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CURVATURES OF EMBEDDED MINIMAL DISKS
BLOW UP ON SUBSETS OF C 1 CURVES
Brian White
Abstract
Using results of Colding-Minicozzi and an extension due to
Meeks, we prove that a sequence of properly embedded minimal
disks in a 3-ball must have a subsequence whose curvature blow-up
set lies in a union of disjoint C 1 curves.

1. Introduction
Let Dn be a sequence of minimal disks that are properly embedded in
an open subset U of R3 or more generally of a 3-dimensional Riemannian
manifold. By passing to a subsequence, we may assume that there is a
relatively closed subset K of U such that the curvatures of the Dn blow
up at each point of K (i.e., such that for each p ∈ K, there are points
pn ∈ Dn converging to p such that curvature of Dn at pn tends to inﬁnity
as n → ∞) and such that Dn \K converges smoothly on compact subsets
of U \ K to a minimal lamination L of U \ K. It is natural to ask what
kinds of singular sets K and laminations L can arise in this way. In this
paper, we prove:
Theorem 1. Every point of K contains a neighborhood W such that
K∩ W is (after a rotation of R3 ) contained in the graph of a C 1 function
from R to R2 .
This extends previous results of Colding-Minicozzi and of Meeks. In
particular, if one replaces “C 1 ” by “Lipschitz” in Theorem 1, then the
result is implicit in the work of Colding and Minicozzi. (See [CM04c,
Section I.1] and [CM04c, Theorem 0.1] for a very similar result.) Thus
if K is a curve, it must be a Lipschitz curve. Meeks later showed that
if K is a Lipschitz curve, then it must be a C 1,1 curve [Mee04].
Meeks and Weber [MW07] showed that every C 1,1 curve arises as
such a blow-up set K. Hoﬀman and White [HW11] showed that every
closed subset of a line arises as such a blow-up set. (Kleene [Kle12]
gave another proof of the Hoﬀman-White result. Special cases had been
proved earlier by Colding-Minicozzi [CM04a], Brian Dean [Dea06], and
Siddique Kahn [Kha09].)
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The following questions remain open:
1) Can C 1 in Theorem 1 be replaced by C 1,1 ? The Meeks-Weber
examples show that one cannot prove more regularity than C 1,1 .
2) If C 1 can be replaced by C 1,1 , does every closed subset of a C 1,1
curve arise as the blow-up set K of some sequence Dn ? If C 1
cannot be replaced by C 1,1 , does every closed subset of a C 1 curve
arise as such a K?
Acknowledgments. The author would like to thank David Hoﬀman
for helpful suggestions. The research was partially supported by NSF
grant DMS-1105330.
2. Results
We begin with some deﬁnitions. For simplicity, we work in R3 , although the results generalize easily to arbitrary smooth Riemannian
3-manifolds; see the remark at the end of the paper. A conﬁguration
is a triple (U, K, L) where U is an open ball in R3 , an open halfspace in
R3 or all of R3 , where K is a relatively closed subset of U , and where
L is a minimal lamination of U \ K. Here K should be thought of as a
singular set: the conﬁgurations (U, K, L) we are most interested in arise
as limits of smooth, properly embedded minimal surfaces, in which case
K will be the set of points where the curvature blows up.
We deﬁne the curvature of a conﬁguration (U, K, L) at a point p ∈ L
to be the norm of the second fundamental form at p of the leaf that
contains p. We deﬁne the curvature of the conﬁguration (U, K, L) to be
∞ at each point of K.
A plane P (i.e., a two-dimensional linear subspace of R3 ) is said to
be tangent to (U, K, L) at a point p if and only if
1) p ∈ L and P is the tangent plane at p to the leaf of the lamination
that contains p, or
2) p ∈ K.
Thus each point in L has a unique tangent plane, whereas each point in
K has (by deﬁnition) every plane as a tangent plane.
If (U, K, L) is a conﬁguration, the lift of (U, K, L) is
Φ(U, K, L) = {(x, P ) : x ∈ K ∪ L and P is a tangent plane to (U, K, L) at x}.
Note that the lift is a relatively closed subset of the Grassmann bundle
U × G, where G is the set of all 2-dimensional linear subspaces of R3 .
Note also that a conﬁguration is determined by its lift: if Φ(U, K, L) =
Φ(U, K  , L ) then K = K and L = L .
Theorem 2. Let (Un , Kn , Ln ) be a sequence of conﬁgurations such
that Un converges to a nonempty open set U . Suppose also that the lifts
Φ(Un , Kn , Ln ) converge in the Gromov-Hausdorﬀ sense to a relatively
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closed subset V of U ×G. Then V is the lift Φ(U, K, L) of a conﬁguration
(U, K, L). Furthermore,
1) For each point q ∈ K, the curvatures of the (Un , Kn , Ln ) blow up
at q, meaning that there is a sequence qn ∈ Kn ∪ Ln such that qn
converges to q and such that the curvature of (Un , Kn , Ln ) at qn
tends to ∞ as n → ∞.
2) For each compact subset C of U \K, the curvatures of the (Un , Kn , Ln )
are uniformly bounded on C as n → ∞.
3) The laminations Ln converge to the lamination L on compact subsets of U .
Here (and throughout the paper) convergence of open sets Un to open
set U means convergence of R3 \ Un to R3 \ U in the Gromov-Hausdorﬀ
topology. In particular, if Un and U are balls, convergence of Un to U
means that the centers and radii of the Un converge to the center and
radius of U .
Proof. Let K be the set of points q in U such that
{q} × G ⊂ V.
First we prove that (1) holds. For suppose it fails at a point q ∈ K. By
passing to a subsequence, we may assume (for some ball W centered
at q) that the curvatures of the (Un , Kn , Ln ) are uniformly bounded on
W . In other words, W is disjoint from each Kn and the curvatures of
the lamination Ln ∩ W are uniformly bounded. By replacing W by a
smaller ball, we can then ensure that the tangent planes to Ln at any
two points of Ln ∩ W make an angle of at most π/20 (for example) with
each other. It follows that if (x, P ) and (x , P  ) are points of V with
x, x ∈ W , then the angle between P and P  is at most π/20. But this
contradicts the fact that {q} × G ⊂ V , thus proving (1).
Next we prove that (2) holds. Suppose that q ∈ U \ K. Then
(*)

{P ∈ G : (q, P ) ∈ V }

is a closed subset of G but is not equal to G. Thus there is a closed set
Σ ⊂ G with nonempty interior such that Σ is disjoint from the set (*).
In other words,
({q} × Σ) ∩ V = ∅.
By the Gromov-Hausdorﬀ convergence Φ(Un , Kn , Ln ) → V , it follows
that there is an open ball W centered at q and compactly contained in
U such that
(W × Σ) ∩ Φ(Un , Kn , Ln ) = ∅
for all suﬃciently large n, say n ≥ N . It follows immediately that
(i) Kn ∩ W = ∅ for n ≥ N , and
(ii) the Gauss map of Ln ∩ W omits Σ for n ≥ N .
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By a theorem of Osserman [Oss60], (i) and (ii) imply that the curvatures
of the Ln are uniformly bounded (for n ≥ N ) on compact subsets of W .
This together with (i) implies that the curvatures of the (Un , Kn , Ln )
are uniformly bounded on compact subsets of W . This proves (2).
It remains only to prove (3). Note that the curvature bounds in (2)
imply that every subsequence of the Ln has a further subsequence that
converges on compact subsets of U \ K to a lamination L of U \ K. But
clearly L is determined by V .1 Thus the limit L is independent of the
subsequence, which means that the original sequence Ln converges to L
on compact subsets of U \ K.
q.e.d.
We say that conﬁgurations (Un , Kn , Ln ) converge to conﬁguration
(U, K, L) provided Un converges to U and Φ(Un , Kn , Ln ) converges in
the Gromov-Hausdorﬀ topology to Φ(U, K, L). From Theorem 2 together with compactness of the space of closed sets under GromovHausdorﬀ convergence, we deduce
Corollary 3 (Compactness of conﬁgurations). Suppose (Un , Kn , Ln )
is a sequence of conﬁgurations such that Un converges to a nonempty
open set U . Then a subsequence of the (Un , Kn , Ln ) converges to a conﬁguration (U, K, L).
A conﬁguration of disks is a conﬁguration (U, ∅, L) in which each
leaf of L is a properly embedded minimal disk in U . We let D be the set
of all conﬁgurations of disks. We let D be the set of all conﬁgurations
that are limits of conﬁgurations of disks. Note that D is closed under
sequential convergence.
Theorem 4. Suppose that (U, K, L) ∈ D. Then U is covered by open
balls B with the following properties:
1) For each point p ∈ K ∩ B, there is a leaf Lp of L ∩ B such that
Lp ∪ {p} is a minimal graph over a planar region and is properly
embedded in B.
2) If qn ∈ K ∩ B converges to q ∈ K ∩ B, then Lqn ∪ {qn } converges
smoothly to Lq ∪ {q}.
3) The singular set K ∩ B is contained in a C 1 embedded curve Γ
such that at each point q of K ∩ B, the curve Γ is orthogonal to
Lq ∪ {q} at q.
(See Remark 7 for the generalization to arbitrary Riemannian 3manifolds.)
Proof. Assertion (1) is due to Colding and Minicozzi [CM04b, Theorem 5.8]. Assertion (2) follows immediately from Assertion (1). To prove
Assertion (3), we use the following theorem due to Colding-Minicozzi
and Meeks:
1

In fact, V ∩ ((U \ K) × G) is the lift of (U \ K, ∅, L), so the latter may be recovered
from the former using the projection map from U × G to U .
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Theorem 5. If (R3 , K, L) ∈ D and if K is nonempty, then K is a
line and the lamination L is the foliation consisting of all planes perpendicular to L.
(According to [CM04c, Theorem 0.1], L is a foliation consisting of
parallel planes and K is a Lipschitz curve transverse to those planes.
According to [Mee04], the Lipschitz curve must be a straight line perpendicular to those planes.)
We also use the following proposition, which is a restatement of the
C 1 case of Whitney’s Extension Theorem[Whi34, Theorem I]:
Proposition 6. Let K be a relatively closed subset of an open subset
B of Rn . Suppose V is a continuous line ﬁeld on K, i.e., a continuous
function that assigns to each p ∈ K a line V(p) in Rn . Suppose also
pi→
qi converges to
that if pi , qi ∈ K with pi = qi converge to p ∈ K, then ←
V(p).
Then each point p ∈ K has a neighborhood W such that K ∩ W is
contained in the graph Γ of a C 1 function from V(p) to (V(p))⊥ such
that at each point q ∈ W ∩ K, V(q) is tangent to Γ at q.
We will apply Proposition 6 with V(p) = (Tanp Lp )⊥ . By Assertion (2)
of Theorem 4, V(p) depends continuously on p ∈ K. Let pj , qj ∈ K ∩ B
with pj = qj converge to q ∈ K ∩ B. It suﬃces to prove that ←
pj→
qj
converges to V(q).
Let φn : R3 → R3 be translation by −qn followed by dilation by
1/|pn − qn |:
x − qn
.
φn (x) =
|pn − qn |
By passing to a subsequence, we may assume that φn (pn ) converges to
a point p∗ with |p∗ | = 1. Thus
←→
←−→ ←−−−−−−−−→ ←−−−−→
pn qn = φn (pn )φn (qn ) = φn (pn )O → p∗ O.
←
→
Thus it suﬃces to prove that p∗ 0 is equal to V(q).
Note that φn (Un ) → R3 . Now consider the conﬁgurations
(φn (U ), φn (K), φn (L)).
By passing to a further subsequence, we may assume that these conﬁgurations converge to a conﬁguration (R3 , K  , L ) ∈ D. Note that K  is
nonempty since 0 and p∗ are in K  . Thus by Theorem 5, K  is a line
and L consists of all planes perpendicular to K  . Since K  contains 0
and p∗ , in fact K  is the line through 0 and p∗ .
Now by Assertion (2) of the theorem, the leaves φn (Lqn ∪ {qn }) converge smoothly to Tanq Lq . Thus Tanq Lq is one of the leaves of L , which
means that Tanq Lq is perpendicular to K  . In other words, K  is the
line V(q).
q.e.d.
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Remark 7. The deﬁnitions and theorems in this paper generalize
to arbitrary smooth Riemannian 3-manifolds. In particular, Theorem 4
remains true if U is an open geodesic ball of radius r in a 3-dimensional
Riemannian manifold, provided all the geodesic balls of radius ≤ r centered at points in U are mean convex. (This guarantees that if D is a
minimal disk properly embedded in U , then the intersection of D with
any geodesic ball in U is a union of disks.) The proof is almost identical
to the proof in the Euclidean case.
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