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CURVATURE FLOWS IN THE SPHERE

CLAUS GERHARDT

Abstract

We consider contracting and expanding curvature flows in S?*1.
When the flow hypersurfaces are strictly convex we establish a re-
lation between the contracting hypersurfaces and the expanding
hypersurfaces which is given by the Gaufl map. The contracting
hypersurfaces shrink to a point xy while the expanding hyper-
surfaces converge to the equator of the hemisphere H(—x¢). After
rescaling, by the same scale factor, the rescaled hypersurfaces con-
verge to the unit spheres with centers xg resp. —zg exponentially
fast in C>°(S™).
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We consider contracting and expanding curvature flows in S"t1.
When the flow hypersurfaces are strictly convex we establish a relation
between the contracting hypersurfaces and the expanding hypersurfaces
which is given by the Gaul map. Consider monotone curvature func-

tions F' being defined in the positive cone I'y C R"™ such that
(1.1) F(1,...,1)=1
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302 C. GERHARDT

and such that both F and its inverse F' are concave. Let M(t) resp.

M (t) be solutions of the flows

(1.2) &= —Fuv
resp.
(13) T = f:%_ll/7

where the initial hypersurfaces My resp. My are strictly convex and
where M is the polar set of My, then both flows exist on the maximal
time interval [0,7%), the hypersurfaces M (t) are the polar hypersur-
faces of M(t), and vice versa. The contracting hypersurfaces shrink to
a point xg while the expanding hypersurfaces converge to the equator
of the hemisphere H(—zp). After rescaling, by the same scale factor,
the rescaled hypersurfaces satisfy uniform estimates in the C'°*° topol-
ogy with uniformly positive principal curvatures. When the curvature
function F' of the contracting flow is strictly concave, see Definition 3.1
on page 306 for a precise definition, or when F' = %H , then the rescaled
hypersurfaces of both flows converge to the unit spheres with centers xg
resp. —x( exponentially fast in C*°(S").

The class of strictly concave curvature functions comprises the ap-
propriate roots o, 2 < k < n, of the elementary symmetric polyno-
mials, the functions of class (K'), and hence the inverses 6 of the oy,
1 < k < n. Proofs of these results concerning strictly concave curvature
functions are given in Section 3 on page 306. As a byproduct we also
obtain a simple proof that the o are concave.

Here is a more detailed summary of our results.

Theorem 1.1. Let ' € C>®([y) be a symmetric, monotone and
homogeneous of degree 1 curvature function and assume that both F
and its inverse F' are concave. Normalize F' such that

(1.4) F(l,...,1)=1

and consider the curvature flows (1.2) resp. (1.3) with initial smooth
and strictly convex hypersurfaces Moy resp. My, where My is the polar of
My. Then both flows exist in the mazimal time interval [0, T™*) with finite
T*. The respective flow hypersurfaces are polar sets of each other. The
contracting flow hypersurfaces shrink to a point xo while the expanding
hypersurfaces converge to the equator of the hemisphere H(—xq). The
contracting flow is compactly contained in the open hemisphere H(xq)
forts <t < T* while the expanding flow is contained in H(—xg) for all
0<t<T™.

Introducing geodesic polar coordinate systems with centers in xg resp.
—xg and writing the flow hypersurfaces as graphs of a function u resp.
u*, then, for any m € N, we have

(1.5) ulmsn < em® Vi€ [ts, TY)
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resp.
(1.6) |5 — u"|msn < cm® Vit e lts, T"),
where O(t,T*) is the solution of the flow (1.2) with spherical initial

hypersurface and same existence interval.
The rescaled functions

(1.7) u®~!
resp.
(1.8) (2 —uH)e™!

are uniformly bounded C*°(S™) and the rescaled principal curvatures are
uniformly positive.

When the curvature function F', governing the contracting flow, is
strictly concave, or when F = %H, then the functions in (1.7) resp.
(1.8) converge to the constant function 1 in C°°(S™) exponentially fast.

Contracting curvature flows have first been considered by Huisken for
the mean curvature in Euclidean and Riemannian spaces, cf. [14, 15].
We are adapting his method of proving an exponential decay for the
difference of the principal curvatures to the present situation in order
to derive our decay estimates for the rescaled hypersurfaces. Tso proved
that contracting hypersurfaces by the Gaufl curvature shrinks the hy-
persurfaces to a point [19], while Chow proved the contraction to a
round point in case of the square root of the scalar curvature and the
n-th root of the Gaufl curvature, cf. [5, 6]. Andrews, [2, 3], considered
contracting flows for a class of curvature functions in Euclidean and
Riemannian spaces and proved convergence to a point, boundedness of
the rescaled hypersurfaces in the C*° topology and also convergence to
a sphere (or spheres in the Riemannian case), though we do not under-
stand his arguments for the convergence of the rescaled hypersurfaces
and consider his proofs to be incorrect.

Expanding flows, or inverse curvature flows, have been considered
in Euclidean and hyperbolic space [8, 11, 12, 18]. Recently, inverse
curvature flows have been studied in S™*! by Makowski and Scheuer
[17] who proved convergence to a hemisphere in C1%.

Remark 1.2. Our results for the contracting flows are also valid in
R+,

2. Definitions and notations

The main objective of this section is to state the equations of Gauf,
Codazzi, and Weingarten for hypersurfaces M in a (n+1)-dimensional
Riemannian manifold N. Geometric quantities in N will be denoted by

(Gap), (Rapys), etc., and those in M by (gi;), (Rijri), etc. Greek indices
range from 0 to n and Latin from 1 to n; the summation convention is
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always used. Generic coordinate systems in N resp. M will be denoted
by (z%) resp. (£9). Covariant differentiation will simply be indicated
by indices, only in case of possible ambiguity they will be preceded by
a semicolon, i.e., for a function v in N, (u,) will be the gradient and
(uqp) the Hessian, but e.g., the covariant derivative of the curvature
tensor will be abbreviated by Ramg;g. We also point out that

(2.1) Rocb’w;i = Raﬁv5;e$z€‘

with obvious generalizations to other quantities.

Let M be a C?-hypersurface with normal v.

In local coordinates, (z®) and (£%), the geometric quantities of the
hypersurface M are connected through the following equations

(2.2) J}% = —hijl/a

the so-called Gauf$ formula. Here, and also in the sequel, a covariant
derivative is always a full tensor, i.e.,

The comma indicates ordinary partial derlvatlves.

In this implicit definition the second fundamental form (h;;) is taken
with respect to —v.

The second equation is the Weingarten equation

(2.4) v = hhaf,

where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

(2.5) higie = hig = Ragnov®e; 7]}
and the Gauf§ equation
(2.6) Rijr = {hikhﬂ — hilhjk} + Ragygmaxﬁxkxl

When we consider hypersurfaces M C S™t! to be embedded in R"+2,
we label the coordinates in R"*2 as (z%), i.e., indices a,b,c, ... always
run through n 4 2 values either from 1 to n + 2 or from 0 to n + 1.

At the end of this section let us state some evolution equations sat-
isfied by solutions of the curvature flows
(2.7) = —Pv
in a Riemannian space form N = N"*! with curvature K. Here
& =P(F).

Lemma 2.1. The term @ evolves according to the equation
' — OFId;; = OFT hyhlyd

(2.8) o
+ KNOPF"Y g;;9P,
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where

d
2. P =—¢
(2.9) o
and

. d

2.10 b= —P(r).
(210) < a(r)

For a proof see [10, Lemma 2.3.4].
Assume that the flow hypersurfaces are written as graphs in a geodesic
polar coordinate system. Define v by

0

(2.11) v = (55

and let n = n(r) be a positive solution of the equation

H
2.12 h=
(2.12) 7 1

where H is the mean curvature of the slices {z° = r}, then

(2.13) X = vn(u)

satisfies the equation

(214) X — @F”Xij = —QFY hzkhfx — 2X_1¢FUX¢X]' + {@F +¢}EUX,
cf. [9, Lemma 5.8]

Lemma 2.2. Let N be a space of constant curvature Ky, then the
second fundamental form of the curvature flow (2.7) satisfies the para-
bolic equations

h] — ®FMhl,, = SFM hyyphihl — dFhyh'T + Ohih,
(2.15) + OFFI + OFF Sy ih, I
+ Kn{®68] + $F5] — F M gynl}.
and
hij — DFM b = OFM hyphihij — Fhpihl; — hEhy,
(2.16) + DEF; 4+ OF™ 5 by by
+ Kn{®gij + PFgi; — DF " gphis}.

For a proof see [10, Lemma 2.4.3].
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Lemma 2.3. Let hy; be invertible and set (h7) = (hi;)~", then the
mized tensor h; satisfies the evolution equation

— OFM by Wi 1l + {®F — (D — f)}6!
— KN{@F + @}iijiLki + KN@FklgkliL;'-
— {BFPIR b s + 20 FF POy by + P F MR

(2.17)

3. Curvature functions

Definition 3.1. Let FF € C?*(I') be a symmetric, homogeneous of
degree 1, monotone and concave curvature function. We call F' strictly
concave, if the multiplicity of the eigenvalue A = 0 for D*F(k) is one
for all Kk € I

We shall show that the k-th root of the elementary symmetric poly-
nomials Hy, 2 < k < n, are strictly concave. This will also offer a simple
independent proof of the concavity of the k-th root of Hy.

The Hj, are defined in the connected component I} of the cone

(3.1) {H > 0}
containing I;. The cones are monotonely ordered
(3.2) Iy=TI,cC--ClIn,

cf. [16, Section 2.

Theorem 3.2. The curvature functions
1

(3.3) op = HF, 2<k<mn,
are strictly concave.

Proof. The proof relies on the concavity of the functions
H
(3.4) Qp="T" 1<k<n-1.
Hy,

A proof of this fact can be found in [16, Theorem 2.5]. There, it also
proved that the Qj are strictly concave in 1.

For the proof of the theorem we shall use induction with respect to
k. A proof that oy is strictly concave is given in the lemma below.

Thus, let us assume that o, 2 < k < n, is already strictly concave.
Define
(35) F = Ok+1,

then

B )
(3.6) Fij = Gar — U HE HieriHir

1
T
1 H R+ H .
k+1""k+1 k+1,ij5-
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Here, the indices denote partial derivatives. Then the concavity of F' is
equivalent to the relation

(3.7) Higr5 < (1= o) H Hep i Hig -
We shall prove this inequality by induction and also
(3.8) Hi1,5€'¢7 < (1 — ) Hy  Hi1,i6 Hyy1,60 Ve £ E€R™,

where £ # 0 and where x ~ £ means that

(3.9) &= Ak.
Let ¢ be defined by
(3.10) o= Qs
then
(3.11) Hy145 = @ijHy + 0iHy j + 0 Hy i + 0Hp .

The argument & € I is obviously an eigenvector of D?F(k) with eigen-
value 0. Hence, let k ¢ £ € R™ be arbitrary, £ # 0, then we deduce

Hi1,456'80 = i€ Hy + 206 Hy, ;& + pHy, 1560
A - H, - A
< 208 Hiy¢! + == (1= ) H (Hy g,

where we used the concavity of ¢ and the assumption (3.8) for the
function Hy,.
From the relation

(3.12)

(3.13) Hiy1,:6" = 0 Hy, + @Hy, i€
we obtain
. . B ‘ - H
(3.14) @il Hy ;& = H, ' Hyy 16 Hy ;& — ;51 (Hyi€")?
k
yielding
k+1,zj§€ < k k+1,z§ k,]§ - 2 ( k,zg )
k
k—1H, ,
5 H;gr (Hpi&')?
_ ' k+1H, ,
(3:.15) < P H Y (Hi1,i€)? + ——— 8 (Hy i6)?
k Hp
Hjy 1 o k—1Hp N9
— 22—~ (H} ;& — = (H} ;&
H]? ( k,zf ) + k ng ( k,zg )
= (1 — i) Hy )y (Hig146)%.
The lemma below will complete the proof of the theorem. q.e.d.

Lemma 3.3. The function o9 is strictly concave.
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Proof. We shall first prove that F' = o9 is concave. We use the same
technique as in the proof of the theorem above and shall verify that the
inequality (3.7) is satisfied for F'. Define

Ho
3.16 ==
(3.16) v=g

and let £ € R", then
i — i j Hy i
Hyii€'¢7 < 2H 1Hy ;6 H;& — 2@(%5 )?
3.17 - i Hy i Hy i
(3.17) < $HyY(Hy €M) + 2@(1115 )? — Qﬁ(Hig )
= 10, (Hy:6M)?,

hence F' = o9 is concave.
To prove that F' is strictly concave, assume there exists 0 # £ € R™
such that

(3.18) Fiij(R)E& =0 A ki€ =0.
For simplicity let us define

(3.19) F=/H?—[A],

then

(3.20) Fi=F~'(H - ;)

and

(3.21) Fij = —F3(H — ki) (H — 5j) + F~'(1 = 6y5).
Define o by

(3.22) o=y ¢,

then

(3.23) (0 —EYF? = (H — k;)Ho.

Summing over ¢ yields

(3.24) (n—1)oF? = (n—1)H?0,
and hence we deduce

(3.25) oc=0

for otherwise we get a contradiction. But when o = 0, we infer from

(3.23)
(3.26) EF? =0,

a contradiction. q.e.d.
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Now, we want to prove that the inverses 6 of i, 1 < k < n, are also
strictly concave. This will follow from the fact that they are of class
().

Definition 3.4. A symmetric curvature function F € C>%(I'y) N

CY(I'y), positively homogeneous of degree dy > 0, is said to be of class
(K), if

oF )
which is also referred to as F' to be strictly monotone,
(3.28) F‘8F+ =0,

and

(3.29) FOMpimg < FHFIni)? = F*W gme Y €8,
or, equivalently, if we set F= log F,

(3.30) Fiikly i < —F*hI'n; i vneSs,

where F is evaluated at (h;;) and (k%) is the inverse of ().

Note that we only consider curvature functions which are homoge-
neous of degree 1.

Remark 3.5. The inverses ¢y, of oy, 1 < k < n, are of class (K), cf.
[10, Chapter 2.2], especially Lemma 2.2.11.

Lemma 3.6. Let F' € (K) be homogenous of degree 1, then F' is
strictly concave.

Proof. The Hessian of F' satisfies the inequality
9*F -1 -1

cf. [10, inequality (2.2.9)]. The right-hand side is strictly negative defi-

nite unless evaluated for a multiple of k. Indeed, let k ¢ £ € R™, £ #£ 0,

then, using Schwarz’s inequality, we deduce
(3.32)

. i1 1 _1 .
(- 2,2 2 2 ¢t
Fi¢ _E F?r?}F?kK; *€
1

< (ZE‘M)Q (ZFm;l’fi\g)2 = F3 (ZFmi_llfi‘Q)z,

where the inequality is a strict inequality unless

(3.31)

1

1 1
(3.33) k; 26 = AR} Vi,

)
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or equivalently,
(3.34) € =Ar; Vi
q.e.d.

4. Polar sets and dual flows

Let M C S™! be a connected, closed, immersed, strictly convex
hypersurface given by an immersion

(4.1) x: My — M cC S™

then M is embedded, homeomorphic to S™, contained in an open hemi-
sphere and is the boundary of a convex body M C S"! cf. [7].
Considering M as a codimension 2 submanifold of R"*? such that

(4.2) Tij = —gijx — hij T,

where & € T, (R™"*2) represents the exterior normal vector v € T, (S™T1),
we proved in [10, Theorem 9.2.5] that the mapping

(4.3) i: My — St

is an embedding of a strictly convex, closed, connected hypersurface M.
We called this mapping the Gauf§ map of M. More precisely, we proved

Theorem 4.1. Let © : My — M C S™ ! be a closed, connected,
strictly convex hypersurface of class C™, m > 3, then the Gaufl map %
in (4.3) is the embedding of a closed, connected, strictly convex hyper-
surface M C S™1 of class C" 1.

Viewing M as a codimension 2 submanifold in R"t2, its Gaussian
formula is

(4.4) Tij = —§ij& — hijz,

where g;;, hij are the metric and second fundamental form of the hy-
persurface M C ", and & = x(€) is the embedding of M which also
represents the exterior normal vector of M. The second fundamental
form ﬁij 1s defined with respect to the interior normal vector.

The second fundamental forms of M, M and the corresponding prin-
cipal curvatures k;, K; satisfy

(4.5) hij = hij = (%, ;)
and
(4.6) Fi= K

If M is supposed to satisfy a curvature equation of the form

(4.7) F, = f),
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where F' is a curvature function defined in I}, F' = F(k;), F’ symmetric,
monotone, homogenous of degree 1 and smooth (for simplicity), F €
C>°(I}), then the polar set M of M satisfies the equation

~ 1
4.8 F_=—
( ) |]M f(f]}')’
where F is the inverse of F,
~ 1
4.9 F(k;)) = ———.
(1.9 59 = 5y

One may consider the equation (4.7) and (4.8) to describe dual prob-
lems. This duality is also valid in case of curvature flows.
Let x = z(t,£) be a solution of the curvature flow

(4.10) i=—du,

where @ = &(r) is a smooth real, strictly monotone function defined on
R, and where the F' on the right-hand side of (4.10) is an abbreviation
for

(4.11) b = &(F).

Assume that the flow in (4.10) with initial strictly convex hypersurface
My exists on a maximal time interval [0,7*) and that the flow hyper-

surfaces M (t) are strictly convex. Let us consider the flow as flow in
R™"*2, then (4.10) takes the form

(4.12) i = &,

since

(4.13) (i,2) = 0,

¥ represents v in T, (R"2) and

(4.14) T, (R"2) = T, (S"™Y) @ (x).

We also note that z is the normal to M and that the Weingarten
equation has the form

(4.15) z; = hYay,

cf. [10, Lemma 9.2.4]. Furthermore, we have, cf. [10, equ. (9.2.36)],
(4.16) (z,%) =0,

and we infer

(4.17) (x,) = &,

(4.18) (z;,@) =0,

(4.19) = (@5, %) + (2j,),



312 C. GERHARDT

as well as

(4.20) i; = —;i — i

in view of (4.10). Thus, we deduce

(4.21) (2,25) = — (i, %) = P;.
Taking (4.17), (4.21) and

(4.22) (2,%) =0

into account we finally conclude

7 =dx + Iz,

4.23 N
(4.23) = Qx + PR 7y,
where
(4.24) P = g™ ;.

The corresponding flow equation in S?*! has the form
(4.25) & = i+ "L iy,
Let tp € [0,7*) and introduce polar coordinates with center in the

convex body defined by M(ty), then, for tg < t < to + €, M(t) can be
written as graph over S”

(4.26) M(t) = graph 4, ,

and we obtain the scalar curvature flow equation
. di s

(4.27) i = di; = &5+ "hE iy,

by looking at the 0-th component of (4.25), where

1 .
-9 G~ ~
=1+ o,
(4.28) sin?a 7
=1+ |Dal?
and
(4.29) p=10"11,—u')
such that
(4.30) |Da)? = a'd;.
The partial derivative of @ with respect to ¢ then satisfies
oun . _ o
— =U— T
ot ’
(4.31) — 5! 4 &R Gy + b5 | Daf? — Ik sLa
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This is exactly the scalar curvature equation, by considering the partial
derivative of & with respect to ¢, of the flow equation

(4.32) i = o,

where

(4.33) O =d(F)=d(F),

F is the inverse of F, i.e., when the M(t) satisfy the inverse curvature

flow equation

1
then the polar sets M (t) satisfy the direct flow equation
(4.35) i=—Fp

and vice versa.

Theorem 4.2. Let & € C*(R,) be strictly monotone, ® >0, and
let F e C®(I'}) be a symmetric, monotone, homogeneous of degree 1
curvature function such that

(4.36) F|F+ >0
and such that the flows

(4.37) T =—P(F)v
resp.

(4.38) i=®(F hHo

with initial strictly convex hypersurfaces My resp. My exist on mazi-
mal time intervals [0,T%) resp. [0, T*), where the flow hypersurfaces are
strictly convex. Let M (t) resp. M(t) be the corresponding flow hyper-
surfaces then T* = T* and M(t) = M(t).

Proof. In view of the symmetry involved it suffices to prove

(4.39) T <T* AN M(t)=M(t) Ytelo,T).
Let A be defined by
(4.40) A={T e0,T*): M(t) solves (4.38) Vt € [0,T]}.

A is evidently not empty, since a small one-sided neighbourhood of 0
belongs to A in view of the uniqueness of the solution of the scalar
curvature flow

ou
441 — =09
(441) at "

with given initial value and the arguments leading to (4.31).
By the same reasoning A is obviously open, while the closedness of A
is trivial. q.e.d.
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We shall employ this duality by choosing
(4.42) (r) = —r

i.e., we shall study and solve inverse curvature flows and direct curvature
flows simultaneously using their specific properties to our advantage.

5. First estimates

From now on we assume that both F, F are concave and that

(5.1) F,...,1)=FQ1,...,1)=1.
@ is defined by

(5.2) O(r)=—r!

and we consider the curvature flows

(5.3) T =—Pv

and the dual flow

(5.4) i=—Fuv

with initial hypersurfaces My resp. My. Both flows exist on a maximal
time interval [0,7%). Let us start with some important estimates.

Lemma 5.1. Let M(t) be a solution of the flow (5.3), then the prin-
cipal curvatures are uniformly bounded during the evolution

(5.5) k; < const.
Proof. Label the x; such that

(5.6) k1 <o < Ry,

Then we can pretend that

(5.7) Kn = hy

is smooth and that we apply the parabolic maximum principle to A}
in equation (2.15) on page 305, for details see the proof of [10, Lemma
3.3.3].

Thus, fix 0 < T < T* and let (to,&), 0 < t9p < T, be a point such
that

(5.8) hy(to, &) = sup sup hy.
1€[0,7] M (1)

Then we deduce from (2.15)
I e e e SV
| < —F | - KnydFigy;hy,

a contradiction, i.e., the maximum is attained at ¢t = 0. q.e.d.



CURVATURE FLOWS IN THE SPHERE 315

Lemma 5.2. Let M(t) be a solution of the flow (5.4), then there
exists 0 < g < % such that

(5.10) cofin < e0H < iy

during the evolution, where the principal curvature are labelled
(5.11) F1 < ...Rp

and where

(5.12) H=> #.

Proof. We apply a maximum principle for tensors which was origi-
nally proved by Hamilton [13, Theorem 9.1] and later generalized by
Andrews [4, Theorem 3.2]. Looking at the equation (2.16) on page 305
we deduce that the tensor

(5.13) Tij = hij — eoHgij
satisfies the equation
ﬁj — Fklﬂj;kl = FkliLkril;’Tij — QF;LQC;L]W + QEOFﬁiLij
+ QKNF(l - eon)gij — KNFklgleij

(5.14) R G
+ Fklyrshkl;ihrs;j - GOFkl’rShkl;ihrs;jgw
= Ny; + Nyj,
where
(515) Nij = Fkl’rsﬁkl;ihrs;j - eoﬁklmsﬁkl;pﬁrs;quqgij-

Hamilton’s maximum principle then has the form: if the tensor T;; is
strictly positive definite at time ¢ = 0 and if the right-hand side satisfies

the so-called null eigenvector condition, i.e., T;; > 0 and Tijnj =0
implies
(5.16) Nijn'? + Nign'n’ >0,

then T;; > 0 during the evolution.

However, the term ]\N/'ij does not satisfy a null eigenvector condition
in general. Andrews therefore proved in [4, Theorem 3.2] that the con-
clusion is still valid if Nij satisfies the weaker condition
(5.17) Nijn'nd + sup 2FM(2I7 Typqm' — TETFTys) > 0.

I=(Iy)

Moreover, he proved that the weaker condition is satisfied by the
present tensor Nij, cf. [4, Theorem 4.1], provided F and F are both
concave, cf. [4, Corollary 2.4]. Hence, the maximum principle can be
applied provided NV;; satisfies the null eigenvector condition, which can
be easily verified by choosing coordinates such that

(5.18) Gij =0 AN n'=06,
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and using the fact that Ky > 0. Of course ¢y has to be sufficiently
small such that T;; > 0 at time ¢ = 0. q.e.d.

6. Contracting flows: Convergence to a point

From now on we are mainly considering contracting flows. To facili-
tate notation we drop any tildes, i.e., the curvature function involved is
denoted by F' and the flow equation is

(6.1) i=—Fuv.

In view of the results in the previous section there exist uniform positive
constants ¢; and co such that the principal curvatures

(6.2) KL< < kg

satisfy the estimates

(63) C1 S K1
and
(6.4) Kn < Cok1.

When the initial hypersurface is a geodesic sphere the flow hyper-
surfaces are all spheres with the same center and their radii © = ©(t)
satisfy the equation

cos ©

sin®’
The spherical flows exist only for a finite time, hence the flow (6.1) exists
only for a finite time and there exists a spherical flow © = O(¢,T*) which
shrinks to a point when ¢ approaches T™, where T™ is the maximal
existence time for the flow (6.1). These claims can be immediately
deduced by looking at initial spheres M; resp. My such that the initial
convex body My, where My is the initial hypersurface of the general
flow, satisfies

(6.5) 0=

(6.6) B1 @ My € Bs,
where
(6.7) OB; = M;, i=1,2.

Since the corresponding flow hypersurfaces can never touch, in view of
the maximum principle, we conclude that the general flow only exists
for a finite time and that

(6.8) Ty <T" <1,

where T; and T* are the lengths of the corresponding maximal time
intervals; for the lower estimate we also used an argument in the proof
of Theorem 6.6.
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By the same argument we also obtain:

Lemma 6.1. Let M(t) be a solution of (6.1) on a mazimal time
interval [0, T*) and represent M(t), for a fized t € [0,T%), as a graph in
polar coordinates with center in xoy € M(t),

then
6.10 inf u<O(t, T") < sup u.
(6.10) inf (t,17) sup

Proof. The sphere with center zo and radius ©(¢,7%) has to intersect
M (t) because of (6.8). Note that, when the relation (6.6) is valid at
time t = tp, then it is also valid for any ¢ > ¢y provided the flows exist

that long. q.e.d.
The solution © = O(¢, T*) of (6.5) is given by

(6.11) © = arccos e ™17,

since

(6.12) (logcos©) = 1.

Let p_(t) resp. po(t) be the inradius resp. circumradius of M(t).
Choosing their respective centers as origins of geodesic polar coordinates
we deduce from (6.10)

(6.13) p-(t) <O T7) < p+(1),
(6.14) tlir;l* p—(t) =0.

We want to prove that the corresponding limit of p, () also vanishes.
Then, the flow would shrink to a point.

Let zg € M(t) be arbitrary and consider the corresponding confor-
mally flat coordinate system

1 o
2 _ 2 2 gt e
(6.15) ds® = i iTQ)Z {dr +ro;;d&'de’ }.
Write M (t) as graph of u(t) in Euclidean polar coordinates and let

K; resp. K; be the principal curvatures of M (t) when considered as a
hypersurface in S"*! resp. R**!, then we can prove:

Lemma 6.2. The principal curvatures k; of M(t) are pinched, i.e.,
there exists a uniform constant ¢ such that
(6.16) Fn < CcR1,
where the k; are labelled

(6.17) Ry <o < R
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Proof. The k; and &; are related through the formula

(6.18) 1 +1i7“2 hi =R — b +uiu2vl’
where

(6.19) v? =1+ u20Yuu; =1+ |Dul?,
cf. [10, equ. (1.1.51)]. Hence, we deduce

(6.20) L o= cl,

R1 > K1 >
izt T gL

since in view of Lemma 6.3 below

(6.21) u < ¢y,

where ¢y = co(Mp) is a uniform constant, and we conclude further

(6.22) Fin < Kn + 300
yielding
Kn, 1 9 kn Co 1, co
6.23 — < (1+-c)—+-—<(1Q+= —
(6.23) 7 <1+ 40[))%1 + 2 <1+ 4co)cz+ 2
because of (6.4). q.e.d.

Lemma 6.3. Let 2o € M(t) be as above and let M(t) = graphu be a
representation of M (t) in Euclidean polar coordinates, then there exists
a constant co = co(Mo) such that the estimate (6.21) is valid for any
t € [0,7%). Moreover, for any T € [0,T*) and x¢ € M(T) C S*tL the
flow hypersurfaces M(t), 0 <t < T, can be represented as graphs in the
geodesic polar coordinate system of S"T1 with center in .

Proof. The convex bodies M (t) € S**! are decreasing with respect
to t, especially, we have

(6.24) M(t)c My Ytelo,T%),

cf. Remark 6.5 below. Since My is strictly convex its diameter is less
than w

(6.25) diam My < m—=, ~v>0.

Hence, any geodesic starting in xg which is contained in M (t) has length
less than 7 — -y, which in turn implies that the estimate (6.21) should
be valid with ¢y = co(7).

The second claim of the lemma is an immediate consequence of (6.24)
and (6.25). q.e.d.
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Now, choose xy € M(t) to be the center of the inball of M(t) C
S™*1 with corresponding inradius p_(t) and circumradius p, (t), and let
p—(t) resp. py(t) be the inradius resp. circumradius of M(t) ¢ R**1.
Note that the center of the Fuclidean inball is the center of the polar
coordinates.

The pinching estimate (6.16) then implies, cf. [2, Theorem 5.1 and
Lemma 5.4],

(6.26) pi(t) < o (t)

with a uniform constant ¢, hence M (t) € R™! is contained in the
Euclidean ball B;(0)

(6.27) M(t) € B5(0),  p=2cp_(t).
Define © by
(6.28) O = 2tan %

then we deduce from (6.10)

(6.29) inf u <O < sup u,
M(t) M(t)

where M (t) = graphwu is now a representation of M(¢) in Euclidean
polar coordinates, concluding further

(6.30) p(t) = 2¢p_(t) < 2¢O.

Choose 6 > 0 so small such that

(6.31) 2e0(t, T*) <1  V|T* —t| <4,
then
(6.32) pt) <1,

hence, in S"*!, we have

~

(6.33) M(t) C B (o),

where B, (z0) is the geodesic ball with center z¢ and radius
(6.34) o(t) = /Op(t) 1 +1ir2 = 2arctan ﬁ(;),

ie.,

(6.35) p<p A ng-

Thus, we have proved:
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Lemma 6.4. Let B, (;)(7o) C M(t) be an inball, then

(6.36) M(t) C By, (o) ~ Vte[T*—6,T%),
where ¢ is the constant in (6.26), or equivalently,

(6.37) p+(t) < dep_(1).

Hence, the flow (6.1) converges to a point.

Remark 6.5. The convex bodies M (t) converge monotonely, i.e.,

(6.38) th <ty =  M(ts) C M(t),
yielding
(6.39) peM(t) Ytelo,T%).

Proof. 1t suffices to consider 3 — ¢; to be small such that M(t), t €
[t1,t2], can be written as graphs in polar coordinates with center in
M (t2). Then u = u(t,-) satisfies the scalar flow equation
(6.40) uw=—Fv <0.

q.e.d.

Let us finish this section by proving that the flow hypersurfaces are
smooth and uniformly convex during the evolution.

Theorem 6.6. During the evolution the flow hypersurfaces M(t) are
smooth and uniformly conver satisfying a priori estimates in any com-
pact subinterval

(6.41) 0,71 C[0,T7),
where the a priori estimates only depend on My, F and T.

Proof. 1t suffices to prove the a priori estimates. Let 0 < T < T,
then the inradius p_ (o) satisfies

(6.42) 0 < (T, T*) < p_(T)

with a uniform constant independent of T. Indeed, from (6.26) and
(6.29) we infer

(6.43) &(T, T*) < cj(T),
where

. &(T,T*) 1
(6.44) 0T, T ):/0 T%TQ
and

6.45 T 0 _1
(6.45) o) = | I
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On the other hand, j_(T) as well as ©(T, T*) are uniformly bounded
by the constant cp, in view of (6.21) and (6.29). The estimate (6.42)
is therefore an immediate consequence of (6.43). Let zo € M(T) be
the center of an inball and introduce geodesic polar coordinates with
center xo. Then, the coordinate system covers the flow (5.1) as long as
0 <t < T, in view of Lemma 6.3. Writing the flow hypersurfaces as
graphs of a function u(¢,-) we have

(6.46) 0<é<u<m—rn
and hence, due to the convexity of M (t),
(6.47) v? =1+ sin 2 uouu,

is uniformly bounded. Furthermore, we have already proved that the
principal curvatures are uniformly bounded from below

(6.48) 0<c <k

Since F' is concave it suffices to prove that the k; are also uniformly
bounded from above

(6.49) ki <co(T)  VYO<t<T

in order to first apply the Krylov-Safonov and then the Schauder esti-
mates to obtain the desired a priori estimates.
To derive (6.49) we consider the function

1
(6.50) X = v,

sin u

which satisfies the evolution equation (2.14) on page 305. Let ¥ = x 1,

then x solves the evolution equation

(6.51) X — F%; = FUhgihkx — 2F—vyx.
n
Because of (6.46) and the boundedness of v there exists 6 > 0 such that
(6.52) X > 20 Vit e 0,7
and hence
(6.53) ¢ =log(x — )
is well defined and satisfies the evolution equation
. - v g H v

(6.54) ¢ — Filgup = Fihhk—X 4 Fligp — aF—y—X

Tx—10 n x—20

We are now ready to prove the estimate (6.49). As in the proof of
Lemma 5.1 on page 314 we may pretend that h]! = k,, the largest
principal curvature, is a smooth function and look at the point (to, o),
to > 0, where

(6.55) w =loghy — ¢

assumes its maximum in [0, 7] x S™.
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Applying the maximum principle we obtain

0 < —FYhy;h}
(6.56) .
X

+2F£’U~ .
n x—290

5 _
SR + Kn{2F (k)= — Frlgy

Since F'¥ is uniformly positive definite and

(6.57) F <ch!,

we deduce w and, hence, h]' is a priori bounded. q.e.d.
Remark 6.7. Let § be the small constant in (6.31) and define

(6.58) ts=T" — 0,

then we deduce from (6.36)

~

(6.59) M(ts) C Bsep_(1)(x0) Vg € M(ts).

Choosing ¢ even a bit smaller without changing the notation we may
also assume that

(6.60) 8ep_(ts) < 8cO(ts, T*) < 1.
In view of the a priori estimates in the preceding theorem we shall
henceforth only consider t € [ts, T™).
7. The rescaled flow
We shall first prove that

(7.1) O(t, T*) sup F' < const Vis <t <T".
M(t)

The proof will be an adaptation of the proof of a similar result in [2,
Theorem 7.5]. Let t5 < tg < T™ be arbitrary and B,_(4,)(z0) be an inball

of M (to). Choosing xg to be the center of a geodesic polar coordinate
system the hypersurfaces M (t) can be represented as graphs

(7.2) M (t) = graphu(t,-) Vis <t <to
such that
(7.3) p-(to) <ulto) <wu(t) <1,

cf. Remark 6.7.
Lemma 7.1. Let x be defined as in (6.50) on page 321, then

(7.4) xi =0 — u; = 0.
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Proof. The function

1
7.5 =
(75) nr) = ——
is a solution of the equation
H
7.6 )= ——
(7.6) ==,
where H is the mean curvature of the slices {2° = r}. Moreover,
(7.7) v™2=1— | Dul?
implies
; H
(7.8) Vv, = —hijU]’UQ + —u;v,
n
where
(7.9) w =g%u; A ||Dull® = gYuuj.
On the other hand, we deduce from
, H
(7.10) 0= xi = Nuv+nu; = — MU + nv;
H
(7.11) Vi = U
concluding further
(7.12) hijul =0
and thus u; = 0, since h;; is positive definite. q.e.d.

Let ¥ = x~! as before, then Y is the equivalent of the Euclidean

support function and in view of the estimate (7.3) and Lemma 7.1 there
exists a universal constant €y such that

(7.13) 0 < x — 2€e9p— (to) Vis <t <ty
We are now able to prove:

Lemma 7.2. There exists a uniform constant ¢ such that

(7.14) O THF<c Vig<t<T"
Proof. Let tg € (t5,T*) be arbitrary and consider the function
(7.15) ¢ =log F' — log(X — €op—(to))
in the interval [ts, tp]. Define
(7.16) w(t) = sup g,

M%)
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then w satisfies the differential inequality, cf. (6.54) on page 321,

g (t g
W < —F”hkih?M + KyFiig,;
X — €op—(to)
ﬂ ~
n X — €op—(to)
1 €op-(to) 1
< ————F?— +cKy+cF———
Fgi; X — eop—(to) N X — eop—(to)
where we used that
H
(7.18) a4 tosu
n  sinu
and
(7.19) X = sinuv™
Setting
(7.20) W= ev
we infer
(7.21) w < —éi’eop—(to) (X — €op—(to)) + cK N + ci”

< {c+ Kyt — édp_(to)*w},

in view of (7.13).
Hence we conclude

(7.22) sup W < max(w(ts) + 1, cey 2p—(to)~2),
t

where ¢ is a new uniform constant independent of ¢ty and ¢5. Choosing
to large enough we obtain

(7.23) W(to)p? (to) < cey?
and thus, because of (7.13),
(7.24) p—(to) sup F < cey?

M (to)

with a different constant c. To complete the proof we use the estimates
(6.42) on page 20. q.e.d.

Corollary 7.3. The rescaled principal curvatures k; = Ok; satisfy
(7.25) ki <c Vis <t<T*
with a uniform constant.

Proof. From (7.14) we infer
(7.26) c>F=F0=) Fli.

Since F JZ is uniformly positive definite because of the pinching estimates,
the result follows. q.e.d.
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Next we want to apply the Harnack inequality to get an estimate
from below for F'

(7.27) inf F>¢>0 Vts<t<T"
M(t)

To convince ourselves that the necessary requirements are fulfilled we
first have to establish some preparatory results.

Lemma 7.4. Let t; € [t5,T*) be arbitrary and let to > t; be such
that

(7.28) Ota, T*) = 10(t1, T%).

Let xg € M(tg) be the center of an inball. Introduce polar coordinates
around xy and write the hypersurfaces M (t) as graphs

(7.29) M (t) = graphu(t,-),
then there exists a positive constant ¢ such that
(7.30) c1O(ta, T*) <t &) < cO(ta, T*) Vit € [t1,ta],
and hence
(7.31) Uma (t) < Vtelt, s,
Unnin ()
where
(7.32) Umax () = i/}l(gu A umin(t) = ]\1/}1(5) u.

Proof. Let B,_,)(yo) be an inball of M ((t;), then we infer from (6.36)
on page 320 and (6.13) on page 317

~

(7.33)  M(t1) C Byep_(t,)(%0) C Baco,,7+)(%0) C Bsco(ts,r+)(Y0)
and we deduce further, since
(7.34) M(ts) € M(t1),

~

(7.35) M(t1) C Bigeo(t,7+)(20)-

Hence, we have proved the upper estimate in (7.30). The lower estimate
follows from (6.37) and (6.13), because

(736) p— (tQ) < u(t,f) Vit e [tl,tg].
q.e.d.

Lemma 7.5. Under the assumptions of the preceding lemma the
quantity

(7.37) v? =1+ sin 2 uouu;

is uniformly bounded in [t1,ta] x S™.
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Proof. From [10, inequality (2.7.83)] we obtain
(738) Q_}(t7§) S e’%(umax—umin)’

where 0 < & is an upper bound for the principle curvatures of the slices
{2° = const} intersecting M (t), hence

1 1
(7.39) R < — <c
S Umin Umin
and
(7.40) o(t, &) < L),

Combining this estimate with the one in (7.31) gives the result. q.e.d.
Lemma 7.6. Define ¥ by
(7.41) I(r) =sinr

and

o= / U
(7.42) s

= {log(sin 5) — log(cos )}

u
)

T2

where, T9 = O(ta, T*), then p(t,-) is uniformly bounded in C%(S™) for

any t1 <t < to, independent of t1, to. Furthermore, let Fi’; resp. FZ; be

the Christoffel symbols of the metrics g;; resp. o;;, then the tensor
. -

(7.43) i - rk

is also uniformly bounded independent of t1, to.

Proof. The C° and the C'-estimates are due to (7.30) and Lemma 7.5.
To prove the C%-estimates we employ the relation

(7.44) he =o' = (0™ — v 20 M)k + 9611,
cf. [11, equ. (3.26)], where
(7.45) o' = ooy

and where the covariant derivatives are with respect to the metric o;;.
Multiplying both sides of (7.44) with ©(¢,T*) we deduce

(7.46) leijll <e  Vie [t ta],

in view of the C''-estimates, (7.30) and (7.25).

To prove the boundedness of (7.43) we choose coordinates such that
in a fixed point I l’; vanishes. Then [ Z’; is a uniformly bounded tensor
comprised of algebraic compositions of v, Dy, D%y and o;; as one easily
checks. q.e.d.
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Let us define a new time parameter

(7.47) 7= —log®,
then
(7.48) g © sin®

dr  ©  cos®O’

Let a prime indicate differentiation with respect to 7 and a dot with re-
spect to ¢, and let us denote scaled quantities by a tilde unless otherwise
specified, e.g., let

(7.49) F = Fe,
then
. . .sn® -
7.50 P = e _f
( ) cos ©®

and we shall prove:

Lemma 7.7. F satisfies a uniformly parabolic equation of the form

(7.51) F' —dFjj +b'F; + cF =0
in the cylinder

(7.52) Q(11,72) = [11, 2] x ",
where

(7.53) 7i = —log O(t;, T7),

with uniformly bounded coefficients, and where the covariant deriva-
tives are with respect to standard metric o;; of S™. The coefficients are
bounded independently of T;. Since, in view of (7.28)

(7.54) =71 +log?2,
we deduce, by applying the parabolic Harnack inequality,
(7.55) sup F' < ¢ inf F

M(t1) M (t2)

with a uniform constant c.

Proof. Tt suffices to prove that F satisfies a uniformly parabolic equa-
tions as indicated. Combining (7.50) and (2.8) on page 304 we imme-
diately deduce, in view of (7.25) and the pinching estimates, that the
only non-trivial term in the transformation of (2.8) is

5 8in ©
cos©’

where the semicolon indicates covariant derivatives with respect to g;;.
Now, using geodesic polar coordinates as in Lemma 7.4, we can ex-
press the metric in the form

(7.56) ~FYF;;0

(7.57) 9ij = sin® u(pip; + 0ij),
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cf. the definition in (7.42), and we deduce

(7.58) g7 02
is uniformly positive definite, in view of (7.30) and Lemma 7.5, hence
(7.59) O2F = Figkie?

is uniformly positive definite.
Thus, it remains to consider the covariant derivatives, but

. -
(7.60) Fij = Fyj —{Ij; — T} Ry,
where Fj; are the covariant derivatives of F' with respect to o;; and FZ’;

resp. Fi’} are the Christoffel symbols with respect to g;; resp. o;;, hence
we infer from Lemma 7.6

g in®
(7.61) —FiF;e? 20

cos® —a" Fyj +V'F;,

where a¥ is uniformly positive definite and b’ uniformly bounded. q.e.d.

Corollary 7.8. The scaled curvatures k; are uniformly bounded from
below

(7.62) ki = K0 >c>0.
Proof. Since
(7.63) inf [ < inf &, < c inf &,
M(t) M(t) M(t)

where the &; are labelled

(7.64) K1 <+ < Rp,
and t1 € [ts, T*) is arbitrary, it suffices to estimate
(7.65) sup F>¢>0 Vi <t <t
M(t)
Indeed, let (¢,€) € M(t) be a point such that
(7.66) u(t,&) = sup u,
M(t)

then
(7.67) Ry > oY

sinu
and
(7.68) Re> 2o > e,

sinu

because of (7.30) and hence

(7.69) sup F > F(#i(t,€)) > ¢ > 0.
M(t)

q.e.d.
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Now, let £y € S**! be the point the flow hypersurfaces are shrinking
to and introduce geodesic polar coordinates around it. Let

(7.70) M(t) = graphu(t, -)
and let
(7.71) a(r, &) = u(t,&)0t, T,

where 7 is defined as in (7.47). Then, we can prove:

Lemma 7.9. There exists a uniform constant c such that

(7.72) >c>0 V1 e Q(rs,00),
where

(7.73) 75 = — log(O(ts, T™))
and

(7.74) Q(7s,00) = [15,00) x S™.

Proof. Let us look at the rescaled version of the scalar curvature
equation

ou
. = — =—F
(7.75) U= v,
which has the form
@ =220 g
~ cos®
(7.76) _ eSO L g
cos ©
< —2c+ u,

in view of Corollary 7.8.
Let us suppose there exists 7p > 75 and £ € S™ such that

(7.77) (1, €) <,
then
(7.78) W <—c V7>,

where @ is evaluated at (7,§), yielding
(7.79) u(r) — u(1y) < —c(T — 70) V1o <7 < o0,
a contradiction, hence we conclude
(7.80) u>c V(7,€) € Q(T5,00).
q.e.d.

Lemma 7.10. The quantities @, v and |Du| are uniformly bounded
in Q(15,00), where

(7.81) |Di)? = oY,
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Proof. (i) Let t € [t5, T*) be arbitrary, and B,,_(;(yo) be an inball of
M (t), then we infer from (7.33)

(7.82) M(t) C Buey (1) (y0)-
On the other hand, zo € M(t) and
(7.83) p-(t) <Ot T7),
hence
(7.84) M(t) C Bgeot,+)(0)
yielding
(7.85) u < 8c.

(ii) From the proof of Lemma 7.5 we immediately deduce that
(7.86) v? =1+ — 12 oluu; < c

sin” u

which in turn implies

(7.87) o ai; < esin® u®~? < const.

Remark 7.11. Let ¢ be such that
1
(7.88) Wi = ——Uj,
sinu
then the covariant derivatives of @ resp. ¢ with respect to o;; satisfy the
pointwise estimate

(7.89) [5]1 < ellpijl,

hence we conclude that the C?-norm of @ is uniformly bounded and also
the difference of the Christoffel symbols

k ~k
(7.90) rk-rk,

cf. Lemma 7.6 and its proof. Moreover, observing that

sin u

(7.91) =1Y(u) =39 ue ") > ¢y >0,

where 9 is a smooth function such that
(7.92) co<V<cyt  Vtets, T,

and taking a similar estimate for cosu into account, we conclude from
(7.44)

sin ©  /sin®
cos @FU = F(
where @ is smooth function with respect to its arguments, monotone
and concave with respect to —;;, where the covariant derivatives are
defined relative to the standard metric on S™.

(7.93) S hiyo = d(x, e, 4, ae” 7, D, D*@),
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Hence, we deduce, by applying the Krylov-Safonov and Schauder esti-
mates:

Theorem 7.12. The rescaled function @ satisfies the uniformly par-
abolic equation

(7.94) i =-®+0

in Q(15,T%) and u(r,-) obeys uniform a priori estimates in C*°(S™)
independently of T.

In the next section we shall prove that % converges exponentially fast
to the constant function 1 when F' is strictly concave or when F = %H .

Let us also emphasize that the ©k; are not the principal curvatures
of graph @, though they are of course related.

8. Convergence to a sphere

The key estimate for proving that the rescaled hypersurfaces converge
to a sphere is the exponential decay of the quantity
(8.1) AP = LH? = 1> |R — &
1<J
Huisken proved it in [14, Section 5] by deriving the uniform estimate
(8.2) H A -~ Lg%} <const Vit e [0,T%),

for the unscaled hypersurfaces, where 0 < o < 1 is small.

We shall adapt his approach to the present situation where the fact
that we consider general curvature function F' creates some additional
difficulties. Some of the estimates, we shall prove below, will be valid
for arbitrary curvature functions, or at least for curvature functions we
consider in this paper, but the estimate (8.2) can only be proved for
F = 1H or F strictly concave.

~n
Lemma 8.1. Let M be a strictly convexr hypersurface with pinched
principal curvatures such that

(8.3) hij > eoH gij, € >0,
and let F be monotone and concave. Then there exists € > 0, ¢ =
e(eo, F), such that
(8.4) Z = Fhihyh — |APFUhgihlk > 2 H? Y |y — k7,
1<J

or equivalently,
(8.5) Z > 2 F P hyh§ > (ki — kj)*.

1<j
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Proof. Huisken proved the lemma for F' = H. We consider F' to be
defined in Iy and set

(8.6) F; = SZ
Let us also label the x; such that

(8.7) K1 <o < R,
then

(8.8) Fi>>F,

because F' is concave. Writing

(8.9) Z me? = Z meg + Z Filﬂi/ﬁ;’

and
(8.10) *ZFM?K? = 723/@?&? - ZFZKJ?/{?
i#£] 1<j Jj<i

we deduce from (8.4)

7 = Z mej(/f? — Kikj) + Zmej(/i? — Kikj)

i<j j<i
(8.11) = Z Fil‘ii/ﬁj(ﬁjz - Hiﬁj) + Z Fj/{i/ﬂj(lﬁ% — K}Z'/ij)

i<j 1<j

Z ZFjHilﬁj(Ki — Hj)Q Z 6H2 Z(/ﬁl — /ﬁj)g.
i<j i<j
q.e.d.
Since F' is concave satisfying F'(1,...,1) = 1 we have
1
(8.12) F<_-H,
hence
2 1172 2 2

(8.13) A2 — LH? < |AP? —nF2

We also need a reverse inequality:

Lemma 8.2. Under the assumptions of the previous lemma there
exists a positive constant ¢ such that

(8.14) |A]? = nF? < ¢(|A]? - 1H?).

Proof. The proof will reveal that curvatures need not be positive, it
will only be necessary that
Ri

(8.15) i
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are compactly contained in the defining cone. To simplify the notation

we shall also assume that F'(1,...,1) = n such that we have to prove
the inequality

2 _ 152 2 _ 172
(8.16) AP = 1F? < o AP - L),
or equivalently,
(8.17) H? - F? < CZ(/{i—Hj)2.

1<J

Let
(8.18) ©=H>—F?

and consider the convex combination

(8.19) ki(t) = (1 —t)ky + tki,
where the k; are labelled such that

(8.20) K1 < - < Ky

Denote the partial derivatives of ¢ simply by indices, then

(8.21) O(Bnyeeosbn) =0 A @i(Kn, ... kn) =0,

hence we deduce from Taylor’s formula

(8.22) (ki) = i (Ri(0) (K — k") (K — K")

for some 0 <t <1 yielding the estimate (8.17), since

(8.23) wij = 2H;H; — 2F;F; — 2F F};

is uniformly bounded. q.e.d.

We are going to estimate the function

(8.24) fo = F2(JA]? = nF?),
where
(8.25) a=2-0

and 0 < 0 < 1. We shall also drop the subscript ¢ simply writing f for
the left-hand side of (8.24).
In order to derive the evolution equation for f we use the relation

(8.26) f=|APF —nF*©
and the equations
(JAP?) — FY|AJ}; = 2F 7 hyhk| A]? — 2F 7 hyg ;b
(8.27) + 2FF TS s A
+4KNFH — 2K F* g AP,
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(8'28()F—a)’ — FIF;* = —aF9hhfF~* — a(a + 1) F~**FIFF;
— aKnFM g~
and
(F**) = FIF}* = —(a — 2)F7 hy;hf F>~°
(8.29) —(a=2)(a = 1)FYFF;F~*
+ (2 — a)KNFMg F2e,
We then obtain
f=Fify; =

oF bk f — 2F {hyq i F — hig FyH{ R F — RM ;=)
(8.30) —o(1—0)FIF,F;F2f +2(a—1)F 'FYF,f;

+AKN{HF — FM gy |APYF~* + o KNy F* gy f

+ 2FF TS by R P,
where we used the relation
(5.31) Fi9{hpF — hlei}{h"fl;jF — hlej}”: Fhyg ;b F?

— FY9|A|?FjF + FYF,Fj| AP

We also need a purely elliptic version of equation (8.30). This can be
achieved by replacing f’ using the formula

(8.32) hi = F) + FhEh], + KnFé),
cf. [10, Lemma 2.3.3]. Hence we deduce
f=2F"Z+0Fhhkf+(2—a)FIF ;F'f
(8.33) +2{hVF~* — FY"nFU}F; + 2h" F i F
+2KNFHF ™ — aKNF9g|APF~®
- (2 - Oz)KNFijgijnF2ia
concluding further
(8.34) )
—FUf;+2F 7 =
aF9F ;F f —2{h" — FnFI}F;;F~* — (1 — 0)FVF,F;F*f
— 2F 9 {hyyii I — g FyH{ R F — hFL ) = (2e)
+2(a— 1)F'FIEf; + 2KN{FH — F*gy|A*} F~
+ 2FF TS Dy by W P
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Some of the negative terms on the right-hand side can be exploited.
First, we observe that
(8.35) FH— FMgu|AP < 2H? — |AP = =1 (ki — 5j)%.

1<J

In case F' = 1 H it is proved in [14, Lemma 2.3 (ii)] that
ij 1
(8.36) F9{hy;F — hg F WM F — WM E > 2—n362H2|DH|2.

For more general curvature functions this inequality can not be derived.
Instead we shall consider the last term on the right-hand side of (8.34).
If FF = F(k) is strictly concave in a convex cone I" C R", then there
exists a positive constant ¢ such that

(837) Fkl’rshkl;ihrs;j S *C|A|_1|DA|2gij
provided the normalized vectors
(8.38) |A| 1k

stay in a compact set K C I'. The constant then depends on F' and K.
The estimate (8.37) was proved in [2, Lemma 7.12].

In our case the principal curvatures of the flow hypersurfaces are
pinched, hence, the normalized curvatures (8.38) are compactly con-
tained in I}, and we can prove:

Lemma 8.3. Let the curvature function F satisfy our general as-
sumptions and assume in addition that it is strictly concave, then there
exists a uniform constant € > 0 such that
(8:39) ) } )

—F9fi; 4+ 22 F I bbb f < aF 'FUFf +2(a — 1)F ' FYEf;
—2{h¥ — FnF9}F~*F,;; — 23| DA*F~°.

Proof. The claim immediately follows from (8.5), (8.13), (8.17), (8.35)

and (8.37) and the fact that F' is strictly concave. q.e.d.

Lemma 8.4. There exists a uniform constant ¢ > 0 such that
(8.40) |h9 — FnFY| < ¢ (ki — k))*
1<J
Proof. We have
h7 — FnFY = {h7 — LHg"} + {1 H — F}¢"
(8.41) + F(g" —nF9)
=0 + Iz + I3,

where each term can be estimated by the square root of right-hand side
of (8.40).
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The estimate for [ is trivial, Is can be estimated along the lines of
the proof of Lemma 8.2, while

(8.42) I3 = Fn(Fij(/in, N FU(KLZ))

from which the estimate follows immediately. q.e.d.

We are now able to prove a crucial estimate:

Lemma 8.5. Let F' be strictly concave, then there exists a constant
¢ > 0 such that for any p > 2, any 6 > 0 and any 0 < t < T* the
estimate

& [ Pl < (57 etp—1)+ ) [ Fffp

(8.43) M M

ety = 1)+ ¢} [ [DAPF
M

1s valid.

Proof. Multiplying inequality (8.39) with fP~! and integrating by
parts we obtain

(p—1) / FYfifi 7% 4 2€° / Fhyhf f? <
M M

| gt o [ PR
(8.44) M M
—2/ {n¥ —FnFij}F_o‘F;ijfp_l+2(a—1)/ FIRIE f !

M M

—262/ |DA2fe L,
M

The terms on the right-hand side can be estimated or transformed as
follows:

/ FOR b fifP <67 (p— 1)/ FYfififP~?
u M
dc

(8.45)

/ IDAPRSPH,
1) p

a/ FIF9F,; P = —a/ F FYF fipfr™!
(8.46) M "
B a/ F_lFij’klhkl;jFifp + a/ F—2FijFiijpa

M M
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which can be estimated by the right-hand side of (8.43).
M

2(p — 1) / (R — FnF9}F;f; fF2F~°

(8.47) M

+2 / {9 — FnFY};FF—o fr!
M

- 2a/ {hV — PnFYYF;F P~ 0Fe) pp=t,
M

In view of the estimate (8.40) the right-hand side of the preceding equal-
ity can be estimated as desired.
Finally, let us consider

2(a — 1)/ FUF9Ff ! < c/ FYfif 72

(8.48) M M

+c/ |DA|PH2fP,
M

which can be estimated as desired completing the proof of the lemma.
q.e.d.

Now we can show that for large p the LP-norms of f = f(¢,-) are
uniformly bounded provided o is small enough.

Lemma 8.6. Let F' be strictly concave, then there exist C1 > 0 and
oo > 0 such that for all

1
(8.49) p>ce? A o <min (e?’p_%él—7 00),
c

where ¢ > 1 is the constant in (8.43), the estimate
(8.50) I fllp.ar < Ch Vte[0,T7)
is valid, where C1 = C1(My) and o9 = o¢(F, My).

Proof. We multiply equation (8.30) with pfP~! and integrate by
parts. Observing that the terms involving K add up to be non-positive
if 0 is small, o < 0y, in view of Lemma 8.2, (8.12) and the fact that

(8.51) 1< FMgy < e,
and by applying the estimate

(8.52) FRTS By ihes 9 F~ < —2 DAPF~
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which has already been used in the proof of Lemma 8.3, we obtain
d .
/ fP+plp— 1)/ F”fifjfp*2 + 262p/ |DA|PF~ fr~1
dt J M M
<op / F i bl 7 + 5p(p — 1) / FY fifi 77
M M

853) +2-L [ FipFpipe
p—1/u

< op /M Filhyghk 2 4 Lp(p — 1) /M F g g 72

e / IDAPF 1,
M

where we may choose ¢ to be the same constant that we used in (8.43).
Hence, we deduce, because of (8.49),

d 1 y
G [arespo= [ Pl [ pappep
(8.54) M M ) M
<op [ Finlp.
M

Choosing now

(8.55) o< min(cgle?’p_%,ag),
where ¢ > 0 will be specified below, and
(8.56) §=ep 2,

we infer from (8.43) that the right-hand side of inequality (8.54) can be
estimated from above by

1
P 2 / Fillyahk 7} <
o M
1
P67 ep— 1) + ¢} / F9fif; 7~
Co M
1
+ L2 ep—1)+ c}/ | DAPF— P
Co M
8.57 — 3 -
( ) :col{p(p—1)c+ep20}/MFinfjfp 2
+cgHeE(p — e+ epze} / [DAPF= 77
M
< ¢y 2ep(p — 1)/ F9fif; 772
M

+6012C€2(p—1)/ |DAPPF— Pt
M

q.e.d.
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Choosing
(8.58) cp = 4e
leads to
(8.59) jt/M P<0 Ve[0T

from which the result immediately follows.

Theorem 8.7. Let F' be strictly concave or let F' = %H then there
exist constants § > 0 and cg > 0 depending only on F' and My such that

(8.60) |A|? — nF? < gF?9,
or equivalently,
(8.61) AP — LH? < coH*.

Proof. When F = L1 H we use the estimate (8.36) instead of (8.37) to
obtain the result in Lemma 8.6. Then, in both cases, F' strictly concave
or F'= %H , the further arguments are essentially identical to those in
Huisken’s paper. q.e.d.

Remark 8.8. In the proof of Lemma 8.5, Lemma 8.6 and Theo-
rem 8.7 we used the fact that the sectional curvature Ky satisfies

(8.62) Ky >0

but only out of convenience. In case of the opposite sign slightly different
arguments would have prevailed, since the terms stemming from the
curvature of the ambient space are of lower order and can be handled
fairly easily.

Combining the estimate (8.61) with the regularity result of the
rescaled hypersurfaces we shall prove that the rescaled hypersurfaces
converge to a unit sphere in C*°(S") exponentially fast provided F' is
strictly concave or F' = %H . First, we prove:

Lemma 8.9. Let F be strictly concave or F = L1H, let M(7) be

the rescaled hypersurfaces and izij, F, ete. be the rescaled geometric
quantities, then there are positive constants ¢, & such that

(8.63) / |IDAP? <ece™® V1 <71 < o0,
M

where

(8.64) 70 = —log ©(0,T7),

and where we emphasize that each geometric quantity is scaled sepa-
rately by multiplying or dividing it with appropriate powers of ©, and
by pointing out that the scaled principal curvature are not the principal
curvatures of M. This caveat applies especially to the integral in (8.63).
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Proof. Consider the inequality (8.39), where now f is defined by
choosing ¢ =0, i.e.,
(8.65) f=F2(A]? = nF?).

f is scale invariant, hence we deduce from (8.60) and Corollary 7.8 on
page 328

(8.66) f < cpe™T V71 > T19.

All terms in inequality (8.39) scale like f, i.e., they are of order zero. In-
tegrating over M, using integration by parts and rescaling the resulting
inequality yields the result in view of (8.40) and (8.66). q.e.d.

Applying now the interpolation inequalities for Sobolev norms, cf. [1,

Theorem 4.17], we conclude that |[DA| decays exponentially fast in
C°(5™), hence we conclude

Lemma 8.10. There exists positive constants ¢,  such that

(8.67) Flrox — Fuoin < ce 07 V71 >19
and
(8.68) |IDF|| < ce™®™ V7>

Proof. We first estimate the unscaled quantities in M ()
(8.69) Frax — Finin < diam M (t) sup||DF|| < c¢diam M sup |DA|
: M(1)

M(t)
to deduce
(8.70) Frax — Fuin < cdiam M sup ]Dfl\,
M(r)
hence the result. Note that
(8.71) |DA|* = ©°¢" b ©hi, ;0
and
(8.72) diam M = diam MO~ < c(]\i/}n(f) k1) 107! < const,
t
in view of Myers’ theorem. q.e.d.

A similar lemma is also valid for the mean curvature:
Lemma 8.11. There exists positive constants ¢,  such that
(873) }Nlmax - f{min < ce™ T V7 > T9.

We are now ready to prove that the rescaled flow hypersurfaces con-
verge to a sphere, to a geodesic sphere of radius 1.
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Lemma 8.12. Let |Du| be defined by
(8.74) |Da)? = oYy,
then there are positive constants ¢ and § such that
(8.75) |Di| < ce™07 VT >T19.

Proof. Let us look at the scaled scalar curvature equation in (7.76)
on page 329

(8.76) W= om0 L
COS
Define
(8.77) v =logu
and
(8.78) w = 3|Dy|* = a2 Duf?,
then
sin ©
8.79 vEFe! 1
(879) ol=—c s’ T

where we note that

(8.80) v =1+ ouiuy =14+ 9(u) 20 pip;

sin“ u
cf. (7.91) and (7.92) on page 330.

Differentiating now (8.79) with respect to ¢*Dj, we obtain
(8.81)

w' =2 PwFO™!

sin@ sin ©
o9 1 -1 2 k
cos@ FO” cos @ I(w)"wne” + R,

where R decays exponentially in view of (8.68) or other more trivial
estimates. The function

(8.82) Wmax = SUP W
M(7)
then satisfies
(C)
w;nax =27 Wmax @ ! o @ v+ R
(8.83) Zﬁf o
> 26 PWmax FO™ 1cos®v — e 07
for almost every 7 > 79, and we deduce
_ _ sin ©
(8.84) (Wmax — §e 57)’ > 2 PUWmax FO™ 1cos@
Hence,
(885) lim wWmax

T—00
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exists and, because of

oo - : @ D
(8.86) oo > / 2¢  PWmax FO ™ sl v > c/ Wnax,
0 cos © 0

we obtain
(8.87) lim wWmax = 0,

T—00

from which we conclude further, in view of (8.84),
(8.88) Wiax(T) < ge_éT V1> 1.

q.e.d.
As a corollary we can prove:

Corollary 8.13. The rescaled flow hypersurfaces converge to the unit
sphere in C*°(S™).

Proof. Let uy, = u(7y, -) be a convergent subsequence in C*°(S"™), then
we deduce from (8.75) that the limit hypersurface is a sphere which
is the unit sphere, since the geodesic spheres with radius © intersect
the hypersurfaces M (t) = graphu, cf. (6.10) on page 317. Since any
convergent subsequence converges to the same limit, the corollary is
proved. q.e.d.

Applying now the interpolation inequalities for the C"™-norms we can
state:

Theorem 8.14. Let F' be strictly concave or F' = %H, then the
rescaled function @ converges in C°°(S™) to the constant function 1 ex-
ponentially fast.

Let us finally prove that the rescaled F-curvature converges to 1
exponentially fast.

Lemma 8.15. Let F' be strictly concave or F = %H, then

(8.89) lim FO =1.
t—T*
Proof. For fixed 0 <t <T™ let
(890) U(ta 50) = umax(t)'
Then, by applying the maximum principle, we infer that in that point
(8.91) Ry > oY
sinu
and hence
(8.92) lim sup Fipax > 1
t—T*
as well as
(8.93) lim inf Fay > 1.

t—T*
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Looking at points (t,&p), where

(8.94) u(t, &) = Umin(t),
we deduce the opposite inequalities for Fonin proving the lemma, in view
of the estimate (8.67). q.e.d.

Lemma 8.16. Let F' be strictly concave or F' = %H, then there exist
positive constants ¢, § such that

(8.95) |F(7,-) — 1| < ce™07 V1> T9.

Proof. We use the evolution equation for F. Let
(8.96) F=FO(t,T)
and define
(8.97) Finax = Funax©(t, T7),
where
(8.98) Fiax = sup F.

M(t)

Then we deduce from (7.50) on page 327

g 0 .-
Fr/nax = < FY hkih;?FmaX@2 sin SO Fmax
(8.99) oS 0 ©
2

+ KnF jgzj Finax© cos ©

for almost every 7 > 7.
We now observe that
(8.100) |© —sin O < 62
for small © and that
l ..
(8.101) Fii — Lgii < C(Z(,ﬁ = Kj)2) 2 i
1<J
cf. (8.40), and, in view of Lemma 8.2,
(8.102) AP - F? <) (ki — K))
1<J
Hence, we conclude
8.103 Fl e < (F2 e = DFpax e V72>,
max max

or equivalently,
(8104> (Enax + %6_67) (Fr%lax - )Enax V12>,

where 77 is sufficiently large such that © is small.
Suppose there exists 79 > 71 such that

(8.105) Fax + Se777 < 1
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in 7 = 7y, then this inequality is valid in a whole neighbourhood of
Ty, since Fiax is Lipschitz continuos, and we deduce from (8.104) that
(8.105) is valid for all 7 > 7 and

(8.106) (Fuax + 5707 <0 V7>

leading to the contradiction

(8.107) 1= lim (Finax + $€7°7) < Finax(72) + 772 < 1.
Thus, we conclude

(8.108) Frax — 1> %77 V1>

Defining

(8.109) Fiuin = A%) FO

we deduce by an analogous argument
(8.110) Fuin—1< %77 V7>

Combining these two inequalities with inequality (8.67) completes the
proof of the lemma. q.e.d.

9. Inverse curvature flows

Let the curvature functions F' govern the contracting curvature flows
and their inverses F' the expanding flows

(9.1) i=Flu.

A contracting flow converges to a point 2o € S"*! and are thus staying
in the corresponding hemisphere H(z¢) for ¢ close to T, i.e., for t5 < t <
T*, and hence the corresponding expanding flow stays in the opposite
hemisphere H(—xzg) for those values of ¢ and converges to the equator.
Since the flow is expanding, all flow hypersurfaces therefore stay in
H(—zp). The respective flow hypersurfaces are related by the Gauf
map.

Fix a curvature F' to define a contracting flow and write the flow hy-
persurfaces M (t) as graphs of a function u with respect to geodesic po-
lar coordinates centered in xy and write the polar hypersurfaces M (t)*,
which are the flow hypersurfaces of the corresponding inverse curvature
flow, as graphs of a function u* with respect to geodesic polar coordi-
nates centered in —zp. This coordinate system will cover the inverse
curvature flow in the interval [t5,7*). Then we have:

Lemma 9.1. The functions u, u* satisfy the relations

(92) Umax = g - U;knin Vit e [t(;,T*)
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and

(9.3) Unnin = g o Vit e [ts, T).

max

Proof. Let S,(zp) be a geodesic sphere around xg of radius r and
(9.4) Sy (wo) = Sp+(—0)
be the polar sphere, then

cosT sin r*

©:5) simr  cosr

hence

(9.6) r= g -

Since the polar sets of convex bodies M;, i = 1,2, satisfy

(9.7) MyC My, = M;jcC M,

cf. [10, Corollary 9.2.10], we immediately deduce the relations (9.2) and

(9.3) from (9.7). q.e.d.
Corollary 9.2. There exists a positive constant ¢ such that

(9.8) cl<w= (g — u*)®_1 <c Vit e ts, T").

Lemma 9.3. Let
(9.9) |Dw|? = o9 wsw;,
then there exists a positive constant such that
(9.10) |Dw|* <c¢  Vtets, TF).
Proof. Let v be defined by

1 g
9.11 2.1 Ukt

( ) v + 2 u*a u; uj,
then

(9.12) v < Mlmax"Umin) Yt € [ts, T,

where & is a positive upper bound for the principal curvature of the slices
{2% = const} that intersect The flow hypersurfaces, cf. [10, inequality
(2.7.83)], hence we conclude that for fixed ¢

s—oujul = 02 — 1 < eZFUmax—tnm) — 1
sin“ u* J

(9.13) \

(tUrax — Uinin) < 07,

in view of (9.8), hence the result. q.e.d.
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The inverse curvature flow exists in the interval [0, 7™) and is smooth.
In order to prove this, we choose a point yy € MS‘ as the center of a ge-
odesic polar coordinate system, then this system covers the whole flow,
since the flow hypersurfaces are boundaries of strictly convex bodies.
We have C° and C'-estimates, cf. (9.12), as well as C2-estimates. Fur-
thermore, F is strictly positive on compact subintervals of [0, 7*), hence
the flow is smooth on compact subintervals.

For the rescaling process we may therefore restrict our attention to the
interval [ts,T%), where we can write the flow hypersurfaces as graphs
in the coordinate system centered at —xg. For u* we have the esti-
mates (9.8) and (9.10). Using then similar arguments as in the proofs
of Lemma 7.6 on page 326 and Theorem 7.12 on page 331 we conclude:

Theorem 9.4. Let u* represent an inverse curvature flow in S"1 in
the geodesic polar coordinate system specified above, where the curvature
function and its inverse are both monotone and concave, then u* con-
verges to the constant function 5 in C*(S™) such that for any m € N
the estimate

(9.14) |5 — u"|msn < cm® Vtel0,TF),
is valid. The rescaled functions
(9.15) w=(§ — u*)O~!

are uniformly bounded in C*°(S™). When the curvature function F of
the corresponding contracting flow is strictly concave, or when F = %H,
then w(r,-) converges in C*°(S™) to the constant function 1 exponen-
tially fast.
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