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Abstract

We study the geometry of the twistor space of the universal hy-
perkéhler implosion @ for SU(n). Using the description of @ as a
hyperkahler quiver variety, we construct a holomorphic map from
the twistor space Zg of @ to a complex vector bundle over P!,
and an associated map of @ to the affine space R of the bundle’s
holomorphic sections. The map from ) to R is shown to be injec-
tive and equivariant for the action of SU(n) x T"~! x SU(2). Both
maps, from @) and from Zg, are described in detail for n = 2 and
n = 3. We explain how the maps are built from the fundamental
irreducible representations of SU(n) and the hypertoric variety as-
sociated to the hyperplane arrangement given by the root planes
in the Lie algebra of the maximal torus. This indicates that the
constructions might extend to universal hyperkahler implosions
for other compact groups.

0. Introduction

In [4, 5] we introduced a hyperkédhler analogue in the case of SU(n)
actions of Guillemin, Jeffrey, and Sjamaar’s construction of symplectic
implosion [7]. The aim of this paper is to find a description of hy-
perkéahler implosion for SU(n) which can be generalized to other com-
pact groups K.

If M is a symplectic manifold with a Hamiltonian action of a com-
pact group K with maximal torus 7", the symplectic implosion My is
a stratified symplectic space (usually singular) with an action of 7" such
that the symplectic reductions of My, by T coincide with the sym-
plectic reductions of M by K. The implosion of the cotangent bundle
T*K =2 K x £ acts as a universal symplectic implosion in that the im-
plosion of a general Hamiltonian K-manifold M can be identified with
the symplectic reduction by K of M X (T™K )imp.
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The construction in [4] of the universal hyperkahler implosion when
K = SU(n) uses quiver diagrams and gives us a stratified hyperkéhler
space @@ = (T*Kc¢)nkimpl- The hyperkéhler implosion of a general hy-
perkéhler manifold M with a Hamiltonian action of K = SU(n) is then
defined as the hyperkahler reduction by K of M x @Q. The hyperkéahler
strata of @) can be described in terms of open sets in complex symplectic
quotients of the cotangent bundle of K¢ = SL(n,C) by subgroups which
are extensions of abelian groups by commutators of parabolic subgroups.
There is an action of the maximal torus 1" of K, and the hyperkéhler
quotients by this action are the Kostant varieties, affine varieties which
are closures in £ of complex co-adjoint orbits. As in [4] we will identify
Lie algebras with their duals via an invariant inner product, so that
co-adjoint orbits of K¢ are identified with adjoint orbits.

The universal symplectic implosion has a natural (K x T")-equivariant
embedding into a complex affine space, whose image is the K-sweep
KTcw of the closure of an orbit Tcv of the complexified maximal torus
Tt [7]. Here Tv is the toric variety associated to a positive Weyl cham-
ber t; in the Lie algebra t of T. It was shown in [5] that the hyper-
toric variety associated to the hyperplane arrangement given by the
root planes in t maps generically injectively to @ and that (for any
choice of complex structure on Q) the Kc-sweep KcQr of its image Qp
is dense in @. In this paper we shall construct a (K x T')-equivariant
embedding o of the universal hyperkéhler implosion @ for K = SU(n)
into a complex affine space R with a natural SU(2)-action which ro-
tates the complex structures on @ = (T K¢ )nkimpl- This embedding is
constructed using the moment maps for the K x T action and the funda-
mental irreducible representations of K. Its image is the closure of the
Kc-sweep of the image o(Qr) in R of the hypertoric variety associated
to the hyperplane arrangement given by the root planes in t. Our future
aim is to use this description of () as the closure of the Kc-sweep of the
image of this hypertoric variety in the (K x T' x SU(2))-representation
R to extend the hyperkéhler implosion construction from K = SU(n)
to more general compact groups K.

Any hyperkahler manifold M has a twistor space Zj;, which is a
complex manifold with additional structure from which we can recover
M. As a smooth manifold Zj; is the product M x P! of M and the
complex projective line P!, which is identified with the unit sphere S?
in R? in the usual way. The complex structure on Z;; is such that the
projection m: Zy; — P! is holomorphic and its fiber at any ¢ € P! = 52
is M equipped with the complex structure determined by (.

We shall give a description of the twistor space for the universal
hyperkéhler implosion for SU(n). Motivated by the embedding of the
implosion into the affine space R described above, we shall also con-
struct a generically injective holomorphic map from its twistor space to
a vector bundle over P
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The layout of the paper is as follows. In §1 we review the theory of
twistor spaces for hyperkédhler manifolds, and in §2 we recall the hy-
perkéhler structure on the nilpotent cone in the Lie algebra of K¢ =
SL(n,C) obtained in [12]. We also describe its twistor space which can
be embedded in the vector bundle O(2) ® £c over P!, where ¥c is the
Lie algebra of the complexification K¢ = SL(n,C) of K = SU(n). In
§3 we recall the constructions of symplectic implosion from [7] and
hyperkéahler implosion for K = SU(n) from [4, 5]. In §4 we define a
K x T x SU(2)-equivariant map o from the universal hyperkéhler im-
plosion @ for K = SU(n) to

n—1
R =H(P',(0(2) ® (tc @ tc)) & P O(¢)) ® AC)
j=1

where ¢; = j(n — j), and an associated holomorphic map & from the
twistor space Z¢ of @ to the vector bundle (O(2)®(tc @tc))@@?:_ll O(¢5)
®AIC™ over PL. Here SU(2) acts on R via its usual action on P! and the
line bundles O(¢;) over P! for j € Z, while K = SU(n) acts on R via
its adjoint action on ¢ = t ®gr C, the trivial action on t¢ and its usual
action on AJC™. The action of T on O(2) ® (Ec @ tc) is the restriction
of the K-action, but 7" acts on O(£;) ® AJC" as multiplication by the
highest weight for the irreducible representation A/C" of K = SU(n).

In §5 we recall the stratification given in [4] of @ into strata which
are hyperkéhler manifolds, and its refinement in [5] which has strata
Q[~,0] indexed in terms of Levi subgroups and nilpotent orbits in K¢ =
SL(n,C). In §6 we prove that the map o defined in §4 is injective and
that & is generically injective; we will see that ¢ fails to be injective
in the example n = 2 in §7. In §7 we describe the full structure of the
twistor space of @ in terms of its embedding in the space of holomorphic
sections of the vector bundle (O(2) ® (¢ @ tc)) ® ED;L:_ll O;) ® NIC™
over P!, and we consider the low-dimensional examples n = 2 and n = 3
in detail. Finally, in §8 we consider how to use the description of Q) as
the closure of the Kc-sweep of the image of a hypertoric variety in the
(K x T x SU(2))-representation R and the corresponding description of
its twistor space Zg to extend the hyperkahler implosion construction
from K = SU(n) to more general compact groups K.
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1. Twistor spaces

In this section we review the theory of twistor spaces for hyperkéhler
manifolds; for more details see [9].

A hyperkéhler manifold M has a Riemannian metric, together with a
triple of complex structures (I, J, K) satisfying the quaternionic relations
such that the metric is Kahler with respect to each complex structure.
Thus a hyperkéhler manifold has a triple (in fact, a whole two-sphere)
of symplectic forms (w1, ws,ws) which are Kéhler forms for the complex
structures (I, J, K).

If a compact group K acts on a hyperkéhler manifold M preserving its
hyperkéhler structure with moment maps p1, o, g for the symplectic
forms wy,wa, w3, then the hyperkihler quotient x~'(0)/K (where p =
(p1, po, p3): M — € ® R3) inherits a hyperkihler structure from that
on M.

A hyperkéhler manifold M has (real) dimension 4k for some non-
negative integer k. We can associate to M its twistor space Z;; which
is a complex manifold of (complex) dimension 2k + 1 with some addi-
tional structure from which we can recover the hyperkahler manifold
M. As a smooth manifold Z,; is the product M x S? of M and the two-
dimensional sphere S?, but its complex structure at (m,¢) € M x S?
is defined by (IC,T) where T is the usual complex structure on $2 = P!
and if

C=(C.¢2(s) €S C R
then | = (11+(J+ (3K, where (1, J, K) is the triple of complex structures
on M as above. The twistor space Z,s is equipped with the following
additional structure [9]:

1) a holomorphic projection 7: Z3; — P! whose fiber at ¢ € P! is M
equipped with the holomorphic structure I determined by (;

2) a holomorphic section w of the holomorphic vector bundle

A2T5(2) = AT} @ O(2)

over Zy; where Tr is the tangent bundle along the fibers of 7, such that
w defines a holomorphic symplectic form w¢ on each fiber ) =2 M
of ;

3) areal structure (that is, an anti-holomorphic involution) 7 on Zj,

preserving this data and covering the antipodal map on P'.

With respect to the C-identification of Zj; with M x P!, the real
structure is given by

T(m7 C) = (m7 _1/6)
With respect to the fixed holomorphic section (1/2)0/9¢ of TP! = O(2),
the holomorphic symplectic form w¢ is given by

we = wg + iws — 2Cw1 — Cz(CUQ — iW3),
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where wy,ws, w3 are the Kéhler forms associated to the hyperkéhler
metric and the complex structures |, J, K.

A holomorphic section of m: Z3; — P! is called a twistor line, and a
twistor line o: P! — Z) is real if 70(¢) = o(—1/C) for every ¢ € P'.
Each point m € M gives rise to a real twistor line {m} x P! with
normal bundle C?* @ O(1), and using such twistor lines we can recover
the hyperkahler manifold M from its twistor space.

If a compact group K acts on a hyperkéhler manifold M preserving its
hyperkéhler structure with a hyperkéhler moment map p = (p1, p2, f3),
then there is an associated holomorphic map Z,: Zy — € ® O(2)
whose restriction to each fiber of 7 is a complex moment map for the
holomorphic symplectic form defined by w on the fiber. The twistor
space of the hyperkiihler quotient 1 ~1(0)/K is the quotient (in the sense
of Kéhler geometry or geometric invariant theory [10]) of Z,1(0) by the
complexification K¢ of K.

REMARK 1.1. The twistor moment map Z,: Zy — €& ® O(2) re-
stricts to a holomorphic section of £.®((2) on each twistor line {m}x P!
in Zps. This gives us a map

¢: M — HO(P' et @ O(2) =t @ H(P', 0(2))

whose evaluation at any p € P! can be identified (modulo choosing
a basis for the one-dimensional complex vector space O(2),) with the
complex moment map associated to the corresponding complex struc-
ture on M. Then ¢~'(0) = x~'(0) and the hyperkihler quotient of M
by K is ¢~(0)/K.

The twistor space for a flat hyperkihler manifold H* is the vector
bundle Z = O(1) ® C% over P'. If we write Z as

Z=01)@(Wae W)

where W = C¥, then the natural pairing between W and W* defines
a constant holomorphic section w of AT} (2). The standard hermitian

structure on W gives us an identification of W with W*, and this to-
gether with the antipodal map on P! gives us the real structure on Z.

Let aq,...,a; be the standard coordinates on W, and let 31, ..., B
be the dual coordinates on W*. We can cover Z with two coordinate
patches ¢ # oo and ¢ # 0 with coordinates

(1.2) (al,...,ak,ﬁl,...,ﬂk,ﬁ) and (dl,...,dk,ﬁl,...,ﬁk,f)

related by the transition functions

C=1/¢ a5 =a;/¢, B = Bi/¢
With respect to these coordinates the real structure on Z is given by
(ar, ook, By s By €)= (B1/Coeo s Br/C—an /G, oo —ag/C, —1/C),
while w is given by Z?Zl doj A dp;/2.
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2. The nilpotent cone

In this section we recall the hyperkahler structure on the nilpotent
cone in the Lie algebra of K¢ = SL(n,C) obtained in [12] and describe
its twistor space which can be embedded in the vector bundle O(2) ® tc
over P!,

The nilpotent cone for K¢ = SL(n,C) is identified in [12] with a
hyperkéhler quotient M )/ H, where M is a flat hyperkahler space and
H is a product of unitary groups acting on M.

Let us choose integers 0 < n; < ne < --- < n, = n and consider the
flat hyperkéahler space

(2.1)
r—1 r—1
M = M(n) = D"+ = @) Hom(C™, C"+1) & Hom(C+, C™)
i=1 i=1

with the hyperkéhler action of U(ny) x -+ x U(n,)
o = gimaig; B gz’ﬂz‘g;rll (i=1,...r=1),
with g; € U(n;) for i« = 1,...,r. Here «; and f3; denote elements of

Hom(C", C"™+t) and Hom(C"™+1,C™), respectively, and right quater-
nion multiplication is given by

(2.2) (ai, Bi) = (=B, o)

We may write («, ) € M(n) as a quiver diagram:

«@Q aq a2 Qr—2 Qpr—1
(2.3) o=2Cme=Cme... =2 Cv 2 ¢ =C",
Bo B1 B2 Br—2 Br—1

where g = By = 0. For brevity, we will often call such a diagram a
quiver. Let H be the subgroup, isomorphic to H::_ll U(n;), given by
setting g, = 1, and let

fi: M — Lie(H) ® R? = Lie(H) ® (R @ C)

fa, B) = ((cia — B Bi + Bis1Bip1 — fpr1qita)i, aiffi — Big10ui41)
be the corresponding hyperkahler moment map.

It is proved in [12] that when we have a full flag (that is, when r =n
and n; = j for each j, so that the center of H can be identified with
the maximal torus 7' of K = SU(n)), then the hyperkéhler quotient
f~1(0)/H of M by H can be identified with the nilpotent cone in €c.

This hyperkéhler quotient carries an SU(n) action induced from the
action of this group on the top space C" of the quiver. In [12] Theorem
2.1 it is shown that, for any choice of complex structure, the complex
moment map M ) H — tc for this action induces a bijection from M ) H
onto the nilpotent cone in £c. This moment map is given, with complex
structure as above, by

(o, B) = ap—1Bn—1.
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Thus the hyperkéahler moment map p: M JJ H — t®R3 provides a bijec-
tion from M JJH to its image in €@ R?, and this image is a (K x SU(2))-
invariant subset Nil(K) of £ ® R? such that after acting by any ele-
ment of SU(2) the projection Nil(K) — ¢¢ given by the decomposition
R3 = R @ C is a bijection onto the nilpotent cone in £c.

The hyperkéhler structure on the nilpotent cone in £¢ can in prin-
ciple be determined explicitly from the bijection from M H given by
(o, B) = ap_1Bn—1, but it is not very easy to write down a lift to u~1(0)
of the inverse of this bijection. However, the hyperkéhler structure can
be determined explicitly from the embedding of Nil(K) in £ ® R? as
follows. The complex and complex-symplectic structures on Nil(K) are
given by pulling back the standard complex and complex-symplectic
structures on nilpotent orbits in £c under the projections of £ @ R? onto
£ ® C corresponding to the different choices of complex structures, and
these determine the metric.

Thus it is useful to describe as explicitly as possible the embedding
of Nil(K) in £ ® R3. If we fix a complex structure and use it to identify
Nil(K) with the nilpotent cone in ¢ and to identify £ ® R? with €@ €,
then the embedding is given by

n— (Pn(n),n)

where the map ®,, from the nilpotent cone in sl(n,C) to su(n) is the
(real) moment map for the action of K = SU(n) on the nilpotent cone
with respect to the Kéhler form determined by the standard complex
structure and the hyperkahler metric. The map ®,, is determined in-
ductively by the properties given in Lemma 2.5, below.

REMARK 2.4. Note that M has an SU(2)-action which commutes
with the action of H and rotates the complex structures on M. This
action descends to an SU(2)-action on M j/ H and hence on Nil(K). The
induced SU(2)-action on Nil(K) extends to the action on £ ® R3 given
by the usual rotation action on R®. When Nil(K) is identified with the
nilpotent cone in ¢ by projection from £ ® R3 to £c, the action of

< v ?) € SU(2),
—-U u
where |u|? 4 |v]? = 1, is given by
n = u’n + 2uvd, (n) — V3.

Lemma 2.5. The map ®,, from the nilpotent cone in tc = sl(n,C)
to t = su(n) is SU(n)-equivariant for the adjoint action of SU(n) on
sl(n,C) and su(n). Furthermore, if A is a generic upper triangular (n —
1) x (n — 1) complex matriz with positive real eigenvalues so that the

n X n matrix
0 A2
0 O
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18 strictly upper triangular, then

0 A2 AB(AB)T 0 0 0 .
®, = — =17 1 i
0 0 0 0 0 (B A)'B A
where B is upper triangular with real positive eigenvalues and satisfies

D1 <(0 B714) <AOB>> = (B 'AB AT - (AB)" AB)i.

These properties determine the continuous map P, inductively.

REMARK 2.6. In order for the upper triangular matrix A to be generic
in the sense of this lemma, it is enough for A to lie in the regular
nilpotent orbit in £c.

Proof. First, note that any nilpotent matrix lies in the SU(n)-adjoint
orbit of a strictly upper triangular matrix with non-negative real en-
tries immediately above the leading diagonal, and a generic such matrix
(lying in the regular nilpotent orbit in €¢) can be expressed in the form

0 A?
0 0
where A has positive real eigenvalues. The hyperkéhler quotient M j/ H

can be described as ,ul_; (0)/H where 7 is the hyperkéhler moment map

for the action of H on M, and also as the GIT quotient of (1g)ct(0)
by its complexification Hc. A quiver (o, 8) € M(n) as at (2.3) lies in
uBl(O)/H if and only if B0 = aj_15j-1 for 0 < j < n. Writing

0 A?
<0 0 > = an—lﬂn—l

Up—1 = (é) and /Bn—l = (0 A)7

where

so that
A
Bn—lan—l = (0 A) <0>

is a strictly upper triangular matrix with non-negative real entries im-
mediately above the leading diagonal, allows us inductively to find a
quiver (o, 8) in (uz)c"(0) such that

2
(27) an—lﬁn—l - <8 f(l) >

for generic A as above. In order to find the value of ®,, on this matrix,
however, we need to find a representative quiver in ,u; (0), since

2
v, ((§ 5 )) = (@nmrais = s
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for any quiver («, 3) € ,uIT{l (0) such that (2.7) holds, and then

Dj(aj-1Bj-1) = (@j_105_1 — Bi_1Bj-1)i

for 0 < j < n. The theory of moment maps and GIT quotients tells us
that there will exist such a representative quiver in the closure of the
Hc-orbit of the quiver we have already found, and that for generic A
this orbit is closed. Indeed, since Hc can be expressed as the product
of a Borel subgroup and its maximal compact subgroup H, we can find
such a representative quiver in the intersection of the Borel orbit and
N;;l(o)- The maps «a,,—1 and B,,—1 in this quiver will be given by matrices

of the form
AB _
< 0 ) and (0 B 1A)

where we can assume that B is an upper triangular (n — 1) X
(n — 1) complex matrix with positive real eigenvalues. As the quiver
lies in ,u; (0), it follows that

D, <(0 B1A) <AB>> = (B 'AB AT - (AB)T AB)i.

0

This completes the proof. q.e.d.
ExaMPLE 2.8. Consider the case when n = 2. If d is real and positive,
then
0 d\ _(Vd
(6 )-(3)e va.

where

o va) () =0
and ¢; =0 so

0 d d 0.
(6 6) = (6 %)
EXAMPLE 2.9. Let n = 3 and let

(Y oo )

where a,c,a,vy are real and positive and b, € C. Then, using the
previous example, we have

o () - () ()
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while
(B'AB AT - (AB)TAB)i
<a?(1/oz2 —a?) +[(b—cBy)/al® ey(b—cBy)/a—aa(af + b/v)) .

v(b—cBy)/a —aalaf +b/7) AV —1/7%) —[af +b/|”
When these are equal we have
_ b(ey? —an?)
a?a? + 277
and
2

= ac/ay = F(1/7—7")+

ab(a + ¢)a 2

a2a? + c22

be(a + ¢)y

2 2 2
a*(1/e"—a%)+ aZo? + 22

It is convenient to write a/y = ¢; then these equations are equivalent
to

a252+c2\/ a?/6% — ¢?
2.10 b= ———— 44—
(2.10) 1 a—+c U +c2—a252

and f(4/¢)(6) = 0 where

flae) (@) = ' — (a/c)z® + (c/a)x — 1.

Note that this polynomial factorizes as (z — (a/c))(x> + (c/a)), so it has
a unique positive root 6 = a/c. Thus

(a+c)b]\ /2
Y=ol oo
at + ¢t

b(c2—a3) _ Ab(c—a?)
Y@l = THate) - Lhen

“((6 %))

is given by substituting these expressions for «, 8, into the matrix

and o = <L and § =

a’a?® + |af + b/7|2 (aBy + b)e/y? 0
(@By+b)e/?  EP—a?fa? —a(ba-Bre)je? |
0 —a(ba — Byc)/a? |b— Byl /a? —
We obtain
bl(a+c) e 0

be? ba?

T o Tw !

0 —ba _b|(a + )

(cf. [11, §5]). &
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Since M is a flat hyperkahler manifold, it follows as in §1 that its
twistor space Zj; is the vector bundle
r—1
O(1) ® @ (Hom(C™,C™+1) @ Hom(C"+1,C™))
i=1

over P1. The complex moment map for the action of H defines a mor-
phism Z, from Z) into the vector bundle O(2) ® Lie He over P!, and
the twistor space for the hyperkahler quotient M j/ H is the quotient
(in the sense of geometric invariant theory) by the action of the com-
plexification Hg = HZ;% GL(k) on the zero section of this morphism.
The complex moment map for the action of K = SU(n) defines a Hc-
invariant morphism from Zj; into the vector bundle O(2) ® ¢ over P!,
and this induces an embedding into O(2) @ ¢c of the GIT quotient which
is the twistor space Zyjy(x) for Nil(K) = M J/H. 1t follows from [12]
Theorem 2.1 that this is an isomorphism of the twistor space with the
closed subvariety of the vector bundle O(2) ® £c over P! which meets
each fiber in the tensor product of the corresponding fiber of O(2) with
the nilpotent cone in £c.

The real structure on the twistor space Zyj k) is represented in local
coordinates as at (1.2) by

(an-16n-1,C) = (~By@n1/C%=1/0)
or equivalently
(X, Q) = (=X7/¢%, =1/¢)
for X in the nilpotent cone in £¢.

The remaining structure required for the twistor space Zyj k) is a
holomorphic section w of A?Tj ® O(2) where Tr denotes the tangent
bundle along the fibers of m: Zyyx) — P': or rather, this is what
would be required if Nil(K) were smooth. In fact, Nil(K) is singular
with a stratified hyperkahler structure, where the strata are given by the
(finitely many) (co-)adjoint orbits in the nilpotent cone in ¢ = €7, and w
restricts on each stratum 3 to a holomorphic section ws; of /\2T1?,2®O(2)
where Try; is the tangent bundle along the fibers of the restriction of 7
to the twistor space Zs.

Recall that any co-adjoint orbit O, = K/K, for n € € of a compact
group K has a canonical K-invariant symplectic form, the Kirillov—
Kostant form w,, which can be obtained by symplectic reduction at 7
from the cotangent bundle T* K with its canonical symplectic structure.
The K-invariant symplectic form w, is characterized by the property
that the corresponding moment map for the action of K on O, is the
inclusion of O, in £*.

Similarly, a co-adjoint orbit O, for n € € of the complexification
K¢ of K has a canonical Kc-invariant holomorphic symplectic form w,
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which is again characterized by the property that the associated complex
moment map for the action of K¢ is the inclusion of O, in €.

If ¥ is a stratum of Nil(K) given by a co-adjoint orbit in £f, then
the holomorphic section wy, of /\2TI’§72 ® O(2) which restricts to a holo-

morphic symplectic form on each fiber of 7: Z5; — P! is Kc-invariant
for K = SU(n), and the corresponding twistor moment map Zy —
€. ® O(2) is the restriction of the embedding of Zyj (k) into € ® O(2).
Thus it follows that each wy, (and hence also the holomorphic section
w of A’Th @ O(2)) is given by the Kirillov-Kostant construction on the
fibers of .

The Springer resolution of the nilpotent cone in €¢ is given by the
complex moment map for the action of ¢ on the cotangent bundle
T*B where B is the flag manifold K¢/B = K/T identified with the
space of Borel subgroups of K¢ [2]. The twistor space Zyj k) has a
corresponding resolution of singularities

ZNNH(K) = K(C XB (bo X 0(2)) =K XT (to X 0(2))

where B is a Borel subgroup of K¢ containing T and b° is the annihilator
of its Lie algebra in £ while tV is the annihilator of the Lie algebra of
T in £*.

REMARK 2.11. The twistor moment map Zyjx) — € ® O(2) re-

stricts to a holomorphic section of £.®0(2) on each twistor line {m}x P!
in Zyji(x), and gives us a map

¢: Nil(K) — HO (P, ¢: ® O(2))
as in Remark 1.1. For any p € P! the composition of ¢ with the evalu-
ation map

HO(P' 6 © 0(2)) = £ © O(2),
is injective, and its image is the nilpotent cone in £ = £c if we choose
any basis for the one-dimensional complex vector space O(2),, to identify
£ ® O(2), with €. If we fix the complex structure corresponding to
[1:0] € P! to identify Nil(K) with the nilpotent cone in £, then ¢ is
given by

S(n)[u : v] = 1y + 2uv®n(n) — 7"
when 7 € €c is nilpotent and [u : v] € P! and ®,, is as at Lemma 2.5.
The map ¢: Nil(K) — H(P!, &% @ O(2)) induces an embedding
¢z Zniry = P! x Nil(K) = P' x HO(P',t5 ® O(2))

which is mot holomorphic, as well as the holomorphic embedding

This map (which may also be viewed as the twistor moment map for
the K¢ action) is the composition of ¢z with the natural map

P! x HY(P' €. @ O(2)) — £ @ O(2).
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The real structure on Zyj k) extends to the real structure on P! x
HO(P!, &% ® O(2)) determined by the standard real structure ¢ — —1/¢
on P! and the real structure n — —7% on fc.

If X is any hyperkédhler manifold on which K = SU(n) acts with
hyperkihler moment map px: X — € ® R? and corresponding

dx: X — HO (Pt @ O2))

as in Remark 1.1, then we obtain a stratified hyperkéahler space

Xt = (X x Nil(K) K =] | o5 (6(0))/E
O

where the strata are indexed by the nilpotent co-adjoint orbits O in £f.
Since ¢ x and ¢ are K-equivariant and K¢ = K Pp, the stratum indexed
by O is given by

oy (6(0))/K = ¢ (8(Pono))/ Ko,

where 1o is a representative of the orbit O in Jordan canonical form,
Py is the associated Jacobson—Morosov parabolic (see [3] Remark 3.8.5),
and Kp = KN Po.

It follows from [4] Theorem 7.18 that Nil(K') with any of its complex
structures is the non-reductive GIT quotient (in the sense of [6]) of
K¢ x bY by the Borel B = TcN in Kc. Hence if X is a complex affine
variety with respect to any of its complex structures, then X.; is the
complex symplectic quotient (with respect to non-reductive GIT) of X
by the action of the Borel B.

3. Symplectic and hyperkihler implosion

In this section we recall the constructions of symplectic implosion
from [7] and hyperkahler implosion for K = SU(n) from [4, 5].

Let M be a symplectic manifold with Hamiltonian action of a compact
group K. The imploded space My, is a stratified symplectic space with
a Hamiltonian action of the maximal torus T of K. It has the property
that, denoting symplectic reduction at A by /3,

(3.1) M 53K = Mimp /3T

for all A in the closure t} of a fixed positive Weyl chamber in t*. In
particular the implosion (T K )imp of the cotangent bundle 7% K inherits
a Hamiltonian (K x T')-action from the Hamiltonian (K x K)-action on
T*K. This example is universal in the sense that for a general M we
have
Mimpl = (M X (T*K)lmpl)//gK

Concretely, the implosion (7K )imp1 of T*K with respect to the right
action is constructed from K x t by identifying (ki,§) with (ko,¢) if
k1ky ! lies in the commutator subgroup of the K-stabilizer of £. The
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identifications which occur are therefore controlled by the face struc-
ture of the Weyl chamber. In particular, if £ is in the interior of the
chamber, its stabilizer is a torus and no identifications are performed.
An open dense subset of (7K )imp1, therefore, is the product of K with
the interior of the Weyl chamber.

As explained in [7], when K is a connected, simply connected, semi-
simple compact Lie group, we may embed the universal symplectic im-
plosion (T™K )impl in the complex affine space £ = @&V, where V; is
the K-module with highest-weight w and we sum over a minimal gener-
ating set II for the monoid of dominant weights. Under this embedding,
the implosion is identified with the closure Kcv, where v is the sum of
the highest-weight vectors v, of the K-modules V, and as usual K¢
denotes the complexification of K. This gives an alternative, more alge-
braic, description of the implosion as a stratified space. For the stabilizer
of v is a maximal unipotent subgroup N of K¢ (that is, the commutator
subgroup [B, B] of the corresponding Borel subgroup B) and hence we
may regard Kcv as K¢/N. The lower-dimensional strata which we ob-
tain by taking the closure are just the quotients K¢ /[P, P] for standard
parabolic subgroups P of K¢. These standard parabolics are, of course,
in bijective correspondence with the faces of the Weyl chamber, and this
algebraic stratification is compatible with the symplectic stratification
described above.

The whole implosion may be identified with the Geometric Invariant
Theory (GIT) quotient of K¢ by the non-reductive group N:

Kc¢//N = Spec(O(KC)N);

it is often useful to view this as the canonical affine completion of the
quasi-affine variety Kc/N (cf. [6]).

Recalling the Iwasawa decomposition K¢ = KAN, where Tc = T A,
we see that

(3.2) Kcv = KAv = K(Tcv),

so the implosion is described as the sweep under the compact group K
of a toric variety Tcv. This toric variety is associated to the positive
Weyl chamber t; and is in fact the subspace

EN = @(va

of E spanned by the highest-weight vectors v,. The canonical affine
completion K¢ //N of K¢ /N has a resolution of singularities

Kc//N = K¢ xg EN — K¢ /N

induced by the group action K¢ x EN — E.
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As explained in [4] one can also construct the symplectic implosion
for K = SU(n) using symplectic quivers. These are diagrams

(3.3) 0=V 8V A31L3. 3Py Sy =C

where V; is a vector space of dimension n;. We realized the symplectic
implosion as the GIT quotient of the space of full flag quivers (that is,
where » = n and n; = 1), by H::_ll SL(V;), where this group acts by

oy gi+1ozigi_1 (Z = 1,... , T = 2),
Qp_1 ar—lgr__ll-
In [4] a hyperkéhler analogue of the symplectic implosion was intro-

duced for the group K = SU(n). We consider quiver diagrams of the
following form:

aQ Qi (&%) Qr—2 Qr—1
0=Vy=WalWh=... 2V, &2 V,.=C"
Bo B1 B2 Br—2 Br—1
where V; is a complex vector space of complex dimension n; and oy =
Bo = 0. The space M of quivers for fixed dimension vector (ny,...,n,)
is a flat hyperkahler vector space.
As discussed earlier, there is a hyperkéahler action of U(n;) x --- X

U(n,) on this space given by
ai = gipiaigy ', Bie giﬁigﬁrll (t=1,...r=1),

with g; € U(n;) for i = 1,...,r. Recall that we defined H be the sub-
group, isomorphic to U(n1) X - - - x U(n,—1), given by setting g, = 1. We

also let H = SU(ny) x --- x SU(n,—1) < H.

Definition 3.4. The universal hyperkdhler implosion for SU(n) is
the hyperkdhler quotient @ = M JJH, where M, H are as above with
r=nandn; =7, for j=1,... n.

This hyperkéhler quotient @ has a residual action of (S*)*~' = H/H
as well as an action of SU(n,) = SU(n). As explained in [4] we may
identify (S1)"~! with the maximal torus T of SU(n). There is also an
Sp(1) = SU(2) action which is not hyperkéhler but rotates the complex
structures.

Using the standard theory relating symplectic and GIT quotients, we
have a description of @ = M JJ/H, as the quotient (in the GIT sense) of
the subvariety defined by the complex moment map equations

(3.5) @iffi — Biviaipn = Al (0<i<r—2)
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where )\;c for 1 <7 < r—1 are complex scalars, by the action of

r—1
H(C = H SL(TLZ', (C)
=1
(3.6) ai = gimoig; s B gy (i=1,...1=2),
(37) Qp_1 = aT’—lgr__lla /BT’—l = gT—l/BT’—la

where g; € SL(n;,C).
The element X = a,_16,—1 € Hom(C",C") is invariant under the ac-

tion of H::_ll GL(n;,C) and transforms by conjugation under the resid-
ual SL(n,C) = SL(n,, C) action on Q. We thus have a Tg-invariant and
SL(n,C)-equivariant map @ — sl(n,C) given by

(@, 8) = (X)p = X — %u«(xm

where I,, is the n x n identity matrix. This is the complex moment map
for the residual SU(n) action.
It is shown in [4] that X satisfies an equation

X(X—I—l/l)...(X—I-I/n_l):O

where v; = Z;;Zl XJC. This generalizes the equation X™ = 0 in the
quiver construction of the nilpotent variety in [12] and is a consequence
of Lemma 5.9 from [4] which gives information about the eigenvalues of

X and other endomorphisms derived from final segments of the quiver.
Define

(38) Xp = 10r—2...0r B g ... Br2fr1 (1 <k<r-— 1)

so that X = X;. It is proved in [4] Lemma 5.9 that for (a, 8) € ug'(0),
satisfying (3.5), we have

(3.9) XpX = Xpp1 — (Ag 4+ A ) X

It follows from this by induction on j that if 0 < j < k < r, then

J
X = Xp—j X7 + Z Oi(Vp—ka1s o ooy Vp— g ) X X777
i=1
where o; denotes the ith elementary symmetric polynomial. In particu-
lar putting j = k — 1 gives us

k—1 k—1
Xk = Xk + Zai(Vr—k+17 ‘e ,I/r_l)Xk_i =X H(X + VT»_Z'),
=1 i=1
SO
k—1 i
X = H(X + Z/\;(;_j)
1=0 j=1

Thus we have the following lemma.
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Lemma 3.10. If1 <k <r—1, then

k—1 7
/\T_k(ar—lar—2 tet ar—k) /\T_k (57“—1@ T 57“—1) = /\T_k H(X + Z )‘g—j)'
i=0 J=1

Recall from (3.2) that the universal symplectic implosion is the Kc-
sweep of a toric variety Tcv. In [5] we found a hypertoric variety map-
ping generically injectively to the hyperkahler implosion. Hypertoric
varieties are hyperkihler quotients of flat quaternionic spaces H? by
subtori of (S')%; for more background see [1, 8].

Definition 3.11. Let M7 be the subset of M consisting of hy-
perkéhler quivers of the form

0 . 0 ()

vE0 0

ar=|0 vk 0

0 0 V,'j

and
0 pb 0 0
0 0 uk 0
By = "

0 0 -~ 0 ur

for some Vf, ,uf € C. Note that this definition of M7 differs slightly from
the definition in [5], but only by the action of an element of the Weyl
group of H x K.

As explained in [5], for quivers of this form the moment map equations
for the action of H reduce to the moment map equations for the action of
its maximal torus Ty which is the product over all k from 1 to n—1 of the
standard maximal tori in SU (k). We say that the quiver is hyperkdhler
stable if it has all «;; injective and all §; surjective after a suitable rotation
of complex structures. For quivers of the form above, this means that
pk and v¥ do not both vanish for any (i,k) with 1 < i < k < n.
Two hyperkéahler stable quivers of this form satisfying the hyperkéhler
moment map equations lie in the same orbit for the action of H if and
only if they lie in the same orbit for the action of its maximal torus 7.
We therefore get a natural map ¢ from the hypertoric variety My [Ty
to the implosion @ = M JJH, which restricts to an embedding

v QP = Q
where Q%ks = Mj}lks /| Ty and Mj}lks denotes the hyperkahler stable ele-
ments of Mp. Let Qr = «(Mp//Tx) be the image of ¢: My [/Th — Q.
The space My is hypertoric for the maximal torus Tz of H, and
Mry /)Ty is hypertoric for the torus Ty /Ty = H/H = (S*)"~!, which
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can be identified with T as in [5, §3], in such a way that the induced
action of K x T on @ restricts to an action of T' x T on @t such that
(t,1) and (1,¢) act in the same way on Qp for any ¢t € T

Indeed, by [5, Remark 3.2|, My /Ty is the hypertoric variety for T
associated to the hyperplane arrangement in its Lie algebra t given by
the root planes.

REMARK 3.12. The root planes in the Lie algebra of the maximal
torus T,y of U(n) are the coordinate hyperplanes in Lie(Ty,)) = R",
and the corresponding hypertoric variety for Ty, is H". Thus we can
identify My //Ty with the hypertoric variety

{(wy,...,wp) e H" : w1 + -+ +w,, =0}
for T = (St)n—!

4. Toward an embedding of the universal hyperkihler
implosion in a linear representation of K x T

Let £; = j(n—j). In this section we define a K x T x SU(2)-equivariant
map o from the universal hyperkéhler implosion @ for K = SU(n) to
n—1
R =H'(P',(0(2) ® (tc @ tc)) & D O(¢;) @ N CT™)
7j=1
and an associated holomorphic map & from the twistor space of @ to
the vector bundle (O(2) ® (kc ® tc)) ® D)=, L O(¢;) @ NIC™ over P'; the
first of these maps is proved to be iHJeCtIVG and the second is proved to
be generically injective in §6.
As in §3 the universal symplectic implosion (T K )imp) for K = SU(n)
has a canonical embedding in a linear representation of K x T associated
to its description as the non-reductive GIT quotient

K¢ /N = Spec(O(Kc)")

where N is a maximal unipotent subgroup of the complexification K¢ =
SL(n,C) of K (cf. [7]). The highest weights of the irreducible represen-
tations C", A2C"™, ..., A" IC" of K generate the monoid of dominant
weights, and each A/C™ becomes a representation of K x T when T acts
as multiplication by the inverse of the corresponding highest weight.
Then K¢ //N is embedded in the representation

cn D /\2(Cn D@ /\n—l(cn
of K x T as the closure of the K¢-orbit of
n—1
> v
j=1

where v; € N C™ is a highest-weight vector, fixed by N.
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Similarly, we expect the universal hyperkahler implosion for K =
SU(n) to have an embedding in a representation of K x T. In this
section we will define a map which will later be shown to provide such
an embedding.

Let
[e70] aq a2 Qn—2 Qp—1
(4.1) o=C=C*’=... =2z cCv! =2 C»
Bo B1 B2 Bn—2 Bn-1

be a quiver in M which satisfies the hyperkdhler moment map equations
for

n—1
H =[] suk).

k=1
Recalling that ag = 5y = 0, these equations are given by
(4.2) aiffi — Bircig1 = A I (0<i<n—2),
where)\;ce(Cforléién—l, and
(4.3) o — BiBi+ Bir1 By — afpoier = Ml (0<i<n—2),
where )\]ZRGRforléién—l. Then

1
(an—lﬂn—l)o - an—lﬂn—l - E tr(an—lﬂn—l)In € E(C
is invariant under the action of H, as is
((uan—1 +vBy_1)(—vay_y +ubp-1)),

for any (u,v) € C? representing an element of

sue) = { (" o)l el = 1],

where o) _; and 3}_; denote the adjoints of o,—; and 3,,—;. The same
is true of

a](-a’ﬁ) = /\j(an_lan_g caj) € ACn,
where the linear map A (qp—10—2 -+ ;) AV C/ — AC™ is identified
with the image of the standard basis element of the one-dimensional
complex vector space AJC/, and the element

U§ua+vﬁ*,—va*+u5) = N (uan_1 + 085y ) (wom—o + VB85 _y) (ua +’Uﬂ;)
of AJC" is also H-invariant for any (u,v) € C2. Note that

P! = SU(2)/S*

e~ (s -

acts on SU(2) by left multiplication, and that
(44)  (w0) = ((Uan_y + 0851 (—valy + uba 1)),

where



56 A. DANCER, F. KIRWAN & A. SWANN

defines an element of

H(P',0(2) ® tc)
whose value on a point p of P! is the value at the quiver (4.1) of the
corresponding complex moment map for the K-action on M (up to

multiplication by a non-zero complex scalar depending on a choice of
basis of the fiber O(2), of the line bundle O(2) at p). Similarly, the map

(4.5) (u,v) = uPAC FuAR —2\C
defines an element of
H(P',0(2)) ® t¢
whose value on a point p of P! is the value at the quiver (4.1) of the
corresponding complex moment map for the T-action on M (up to mul-
tiplication by a non-zero complex scalar depending on a choice of basis
of the fiber O(2),). Again this map is defined in an H-invariant way.
Finally, if 1 < j <n —1, then
(4.6)
(u,v) . O_j(‘ua-‘rvﬁ ,—va*+upf)
= N (uop—1 + 085 ) (uan_o + 08 _5) - (uaj +vp;) € ACP
defines an element of
HO(PY, O(¢;) @ NNC™).
Definition 4.7. Let ¢; = j(n — j) as before and let
n—1 '
o:Q—R=H(P,02) & (tcdtc)® PO e NCY)
j=1
be the map defined by combining (4.4), (4.5), and (4.6), above.

REMARK 4.8. The projection of o to HO(P!,0(2) ® (tc @ tc)) is the
map ¢ associated as in Remark 1.1 to the action of K x T on Q.

REMARK 4.9. Note that o is (K x T x SU(2))-equivariant when K X
T x SU(2) acts on R as described in the introduction, and SU(2) acts on
@ (commuting with the actions of K and 7T') via the inclusion SU(2) =
Sp(1) < H*. Moreover, the evaluation

n—1 n—1
op: Q = 0(2), ® (tc ® tc) & @ O(8), © NT" 2 bc & tc & @D AIC”
j=1 J=1

of o at any point p of P! is a morphism of complex affine varieties with
respect to the complex structure on @ determined by that point of P!.
Furthermore, the projection of o, to £c and to tc can be identified with
the complex moment map for the complex structure associated to p for
the action of K and of T on (), once we have fixed a basis element
for the fiber O(2),, of the line bundle O(2) at p. Of course, a choice of
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basis elements for the fibers O(¢;), of the line bundles O(¢;) at p for
all j > 1 is determined canonically by a choice of basis element for the
fiber O(1), of the line bundle O(1) at p, and so 0, determines a map
Q— ECEBQCEB@;:% AIC™ canonically up to the action of C* with weight
2 on £¢ @ tc and weight /; on NC".

REMARK 4.10. Note that if uc; + vf] is injective for each j, then
the projection of oy, onto £ = @;:11 AIC™ maps the quiver into the
Kc-orbit of the sum

n—1

> v eEVCE

j=1
of highest-weight vectors v; in the fundamental representations AJC"
of K = SU(n) for j = 1,...,n — 1. Since this condition is satisfied
by generic quivers in @), it follows that the projection of oy, onto
E = @;:11 AIC™ maps @ into the canonical affine completion

n—1
KN =FKc | ) v

j=1
Indeed, recall from [7] that K¢/ N is the union of finitely many Kc-
orbits, one for each face 7 of the positive Weyl chamber t, for K, with
stabilizer the commutator subgroup [Py, P;] of the corresponding para-
bolic subgroup P, of K¢ whose intersection with K is the stabiliser K,
of 7 under the (co-)adjoint action of K. It follows from Theorem 6.13
of [4] that if ¢ € @, then for generic p € P! the projection of op onto
E = @;L:_ll AIC™ lies in the Kc-orbit in K¢ /N with stabilizer [Py, P;]
where 7 is the face of t; whose stabilizer K, in K is the stabilizer K)
of the image \ € €@ R? of ¢ under the hyperkihler moment map for the
action of T on Q.

We will prove in §6 the following theorem.

Theorem 4.11. The map o: Q@ — R defined at Definition 4.7 is
mjective.

REMARK 4.12. It follows from Remark 4.9 that if ¢ € @, then o(q)
determines the image of ¢ under the hyperkéhler moment maps for the
actions of T and K on Q. Recall that the hyperkéhler reductions by the
action of 7" on the universal hyperkéhler implosion @ for K = SU(n)
are closures of co-adjoint orbits of K¢ = SL(n,C). In particular, the
hyperkéhler reduction at level 0 is the nilpotent cone for K¢, which
is identified in [12] with the hyperkéhler quotient M JJH, where H =
HZ;% U (k). This hyperkéhler quotient carries an SU(n) action induced
from the action of this group on the top space C™ of the quiver. We
recalled in §2 that, for any choices of complex structures, the complex
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moment map M ) H — tc for this action induces a bijection from M ) H
onto the nilpotent cone in £c, and thus the hyperkdhler moment map
M | H — £t ®R3 provides a bijection from M /JH to its image in £ ® R3.
Moreover, this image is a (K x SU(2))-invariant subset Nil(K) of ¢ ®R3
such that after acting by any element of SU(2) the projection Nil(K) —
tc given by the decomposition R?> = C @ R is a bijection onto the
nilpotent cone in #c.

We obtain an induced map ¢ from the twistor space Zg of @) to the
vector bundle
n—1
0(2) & (te @ to) @ P O;) @ NC”
j=1
over P'. Tt is the composition of the product of the identity on P! and
o from Q to R with the natural evaluation map from P! x R to
n—1
0(2) ® (tc @ to) ® P O¢;) @ NC™.
j—1
As in Remark 4.9 we see that ¢ is holomorphic and (K x T x SU(2))-
equivariant. We will prove in §6 the following theorem.

Theorem 4.13. The map
n—1 '
5: Zg — 0(2) ® (k¢ & tc) ® P O(¢;) @ NC”
j=1
18 generically injective; that is, its restriction to a dense Zariski-open
subset of Zq is injective.

REMARK 4.14. Tt follows from Remark 4.10 and (5.3), below, that
the image of & is contained in the subvariety of O(2) ® (bc @ tc) ®
@;:11 O(£;)@N C™ whose fiber at any p € P! is identified (after choosing
any basis vector for O(1), and thus for O(¢;), for all j > 1) with the
product of

{(n,&) € tc X tc : n and & have the same eigenvalues }

and the canonical affine completion K¢ /N of K¢/N. We can also im-
pose the condition provided by Lemma 3.10. The image of o satisfies
analogous constraints.

5. Stratifying the universal hyperkahler implosion for SU(n)
and its twistor space

In this section we recall the stratification given in [4] of the univer-
sal hyperkéhler implosion @ for K = SU(n) into strata which are hy-
perkéhler manifolds and its refinement in [5]. The refined stratification
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has strata Q. o) indexed in terms of Levi subgroups and nilpotent or-
bits in K¢ = SL(n,C). The latter stratification is not hyperkéahler but
reflects well the group structure of K = SU(n). These stratifications
induce corresponding stratifications of the twistor space of Q.

First of all, given a quiver we may decompose each space in the quiver
into generalized eigenspaces ker(q;8; — 7I)™ of «;83;. We showed in [4]
using the complex moment map equations (3.5) that /3; and «; preserve
this decomposition. More precisely, we have

(5.1) Bi: ker(ay;B; — 7I)™ — ker(aj—18i—1 — ()\(ZC +7)I)™
and
(5.2) it ker(oy_18i1 — (A + 7)1)™ — ker(oy8; — 71)™.

So we actually have a decomposition into subquivers. Moreover, we
showed the maps (5.1) and (5.2) are bijective unless 7 = 0.

It follows that 7 # 0 is an eigenvalue of o;3; if and only if 7+ A& # A&
is an eigenvalue of «;_108;_1. Moreover, «;08; has zero as an eigenvalue
and oy, B; restrict to maps between the associated generalized eigenspace
with eigenvalue 0 and the generalized eigenspace for «;_18;_1 associated
to AY (which could be the zero space).

One can deduce that the trace-free part X% of X = a,_18n_1 now
has eigenvalues k1, ..., kn, Where

wi= (42 4o+ G- DAL,
— (= F — (=G = DAG — = AE).
In particular, if ¢ < j, then
(5.3) Kj— K= A + A+ AT

This shows that to understand the quiver it is important to understand
when collections of A\; sum to zero.
Now we recall that

n—1
T = (s =[] Uk)/SUk) = H/H
k=1

acts on @ = M /) H with hyperkéhler moment map
fstyn-1: Q > t@R? = (R = (CoR)™!
which maps a quiver to

()‘17 s 7)‘71—1) = ()‘(Ev )‘]Fv SRR )‘S—lv )‘Hr%—l)‘
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Definition 5.4. For each choice of (A1, ..., A,—1) we define an equiv-
alence relation ~ on {1,...,n} by declaring that if 1 < i < j < n then
j—1
inj <= > N=0nR%
k=i

There is thus a stratification of (R?)"~! = t ® R3 into strata (R3)"~! =
(t®R3)., indexed by the set of equivalence relations ~ on {1,...,n},
where
RH ={(A\,..., A1) € R 1if 1 <4 < j < n then
j—1
i~j <= > N =0inR%,
k=i

Under the identification of T with (S1)"~! using the positive simple
roots as a basis for t, this stratification of (R3)"~! = t ® R? is induced
by the stratification of t associated to the root planes in t (see [4, §3]
and Remark 3.12).

We thus obtain a stratification of () into subsets Q~, which are the
preimage in ) under pyg1yn-1 of (R3)n-1,

The choice of ~ corresponds to the choice of a subgroup K. of K
which is the compact real form of a Levi subgroup of K¢; this subgroup
K. is the centralizer of pg1yn-1(q) € t® R3 for any q € Q.

We observe from (5.3) that if ¢ ~ j, then we have equality of the
eigenvalues x; and ;.

Now let Q° denote the subset of () consisting of quivers such that

Jj—1 Jj—1
D M=0inR? <= Y A =0inC,
k=i k=1
and for each equivalence relation ~ on {1,2,...,n} let Q2, denote its
intersection with Q). consisting of quivers such that
j—1 j—1
inj <= > XN=0mR® < Y AF=0inC.
k=i k=i
The full implosion @ is the sweep of Q° under the SU(2) action.

For a quiver q in Q° the equivalence relation ~ for which q € Q-
is determined by the fact that we have equality of the eigenvalues k;
and s; of the trace-free part X% of X = ay_18n_1 if and only if i ~
j. In particular, if ¢ € Q°, then (K.)c is the subgroup of K¢ which
preserves the decomposition of q into the subquivers determined by the
generalized eigenspaces of the compositions «;0;.

REMARK 5.5. Unfortunately, Q° is not an open subset of (), although
its intersection (2, with Q. is open in Q. for each ~. In fact, we
will show in forthcoming work that there is a desingularisation @ of @)
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covered by open subsets sQ° for s € SU(2) such that the image of the
open subset Q° of @ under Q — @ is Q°.

Let us now return to considering the decomposition of the quiver into

subquivers
@i,

J = I
V=V

2%
determined by the generalized eigenspaces (with eigenvalues 7,11 ;) of
the compositions «;f3;, such that

C
@i jBij = Biv1,Qiv1j = Aita
and «;; and f3; ; are isomorphisms unless 7,11 ; = 0. If for some j we
have that oy ;, 8 ; are isomorphisms for i +1 < k& < s but not for

k =i, s, then it follows that 7,11 = Tey1,; = 0, hence > 7, )\% =0,
and so since the quiver lies in ()2, we have

Z A\ =0 € R5.
k=i+1

As explained in [4] and [5], we may contract the subquivers at edges
where the maps are isomorphisms. Explicitly, if «; ; and 3; ; are isomor-
phisms (which will occur when the associated 7;41 ; is non-zero), then
we may replace

j j—1,5 j Q5 j Q41,5 j
. — — —
Vz’—l — Vi — Vz’+1 Vg2
Bi—1,5 Bi; Bi+1,j
with
j Q1,5 j Q41,5 Q5 j
— —
Vz’—l — Vi — Vz’+2v
Bi—1,j (@i,j) "Bt

and then the complex moment map equations are satisfied with
i1Bim1 = (i) T Bip1jirn iy = Ay + AL

If we fix an identification of V7, ; with V; and apply the action of SL(V; ;)
so that «; ; is a non-zero scalar multiple al of the identity, then 3; ; is
determined by o;_1j, @415, Bi—1,5, Bi+1,j and the scalars a and )\(Z-c via
the equations (3.5) (see [4] for more details).

After performing such contractions, the resulting quivers satisfy the
complex moment map equations with zero scalars. In other words, they
satisfy the complex moment map equations for the product of the rele-
vant GL(V;). In fact, because our quiver is in @°, the full hyperkéhler
moment map equations for the associated product of unitary groups
are satisfied, and the orbits under the action of the complex group are
closed.
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REMARK 5.6. We are now in the situation analyzed by the third au-
thor and Kobak [12] in their construction of the nilpotent variety, as
discussed in §2. Their results, in particular Theorem 2.1 (cf. [4, Propo-
sition 5.16]), show that each contracted subquiver is the direct sum of
a quiver where all « are injective and all § are surjective and a quiver
in which all maps are 0. Moreover, the direct sum of the contracted
subquivers is completely determined (modulo the action of the product
of the GL groups) by the elements «,_15,-1 at the top edge of each
injective/surjective subquiver. The argument of [12] shows these are
actually nilpotent.

We also observe that because ~ determines the decomposition of the
original quiver into eigenspaces, the direct sum of these nilpotents is
actually a nilpotent element of (£.)c. It coincides with X2, the nilpo-
tent part in the Jordan decomposition of the trace-free part X° € &
of X = a,_1Bn-1. (Recall that this is the unique decomposition X° =
X9+ XY where X0 and X0 in €¢ satisfy [X?, XJ] = 0 and X? is semisim-
ple while X0 is nilpotent.) Furthermore, given ~, the adjoint orbit of
this nilpotent element in (¢.)c corresponds precisely to determining the
dimensions of the various vector spaces in the injective/surjective sub-
quivers (see [5, Remarks 5.10 and 5.11]). For example, if a quiver has
all A\; = 0, then ~ has a single equivalence class, t.. = ¢, and the choice
of O is just the choice of a nilpotent orbit in £c. At the other extreme, if
no non-trivial sums are zero, the equivalence classes are singletons and
K. is a torus. The orbit O must now be zero.

To each quiver in Q° we have associated an equivalence relation ~
and a nilpotent orbit O in (¢.)c. Let Q. o) denote the set of quivers
in Q° with given ~ and O, and let Q|- o] denote the SU (2) sweep of

fw’o}. We may therefore stratify @ as a disjoint union

Q=1 Qro
~,0

over all equivalence relations ~ on {1,...,n} and all nilpotent adjoint
orbits O in (£.)c.

REMARK 5.7. Defining Q. o] as the SU(2) sweep of Q. o) in this
way, it is not clear that the strata Q. o) are disjoint. Hence in [5] a
different approach is taken in which the stratification {Q[. o} of Q is

initially indexed differently; the equivalence between the two viewpoints
is made in [5, Remark 5.13].

REMARK 5.8. The stratum Q[ o] in which a quiver lies is determined
by the values at the quiver of the hyperkéhler moment maps for the
actions on Q of K = SU(n) and T = (S')" 1.
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For the value (A1,...,An—1) of pg1)n—1 determines the equivalence
relation ~ and also the generic choices of complex structures for which
j—1 j—1
(5.9) M =0inR® < Y A\ =0inC.
k=i k=i

Moreover, for such choices of complex structures the quiver decomposes
as a direct sum of subquivers determined by the generalized eigenspaces
of the composition «a;,_18,_1, and this is given by the complex moment
map for the action of K. It follows that the Jordan type of ay,_15,_1
(for one of the generic choices of complex structures for which (5.9)
holds) determines the nilpotent orbit O in (¢.)c.

REMARK 5.10. The stratification of @ into strata Q. o) induces a
stratification of the twistor space Zq into strata (Zq)(- o)-

Let ~ be an equivalence relation on {1,...,n}, and let O be a nilpo-
tent adjoint orbit in (&.)c. In [5] we explained how quivers in Qo)
may be put in standard forms using Jordan canonical form.

As above, we first decompose q into a direct sum of subquivers de-
termined by the generalized eigenspaces of the compositions «;5;. Since
q lies in Q‘[L’O} each such subquiver is the direct sum of a quiver ql! of

the form
ol ol ol ol alil |
L gyl

where the maps oz,[g] for 1 < k < n —1 are injective and the maps 5][3}
for 1 < k < n —1 are surjective, together with quivers of the form (for

1<h<p)

o™ o
ih jh72
Ch =z Cchz...2Ch = Ch
5" (h)
ip Jh—2
in the places is. i, + 1 i — 1, where th L
places iy, +1,...,Jn , where the maps «. ", 3,7, for i, <

k < jn — 1, are multiplication by complex scalars such that ’y,(gh) =

a,(fh) + jﬂ,gh) € H\ {0}. Moreover the combinatorial data here and the
Jordan type of a;,—18,—1 for each summand (5.11) is determined by the
pair (~, O).

As explained in [5], we may use complex linear changes of coordinates
in K¢ x Hec = [[}_, SL(k,C) to put ay,—18,—1 into Jordan canonical
form and then decompose the quiver (5.11) into a direct sum of quivers
determined by the Jordan blocks of 045]_1 ﬁy[f}_l. More precisely, ag} is a
bl Al

direct sum over the set B; of Jordan blocks for a;," 8,2, of matrices of
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the form
gk g 0 0
Ik bk 0
bk e
(5.12) 0 v 0
bk bk
0 0 Vzg—n+k—1 ééz—n—l—k
o -0 0 Yy nth

for some ijk, §fjk € C* where ¢ is the size of the Jordan block b € B;,

while 5][3} is a corresponding direct sum over b € B; of matrices of the
form

0 4% 0 0 0

0 0 u¥*F 0 0
(5.13) _

00 0 W 0

0 0 - 0 0 Tl

for some ,u;” ke C*, all satisfying the complex moment map equations
(3.5). The quiver given by the direct sum over all the Jordan blocks
U ; Bj for 18,1 has closed (Hg)c-orbit. If we allow complex linear
changes of coordinates in K¢ x He = SL(n,C) x [['Z; GL(k,C) (or
equivalently allow the action of its quotient group K¢ x T¢ on Q[N,O}),
then the quiver can be put into a more restricted form which is com-
pletely determined by ay,_18,-1 and (A, ..., AC ), and hence by the
value of the complex moment map for the action of K x T on ().

REMARK 5.14. Let {ej,...,e,} be the standard basis for C". When
complex linear changes of coordinates in K¢ x Hc are used to put the
quiver in the standard form given by (5.12) and (5.13), then

/\]an_lo...oa]—

takes the standard basis vector for N7 to a scalar multiple of e1 A-- - A
e; € NC™.

Let QFNJgf be the subset of Q‘[’MO] representing quivers of the stan-

dard form described above via (5.12) and (5.13) where a,—15,—1 is in
Jordan canonical form and the summands of the quiver corresponding
to generalized eigenspaces of the compositions «;f3; (and thus to equiv-
alence classes for ~) are ordered according to the usual ordering on the
minimal elements of the equivalence classes, and the Jordan blocks for
each equivalence class are ordered by size. Then in particular we have

o o,JCF
Q[N,o} = KCQ[Mo}
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and the nonempty fibers of the complex moment map
QFNvo] — E(C @ t(C

for the action of K x T are contained in K¢ x Tc-orbits (see [5, §7 and
in particular Lemma 7.5]).

REMARK 5.15. We can also identify QF;J((;]F with an open subset of a

hypertoric variety by replacing all the £ entries in (5.13) with zero (see
[5, Lemma 7.13]).

More precisely, if a quiver q has a, maps of the form given by
(5.12) and (5.13), then we may obtain a new quiver which still satisfies
the complex moment map equations by replacing all the £ entries in
by zero. The resulting maps are denoted by o, 5T.

So if q is any quiver representing a point in Q‘[)NJ&F whose Jordan
blocks are of the form given by a; and §; as above, then we may form
a new quiver q! from q by replacing each such Jordan block with the
quiver given by oz;f and 5,{. The new quiver now satisfies the complex
moment map equations for the action of H, or equivalently for the action
of the maximal torus Ty of H.

REMARK 5.16. The subgroup of K¢ x Tt preserving the standard
form must preserve the decomposition of ¢ into subquivers given by the
generalized eigenspaces and hence must lie in (K. )¢ x T¢.

Let P be the parabolic subgroup of (K. )c which is the Jacobson—
Morozov parabolic of the element of the nilpotent orbit O for (K. )c
given by the nilpotent component of X°. In [5] we identified the group
which preserves the standard form as R[N,o} x Tc where R[N,o} is the
centralizer in P of this nilpotent element. It follows that

o ~ o0,JCF ~ 0,JCF
(517) Q[N,O} = (K(C X T(C) X(R[Nyo]XTc) Q[N7O] = K(C XR[N,O] Q[N7O] .

Moreover [P, P| N R« ) acts trivially on QF;Jg]F . If we define T} o) to

be the intersection of R|. o) with the maximal torus 7', then (1. o))c/
o,JCF

[P, P] N (T~ 0))c acts freely on QLo
The situation is summarized in the following theorem, which is The-
orem 8.1 of [5].

Theorem 5.18. For each equivalence relation ~ on {1,...,n} and
nilpotent adjoint orbit O for (K.)c, the stratum Q. o) is the union
over s € SU(2) of its open subsets SQ‘[’N o) and

o ~ 0,JCF
Q0] = Bc XRr. o) QL]

where R o) is the centralizer in (K.)c of the standard representative

&o in Jordan canonical form of the nilpotent orbit O in (¢ )c and QF;J((;]F
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can be identified with an open subset of a hypertoric variety. The image
of the restriction
Q([)N,o} — tc

of the complex moment map for the action of K on Q is K¢ ((tc)~®0) =
Kc X (k) ((tc)~ © O) and its fibers are single (T o))c x Tt )-orbits,
where (i o))c = Tc N Ry o) and (Ti o))c/ [P, PIN(Ti. 0))c acts freely
on Q‘[);Jgf. Here P is the Jacobson—-Morozov parabolic of an element of
the nilpotent orbit O for (K.)c, and [P, P]N (Ti. o))c acts trivially on

o,JCF
@0 -

6. Embeddings

In this section we will prove that the map o defined in §4 is injective
and the map & defined in §4 is generically injective.

First, consider the restriction of ¢ to the image Q7 in @) of the hy-
pertoric variety My /Ty under the natural map ¢: My /Ty — Q (see
Definition 3.11).

Lemma 6.1. The restriction of
n—1 '
o:Q—R=H'(P, (02 & (tcdtc) ®P oW eNC

j=1
to Qr = «(Mr ) Ty) is injective.
This follows immediately from the following lemma.

Lemma 6.2. The restriction to Qp = «(My }/TH) of the projection

n—1
or: Q@ — H(P',(0(2) ® tc) & P O(¢)) @ AT
j=1

of o is injective.

Proof. By Remark 4.9 we can recover the value of the hyperkahler
moment map for the action of T"on My /TH at any point from its image
under o o ¢. Since My /Ty is hypertoric, the fibers of this hyperkéahler
moment map are T-orbits, so it suffices to show that op is injective on
T-orbits in Q7.

Recall that for any ¢ € T the action on Q7 of (t,1) € K x T is the
same as the action of (1,t) € K x T. If q € Qr, then q € SQ(EN,O] for
some s € SU(2) and stratum QFN’O} with the nilpotent orbit O equal
to the zero orbit {0} in €f. Hence, in the notation of Theorem 5.18, we
have

R o =P=(K.)c and T o =T,
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and thus the stabilizer of q in T is
TNP,P=TN[K.,K.]=TnNI[K), K)]

where A is the image of q under the hyperkahler moment map for the
action of T'. Both o7 and ¢ are T-equivariant, so it is enough to show
that the stabilizer in 7" of or(q) is contained in TN [K)y, K,]. But it
follows from Remark 4.10 that the stabilizer of op(q) in K is contained
in

K)\ N (K N [P)nP)\]) = [K)\vK)\]v

where P) is the standard parabolic in K¢ whose Levi subgroup is (K))c
and whose intersection with K is K, so the result follows. In more
detail, consider a quiver q in M7 given as in Definition 3.11 by

0O --- 0 0
,/{9 0O --- 0
ar=|0 vk 0
0 0 V,'j
and
0 pb o 0
0 0 pub 0
B = 2
0o 0 --- 0 M’}z
for some v¥, u¥ € C. For every (u,v) € C? and every j € {1,...,n— 1},

its image under the composition o7 o ¢ determines the element
/\j(uozn_l +vB,_1)(uan—2 + v, _g) - (ua; + vﬁj) e NC",

where

0 0 0
uvy + vfif 0 0
uay + vy = 0 uvk +oph - 0 ;
0 0 uu,lj + vﬂg

and thus determines the product

n—1 j

H H(uulk + vfik).

k=j i=1

The action of an element t of T' 22 (S1)"~1 = H?:_ll U(7)/SU(j) repre-
sented by matrices A; € U(j) for j = 1,...,n—1 multiplies this product
by

n—1
I T det Az
k=j
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The contracted quivers associated as in Remark 5.6 to a quiver of this
form are all identically zero. Thus this product is non-zero (and hence
HZ;JI det Ay = 1if ¢ stabilizes op(q)) precisely when j+1 is the smallest
element of its equivalence class under ~. This tells us that the stabilizer
in T of op(q) is contained in [K, K] as required. q.e.d.

REMARK 6.3. We note that on the subset QO JC}F embedded in the
hypertoric variety as in Remark 5.15, the fibers Of the complex moment
map for the complex structure associated to [1 : 0] are Tg-orbits. More-
over, a straightforward modification of the above proof shows that the

composition (o7)[1.g) of o7 with evaluation at [1 : 0] € P! is injective on

Tc-orbits in QO JCF , and thus that (o7)(1.g) is injective on Q JC]F

We now turn to showing injectivity for the map ¢ on the full implo-
sion Q.

By Remark 5.8 it suffices to show that the restriction of o to any
stratum Q[ o] is injective. Indeed, we need only show that its restriction
to Q ) is injective, since if two points lie in Q[ o}, then there is some
s in S U ( ) such that they both lie in SQON7 and o is by construction
SU (2)-equivariant. We will do this by showing that the restriction to
Q‘[’N’O} of the composition oy1.q) of o with evaluation at [1 : 0] € P! is
injective, and this will also show that & is generically injective.

Proposition 6.4. For any equivalence relation ~ on {1,...,n} and
nilpotent co-adjoint orbit O in €5, the restriction
n—1
o0t Qfu o) = (Ec @ te) ® O2)1. @ EP N (C™) @ O(4)) g
j=1

to Q‘[’N o] of the composition oy1.g) of o with evaluation at [1: 0] € P! is
mjective.

Proof.
n—1
o)t Qfu o) = (Ec @ te) ® O2)1. @ P N (C™) @ O(4)) 10
j=1

is holomorphic and (K x T')-equivariant, so it is (K¢ x 1¢)-equivariant.
By Theorem 5.18

o,JCF
Q[ON7 K(C XR ~,0] Q N O]
where R|. o) is the centralizer in (K. )c of the standard representative

&o in Jordan canonical form of the nilpotent orbit O in (¢.)c. It follows

immediately from the definition of QO JC}F by looking at the projection

of o1.0) to tc ® O(2 )[1 0] that if g € K¢ and q € QO JCF

(65) 90[1:0]((:') € 0[1:0](@[;,(9} )7

and
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then g € R« o).
Proposition 6.4 now follows from the following lemma.

Lemma 6.6. The restriction of oyy.q) to QF;Jg]F 1$ injective.

Proof. As in Theorem 5.18, Q‘E;Jg]p can be identified with an open

F:]g]F with

blocks of the form (5.12) and (5.13) a quiver q7 where each fzjk in qis
replaced with zero (cf. Remark 5.15). This hypertoric variety is (up to
the action of the Weyl group of H x K) a subvariety of Q7. Moreover,
the projection (o7)(1.q) of oy1.0) to

subset of a hypertoric variety by associating to a quiver q € @

n—1

tc ® O(2)[1.0) @ EB N (C™) ® O(4;)1.9)
j=1

satisfies (07)11.01(47) = (o7)[1.0](q), so the result follows immediately
from Lemma 6.2 and Remark 6.3. q.e.d.

To complete the proof of Proposition 6.4, suppose that o(1.g(g191) =
o(1:0)(9202) where g; and go are elements of K¢ and g1 and gy are ele-
ments of Qi‘]OCF. As oy1.,) is equivariant, we have r = 91_192 € R o
as at (6.5), and hence oy.0)(9101) = 0[1:0](91792). Hence by equivariance

o(1:0)(q1) = 071:01(rq2) where both rqz and q; lie in QF;Jg]F, so Lemma 6.6
shows that q; = rqo and thus that g1q; = g2qo, as desired. q.e.d.

This completes the proof of Theorem 4.11. Moreover, since the map

n—1
5: Zg — 0(2) ® (k¢ ® tc) ® P O(¢;) @ NIC"
j=1

is compatible with the projections to P! and is SU(2)-equivariant, it
follows immediately from Proposition 6.4 that & is injective on the dense
subset of Zg = P! x Q which is the union over all (~, O) of the SU(2)-
sweep of {[1 : 0]} x Q. o In particular ¢ is injective on the dense
Zariski-open subset of Zg = P! x Q which is the SU(2)-sweep of {[1 :
0]} x QFN’O} where ~ and O are such that ¢ ~ j if and only if ¢ = j and
O = {0}. Therefore the proof of Theorem 4.13 is also complete.

REMARK 6.7. It follows from [5, Remark 3.4 and §7] that the image
of 0: Q — R is the closure in R of the Kc-sweep of the image o(Qr)
in R of the hypertoric variety My /Ty associated to the hyperplane
arrangement in t given by the root planes (see Definition 3.11, above).
Here 0(Qr) = o(«(Mr/)TH)) where the composition o o v: M7 ))Ty —
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R takes a quiver of the form

0 e 0 0

vE0 0

ap — 0 Vg 0

0 0 v

and
0 ub 0 0
0 0 uk 0
B = >

O 0 --- 0 Mﬁ

to the section pK—I—pT+E?:_11 p;j of (9(2)@({%@@’&@)@@?:—11 O(t;))@NC"
where

pic(11,0) = pr(u,0) = (an_1 +vB5_1)(—vas_y +uB 1)),

0 0 . 0
(w ™t o) x
0 ~—n—1 n—1 0
_ (oo™ +upl™)
0 0 (w3 + i) X
(—oipZy +upy—q)
n—1 -1 —n—1 —n—1 -1
B Z (w0 +op ) (=o' +up )In
i=1 n
and
n—1 7
pi(u,v) = H H(uyf +of)ej i A Nen
k=j i=1
where ey, ..., e, form the standard basis for C".
For any p € P! the projection to
n—1 ' n—1 '
o), e Ner = Hnaicr
j=1 J=1

of the evaluation o, of o at p takes Qr to the toric variety Tcv where
vE @;:11 AIC™ is the sum v = Z?:_ll vj of highest-weight vectors v; €
AIC"™. Moreover, if B = TeN is the standard Borel subgroup of K¢ =
SL(n,C) and N = [B, B] is its unipotent radical which fixes the highest-
weight vectors v;, then this projection also takes the closure BQr of
the B-sweep of Qr to Bv = Tgv. Thus this projection of o, takes
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Q = KcQr = KBQT to the universal symplectic implosion
n—1
KTev = Koo € @) nice.
j=1
Furthermore, o, takes Qr (respectively BQr) birationally into the sub-
variety tc & Tcv (respectively n @ tc & Tev 2 n @ 0,(Qr)) of

n—1 n—1
te®te @ @PNC" = 0(2), @ (b © tc) ® P O¢), ® AT,
j=1 =1

where n is the Lie algebra of N and {¢ is embedded diagonally in £c ®{c,
while n @ t¢ is embedded via (§,n) — (£ +n,n).

Since @ = KcQr = KBQr and BQr is (T)-invariant, we get a
birational K x T-equivariant surjection

K XTBQT — Q

Similarly, the twistor space Zg of @ is the closure in P! x R of the K¢-
sweep of the twistor space Zg, of the image ()7 in R of the hypertoric
variety My /) Tr. We have

Zo = Kc2g, = KBZq,,

and there is a birational surjection
K XT B ZQT — ZQ.

Moreover, ¢ restricts to T-equivariant birational morphisms
n—1

lzq, 1 Z2or = O(2) @tc ®Tcv C O(2) ® (tc S te) @EBO )@ A C"
j=1

and 5|W: BZg, — 0(2) @ (n & t¢) & Tev. Thus the twistor space

T
Zq is birationally equivalent to K x7 ((O(2) ® n) & Zg,.).

7. The twistor space of the universal hyperkiahler implosion
for SU(n)

In this section we will describe the full structure of the twistor space
Zg of @ in terms of the embedding o of @ in the space of holomorphic
sections of the vector bundle O(2) ® (¢c @ tc) ® D)= LOW) ® NC”
over P! and consider the cases when n = 2 and n = 3 in detail. The
embedding o gives us an embedding oz of the twistor space Zg = Pl xQ
of @ into P! x R, where, as always,

n—1
R =H'(P',(0(2) ® (tc & tc)) & @ O(¢;) & NIT™).

i=1
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This map oz is not holomorphic; however its composition ¢ with the
natural evaluation map from P! x R to

n—1
(0(2) ® (tc @ tc)) ® P OWY;) ® AT
=1

is holomorphic and (K x T x SU(2))-equivariant (see Remark 4.9), and &
is generically injective by Theorem 4.13. Indeed, as we saw at the end of
the last section, ¢ is injective on the dense subset of Zg = P! x Q which
is the union over all (~, Q) of the SU(2)-sweep of {[1 : 0]} x Q.o

It follows that if g € @ lies in the stratum Q| o] indexed by equiva-
lence relation ~ and nilpotent co-adjoint orbit O, then we can find an
open neighborhood Uy of q in Q. o) and a closed subset By of Py of
arbitrarily small area such that the restriction of & to the open subset
(P1\ By) x Uy of Z¢ is a holomorphic embedding. Since we can choose
B, sufficiently small that there is some s € SU(2) for which s(P!\ B,)
contains the points corresponding to the complex structures i, j, k on Q,
it follows that the hypercomplex structure on ) and thus the complex
structure on Zg are determined by the embedding o.

Now consider the holomorphic section wy. o) of

2%
A TF,Q[~,O] ® O0(2)

where TE,Q[N o is the tangent bundle along the fibers of the restriction
of 1 Zg = P'xQ — P! to P! x Q[~,0]- The reasoning above allows us to
consider the restriction of wj. o) to {[1: 0]} x Q‘[L o By Theorem 5.18
this can be identified with

Ke X (k) (KL)e XRp o Q([ﬂglF)

where Q‘ENJg]F can, in turn, be identified with an open subset of a hyper-
toric variety Qr (. o) and Kc/(K+)c and (K. )c/R[. o) can be identi-
fied with co-adjoint orbits in €c and (¢~)c. The restriction of wy. o) is
now obtained from the Kirillov—-Kostant construction as in §2, combined
with the holomorphic section of

/\2T;7QT,[~,O] ® 0(2)

associated to the twistor space ZQT,[N, o] of the hypertoric variety Q7 [ o)-

Finally, as in Remark 2.11, the real structure on the twistor space Z¢
is determined by the embedding oz and the real structure on P' x R
determined by the real structure ¢ + —1/¢ on P!, together with the
real structures 1 — —7' on £c and t¢ and the real structures on AJC"
induced by the standard real structure on C".
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ExAMPLE 7.1. Consider the case when n = 2 and K = SU(2). Then
M is the space of quivers of the form

(7.2) C = C?

B
and Q = M J/SU(1) = M = C? @ (C?)* = H? (see [4, Example 8.5)).
There are two equivalence relations on {1,2}; let ~; denote the equiv-
alence relation with one equivalence class {1,2}, and let ~9 denote the
equivalence relation with two equivalence classes {1} and {2}. Then
(€~,)c has two nilpotent orbits, O; g = {0} and the orbit Oy ; of

(0 0)

while the only nilpotent orbit in (£.,)c is Oz 9 = {0}. The corresponding
stratification of Q = H? is

Q = Q[~1,(91,0] U Q[Nl’ol,l} (] Q[NQ,OQ,O]
where
Q1,000 = QFNhOLo} = {(0,0)}.

Moreover Q) | = Q‘[’NI O11] consists of non-zero quivers of the form

~1,011
Eq. (7.2) satisfying the hyperkdher moment map equations for the action
of U(1), so by Example 2.7 they belong to the K-sweep of the set of

quivers satisfying
a= <\{)8>7 8= (0 Vd)

for real and strictly positive d. The quotient of Q~, = Qv, 0, U
Q[~1,0, 4] Py the action of U(1) is the nilpotent cone in the Lie algebra
tc of SL(2,C), with the quotient map given by («, 8) — af.

Finally, Q° ] consists of the quivers Eq. (7.2) such that the 2 x 2

[~2,02,0
matrix o has distinct eigenvalues, while its sweep

Q[Nz,oz,o] = SU(2)Q<[)~2,(92,0]

by the action of SU(2) which rotates the complex structures on @) con-
sists of the quivers Eq. (7.2) such that the 2 x 2 matrix

(ua + vf*)(—va™ + up)
has distinct eigenvalues for some (and hence generic) choice of (u,v) €
C2.
Now consider the map
0:Q=H?>—=R=H'(P,O2)® (tc ®tc) ® O(1) ® C?).
The projection of o onto

H(P',O0(1) ® C* = H'(P', O(1)) ® C* = C? @ C?
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takes a quiver Eq. (7.2) to the section of O(1) ® C? over P! given by
(u,v) — ua + v~

and hence is bijective. Moreover, the projection onto H°(P!, O(2) ®
(tc @ tc)) is the map induced by the hyperkdhler moment maps for the
(K x T)-action on @, and so o embeds @ into R as the graph of this
map.

Since @ = H? is a flat hyperkihler manifold its twistor space is the
vector bundle

Zo =0 (C*a (C*)*)
over P1. We can cover P! with two open subsets {¢ € P! : ( # oo} and

{¢ € P1: ¢ # 0}, and thus cover Z¢ with two coordinate patches where
¢ # oo and where ¢ # 0 with coordinates

(. 8,¢) and (&, 5,0)
for a,& € C? and 8,3 € (C%)* related by

(=1/¢, a=a/¢, B=B/G

we have similar coordinates on O(2) ® (fc @ tc) ® O ® C2. With respect
to these coordinates the map 6: Zg — O(2) ® (tc @ tc) ® O(1) ® C? is
given by
5'(0[, 57 C) = (Oéﬁ - tr(gﬁ) 127 5047 «, C)
(see §4). Observe that where the coordinate a is non-zero (or equiva-
lently defines an injective linear map a: C — C?), then we can recover
a, B, and ¢ from 6 («, 3, (), but that 5(0,5,¢() = (0,0,0,¢) for any S.
Thus ¢ is only generically injective on the twistor space Z.
Recall from §1 that the real structure on Zg is given in these coordi-
nates by

(Oé, 57 C) = (B/E? _d/§7 _1/6)7
this is induced via the embedding oz from the real structure on P! x R
determined by the standard real structures on P!, ¢c, tc, and C2.
Finally, observe that Q[., 0, o] = QFNLOLO} = {(0,0)} and that @[, 0, ;) =
‘[°N1 0,,] can be identified with the regular nilpotent orbit in £c, and

the holomorphic symplectic form on each is obtained by the Kirillov—
Kostant construction. Moreover,

° ~ o,JCF
Q[NQ,OQ,O} = Kc XTe Q[N%Oz,o]

where Q‘[)N‘gooi o] Can be identified with an open subset of H; the holo-
morphic symplectic form on this is obtained from the Kirillov—Kostant
construction on the adjoint orbit K¢ /Tr combined with the flat struc-
ture on H. O
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ExaMPLE 7.3. Finally, let us consider briefly the case when n = 3 and
K = SU(3). We have five equivalence relations ~123, ~123,~132,~231,
and ~j 23 on {1,2,3} given by the partitions

{{1,2,35), {{1,2}, {3}, {{1,3}, {2}, {{2,3}, {13}, {{1},{2},{3}}.
The Lie algebra of (K.,,;)c = Kc has three nilpotent orbits Oja3 ; for
J =1,2,3, and the corresponding strata Q[~,,; 0,,; ;) can be described
using Example 2.8. At the other extreme the Lie algebra of (K, ,,)c =
Tc has only the zero nilpotent orbit, and the structure of the stratum
Q[~1.2.5,{0}] 18 similar to that of Q[., 0,, in Example 7.1. In between,
the Lie algebras of

(K~12,3)C = (K~13,2)C = (K~23,1)C = GL(27(C)

have two nilpotent orbits each, the zero orbit and the regular nilpotent
[}

orbit. These give us the six remaining strata Q. o] = SU(2) 0] for
each of which the open subset Q‘EN o] of @[~ o] has the form

QFN,O} = K¢ X GL(2,C) (GL(27(C) XR[N,O] Q([);{(CD’}F)

where R|_ o] is the stabilizer of O in GL(2,C) and QF;J&F can be iden-
tified with an open subset of H. &

8. More general compact Lie groups

Our future aim and the main motivation for this paper is to be able
to construct the hyperkahler implosion of a hyperkéhler manifold M
with a Hamiltonian action of any compact Lie group K. For this it
suffices to construct a universal hyperkahler implosion (7 K¢ )nkimpl of
the hyperkéhler manifold T7*K¢ (see [13]) with suitable properties. In
particular, (7" K¢ )nkimpl should be a stratified hyperkéhler space with
a Hamiltonian action of K x T where T is a maximal torus of K; then
we can define the hyperkahler implosion Mypyimpl as the hyperkéahler
quotient of M x (T* K¢ )nkimpl by the diagonal action of K.

As Guillemin, Jeffrey and Sjamaar observed in [7] for symplectic im-
plosion, it suffices to consider the case when K is semi-simple, connected
and simply connected. In this case, as was noted in §3, above, we can em-
bed the universal symplectic implosion (7% K )impl in the complex affine

space
E= Vs
well
where Il is a minimal generating set for the monoid of dominant weights;
here if @ € II then V, is the K-module with highest-weight @ and T
acts on V,, as multiplication by this highest weight. As we recalled in §3,
(T* K )impl is embedded in E as the closure of the Kc-orbit Kcv where v
is the sum ) _ ;v of highest-weight vectors v € Vi, or equivalently
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(T*K )impl = K(Tcv) where Tgo is the toric variety associated to the
positive Weyl chamber t, .

This representation £ = @ _ Ve of K gives us an identification
of K with a subgroup of [[_.r; SU(V). Theorem 4.11 gives us an em-
bedding o of the universal hyperkéhler implosion for [[ .y Ko, where
K5 = SU(V.) has maximal torus Ty, in

dim Ve —1
[[R==E'®. P OQ)e(tsdtz)cd P O))NVa).
well well j=1

We may assume that the inclusion of K in []_ K restricts to an
inclusion of its maximal torus 7" in the maximal torus [[_cy7w of
[locn Ko as KN ][] cnTw, and that the intersection €N ] (ts)4
in []_cn e is a positive Weyl chamber t; for K. Then the hypertoric
variety for 1" associated to the hyperplane arrangement given by the root
planes in t embeds in the hypertoric variety for []_ . T associated to
the hyperplane arrangement given by the root planes in [[ .yt and
thus maps into []_ . Re-

By analogy with the situation described in [7] for symplectic implo-
sion and using Remark 6.7, we expect the twistor space Z(p- Ke)hkimpl
for the universal hyperkéahler implosion (7™ K¢ )nkimpi to embed in the
intersection in P! x [Iocrr R of the corresponding twistor space for

(T*(Ilpent K=)c)hkimpr and

dim Ve —1
P! x HOPLOQR)e(tcot)o P P o) e nivy).
well j=1

Moreover, we expect the image of this embedding to be the closure of
the Kc-sweep of the image of the twistor space of the hypertoric variety
for T associated to the hyperplane arrangement given by the root planes
in t, and that the full structure of the twistor space Z(7+ ), i, fOT the
universal hyperkéhler implosion is obtained from this embedding as in

§7, above.
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