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STRUCTURE OF HOMOGENEOUS RICCI SOLITONS
AND THE ALEKSEEVSKII CONJECTURE

RAMIRO LAFUENTE & JORGE LAURET

Abstract

We bring new insights into the longstanding Alekseevskii con-
jecture, namely that any connected homogeneous Einstein mani-
fold of negative scalar curvature is diffeomorphic to a Euclidean
space, by proving structural results which are actually valid for
any homogeneous expanding Ricci soliton, and generalize many
well-known results on Einstein solvmanifolds, solvsolitons, and nil-
solitons. We obtain that any homogeneous expanding Ricci soliton
M = G/K is diffeomorphic to a product U/K x N, where U is
a maximal reductive Lie subgroup of G and N is the maximal
nilpotent normal subgroup of G, such that the metric restricted
to N is a nilsoliton. Moreover, strong compatibility conditions be-
tween the metric and the action of U on N by conjugation must
hold, including a nice formula for the Ricci operator of the metric
restricted to U/K. Our main tools come from geometric invariant
theory. As an application, we give many Lie theoretical character-
izations of algebraic solitons, as well as a proof of the fact that
the following a priori much stronger result is actually equivalent
to Alekseevskii’s conjecture: Any expanding algebraic soliton is
diffeomorphic to a Euclidean space.

1. Introduction

A major open question on homogeneous Einstein manifolds is known
as Alekseevskii’s conjecture (see [4, 7.57]); namely

Any connected homogeneous Einstein manifold of negative
scalar curvature is diffeomorphic to a Euclidean space.

Known examples so far are all isometric to a left-invariant metric on
a simply connected solvable Lie group. This is also the situation for
the broader class of homogeneous expanding Ricci solitons, i.e. Re(g) =
cg + Lxg for some ¢ < 0 and vector field X. Such examples are called
solvsolitons in the literature (nilsolitons in the nilpotent case) and are
defined by having their Ricci operators equal to a scalar multiple of
the identity plus a derivation of the corresponding solvable Lie algebra.
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Solvsolitons may be viewed as a rare case in Ricci soliton theory, as they
are neither compact, nor gradient or Kéahler.

In addition to their definition as a natural generalization of Einstein
metrics, Ricci solitons correspond to solutions of the Ricci flow that
evolve self-similarly, that is, only by scaling and pullback by diffeomor-
phisms, and they therefore play an important role in the singularity
behavior of the Ricci flow on any class of manifolds.

As a first step toward a possible resolution of the above conjecture, we
obtain in the present paper some structural results which are actually
valid for any homogeneous expanding Ricci soliton, and generalize the
results on Einstein solvmanifolds obtained in [13, 23], as well as those
on solvsolitons given in [24]. As in these works, the technology we use
here is derived from strong results in geometric invariant theory. The
approach is developed in Section 2 in the general setting of homogeneous
spaces, independently of the rest of the paper, since we believe it might
be useful to study, for instance, other questions on Ricci curvature of
homogeneous manifolds.

Our main result can be described as follows (see Theorem 4.6 and
Section 5 for more detailed statements).

Theorem 1.1. For any simply connected homogeneous expanding
Ricci soliton (M, g), say with Re(g) = cg + Lxg, there exist a presen-
tation (M,g) = G/K as an almost-effective homogeneous space and a
reductive decomposition g = ¥ @ p such that the following conditions
hold:

e g =udn is a semi-direct product of Lie algebras, with u reductive
and n nilpotent, such that § L n with respect to the inner product
on p determined by g, where

e G~UWx N and as a differentiable manifold,
M =U/K x N,

where U and N are the respective connected Lie subgroups of G
with Lie algebras u and n.

o The metric restricted to N is a nilsoliton, with Ricci operator
Ricy = ¢l + Dy for some Dy € Der(n).

e The Ricci operator of the metric restricted to U/ K, relative to the
reductive decomposition u =t @ b, is given by Ricy x = cl + Cy,
where Cy is the positive semi-definite operator of b defined by

(CyY,Y) = Lir (ad Y], + (ad Y])")?, VY eb.
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e The adjoint action of u on n and the metric satisfy the following
extra compatibility condition:

Z[ainln, (ad Y;s)"] = 0, for any orthonormal basis {Y;} of b,

from which it follows that (adY|,)t € Der(n) for all Y € u.

Conversely, if these conditions hold, then G/K is an expanding Ricci
soliton with Ricci operator

(1) Ric = cI + §(Dy + Dj),

where
D = [819;;] =—adH + [OODJ € Der(g),

and H € p is defined by (H,X) = trad X for all X € p.

REMARK 1.2. Regarding Alekseevskii’s conjecture, we note that M
is diffeomorphic to a Euclidean space if and only if U/K is so, which
is equivalent to K being a maximal compact subgroup of the reductive
Lie group U.

Condition (1) implies that the Ricci tensor equals Re(g) = cg+Lx,, g,
where Xp is the vector field defined by the one-parameter subgroup of
equivariant diffeomorphisms ¢; € Diff (G/K) determined by the auto-
morphisms e” € Aut(g), and the Ricci flow starting at g evolves by
g(t) = (—2ct + 1)90:(1&)9’ t € (5,00), where s(t) = log(—2ct + 1)/c.
These homogeneous spaces are called semi-algebraic solitons, and actu-
ally any homogeneous Ricci soliton is semi-algebraic with respect to its
full isometry group G = I(M, g) (see [17]). If the derivation D above is
symmetric and hence Ric = ¢I+ D,, then G/K is said to be an algebraic
soliton, which is precisely the algebro-geometric notion generalizing to
any homogeneous space the definition of a solvsoliton (see [19, Section
3] for a recent overview on homogeneous Ricci solitons).

Geometrically speaking, algebraic solitons are characterized among
homogeneous Ricci solitons as those for which the Ricci flow solution
is simultaneously diagonalizable (see [19]). As a first application of our
structural results, we give many Lie theoretical characterizations of al-
gebraic solitons, as for instance ad H being a normal operator, or also
Ric |y = ¢l (see Proposition 4.14).

In Section 6, we use the above theorem to prove that given any ex-
panding algebraic soliton (M,g) = G/K, with G non-unimodular, one
can modify the metric g in order to obtain a new homogeneous metric
g on M which is Einstein with Rc(g) = ¢g. In the unimodular case the
Einstein metric is obtained on R x M. In any case, this implies that the
following a priori much stronger result is equivalent to the Alekseevskii
conjecture:
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Any expanding algebraic soliton G/K is diffeomorphic to a
Euclidean space (or equivalently, K is a maximal compact
subgroup of G).

REMARK 1.3. The statement inside the parentheses is actually the
conclusion of Alekseevskii’s conjecture as originally stated in Besse’s
book [4, 7.57] (see Section 3 for an account of the conjecture and
its equivalent formulations). It is worth noticing that if G is a linear
group, then the maximality of K implies that G/K is isometric to a
left-invariant metric on a simply connected solvable Lie group (see [31,
Corollary 1,c]), i.e. a solvsoliton.

We obtain in addition a generalization of the link between Einstein
solvmanifolds and nilsolitons discovered in [20], to the case of homoge-
neous Einstein manifolds G/ K of negative scalar curvature and unimod-
ular expanding algebraic solitons Go/K, which as differentiable mani-
folds satisfy G/K =R x Gy/K (see Proposition 6.1).

Acknowledgments. This research was partially supported by grants
from CONICET, FONCYT and SeCyT UNC.

2. Algebraic aspects of homogeneous Riemannian manifolds

We consider in this section an ‘algebraic’ point of view to study ho-
mogeneous Riemannian manifolds, with special attention on the non-
compact case, which allows us to put to good use all the results from
geometric invariant theory described in Appendix 7.

A Riemannian manifold (M, g) is said to be homogeneous if its isome-
try group I(M, g) acts transitively on M. A homogeneous (Riemannian)
space is instead a differentiable manifold G/K, where G is a Lie group
and K C G is a closed Lie subgroup, endowed with a G-invariant Rie-
mannian metric. Both concepts are of course intimately related, though
not in a one-to-one way. To study a geometric problem on homogeneous
manifolds, it is often very useful and healthy to capture the relevant
algebraic information and present the hypotheses and the problem in
‘algebraic’ terms.

Given a connected homogeneous manifold (M, g), each transitive
closed Lie subgroup G C I(M, g) gives rise to a presentation of (M, g)
as a homogeneous space (G/K, g), where K is the isotropy subgroup of
G at some point 0 € M. As K is compact, there always exists a reduc-
tive (i.e. Ad(K)-invariant) decomposition g = ¢ @ p, where g and ¢ are
respectively the Lie algebras of G and K, and thus p can be naturally
identified with the tangent space p = T,M = T,G/K, by taking the
value at the origin o = eK of the Killing vector fields corresponding to
elements of p (i.e. X, = %|0 exptX(0)). Any G-invariant metric g on
G /K can therefore be identified with (-,-) := g(0), an Ad(K)-invariant
inner product on p.
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We can extend (-,-) to an Ad(K)-invariant inner product on g such
that (&, p) = 0. Let us call the data set (g = €Dp, (-, -)) a metric reductive
decomposition.

In order to get a presentation (M,g) = (G/K,g) of a connected
homogeneous manifold as a homogeneous space, there is no need for
G C I(M,g) to hold, that is, to have an effective action. It is actually
enough to have a transitive action of G on M by isometries that is
almost-effective (i.e. the normal subgroup {g € G : ghK = hK, Vh € G}
of K is discrete), along with a reductive decomposition g = ¢ @ p such
that the inner product (-,-) on p defined by (-, ) := g(o) is Ad(K)-
invariant. In this more general case, K might not be compact, but it
is easy to prove that Ad(K) is still compact in GL(g) and hence a
metric reductive decomposition (g = €@ p, (-,-)) can still be attached to
(G/K, g).

Moreover, since the Killing form B of g is always negative definite on
t (recall that the isotropy representation ad : € — End(p) is faithful by
almost-effectiveness), there is always a distinguished reductive decom-
position to choose, namely, the one where p is precisely the orthogonal
complement of ¢ with respect to B (see e.g. [19, Lemma 2.1]).

Summarizing, a given homogeneous manifold (M, g) can always be
presented as a homogeneous space (G/K,g) with a metric reductive
decomposition (g = ¢ @D p,(-,-)), and it can always be assumed that
B(t,p) = 0. Any homogeneous space considered in this paper will be
assumed to be almost-effective and connected, unless otherwise stated.

REMARK 2.1. When £ = 0, a metric reductive decomposition consists
only of the pair (g, (-,-)), which is often referred to in the literature as
a metric Lie algebra and corresponds to a left-invariant metric on a Lie

group.

Let us fix a homogeneous space (G/K, g) together with a metric re-
ductive decomposition (g = €® p, (-,-)) for the rest of the section. We
consider

(2) p=bHodn,

the orthogonal decomposition with respect to (-, -), where n is the nil-
radical of g (i.e. the maximal nilpotent ideal; recall that n C p as it is
contained in the kernel of B). Thus the p-component

[lprpxp—p

of the Lie bracket [-, -] of g restricted to p X p can be decomposed as a
sum of bilinear maps as follows:

['7']p:)\0+)‘1+77+:u7
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where

3)

A:hxh—b, n:hxn—n,
AM:hxbh—n, pinxn—n.

We are using here that n is an ideal of g. Also note that Ag, A1, and u
are skew-symmetric, (n, ¢) is a nilpotent Lie algebra, and by convention
[X,Y]=-—nY,X)forallY € h, X €n.

In order to apply the results in Appendix 7, if dimn = n, then we
identify n with R" via an orthonormal basis {ej,...,e,} of n. In this
way, 1 can be viewed as a point in the variety of nilpotent Lie algebras
N C V. If p # 0, then p belongs to some stratum Sg with 8 € t (see
Theorem 7.1), and we can define Eg € End(p) by

0 .
@ By=[Cpne ] be Bsh=0, Bsh=5+ 82T

REMARK 2.2. It is still unclear what would be the geometric meaning
of this diagonal n x n-matrix 8 associated to each metric reductive de-
composition, and consequently to any homogeneous manifold. However,
B will play a fundamental role in the proofs of most of the structural
results on homogeneous Ricci solitons obtained in the present paper.

On the other hand, we will also identify [-,-], with an element of
A%p* ® p and use the notation introduced in Appendix 7 by replacing
R™ with p.

The following technical result will be crucial in the applications.

Lemma 2.3. If 4 € Sg satisfies 3, = 3, then

<7T(Eﬁ)['7 ']P? ['7 ]P> > 0.

Proof. We first note that m(Ejg) leaves invariant the subspaces of
A2%p* ® p that the \;’s, n, and p belong to (for instance, Ay € A2h* @ b,
A1 € A%h* @, etc). These subspaces are orthogonal with respect to the
inner product (-,-) defined in (49) and hence

(m(Eg)[s lps [ lp) =(m(Ep) Ao, Ao) + (m(Eg)A1, A1)
+ (m(Eg)n,m) + (m(Eg)p, 1)

Let {Y;} and {X} denote orthonormal bases of h and n, respectively.
It is easy to check that

<7T(Eﬁ))‘07 )‘0> =0,

and since Egl, is positive definite by (55), we have that

(5) (m(Eg)\, M) =Y (Bphi(Yi, Y5), (Y3, Y5)) > 0,
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If ad, Y denote the derivation of (n, ) defined by the adjoint action
of Y € h on n, then

(m(Bg)n,n) =2> (Egn(Vi, X;) — n(Ys, B X;),n(Y;, X;))
(6) =23 ([8,ad, Yi](X;), ad, Yi(X;))
=2 Z([ﬁ, ady Y;], ad,, Y5).

It follows from (54) that (w(Eg)n,n) > 0. Finally, we have that
(7) (m(Bg), ) = (m (B+[|BIPT) 1) > 0
by (58), which concludes the proof of the lemma. q.e.d.

There is a unique element H € g which satisfies
(8) (H,X) =trad X, VX eg.

We note that H € p due to the ad ¢-invariance of (-,-), and that H =0
if and only if g is unimodular. Let By : g — g denote the symmetric
map defined by the Killing form of g relative to (-,-), that is,

(9) (BX,Y)=trad XadY, VXY cg.

It follows that, relative to the decomposition g = €@ p, the operator By
has the form

(10) By=|"3],  Be<o,

with * = 0 if one is assuming that B(¢,p) = 0.
The Ricci operator Ric of (G/K, g) with metric reductive decompo-
sition (g =€®p, (-,-)) is given by (see [4, 7.38])

(11) Ric = M — B, — S(ad, H),
where ady, H : p — p is defined by ad, H(X) = [H, X], for all X € p,
(12) S(A) = 3(A+ A"

is the symmetric part of an operator, and M : p — p is the symmetric
operator defined by

(13) (MX,Y)=—3> ([X, Xy, X;)([Y, Xilp, X;)
+%Z<[XivXj]P’X><[Xi,Xj]P7Y>v VX,YG]J,

where {X;} is any orthonormal basis of (p, (-,-)).
It follows from (51) that this ‘anonymous’ map M in the formula of
the Ricci operator satisfies

(14) m([v]ﬂ) = ||['7'4]LpH2M7
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where m : A%p* ® p — sym(p) is the moment map for the natural
action of GL(p) on A%p* ® p. In other words, M may be alternatively
defined by

(15) tr ME = 3(n(E)[ ]y, [ Jp),  VE € End(p),

where we are considering [+, -], as a vector in A%p* @ p, (-, ) is the inner
product defined in (49), and 7 is the representation given in (48) (see
the notation in Appendix 7 and replace the vector space R™ by p).

REMARK 2.4. In particular, M is orthogonal to any derivation of the
algebra (p, [+, ]p)-

REMARK 2.5. It also follows that the moment map M commutes
with any derivation of the algebra (p, [-,],) whose transpose is also a
derivation. Indeed, if E is such a derivation, then

tr [M7 E]C :tI‘M[E, C] = %(W([E7 C])[? ']P? ['7 ]P>
:%<7T(C)[7 ']P?Tr Et)['? ]P> - <7T(C)7T(E)[7 ']P? ['7 ]P> = 07
for all C' € End(p).

Notice that the above two remarks are actually valid for any algebra
and its moment map value as considered in the appendix.

We now prove some technical results involving H, Ric, and the adjoint
representation of £ on p, which will be useful in the following sections.

Let p = b @ n be the orthogonal decomposition defined in (2), and
consider [-,-], = Ao + -+ + p as in (3). Since n is the nilradical of g, we
have that H 1 n and n is in the kernel of the Killing form. Thus

H e,
and ad, H and B, have the form

ad)\OH 0 :|7 Bp:[%18]7

(16) ady H = [adAl H ady H

where ady, Y(Y') = \(Y,Y’) for all Y, Y’ € b, and analogously for 7.
We recall that

g=tdbon, [E7E]CE7 [Eah]cba [g,u]Cn,
and thus the Lie bracket of g decomposes as
[ ]=vo+v1+ve+ X+ [,

where
v:Ext— ¢ A:hxh—¢t
vi:txh—h,
Vo i ExXn—n,
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In all that follows, it will be very useful to have in mind the following
formulas for the adjoint operators relative to the decomposition g =
tEphdn For Zet Y eh, and X € n we have

ady, Z 0 0 0 ad>\2 Y O
ad Z = 0 adyZ O :| , adY = |ady; Yady, Y 0
0 0 ady, Z 0 ady; Y adyY

0 0 0
wax=| 4 84
adyy X ady X ad, X
If u := £d®h, then it is easy to see that [-, -], := vp+11+A5+A¢ satisfies the
Jacobi condition; moreover, (u,[-,]y) is a reductive (i.e. semisimple plus
a center) Lie algebra isomorphic to g/n. This implies that trady,Y =
trad, Y = 0, as every reductive Lie algebra is unimodular, and so
(17) tradY = (H,Y) =trad, Y, VY €b.
On the other hand, one obtains from the Jacobi identity for g that
ady, [Z,Y] = [ad,, Z,ad,, Y], from which it follows that
([Z,H,Y)=—(H,[Z,Y]) =—trad, [Z,Y] =0, VZ etY €b,

and therefore

(18) ¢, H] = 0.
Since the Ricci tensor is ad ¢-invariant, one obtains that
(19) lad Z|,, Ric] = 0, VZ €t

We conclude this section with a technical lemma about the derivations
of g that leave ¢ invariant.

Lemma 2.6. If we consider the reductive decomposition with B(¢,p) =
0, and D € Der(g) is a derivation such that Dt C €, then

Dp Cp, Dn Cn, tr D], = tr D,.
Proof. From Dt C £ we get that D has the form
Dy C
(20) D:[;my

On the other hand, '’ € Aut(g) and hence e_tDthe_tD = By for all
t, so differentiating at ¢t = 0 yields

(21) ByD + D'By = 0.

Now we use this formula along with the information from (10) and (20)
to obtain that BoC = 0, and therefore C' = 0 since B is negative
definite. Thus Dp C p, and since n is the nilradical of g, we obtain that
Dn Cn.

In order to prove the last assertion, we observe that since n C Ker By C
p, we may assume without any loss of generality that there is an orthog-
onal decomposition h = h; @ a such that a @ n = Ker By. Recall that
Ker By and n are both characteristic ideals of g, so that every derivation
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leaves them invariant. Moreover, every derivation of g carries Ker By into
n, as n is also the nilradical of the solvable Lie algebra Ker By (see e.g.
[10, Lemma 2.6]). Then, relative to the decomposition g = ¢dh; Dadn,
we see that By and D have the following forms:

since By is invert-

)
fiy

Byp 0 00 D
(22) BQZ[OBNO], D=9
0

0
D
*
0 00O *

0
0
0
*

UOOO

It now follows from (21) that BaD; + D{Bs = 0, bu
ible, we obtain that

-+

D! = —ByDB; .
This implies that tr D1 = 0, concluding the proof. q.e.d.

REMARK 2.7. It follows from (21) that tr B,D, = 0 for any [8 [9,3] c
Der(g). If in addition B(¢,p) = 0, then this holds for any [J 5] €
Der(g).

3. Einstein and Ricci soliton homogeneous manifolds

Let M be a differentiable manifold. A Riemannian metric g on M is
called Einstein if its Ricci tensor Re(g) satisfies

Re(g) = ¢y, for some c € R.

The scalar ¢ is sometimes called the cosmological constant. A classi-
cal reference for Einstein manifolds is the book [4], and some updated
expository articles are [1], [26], [2, III,C] and [3, 11.4].

In the homogeneous case, the Einstein equation becomes a subtle
system of algebraic equations, and the following main general question
is still open in both the compact and noncompact cases:

Which homogeneous spaces G/K admit a G-invariant Ein-
stein Riemannian metric?

We refer to the surveys [30, 22] and the references therein for an
update in the compact and noncompact cases, respectively.

In the noncompact homogeneous case, the only known examples until
now are all of a very particular kind, namely solvable Lie groups en-
dowed with a left invariant metric (so called solvmanifolds). Moreover,
every known example is simply connected and consequently diffeomor-
phic to a Euclidean space. The following longstanding conjecture has
been attributed to Dmitrii Alekseevskii.

Alekseevskii’s conjecture [4, 7.57]. Let (G/K, g) be a ho-
mogeneous Riemannian space such that G C I[(G/K,g) is a
closed Lie subgroup. If (G/K, g) is Einstein of negative scalar
curvature, then K is a maximal compact subgroup of G.

When G is a linear group, maximality of K implies that (G/K,g)
is isometric to a (simply connected) solvmanifold (see [31, Corollary
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1,c]). The conjecture is wide open, and it is known to be true only
for dim < 5, a result which follows from the complete classification in
these dimensions given in [29]. In [28], many examples of noncompact
homogeneous spaces which do not admit an Einstein invariant metric
are given. However, many such examples do admit invariant metrics of
negative Ricci curvature. We refer to [8] and [9] for examples of left
invariant metrics of negative Ricci curvature on the Lie groups SL, (R),
n > 3 and on any complex simple Lie group, respectively.

Proposition 3.1. Let (M, g) be a connected homogeneous Riemann-
tan manifold. Then the following conditions are equivalent:

(i) There is a closed connected Lie subgroup G C 1(M, g) acting tran-
sitively on M such that its isotropy K is a mazimal compact sub-
group of G.

(ii) M is diffeomorphic to a Euclidean space.

(iii) For any homogeneous Riemannian space (G/K,g) with G con-
nected and K compact which is isometric to (M, g), K is a maxi-
mal compact subgroup of G.

Proof. 1t is well known that if G is any connected Lie group and
K C G is a compact Lie subgroup, then G/K is diffeomorphic to a
Euclidean space if and only if K is a maximal compact subgroup of G
(see e.g. [16], [15] or the recent book [14, Sections 13.1-13.3]). Thus the
equivalence between part (ii) and any of the other two claims follows.
q.e.d.

The conjecture can therefore be rephrased in the following more trans-
parent way:

Alekseevskii’s conjecture. Any Einstein connected homo-
geneous Riemannian manifold of negative scalar curvature is
diffeomorphic to a Euclidean space.

It also follows from Proposition 3.1 that to prove that the conjecture
holds for a given homogeneous manifold, one is allowed to work with
any of its presentations as a homogeneous space.

Among the several important contributions of Ricci flow theory, the
following notion generalizing the Einstein condition has had a great
impact in differential geometry. A complete Riemannian manifold (M, g)
is said to be a Ricci soliton if

(23) Re(g) = cg + Lxg,

where ¢ € R is the so-called cosmological constant, as in the Einstein
case, and Lxg is the usual Lie derivative of g in the direction of a
(complete) differentiable vector field X on M. If in addition X is the
gradient field of a smooth function on M, then g is called a gradient
Ricci soliton. A metric g is a Ricci soliton if and only if the solution to
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the Ricci flow starting at g, given by
§9(t) = —2Re(g(t)),  9(0) =g,

evolves self-similarly, that is,

(24) 9(t) = apiy,
for some scaling ¢; > 0 and one-parameter family ¢; of diffeomorphisms
of M. It is well known that one can always assume that ¢; = —2c¢t + 1,

where ¢ is the cosmological constant of the Ricci soliton g. We refer
to [6, 5, 7] and the references therein for further information on Ricci
solitons.

From results due to Ivey, Naber, Perelman, and Petersen-Wylie (see
[24, Section 2]), it follows that any nontrivial (i.e. non-Einstein and
not the product of an Einstein homogeneous manifold with a Euclidean
space) homogeneous Ricci soliton must be noncompact, expanding (i.e.
¢ < 0), and non-gradient. As for the Einstein case, any known example
so far of a nontrivial homogeneous Ricci soliton is isometric to a simply
connected solvmanifold.

The following is a natural way to consider a homogeneous Ricci soli-
ton ‘algebraic’, in the sense that the algebraic structure of some of its
presentations as a homogeneous space is strongly involved.

Definition 3.2. [17, Definition 1.4] A homogeneous space (G/K, g)
is called a semi-algebraic soliton if there exists a one-parameter family
& € Aut(G) with @(K) = K such that

g(t) = ey g, 9(0) =g,

is a solution to the Ricci flow for some scaling ¢; > 0, where ¢; €
Diff(G/K) is the equivariant diffeomorphism determined by ¢;.

REMARK 3.3. Let (G/K,g) be a semi-algebraic soliton. If Ky is the
connected component of K, then the cover (G/Kjy,g) is also a semi-
algebraic soliton since the automorphisms satisfy ¢;(Ky) = Ky and
the metrics are locally isometric. Similarly, (é / K ,g) is a semi-algebraic
soliton, where ¢ : G — G is the simply connected cover and K =
¢ 1(K), as each ¢; can be lifted to an automorphism of é, making
the corresponding diagram commutative. The simply connected cover
(G/Ko, g) of (G/K, g) is therefore a semi-algebraic soliton as well. In all
the above cases, the metric is canonically defined and has been denoted

by g.

In terms of a metric reductive decomposition, semi-algebraic solitons
are characterized as follows.

Proposition 3.4. [17, 19] If a homogeneous space (G/K,g) is a
semi-algebraic soliton, then for the metric reductive decomposition (g =
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top, () with B(t,p) =0, the Ricci operator satisfies
(25)
Ric:cf—i—%(Dp—FD;), for some ceR, D= [81%] € Der(g).

Conversely, if (25) holds for some reductive decomposition and G/K is
simply connected, then (G/K,g) is a semi-algebraic soliton.

In the case when the derivation D in formula (25) is symmetric, and
hence Ric = ¢l + Dy, the homogeneous space (G/K,g) is called an
algebraic soliton. Actually, all known examples of nontrivial homoge-
neous Ricci solitons are isometric to a left-invariant algebraic soliton on
a simply connected solvable Lie group, the so-called solvsolitons.

The strong presence of the algebraic side of homogeneous manifolds
in regard to Ricci soliton theory becomes evident in the following result.

Theorem 3.5. [17, Proposition 2.2] Any homogeneous Ricci soliton
(M, g) is a semi-algebraic soliton with respect to its full isometry group
G=1(M,g).

For a recent account of homogeneous Ricci solitons, we refer the
reader to [19, Section 3.

4. Structure of semi-algebraic solitons

In this section, we study the algebraic structure of metric reductive
decompositions of semi-algebraic solitons. It will be shown that quite
restrictive Lie theoretic conditions must hold. The main structural re-
sult is Theorem 4.6. Our main tools will be the technical results given
in Section 2, most of them obtained by using the stratification from
geometric invariant theory described in Appendix 7.

Those readers only interested in Einstein homogeneous manifolds may
just set D = 0 everywhere, although it is worth mentioning that the ef-
fort required to understand the proof of Theorem 4.6 for either Einstein
metrics or semi-algebraic solitons is practically the same.

Let (G/K, g) be a homogeneous space, and consider the metric reduc-
tive decomposition (g = ¢ @ p, (-,-)) such that B(¢,p) = 0. We deduce
from Proposition 3.4, (11), and (15) that (G/K,g) is a semi-algebraic
soliton, say with Ric = ¢l + S(Djy) (see (25)), if and only if

(26) tr(cl+ 3B, + F))E=3(m(E)[, lp, [ Jp), VE € End(p),
where
F := S(ad, H + D).

It follows from Lemma 2.6 that the derivation D € Der(g) has the
following form relative to the decomposition g =@ b d n:

00 0
—|0oD, 0 =
(27) D [0 thn Dn:| ) D, € Der(n), tr Dy = 0.
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We are now in a position to prove the first structural result, which
starts to show that the structure of (g = €®p, (-,-)) is far from arbitrary
under the semi-algebraic soliton condition.

Proposition 4.1. Let (G/K,g) be a homogeneous space, and con-
sider the metric reductive decomposition (g = € @ p,(-,-)) such that
B(t,p) = 0. Assume that (G/K,g) is an expanding semi-algebraic soli-
ton, say with Ric = c¢I 4+ S(Dy), ¢ < 0, and consider the decompositions
p=b®nand [, ], = Ao+ -+ defined as in (2) and (3), respectively.
Then

[bu h]P C h7

or equivalently, Ay = 0. Moreover, if 4 # 0 and 3, = B for the p € t*
such that p € Sg (see Theorem 7.1), then

(i) B+1|B|*T € Der(n).
(ii) [8,ad bls] = 0.

(iii) S(ady H + Dy) = tEg for t = % (see (4)), or equiva-
lently, the following conditions hold:
(a) S(ad)\o H+ Dh) =0.
(b) ad)\l H = Dhn =0.

(c) S(ady H|n + Dy) = t(B+ ||8]2I), for some t > 0.
For pu = 0 one has that S(ady H+D,) = [ %], where t = [HIP+tr Dy

dimn

Proof. In order to apply the results in the appendix (Section 7), we
identify n with R™ via an orthonormal basis {ej,...,e,} of n. In this
way, p can be viewed as an element of N C V. If p # 0 then p € Sg
for some 3 € B C tT, and there exists h € O(n) such that g := h - p
satisfies 8; = (3; consequently, many extra nice properties of ji related
to B hold. Let h : g —> g be the map defined by l~1|{z@h =1, hly = h,
and let g denote the Lie algebra with underlying vector space g and Lie
bracket

]~7“ ’ ['7 ] = B[ﬁ_1'7 il_l']'

It is easy to check that (g = €@ p,(-,-)) is also a metric reductive
decomposition. Since the condition A; = 0 holds for (g =¢® p, (-,-)) if
and only if it does so for (g =€® p,(-,-)), we can assume from now on
that 3, = 3, and thus we can use in the proof all the properties stated
in Theorem 7.1 and Lemma 2.3.

Lemma 4.2. Under the same hypotheses of the proposition, we have
that

(28) ctr F +tr F2 =0,
where F' = S(ady, H + D).
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REMARK 4.3. This lemma actually holds without assuming that
c <0.

Proof. By letting F = ad, H + D, in (26), we get
(29) ctr F+3tr By(ady H + Dp)+tr F2 = 2 (r(ady H+Dp)[, Jp. [, Jp)-
According to (18), Lemma 2.6, and (27), we have that

E = [8 adpnger] =ad H + D € Der(g).

Thus ady, H + D, is a derivation of the algebra (p,[-,-],), and so the
right hand side of (29) vanishes and from Remark 2.7 we obtain that
tr By(ady, H 4+ Dy) = 0. This concludes the proof of the lemma. g.e.d.

Let us first assume that p = 0, and apply (26) to E € End(g) defined
by Ely = 0, E|s = I. Recall that tr F'|, = tr F' thanks to Lemma 2.6.
We therefore obtain from (26) that

%||/\1||2 =cn+trF.

If n = 0, the claim is trivial. Otherwise, since ¢ < 0, we must have that
tr F' > 0, and so from (28) we get

2 2 2
%H)\le =cn+trF = —trF n+trF = ttrrI; (%—?%— — n)
tr 72 (tr Fln)? tr F2 ( (fit+-+/fn)?
<%F (tr(F|n)2 ) < % ( f112+...+f5 _”> =0,
where fi,..., f,, are the eigenvalues of F|,. Thus A; = 0, and we get in
addition that F|y = 0 (since tr F? = tr (F|,)?) and also that F|, = tI

tr Pl HH||2+tan

for some t € R, which must satisfy ¢ = .

We now consider the case p # 0. Recall that we can assume that p
satisfies 5, = B, and thus the right hand side of (26) applied to E3 (see
(4)) is > 0 by Lemma 2.3. We therefore obtain from (26) that

(30) ctrEg+tr FEg > 0.

In particular, we have that F' # 0 since ¢ < 0 and trEg > 0 (see

(55)), which implies that tr F' > 0 and ¢ = —ttrer by (28). Recall that
tr 8 = —1 and hence

(31)  trEj=tr(8* + |IBII'T + 211811*8) = |BI7(1 + nl|B|* - 2)
=[|811>(=1 4 n|B8]1*) = ||BI|* tr Eg.

On the other hand, we have by (57) that

(32) tr FEg = tr Flo(8 + ||B8]1*) = [|8][* tr F*.

We now use (28), (30), (31), and (32) to obtain by a straightforward
manipulation that

tr % tr B3 < (tr FEg)?,

a ‘backwards’ Cauchy-Schwartz inequality. This implies that F' = tEg
for some t > 0, and so part (iii) follows (recall that conditions (a)—(c)
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hold by (16) and (27)). But we also get that equality holds in (30),
which turns all the inequalities obtained in the proof of Lemma 2.3 into
equalities. In particular, Ay = 0 follows from (5), and part (i) does so
from (7) and (58).

Finally, by using (6) and (54) one obtains part (ii), concluding the
proof of the proposition. q.e.d.

According to Proposition 4.1, if (g = €& p, (-,)) is a metric reductive
decomposition of an expanding semi-algebraic soliton, then the matrices
of the adjoint maps and D have the following simpler forms:

0 0 0 00 O
(33) adH:[OadAoH 0 } D:[ODn 0],
0 0 adyH

and for all Y € b,

0 ady,Y 0
(34) adY = |:ad,,1 Yady, Y 0 :|
0 0 adyY

After the structural results obtained in Proposition 4.1, we can now
see what is the formula for M, the most complicated term of Ric.

Lemma 4.4. Let (G/K, g<.,.>) be a homogeneous space with any met-
ric reductive decomposition (g = €& p,(-,-)), and consider the decom-
positions p = h @ n and [-,-], = Xo + -+ + p defined in (2) and (3),
respectively. Suppose that [h,h] C €D (i.e. Ay =0). Then the symmet-
ric operator M defined in (13) is given for allY € h, X € n by

(MY,Y) = (M,,Y,Y) — $trad, Y (ad, Y)’,
(MX, X) = (M, X, X) + 5 >([ad, Vi, (ad, ¥;)"] X, X),

(MY, X) = —1trad,Y(ad, X)",

where My, and M, are defined as in (13) by replacing [-,-], with the
brackets Ao : h x h — b and p : n x n — n, respectively, and {Y;} is
any orthonormal basis of .

REMARK 4.5. The lemma actually holds for any direct sum decom-
position p = h @ n in subspaces such that [h, h], C b and [p,n], C n.
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Proof. Let {X;} be an orthonormal basis of n. Since \; = 0, the
computation of M for Y € h, X € n can be done as follows:

(MY,Y)=—3 <Ao(Y,YZ-),Yj> 32 (Y, Xi), X;)?
+ 1) (¥, Y)),

(M, YY) = $> (ad, Y(X;),ad, Y (X))
(M, YY) — 3> ((ad,)"Y ad, Y (X;), X,)
(My,Y,Y) — Str(ad, Y)" ad, Y,

(MX,X)=—-1> (X,Yi], X (WX, X;), X;)?
+1Y Vi, X;), 42 (X5 X)),
—(M, X, X) — QZ (Y, X), QZ (Yi, X;),
=(M, X, X) — 2Zad Yi(X adnYi(X)>
+1) ((ad, Y)!(X), (ad, Y7) (X))

=(M, X, X) + QZ ([ad, Y3, (ad,, ;)11 X, X),

(MY, X) = —5 > (n(Y. X;), X;){n(X, X;), X;)
= —Strad, Y (ad, X)",
which concludes the proof of the lemma. g.e.d.

We are finally prepared to prove the main structural result of this
paper.

Theorem 4.6. Let (G/K,g) be a homogeneous space, and consider
the metric reductive decomposition (g = €®p, (-, -)) such that B(¢,p) = 0.
Also consider the orthogonal decomposition p = h @ n, where n is the
nilradical of g. If (G/K,g) is an expanding semi-algebraic soliton with
cosmological constant ¢ < 0, then the following conditions hold:

(i) [h,b] C t® Y. In particular, u =€ Db is a reductive Lie subalgebra
of g and g = u X n (semidirect product).

(ii) Ricy = I + Cy, where Ric, is the Ricci operator of the metric re-
ductive decomposition (u = £®b, (-, -)luxu) and Cy is the symmetric
map defined by

(CyY,Y) =trS(adY|,)?, VY €b.
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(iii) Ricy, = ¢l 4+ Dy, for some Dy € Der(n), where Ric, denotes the
Ricci operator of the metric nilpotent Lie algebra (n, (-, )|axn) (i-€.
(n, (-, )|axn) 18 a nilsoliton).

(iv) Y [ad Yi|a, (ad Yi|a)!] = O, where {Y;} is any orthonormal basis of
b (in particular, (adY|,)! € Der(n) for allY € ).

(v) The Ricci operator of (G/K, g) is given by Ric = cI+S(Dy), where
0
D:=—adH + [ 0 Dl] € Der(g).

Conversely, if conditions (1)—(iv) hold for some metric reductive decom-
position (not necessarily with B(¢,p) = 0) and G/ K is simply connected,
then (G/K,g) is a semi-algebraic soliton with cosmological constant c
and deriwation D as above.

REMARK 4.7. In particular, these structural results apply to any Ein-
stein homogeneous space of negative scalar curvature, as such spaces are
all expanding semi-algebraic solitons with respect to any reductive de-
composition.

REMARK 4.8. In part (ii), Ric, is defined as in (11) and it is actually
the Ricci operator of the homogeneous space U/K( endowed with the
U-invariant metric determined by (-, -)|yxp, where U is the connected Lie
subgroup of G with Lie algebra u and Ky is the connected component
of the identity of K. We note that U/K is almost-effective if and only
if the kernel of the map ¢ — End(h), Z — ad Z|,, does vanish.

Proof. We consider the metric reductive decomposition (g = ¢ &
p,(-,-)) defined at the beginning of the proof of Proposition 4.1, for
which the corresponding i = h - p (h € O(n)) satisfies B; = . The

Ricci operator of (g = €@ p, (-,+)) is given by Ric = hRich™!. More-
over, it is easy to see that

Ric, = Ric,, adY|, =hadY|,h~!, Cy=Cy, Ricy =hRicgh ™!,

for all Y € b, from which follows that conditions (i)—(iv) hold for (g =
t®p,(-,-)) if and only if they do so for (g = €@ p,(-,-)). This allows
us to assume from now on that condition 8, = § holds for our p if
nonzero and so we can use all the properties stated in Theorem 7.1 and
Lemma 2.3.

We first suppose that (G/K, g) is a semi-algebraic soliton as stated
in the theorem, say with Ric = ¢l + S(Dy), ¢ < 0. Recall that some
restrictions on the form of D have already been proved (see (33)). The
notation introduced in Section 2 will be constantly used along the proof
of the theorem. Part (i) follows from Proposition 4.1. In order to prove
parts (iii) and (iv) we need the following result.
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Lemma 4.9. For any Y € b, (adY|,)! is a derivation of n.

Proof. For u = 0 (i.e. n abelian), the assertion is trivially true. If
p # 0 and p € Sg, then we know from Proposition 4.1(iii),(c) that
Fl, = t(B + ||8|*I), where F = S(ady H + Dy), and since F|, is a
derivation of n by Proposition 4.1(i), we get by (57) that

tr (Fla)? = ¢]|B8])* tr Fa,

But it follows from Proposition 4.1(iii) that tr F|, = tr F' and tr (F|,,)? =
tr F2, so we can use (28) to conclude that t = _W and thus

(35) Flo = —$uf — e

Recall that F' # 0 by (30), and consequently tr F|, = tr F' > 0 by (26).
On the other hand, since Ric |, = ¢I + S(Dy), it follows from Lemma
4.4 (which we can use thanks to part (i)) that

M, + 31 [ad, Vi, (ad, V)] = Flo = cf,

and hence (35) implies the following equality on n:

1 t _
(36) M, + 3 [ad, Vi, (ad, V)'] + a8 = 0.
By taking trace in the above equality and using that tr M,, = —%H w2
and tr § = —1, we obtain that
(37) ¢ = —1IBIP]1ull*.

It also follows from (36) that
0=trM;+3) trM,[ad,Y; (ad, Y3)'] + s tr M.
Analogously to (15), we have that
tr MyE = Hr(E)p, p), VE € End(n),
or equivalently, m(u) = ﬁgM for all ;4 € V' (see (51)). Thus, for all ¢,

tr My lad, Y;, (ad,, Y;)"] =1 (7 ([ady, Yi|n, (ad,, Y3)"]) e, 1)
(38) =1(r(ad, Yi)m((ad, Yi)" ), 1)
=1(m((ady Y;)" ), w((ady ¥)") 1)
=7 llm((ady Y3)")ul .

This and (37) give
0 =tr M3+ & 3" [[w((ad, Yi))all* — (0., 8)
=13 (o Yo el + L84 (2t g2 — (o, 5))
=15 [m(ady Yo yull? + Y5 (fm(u) |2 — (m(n), B)) -
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But since p satisfies 8, = 3, we obtain from (56) that

(m(u), B) < [lm(] [|BI] < llm(w)]I?,
which implies that %Z |7 ((ad, Yi)!)u||> = 0. Thus (ad, ¥;)! € Der(n)
for all ¢ and the lemma follows. q.e.d.
REMARK 4.10. By applying (38) to any metric Lie algebra, one ob-

tains that the transpose of any normal derivation is always a derivation
as well.

If 4 = 0, then parts (iii) and (iv) follow directly from the fact that
F|, = tI (see Proposition 4.1) and the formula for Ric |, and M|, (see
Lemma 4.4). We also obtain that t = —c.

For p1 # 0, we obtain from (36) and Lemma 4.9 that

My+pB=0, ) [ad,Yi (ad, Yi)'] =0,
as they are orthogonal maps by Remark 2.4 and (57). This implies part
(iv), and part (iii) follows from the first equation above, since by (35),

M, = —Wﬁ =cl + F|,.

Regarding (ii), we know from Lemma 4.4 that
(39) (M),Y,Y) = (MY,Y)+ $trad, Y (ad, Y)".
On the other hand, since 1t is unimodular as it is reductive, we have
(40) (Ric, Y,Y) = (M,,Y,Y) — 3 tr(ad Y],)?, VY €.

So, using that Fl|, = 0, Ricl, = ¢l and tr(adY)? = tr(adY|,)? +
tr (ad, Y)?, together with (39) and (40), yields the desired formula for
Ric,. This concludes the proof of the first part of the proposition.

Conversely, let us assume that conditions (i)—(iv) hold. We first recall
that (iv) implies that (ad,Y’)" is a derivation of n for any Y € b, by
using (38). Also, since we have by (i) that A; = 0, we may use Lemma
4.4 and compute Ric as follows.

In the first place, (ii) and (40) tell us that

(M = 1By)Y,Y) =(M,)Y,Y) — $trad, Y(ad,Y)" — 3 tr (adY)?

=(Ric, Y,Y) + 2 tr (ad Y[y)* — 2 tr (ad Y)?

— 1trad, Y(ad,Y)'
(41) =(Ric, YY) — 3tr(ad, YV)? — L trad, Y(ad, Y)"
=c|[Y %,

for all Y € b, by part (ii). Moreover, from (16) one gets
(42) (M —3iB,)Y,X)=—3}trad,Y(ad, X)' =0, VY €hXen,

since (ad,Y)" is also a derivation of n and so if n = ny @ -+ ® n, is
the orthogonal decomposition with [n,n] = no @ --- @ n,, [n,[n,n]] =
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n3@---dn,, and so on, then ad, Y leave the subspaces n; invariant and
ad, X (n;) C nj;1@]cdots @ n, for all 4. And also from (16) and (iv) we
obtain

(43) (M - $Bp)X, X) = (M, X, X) = (Ric, X, X).

By putting (41), (42), and (43) together and by using (iii) we conclude
that

Ric = ¢l 4+ S(Dy), for D=—adH + Dy,

where D is defined by ljl|g€9h =0, D~1|n = Dq. It only remains to show
that D; € Der(g), as we can then apply Proposition 3.4 to obtain that
(G/K,g) is a semi-algebraic soliton.

To do that, recall that D; € Der(n) and so it is easy to see that it
suffices to prove that

(44) [ad (Y + Z)[a, D1] = 0,

for all Y € h, Z € £. But D; commutes with every derivation £ of n
whose transpose is also a derivation since M, = cI + D; (see Remark
2.5), and therefore (44) follows from the fact that (ad(Y)|,)! € Der(n)
and (ad Z|,)! = —ad Z|,, for all Y € b, Z € £ This concludes the proof
of the theorem. q.e.d.

Corollary 4.11. Let (G/K, g) be an expanding semi-algebraic soliton
as in Theorem 4.6.

(i) If [b,b] = 0, then (G/K,g) is isometric to a solvsoliton. This in
particular holds when g is solvable.
(i) If g is semisimple, then (G/K,g) is Einstein with Rc(g) = cg.

REMARK 4.12. Part (iii) has already been proved in [17, Theorem
1.6].

Proof. We first prove part (i). It is easy to see that (G/K, g) is isomet-
ric to the left-invariant metric defined by (-, ) on the connected solvable
Lie subgroup S of G with Lie algebra h & n, which is easily seen to
be a solvsoliton by using parts (ii)-(iv) of Theorem 4.6 and applying
[24, Proposition 4.3]. Recall that G can be assumed to be simply con-
nected without losing almost-effectiveness, and so S is simple connected
as G = K x S as differentiable manifolds. We note that if g is solvable,
then actually the whole Lie subalgebra u must be abelian.

Part (ii) follows from the fact that n = 0 and so Cy = 0 (see Theorem
4.6(i1)). q.e.d.

Along the proof of Theorem 4.6, the following extra structural prop-
erties have been obtained.

Proposition 4.13. Under the same hypothesis of Theorem 4.6, if say
Ric = ¢l + S(Dy) and F = S(ady H 4+ Dy), then D1 = S(ad H|, + D|y)
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and

[ad u|y, D1] = 0, lad ul,, F] = 0.
Also, the operator M leaves n invariant, and M|, = M,. Assume now
that n is not abelian, p = |-, ]laxn € Sg and B, = B, and define Eg €
End(g) by

0
Eg : [ B+B||2—7:| s 1.€. Eﬁ‘g@h 0, Eg’n 54— H,@H I.

Then the following conditions hold:
e E5 € Der(g) (or equivalently, [8,adul,] = 0 and B + |||’ €

Der(n)).
e S(adH + D) = —im Egs.
o c=—1||ul]?||B|* and the moment map satisfies m(p) = .

In [19], algebraic solitons have been geometrically characterized among
homogeneous Ricci solitons as those for which the Ricci flow solution is
simultaneously diagonalizable with respect to a fixed orthonormal basis
of some tangent space. As a first application of Theorem 4.6, we now
give some structural characterizations of algebraic solitons.

Proposition 4.14. Under the same hypothesis of Theorem 4.6, as-
sume that (G/K,g) is an expanding semi-algebraic soliton with Ric =
cl+S(Dy), c<0,D = [8 Dop] € Der(g). Then the following conditions
are equivalent:

() (G/K,g) is an algebmz’c soliton (i.e. S(D) € Der(g)).

Proof. If one assumes part (i), then (ii) holds by S(D)p C p. Con-
versely, part (ii) together with the fact that [ad Z|,,S(Dy)] = 0
all Z € ¢ (which follows from (19)), implies that S(D) = [8 S(%p)} €

Der(g).

The equivalence between part (iii) and S(ad H) € Der(g) follows as
above by using that S(ad H)p C p (see (33)) and [ad €|y, S(ady H)] =
0 (see (18)). It follows from Proposition 4.13 that S(ady H + D,) €
Der([-,-]p), and thus parts (ii) and (iii) are equivalent. To see that (iii)
implies (iv), first observe that for all X € p,

((ady H)' H, X) = (H, [H, X],) = trad[H, X] = tr[ad H,ad X] = 0,

so (ady H)" H = 0. By using this and the fact that (ad, H)" is a deriva-
tion (which is equivalent to part (iii), since ad, H € Der([,-]y)), we
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get
(ady H)" ([H, X]y) = [H, (ady H)" X],,,

and thus ady H is normal (ad H is therefore normal by (33)). Conversely,
if part (iv) holds, then we can argue as in (38) to obtain

0 = tr M[ad, H, (ad, H)"] = 1 |7 ((ad, H)t) [ -]pH2 .
This implies that (ad, H)" € Der([-,],), and thus part (iii) follows.
From Proposition 4.13 we have that S(ad H|y, + D|) = 0; therefore
using that Ric |, = ¢/ +.S(D|y), it easily follows that parts (v), (vi), and
(vii) are pairwise equivalent.
Now if (vi) holds, then we use the fact that M|, = M, (see Proposi-
tion 4.13) to obtain

Lz ((ady H)Y) [-, 1| = tr Mad, H, (ad, H)']
=tr M, [ad H|,, (ad H|,)"]
=} 7 ((ad 211 | = 0.

by Theorem 4.6(iv), from which part (iii) follows.

Conversely, assume that (ad, H)" € Der([,-],). This implies that
[M,ad, H] = 0 by Remark 2.5. On the other hand, recall that M —31 B, =
cl + F, and by Proposition 4.13, ¢/ + F also commutes with ad, H.
Hence, we must have that

Now if we decompose p = h; @& a P n as in the proof of Lemma 2.6,
then relative to that decomposition the operators B, and ad, H have
the form:

B200 adH|p; 0 0
Bp:[ooo], ady H = 0 0 0 |.
000 0 0adHla

Here, we are using (22) and the fact that (ad H)" € Der(g). Also, as in
the proof of Lemma 2.6, we obtain that

(ad H|,)" = —Ba (ad H|p, ) By "
But [By,ad H|y,] = [Bp,ady, H]|p, = 0, hence (ad H|p,)" = —ad H|g,
and part (vi) follows. This concludes the proof of the proposition. q.e.d.

5. Construction procedure for semi-algebraic solitons

Our aim in this section is to state Theorem 4.6 in a more transparent
way via a construction procedure.

First consider the following data set satisfying the following condi-
tions:
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(d1) (n,(:,-)n): a metric nilpotent Lie algebra with Ricci operator Ric, =
cl + Dy, for some ¢ < 0, Dy € Der(n) (i.e. a nilsoliton (n, (-, )n);
recall that D, is always positive definite).

(d2) (u=¢t®bh, (- )y): a metric reductive decomposition with u a re-
ductive Lie algebra.

(d3) 6 : u — Der(n): a homomorphism of Lie algebras such that
(cl) 6(2)t = —0(Z) for all Z € L.

(c2) Y[0(Y;),0(Y;)!] = 0 for any orthonormal basis {Y;} of b (it
follows as in (38) that 0(Y)! € Der(n) for any Y € b).
(c3) The Ricci operator of (u = €@ b, (-, -),) satisfies
Ric, = cl +Cy,  where (CpY,Y) =1trS(0(Y))?, VY €b.
Take now the corresponding semidirect product of Lie algebras,
g=udn,

and the metric reductive decomposition (g = ¢@p, (-, )), where p := hdn
and the inner product (-,-) is given by

(" '>|u><u = (" '>u’ <'7 '>|n><n = (" '>m

and such that

~N=
g=t®hodn
——
p
is an orthogonal decomposition. Define D : g — g by
du H
l):::_'[a eun} +[°p, ]

where H € b is defined by (H,Y) = tré(Y) for all Y € u (it easily
follows that [¢, H] = 0). We have that D € Der(g) since D; € Der(n)
(see (d1)) and [#(u), D1] = 0 (see Remark 2.5).

It follows from the converse part of Theorem 4.6 that the Ricci oper-
ator of the reductive decomposition (g = €@ p, (-,-)) is given by
(45)  Ric=cl+S(Dy) =l + | St _ ]
We note that Ric = I if and only if S(ady H) = 0 and Dy = £(0(H) +
O(H)'). On the other hand, it is an algebraic soliton if and only if
S(ady H|y) = 0, if and only if ad, H and §(H) are both normal op-
erators (see Proposition 4.14).

We now rephrase the main part of Theorem 4.6 in simpler terms.
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Theorem 5.1. Any homogeneous expanding Ricci soliton is isomet-
ric to a homogeneous space (G/K,g) with a metric reductive decompo-
sition constructed as above.

Proof. According to Theorem 3.5, any homogeneous Ricci soliton is
isometric to a semi-algebraic soliton (G/K, g). Now consider the metric
reductive decomposition such that B(¢,p) = 0. It follows from Theorem
4.6, parts (i)—(iv), that such decomposition is obtained by the construc-
tion procedure described above with 8(Y) := adY|, for all Y € u,
concluding the proof. q.e.d.

Let (G/K, g) be any connected homogeneous space with metric reduc-
tive decomposition (g = £¢®p, (-, -)) constructed as above, with g = u®n.
Assume that G is connected and take U, N C G, the connected Lie
subgroups with Lie algebras u and n, respectively. Note that if K is
connected, then K C U.

We have that UN is a subgroup of G as N is normal, and since
it contains a neighborhood of the identity (recall that the map g =
udn — G, (Y, X) — exp(Y)exp(X) is a diffeomorphism between
some open neighborhoods of (0,0) and e € G, respectively), it follows
that G = UN. Now the function

q:Ux N — G, q(u,n) := un,

is an epimorphism of Lie groups whose derivative is the isomorphism of
Lie algebras given by dg|.(Y,X) =Y + X, for all Y € u, X € n. Recall
that on the external semi-direct product U x N the multiplication is
defined by (u,n) - (v,m) = (uv,v"*nvm). Thus ¢ is a covering map and
its kernel is a discrete subgroup of the center of U x N, which is precisely
given by the anti-diagonal

Ker(q) = A(UNN) :={(z,z7 ) : 2 € UNN}.

Moreover, we obtain that G is isomorphic to (U x N)/A(U N N). In
particular, if G is simply connected, then G ~ U x N, and so G is
diffeomorphic to the direct product U x N, from which follows that U
and N are both simply connected as well.

Let us state some of these properties for future use.

Proposition 5.2. Let (G/K, g) be a homogeneous space with metric
reductive decomposition (g = €@ p,(-,-)) constructed as above and as-
sume that G is simply connected and K connected. Then G ~ U x N,
the groups U and N are simply connected, and G/K is diffeomorphic to
the product of manifolds U/K x N.

It follows from Theorem 5.1 that a given simply connected Einstein
(G/K, g) obeys the Alekseevskii’s conjecture if and only if U/ K is diffeo-
morphic to a Euclidean space, or equivalently, K is a maximal compact
subgroup of U (see Section 3).
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6. Algebraic solitons and the Alekseevskii Conjecture

As another application of the given structural results, in this sec-
tion we prove a close link between Einstein homogeneous manifolds and
algebraic solitons. We obtain as a consequence that if the Alekseevskii
conjecture turns out to be true, then the following a priori much stronger
result also holds:

Any expanding algebraic soliton (G/ K, g) is diffeomorphic to
a Euclidean space (or equivalently, K is a maximal compact
subgroup of G).

Assume that we have a metric reductive decomposition (g = ¢ &
p, (-,-)) such that g is non-unimodular. Thus the vector H € p defined
in (8) is nonzero, and since [g,g] L H, it is clear that the subspace
go := {H}* is in fact an ideal of codimension one in g. This implies
that

g=RH ® go
is a semidirect product of Lie algebras, with go a unimodular ideal.

In the following result we use the previous observation to prove that
one can get an Kinstein metric reductive decomposition out of any al-
gebraic soliton, either by changing the adjoint action of H on gg, or by
adding a suitable one in the unimodular case.

Proposition 6.1. Let (g =¢t®p, (-,-)) be a metric reductive decom-
position such that B(¢,p) = 0, and assume that it is an algebraic soliton
with Ric = ¢I + D,, D = S(D) € Der(g), as in (45).
(i) If g is non-unimodular, consider the new Lie algebra g with un-
derlying vector space g = RH @ go and Lie bracket defined by
keeping the original Lie bracket on the ideal go and only replacing
the adjoint action of H on gy by
IH||
(tI‘ D1)1/2 i
Then the metric reductive decomposition (g =t p,(-,-)) is Ein-
stein with Ric = cI.

(i) The metric reductive decomposition (go = €Dpo, (-, )|go xgo ), Where
po := p N{H}*, is also an algebraic soliton with

Ricg, = ¢l + Dy, where D' := Dlg, + S(ad H)|g, € Der(go).

ad@H::a(S(adgH)—i—D):a[OODJ, a=

(i) If g is unimodular, consider the semi-direct product g = RA & g,
with
1
(tr D1)1/2 ’
Then the metric reductive decomposition (g = €& p, (-,-)), where
P:=RA®p and || A =1, (A,p) =0, is Einstein with Ric = cI.

aud@A::aD:a[OODJ7 a=
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REMARK 6.2. Parts (i) and (ii) may be viewed as a generalization
of the link between Einstein solvmanifolds and nilsolitons discovered in
[20].

Proof. We first prove parts (i) and (ii). Let f{%, M, Ep, and H € RH
denote the corresponding tensors for the metric reductive decomposition
(g = t®p, (-, ), as defined in (8)—(13). Also, set pg :={Y € p: (Y, H) =
0}, so that

p=RH ®pg
is an orthogonal decomposition. By applying Lemma 4.4 with the above
decomposition (see Remark 4.5 and use that H L [g,g]) to the metric
reductive decompositions (g = €@ p,(-,-)) and (g = ¢ p, (-,-)), we
obtain that

(MX,X) = (MyX, X), (MX,X) = (MyX, X),
(MX,H) = —1trad, X (ady H)", (MX,H) = —1trad; X ad; H,
(MH,H) = —1trad, H(adg H)", (MH,H) = —1 trad; H adg H,

for all X € pg, where My is the moment map operator corresponding to
the metric reductive decomposition (go = € ® po, (-, -)|goxgo) (and recall
from Proposition 4.14 that ady H and adg H are both normal operators).
This implies that the Ricci operator of (gg = €@ po, (-, )|go xgo) 15 given
by Ricg, = ¢l + D|p, + S(ady, H|p,), and so part (ii) follows.

It is also clear that for X, X' € po,

(M —1Bp)X,X') = (M —3By)X,X') = ((cI + Dy+S(ad, H)) X, X').
We know that H = SH, for some § > 0 which is determined by
(46) aB(|H|P +tr D) = tradg H = | H|* = % H|?,
so the formula for Ric on po is given by
(RicX, X"y =((cI + Dy + S(ady H) — adyH) X, X')
=((cI + Dy + S(adp H) — Ba(S(ady H) + D)) X, X')
=((cI + (1 —afB) (Dy + S(ady, H)) ) X, X").

By taking o = 57!, which together with (46) yields the formula for «

given in the theorem, we obtain that Ric = ¢l on pyg.
On the other hand, it follows from Remarks 2.4 and 2.7 and trad, X =
trad X = 0 that

(RicX, H) =(M — 1B,)X, H) = —tradg X S(adg H)
=—atrady, X(S(ady H) + Dy)
=—atrady, X(—cI + M — $B) = 0.
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Finally, by using (28) we obtain that

(RicH, H) =((M — 1By)H, H) = —tr (ad, H)?
=—a?tr(S(ady H) + Dy)? = ca’tr S(ad, H) + D, = ¢||H|?,
concluding the proof of part (i).

We now prove part (iii) in a very similar way. It is easy to see that
H = (tr D1)'/? A, and since

trad Aad X = atr Dyady X = atr (M — 4B —cl)ad, X =0, VX €p,
by unimodularity and Remarks 2.4 and 2.7, we have that

5 _ [@rDy)"'trD? 0

By = [ Yo ' By
By applying Lemma 4.4 to the decomposition p = RA @ p (see Remark
4.5), we obtain that

(MX,X)=(MX,X), (MX,A)=0, (MA,A)=—1(trD;) " trD2,
for all X € p. Finally, we use Ric, = cI + D to get ¢ = —(tr D1) ! tr D?
(see Remark 2.4), from which it easily follows that Ric = M — %Bg -
S (adg H ) = cl, concluding the proof of the proposition. g.e.d.

Theorem 6.3. Assume there exists an expanding algebraic soliton
which is not diffeomorphic to a Euclidean space. Then there is a coun-
terexample to the Alekseevskii conjecture.

REMARK 6.4. This result was proved in [11] (see Remark 1.14 in
that paper) in the case of left-invariant metrics on Lie groups by using
entirely different methods. They study warped product structures of
Einstein manifolds. The preprint [11] has been replaced in arXiv by
[12], where a proof for the homogeneous case is included.

Proof. We know that such a soliton is isometric to an algebraic soli-
ton (G/K,g) with a metric reductive decomposition (g = €@ p, (-,-)),
g = u @ n, constructed as in Section 5 and with Ricci operator given as
in (45), with D = S(D). We can also assume that G is simply connected
and K connected (see Remark 3.3). Consider the Einstein metric reduc-
tive decomposition (g = €@ p, (-,-)) provided by Proposition 6.1 out
of (G/K,g), and take the corresponding homogeneous space (G/K .9),
where G is the simply connected Lie group with Lie algebra g and K
the connected Lie subgroup of G with Lie algebra €. The fact that K
is closed in G will follow from the analysis below, and note that G / K
is almost-effective since the isotropy 2 representation is faithful (by the
almost-effectiveness of G/K).

We first assume that g is non-unimodular. It follows from Proposition
5.2 that G/K and G/K are respectively diffeomorphic to

U/KxN, UJKxN,
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where U is the connected Lie subgroup of G with Lie algebra u (and
analogously for U). Now if Uy is the connected Lie subgroup of G with

Lie algebra ug := ¢ @ (h N go) (and analogously for Up), then they are
respectively diffeomorphic to

RxUy/K x N, RxUy/K xN.

But Uy ~ Uy and N ~ N as they are simply connected and have
identical Lie algebras; and since K and K are connected, we obtain that
Uy/K is diffeomorphic to Up/K . Thus G/K and G/K are diffeomorphic,
as N and N are nilpotent and hence diffeomorphic to a Euclidean space.
This implies that G / K is not diffeomorphic to a Euclidean space either,
giving a counterexample to the Alekseevskii conjecture since Ric = cf )
c < 0, as was to be shown.

The case when g is unimodular can be proved in much the same way
as above. One obtains here that G/K is diffeomorphic to R x G/K. This
concludes the proof of the theorem. g.e.d.

7. Appendix: Moment map stratification for the
variety of Lie algebras

We refer to the survey [22, Sections 3 and 7] for a more detailed
exposition on this subject.

Let us consider the space of all skew-symmetric algebras of dimension
n, which is parameterized by the vector space

V =A*(R")* @ R"
={p:R" x R" — R" : u bilinear and skew-symmetric}.
Then
N = {p € V : psatisfies Jacobi and is nilpotent }

is an algebraic subset of V as the Jacobi identity and the nilpotency

condition can both be written as zeroes of polynomial functions. A is

often called the variety of nilpotent Lie algebras (of dimension n).
There is a natural linear action of GL,(R) on V given by

(47)

h(X,Y) =hu(h ' X, 07Y), XY €R", heGL,(R), peV.

Recall that N is GL,(R)-invariant and the Lie algebra isomorphism
classes are precisely the GLj,(R)-orbits. The representation of gl,,(R) on
V' obtained by differentiation of (47) is given by

(48) W(a):u = aﬂ('? ) - N(a'7 ) - N('?a')7 o€ g[n(R)7 pev.

We note that 7(a)u = 0 if and only if a € Der(u), the Lie algebra of
derivations of the algebra u. The canonical inner product (-,-) on R"
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determines an O(n)-invariant inner product on V', also denoted by (-, -,
as follows:

(49) (1, A) =Y (uleire)) Aeis e5),

and also the standard Ad(O(n))-invariant inner product on gl,,(R) given
by

(50) (0. 8) =trap' = (ae;, Ber), B € gl,(R),

where {ej,...,e,} denotes the canonical basis of R". We note that
m(a)! = m(a!) and (ada)! = adal for any a € gl,(R), due to the
choice of these canonical inner products everywhere.

We can use gl,,(R) = so(n) @ sym(n) as a Cartan decomposition,
where so(n) and sym(n) denote the subspaces of skew-symmetric and
symmetric matrices, respectively. It is proved in [21, Proposition 3.5]
that the moment map m : V'\ {0} — sym(n) for the action (47), which
is defined by (m(u),a) = W(ﬂ(a)u,m, for all a € gl,,(R), p € V, is

given by

(51) (m(p)X, X) = ”W( 23 (X i), ) + D e ;) X)?)

for all X € R™.
Let t denote the set of all diagonal n x n matrices. If {e],... e} } is
the basis of (R™)* dual to the canonical basis {ey,...,e,}, then

{vijk =(efNef)@ep:1<i<j<n, 1<k<n}

is a basis of weight vectors of V' for the action (47), where v;j, is actually
the bilinear form on R™ defined by v;jx(e;, €j) = —vijr(e;,e;) = e and
zero otherwise. The corresponding weights ozfj € t, i< j, are given by

a1
(62) m(@)viji = (ag—a;—a;)vijr = (a,afjwijk, Vo = [ ] €t,

where a i = Err — By — Ejj and (-,+) is the inner product defined in
(50). As usual, E,¢ denotes the matrix whose only nonzero coefficient is
1 at entry rs. Let us denote by ,ufj the structure constants of a vector
p € V with respect to the basis {v;j}:

W= Z:uijvijkv pi; € R, ie. (e e)) Z,uljek, 1< J.
Fach nonzero p € V uniquely determines an element 5“ € t given by

By = mcc{ozfj :,ufj #0},

where mcc(X) denotes the unique element of minimal norm in the con-
vex hull CH( ) of a subset X C t. We note that 3, is always nonzero

since tr o i; = —1lforall i <j and consequently tr 5, = —1.
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Let t* denote the Weyl chamber of gl,,(R) given by

(53) t*::{[alu.mj Et:alg.”fgan}.

In [23], a GL,(R)-invariant stratification for V = A?(R")* ® R" has
been defined by adapting to this context the construction given in [18,
Section 12] for reductive group representations over an algebraically
closed field. We summarize in the following theorem the main properties
of the stratification, which has provided one of the main tools to study
the structure of homogeneous Ricci solitons in this paper.

Theorem 7.1. [23, 25| There exists a finite subset B C tT, and for
each B € B a GL,(R)-invariant subset Sg C V' (a stratum) such that

V {0} = U Sp (disjoint union),
BeB
and tr 3 = —1 for any B € B. For ji € Sg we have that
(54)
([8,D],D) >0 V' D € Der(u) (equality holds <[5, D] = 0),
(55)
B+1|BIIPT s positive definite for all § € B such that SgNN #0, and

(56) 18] < [Im(w)l] (equality holds < m(u) is conjugate to ().
If in addition, p € Sg satisfies B, = 3, or equivalently,

min { (8, aly) : s £ 0} = 18]I,
which always holds for some g.p, g € O(n), then
(57) trBD =0 V D € Der(u), and

(58) (m (B+BIPT) ) > 0,
where equality holds if and only if B+ ||B]|*I € Der(u).

This stratification is based on instability results and is strongly re-
lated to the moment map in many ways other than (56) (see [22]).
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