy, ..., dtA By,
dpNay, ..., dp Néy, dpA B, ..., do A By,
dp Aol ..., db Aok,

The elements corresponding to dt A H}(Ys) may not be primitive in
general and so do need to be modified. For instance, suppose that 7*a =
a+dg. Then, dtA(a+d(x g)) = dtA(a+xdg+x' g dd) is not necessarily
primitive. Note that g is unique up to a constant. Thus, we may assume
that

(6.2) / gws, =0, and thus gwy = dpu,
%

for some 1-form g on Y. The standard computation on Lefschetz de-
composition then shows that

dt A (a+d(xg)) —d(X 1) = dt A (a+ xdg + x'gdo) — X' gws: — x"do A

is a primitive 2-form, and is cohomologous to dt A (o + d(x g))-

Now the other component in Corollary 4.5 for PH? , (X) is ker(L :
HY(X) — H3(X)). This kernel is spanned by {41, ..,&,}. The cor-
responding elements of PHfl ,a are those that when acted upon by 0-
give an element in the kernel. To explicitly construct them, we note that
forany k € {p+1,...,q},

WA & =dt ANdp Ao+ X grodd Aws
(6.3) = —d(dt A1 + X'do A pp)
= —d(dt A1+ X'do A po — d(X pe1 + X (¢ — 1))

where p, o and pui, 1 are defined by (6.2). The expression inside the exte-
rior derivative in line 2 above does not generally represent a primitive 2-
form. Therefore, we added the exterior derivative of X’y 14X (¢—1) k.0
in line 3 to ensure primitivity. We thus obtain the following elements in

PH;dA forke{p+1,...,q}:

dt A + X'do A po — dOX e + X' (6 — 1) ko)

The computation (6.3) shows that the 0_ action on the above expression
is equal to Y50 = .

For PH ' ar(X), the other component in Corollary 4.5 is coker(L :

HY(X) — H3(X)). This is spanned by {(dt/\dqﬁ—sz)/\aﬁk}%:pﬂ. These
basis elements are cohomologous to dt A d¢ A ai provided that all g; has

zero integration against wy;. The corresponding elements in PHfl LA (X)
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are (‘Lra,ﬁg which by (6.1) are explicitly given by
o ,
—1)+
do A (Z i’m,ek—j),
=
forke{p+1,...,q}.

6.3. Two examples and their product structures. We shall present
below two explicit constructions. The two four-manifolds will have the
same de Rham cohomology ring, as well as identical primitive coho-
mologies. However, their primitive product structures will be shown to
be different. In particular, the image of the following pairing has differ-
ent dimensions in these two constructions:

(6.4)

PHi\(X) ® PH3n(X) — PHj_(X)

(Bs, BS) — % (—dL" (B2 ABy) +9-By A By + Ba NO_By) .
This is a symmetric bilinear operator. Note that the first term
—%, d L™Y(BaABY) = —d L™2(ByABY) is not only d_-closed but also 0. -
exact. We remark that on a compact, symplectic four-manifold, 04 By
is always 0_-exact for any function By. (See Proposition 3.16 of [19]).
Hence, the first term on the right-hand side of (6.4) does not have any

contribution here.

6.3.1. Kodaira—Thurston nilmanifold. The first example is the
Kodaira—Thurston nilmanifold, which we denote by X;. The primitive
cohomologies are computed in [18]. It is constructed from a torus with a
Dehn twist. To be more precise, let 72 = R?/Z?, and let (a, b) be the co-
ordinate for R2. The monodromy map 7 is induced by (a, b) + (a,a+b).
It follows that H}(T?) is spanned by da and db, and 7*(db) = da + db,
7*(da) = da. We take the area form on T2 to be da A db, and take the
symplectic form on X = S x Y, to be w = dt A d¢ + da A db.

The basis for the primitive cohomologies can be constructed from
the recipe explained in the previous subsection. Note that 9 = da and
¥1 = db + ¢ da are well-defined on Y;. With this understood, we have

PH?2,\(X1) = {dt Ad¢ — da A db,dt A Fg,de A A1, dt A1},
PH}j_(X1) = {dt,d¢, 1 }.

The only generator of PH; 4 (X1) which is not d_-closed is dt A 71, and
O_(dt N41) = —7p. It follows that

(6.5)
(d(]ﬁ/\:}/l) X (dt NA1) = do and (dt/\’;’l) X (dt NA1) = 2dt
are the only non-trivial pairings between the generators of PH{? a(X1).

Remark 6.1. This is the correspondence between the convention
here and that of [18]:

er = dt, ez = do, e3 = Yo, €4 = 1.
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6.3.2. An example involving a genus two surface. Let > be a
genus two surface. Fix a symplectic basis for its Hé(E): {aq, s, B1, P2}
Moreover, we may assume that the basis is an integral basis for the
singular cohomology of X. Let wy; be an area form of . Normalize it by

lws] = a1 A B1] = [ag A Ba].

Let 7 be a monodromy of ¥ whose actions on H}(X) are

14
1
1

[ W

1 n
0 1
0 0
0 m m+n
with respect to {ai, b1, az2,b2}, and £, m,n are integers with m + n # 0.
A direct computation shows that 7% preserves the intersection pairing.

It then follows from the theory of mapping class groups (see for example
[7]) that 7* does arise from a monodromy. Note that

S~ s =,

where

10 0 1 1 1 0 0

00 75 = 0110

S = mdnman and J =

00 0 & 0011

01 B 0001
Hence, the basis for the Jordan form is as follows:
Yo = ai, 7 = P2,

-n 1 1 n—4¢

72—m+n012+7m+n52, 73_m—|—n51_m—|—na2+m—|—nﬁ2'

For concreteness, we will set m = 1 and n = £ = 0. The canonical basis
then becomes

Yo = a1, Y1 = B, Y2 = Qg, V3 = p1 — az.
They give the following well-defined differential forms on Y;:

Yo = a1 4+ d(x go),
Y1 =B+ a1 +d(xg1) + (¢ — 1)d(x g0),

2 -
:72:0424-(]562—1—(]5 . ¢o¢1 "‘v‘d(ng)_|_(¢_1)d(xgl)_"_Wd(xgo)7
2 3 a2
G = (B —a2) + pon + T Ly 4 LA,
2 3 5 B
Fdlxgs) + (6— Dd(xg2) + E—32F2 4y gy 4 L8 H 1O =6 .

2 6
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We shall assume that g; wy, = dp; for i € {0,1,2,3}. According to the
discussion in the previous subsection,

w=dt Ndop + wyx,
PH? \(Xo) = {dt Ndp — ws, dt Ao, dp A A,
dt AN+ X' d A po — d(x 1 + X' (¢ — Do) },
PHj (X3) = {dt,d¢,7s}.

Since PH} (X3) & H3(X>), its element can be captured by integrating
against Hj(Xy) = {d@,dt,5}. There is only one generator of PH? , (X3)
that is not d-closed:

O-(dt Ay +X'dp A o — d(X' 11 + X' (¢ = Do) = Ao

We now consider the pairings between the generators of PH[? a(X2).
If one of them is d-closed, the only non-trivial pairing is

(dop N Fs) x (dt A1+ X'do A po — d(xX 1 + X' (¢ — L)po)) = do A Fo AFs.
The latter expression has non-zero integration against dt. That is to say,
the element in PH} (X3) is proportional to d¢.

It remains to examine the square of dt A 41 + x'do A po — d(x 11 +
X' (¢ — 1)po). As an element in H3(X>), it is

—2(dt A1+ X'dp A po — d(x 11 + X' (¢ — Do) A Fo-

The expression has zero integration against 7. We compute its integra-
tion against de¢:

2 do N\ dt N9 A1,
Xo

and it is not hard to see that f2¢ Y% A1 = 0 on each fiber Xy of

the fibration Y; — S'. This implies the square of dt A 7 + x'd$ A
o — d(xX'p1 + xX'(¢ — 1)po) can not be proportional to dt, though it
can be proportional to d¢. We therefore can conclude that the image
of PHZ \(X2) ® PH3,\(X2) = PH} (X3) is spanned only by d¢. We
have thus shown that the images of PHgdA ® PHc2ldA — PH}L of the

above two examples are of different dimensions.

Appendix A. Compatibility of filtered product with
topological products

We here provide the proof of Theorem 5.2 demonstrating the com-
patibility of the filtered product x as defined in Definition 5.1 with the
wedge and Massey product. We begin first with a lemma which will be
useful in the proof.
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Lemma A.1l. For any A, € QF,
(A1)
s d L™ P Ay — s L= g A, = P4, d L~ PTD A, — 5, L= (TP Ay).

Note that the second term of the right-hand side vanishes when k > n+p,
and the first term vanishes when k < n + p.

Proof. Case (i): when k < n + p. We invoke (2.11) to write Ay, as
Ap = TIPAj + WPTE A (LD 4,),
After taking L=®*1 o d, it becomes
L= DA, = L= Ay) + L= [P+ A q(L=PFD 4;)].

Since k < n + p, the last term is equal to d(L~®+1)A;). This finishes
the proof for this case.
Case (ii): when k& > n 4 p. We write Ay, as

Ay = A By o +WFTTIANAL L

where Ba,_i € P" % and Al 5 € Q2n=k=2 A straightforward com-
putation shows that

dL=PHD Ay = WP A (9, By 1) 4+ WP A (8- Bay g
+dAy, ) n QML

= . dL" PV AL = WP A (04 Bop_i) + WP A (8- Bop_i + dAb, 4 o)
in QQTL—k+2p+1.

Hence, wP A (04 Boy,—) is [IPx,dL~PTY A, Meanwhile, it is not hard to
see that w* ""P A (O_Ba,_j +dA, , ) is L=+ 4 A, This finishes
the proof of the lemma. q.e.d.

We now give the proof of Theorem 5.2. We shall consider the four
different cases separately.

(1) FPH] x FPHE — FPHIYE j4k<n+p

Lemma A.2. For j <n+p, k<n+pandj+k <n+p, the
product FPHY x F”H_k|r — Fprrk induced by (5.11) is compatible with
the topological products.

Proof. (Wedge product) Given [¢;] € Hg and [¢] € HY, it is not hard
to see that

[P (& A &) = TIP((TIP€) A (T1PE)) = (TIPE5) x (TIPEy).
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(Massey product) Consider two elements [A;] € FPH i and [Ag] €
FPHY . Since Aj and Ay, are di-closed, g(A;) = L~®*VdA; and g(Ay) =
L=+ d A, Moreover,

(A.2) dA; = WPt A g(4)) and dAy, = WPt A g(Ap).
With (A.2), the Massey product (5.17) is
(A.3)

(9(A7), 9(AR))p = (L™PTVAA;) A Ay + (—1)7Aj A (L™ PTHAAY).

We now calculate g(A; x Aj). According to Theorem 5.3, A; x Ay, is
d-closed. Tt follows that g(A; x Ay) = L~P+d(A; x Ay). With (A.2),

d(A; x Ay) = d(Aj A A — PP A LTEFD (A x Ay))
= WP A (L7 AA) A Ay + (1) Aj A (L™PTVdAy)
+dL=PHD(A; A Ay)).
Since j + k < n+ p, LP*! is injective on Q/F=2P=1 Thus,
9(Aj x Ax) = (g(A}), g(A))p + AL~ (A5 A Ay)).
This completes the proof of the lemma. q.e.d.

(2) FPHI x FPHK — P20k G ks ntp

Lemma A.3. For j <n-+p, k <n+p andj+k > n+p, the product
FPH x FPHK — FPHT2PHISIR i duced by (5.12) is compatible with
the topological products.

Proof. (Wedge product) Given [¢;] € Hg and [&] € HE, let A; =
P, mj_op-o = L™PHDE Ay = TIPE and mp_gpn = L~ PTG,
Namely,

é‘j = Aj + pr A\ T]j_gp_g and fk = Ak + pr A T]k_gp_g.

It follows from d§; = 0 and d§;, = 0 that

dAj = —wPt A d’l’}j_Qp_Q and dAy, = —wPTEA d’l’}k_gp_g.
Since j < n+p, L_(p+1)dAj = —d’l’}j_gp_g and L_(p+1)dAk = —d?]k_gp_g.
According to (5.12), f(&;) x f(&) is equal to

Aj X Ak
(A4)
= Hp*r [ - dL_(p+1) (A_] A Ak) - (dnj—2p—2) A Ak - (_1)jAj A (dnk—2p—2)] .

The next task is to compute f(§; A&;) = —*TdL_(erl)(ﬁj A &g). Since
j+k>mn-+p,itis also equal to —HP*TdL—(P+1)(§j A &k). We write

EjNEL=Aj A Ap + WP A Ciroopoa
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where (jyk—2p—2 = AjANk—2p—2+Nj—2p-2 N A + WP Anj—2p—2 AMk—2p—2.
Note that

dCjyk—2p—2 = (dnj—2p—2) N Ay, + (=1 Aj A (dng—2p—2)-
By applying II” on (A.1) for ; A &, we find that
F(E; A &) = TP, [L-C (g A &) — dL~FD (4, A Ag)
— d(L™ P (WP A Gagmpa))]

The first term on the right-hand side is zero. The third term can be
calculated with the help of (2.23):

— 1P, I:d(L*(ZD+1)(wP+1 A <j+k72p72>)}
= — P (dCk—2p—2) + d— (11 %, (i —2p—2)
= — IPx [(dnj—2p—2) A Ap + (=1) Aj A (dng—2p—2)] + d— (I 5, Cjp—2p—2)-
To sum up, f(& A &) is equal to
(A.5)
— TP%, [(dnj—2p—2) A Ak + (—1)7 A A (dijg—2p—2) — dL~PHD(A; A Ap)]
+d_ (11 5, Gy p—2p—2)

It follows from (A.5) and (A.4) that (5.12) is compatible with the wedge
product.

(Massey product) Given [A;] € FPHJ and [Ay] € FPHY (g(A;), 9(Ar))p
is completely the same as that in the proof of Lemma A.2, and the
Massey product is given by (A.3).

We now calculate g(A; x Ay). According to (5.12) and (5.14),

(A.6)
9(Aj x Ap) = #,ITPx, [ — AL (A5 A Ay)
+ (L~PHDAA) A Ay 4 (1) A A (LD A) |

The first term of the right-hand side can be computed with the help of
(A1) for Aj N Ay:

— s, [P, d L™ TV (A A Ay)

=LA A Ay) — dL=PED (A, A Ay)

— [ ~(+1) ppt1 [(L‘(p“)dAj) A Ag + (—D)FA; A (LD dA,)
— dL=PTY (AL A Ap)

where the last inequality uses (A.2). By plugging it into (A.6) and ap-
plying (2.12), we have

g(Aj x A) = (L=PHDdA) A Ay + (1) A; A (L~ PHDdAY)
— dL_(p-H)(Ak AN Ak)
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This together with (A.3) shows that (5.12) is compatible with the Massey
product. q.e.d.

(3) FPHY x FPHY — FPH T 5 <k

Lemma A.4. For j < k < n + p, the product FPH_{ x FPHF —
FPHRT induced by (5.8) is compatible with the topological products.

Proof. (Wedge product) Suppose that [¢;] € H, g and [¢] € HS where
(=2n+2p+1—k Sincek <n-+p, {>n+p, & =P Any_p 1
for some 7, 1 € Q2" 7F71 Let A; = TIP¢; and n;_9p_o = L~ PFTVE;.
Namely,

g =A;+wPt Ani_gps  and & = wPT Ang g
Since d¢, = 0 and d§; = 0,
dA; = —wPTEA dnj—op—2 and WPTY A dngp_i—1 = 0.
According to (5.14), f(&;) = A;j and f(&) = —*rdn2p—k—1. By (5.8),
(A7) F&) x f(&) = =(=1) % (Aj A dnan—g—1)-
We now compute f(& A &) = —#.dL~PTD(&; A &). Due to (A.1),
i d LD (6 A €)=~ d LD (6 A &) — s, L~ D d(E A &)

where the second term vanishes. Then write §; A&y as wpPT1 NE Aan—k—1
and apply (2.23) for ( =& A nap—k—1:
F(& N &) = —TPx, (d(&5 A map—i—1)) + d—(ITP%,C)

= TP, [(=1)7 (Aj + Pt Anjoop2) Adnan—k—1] + d_(ITP%,C)
(A.8)

= — (=1 IP%,(Aj A dnan—k—1) + d— (11P%,.C).
The last equality uses the fact that wPt! A dig,_r_1. Due to (2.22),
#p(Aj A dnap——1) € FPQF=7. That is to say, the first IIP-operator in
(A.8) acts as the identity map.

When &k —j = n+p, [I”+,¢ belongs to IIPQ" P+ = {0}. By (A.7) and
(A.8), we conclude that (5.8) is compatible with the wedge product.
(Massey product) Given [A;] € F”Hfilr and [Ag] € FPH let Bj o, =
L7PA;. Since dy A; = 0, dA; = LPT1 A (L~PHD A ). By (5.14),

g(4;) = L_(pH)dAj and g(Ar) = *,.Ay.
Due to (2.22), LP*1(g(Ay)) = 0. And the Massey product (5.17) is
(9(A7), 9(A))p = (0-Bjap, #r Akp = (=1)7 A A (4 Ap).
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According to (5.8) and (5.14),
9(Aj x Ay) = #,(Aj x Ap) = (=1) Aj A (%, Ay).
This completes the proof of the lemma. q.e.d.

Since all the products are graded anti-commutative, the product
P’ x FPHE — FPH?™* induced by (5.9) is also compatible with
the topological products.

(4) FPH? x FPH* — 0

Lemma A.5. For j < n+p and k < n+ p, the product FPH? x
FPHF — 0 defined by (5.10) is compatible with the topological products.

Proof. By simple degree counting, it is compatible with the wedge
product. It follows from (2.22) that LP*'g = —LP*1x,. = 0. Hence, the
Massey product (g(-),g(-))p =0 on FPH*. q.e.d.
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