J. DIFFERENTIAL GEOMETRY
98 (2014) 1-19

CUBIC DIFFERENTIALS AND
HYPERBOLIC CONVEX SETS

YVES BENOIST & DOMINIQUE HULIN

Abstract

We give a parameterization of the moduli space of marked Gro-
mov hyperbolic convex domains of RP? by the space of bounded
holomorphic cubic differentials on the disk.

1. Introduction

A domain € in the real projective space RP" is properly convex when
it reads as a bounded convex open set in a suitable affine chart. The
Hilbert distance on €2 is then defined by

do(z,y) = |loglz,y,a,b]],
where [x,y, a,b] denotes the cross-ratio of the quadruple (z,y,a,b) and
a,b are the points of intersection of the line (zy) and the boundary 02
of Q).

We are interested in those properly convex domain 2 C RP"™ for
which the Hilbert geometry (€2, dq) is Gromov hyperbolic (see [14], or
Definition 4.1). Benoist [1] gave a necessary and sufficient condition for
a properly convex domain to be Gromov hyperbolic in terms of the
regularity of its boundary, refining previous results by Karlsson and
Noskov [16]. Another characterization, in terms of the area of its ideal
triangles, is due to Colbois, Vernicos, and Verovic [10].

In this paper we will restrict ourselves to properly convex domains of
the projective plane RP2. First, we give a new necessary and sufficient
condition for Gromov hyperbolicity. Namely, a properly convex domain
Q) ¢ RP? is Gromov hyperbolic if and only if the volume of the met-
ric balls in (€, dq) have a uniform exponential growth rate (Theorem
5.2). Second, we exhibit a natural bijection between the moduli space
of marked Gromov hyperbolic properly convex domains of RP? and the
space of bounded holomorphic cubic differentials on the disk (Theorem
6.6).

These two results rely on the study of the affine metric hq, which
is the complete Riemannian metric induced on 2 by the affine sphere
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asymptotic to the boundary of the convex cone C C R? above the
domain Q. It was proved in [6] by Calabi that (in any dimension) the
Ricci curvature of the affine metric on a properly convex domain of RP"
is non-positive. The key point of this article is that a properly convex
domain Q C RP? is Gromov hyperbolic if and only if the curvature of its
affine metric is bounded above by a negative constant (Corollary 4.10).

The paper is organized as follows. In Section 2 we briefly recall the
definition of an affine sphere and of the affine metric hg on a properly
convex domain €2 C RP™.

When n = 2, the uniformization theorem ensures that this affine
metric hq is conformal to a flat metric h.. By studying the curvature
equation, which relates the curvature of hq to the conformal factor be-
tween hq and h., we prove in Section 3 that the curvature of (2, hq) is
non-positive and that this curvature is strictly negative unless it is iden-
tically zero (Proposition 3.3). We then infer, with the help of Benzécri’s
cocompactness theorem 4.6, that a properly convex domain of RP? is
Gromov hyperbolic if and only if the curvature of its affine metric hq
is bounded above by a negative constant (Corollary 4.10). These argu-
ments also prove that a Gromov hyperbolic domain (2, hg) equipped
with its affine metric is conformally quasi-isometric to the hyperbolic
disk (D, hy) (Proposition 4.9).

Using the Bishop—Giinther volume estimates, and again Benzécri’s
cocompactness theorem, we characterize in Section 5 the Gromov hy-
perbolic properly convex domains of RP? in terms of their growth profile
(Theorem 5.2 and Lemma 5.5 ). Compare this to Colbois and Vernicos
[9], who prove that a properly convex domain of RP? is Gromov hyper-
bolic if and only if its Cheeger constant is non-zero.

The definition of the Pick form of an (oriented) properly convex do-
main Q C RP? is recalled in Lemma 3.2. We mentioned earlier that,
when € is Gromov hyperbolic, then (2, hg) is uniformized by the disk.
In this case, we may thus read the Pick form of Q on the disk and ob-
tain a bounded holomorphic cubic differential on D (Lemma 6.4). This
construction leads in the final Section 6 to the construction of a nat-
ural bijection between the moduli space of marked Gromov hyperbolic
properly convex domains of RP? and the space of bounded holomorphic
cubic differentials on the disk (Theorem 6.6).

A previous result in this spirit was first obtained by Loftin [21] and
Labourie [17] (see also C.P. Wang [29]), who provided a bijection be-
tween the set of all properly convex structures on a given oriented com-
pact surface S with negative Euler characteristic and the set of pairs
(J,U) where J is a complex structure on S and U is a cubic differential
on (S,J).
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This construction was later extended in Benoist and Hulin [2] to
parameterize the set of convex projective structures with finite volume
on a given oriented surface S with non-abelian fundamental group.

Heuristically, we may think of the moduli space of marked Gromov
hyperbolic properly convex domains of RP? as an analog of the univer-
sal Teichmiiller space. Our parameterization is then analogous to the
parameterization of the universal Teichmiiller space by bounded holo-
morphic quadratic differentials conjectured by R. Schoen in [25]. See
Gardiner and Harvey [13] and Sugawa [26] for surveys on the universal
Teichmiiller space. See also Bonsante and Schlenker [4] and Tam and
Wan [27] for progress towards this conjecture.

2. Affine spheres

In this section, we briefly recall the definition and a few facts con-
cerning affine spheres. For a more thorough treatment and references,
we refer to [2].

Let M C R™*! be an immersed hypersurface, and let E = M x R*+!
be the trivial vector bundle of rank n 4 1 over M. The standard affine
(flat) connection on R™*! induces a flat connection V on E. Each choice
of a transverse vector field & : M — R™! induces a decomposition
E = TM ® L¢, where L¢ stands for the trivial line bundle over M
spanned by &.

From now on, we assume that M C R"*! is locally strictly convex;
that is, M can locally be written in an affine chart as the graph of a
function with positive definite hessian.

Definition 2.1. The hypersurface M C R™ is an affine sphere
with center the origin and affine curvature —1 if the three following
conditions are satisfied:

o The vector field € : m € M — Om € R*! is transverse to M.

o The flat connection V reads on the decomposition E = TM & Lg¢

as
) VxY =DxY +h(X,Y){€TM @ Lg
(1) Vxé=X €TM® L,

where h is a positive definite 2-form on T M.
e For any h-orthonormal frame (Y1,---,Y,) of TM, one has

(2) |det(Y1, -+, Y, &) = 1.
Observe that D is then a torsion free connection on T'M: it is the
Blashke connection. The Riemannian metric h on T'M is the affine met-

ric on M. All these notions are preserved by the group SLfLE 1R of real
matrices with determinant +1.
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Thanks to the following theorem due to Cheng and Yau [7, 8] (and
whose proof was later clarified by An-Min Li [18]), affine spheres provide
a powerful tool for studying properly convex domains of RP™. Recall
that an open subset 0 C RP" is properly convex when it reads, in a
suitable affine chart, as a bounded convex domain of R"”.

Theorem 2.2. (Cheng and Yau)

1) Let Q be a properly convex domain of RP", and C C R™! be one
of the two open convexr cones above €.

a) There exists a unique embedded affine sphere M C R with
center the origin and affine curvature —1, which is asymptotic
to the boundary of the cone C.

b) In particular, the canonical projection p : R"1\ {0} — RP"
mnduces a diffeomorphism between M and €.

c) Moreover, the affine metric h on this affine sphere M is com-
plete.

2) Every affine sphere M C R™! with center the origin and affine
curvature —1, which is complete for the affine metric, is asymp-
totic to the boundary of a cone above a properly convex subset of
RP".

This result allows us to systematically identify each properly convex
domain Q C RP™ with the corresponding affine sphere M C R™*! with
center the origin and affine curvature —1. The affine metric h of M reads
on {2 through the canonical projection p : M — 2 and yields a complete
Riemannian metric hg on €2, which we also call the affine metric of the
domain §2.

These affine spheres are related to the solutions of a real Monge—
Ampere equation (see Cheng and Yau [7] or [2, Theorem 2.5]). In di-
mension 2, the a priori estimates which were used by Cheng and Yau
to solve the Monge-Ampere equation yield the following, which will be
used in the next section.

Definition 2.3. Define the Benzécri space € as the set of pairs (z,2),
where Q C RP? is a properly convex domain and = is a point in Q.

Proposition 2.4. The Riemannian curvature Ky, (x) of the affine
metric hqg of Q at the point x depends continuously on the pair (x,Q) €
E.

Proof Immediate consequence of [2, Corollary 3.3]. q.e.d.

3. Curvature of 2-dimensional affine spheres

In this section, we provide estimates for the Riemannian curvature of
2-dimensional affine spheres equipped with their affine metric.
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3.1. The Pick form. We first recall the relationship between the Pick
form and the curvature of the affine metric.

Let M C R™! be an affine sphere with affine curvature —1. Denote
by D" the Levi-Civita connection of the affine metric h on M, and set
D = D" + A, where D is the Blaschke connection.

Definition 3.1. The Pick tensor of M is the 3-tensor defined on T M
by
C(X,Y,Z) = h(AX)Y, Z),

where X, Y, Z are tangent vectors.

In any dimension, the tensors A and C satisfy certain symmetry con-
ditions, and the full Riemannian curvature tensor of h can be computed
in terms of the tensor A (see Labourie [17], or [2, Lemmas 4.3 and 4.4]).
In dimension 2, these symmetries of C' have a pleasant interpretation in
terms of the conformal structure of (M, h) (see Lemma 3.2, below).

Let M C R? be a 2-dimensional affine sphere with affine curvature
—1. Choose a (local) orientation of M, and choose local isothermal coor-
dinates (z,y) for the affine metric h on M, so that z = z+iy is a complex
parameter for the complex manifold (M, J) associated to (M, h). Write
h = e*"h,, where h, = dz? + dy? denotes the Euclidean metric on R2.
Then:

Lemma 3.2. 1) The Pick tensor C is the real part of a (unique)
holomorphic cubic differential U = f(z)dz3 on (M, J), which is
called the Pick form.

2) The Riemannian curvature Ky, of the affine metric h reads as

Kp=—1+2e75f2.
In particular, K; > —1.

Proof 1. See, for example, [2, Lemma 4.8].

2. Since the connection V is flat, it follows from the definition of the
curvature that

K, = -1 - h([A(Xq), A(X2)] X2, X1),

where (X1, X3) is any h-orthonormal basis of TM (a proof is given in [2,
Lemma 4.3]). It remains to express the second term on the right-hand
side in terms of f and w. Recall that C(X,Y, Z) = h(A(X)Y, Z). Define
similarly a section A, of T*M ® EndTM associated to the Euclidean
metric he by letting C(X,Y, Z) = he(Ac(X)Y, Z). Writing the holomor-
phic function f as f = P + i@, the Pick tensor C' = Re U reads as

C = Pds® —3Pdxdy? — 3Qdz? dy + Q dy>.
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Thus, in the canonical basis (eg,ea) of R?, this yields

o= (%, 9) a4 )

e Adtea] =215 (7 ).

The result follows by homogeneity, since h = e?*“h,, A = e "2V A,, and
one can choose X; = e %e; (i =1,2). q.e.d.

hence

3.2. Curvature estimates. We have just seen that the Riemannian
curvature K} of the affine metric on a 2-dimensional affine sphere has
—1 as a lower bound. We now seek an upper bound for Kj,.

Proposition 3.3. Let M C R? be a 2-dimensional affine sphere with
affine curvature —1, and assume the affine metric h to be complete.

1) The curvature Ky, of the affine metric h satisfies —1 < K <0.
2) If the curvature K} vanishes at one point, then it is identically
zero. In this case, M is the affine sphere above a projective triangle.

Remark 3.4. Part 1 is due to Calabi in [6]. He proves more gen-
erally that the Ricci curvature of the affine metric of an n-dimensional
complete affine sphere with affine curvature —1 satisfies

—(n —1)h < Riccip, <0.

However, we provide below a simple proof of Part 1, since this proof will
be used for Part 2.

Thanks to Theorem 2.2, what we actually prove here is that the cur-
vature K, of the affine metric on a properly convexr domain Q0 C RP2
satisfies

—-1< KhQ <0,

unless §2 is a projective triangle—in which case its affine metric is flat.

Before going into the proof of this proposition, we note that since the
affine metric is assumed to be complete, M is simply connected (Theo-
rem 2.2). Choose an orientation on M and let J denote the conformal
class of h—thus J is a complex structure on M. Then (M, J) is uni-
formized either by the disk or by the plane. In other words, the Riemann
surface (M, J) associated to (M, h) is isomorphic to D, = {z € C||z| <
a}, with either a = 1 or a = 0.

Choose an isomorphism ¢ : (M,J) — D, of Riemann surfaces. In
this global coordinate system for M, the Pick form reads on D, as
U = f(2)dz3, while the affine metric h reads as h = e?“h,, where
he = dz? + dy? denotes the Euclidean metric on D, (z = = + iy).
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Proof of Proposition 3.3

1. We proved in Lemma 3.2 that the Riemannian curvature of the
affine metric satisfies K; > —1. It thus remains to prove that Kj is
non-positive. We work in the coordinate system ¢ : M — D,. Since the
Euclidean metric k. is flat, the curvature equation for h = e?*h, reads
as

Apw = K.

Here A} denotes the Riemannian Laplace operator relative to h, with
the sign convention that A, = —Trace D" V;,. Hence, it follows from
Lemma 3.2 that

(3) Apw = —1+ 2e7% | f2.

We want to prove that 2e~ |f|?> < 1. We may thus assume that the
holomorphic function f is not identically zero. Define, on the domain
O ={f # 0} C Dy, a function 7 by letting

27 := 6w — 2log | f| — log 2

so that =27 = 2¢7%% | f|2. Our aim is to prove that 7 is non-negative. We
observe that the equality A,7 = 3 Apw holds on O, since the function
log | f| is harmonic on this domain.

e Assume first that 7 reaches its minimum value at some point xy €
D,. The result follows from Equation (3), since

e In case 7 does not reach its minimum inf7 € [—o0, 0], we set
F = (1 + ¢€™)~!. The function F is non-negative on D, and van-
ishes on {f = 0}. It is bounded above and does not reach its max-
imum. Since the Riemannian manifold (D,, k) is complete and its
curvature is bounded below (by —1), the generalized maximum
principle of Yau [30] applies to F' and yields a sequence z,, € D,
of points with F(x,) — sup F' (that is, with 7(z,) — inf7) and
lim, oo ApF(x,) € [0,00]. A simple computation gives

T

ALF = 5 ApT + |VhF|2 (eT — E_T) .

—e
(I+em)
Plugging Equation (3) into this equation yields

T

ApF =3 ¢ 5 (1 - e+ |VaF |2 (em —eT).

(I+em)
Assume that inf7T € [—00,0[, and express this identity at the
points x,. The first term on the right-hand side has a limit in
[—00, 0] when n goes to infinity, while the second term is non pos-
itive when n is large enough. This gives a contradiction, since the
sequence was chosen so that lim, o ApF(zy,) € [0, 00].
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2. We have proved so far that the function 7 is non-negative on O. We
now prove that either 7 does not vanish or that it is identically zero. It
follows from (3) and the definition of 7 that

AT =3(1—-e?)<67.

Let A, = —(8:% + 8;) denote the Euclidean Laplace operator on D,.
The conformal invariance of the Laplace operator ensures that, for any
p € O, there exists a constant ¢ > 0 and a neighborhood of p in O where

(—Acr) <ecT

holds. The fact that either 7 > 0 or 7 = 0 will thus be an immediate
consequence of the following.

Lemma 3.5. Let 7 : U C R? — [0, 00[ be a smooth non-negative func-
tion defined on an open subset of R?. Assume that T satisfies (—A.1) <
cT, where ¢ is a positive constant. Then the zero set {T = 0} is open.

Proof This is the strong maximum principle; see [15, Theorem 3.5].
q.e.d.

Proof of Proposition 3.3 (continued) We have just proved that,
when the Riemannian curvature of a complete 2-dimensional affine
sphere (M, h) with affine curvature —1 vanishes at one point, then
(M, h) is flat. In this case, it follows from Li and Penn [19] or Magid
and Ryan [22] that M is the affine sphere above a projective triangle.
q.e.d.

4. Curvature of Gromov hyperbolic domains of RP?

In this section, we refine the previous curvature estimates and prove
that the curvature of a Gromov hyperbolic domain of RP?, equipped
with its affine metric, is pinched between two negative constants.

4.1. Gromov hyperbolicity. We first recall the definition of Gromov
hyperbolicity. Then, we consider the natural action of SL3R on RP? and
give alternative definitions of Gromov hyperbolicity for properly convex
domains of RP? (Corollaries 4.5 and 4.7).

Definition 4.1. A geodesic metric space (E,d) is Gromov hyperbolic
if there exists a constant 6 > 0 such that, for any geodesic triangle (xyz)
in B, each edge [xy] is at distance at most § of the union [xz]U[zy] of the
two others. In this case, the metric space E is said to be §-hyperbolic.

Let Q C RP? be a properly convex domain. The Hilbert distance on
Q) is defined by
dQ(x7 y) = ‘ IOg[(L', Y, a, b” )
where a and b are the points where the line xy intersects the boundary
of Q and [z,y,a,b] denotes the cross-ratio of the quadruple (z,y,a,b).
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The Hilbert distance derives from the Finsler metric defined for any
point € Q2 and any vector X € T,() as

1 1
X —
Xllre = (=37 + o=

) 11X1]

where a and b are the points of intersection of 0€) with the line defined
by (z; X) and || || is any Euclidean norm on an affine chart with Q C
R™ (see, e.g., the survey by Vernicos [28]). Observe finally that any
automorphism g € SL3R of the projective plane obviously induces an
isometry g : (2, dq) — (9(2),dg@))-

Definition 4.2. A properly convex domain Q C RP? is said to be 6-
hyperbolic when the metric space (2,dq), where dg denotes the Hilbert
distance on €2, is d-hyperbolic.

Notation 4.3. We introduce the following;:
— the set X of properly convex domains of RP?
— the subset X5 C X that consists of the domains 2 € X which are
d-hyperbolic (§ > 0).

Proposition 4.4. (Benoist [1]) Let 6 > 0. Then X5 is a SL3R-
invariant closed subset of X for the Hausdorff topology on X.

A consequence is the following criterion for Gromov hyperbolicity.

Corollary 4.5. [1, Corollaires 2.9 and 2.13] Let Q € X be a properly
convex domain. Then Q) is not Gromov hyperbolic if and only if the orbit
closure SLsR - Q in X contains the projective triangle T .

We introduced earlier the Benzécri space £, which is the set of pairs
(x,9Q) where Q C RP? is a properly convex domain and z is a point in
2 (Definition 2.3). The following fundamental compactness theorem is
due to Benzécri. It will be used below to give an alternative definition
of Gromov hyperbolicity for properly convex domains of RP? (Corollary
4.7) and will be used again in Proposition 4.8 to refine, in the case of
d-hyperbolic domains, the curvature estimates for the affine metric we
obtained in Proposition 3.3.

Theorem 4.6. (Benzécri [3]) The natural action of SLsR on the
space &, equipped with the Hausdorff topology, is cocompact.

This compactness result allowed us to prove in [2] that the ratio of
the Finsler metric and the affine metric on any properly convex domain
Q) ¢ RP? is uniformly bounded. More precisely, there exists a uniform
constant ¢ > 0 such that, for any Q € X, the following holds

(4) 1/chg < || [|ro < chq.

Since Gromov hyperbolicity is a property which is invariant by quasi-
isometries ([14, Chap. 5 §2]), we infer immediately that:
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Corollary 4.7. Let Q C RP? be a properly convex domain. Then
is Gromov hyperbolic (that is, for the Hilbert metric dq) if and only if
the Riemannian surface (2, hq) is Gromov hyperbolic, where hgq is the
affine metric on €.

4.2. Further curvature estimates. Recall that the curvature Kj,,
of the affine metric hqg on a properly convex domain  C RP? satisfies
—1 < K}, < 0 (Proposition 3.3 and Remark 3.4). We now prove, for
d-hyperbolic properly convex domains, the following uniform pinching
result.

Proposition 4.8. Let § > 0. There exists a constant ks < 0 such
that the curvature Ky, of the affine metric on any d-hyperbolic properly
convex domain Q C RP? satisfies

1< Kpy < ks <0,

Proof We proceed by contradiction and assume that there exists § > 0,
a sequence €, € Xs of é-hyperbolic properly convex domains of RP?,
and a sequence of points z,, € (2, such that the curvature Kp, A (xy,) of
the affine metric hq, at the point x, goes to zero when n — oco. Us-
ing Benzécri’s compactness Theorem 4.6, we may assume the sequence
(2, Q) to converge in € to (z,9) for the Hausdorff topology.
Proposition 2.4 ensures that the curvature Kj,, of the affine metric
of € vanishes at the point z, and it follows from Proposition 3.3 that
the Riemannian manifold (€2, hq) is flat. Since the affine metric hq is
complete, (2, hg) is isometric to (R?, can). We deduce from Corollary
4.7 that the limit domain €2 is not Gromov hyperbolic: a contradiction
to Proposition 4.4. q.e.d.

We infer below that, when Q € X is Gromov hyperbolic, then (£2, hg)
is uniformized by the disk. More precisely, let Q2 C RP? be a properly
convex domain, and let hg be the affine metric on €. Choose an orien-
tation on 2, and let (as in paragraph 3.2) (Q2,.J) denote the complex
manifold associated to (€2, hg).

Proposition 4.9. Assume that the properly convex set Q C RP? is
Gromov hyperbolic.

1) The Riemann surface (S2,J) is isomorphic to the unit disk D =
{zeC||z| <1}.

2) Let hqyp denote the (conformal) hyperbolic metric on (X2,.J). Then
the affine metric reads as hg = e**hgq o where the conformal factor
v 15 bounded.

Proof 1.1t has been proved by Osserman [24] that a simply connected
Riemannian surface (2, hg) with curvature bounded above by a negative
constant is conformally equivalent to the disk. Hence, the result follows
from Proposition 4.8.
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2. Both the affine metric hg and the hyperbolic metric hq ¢ are com-
plete, and with curvature pinched between two negative constants. This
makes the second assertion a special case of Yau’s version of the Schwarz
Lemma [31]. See, e.g., [2, Lemma 5.2] for a proof. q.e.d.

Before concluding this section, we may observe that the previous
discussion yields the following criterion for Gromov hyperbolicity.

Corollary 4.10. A properly convex domain Q C RP? is Gromov
hyperbolic if and only if the curvature of its affine metric is bounded
above by a negative constant.

Proof One implication is Proposition 4.8. For the converse, observe
that (Q,dq) is quasi-isometric to the simply connected Riemannian
manifold (€2, hq), which is complete and with curvature bounded above
by a negative constant; hence is Gromov hyperbolic. q.e.d.

5. Gromov hyperbolicity and growth profile

In this section, we use the previous curvature estimates to prove that
a properly convex domain of RP? is Gromov hyperbolic if and only if its
affine metric, or equivalently its Finsler metric, has uniform exponential
growth.

We may characterize the properly convex domains of RP? that are
Gromov hyperbolic in terms of the growth profile of their Finsler metric.
Let © C RP? be a properly convex domain. Recall that the Hilbert
distance dq derives from a Finsler metric || ||rq (see paragraph 4.1). To
this Finsler metric || ||, we associate the Buseman measure pp o on
2, which is defined as follows. Choose an affine chart such that Q C R?,
and endow the affine plane R? with a Lebesgue measure m. In this
chart, the measure p1p o has density (1/m(Bra(z,1))) with respect to
the Lebesgue measure m, where Bro(z,1) = {X € T,Q, || X||ra < 1}
denotes the unit ball at the point z for the Finsler metric (see, e.g.,
Marquis [23] or Vernicos [28]).

Definition 5.1. Let Q C RP? be a properly convexr domain. The
Finsler growth profile vq of Q is the function defined, for R > 0, as

vra(R) = ;Ielg pro(Bra(z, R)).

The following theorem gives a characterization, in terms of their
Finsler growth profile, of those properly convex domains of RP? that
are Gromov hyperbolic.

Theorem 5.2. Let Q C RP? be a properly convex domain. Then

1) either there exists a positive constant a such yrqo(R) > e for
any R>1, or
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2) there exists a positive constant b such that yro(R) < bR? for any
R>0.

Moreover, the domain ) is Gromov hyperbolic if and only if the balls in
(] [|F,a) have a uniform exponential growth, that is, in case 1.

This theorem will easily follow from a similar alternative concerning
the affine growth profile (Lemma 5.5), which we define below.

Definition 5.3. Let Q C RP? be a properly convexr domain. The
affine growth profile vy, of €2 is the function defined for R > 0 by

Tha (R) = ;Ielg VOth (Bhg (:Ev R)) >

where voly, and By, (x, R) denote, respectively, the Riemannian mea-
sure and the Riemannian ball with center x and radius R with respect
to the affine metric hq.

Example 5.4. The triangle T C RP?, when equipped with its affine
metric, is isometric to R?. Hence, its affine growth profile is

’VhT(R) =7 R2 :

Lemma 5.5. Let Q C RP? be a properly convex domain.

1) Assume that Q2 is Gromov hyperbolic. Then there exists a positive
constant a > 0 such that v, (R) > e*® for R > 1.

2) Assume that Q is not Gromov hyperbolic. Then v, (R) = 7 R?
holds for R > 0.

Proof of Lemma 5.5 1. Let ) C RP? be §-hyperbolic (6 > 0). It
follows from Theorem 2.2 and Proposition 4.8 that (€2, hg) is a complete
simply connected Riemannian surface with curvature K, < ks < 0
bounded above by a negative constant. The Bishop—Giinther volume
estimates (see, e.g., [12, 3.98]) assert that, for any z € Q and R > 0,
the volume voly, (B, (z, R)) is larger than the volume of the ball of
radius R in the 2-dimensional simply connected model manifold with
constant negative curvature k5. Hence, the result.

2. Let Q € RP? be any properly convex domain. Since the curvature
of hg is everywhere non-positive (Proposition 3.3), the Bishop—Giinther
volume estimates read, for any « € 2 and R > 0, as volp, (Bp, (z, R)) >
7 R%. Thus, v, (R) > m R2.

Now assume that §2 is not Gromov hyperbolic. Corollary 4.5 provides
a sequence g, € SL3R such that the sequence of images ¢,2 € X
converges to the projective triangle 7 in the Hausdorff topology. Fix a
point zg € T, and let x,, := g, ' (wg) € Q, so that the sequence g, (7, 2)
converges to (zg,7) in the Benzécri space €. As recalled earlier ([2,
Corollary 3.3]; see Proposition 2.4), the affine metric hg at the point
x € Q depends continuously on (x,Q) € £. Hence, for any fixed R > 0,
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the sequence
VOth (BhQ (:En, R)) = VO]‘hgn(Q) (Bhgn(ﬂ) (l‘o, R))

converges to voly (B, (7o, R)) = mR?. This yields the reverse inequal-
ity vao (R) < 7 R?. q.e.d.

Proof of Theorem 5.2 As recalled earlier, the affine metric and
the Finsler metric on a properly convex domain € RP? are uniformly
equivalent. More precisely, there exists a uniform constant ¢ > 0 such
that, for any Q € X

1/cha < || |lpa < cho

holds; see (4). Hence, this assertion is an immediate consequence of
Lemma 5.5. g.e.d.

Remark There are several natural ways of defining a notion of volume
on a Finsler manifold. However, for two such choices—corresponding to
the measures 117 and pe on the Finsler manifold M—there will exist a
constant « > 0 (actually depending only on the dimension of M) such
that
o p <po <o

(see Burago, Burago and Ivanov [5, 5.5.3]). In particular, the ratio of two
growth profiles on a properly convex domain 2 C RP?, corresponding
to two different choices of a volume on the Finsler manifold (€2, || ||rq),
will be bounded. Thus, the above criterion for Gromov hyperbolicity
will hold true for any of these choices.

6. Parameterization of marked hyperbolic domains of RP?

In this section, we exhibit a natural bijection between the moduli
space of marked Gromov hyperbolic convex domains of RP? and the
space of bounded holomorphic cubic differentials on the disk.

6.1. Uniformization of marked hyperbolic domains. Let  C
RP? be a Gromov hyperbolic properly convex domain. We have seen
in Proposition 4.9 that the affine metric hq is conformal to a (unique)
complete hyperbolic metric hgo. The Riemannian surface (£, hq,) is
thus isometric to the hyperbolic disk (D, hg).

Two isometries (2, ha o) — (D, ho) differ by the action of an isome-
try of (D, hp). Recall that an isometry of (D, hy) extends continuously to
the closed disk D C C and is determined (whether orientation-preserving
or not) by the distinct images in 0D C C of three distinct points of the
boundary 0D. Working with marked convex domains (Definition 6.2)
will allow us to get rid of the group Isom(D, hg).
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Lemma 6.1. Let Q C RP? be a Gromov hyperbolic properly convex
domain. Any isometry ¢ : (2, hao) — (D, ho) induces a bijection Op :
0Q — 0D between the boundaries 9Q C RP? and 0D C C of these sets.

Proof Since the domain €2 is assumed to be Gromov hyperbolic, we
know that € is strictly convex (see Benoist [1]). Hence, the geodesics for
the Hilbert metric dg, are segments (de la Harpe [11, Proposition 2]), and
the boundary 052 identifies with the set of equivalence classes of geodesic
rays in (€, dg)—two geodesic rays being equivalent when within a finite
distance of each other. Similarly, the boundary dD identifies with the
set of equivalence classes of geodesic rays in (D, k).

Let ¢ : (2, hao) — (D, ho) be an isometry. Then ¢ : (Q,dq) — (D, ko)
is a bijective quasi-isometry between two Gromov hyperbolic geodesic
metric spaces that are proper (namely, their closed balls are compact).
The lemma now follows from [14, Chapitre 5, Théoreme 25]. q.e.d.

Definition 6.2. A marked properly convexr domain in the projective
plane is a quadruple (Q; x1, T2, x3), where  C RP? is a properly convex
domain and (x1,x2,x3) are three distinct points on the boundary 0f).

We systematically equip the marked domain (1,9, x3) with the
orientation for which the triple of points (x1,x2,x3) is positively ordered
on 09, and let (2, J) denote the Riemann surface underlying hg as in
§3.2.

We also mark the unit disk D by choosing, e.g., the (positive) triple of
points (1,i,—1) in OD.

Corollary 6.3. Let (Q;x1,22,23) be a marked Gromov hyperbolic
properly convex domain of RP2. Then there exists a unique uniformizing
map ¢ : (2,J) — D that is marking preserving—namely, such that
Op(z1) =1, Op(x2) =i and Op(z3) = —1.

Proof Immediate consequence of Lemma 6.1 and the previous discus-
sion. q.e.d.

6.2. Construction of the bijection. We associate to any marked
Gromov hyperbolic properly convex domain of RP? a bounded holo-
morphic cubic differential on the unit disk D.

Let (Q; 1, 22, 73) be a marked properly convex domain of RP?, where
Q is Gromov hyperbolic. Theorem 2.2 identifies €2 with the correspond-
ing affine sphere M. Both the affine metric h and the Pick tensor C' of
M read on Q to give the affine metric hg and the Pick tensor Cq of €.

The Pick tensor Cq writes as Co = Re Ug, where the Pick form Ug is
a holomorphic cubic differential on the Riemann surface (2, .J) associ-
ated with (£2; 21, x2, z3) (Lemma 3.2, Definition 6.2). Let ¢ : (2,J) — D
be the unique uniformizing map that is marking preserving (Corollary
6.3). The Pick form Ug reads on I through ¢ as a holomorphic cubic
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differential
0.(Ua) = f(2)d2", |2] <1.

Lemma-Definition 6.4. The holomorphic cubic differential p.(Uq) =
f(2)dz® on D is bounded. Namely, the function

zeD— |f(2)| (1 - |z])* € [0,00]
s bounded.

Proof Associate to the Pick form Ugq the Pick measure pp := |UQ|2/3
on Q, which reads on D through the chart ¢ as @, (up) = |f(2)|?/3 |dz|?.

As a consequence of Benzécri’s compactness theorem 4.6, we proved
in [2, Lemma 5.7] the existence of a universal constant C' > 0 such that
the ratio A := pup/pp,, of the Pick measure by the Riemannian measure
of the affine metric on any properly convex domain Q C RP? is bounded
above by C.

Since €2 is Gromov hyperbolic, the affine metric reads on D through ¢
as ¢« (hq) = €*hg, where hy = % is the hyperbolic metric on the
disk and the conformal factor v is bounded (Theorem 4.9). The result
follows, since A reads on I as A = |f(2)[¥/3(1 — |z]?)? #. q.e.d.

Notation 6.5. We introduce the following:
— the set Yg of marked Gromov hyperbolic properly conver domains of
RP2?,
— the set Cy, of bounded holomorphic cubic differentials on the disk.

Theorem 6.6. The map
T:(Q;x1,29,23) € Yo — ¢u(Uq) € Cp,

where (2, J) is the Riemann surface associated to (2;x1,x9,x3), Uq is
the Pick form on (Q,J), and ¢ : (Q,J) — D is the unique marking pre-
serving uniformizing map, goes to the quotient under the natural action
of AutRP? = SLsR on Yg and induces a bijection

T Y(;/SL;),R — Cb

between the moduli space of marked Gromov hyperbolic properly convex
domains of RP? and the space of bounded holomorphic cubic differentials
on the disk.

Proof Since affine spheres with center the origin and affine curvature
—1 as well as their Blaschke connection and affine metric are preserved
by the action of SL3R, it follows from the definition of the Pick tensor
(Definition 3.1) that the map T goes to the quotient under the action of
SL3R on Yq. In other words, the map 7 is well defined. To complete the
proof of Theorem 6.6, we provide in the next final paragraph an inverse
map for 7. We proceed as in Loftin [20] or [2, Section 6].
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6.3. Construction of the inverse map for 7. Let U be a holomor-
phic cubic differential on the disk and h = 2" hy be a conformal met-
ric, where hy = % denotes the hyperbolic metric on ID. We first
investigate the conditions under which there will exist an immersion
j : D < R3 of the disk as an affine sphere j(D) with center the origin
and affine curvature —1, and such that

— the affine metric on j(D) ~ D is the conformal metric A,

— the Pick form on the (naturally oriented) affine sphere j(D) ~ D is
the cubic differential U.

Proposition 6.7. Let h = €2" hy be a conformal metric and U =

f(2)dz?® be a holomorphic cubic differential on the disk.

1) The pair (h,U) consists of the affine metric and Pick form of
an immersion j : D < R3 as an affine sphere with center the
origin and affine curvature —1 if and only if the conformal factor
v: D — R is solution of Wang’s equation

(5) Agv = —e 2 41 + ke ™,
where Aqg is the Laplace operator on D for the hyperbolic metric
h(] and
1

k(2) (1= P)°If () (2 €D).

T 32

2) When Equation (5) is satisfied, such an immersion j : D < R3, as
an affine sphere with affine metric h and Pick form U, is unique
up to SL;}ER

Proof See Loftin [20] or [2, Corollary 6.3]. Recall our sign convention
Ay = —TrDhOVhO. q.e.d.

It results from the discussion of the previous paragraph that we will
be only interested in bounded holomorphic cubic differentials on the
disk. In this case, we have the following existence and uniqueness result
for the solutions of Equation (5).

Proposition 6.8. Assume that U = f(z)dz? is a bounded holomor-
phic cubic differential on the disk. Then Wang’s equation (5) admits a
unique bounded solution.

Proof Since the cubic differential U is assumed to be bounded, the
function k is also bounded on ). Moreover, k is obviously non-negative.
The result follows from [2, Proposition 6.5 (see also Loftin [20]), since
(D, hy) is a complete Riemannian manifold with constant curvature.
q.e.d.

We may now wrap up the proof of Theorem 6.6.
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Proof of theorem 6.6 (continued) Let (92;21, 29, x3) be a marked
Gromov hyperbolic properly convex domain of RP2. As explained in
paragraphs 6.1 and 6.2, the affine metric of 2 reads on D through
the unique marking preserving uniformizing map ¢ : (Q,J) — D as
©«(hq) = €*’hg, where hg is the hyperbolic metric on the disk and the
conformal factor v is bounded. And the Pick form on (€2, J) reads as a
bounded holomorphic cubic differential ¢.(Uq) on the disk.

Conversely, let U be a bounded holomorphic cubic differential on the
disk. Proposition 6.8 yields a unique bounded solution v of Equation
(5), and Proposition 6.7 ensures that the pair (h,U), where h = e?Vhy,
consists of the affine metric and the Pick form of an immersion j :
D < R3 of the disk as an affine sphere with center the origin and affine
curvature —1.

The solution v is bounded. It follows first that the metric h is com-
plete, and hence that the affine sphere j(D) is asymptotic to a cone
above a properly convex domain  C RP? (Theorem 2.2). Second, the
domain (€2, hg) equipped with its affine metric is isometric to (D, k), and
hence quasi-isometric to the hyperbolic disk (D, hg)—which is Gromov
hyperbolic. As mentionned earlier in paragraph 4.1, Gromov hyperbol-
icity is invariant under quasi-isometries, and hence (€2, hg) is also Gro-
mov hyperbolic. This means that the domain 2 is Gromov hyperbolic
(Corollary 4.7).

Let p : R3\{0} — RP? denote the canonical projection. Since the map
poj:(D,hy) — (Q,dq) is a quasi-isometry, it follows from the proof of
Lemma 6.1 that it induces a bijection d(p o j) between the boundaries
0D and 092. We mark the domain €2 by choosing the triple (x1,x2, x3),
where 1 = d(po j)(1), xz2 = d(poj)(i) and x3 = d(poj)(—1).

Two immersions ji,j2 : D < R3 of the disk as an affine sphere,
corresponding to the same pair (h,U), differ by an element of SL%'ER
(Proposition 6.7 again). Thus, the affine spheres j; (D) and ja(D) are
asymptotic to cones over two properly convex domains 1,y C RP?
that differ by the action of an element of SL3R, so that the above con-
struction actually defines a map

p:Cy— Yo /SLsR.

It follows from the construction that p is an inverse map for 7, which
concludes the proof. q.e.d.
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