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ISOMETRIC EMBEDDINGS VIA HEAT KERNEL

X1AO0WEI WANG & KE ZHU

Abstract

For any n-dimensional compact Riemannian manifold M with
smooth metric g, we construct a canonical t-family of isometric
embeddings I; : M — RI®) with ¢ > 0 sufficiently small and
q(t) >> t~%. This is done by intrinsically perturbing the heat
kernel embedding introduced in [BBG]. As t — 0, asymptotic
geometry of the embedded images is discussed.

1. Introduction

Given an n-dimensional Riemannian manifold (M, g), one seeks for
the embeddings u : M — RY for some ¢ such that the induced metric is
g, i.e., U gean = g, where g.qn is the standard Euclidean metric in RY.
This is called the isometric embedding problem and has long history,
with contributions from many people (see, e.g., [G2], [HH] for survey).
In a celebrated paper [N2] in 1956, Nash proved the existence of global
isometric embeddings of class C*® for g € C®, with s > 3 or s = 0o, and
dimension g. = %n (n+1) + 4n in the compact case, ¢ = (n+ 1) ¢, in
the noncompact case.

Nash’s proof used the so-called hard implicit function theorem, or
Nash—Moser technique, which involves smoothing operators in the New-
ton iteration to preserve the differentiability of approximate solutions
of the isometric problem. Giinther (1989, [G1]) significantly simplified
Nash’s proof by inventing a new iteration scheme for the isometric em-
bedding problem, such that there is no loss of differentiability in the
iteration so the usual contracting mapping theorem is enough. A good
exposition of his method can be found in [G2].

Nash and Giinther’s isometric embedding is very flexible. One can
start with any short embedding as the approximate solution, i.e., any
embedding u : M — R? such that the induced metric is less than or
equal to g, to produce an isometric embedding (Nash’s method was
generalized in [Grl]). On the other hand, such great flexibility of the
initial embeddings usually makes the resulting isometric embeddings
noncanonical. Their methods require one to perturb f : M — R? to a
free map, i.e., the vectors {0;f (x),0;0uf(¥)},<; j <pn, j<i are linearly
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independent at every x on M (see Definition 13), and to estimate the
right inverse of the matrix spanned by these vectors in order to apply
the implicit function theorem.

Motivated by Kéhler geometry and conformal geometry, one would
like to find a canonical isometric embedding of a Riemannian manifold
into S9 tor R? for ¢ > 1, such that the corresponding geometry of the
underlying Riemannian manifold is reflected via the symmetry groups
on S9! or RY (cf. [Wa]). To achieve that, one first has to construct such
canonical embeddings. In 1994, Bérard, Besson, and Gallot [BBG] made
progress by constructing an “asymptotically isometric embedding” of
compact Riemannian manifolds M into ¢2, the space of real-valued and
square summable series, using the normalized heat kernel embedding for
t>0:

(1.1) Wy x> V2 (4 {e_AjW(Zﬁj (fﬂ)}jzf

where J; is the jth eigenvalue of the Laplacian Ay of (M, g) and {¢;},,

is the L? orthonormal eigenbasis of Ay. The advantage is that the em-
beddings U, : M — £? are canonical, in the sense that they are uniquely
determined by the spectral geometry of (M, g). Moreover, when t — 0
the embedding ¥, tends to an isometry in the following sense:

(1.2) Vi Gean = g + % <%Sg "9~ Ricg) +0 (t2) ’

where geqn is the standard Euclidean metric in £2, Sy and Ric, are scalar
and Ricci curvatures of (M, g), respectively, and the convergence is in
the C" sense for any r > 0 (see [BeGaM, p. 213]). However, for any
given t > 0, ¥; usually is only asymptotically isometric (with an error
of order O (t)).

So we are in the following situation: Nash’s embedding is isometric
but far from being canonical, and the heat kernel embedding is canonical
but only asymptotically isometric. In this paper, we are able to produce
a canonical isometric embedding into R? for ¢ > 1 by modifying the
almost isometric embedding ¥; in [BBG] to a better approximation
with error bounded by O (tl) for any given [ > 2, and then perturbing
it to an isometry by Giinther’s theory ([G2]). Fixing two constants p > 0
and 0 < a < 1 throughout our paper, we have our main theorem, as
follows.

Theorem 1. Let (M,g) be a smooth n-dimensional compact Rie-
mannian manifold without boundary. g is a smooth Riemannian metric
on M. Then:

1) For any integer | > 1, there exist a canonical family of almost

isometric embeddings U, : M — €% such that

i’:gcan =g+ O <tl)
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as t — 04, where the above convergence is in C"-norm for any
r > 0.

2) For any integer k > 2 satisfying k + o < | + %, there exists a
constant tg > 0 depending on k,a,l, p, and g, such that for 0 <
t < to, we can truncate Uy to RI®) (2 and perturd it to a unique
Ck isometric embedding

I+ M — RO,

where dimension q (t) > t~27° orq(t) = oo, and HIt — \i/t‘
=0 (),

Cksa (M)

The isometric embedding I; is canonical in the sense that our U :
M — ¢? is canonically constructed from ¥; in [BBG] (see Section 2)
and our implicit function theorem only uses the intrinsic information
of (M, g). More precisely, the smoothing operator needed in Giinther’s
iteration scheme was constructed directly from g. The iteration attempts
to adjust ¥, to the nearest isometric embedding in each step with a
unique minimal movement.

Our method has the following advantages. The heat kernel embedding
U, : M — RI® is automatically a free mapping for small ¢. Furthermore,
the row vectors {9;V; (x)};, and {0;0;¥, (#)}1<i<j<, SPan a matrix
P (V) with an explicit right inverse bound (Corollary 31) on the whole
M. (These nice properties are inherited to W; as well.) There is no need
of sophisticated perturbation arguments in local charts to achieve the
right inverse bound as was done in Nash and Giinther’s method.

We have good control of the second fundamental form and mean
curvature of the embedded images ¥, (M) and I; (M) in RY®). For sim-
plicity, we only state the mean curvature part:

Proposition 2. Let M be a smooth n-dimensional compact Rie-
mannian manifold with smooth metric. For any x on M, let H (z,t) be
the mean curvature vector at ¥, (z) (or I; (z)) in R¢®). Then, as t — 0,

n-+ 2

VEIH (0] > [

The second fundamental form also has certain normal form as ¢ — 0.
(See Corollary 38, Remark 39 and its following paragraph).

Finally, we make a few remarks about our approach. First, in [BBG]
the authors also constructed the heat kernel embedding into the infinite
dimensional unit sphere S> C £2, by

Ki:x— {e_’\jt/2¢j (m)} .>1/ <2j21€_)\jt¢? (m)) 2 )

JZ
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with the asymptotic behavior Kf geen = % (g — %Ricg + 0 (t2)) ast —
04, where gcqn is the standard metric in (2. There is a parallel version of
Theorem 1 for S9® provable by our method; i.e., we can truncate and
perturb Ky to Yy : (M,g) — S1t) = RIO+L guch that Y} gean = %g.
But for the sake of simplicity, we write only the one for R%®). In the
sequel to this paper, we will extend our method to construct a canonical
conformal embedding Oy : (M, g) — S? C RI*! that keeps more infor-
mation of K;. It will be interesting to see the relation to the conformal
volume defined in [LY2]. Second, we want to point out that it is not our
main emphasis to optimize the dimension ¢ (¢) > t~3 ", since the lower
the dimension of embedding is, the less canonical the map is. Third,
it will not make too much difference if one uses the heat kernel for a
perturbation of the Laplacian operator (cf. [Gil]), but we choose to use
the canonical one. Last, we only deal with compact Riemannian mani-
folds, while it is likely that our method can be extended to Riemannian
manifolds with boundary or even complete Riemannian manifolds (with
suitable condition at infinity). We leave these to future investigation. We
notice there are several related works on embeddings of compact Rie-
mannian manifolds by eigenfunctions (with various weights) and heat
kernels recently, e.g., [Ni], [Wu], [P], and [Po].

The organization of the paper is follows: In Section 2 we review the
heat kernel embedding ¥; : M — 2 in [BBG]. Then we modify ¥; to
get improved error to isometry, and truncate the embedding to R? C ¢2
and estimate the remainder. In Section 3 we recall the matrix E (u) that
appeared in the linearization of the isometric embedding problem, and
we review Giinther’s iteration scheme and the implicit function theo-
rem. In Section 4 we give higher derivative estimates of ¥, using the
off-diagonal heat kernel expansion method, and establish the crucial uni-
form linear independence property of the matrix E (¥;). Then we give
the operator norm estimate of E (¥;). In Section 5 we establish the uni-
form quadratic estimate of the nonlinear operator @ (u) in the isometric
embedding problem for all R?. In Section 6 we apply Giinther’s implicit
function theorem to the modified ¥; to obtain isometric embeddings
I : (M,g) — RI®. The geometry of I; (M) is close to that of W, (M)
by our error estimate. In Section 7 we derive the asymptotic formulae
of the second fundamental form and mean curvature of the embedded
images W, (M) as t — 04. In Section 8 we illustrate our method by
explicit calculations on M = S'. In the appendix we make the constant
in Giinther’s implicit function theorem explicit and discuss the minimal
embedding dimension of our method.

Convention: In this paper, unless otherwise remarked, the constant
C only depends on (M, g), its dimension n, and k, a in the C**-Holder
norm, but not on ¢ and ¢ of RY. In a sequence of inequalities, the con-
stant C' in successive appearances can be assumed to increase. The two
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constants p > 0 and 0 < o < 1 are fixed throughout the paper. The
constant k in the C*®norm and the constant [ in the error term O (tl)
should not be confused with the indices k,l (1 < k,l < n) in partial
derivatives like 0y and 0y0;.
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of Professor Clifford Taubes from the National Science Foundation. The
work of X. Wang is partially supported by a Research Council Grant
from Rutgers University and a Collaboration Grant for Mathematicians
from the Simons Foundation.

2. The heat kernel embedding into ¢?> and modifications

Let £ be the Hilbert space of real series {a;};», such that > 2% a? <
00, and geqn be the standard metric in £2. Let (M, g) be an n-dimensional

compact Riemannian manifold with smooth metric g, and let {¢; (z)}

Jj=0
C C°° (M) be a L?-orthonormal basis of real eigenfunctions of the Lapla-
cian of M, i.e., for eigenvalues 0 = A\g < Ay < A < -+, Aydj = Ajoj,

and fM pigjdvol, = 6;; for Vi, j. The heat kernel of (M, g) is

H(t,z,y) = Zgile_ASt(bs (z) &5 (y)
for z,y € M and ¢t > 0.

Definition 3. We call the family of maps

o M e for ¢ > 0

: Y or

b s {e7Nt2g; (:E)}j21

the heat kernel embeddings, and call ¥y = \/5(471)"/415%2 - @y the nor-
malized heat kernel embeddings.

From the definition, we clearly have H (¢t,z,y) = (®;(x), P (y)),
where (,) is the standard inner product in ¢2.

In [BBG], Bérard, Besson, and Gallots introduced the above maps
and proved the following.

Theorem 4 ([BBG]| Theorem 5). Ast — 04, there is an expansion

l
(2.1) Ul gean =g+ Y _t'A; (g) + 0 (tl+1) :
i=1
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with
1/1 .
A= 3 <§Sg-g - chg> ,

where the A;’s are universal polynomials of the covariant differentia-
tions of the metric g and its curvature tensors up to order 2i, and the
convergence in (2.1) is in the C" sense for any r > 0.

As a direct consequence, we have the following singular perturbation
result parallel to Theorem 26 in [Don]. Denote the space of symmetric
2-tensors on M by I' (Sym®2 (T*M)).

Proposition 5. For any | > 1, there are h; € T (Sym®2 (T*M))
(1 <i<1—1) such that for the family of metrics

-1
g (8) =g+ Zsihi7
=1

the induced metric from the heat kernel embeddings Wy ., : (M,g(s)) —

02 satisfies the estimate

(2.2) < Cl(g,1,n)t,

Cr(9)

for any r > 0, where the constant C (g, [,7) depends only on [, and the
geometry of (M, g).

’\I/;g(t)gcan - g‘

Proof. Let us assume that

-1
(2.3) g(s)=g+ > s'h; with h; € T (Sym® (T*M)),
=1

where the h;’s are to be determined. Then by (2.1), for metric g (s) we
have

(24) G (5,8) = W oy ean = 9 (5) + 141 (g (5)) + 1245 (g (5)) + - -

with A;’s universal polynomials of the covariant differentiations of any
metric and its curvature tensors up to order 2:¢. Using the Taylor expan-
sion of A; (¢ (s)) at s =0, we have

Ai(g () = Ai () + 3 Ai (hy, - hy) &,
j=1

where each

A (yehy) = 2l L4 g (o)
i, W1, 7 00 ) 1= == FTREAVAC
0s7 |,y J!
is a universal polynomial of the covariant differentiations of the metric
g and its curvature tensors and is multi-linear in hq,-- - h; by the chain
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rule. Putting this into (2.1), we have in the C" norm convergence
G(t,t) = (g+thy+thg+---)
+t (A1 (9) + A1y (ha)t + Arg (hy, ho) 2 4+ +)
12 (Ag () + Agy () t+ Aga (hi, ho) 2+ - ) + -

(2:5) +' (A1 (9) + Acra () + Araa (hasha) 2 4--) +0 ()
Now we let hy = —A;1 (g), ha = —A11 (h1) — A2 (9), and in general let
hj:=—Ayj_1(hy,--- ,hj_1) = Agj_o(h1, -+ ,hj_2)

— - Ajma (h) — 45 (9)
inductively for 1 < j < [ — 1. Then we are able to construct a curve
g(s) C T (Sym®? (T*M)) by (2.3) such that
t o Gean = G (t,t) = g+ O (tl>
in the C" sense for any r > 0, as we claimed. q.e.d.

Definition 6 (Modified heat kernel embedding). We call the Uy gt)
M — ¢? constructed above the modified heat kernel embedding, and
denote

(26) @t = \Ilt,g(t)’
To get the embedding into RY?, let
(2.7) m,: * — RY

be the projection of ¢2 to the first ¢ components. To get a finite-
dimensional isometric embedding, we introduce the truncated embed-
ding
11
Ui =TT, 0 W, ¢ (M, g) —s 02 —% RID).

Remark 7. Since the metrics ¢ (s) constructed in (2.3) depend on s
analytically, given any o > 0 not in the spectrum of Ay, there exists
dp > 0, such that for A, with 0 < s < dp, for their eigenvalues 0 = Mg <
A (s) <o < Ajy (8) < po, the total multiplicity jo is independent on
s and each Aj (s) (0 < j < jo) depends on s analytically. Furthermore,
we can choose the eigenfunctions ¢; (s,x) of A, associated with these
A;j (s) such that they are orthonormal in L? (M, gs) and depend on s
analytically (see [A, Lemma 2.1] and earlier [R]). Therefore, for 0 <
t < 8o, the truncated heat kernel mapping ¥7° : M — RJ® can be made
depending on t analytically.

In order to estimate the truncated tail, we recall the following well-
known derivative estimates of eigenfunctions ¢; and extend it to the
Hoélder derivative setting.
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Lemma 8. For any integer k >0 and 0 < a < 1, we have

(k) ek

(2.8) Hv ¢](CO(M) < Clhgr
n4+2k+2a

(2-9) ||¢j||ck,a(M) < C(k7a7g))‘j ‘

for some positive constants C (k,g) and C (k,a,g).

Proof. The estimate (2.8) is in Theorem 17.5.3 of [H2] and Theorem
1 of [X] (when k = 0 in earlier [H1] and [S], and k¥ = 1 in [LY1]). We
only prove (2.9). Since \; — +00 as j — oo, starting from some j we
_1
must have A, * less than the injective radius of (M, g). Without loss of
generality we assume this holds from j = 1. We consider two cases:

_1
For z,y € M with d(z,y) < A; %, we have

VW, () - Vg, (y) VW, () - Vg, (y) (d (2,9))"
(d(z,y))" d(z,y) ’
11—«
< (k+1) ;. -z
< @[V Ve,
n+2k+2a
(by (28)) < C(9)C(k+1,9)A; *
where the constant C (g) only depends on g.
1
For z,y € M with d(x,y) > A; %, we have
Vg, () — V¥, ()| _ 21Vl coqu (by (2.8))
(d (:Evy))a N )\_% .

J
n+2k4+2a

<20 (k,g)A; *
Combining the two cases and letting
C (k,a,g) == max{C (9)C (k+1,9),2C (k,g)},
we obtain (2.9). q.e.d.

Proposition 9. Let {gs},.; be a compact family of smooth metrics
on a compact n-dimensional Riemannian manifold M, where g5 depends

on s smoothly. Given x € M, let {:Ek}l <<y, D€ the normal coordinates

in its neighborhood. Then for any multiple-indices @ and F, and ¢ (t) >
=(5+0),

(2.10) Sja1e M DT85 () DP gy () < Coxp (174)

for any [ > 1. The convergence is uniform for x € M and s € K in the
C"-norm for any r > 0.
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Proof. We first prove the proposition when K consists of a single
metric g. By Lemma 8 we have for any multi-index o,

7L+2|E>‘

<C(a T4
CO(M)_C(OZ,Q)AJ

(2.11) HD%SJ»‘

for some constant C (', g), with || being the degree of o. Combin-
ing Weyl’s asymptotic formula ([Ch, p. 9]) for eigenvalues on compact
manifolds (M, g) that

4 2
(2.12) A~

(wnVol(M))n

Sv
Sv

> A(g)J

for some constant A := A (g) as j — oo (where w;, is the volume of the
unit ball in R™), we have

‘Equ(t)e_ktha% (x) Dﬁﬂﬁj (96)‘

o AR 2, o mHAF| e,
< OEqu(t) (]n) eIt < C/q(t)] n e dj
{@) e 23|+ [ 7] -2
< Ct , b7 e Fdu (u=Ajnt)
Aq(t))nt
<

Cexp <t_§> ,

where we have used ¢ (t) > t=(3+¢) and u’ =o (e%> as u — oo for any

fixed ¢ > 0. Therefore, we have proved (2.10) in the C%-convergence.
The C"-convergence of (2.10) follows by the Leibniz rule, adding the
indices @ and F by 7 with || < 7 in the above argument.

For a compact family of metrics {gs} ., smoothly depending on s,
notice the constant C (o, gs) in (2.11) has a uniform upper bound and
the constant A(gs) in (2.12) has a uniform positive lower bound for
all s € K, because they are determined by the following geometric
quantities continuously depending on s: the dimension, the curvature
bound, the diameter, and volume of (M, gs) (see Remark 11). So the
truncation estimate (2.10) can be made uniform for all s € K. q.e.d.

Corollary 10. Given any Il > 1, for ¢ = q(t) > Ct_(%“’), the
truncated modified heat kernel embedding \i’g(t) D (M, g) — RI® stil]
satisfies the asymptotic formula

<‘if?(t))* Gean =g+ O (tl>

in the C"-sense for any r > 0.
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Proof. From Proposition 5 we have in the C"-sense
(‘ijt) Gean = g + @) (tl) .

To see it still holds after truncating U, to \i’g(t), let DY = Vi, Dﬁ =V;
for local normal coordinates, let {gs} selo,t] Pe the compact family of
metrics defined in (2.3), and then apply the above proposition. q.e.d.

Remark 11. To get an effective truncation of 2 to RY, it is useful
to have an estimate of the jth eigenvalue A; of M in terms of geo-
metric quantities of (M, g), since the Weyl asymptotic formula (2.12)
does not tell how fast the \; converges to its limit in (2.12). Given a
real number A, for all n-dimensional compact Riemannian manifolds
(M, g) satisfying Ricci curvature Ric, > Ag and diameter bounded by
D, there exists a constant A (n, A, D) > 0 such that A\; > A (n,A, D) j%
([SY, Gr2, BBG]). (Similar lower bound of A\; was established ear-
lier in [LY1] under stronger assumptions). The upper bound A; <
B (n,A, D) j% was established in [LY1].

The estimate of H(ijCkva(M) for k > 2 can be reduced to Hqﬁchl(M)
by inductively using the elliptic estimate

163llcmaqan < Ce (1895 lcnvaan) + I85llcoqar) )
where the constant C, depends on n, D, Vol (M), and the sectional cur-

n+i
vature bound K. In ||¢j||01(M) < C(1,9) A;? , the constant Cc(1,9)

depends on the these quantities too (e.g. [WaZhl]). Hence n, K, D, and
Vol (M) determine C (k, «, g).

Remark 12. Recently, [Po] studied a similar almost isometric em-
bedding of compact Riemannian manifolds into Euclidean spaces via
heat kernel plus certain recording points on M, with a weaker regular-
ity assumption on g. The embedding dimension is controlled by similar
geometric quantities in Remark 11.

3. Giinther’s iteration for isometric embedding

3.1. The perturbation problem and free mappings. To solve the

isometric embedding problem du-du = g, Nash studied the perturbation
problem d (u + v) - d (u 4+ v) = du-du+ f for small symmetric 2-tensors
f. In local coordinates {x;}]_;, the perturbation v : M — R? should
satisfy O;u - O;v + Oju - ;v + O;v - Ojv = f;j. Imposing the condition
O;u - v = 0, the equation becomes the system

(31) @u U= O, 8]82'11 U= _%fij - %8,@ . (‘?jv.



ISOMETRIC EMBEDDINGS VIA HEAT KERNEL 507

The linear part of the system is determined by a matrix whose row

vectors are the @ vectors O;ju (x) and 0;0,u (x) in R?. This motivates

the following definition.

Definition 13 (Free mapping). A C? map u : M — R? (including
7%, if ¢ = o00) is called a free mapping if the w vectors {OQju (z),
0;0ku(x) }i<i jk<n, j<k in RY are linearly independent at any x € M,
where §; is the derivative with respect to a coordinate {z;};_, of M
near x. (Note this property is independent of choice of coordinates).

3.2. C*® norms for R9-valued functions. We first define the C*
norms for R%-valued functions for any integer k > 0 and o« € (0,1).
Since our ¢ = q(t) > Ct™ 277 — o0 as t — 0, several equivalent C*
norms for any fixed g will diverge from each other as ¢ — oco. To get
the uniform quadratic estimate for all q, we will carefully choose the
definition of the C*® norm.

Definition 14. Let f : M — R? (or £2, if ¢ = 00) be a R%-valued
function f = (f1,---,fy), where each f; : M — R. We let |-| be the
standard Euclidean norm in R?, V be the covariant derivative of (M, g),
8 > 0 be an integer, and let

B , o 1/2
— q y
[ b = 325, (Sl )
B 8
Ifllorumrey = Yo<p<k HV f‘ CO(MR)’
Py V@10
a,M;R? oityen  dist ()" 7
(3.2) [ lleremrrey = Fllcearra + [ka] o, M;RY

Then we have the following.

Lemma 15. Let - be the standard inner product in RY (including £?).
For f and g in C*® (M,RY), we have

(33) I dllorain < C (ko MY |f ke qarzn [9]omaqnrm
where the constant C (k,a, M) = n* is uniform for all q.

Proof. The inequality already appeared in [G1]. We adapt it to R9-
valued functions and further observe that the constant C (k,«, M) is
uniform for any dimensional RY. This is because D7 (f - g) with | 7] < k
produces at most n* inner product terms, and the Cauchy-Schwartz
inequality |a - b < |a|gq |blge is valid for all R? with coefficient 1 on the
right-hand side. q.e.d.
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3.3. Giinther’s implicit function theorem. Given a free mapping
w: M — RYI (or £2,if ¢ = o0) and (h, f) € C5(M,T*M @ Sym®?
(T*M)) with s > 2 and 0 < a < 1, let v (x) € C**(M,R?) be the
unique solution to the system

(3.4) P(u)-v:= [ VV;; ] v = [ }; } , and v (x) Lker P (u) (x),
where
Vu = (Vuy,---,Vuy) € C5* (M, T"M @ R?),
Viu = (Vu,--,V?u,) € C%* (M,Sym®? (I*M) @ RY) ,
P(u) : C%(M,R?) — C> (M, T*M & Sym®* (T*M)) ,
and Vuy, and V2uy, are the gradient and Hessian of uy, respectively, for
1 < k < q. (Here we identify T*M ~ TM by the metric g, so Vuy

can be regarded in T*M). If u is a free mapping, then (3.4) is always
solvable for any (h, f). We define the right inverse of P (u) as

C® (M, T*M & Sym®? (IT*M)) — C**(M,R9)
(h, f) — v '

By viewing E (u) as a section of C*%(M,Hom(T*M & Sym®*(T*M),

RY)), the C** (M )-norm of E (u) is induced from the Riemannian and

Euclidean metrics ¢ and g.q,. By linear algebra, there is an explicit

expression

(3.6) E (u) (x) = P (u) [P (u) PT (u)] " (),

where “I” is the transpose. For an orthonormal frame field {V;},.,.,
near x on M, we have

(3.5) E(u):

1

N (¢ T

| V) ()} ’

1<i,jk<n,j<k

and F (u) (x) is the unique right inverse of P (u) (x) with its column
vectors orthogonal to ker P (u) (z). The C*® (M )-norm of E (u) is the
maximum of the C** (M)-norms of its column vectors, each viewed as

an R%valued function, defined in finitely many charts covering M by
(3.2).

Theorem 16 ([G2]). Let u: (M", g) — R? be a C*°-free embedding
(c¢f. Definition 13). For f € C** (M, Sym®? (T*M)) with s > 2 or
s =00, and 0 < a < 1, there is a positive number 0 (independent of
u, s, and f) with the following property: If
(3.8) 1E (u)ll ez ary 1B (w) (0, f)ll 2o ary < 6

then there exists av = v (u, f) € C>* (M, R?) solving d (u + v)-d (u+ v) =
du-du+ f.
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Remark 17. As will be seen in Section 5 and Section 9, Glinther’s
implicit function theorem has a uniform quadratic estimate in RY for all
q, so the constant # is independent on ¢, including ¢ = co.

To obtain the v € C** (M,R?) for 2 < s < oo, Glinther’s theorem
only requires to verify the C?“-condition (3.8). This makes it easier to
apply his theorem, but there appears no explicit control of the C%*-
norm of v, especially when s > 2. For our purpose, it is useful to know
how close the isometric embedding map I; is to the “canonical” heat
kernel embedding map W, in the C*“-norm for any given s > 2, so we
will prove a stronger inequality,

1E @l gnnan 1B (@) (0 )l genary < 0

in our case and give the estimate of [|v||¢s.a(pp)-

3.4. Giinther’s iteration scheme. The difficulty of applying the usual
Banach space fixed point theorem to system (3.1) lies in the quadratic
terms O;v - Ojv, which lose one order of differentiability after each itera-
tion of v. Giinther ([G1]) invented a new iteration scheme with no loss
of differentiability, which we will recall in the following.

Let A(;y and A(y) be the Lichnerowicz Laplacian for vector fields
and symmetric covariant 2-tensors on (M, g), respectively, i.e., in local
coordinates

A(l)ti = At — Rétl, A= VZVZ,
Agytiy + = Aty — Rty — Rty — Rty

Fix a constant Ag € Spec (A(T)), the spectrum of A,y on (M,g) for
r = 1,2. We introduce the smoothing operator (A(T,) — Ao)_l,

(Aqy = Ag) ™= 572 (M, T*M) — C>* (M, T* M),
(A@) — Ao) ' €*72 (M, Sym®? (T*M)) — C>* (M, Sym®* (T* M) ,

with the operator norm denoted by H (A(T) — Ao)_l and let
op
o B -1
(3.9) o (A, a, M) := max H (Agy — Ao) o

Given a free mapping u € C** (M,R?) and f € C*¢ (M, Sym®? (T*M)),
let the vector field N (v) and symmetric 2-tensor fields L (v) and M (v)
be



510 X. WANG & K. ZHU

N;(v) = —Av-V,v,
Lij(v) = 2V'Viu-V,Vju—2Av-V;Vjv
_2R§_lj,vk’0 -Viv—AgViu - Vj?},

My () = 315 (0)
(3.10) + (viRg, + VR — leij) <(A(1) —A) N (u))l

in local coordinates, where the Einstein summation convention is used.
Glnther defined the iteration T, : C*%* (M,R?) — C*% (M, R?) by

(3.11) Ty (v):= E(u) (0,—%f> +Q (u) (v,v),
where

Q (u) (v,v) :=F (u) <(A(1) — X)) N (), (Ag) —Ao) T M (U))
(3.12) € C*>* (M,RY).

For later reference, we denote the components
Qi)+ =((Bm—2)"'NE) .
ij (’U) .= ((A(g) — AO)_l M (U))

for 1 <4,4,k < n.

ik

4. Uniform linear independence property of P (¥;)

Recall that the (un-normalized) heat kernel embedding ®; : (M, g) —
¢ in [BBG] is

b, :xeM— (e_%ltqﬁl () ,e_%zt(bg (), ,e_%qt(bq (z),-- > c /2.

For any x € M we take an orthonormal frame field {V;},.,,, in its
neighborhood. Following our notation P (u) for a smooth map u : M —
RY, we consider the following w X oo matrix P (®;) (with ¢ = o)
consisting of the n first derivatives of ®; and the n (n+ 1) /2 second

covariant derivatives (i.e., Hessian) of ®; with respect to {Vi},;-,:

Vg e EWVigy - e PV,
P () = . .

e‘%lthle e_%ztvjvk@ e_%tvjvmq
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We will prove that as t — 04 , P (®;) (z) has full rank for any = on
M, so &, is a free mapping. For this we will compute the inner products
of the row vectors of P (®;). The following uniform freeness result of ®;
will be proved in this section.

Theorem 18 (Uniform linear independence). As t — 04, we have

the following asymptotic formulae:

(V; Dy, Vj@t>
|Vi®y| |V

(ViV;j®y, Vi ®y)

— 5, +0(t),
O ViV @y |V Dy

=0(1),

and
1, {i,7} = {k,l} as sets,
=0{)+{ 1/3, i=jandk=1,buti#k,
0, otherwise,

(ViV;80, Vi Vi)
ViV [V VD4

where (,) is the standard inner product in ¢>. The above convergence is
uniform for all x on M in the C"-norm for any r > 0. Moreover, if we
truncate ®; : M — RY C 02 for q = q(t) > t=37P with sufficiently small
t > 0, the above results still hold.

4.1. The Minakshisundaram—Pleijel expansion. As in [ BBG], we
have the Minakshisundaram—Pleijel expansion of the heat kernel

r2
(4.1) H(t,z,y) = e #U(t,x,y),

(4mt)"™/?
where r = r (z,y) is the distance function for points  and y on M and
(42) U(t,2,y) = uo (z,y) + tur (2,9) + -+ + Py (2,9) + O (1),

in the C” sense for any r > 0 (see [BeGaM, p. 213]).

It is known that wug (x,y) = [0 (x,y)]_1/2 (for z and y close enough)
and

(4.3)
0 (2,y) = volume density at y read in the normal coordinate around =z
’ - pn—1
with r = r (z,y) ([BeGaM, p. 208]), in particular
(4.4) 0(z,z)=1=ug(z,z).
From this we immediately see that
1
(4mt)

We also have

(4.6) 8¢U|m:y = ai’LL(] (:E, y) |m:y + t@iul (JE, y) |m:y + 0O (t2) =0 (t) s
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where Ojuq (,y) |z=y = 0 in (4.6) is due to

[NIE

2

- [1 — Ric (i (s), (s)) % +0 <|S|3>]

N

ug (2,0) = [0(x(s),0)]”

. 1 . . . 2 3
= 1+ERlc(x(s),x(s))s +O<|s|).
We recall the following useful lemma.

Lemma 19. Let r = r(x,y) be the shortest distance between x and y
on M. For x and y that are close enough to each other, r: M x M — R

is smooth. Using the normal coordinates {a:i}1<i<n near x, we have
(4.7) orr? (w,y) o=y = 8?7’2 (@, 9) la=y = 0,
(4.8) GO (2,y) lamy = 07U (2,Y) o=y = 2645,

(4.9) 8,?8?8;37‘2 (@,Y) la=y = 8,28?8;7"2 (2, Y) la=y = 0,

where the notation 8F (resp. dY) means the derivative is taken with
respect to the variable in the first (resp. second) component of M x M.

The first two identities are proved in [BBG]. The third identity can
be computed in the normal coordinates near x (see e.g., [De, Chapter
16, p. 282]), using the Taylor expansion of the metric g near z (e.g., [T,
Proposition 3.1, p. 41))

1 1
9ij(x) = bij + gRikljwkxl + éRiklﬁsxkxlazs
1 2
+ <%Riklj,st + EEmRiklijstm> 2 alaset + 0 (r5) ,

where r is the distance to the base point xg.

4.2. Derivative estimates of the heat kernel embedding W,. Us-
ing Lemma 19 and the Minakshisundaram—Pleijel expansion (4.1), we

will derive-higher derivative estimates of DY, (z). Let 7 = (3, F)

be a multi-index, with & and ? being the multi-indices in = and y
variables of M x M, respectively. Let D7 be the corresponding multi-
derivative operator. From the heat kernel expression H (¢,z,y) =
Y2 e Mslg () s (y), it is easy to check that

N
(4.10) <D°‘ B, (x), D ®, (x)> =DV H (t,2,) |aey.
Proposition 20. Ast — 04, there exists a constant C' > 0 such that
_7_l_|:m:|
(4.11) ‘D7H(t,x,y) yx:y‘ < ot L7,
o, < cril®
D0, (@) < orEll,
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where [b] is the largest integer less than or equal to a given real number b.

2

Proof. We write H (t,x,y) = We_%U(t,x,y), and

(4.12) D7V H (t,2,y) = WE_%P7 (t,2,y).,

where P (t,z,y) is a polynomial in D% (M) and DU (t,x,y) for

multi-indices /7; and ﬂ by the Leibniz rule. For example, when 7 = Oy,

2
P (t,2,y) = _iai (r (f’y)> U(t,z,y) + 80U (t,2,y) .

We have the following
1. Each summand of P (w,t) is of the form

2
(4.13) <H;?:1D175 <M>> DU (t,z,y)
t oy =y
with
(4.14) Sl + 177 =171

There are only finitely many terms in P (z,t); we denote the total
number by n (7).

2. As t — 04, the terms involving the highest possible power of %
must have ,LT;-’S with |/7]>| = 2 as many as possible. This is because of the
total degree condition (4.14) and Lemma 19. So if there are more than
one ;7; with |/7]>| > 3, the summand (4.13) loses the potential to have

the maximal number of factors 1, which is [@] by (4.14).

Therefore, from (4.12) we have

e

DTH (ta,9)emy| < Gt
‘Da)\l’t (@‘2 = ‘D:?DEH (t,z,y) ]x:y‘ < C(lel)"ﬂ : t_{@}
IR -]
(4t)"/?

The constant C can be taken as C = n () sup |U (¢, z, y) HCW\(MxM)’

where the sup is taken for ¢ > 0 in the range of the Minakshisundaram—
Pleijel expansion (4.1) and (z,y) € M x M with dist(z,y) less than the
injective radius of M. q.e.d.

We can get precise asymptotic formulae if we are more careful in item
2 of the above argument, as in the following.
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Proposition 21. For any x on M, let {wi}?zl be the normal coor-
dinates near x. Then as t — 04, we have

(0:®r, 0;®y) (z) = (26)7 (4nt) "2 (85 + O (1)),
t

(8i8j<1>t,8k<1>t> (l‘) = 2.0 (1) s
<6j8i<1>t, 8m8k<1>t> (l‘)
(4.15) — (2) 7% (47t) "2 (840km + OimOjk + SixOjm + O ()

for 1 < 4,4, k,m < n. The convergence is uniform for all x on M in the
C"-norm for any r > 0. The coefficients of O (t) and O (1) are deter-
mined by the covariant differentiations of the metric g and its curvature
tensors.

Proof. The first asymptotic formula is in [BBG]. We will prove the re-
maining two. For simplicity, we let 9f = 9; and 9} = 9, from now on (the
bar notation in “k” means that the derivative is taken with respect to
the y variable for (z,y) € M x M). We will compute DTH (t,2,Y) la=y
for multi-indices % in the following two cases and observe the summands
(4.13) in P (t,2,y) (4.12) of leading order:

1) ¥ = (9;0;,0;): By (4.14), 5_, || + [7| = 3. So the highest
possible power of (%) in P (t,7,y) is [%] =1, with s =1, |,171>| =
2, [7/| = 1. The term in Pz (t,z,y) containing 1is

7,2 ,r.2 7,2
) (‘E) O:U + 9;0; (‘47) U + 0:0; <_E> o;U .
1
= _E (—5k]82U + 5@]8%07 - 5ZkajU) =0 (1) 5

we have used (4.6). Since we have used VU|,—, = O (t) to decrease

the (%) power by 1, we must also consider the term in P (t,z,y)

with s = 0 and |7/| = 3, but clearly 0;0;0;U 4=y = O (1). Hence,
(0:0;®4, 0k Py) ()] = 8 0;0,H (t,2,y)|,, = t"/*- O (1).

2) ¥ = (0;0:,0m05): By (4.14), 35, |i}] + 7| = 4. So the highest
possible power of (%) in P3 (t,2,y) is [%] =2, with s = 2, ]/71)] =
5| = 2, | 77| = 0. The term in Pz (t,z,y) containing (%)2 is

1

() 1905 ()2 0%) + 500 ) i )

+0d; (r*) 050 ()] U,

1\ 2
N <§> (0i0km + Oim0jk + Oikdjm + O (1)) -
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Hence,

<8jai<1>t, 8rrLakq>t> (l‘) = 8ma]}8jazH (t7 z, y) |x:y

1\> 1
= | = | —— (0ij0rm + 0im0jr + 0ir0jm + O (1)) .
(5) Gy i G+ O (1)

The coefficients of O (t) and O (1) in the above argument are deter-
mined by the covariant differentiations of the metric ¢ and its curva-
ture tensors, because of (4.10) and the heat kernel expansion of DT H
(t,z,y) |g=y, similar to the expansion of H (t,z,z) (e.g., [Gil]). q.e.d.

Remark 22. In the expansion of 070;0;0;H (t,z,y), the term

O 070;0; (r? .
%(T)U involves the curvature tensors on M (see, e.g., [De, Chap-

ter 16, p. 282],), but it is a lower-order term (order ¢t~! v.s. leading order
t=2) and so does not affect the asymptotic behavior.

Remark 23. Propositions 20 and 21 with precise coefficients C' (such
that the inequalities become equalities as ¢ — 04) were also obtained
in [Ni] in the context of random function theory by different argu-
ment. For the purpose of our paper we do not need that general result,
prefering to give a self-contained derivation. [Ni] also proved the almost
isometric embeddings by eigenfunctions and a wide class of weights. Po-
tentially, some of them may be perturbed to isometric embeddings by
our method.

For later applications, we need to estimate the Holder derivatives
of Da)\lft (z). This can be done by interpolating between estimates of
the integral exponent obtained in Proposition 20. Then we have the
following.

Proposition 24. As ¢t — 04, the Holder derivatives satisfy

n |E>|+°‘
[Dﬁcpt(a;)] < o il
a;
n_ kt+a
2

”@t (‘T)Hck,a(M) < Ct_Z

for some constant C' > 0.

4.3. Uniform linear independence property of P (¥;).

Proof of Theorem 18. For any x € M, we choose the normal coordi-

nates {xi}KKn near x such that {6‘; }1<i<n agree with the frame field

{Vi}lgign at . Then V;®; (z) = 0;P¢ (z), V; VP (x) = 0;0,P4 ().
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From Proposition 21 we have as ¢t — 04,
(4.16) Vi@, (2))? = (20 at) ™2 (140 (1)),

(Vi By, V) o
ATz (z) = 6;+0().

From (4.15) we have
(V;Vi®4, Vi Vi®y) () = (26) 72 (4t) ™2 - (850km

im0k + 0ir0jm + O (1)) .

In particular, for ¢ # j and {k,m} # {i,j} as sets, we have
(ViVi®y, ViV ®y) (2) (2t)77 (4mt) ( (

(4.17) (V;V;®4,V;V;®y) () (2t)77 (4nt) ( (
(ViVily, V@) (z) = (2672 (drt) - (140 (¢t
(ViVi®y, Vi V@) (2) (2t)77 (4mt) ( (

X

x

So we conclude that
(ViV;®:, Vi,V ®y) .
ViV @ [V VP4

(4.18)

04+0(t), if{i,j} #{k,1} and {i,k} # {j,1} as sets,
=< 1/340(t), ifi=jand k=1, buti#k,
1+0(t), if {i,j} = {k,l} as sets.

By (4.17) |V;V;®;|* — Ct~ 372, combining Proposition 21 we have

(ViV;®, Vi D)
|ViV ;@4 [V Dy

(4.19) (z)

t/2.0(1)
(207 (4rt) ™ (140 @) - (207 (4rt) - (140 )]

= 0 <t3/2) .

By Proposition 9, the above inner product results pass to the truncated
map ®; : (M, g) — RI® as well.

The linear independence of the row vectors follows from (4.16), (4.18),
(4.19), and taking

1/2

(67 :VNZ-@(:U) for ¢ = 1,--- ,

in the following linear algebra lemma. q.e.d.
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Lemma 25. Forn vectors aq,--- , ay in a real linear space V' equipped
with an inner product (,), if there is a constant o € (—ﬁ, 1) such that

(i, aj)
|ovi| |y

=0, foralli#j,

then {a;},.;<, are linearly independent.

Proof. We will find an explicit invertible linear transform Ly : V — V
to change the angle cos™' o between o; and aj to 5. Without loss of
generality, we can assume all a; are unit vectors. Let

=—— c¢c=c(oyn) =/ —————
n l1—-0o
a; = ap+ ¢ —ap) = Loy, for i =1,--- | m;

(note 0 > ———),

o
n—1

then @; is nonzero by checking the orthogonal relation (ag, o; — ap) = 0.
We also have for ¢ # 7,

(@ 05) = oo+ (s — ao) (g — o)
_ (n—1)0+1+1—|—(n—1)0(U_(n—l)a—l—l):()’
n 1—-0 n

and so {&;},;<, is an orthogonal set. Since {a;},,,, is obtained from
linear combinations of {c;}<;<,, {@i};<;<, must be linearly indepen-
dent. q.e.d.

Corollary 26. Let o € <—ﬁ, 1). Then the n X n matriz

(4.20) En (0) = [Hij]lgingn
with 0;; = 1 and 0;; = o (1 # j) is invertible.

Proof. Let P be the matrix whose row vectors are the above unit
vectors «; (1 <i<n). Then P is a matrix of full rank, and pPpPT =
En (o). q.e.d.

4.4. Operator norm estimate of F (¥;). We start with the following
elementary linear algebra lemmas.

Lemma 27. Let A be an m X n matriz. Regarding A as a linear map
from R™ to R™, the operator norm ||A|| of A, defined as
| Av|
[All = sup 7
veR™, |v|=1 ‘U‘
is less than or equal to \/n times the length of its longest column vector.
If the column vectors are orthogonal to each other, then ||A|| is equal to
the length of the longest column vector.
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Lemma 28. Let A;(t) be m; x m; symmetric, invertible matrices
with operator norm H(AZ (t))_IH < po fori=1,2 and t € (0,to], and
let b(t) be an my x my matriz with ||b(t)|| — 0 as t — 0. Then for

sufficiently small t > 0, the inverse matriz for [ b(t) A (t)

A7) T ) } (Imy + 67 () e (£)) 0
ct) A7) 0 (Imy +0(8) T ()" |
t

where c(t) is the mg x my matriz given by c(t) = Ay (t)b(t) AT ().
In particular,

le @Il < ||z @) 7|1 | (ar @)~

From now on we consider the normalized heat kernel embedding V; =
n+2
V2 (47r)n/ S ®,. Theorem 18 still holds if we replace ®; by W, for

n+2

they only differ by a scaling factor /2 (471)"/ Y

Corollary 29. The matriz P (V) (x) has a right inverse E (V) ()
with uniform operator norm bound C for all ¢ > t72 P and allz € M
ast— 0.

n

Proof. Since ¥; = \/5(47r)”/4 = ®,, by Proposition 21, as t — 0,
we have in the C"-sense (for any r > 0)
P (W) P (W) (x)
I, + 0 (t) O (t)
(21) - ([ L 0
O (t) 2 Y = (1
0 Ea(3)
where I,, corresponds to (V; Wy, VW), Inwm-1) corresponds to (V;V; ¥y,
2
ViViW,) for i # j and k # I, and Z, (1) (defined in Corollary 26)
corresponds to (V;V,;W;, ViV U,) for 1 <4, j,k,1 < n. By Proposition

9, (4.21) still holds when we truncate ¥; from ¢% to R with ¢ (t) >
t~27P. Therefore as t — 0, by Lemma 28 we have

+0(t)> )

[P (%) PT ()] ()

I+ 0() O (t)
@2) =1 on o ([ e ) +0 (t))
0 ()"

in the C"-sense. By Lemma 27, for the right inverse

(4.23) E () = PT (W) [P () PT (3,)] ",
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its operator norm is controlled by the length of its longest column vector.

From Proposition 21, |V;¥| = 1 and |V;V, ¥y — \/_127 in the C"-sense

as t — 04, so plugging this and (4.22) into (4.23), we then have
1E(¥) (@) <C  sup  ([|[Vi® (z)] +[[V; Vel (2)]]) < C.

<i,5,k<n

q.e.d.

Proposition 30. For any multi-index o with || =k and 0 < a <

1, for any x € M , the operator norms of the linear maps DYF (Uy) ()
n(n+3)

and [D?E(qft)] (@) iR o RO satisty

)

P B @) < ot

k+a

Ct— 2,

IN

(4.24) H [DﬁE (xlft)} (z)

Q,

respectively, for all ¢ (¢) > 72 Past — 04.

Proof. In each chart U of M where we use the orthonormal frame field
{Vi}i<i<,, to trivialize P (%), the O (t)’s in (4.22) are smooth functions
on U with the C"-norm of order O (t). So for any multi-index = and
real number « € [0,1) with | 7|+~ > 0, by (4.22) we have

(4.25) D7 [P P ()] ] @) =0

in the C"-sense for any r > 0. Therefore, for any multi-index @ with
\_>\ = k, applying D¢ to (4.23), using the Leibniz rule, and noticing
Lemma 27 and (4.25), we have

[p7E W) @)

-1

IN

OS50z [P PT (w0 () DT [P (v PT(w0)] 7 ()

IN

C

N

Vi, ( ‘ ‘V’““\If (x )( O(t)> < Ct3,
(z)

[D7 P (9 )] - [P (w) PT (w)

H [DHE ()

}a,M
—1

< C

N

()|
+HD3PT(\Ift)(x).[[p(\yt)PT ()] ( ] H)

< C (t_i_% bts ~O(t)> <ot

where in both inequalities we have used Proposition 20 and Proposition
24 for the derivative estimates of Wy (). q.e.d.
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Corollary 31. For q> Ct™ 277, |1 E (¥e)loro(ary s of order t_HTa,
and so is the operator norm || E (W¢)||,, of

E () : O (M, T*M) x C** (M, Sym®? (T*M)) — C** (M,RY),
1.€.,
_k+a
(4.26) 1E (Yl ok ary > 1B (W) [l < CE 2
for a constant C > 0.

Proof. Taking the supremum for z € M in the inequalities in (4.24),
we obtain

k+a

(4.27) 1E (W)l grainy < Ct772.

Now we estimate the operator norm || E (¥¢)||,,. For any section ¢ €
Cke (M, T*M) x ke (M, Sym®? (T*M)), using Proposition 30, by the
Leibniz rule we have

k+a

‘ [Dﬁ (E (1) (z) (x))]a’M' <Ot el gra

for any multi-index @ with || = k. (In a local trivialization of T'M,
n(n+3)
@: M — R~z . The C**norm for vector-valued functions is given in

Section 3.2). Taking the supremum for x € M in the above inequalities,
we have

_kta
|2 (@) @lighaqrn < Ct 5 I@loraqar)

so the operator norm ||E (¥y)]|,, is of order Ct~"5* . Note this operator

norm agrees with the C**-Hélder norm of E (u) by (4.27). q.e.d.

Definition 32 (The constant Cg). Due to the importance of the
operator norm of F (V¥;), we denote the maximum of the constants
C' appeared in the coefficients of the above estimates of ||E (W) (z)]|,

1E (I, 1E (o)l ko (a,ra)» ‘ o in Proposition 24, O (t)

D,
Ck:x(M,RY)
in (4.22), and 2‘ (2 (%))_1 ‘ by Cg, where “E” indicates E (¥y).

5. Uniform quadratic estimate of Q (u)

For any given map u € C*® (M, R?), the quadratic estimate of Q (u)
was established in [G1, Lemma 4]. In this section we show the constant
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in the quadratic estimate is uniform for all R?. This is essentially due
to Lemma 15, where the constant C (k, a,, M) is uniform for all q.

Proposition 33. For any v € C*® (M,RY), we have

HQZ (va)HC'k’a(M,Rq) <T (A(]a ko, ||RHC’1) ||’U||%k’a(M,]RQ) )
”QU (UvU)HCk»a(M,Rq) <TI (A07 kv Q, ”Rucl) ”UH%‘MG(M,RQ) )

_kta
1Q (W) (0,0) oo (ar o) < CuT (Roy ks, [ Rllgn) 5 0200 ar o

where the constant I' (Ao, k, a, || R|| -1 ) is uniform for all ¢, where ||R|| 1
is the C'-norm of the Riemannian curvature tensor R on M. (The con-
stants o (Ag,a, M), C (k,cr, M), and Cg are in (3.9), Lemma 15 and
Definition 32 respectively).

Proof. For brevity, we write C** (M,R%) as C** (M). Let “” be

the standard inner product in RY. Recall that Q;(v,v) =
—1 —1 .

((A(l) — Ao) (N (v)))Z and Q;; (v,v) = ((A(g) — Ao) (M (v)))w in

Section 3.4, where

N; (v) = =Av - Vv,

Lij (v) = 2V!Viv - VVju — 2Av - V,; Vv — 2Rflj.vkv -V
— oni’U . Vj’U,
1

My (v) = 5Lis (v) + (ViR + ViR = V'R ) (A = Ao) T N @))l.

By the definition of the operator norm H (A — Ao)_1 and (3.9), we
op

have

(5.1) Qs (va)Hck,a(M)

1
< o (Ao, o, M) (5 I Li; (v)”ck,z,a(M)

+ 19 Rllcoary @ (R0, 0 M) [N (0)llow-2aar)) -
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For L;j (v), by (3.3) we have

1 Lij (v) ”ck»a(M)

IN

20 (k, v, M) <Hvlviv

Ck—2,a (M) Hvlvj””ckfza (M)

+ ”A”HCF?)'J(M) ”ViijHckfla(M)

F 1Rl coary Vvl or—2.0ar) ViVl gr—2.a(ar)
Ao
2
2C (k, o, M) <”UH?}’V»G(M) + ([0l 2k can +

+ [Vivllgr-2.0(nr) HVJ'UHC’CZ’Q(M)>

IN

Ao
IRlesun Io1s-soay + | 52 19301 Bioqun
Ag 2
< 20(k,a, M) ( 2+ [1Rllcoqary + | 57| ) llcweary -

Similarly,

| N (U)HC']C*Z’Q(M) = ||AU||ckf2va(M) ||Viv||ckf2va(M) = ||U||ékva(M)-
Putting these into (5.1), we have
(52 1Qy @ 0)lleaqn

A
O'(A(),Oé, M) C’(k‘,a, M) <2 + ”R”CO(M) + _0

2

IN

) Pl
+U2 (A07a7 M) HVR”CO(M) ”U”ék,a(M)
= T(Ao, ko, [[Rllg) [0llZka s »
where the constant

(5.3) T (Ao, Ky, || B[ n)
Ao

= O'(AQ,CY,M)C(I{?,CY,M) <2+ HRHCO(M) + ‘ D)

)

9 (A(]a «, M) C (kv «, M) ||U||%kva(M)
r (A07 k’,Oé, HRHCl) ||,U||ékva(M) :

+0? (Ao, o, M) [V Rl coar) -

Similarly,

IN

1Qi (v, )l k.o (ary

IN

Finally, since

Q (u) (v,v) = E(u) ([Qi (u) (v,0)], Q35 (u) (v,v)])
and the operator norms of

E () : CP (M, T*M) x C** (M, Sym®? (T*M)) — C** (M, R9)
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is of order C’Et_g_% by Corollary 31, we have

(5.4) 1Q (¥e) (v, V)l choo(ary
< T (Mo, ko, [ Rllon) 1B (Zo)llomagary 1101 G ary
< Cgl (Akavav”Rucl)t_HTa ”U”éka(Mﬁ

where the constant CgI' (Ao, k, a, || R||-1) is uniform for all ¢.  g.e.d.

6. The implicit function theorem: isometric embedding

In previous sections we have considered the @ X 0o matrix P (Uy)

and its right inverse F (¥,). If we truncate 2 to R with ¢ (t) >
Ct~ 27" and consider the modified heat kernel embedding map Uy : M —
RI®) | then F <\Ift) isaq(t)x w matrix. For each fixed ¢, the mod-

ified ¥, = W, () is the heat kernel embedding map in [BBG] for the
modified metric g;. The modified metrics {95}0§ s<t, are a compact fam-
ily and depend on s smoothly. By Proposition 9 and Proposition 24,

E <\Ift> still has the operator bounds as in Proposition 30 and Corol-

lary 31 for E (¥;). This is because from our construction of F (\I/t,g(s))

(4.23), HE (\I't,g(S)) Hck,a(M)
products of the row vectors 82-\1’,&,9(5) and aiaj\lft,g(s) (1<i<j<n)for
the parameter s, which is in a compact interval [0, to].

Now we are ready to give the proof of Theorem 1. We divide the proof
into two propositions: isometric immersion and one-to-one map.

is determined by the (derivatives of) inner

Proposition 34 (Isometric immersion)). Under the conditions of
Theorem 1, there exists tg > 0 depending on (g, p, ), such that for the
integer ¢ = q(t) > t72 P and 0 < t < ty, the modified heat kernel
embedding ¥, can be truncated to

Iyt M — R C (2
and can be perturbed to an isometric embedding I; : M — R?, with the
perturbation of ¥; of order O <t%_%) in the C*%norm.

Proof. Given the truncated heat kernel embedding u = ¥, : M —
R with ¢ = q(t) > t277 and the error f= <\i’t) Jean — ¢ to the
isometric embedding, we consider the nonlinear functional

(6.1) F:Ck (M, RY) — CP (M, RY),
F)=v-FE (qft) 0, f)+E (xyt) ([Q (qft) (v,v)] , [ij (xyt) (v,v)D :

We stress that this iteration is coordinate free and is defined on the
whole M, as it is the coordinate expression of the iteration of tensors
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(see equations (12)—(21) in [G1]). We want to find the zeros of F. By
the general implicit function theorem (e.g., Proposition A.3.4. in [MS]),
the operator norm estimate in Corollary 31, and the uniform quadratic
estimates in Proposition 33, it is enough to verify that

12 () cnmar 12 () 0.9

Cho CFo(M,R)
as t — 04. By Corollary 31 we have
~ k+a
< T2,
HE (mt) ‘ Cha(M) — Ot

By Theorem 10 we have f = (i’t)* Jean — g = O (tl) in the C*+1 norm,
so for small ¢,

(6-2) ||f||(jk,a(M,sym®2(T*M)) < Gt!

for the constant

(6.3) G:=C(g,l,k+1)

in Proposition 5 (when k£ = | = 2, we have partial estimate of G by
curvature terms in Section 9.2). By our construction in (4.23) and (4.22),
we have

o) f
\I — T \ [7l n— 0
E (1) 0.0) = PT(0e) |, ( om0 +o<t>) y
(En (3))
When t is small, Vi\i/t‘ << (vjvk\i/t , S0 we have
- -\T
E (W) (0,f) :H[V-Vk\ll ] -O(t)- f
H < t) ‘ Che(M,R) ( ’ t> 1<j<k<n Ch-e(M,RY)
<Cg <t_%_%> -Cgt - Gt
(6.4) — C3GHT T
where []; < <4<, is the notation for a matrix and we have used Propo-
sition 24 to estimate ijvk@t( . Hence,
Chk-(MR2)
HE (Wt> Cka (M) ‘ E (lyt) o, f)‘ Ck.a(M,R9)

k+a 1_ kta
l+2 2

< C3Gt™ 2 -t

(6.5) = Cigttihe

ast — 0y, for [ 4+ % > k 4+ « by our assumption.
The same quadratic estimate still holds for ¥y for 0 < ¢t < ¢y and
is uniform for all ¢ (t) > t27" by Corollary 31, Proposition 33, and
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our remark on HE (i’t> in the beginning of this subsection, as

oo

follows:
HQ (ilt) (U’U)‘ Cko (M RY)
= |2 () ([@ (%) ©0] - @ (%) ©:0)])] vy
< B () gy T oo IR lco) o fonear
< Cgl' (Ao, k, q, HRHcl)t_%_% ”U”2ck,a(M,Rq)-

By Giinther’s implicit function theorem we obtain a smooth map I :
M — R? such that I} geqn = ¢. From this we immediately see I; is an

isometric immersion. From the implicit function theorem we also see

the needed perturbation from U; to I; is of order O (tH%_HTa) in the

C*e_norm (For readers interested in more details about this, see the
appendix). q.e.d.

Remark 35. The condition that ”fHCk’a(M,Sym®2(T*M)) is of order
(0] (tl) with [ + % > k + « is used in (6.5). Since k > 2 we must have
[ > 2. This is the reason that we need to modify the ¥; in [BBG] for
higher-order (at least O (tz)) approximation to isometry. If we can make
the remainder terms in (6.2) explicit, then we can give the estimate of
the smallness of ¢ in the above implicit function theorem. See Section
9.2 for partial results in this direction.

To show the map I : M — RI® is one-to-one for small enough ¢t > 0,
we prove the following proposition.

Proposition 36. Let (M, g) be a compact Riemannian manifold with
smooth metric g. Then there exists g > 0, such that for 0 < ¢t < §y and

q(t) > Ct~ 2P, the truncated heat kernel mapping \I/g(t) : M — RI®
can distinguish any two points on the manifold, i.e., for any x # y on

M, \I'g(t) (x) # \Ifg(t) (y). The same is true for the isometric immersion
I : M — RI®),

Proof. The proof is adapted from Section 4 of [SZ]. If there is no such
dg, then there is a sequence of t;, — 0, and xj # yr on M, such that
(6.6)

W) () = WA () e, by (21) = ¢ (i) for 1< 5 < q(t).

Therefore,

I e (o) 05 () = BJ e ().
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By Proposition 9 and (4.5), letting k — oo, we have

(6.7) lim (4ty)™? H (ty, w1, ys) (4rt)"? H (tg, xp, ) — 1.

= lim

k—00 k—00

Let ry = dist (x,yg). From (6.7) we see limy_,o 7 = 0. Otherwise,

ri > ¢o > 0, by the compactness of M we can assume zj, and y;, converge

to different limits oo # Yoo on M. So in the left-side of (6.7) we have

limg oo H (tgy g, yi) = limg_yoo H (tg, Too, Yoo) = 0, a contradiction.
We further claim that when k is large,

1
(6.8) i o= dist (xg, yr) < At

for some constant A > 0. Otherwise, r, — 0 and % — 400. By the

Minakshisundaram—Pleijel expansion,

2

_ Tk
lim (47Ttk)n/2 ’H(tk7xkayk)’ = lim e *& ’U(tkaxlmyk)‘
k—o0 k—o0
2
"k

S elimkﬁoo (_4tk) . 2 _ O

)

contradicting (6.7).
By (6.8), for large k, we can write

yi = exp,,, (2v/Eror) , for 0 v € T M, [ug| = O (1),

and y; = exp,, (svx) for —1 < s < 2. We consider the function

fo(s) = (teozey)” (W (1), W ()]
" H (tk, g, ) H (te v, y5) Wy, ()] [Py, (yg)|27
—1<s<2.

By the Cauchy—Schwartz inequality, 0 < f (s) < 1. By the definition
of fr(s) and our assumption z = yg, we have fi (0) = fr (1) = 1,
achieving the maximum of f on [—1,2]. So there exists some s, € [0, 1],
i (1) =0.

In the following we let z = (t,z,x), zx = (tx,zk, zr). By (4.1), we
have

(69) H (tk,xk,xk) = (47Ttk)_n/2 U(Zk),

(6.10)
H (tr,y3,u3) = (dmty) /2

X |\U (2) + 25VIRA (21) (vp) + s°tE (21) (vg) + O <33t§ \vk\?’)]
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in the C3-norm, where A (t,z,z) = 9,U (t,2,y) |,y and E(2) (v) is
quadratic in v. We also have

(6.11) H (tg, vk, y})
= (47rtk)_"/2 e’ (th, Tk, YR
= (4rty,) "2 [1 — 8% o> + O (34)]

y [U (20) + sVEA (20) (00) + 5% B (2) (ug) + O <s3t§ |vk|3>] ,

where B (2) (v) is quadratic in v. Therefore, as k — oo, in the C3-norm
we have

fr(s) = {1 —282 e[ + O (54 |vk|4)}
[U (21) + svVERA () (vi) + 8%t B (2x) (vg) + O (s3t,§ |Uk|3)}2

‘U (z1) [U (2k) + 25VERA (21) (k) + 2t E (25) (v) + O (SStE |v,€|3)}

= [1- 2 40 (st ul?)
1+ 25T A (2) (k) + 5246 B (21,) (i) + O (S%E |vk|3)
1+ 25VIRA (1) (k) + 8266 B (22) (i) + O (SStE |vk|3)]
(,ZL B, and E are functions A, B, and E divided by U (z) , respectively)

X

-~ 3
_ [1 282 |2+ O <s4 |vk|4)} [1 + 52,0 (2) (v) + O <s3t,§ |vk|3>]

~ 3
=1+ 52 |ug]? (-2 + t:C () <‘Z—’;‘>> +0 <s3t,§ ]vk]?’) :

where the function C (2) is constructed from A, B, and E and C (2) (v)
is quadratic in v. Hence, as k — oo,

0= fi (s1) = 2w -2 + O ()] +0 (mk |vk|3) 222+ 0 (1)

But by our assumption v; # 0, so the right-hand side will be nonzero
for large k, a contradiction.

The proof of the one-to-one property of I, : M — R is almost
identical to that of W;. This is because we have ||l — W¢|chapy <

CtH+3=5% for k > 2 from Proposition 34, so the function
S\ (2
W (k) I (y))|
fk) (S) T 2 s 2
|72 (i)™ [ T2 (47)

has the same properties as the above functions fj (s) for W, up to the
second-order derivatives. This is because if we replace H (t,x,y) for ¥
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by (I (x),I; (y)) for I; in the key estimates (6.6), (6.7), (6.9), (6.10),
and (6.11), the argument still holds. The proposition follows. q.e.d.

Corollary 37. Let (M, g) be a compact Riemannian manifold with
smooth metric g. Then there exists an integer Ng > 0 depending on
g, such that the first Ny eigenfunctions {¢; ;.V:Ol can distinguish any
two points on M , i.e., for any x # y on M, there exists some jy €

{17 2, NO}: such that qb]o (33‘) 7é ¢J0 (y)

Proof. Take Ny = q(dp) in the above proposition, and note that
\I/ivo (x) = \I/ivo (y) <= ¢; (x) = ¢; (y) for 1 < j < Np. q.e.d.

7. Geometry of the embedded images in /> (and RY()

In this section we study the geometry of the embedded images W, (M)
and I; (M) in ¢2. We first combine Theorem 18 and Proposition 21 to
give the following consequence on the second fundamental form and
mean curvature of the embedded image W, (M) C (2.

Corollary 38. For any x € M, let (x1, -+ ,xy) be the normal coordi-
nates near x. The second fundamental form A (x,t) = Y1<i<j<nhij (z,t)
dzidz? of the submanifold Wy (M) C €% can be written as

Az, t) = <E§‘:1\/§aii (1) (d2")? + 1< jchenajp (z,1) d:z:jd:nk) ,

1
V2t
where aji, (z,t) (1 <j <k <n) are vectors in €*. Then as t — 04, we
have the following:

1) For any two subsets {i,j} and {k,1} C{1,2,--- ,n},

1) Aaiy,ay) — 1,

2) <aij7akl> — 07 Zf {27]} 7é {kvl} and {ka} 7é {]J})
)

r ...
(aii, aj;) — 3’ if i # J.
2) The mean curvature vector H (z,t) = 137 h;; (x,t), after scaled
by a factor \/t, converges to constant length:

n-+ 2

(7.4) VE|H (z,t)] — o

The convergence is uniform for all x on M in the C"-norm for
any r > 0.

Proof. From Proposition 21 we have

(7.5) (Vi V@, Vidy) ()] = O (t‘"/2) .



ISOMETRIC EMBEDDINGS VIA HEAT KERNEL 529

Therefore, for the normalized heat kernel embedding ¥y = /2 (477)"/ 4

= ®,, its first derivative and second derivative vectors become or-
thogonal as ¢t — 04 by (7.5):

2”7L

ViV, Vi) (2)] = 2 (4m)"? 5 t72.0(1) =Ct-0 (1) = 0

So as t — 04, the second fundamental form at W, (z) on W, (M) C £?
is approximated by the second-order terms in the Taylor expansion of
U, : M — ¢? near z on M, i.e.,

lim [A (x, t) — (Elgigjgnvivj'\l’t (a;, t) dxldx])] =0.

t—04
From Proposition 21 we have

(7.6)  (V;ViU;, V., Vi 0y) ()

n 1\? 1
> 2(4m)% 32-<—> ———  (6:50km + GimOjk + Oirdjm
(4m) %) () (040 ik + OikOjm)

1
= o (030km + OimOjk + dikOjm) -

In particular, as ¢ — 04,

‘\/_ V3ai; (z, t)‘ = |ViVUy — \/%,
‘ﬁ -k (m,t)‘ |V; V¥, — % (J # k),

and so (7.1) follows. Similarly, (7.2) and (7.3) follow from (7.6). For the

mean curvature, we have

13
n /2t
Using |a;;| — 1 and (a;,a;;) — % as t — 0, we have

13 1 1n+2
H@ )= —==(n-1 —1) o)==
H @) gy (e 14n =) 3) = 5722

o (7.4) follows. q.e.d.

H (2,1) = lz:" i (,8) = (5 i (2,1)).

Remark 39. In Corollary 38, we have the following:
1) It is unknown if limy 0, ajj (2,) exists, but limy o, (ai; (2,1) , ap
(x,t)) exists. There exists isometry I (z,t) : £2 — ¢2, such that

ajr = lim I(x,t)-aj (z,t) (1<j<k<n)
t—04

. . (nt1) e
exists, and {ajk}1<j<k<n 5 C (? satisfying
the inner product relations in item 1 of Corollary 38.
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2) The length of the mean curvature of ¥; (M) C ¢? converges to
constant on M, but the constant is large (of order t_%) ast — 04
by (7.4). Intuitively, this is because the embedding ¥; uses more
and more high-frequency eigenfunctions in its #2 norm as t — 04,
making the image W, (M) evenly oscillating at all z on M.

3) By Proposition 9, the above results still hold if we replace ¢? by
RI®), for ¢ (t) > Ct~27" and sufficiently small t > 0.

As for our isometric embeddings I, : M — R4 (¢ (t) > Ct~27" or
q (t) = o0), they are obtained by C**-perturbation of ¥; : M — RI®)
of order O (#1+2="5% , with k > 2. Since the second fundamental form
and mean curvature of any embedding f : M — R? are determined by
up to the second-order derivatives of f, the statements in Corollary 38
also hold for the isometric embedding image I, (M) C R®) noticing
that U, := W 4(¢) 1s the heat kernel embedding map for the metric g (t)
on M. For the same reason, for any 0 < r < k, the r-jet relations of I; as
t — 0 are the same as those for ¥y in [Z]. This gives many constraints
of the image I; (M) c R®,

8. Example M = 5!

As a concrete example, we write down P (u) and F (u) explicitly for
the case M = S' ~ [0,27]/ ~. Although the example is trivial, it
exhibits almost all features of general cases. We use it to illustrate the
proofs of our main results.

For the eigenvalue Aop_1 = Mg = k2, the L? orthonormal eigenfunc-

tions are pairs ¢or_1 () = ﬁ cos kx and ¢gf, () = % sin kz. The heat

kernel embedding u : S — R?9 is

2 n 2 2
u(z) = \/j(47r)"/4 = e 5t cos kx, e~ Ttsin k ,
™ 1<k<q

so the system (3.4) becomes
Ri(2)-v="hi(z), Ry (x) -v=ful(z),

with the two row vectors R; and Ry being

2 n 2 2
Ry (z) = \/j(47r)"/4t12 { (—e_gtk: sinkx, e 2 'k cos k:x) } ,
™ 1<k<q
2 n/4 ,nt2 K49 Ko
Ry (x) =] = (4m)""t 7= —e” 2'k*coskx,—e” 2 'k“sinkx .
™ 1<k<q

It is easy to check that R; (z) and Ry (x) are orthogonal, so the solution

v with minimal Euclidean norm is v (z) = ‘ Igll((f))‘g Ry (x)+ | }];121(;9;)'2 Ry ().
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_ [ Ri@) /B (@) u _ fu@ Lo
E(u)_ RQ(%)/’RQ(I’)F ’ E( )(vall)_ | RQ( )

Recall the following well-known lemma.

. m—+1
Lemma 40. lim; .o, t 2

k2 2
in Eﬁlkme kt:fooolume 'L;d/% and EZC,:l
kme Rt < Kt~"2 | where the constant K = IS wmeH dp.

For ¢ large, using [;° e~ dy = VT oond IS pte=H dy = M7 we

1 8
have
2

Ry (@) = = (4m)"2 473 5] ke
o
— g (477')1/2 t% . t_% 2€_u2d/£ = 1,
7
T 0
2 n
(R (@) = = (4m)"/2 4505 et

2 & 3
— — (47?)1/2t% 73 / ,u4e_“2d,u = ¢ L
™ 0 2

These agree with ¥} g, — ¢ in (1.2) and the mean curvature length
|H (x,t)| — 1/%15_% in Corollary 2, respectively. Thus, for ¢ = ¢ (t)
large, in C? convergence we have

R (z) 2t
(8.1) E(u)— [ %tflfg () } . E(w) (0, f11) — §R2 (x) fi1 (x).

We have the C? norm (according to Definition 14) for vector-valued
functions

2 /4 nt2 52
1R ()| 2 ary) = \/;(47T) /A [Zizle k tkﬁ]

1
Ro (2) oy = | > (@m) A8 [0 e8] S ord i = o3,
o2 (M) - k=1

N

L Ot =0t

|E (u)HCQ(M) = \/;(47T)n/4 t%z ) [Ezzle_kztkﬁ ey Z%Zle_kztks]

— ot h

Notice that for S', the curvature tensor R = 0, so Ricy — %g Sy =0.
By [BBG, Theorem 5] we have fi1 = ¥}gean — g = O (?) as t — 04
(it may be of higher vanishing order O (¢P) for some p > 2, but here we
only use O (¢?) to illustrate our method). So by (8.1) we have

2t 3
B0 Al = 5 R = CoIRa@ g = O

(M)
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Then
3 1
1E (u)llczany 1B () (0, fr) [ gzany = CtF - Ct2 = Ct3,

and similarly (using the interpolation technique in Lemma 8 to estimate
the C%*“norm from the C? and C3-norms),

1B @)l ez an 1B (0) (O, fu) lceaqary = O3 -Ct27% = Ct27% = 0

for 0 < a < % We see the estimates of the orders are exactly the same
as obtained by the off-diagonal expansion of heat kernel method.

By Giinther’s implicit function theorem we obtain the isometric em-
beddings of S! into RI®),

9. Appendix

9.1. The implicit function theorem. For the sake of completeness,
in this appendix we give a proof of Giinther’s implicit function theo-
rem (Theorem 16) by applying Proposition A.3.4. in [MS] (which is
an abstract implicit function theorem) to the nonlinear function F' :
Ck (M, RY) — Ck (M, R?) defined in Section 6. In particular, we ob-
tained a little more: First, the constant 6 in Gilinther’s theorem is made
explicit in (9.2). Second, the needed perturbation of ¥, is shown to be

k+a
of order O (t”é_%) in the C*“norm.

Proposition 41 (Proposition A.3.4. of [MS]). Let X,Y be Banach
spaces, and let U be an open set in X. The map F': X — Y is continuous
differentiable. For xy € U, D := dF'(z¢) : X — Y is surjective and has
a bounded linear right inverse @ : Y — X, with ||Q]| < ¢. Suppose that
there exists § > 0 such that z € Bs(xg) C U

1
x € Bs(zg) CU = ||dF(z) — DJ| < %"

Suppose ||F(xg)|| < %; then there exists a unique x € Bg(x() such that
F(z) =0, z — x¢ € ImageQ, |z — x| < 2¢||F(z0)] -

Applying the above proposition to our case, we have (following their
notations)

X =Ch(M,RY),Y =CP* (M,R?), F: X -,

F(o)=v—E(9)0,)+E (%) ([Q(¥) @), [Qn (#) w0)]),

xo = 0, = solution, F (z) =0,
o= Jr 7 = flaa] =1

o= e (8) 0.5

dF (v) = dF (0)] < || (1),

< CLGHT 25 (by (6.4)),

Cko(M,R7)

(A(Jakuau ”RHcl) ! HUHCka(M.Rq) )

Ck, a(M)
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where the last inequality is from (5.2). Since the § should satisfy

1
|lv —0|| <6 = ||dF (v) — dF (0)|| < %0
we can take
1

T (A07 k) «, HRHCl)

2| (%))

2CEg - T (Ao, k, o | R|| 1)

Ck,a(M)
hta
2

(by (4.26)).
The condition

1)
(9.1) IF Ol <+

is translated to

- 1 1
HE <\Pt) (O’f)‘ Ck.a (M,R9) = 1'2 HE (@,t)‘ oo T (Ao, k, v, HRHol),
or
HE (\i/t) (©, f)‘ Ok (M,R9) ‘E (Nt>‘ Ok (M)
(9-2) < (8T (Ao, by || Rl o)™ = 0.

So the constant 6 is essentially determined by T'(Ag,k,«,|R| 1)
in (5.3), which in turn depends on ||R[, and o (Ag, o, M)

= H (A — Ao)_l Hop of the smoothing operators (note C (k,a, M) = n*

in Lemma 15 is independent on g). In terms of ¢ the condition (9.1) is

k+a
. t o
2G5t < )
E ~ 8CEI' (Ao, k, o, || R 1)
i.e.,
[ ——
(9.3) t < (8CE T (Ao, kb, [ R ) - G) TFTA-TF = .

So we see the smallness of ¢ in our implicit function theorem depends
on the following:

1) the constant C in (4.26) in the C**norm estimate for F (\i/t>

(essentially the derivative estimates of ¥,);

2) the constant I' (Ao, k, o, || R||o1) in (5.3) related to the smoothing
operators (A(T,) — Ao)_l;

3) the constant G in (6.3) from the near diagonal expansion of the
heat kernel of (M, g).
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These constants are related to the dimension, diameter, volume, and
curvature bounds of (M, g). Since the exponent _Wl—(kﬂz) in (9.3)

is negative, we see the smaller the constants Cg, I' (Ao, k, a, || R 1),
and G are, the smaller the embedding dimension ¢ (tp) is.
If we know tg, we can obtain the estimate of the minimal embedding

dimension ¢ (ty) > ta 27" From the above proposition the solution x
satisfies ||z|| < 2¢||F (0)]], i.e., the perturbation of W, is of order

]l oroee (ar,ay < 203GHTITF = 0 <tl+%_k+7a> :

9.2. The quadratic remainder. We give the estimate of the constant
G in (6.3). To begin with, we state a refined version of (1.2) in [BBG].
The following lemma is well-known in physics literature.

Lemma 42. Same notations as in Theorem 4. Then as t — 04, we
have

(Vi) (@) = 2) + 5 3500~ Ricy

9.4)  +t* [ug (v,2) + 27 2120500u1 (2,Y) o=y dz'da? + O (t%) .

Proof. From (4.1) we have

1 2 0; (7"2)
1 207 (o)
8JaZH (t,x,y) = WE 4 [— 1 — AL U+ o,U
Oj&- (7“2) OZ (7‘2)
(9.6) + <— LU= S0+ 000 | |

From Lemma 19 and (4.2), letting = = y, we have

0;0:H (t,2,y)|,_,
__ 1 9;0: (%)
C (4rt)"? 4t

()
4t

(uo + tur + t*us + O ()

Q.U +0,0; (uo +tur + O (t))| -
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Letting ¢ = j and using Lemma 19 in the above identity, we have for
V = 217
(¥ gean) (Vi,Vi) (2)
2t

nt2 1
=2(4m)2t m

(uo + tuy + t2ug + O (tz)) + 0:0; (uo + tug + O (1))

4t

= [g — % <Rz’cg — %Sg . g)] (Vi,Vi) + t2[ug (z, )
+ 20;0;u1 (2,Y) |p=y] + O (t3) .
)

Since (¥} gean) (V, W) is bilinear in V' and W, the proposition follows.
q.e.d.

Using the higher-order expansion of H (¢, x,y) in terms of curvature
terms, it seems possible to make the quadratic terms in the above lemma
explicit. On pp. 224-225 of [BeGaM] and Theorem 3.3.1 of [Gil] there
is an explicit

1 ) 1
120 |Ry (z)]” — 180 |RZCQ( )| + =5 ™

where R, is the Riemannian curvature tensor,
IR, (:c)\2 = N1 jhicn Ry (2) (Vi, Vi, Vi, VI)

for the basis V; = l- of normal coordinates {x

1
_AHSH (:E) )

|Sg (2)I” —

}195” near x, and

similarly for |Ric, (x )] . It remains to compute 0;0;u; (z,y) |y=y. Physics
literature (e.g., [DeFo]) gives

(9.7)
35@'%1 (z,y) \x—y
= [iﬁj@Sg GOA Ricy (V},V;) +3 S G Ricg (V; V;)
52k 1Ricy (Vj, Vi) Ricy (Vi, Vi)
9102,” 1 (Ricy (Vi V) R (Vi V3, Vi, Vi) + |R(VkaVlanvVi)|2)] ().

Let’s take | = 2 in (2.5). Then hy = —A; (9) = 5 (Ricy — 354+ 9),
and h; = 0 for all j > 2. We have

(9.8) (\if;*gcan> =G (t,t)=g+t*[A11 (h) + A2 (9)] + O (¥*),

where Az (g) = uz (z,2) +X7;_120;0;u1 (7,Y) |z=y by the above lemma,
and A (hy) (first-order variation of A; (9) = 3 (35, g — Ricy)) can
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be computed by the formulae of the variation of curvature tensors (cf.
[Be, Theorem 1.174)):

. 1 . 1
RZC;h = §A(2)h - (59 ((5gh) - §ng (tTgh) s
Seh = Ay (trgh) + 8,4 (64h) — g (Ricg, h),

where d, is the divergence and 4 is the formal adjoint and the notation
“” means the derivative with respect to the variation h of g.

If the derivation of (9.7) is rigorous, putting all these into (9.8), it
appears that we can control the constant G in (6.2) by

(9.9) G < ) (IRicgllguaqary + 1 BolZe )

for small ¢ > 0, with a constant C'(n) only depending on n.
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