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EMBEDDEDNESS OF PROPER MINIMAL
SUBMANIFOLDS IN HOMOGENEOUS SPACES
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Abstract

We prove the three embeddedness results as follows. (i) Let
Iam+1 be a piecewise geodesic Jordan curve with 2m + 1 vertices
in R™, where m is an integer > 2. Then the total curvature of
Fomy1 < 2mm. In particular, the total curvature of I's < 47 and
thus any minimal surface ¥ C R™ bounded by I's is embedded.
Let I'; be a piecewise geodesic Jordan curve with 5 vertices in H"™.
Then any minimal surface ¥ C H"” bounded by I's is embedded.
If T's is in a geodesic ball of radius 7 in S, then ¥ C S% is
also embedded. As a consequence, I's is an unknot in R?, H?3, and
S3. (ii) Let ¥ be an m-dimensional proper minimal submanifold
in H" with the ideal boundary d-X = I' in the infinite sphere
S"1 = 9, H". If the Mdbius volume of T' Vol(I') < 2Vol(S™~1),
then ¥ is embedded. If /\7&(1") = 2Vol(S™1), then ¥ is embedded
unless it is a cone. (iii) Let ¥ be a proper minimal surface in
H? x R. If ¥ is vertically regular at infinity and has two ends,
then ¥ is embedded.

1. Introduction

To decide whether a minimal submanifold is embedded or not is one
of the significant problems in minimal surface theory. The first well-
known embeddedness theorem is given by Radé [16]. He proved that
if a Jordan curve I' in R™ has a 1-1 projection onto the boundary of a
convex domain D in a plane then any minimal surface bounded by I'
is a graph over D. In the 1970’s Tomi and Tromba [21] and Almgren
and Simon [1] showed that an extremal Jordan curve I' in R? spans an
embedded minimal surface. A curve is extremal if it lies in the boundary
of a convex domain. Moreover Meeks and Yau [12] proved that the
Douglas-Morrey solution of the Plateau problem is embedded under the
same condition.

In 1929, Fenchel [7] proved that the total curvature of any closed
curve in R? is always greater than or equal to 27 and is equal to 27 if
and only if it is a convex curve in a plane. He observed that the total
curvature of a regular curve I' is measured by the length of spherical
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image of the unit tangent vectors to I'. Fary [6] and Milnor [13] proved
independently that the total curvature of a knot in R3 is greater than
47. For minimal surfaces, it had been open for a long time whether
a minimal surface bounded by a Jordan curve with total curvature at
most 47 is embedded or not.

In 2002, Ekholm, White, and Wienholtz [4] proved the embeddedness
of any minimal surface bounded by a Jordan curve I' in R™ with total
curvature at most 47r. This gives a simple proof of the Fary-Milnor theo-
rem. Choe and Gulliver [3] generalized this result for minimal surfaces in
an n-dimensional complete simply connected Riemannian manifold with
sectional curvature bounded above by a non-positive constant and for
minimal surfaces in 7. In particular, they proved that any minimal sur-
face bounded by a Jordan curve I" in H" (S, resp.) with total curvature
less than or equal to 47 + infyex; Area(pxI') (47 — sup,ex; Area(pxT'),
resp.) is always embedded unless it is a cone. It follows that a Jor-
dan curve in H3 (Si, resp.) with total curvature less than or equal to
41 + infpey; Area(pxT') (4w — sup,cx, Area(pxT'), resp.) is unknotted.

In this paper we will prove three embeddedness results for some
proper minimal submanifolds in homogeneous manifolds. In order to
obtain embeddedness of a minimal submanifold 3, we are going to get
an estimate

Ox(p) < 2,

where Ox(p) is the density of X at p.
In section 2, we will first deal with the following two problems.

Problem 1.1. Let I'; be a piecewise geodesic Jordan curve with &
vertices in R™. What is the upper bound for the total curvature of I'y?

If k£ = 3, then Fenchel’s theorem [7] implies that the total curvature
of I'g is equal to 27. If £ > 4 is an even integer, then it is not difficult to
show that the total curvature of I'y is less than km and that kx is sharp.
We will find the sharp upper bound for the total curvature of I'y,, where
k > 5 is an odd integer. In case of this, kK = 2m + 1 for some integer
m > 2. The theorem we will prove is as follows:

TotalCurvature(T'gy,11) < 2mm.
In particular,
TotalCurvature(I's) < 4,

and thus any minimal surface 3 bounded by I'5 is embedded by [4], and
I's is an unknot in R? by [6] and [13]. This leads us to Problem 1.2 in
a very natural way.

Problem 1.2. Let I's; be a piecewise geodesic Jordan curve with 5
vertices in H" or S. If ¥ is a minimal surface bounded by I's, is X
embedded? Is T's an unknot in H3 or S‘j’r?
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We will prove the following. Any minimal surface > bounded by I's is
embedded in H". In case of hemisphere S, if I'5 is a piecewise geodesic
Jordan curve lying in a geodesic ball of radius 7, then ¥ C S7 is also
embedded. As a consequence, I's is an unknot in H? and S‘:’_.

P

Figure 1. Non-existence of a star-shaped knotted piece-
wise geodesic Jordan curve with 5 vertices in R3, H3, and
S%. (This picture cannot exist!)

Unlike [3], there is no need to assume that the total curvature of
I's C H" or S? is bounded above by a constant and additional terms. In
fact, the total curvature and the additional term including Area(pxI")
are very difficult to compute in H" or S’t. In this regard, we can see
that these results are intuitive and efficient when we consider piecewise
geodesic Jordan curves.

In particular, there does not exist a star-shaped knotted piecewise
geodesic Jordan curve with 5 vertices in R™, H", and S7 (Figure 1).
Here, n = 5 is the largest number for a piecewise geodesic Jordan curve
I',, with n vertices to be unknotted.

While these results deal with the embeddedness of a compact surface,
it was Schoen [20] who dealt with the embeddedness of a complete
minimal surface. He proved that a complete minimal hypersurface in
R™ which has two ends and is regular at infinity is embedded and that
it is actually the catenoid. He also proved that if a minimal surface in
R3 is regular at infinity then it has finite total curvature and thus it is
proper [5]. Levitt and Rosenberg [10] showed that a connected minimal
hypersurface in H" which has ideal boundary I' = S1 U S5, where 51, S
are disjoint round spheres in S"~! = 9,,H", and is regular at infinity is
the catenoid. Here, X being regular at infinity implies ¥ = X UT.

In section 3, we will prove the embeddedness of any m-dimensional
proper minimal submanifold in H" which has an ideal boundary I' in
the infinite sphere S"~! = 9, ,H" whose Mobius volume is at most
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2Vol(S™~1). The Mé&bius volume VNOI(F) of I is defined to be
Vol(T') = sup{Volz(g(I")) | g € Mb(S" ")},

where Volg(g(I')) denotes the volume of g(I') in S*~1.

Consider a 2-dimensional cone 0x1I" in R™. The total geodesic curva-
ture of I' is less than or equal to the length of the radial projection of
I" onto the unit sphere, and this length is equal to 27 times the density
of O0xTI" at 0, as shown in [4] and [3]. In view of this, we think of the
Mobius volume or the volume in a sphere as a kind of total curvature
and in this way we can obtain a suitable estimate of the density of a
minimal submanifold.

In section 4, we will deal with minimal surfaces in H? x R. H? x R
is a homogeneous 3-dimensional Riemannian manifold and is one of
Thurston’s eight geometries. In 2002, Rosenberg [18] constructed in-
finitely many disk type minimal surfaces in H? x R which are graphs
over ideal polygons in H? by generalizing the Jenkins-Serrin type the-
orem to H? x R. After that, many mathematicians have been working
on the theory of minimal surfaces in H? x R. In particular, they have
constructed many minimal surfaces in H? x R, such as the catenoid with
the vertical axis of revolution, ruled minimal surfaces, the Riemann type
minimal surface which is foliated by horizontal curves of constant cur-
vature, and vertical minimal graphs over an unbounded domain in H?
which are not necessarily convex and not necessarily bounded by convex
arcs ([14], [8], [19]). Recently Pyo [15] constructed complete annular
minimal surfaces with finite total curvature.

The last theorem we will prove is as follows: A proper minimal surface
in H? x R which is vertically regular at infinity and has two ends is
embedded.

Acknowledgments. The problems of this paper were proposed by Jai-
gyoung Choe. I would like to thank him for his precious help and en-
couragement over the years. I also would like to thank Harold Rosenberg
and Joaquin Pérez for their valuable comments on this work.

2. On minimal surfaces bounded by I'5

Let k be a positive integer > 2. A geodesic polygonal curve (we will
just use the term polygon in R™) is a piecewise length-minimizing geo-
desic curve I'y, with k vertices vo(= vg), vy, -+ ,Uk—1 such that v,y1 # v;
fori =0, --- ,k — 1. Denote I'y, by vgvy - - - vp_1. In particular, if 'y is a
closed geodesic polygonal curve, i.e. vy = vy, then we will denote it as
VU1 * + - V—-100.

2.1. Total curvature of ['; in R". Let I'; be a closed polygon in R”
with k vertices. Fenchel’s theorem [7] implies that the total curvature
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of I'3 is equal to 2x. If I'y, is simple, i.e. it is a Jordan curve, then
TotalCurvature(I'y) < k.

Here, km is sharp if k is an even integer. Consider a closed polygon
' = vovy - - - Vp_1v9 Where Veyen = vg and voqq = v1 (I' is a line segment
as a set). We can make it a polygonal Jordan curve I' arbitrarily close
to I by moving the vertices of r slightly. This implies that there is a
polygonal Jordan curve I' of the total curvature km — € for small € > 0.

The main goal of this section is to find the sharp upper bound for the
total curvature of I'y, where k is an odd integer > 5, in R"™.

In the following lemma, we will call a closed geodesic polygonal curve
with 3 vertices a geodesic triangle.

Lemma 2.1. Let A be a geodesic triangle popipapo in S~ 1. Then
Length(A) < 27.

The equality holds if and only if either {pg,p1,p2} contains antipodal
points or A = pop1papo 1S a great circle.

Proof. Suppose that {po,p1,p2} contains antipodal points. We may
assume that pg and p; are antipodal. Then pipopg is a geodesic of length
7 no matter where po lies. Therefore

Length(A) = Length(pop1) + Length(pipapo) = 2.

On the other hand, if any two points in {pg, p1,p2} are not antipodal,
then each geodesic segment of A has the length < 7. Observe that
Do, P1, p2 lie in a hemisphere. There are two possibilities: either pg, p1, po
lie in an (n — 1)-dimensional open hemisphere or completely in S*~2. If
Po, p1,p2 € S"2, then either pg, p1, p2 lie in an (n — 2)-dimensional open
hemisphere or in S"~3 for the same reason mentioned above. Even in
the worst case, in a finite step we can conclude that pg, p1, p2 lie in the
same open hemisphere unless pg, p1, p2 are contained in a great circle S.

Suppose that pg, p1, p2 lie in the same k-dimensional open hemisphere.
Let O be the origin and Ox A be the cone over A with the vertex O in
R™. Note that the length of p;p;11 is the same as the angle between line
segments Op; and Op;41, ¢ = 0,1,2. We can develop the tetrahedron
O — pop1p2 C R™ into a plane since O — pgp1p2 is flat. But to make
the tetrahedron O — popips from a development drawing described in
a plane, the angle around O must be strictly less than 27. Therefore
Length(A) < 27.

If po, p1,p2 are contained in a great circle S, then it is easy to show
that Length(A) < Length(S) = 27. Moreover, Length(A) = Length(S)
if and only if A = pgp1papo is a great circle S itself. q.e.d.

Proposition 2.2. Let py and py be points in S*~1. Let A be a geodesic
polygonal curve popipe in S which is made by adding one point p;.
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If Length(pop2) = 0, then

Length(A) < 27 — 6.
The equality holds if and only if either {pg,p1,p2} contains antipodal
points or popip2Po s a great circle.

Proof. Let A be the geodesic triangle popipapo in S*~!. Then
Length(pop1p2po) = Length(A) + Length(papo).

The conclusion follows Lemma 2.1. q.e.d.

Proposition 2.3. Let pg and p3 be points in S*~L. Let A be a geodesic
polygonal curve popipaps in S*1 which is made by adding two points
p1 and py. If Length(pops) = 0, then

Length(A) < 27 4 6.

If we further assume that each geodesic segment of A has the length < ©
and 6 < 7, then the equality holds if and only if popspipapo is a great
circle and Length(papops) < .

If 0 = 7 and the equality holds, then p1 = p3 is the antipodal point of
P2 = Po-

In general (without assumptions mentioned above), po, p1,p2, p3 lie in
the same great circle if equality holds.

Proof. Let « be the length of pops and S be the distance between pg
and po. Then we have

Length(A) = Length(pop1p2) + Length(paps)
(2.1) < (@2r-B)+«
< 2 40.

Here, (2.1) comes from Proposition 2.2. The second inequality holds
because pops is a length-minimizing geodesic.
Suppose that the equality holds. Then a = 5 + 6.
One of the following holds.
(i) If @« = 7, then py and p3 are antipodal,
(#) If a <, then Length(paps) = Length(papops) < 7.
If we further assume that each geodesic segment of A has the length < 7
and 6 < 7, then we have 0 < 8 < m, because if § = 7 then # = 0 and
Length(paps) = o = 7, and if 8 = 0 then Length(pgp1) is equal to m
from the equality condition of (2.1). That is a contradiction. Thus there
is the unique great circle S determined by py and py. Since p1 € S by
(2.1), pop1p2po = S. Together with (i7), this implies that popsp1p2po = S
and Length(papops) < m. The converse can be shown directly.
In the case § = 7, Length(A) = 3w. Therefore each geodesic segment
of A has the length .
Lastly, we will prove that pg,p1,p2,p3 lie in the same great circle
when the equality holds. There is a trichotomy.
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e If 0 < 8 < m, then we already know that there is the unique great
circle S determined by py and po and that p; € S. We only need
to consider the case (7). But in this case ps is the antipodal point
of D2.

e If B = m, then pg = p3 and py is the antipodal point of pg.

e If 3 =0, then pyg = p2 and p; is the antipodal point of pg.

For all of these three cases, we can conclude that pg, p1, p2, p3 lie in the
same great circle. q.e.d.

Before stating the general case, we are going to deal with I's C R™.

Theorem 2.4. Let I's be a piecewise geodesic Jordan curve with 5
vertices in R™. Then

TotalCurvature(I's) < 4.

Proof. Let vy(= vs),v1,v2,v3,v4 be the vertices of I's and let T' be
the tangent indicatriz of I's, that is, the spherical image of the unit
tangent vectors to I's. Then T is a closed geodesic polygonal curve (in
general, not simple) in S~ with 5 vertices p;, where p; is the unit
vector parallel to v;v;41, for ¢ = 0,1,2,3,4. It is known that the length
of pipi+1 in S”7! is the same as the turning angle around v;,; in R”
([13]). Since I's cannot have a cuspidal point, the length of a geodesic
segment of T is strictly less than 7 and thus 7T is length-minimizing.

One can make a closed geodesic polygonal curve T in S"~! with 5
vertices as follows: For two given points py and py in S*~!, T can be
identified with pop1pepspapo by adding three points p1, ps, p4.

Let the distance between pg and ps be 6. Joining Proposition 2.2 and
Proposition 2.3, we have the following inequality:

TotalCurvature(I's) = Length(7)

= Length(pop1p2) + Length(popapsp2)
(2m —0)+ (27 4 0) = 4.

IN

By a contradiction argument, we will prove that the inequality is strict.
Suppose that the equality holds. If 8 = 7, then py = p3, p2 = p4, and
moreover po and ps are antipodal points from Proposition 2.3. It is a
contradiction. Hence 6 < mw. Then the equality condition implies that
pop1p2po and popapapspo are great circles, respectively. Actually they
coincide. Denote this great circle by S. Since pgp1p2po and popapapspo
have an opposite direction, the tangent indicatrix T' = pop1p2p3papo of
I's winds S twice. Therefore I'5 is a planar curve and of rotation index
2. It implies that I's has self-intersection. But it is a contradiction. q.e.d.

The next proposition is a bridge to the general theorem about the
total curvature for a piecewise geodesic Jordan curve I'y, where k is an
odd integer > 5. For convenience, write k = 2m + 1 for m > 2.



510 S.-H. MIN

Proposition 2.5. I(m): Let 'y y1 be a closed geodesic polygonal
curve in SP1 with 2m + 1 vertices. Then

(2.2) Length(Iypmt1) < 2mm.

If the equality holds, then every vertex of I'apy1 lies in the same great
circle S. Moreover, if every geodesic segment of I'apy1 has the length
< 7, then Topy1 winds S m-times.

J(m): Let po and pay, be points in S*~L. Let Agyi1 be a geodesic
polygonal curve popy - - - Pam—1D2m which is made by adding 2m—1 points
p1,-+  pam—1. If Length(popam) = 0, then

Length(Agpm41) < 2mm — 6.

If the equality holds, then every vertex of Aoy 11 lies in the same great
circle S. Moreover, if 6 < w and every geodesic segment of Aoymi1 has
the length < 7, then pop1 - - - pampo winds S m-times.

Proof. Use the mathematical induction in m > 2 as follows:

e We already proved I(2) on the way to prove Theorem 2.4.

e If I(m) holds, then so does J(m) for m > 2.

e For two given points pp and p3 in S*~1, a closed geodesic polygonal
curve I'gy,13 is made by adding 2m + 1 points as follows: Add
two points p1,p2 and 2m — 1 points py,- - , Pamt2, respectively.
And then identify I'g,43 with pop1 - - - Pomtopo. Joining J(m) and
Proposition 2.3, we have I(m+1) in the same manner as Theorem
2.4.

q.e.d.

Theorem 2.6. Let m be an integer > 2. Let I'gpyy1 be a piecewise
geodesic Jordan curve with 2m + 1 vertices in R™. Then

(2.3) TotalCurvature(T'gy,11) < 2mm.

Proof. The tangent indicatrix T of ['y,,+1 is a closed geodesic polyg-
onal curve in S"~! with 2m + 1 vertices. By (2.2), we have

TotalCurvature(I'gm,4+1) = Length(T) < 2mm.

Since I'9;py1 is a Jordan curve, every geodesic segment of T has the
length < 7. If the equality holds, then T is a great circle S as a set and
winds itself m-times. It is a contradiction. q.e.d.

In (2.3), the upper bound 2m is sharp. Let I = VU1 * * - Vam—1Vg be a
closed polygon in R™ with 2m vertices, where veyen = vo and voqq = V1.
Take new point wvoy,, which is different from vy and ve,,,—1, in a geodesic
segment of I'. We can move vertices Vo, V2m_1, Vom Slightly to make
I a polygonal Jordan curve I' with 2m + 1 vertices. It is possible to
construct such a I' arbitrarily close to I'. Therefore there is a polygonal
Jordan curve I of the total curvature 2mm — € for small € > 0.

In particular, I's; C R™ has interesting properties as follows:
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Corollary 2.7. Let I's be a piecewise geodesic Jordan curve with 5
vertices in R™. Then any minimal surface ¥ in R™ bounded by I's is
embedded. If T's C R®, then it is an unknot.

Proof. See [4] for embeddedness, and see the Fary-Milnor theorem
([6], [13]) for unknottedness. (For reference, the latter one can also be
obtained in a different way using Theorem 4.8 in [13].) q.e.d.

Corollary 2.7 leads us to the following problem in a very natural way.

Problem 2.8. Let I';s be a piecewise geodesic Jordan curve with 5
vertices in H" or S%. If ¥ is a minimal surface bounded by I's, is X
embedded? Is I's an unknot in H? or S‘i?

In the next section, we will give an answer to Problem 2.8.

2.2. On minimal surfaces bounded by I's in H" and S’} . Let N be
an n-dimensional Riemannian manifold. The injectivity radius i(N) of
N is the largest r such that the exponential map is an embedding on an
open ball of radius 7 in T, N for all p. Observe that i(R") = i(H") = oo
and i(S") = 7.

Definition 2.9. ([2]) Let N be an n-dimensional space form. Let
I" C N be a k-dimensional rectifiable set in N and let p be a point in N
such that dist(p,q) < i(N) for all ¢ € T". Let J(p) be a radial function
on N as follows: J(p) = sinp in ", p in R™, and sinhp in H". The
k-dimensional angle AF(T,p) of T viewed from p is defined by setting

~ Vol((pxT') N S,(p))
AR, p) = T e

where S,(p) is the geodesic sphere of radius p < dist(p,I") centered at
p, and the volume is measured counting multiplicity. Clearly the angle
does not depend on p.

Note that
(2.4) AT, p) = (k + Dwr410,%1(p)-

Before stating the theorem, we will sketch models of S (see Section
3 for the H" case). Note that S™ is isometrically immersed onto the unit
sphere Sy, 3 +23+---+22 = 1 in R"™! endowed with the usual metric,
ds? = dad +da? + - - -+ da?. Let p be the distance in S” measured from
the south pole, (—1,0,---,0). Then |z| = \/2? + -+ + 22 = sinp and
d|z| = cos p - dp. We can consider S™ as R™ U {oo} via the stereographic
projection ® : §; C R""1 — R™ U {oo} of S; onto R™ U {oo} which is
given by

Ly

@(.Z'(),xl,... 71'”):(11/17... 7un) Whereui: 1 72‘:17... M.
— I
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Since ® is 1-1 and onto, there is the inverse ®~! : R” U {oc} — S; such

_ r2-1 _ 2uy .

that (ub"' 7un) = (x())xl)"' 7$n) where Ty = 231 T; = 12+;27 1=
1. . 4d

1,---,n. Then ®~! induces on R"U{oo} the metric ds} = ﬁ where

ds? = du? + - -+ + du? is the Euclidean metric and r? = u? + -+ + u2.
Note that
2r

sinp = ——, p = arcsin

dr= tl
T2 and r = cot 5 p.

1+r2
To estimate the density, we need the following proposition.

Proposition 2.10. ([3]) (Density comparison)

(1) Let T be a (piecewise) C* immersed closed curve in S.. p € S"
such that dist(p,T') < 5. Let ¥ be a branched minimal surface in S}
with boundary I'. Then

(2.5) Ox(p) < O, xr(p),

unless % is totally geodesic.
(2) Let T be a (piecewise) C? immersed closed curve in H™. Let 3 be
a branched minimal surface in H™ with boundary I' in H"™. Then

Ox(p) < Opxr(p),
unless % is totally geodesic.

Proof. See [3]. The original proof in [3] only deals with a regular
C? curve I'. However, the density comparison (which is shown by using
monotonicity) at the vertex of I' can be obtained in the same manner
even though T is a piecewise C? curve. g.e.d.

The original version of the second part of Proposition 2.10 is more
powerful. It is proved for 3 which is a branched minimal surface in an
n-dimensional simply connected Riemannian manifold with sectional
curvature < —k2.

Theorem 2.11. Let I's be a piecewise geodesic Jordan curve with 5
vertices in a geodesic ball B, C S of radius r < 7. Then any minimal
surface ¥ C B, bounded by I's is embedded.

Proof. Let p € ¥ C B, C S'}. Since B, is convex, p € Conv(I'5) where
Conv(I's) is the convex hull of I's. Thus dist(p,I'5) < 5. We may assume
that p is identified with the origin in R"” U {oo} via the stereographic
projection. Joining (2.5) with (2.4) we get

(k + Dwy410x(p) < A*(T, p).
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Therefore

Lengthg((pxI's) N S,(p))
2msinp

Ox(p)

IN

1 1
- — do’
27 J(px15)NS, (p) SN P

1 1 (1472
= Z. ( T >da§
270 Jo(pxT5)NS x (0) T 2

1 1
= — “do®
270 Jo(pxT5)NS  (0) T

1
= %LeﬂgthR@(p%rs) N 51(0)),

where p* = cot % p-

There are three cases. (From now on, we will consider S} as a subset
of R™ U {oc} through the stereographic projection ®. For convenience,
we will omit @ if it is not ambiguous.)

Case I. p € ¥\ T's.

Observe that (pxI'5) N S1(0) is a piecewise length-minimizing geo-
desic closed curve with 5 vertices in the unit sphere in R™. Therefore
Proposition 2.5 implies Lengthy ((pxI's) N S1(0)) < 47. Now we claim
that the equality cannot occur. If the equality holds, then all of the ver-
tices of (pxI'5) NS1(0) lie in the same great circle S. This implies that
all of the vertices of ®(I'5) are in the plane P containing the origin and
S. Since each geodesic segment (this is not a line segment, in general)
of ®(I's) minimizes length, I's C P and thus (pxI'5) N .S1(0) C P also.
This implies that (pxT's) N S1(0) is a geodesic circle S as a set and
winds S twice. But it is a contradiction since ®(I's) is a Jordan curve.
Therefore we have

@2(})) < 2.

Case II. p € T'5 \ {vertices}.

T,I's intersects S1(0) at two points a, b which are antipodal. And thus
(pxI'5) N S1(0) is a piecewise length-minimizing geodesic curve with 5
vertices and a, b are end points of (pxI'5)N.S1(0). Proposition 2.5 implies
that Lengthg ((pxI'5) NS1(0)) < 3w. In the same manner as in the first
case, we can show that the equality cannot occur. Therefore we have

Ox(p) < g

Case III. p is a vertex of I's.

Let 6 be an exterior angle of I's at p. Then Proposition 2.3 implies
that Lengthy ((pxI'5) N S1(0)) < 27+ (7 —0) = 37 — 0. In a similar way
to the first two cases, we have
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These three density estimates complete the proof. q.e.d.
We can also prove the following in H".

Theorem 2.12. Let I's be a piecewise geodesic Jordan curve with 5
vertices in H™. Then any minimal surface ¥ bounded by I's is embedded.

Proof. The proof is similar to Theorem 2.11. g.e.d.

Corollary 2.13. There does not exist a star-shaped knotted piecewise
geodesic Jordan curve in H? or in a geodesic ball of radius < 7C Si
which consists of 5 geodesic segments (see Figure 1 in Introduction).

Figure 2. Five is critical! Existence of a knotted piece-
wise geodesic Jordan curve I'g with 6 vertices.

Proof. Note that a minimal disk in a 3-dimensional manifold bounded
by a knotted Jordan curve always has not only self-intersections but also
a branch point. It is a direct consequence of Theorem 2.12 and Theorem
2.11. q.e.d.

In Corollary 2.13, n = 5 is the critical number for a piecewise geodesic
Jordan curve I';, with n vertices to be unknotted. It is not difficult to find
a knotted piecewise geodesic Jordan curve I'¢ with 6 vertices (Figure 2).

3. Embeddedness of proper minimal submanifolds in H"

Let us sketch two models of hyperbolic space H™. First, H" is isomet-
rically immersed onto the hyperboloid H, —a:% + a:% +o k22 = 1,
xo > 0, in R™! endowed with the Minkowski metric, dsﬂ% = —dw% +
dz? + - + da2, which is denoted by L""!. Let p be the distance in

n’

H" measured from (1,0,---,0). Then |z| = \/2}+--- + 22 = sinhp
and d|z| = coshp - dp. Second, one can consider H" as the unit ball
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B" = {(u1,- -+ ,up)|ud +---+u2 < 1} C R"™. Define a mapping ¥ : H C
Ll — B™ C R" by

T
1+ zp’
Actually V¥ is known as the stereographic projection of H onto the unit
ball in the hyperplane {zy = 0}. Since ¥ is 1-1 and onto, there is the

\Il(x()’xlj..-71'”):(’“17...7'“”) Whereuj: 22177n

inverse ¥~ : B® — H such that (uy,--- ,up) = (29,21, -+ ,2,) where
2 . . _1 . .

To = %, T; = 12_“;2, i=1,---,n. Then ¥~! induces on B" the metric
4dsﬂ2§

ds? = =2 where ds? = du? + - - - + du? is the Euclidean metric and

7?2 =u? +---+u2. Such a ball B" is called the Poincaré ball, one of the
models of H"™. Note that

2r 147 1
m,p:bgm, andT:tanhip.

If we employ the Poincaré ball, then the ideal boundary 0,3 of ¥ C
H" is defined to be the set of all accumulation points of ¥ in S*~!. Here

OsoH™, the ideal boundary of H”, is identified with S”~!.

sinh p =

Definition 3.1. Let I" be an (m — 1)-dimensional submanifold in an
n-dimensional Riemannian manifold M and let p be a point of M. The
m-dimensional cone over I' with the vertex p is defined as the union of
the geodesic segment from p to g, over all ¢ € I', and is denoted by pxTI.

From now on, Volg(I') denotes the volume of T' in S"~! C R™. In
particular Volg(S™™ 1) = mw,,, where w,, is the volume of the m-
dimensional unit ball in R™.

Proposition 3.2. (Density estimation) Let I' be an (m — 1)-
dimensional compact submanifold of S"~ 1. Let ¥ be an m-dimensional
proper minimal submanifold in H™ with 05X =T C S*1 = 0, ,H" and
let q be a point of ¥. Let ¢ be an isometry of H" such that ¥ (q) =
(1,0,---,0) € H in the hyperboloid model of H". Then

(3.1) mwmOs(q) < Volg (),

where T denotes the ideal boundary of ¥(X). If the equality holds, then
3 =gxT.

The properness of ¥ in Proposition 3.2 can be replaced by the hy-
pothesis that ¥ =X UT.

Proof. Let G(x) be Green’s function of H", whose derivative is
sinh!™" z for 0 < & < oo, where z is the distance from a fixed point in
H™. Choe and Gulliver [2] proved that if 3 is an m-dimensional mini-
mal submanifold of H" and ¢ € 3, then G o p is subharmonic on ¥\ {¢}
and is harmonic except ¢ if ¥ is a cone with the vertex ¢. That is,

AsG(p) = m cosh p

B 2
Snh™ p (1—1|Vspl?) =0,
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where p(+) is the distance from ¢ in H".

Let B,(q) denote the geodesic ball in H" of radius r centered at q.
Integrate AxG(p) over ¥ N Br(q) \ Bc(q) for small € > 0 and large R
and then apply the divergence theorem. Since O(X N Br(q) \ Bc(q)) =
(XN 09Bc(q)) U(XN0OBR(q)), it implies

0< / AxG(p) :/ VzG(p)-V—i-/ VsG(p)-v,
YNBr(q)\Be(q) YNOBe(q) ENOBR(q)

where v is the outward unit conormal vector to X.
Recall that VxG(p) = sinh! ™" p - Vyp. Hence

1 dp 1 ap
$NOB.(g) Sinh pov $NABg(q) Sinh pOv
Along ¥ N 0B(q), % — —1 uniformly and
Vol(X N 0B,
° ( — (@) — mw,Ox(q) ase— 0.
sinh €
It follows that
1 ap
lim —— = —Mw;,, 0 )
=0 J5naB.(q) sinh™ =1 p Ov =(q)
Then (3.2) yields
1 dp

(3.3) mwnOs(q) < /

SNOBr(q) Sinh™ " p v

Let us write do™ as the hyperbolic volume form of ¥ N9Br(q) in the
hyperboloid and Poincaré ball model in common. Since |%| <1,

/ 1 dp < / 1
Sn0Br(q) S p OV T Jsnopp(g) sinh™p

On the other hand, we can obtain some interesting equalities as fol-
lows:

m—1
/ 1 g = / L) g
$M0Bx () SIh™ " p P(S)NOBR((2) \ VT — 1

Lo (55) 0o
— o
PNOBRe(0) T\ 2

1
rm—l

(3.4) = do®,

/w@)maém 0

where R* = tanh R, Bp+(0) is a geodesic ball in B® C R” centered at
the origin, and do™ is the volume form of /(%) N dBg-(0) in R". The
last equality holds because ds[QHI is conformal to ds[%&.

Note that the last integral equals just Vol(1)(X) N dBg+(0)) divided
by R*™ ! In fact it is the volume of the radial projection of (%) N
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dBpr+(0) in R" onto S"~!. And it converges to Volg (dseth(X)) as R* — 1,
that is, as R — oco. Hence from (3.3) and (3.4) we have (3.1).

If equality holds, then AxG(p) vanishes on the whole ¥ with respect
to the fixed point ¢ € X. It implies that [Vyp| =1 on X. Let s € ¥ and
let v be a geodesic such that v(0) = ¢ and (1) = s. Then /(1) € T,X
for all s € ¥ because Vxp € T2, It then follows that 3 is a cone with
the vertex gq. q.e.d.

Definition 3.3. Let I' be an (m — 1)-dimensional compact submani-
fold of S*~!. Let Mob(S™ ') be the group of all M6bius transformations
of S*~1. The Mébius volume of T' is defined to be

Vol(I') = sup{Volg(goT)|g € Mob(S" 1)}

Remark. According to the definition of Li and Yau [11], the M&bius
volume of T" is the same as the (n— 1)-conformal volume of the inclusion
of T into S"~1.

Proposition 3.4. Let T’ be an (m — 1)-dimensional compact sub-

manifold of S*~*. Then Vol(I') > mwy,. And equality holds if T is an
(m — 1)-dimensional sphere. In particular, if T is a closed curve in S?,

then %I(F) =27 if and only if T is a circle.

Proof. Let p be a point of I'. There is ¢, € M&b(S"™!) fixing p and
corresponding to the homothety @, in R"~! which is defined as @, () :=
Z. Then @(I') converges to an (m — 1)-dimensional great sphere as e

goes to 0. Therefore Vol(I') > mwy,.

Let I" be an (m — 1)-dimensional sphere. Since the Mobius trans-
formation of S™1 maps the spheres to the spheres, obviously we have
Vol(I") = mwyy,.

Let T be a closed curve in S2. We only need to prove that if Vol(T') =
27 then I' is a circle. If I' has a self-intersection then we can take a
closed embedded subarc v from I' and clearly Vol(y) < Vol(T"). Thus it
is enough to consider an embedded I' of length < 27. Then I lies in a
closed hemisphere by Horn’s theorem [9].

Suppose I is not a circle. Let D1, Dy C S? be the domains bounded
by I'. Then there is a largest circle S; in Closure(D;), i = 1,2, such
that T'N.S; consists of at least two points. Choose ¢ € Mo6b(S?) in such
a way that ¢(S1) and ¢(S2) become two parallels of equal latitude in
the northern and southern hemisphere, respectively. Let A C S? be the
annulus between ¢(S7) and ¢(S2).

Now we claim that no closed hemisphere in S? can contain o(T).
Suppose, on the contrary, that ¢(I") lies in a closed hemisphere U. Since
©(I") is not null-homotopic in A, U N A cannot be simply connected,
and so JU lies in A and is not null-homotopic in A. Moreover, assuming
that p(S1) C U, we have U N ¢(Ss) # () since ' N S; # () for i = 1, 2.
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However, we should note that QU intersects ¢(S;) only at one point, for
i = 1,2. But this contradicts the hypothesis that I' N.S; consists of at
least two points.

Therefore no closed hemisphere in S? can contain ¢(I') and hence it
follows from [9] that Vol(¢(I')) > 2m. This is a contradiction to our

hypothesis Vol(I') = 27, and thus we can conclude that I' is a circle.
q.e.d.

__The following is a non-trivial example of a Jordan curve having
Vol(T') < 4.

Example 3.5. Let S and ST be great circles in S? and let p; and
p2 be the intersection points of S and S+. We can choose four points
pij different from p; and py as follows: p;; € S, dist(p;,pij) = € < 5,
and p1; and po; are antipodal for 7,5 = 1,2. Then we have new piece-
wise smooth Jordan curve I' from S U S+ removing length-minimizing
geodesic segments connecting p;; and p;» and adding semi-circles S; of
length 7 with the end points p;; and ps; which intersect S at a right
angle for 4,7 =1, 2.

Let ¢ be any Mobius transformation of S?. Then S and S; remain
still part of circles under ¢ and the intersection angle between (.S) and
©(8;) is § from the conformality, j = 1,2. It is not difficult to show
that

Length(o(51)) 4 Length(y(52)) < 27

and thus Length(p(T")) < 4. It follows that \751(F) < Am.
Theorem 3.6. Let ' be an (m—1)-dimensional compact submanifold
of S"~1. Let ¥ be an m-dimensional proper minimal submanifold in H"

with O = T'. If %I(F) < 2mwn,, then ¥ is embedded. If Vol(I') =
2mwm,, then ¥ is embedded unless it is a cone.

Proof. Let p be a point on ¥ in H". In accordance with Proposition
3.2,

(3.5) mwmOs(p) < Volg(I).

Let Isom(H") be the group of all isometries of H". Let Méb(B") be the
group of all Mobius transformations of B". Then (Chapter 4 in [17]),

Tsom(H") o~ M&h(B") ~ Msb(S" ™).

Given ¢ € Isom(H"), we may consider it as in Mob(S"~!). Then it
follows that

(3.6) Volg(I') < Vol(T') < 2mwp,.
Therefore combining (3.5) and (3.6), we have
Ox(p) <2,

and hence ¥ is embedded.
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If %I(F) = 2mwy,, then Ox(p) < 2 for every p € 3. Let ¢ € ¥ be a
point of density 2. Since equality holds in (3.1), then it is a cone with
the vertex ¢. This completes the proof. q.e.d.

4. Embeddedness of proper minimal surfaces in H? x R

Proposition 4.1. Let ¥ be a complete minimal surface in H? x R
and p € X. Let p be the distance from p in H? x R. Then

Axlogp >0
on X\ {p}.

Before proving Proposition 4.1, we will determine the Jacobi fields
along a unit speed geodesic in H? x R. In this section we use the Poincaré
disk model of H?,

H? = {(u1,us) € R?r? = u? +ud < 1}.

As the product space, H? x R has the coordinates (u1,us,z) endowed
with the metric
4(du? + du?)
(1—r?)?
where (uy,u2) € H? and z € R. Let p be a point in H? x R and ~
be a unit speed geodesic in H? x R emanating from p with 7(0) =
p and v'(0) = v € TPH2 x R. Since H? x R is a homogeneous space,
there exists the isometry ¢ of H? x R so that o(p) = 0 and dp(v) =
(¢,0,v1—14c%) =: w for some ¢ € [0, 3]. For convenience denote by
the geodesic ¢ o, i.e. v(0) = 0 and 7/(0) = w.
To find the geodesic v explicitly, recall the geodesic equation as fol-
lows:

ds? = + dz?,

(4.1) Z Thi(t) =0, k=1,2,3.
t,j=1

Since the Christoffel symbols of the Riemannian connection are given
by

3
1
k Kl .
Fij = ; 59 (gil,j + 91 — gij,l)v 17, ke {17 273}7
we have

2
I‘11 = I‘21 = F%z = —F22 - 12%’
(4.2) I3, =T, =T} = T} = 2%,

I‘ZzO if 3 € {i,j,k}.

It is a well known fact that the canonical projections of a geodesic in the
product Riemannian manifold are also geodesics. In particular, a pro-
jection of v onto the horizontal totally geodesic plane in H? x R is also
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a geodesic. Therefore () = 0 because the only geodesics emanating
from the origin in H? are the rays. Putting (4.2) in (4.1), we get

{71()+P11(’Y1())2 = 0,
’Yg() = 0.

With the given initial conditions, one may obtain as follows:
~(t) = <tanhct,0, 1— 462t> .

Lemma 4.2. The Jacobi field along v with the initial condition J(0) =
(0,0,0) and J'(0) = w(0) in H? x R is given by

wQ<t>,tW3<t>> ,

sinh 2c¢t

(4.3) J(t) = { twi(t), 5

( )) is a parallel vector field along ~ with

7

where w(t) = (w1 (t),ws(t),w
V'(t) - w(t) =0 and |w(t)]

Proof. We derive the Riemannian curvature tensor of H? x R using
that of H? as follows:

2 \2 .
R b= (m) (_5Zk5]l + 5]k5ll) v 40k =12,
! 0, otherwise.

Since 7, (t) = 0, the Jacobi equation

3
+ > Ry (0w (0)J;(6) =0, 1=1,2,3,

i,5,k=1

becomes
J1"(t) = 0,
Jo" (t) + Riyy - (' (8))?J2(t) = 0,
Jgu(t) = 0.

2
Along the geodesic 7, R2,, - (m'(t)? = — ( 2 ) (el = x2))2 = —4c?.
Solving the equation

Jl//(t) — 0
JQ//(t) — 4C2J2(t) = 0,
J3" (t) =0

with the given initial conditions J(0) = (0,0,0) and J'(0) = w(0), we
can obtain (4.3). q.e.d.

Lemma 4.3. ([2], Lemma 2) Let f be a smooth function on an n-
dimensional Riemannian manifold M and ¥ an m-dimensional sub-
manifold of M. Let V and /\ be the connection and Laplacian on M
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respectively, and Ay, the Laplacian on X. If H is the mean curvature
vector of X in M, then

(4.4) DAsf=@BHE+Hf~ Y. Vf(Eaa),

a=m+1

where H f is the directional derivative of f in the direction of the mean
curvature vector H and €y, 41, -+ , €, are orthonormal vectors which are
perpendicular to 2.

Proof of Proposition 4.1. Let « be a unit speed geodesic emanating
from 0 and S, (0) be a geodesic sphere of radius p centered at 0 in H? x R.
It is convenient to use the exponential coordinates (p, ¢,6), where ¢ is
the angle between 7/(0) and the z-axis in ToH? x R and 6 is the angle
around the z-axis. Note that cos ¢ = v/1 — 4¢? and hence 2¢ = sin ¢. In
terms of ¢ one can rewrite y(¢) and J(t).

There are globally defined coordinate vector fields corresponding to
these coordinates. Now define new vector fields {V1, V4, V3} to be parallel
to the above-mentioned coordinate vector fields on a neighborhood of
q =7(p) € S,(0) such that

V; =+ (p)=—, V;-V;=0
1(q) =7 (p) o’ f
and
sinh(psin
Vil=1, Val=p, [v3| = Sbipsing)
sin ¢

By Lemma 4.3 and the minimality of ¥, (4.4) yields
(4.5) Aglogp = Alogp — v’ log p(n,n) = v log p — v’ log p(n,n),

where n is the unit normal vector field of ¥ in H? x R.
Let {h;;} and {Ffj} be the metric and Christoffel symbols correspond-

ing to the vector fields {V;}. If F' is a smooth function on H? x R, then
the Hessian of F' satisfies

(4.6) F(V;, V) —TEF).

Zﬁ\/— i

Rewrite the metric {h;;} by the matrix form,

1 0 0
hii)=| 0 p? 0
( J ) 0 0 sinh?(psin ¢)

sin? ¢
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In the case that F' = log p, two out of the three directional derivatives
vanish. Substituting {h;;} into (4.6), we get

i ((tog p)iy = Thlog o)), i =i =1,

2
Vlogp(Vi, V;) = otherwise

ﬁ (—lej(log P)l) ;

Hence it is enough to compute the terms {fllj} If ¢ # j then lej =0.
The only non-zero terms are

Ty =—%ha1 =—p,
{ fég _ —%h33,1 _ _sinh(psin(é?;;sh(psin(j))‘
Therefore
Vlogp(Vi, Vi) = 5 ((ogp)us — Thi(logp)r ) = — &,
Vlogp(Va, Vo) = —75Thy(log p)1 = 1
v log p(V3,V3) = —hi%fég(logp)l = %sin(bcoth(psin o).

In conclusion, the Hessian of log p in H? x R is obtained:

-1 0 0
1 0 1 0

(4.7) v logp=—-
P . .
0 0 psin¢coth(psing)

Putting n = (n1,n9,n3) and applying (4.5) together with (4.7),

p*Aslogp = p?- (trvz log p — v log p(n, n))
= (1 —n?)psin pcoth(psin ) — (n3 —n?).

Now we claim psin¢coth(psing) > 1. If we define f(s) = scoths,
0 < s < pthen f'(s) = coths — —2 sinh s - cosh s — s). Since

=_1_ (
sinh? s sinh? s
% (sinh s-cosh s —s) = cosh2s—1 > 0 and lim,_,o(sinh s-cosh s —s) = 0,
f is a monotonically increasing function. Since limg_, f(s) = lims_o s -
e‘+e”
eS_@*S

= 1, one can conclude f(s) > 1. Hence
pP’Aslogp>1+n?—(n3+n3)>1+n2—|nf>=n}>0.
q.e.d.

Remark 4.4. If the equality holds in Proposition 4.1 at a point
g € X then either n = (0,0,1) or both n; and sin¢ at ¢ vanish. In
particular, if 3 is a totally geodesic vertical plane containing p and ¢,
then n = (0,0,1) at any ¢ € ¥ and thus Aylogp = 0 on X, and vice
versa. Note that sin ¢ vanishes at ¢ if and only if ¢ lies in the vertical
geodesic through p in H? x R.
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Definition 4.5. Let IIj be a totally geodesic vertical plane in H? x R
such that IIp = {(uy,u2,2) € H? x Rlug = 0}. A surface ¥ in H? x R is
a horizontal graph of a function f over II if

Y= {(u17u2vz) € H2 X R|(102 = f ((1017903)}7
where o = (¢!, 02, ©?) is an isometry in H? x R such that o(II) = I.

Definition 4.6. Let ¥ be a complete minimal surface in H? x R. ¥
is said to be vertically reqular at infinity in H? x R if there is a compact
subset K C H? x R such that

1) ¥ ~ K consists of k components X1, -+, Xg;

2) each ; is the horizontal graph of a function f; over the exterior of a
bounded region in some totally geodesic vertical plane II; ~ HxR;

3) each f; has the following asymptotic behavior for r large and o >
0:

1 1
fi — 0, 8x1f2 = O <—> — 0, and 8Z1f2 = O <T> — 0,
ro sinh ™% r

as r — 00, where x;, z; are the coordinates on II; ~ H x R and r
is the distance from (0,0) € II;.

We call these ¥; the ends of X.

Remark 4.7. Schoen [20] defines the following. A complete minimal
surface ¥ C R? is said to be regular at infinity if there is a compact
subset K C X such that ¥ ~ K consists of r components Yy, -« , >,
such that each 3; is the graph of a function f; with bounded slope
over the exterior of a bounded region in some plane II;. Moreover, if x;
and xo are coordinates in II;, we require the f; to have the following
asymptotic behavior for r = |z| large:

c1x CoOT _
fi(:n):alogr+b+%+%+0(r 2)

for constants a, b, ¢1, co depending on 1.

As the distance r from the origin, (0,0) € II;, goes to infinity, f;
is dominated by logr. It comes from the profile curve of an end of a
catenoid in R3. Note that logr — oo as r — 00, so ¥ goes apart from
lofr —0asr — oo, X tends to
approach a plane. In other words, the radial projection onto S? of the
intersection of ¥ and a geodesic sphere of radius p converges uniformly
as p — 0o to an equator, with multiplicities, of S2.

any plane parallel to II;. However, since

But in H2 x R we have a different situation as follows:

H? x R is not isotropic and homotheties are not isometries. So
the behaviors of the components of a minimal surface outside a
compact set in H? x R are different depending on whether they are
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vertical, horizontal, or mixed. In this section we deal with only the
vertical cases.

The following theorem is the main result of Section 4.

Theorem 4.8. Let ¥ be a proper minimal surface in H? x R. If &
is vertically reqular at infinity in H? x R and has two ends, then ¥ is
embedded.

Proof. Let p be a point in ¥ and p(-) = dist(p, -) in H? x R. Since ¥ is
proper in H? x R, though p is not in K, we can find new compact subset
K c H? X R satisfying all conditions in Definition 4.6. For convenience,
denote K by K, i.e. without loss of generality we may assume that
p € K. Since H? x R is homogeneous, we may also assume that p =
(0,0,0) € H? x R.

By definition, each ¥; is the horizontal graph of the function f; over
the exterior of a bounded region in II;. Let x;, z; be the coordinates on
II; ~ H x R and let p; = (0,0) with respect to these coordinates. Then
we can assume that p; € H? x {0}. Let ¢; be the isometry in H? x R
such that ¢;(I1;) = I, @;(p;) = p € H2 x R, and ¢; preserves the R-
axis. Let S, (p;) be the geodesic circle of radius r centered at p; on II;.
Define C*(p;) to be

Put K" = KUC"p,)UCH(py). The fact that f; — 0 as r — oo implies
that for sufficiently large r there is h > 0, which does not depend on r,
such that ¥ ~ K consists of only two connected components of X. If
necessary, we can enlarge K since 3 is proper. Furthermore, we consider
> N OCH(p;) as a horizontal graph over S, (p;).

Integrating Ay logp in ¥ N K" ~ B.(p) and applying the divergence
theorem gives

1 1
/ Aglogp:/ —@4_/ 10p
SAKR~Be(p) SnacCk(p) POV Jsnach(ps) P OV

/ 10p
+ .
$NoB.(p) P OV

where v is the outward unit conormal vector to ¥ N K" ~ B.(p).
Near p, sinh p — p uniformly and ¥ is close to 7},X. Hence

Vol(X N 9B.(p)) — 2meOx(p)

and % — —1 uniformly as € — 0. So

10p
2m0x(p §—/ -
5(p) $NOB.(p) P OV
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Therefore
(4.8)

1 1
27r@z(p)§/ —@Jr/ —@—/ Ay logp.
snack(p) POV Jsrack(p) POV Jsnkh~B.(p)

Since dist(p;, q) < dist(p, q) for ¢ € %; sufficiently far from p, we have
r < p and hence

[
snackp) POV T Jsnack(p)

S /
ENOCTE (pi)

Parameterize ¥ N OC"(p;) by t, 0 < t < 27, as follows:

(z(t), fi(x(t),2(2)), 2(t)) = <tanh %r cost, fi(x(t),z(t)),rsint> ,

where z;(t) and z;(t) are denoted by z(¢t) and z(t), respectively, for
convenience. Then we can compute directly

l= =

1
= ~Length(2 N 9C} (pi)).

1Length(E NACk(p;))
,

_ 1/277 $ (El(t)2 + (awfz : xl(t) + 6Zfl : Z/(t))2 4 Zl(t)2
0

" (=52)°

27 1—x2 . 2 1—g2 . 2
-sint <Oz fi - (—sint) + 9, f; - cost
/ \l < 21_30*2 ) + ( 2 ﬂcfz ( 1_I*2) zfz ) +C082 t,
0 2 2

where x* is determined by an orthogonal projection of the graph onto
HZ2. From the vertical regularity of ¥,

122\ 1 ot O\
|8zfz| : < 2 > = 0 (Sinhl—i-a,r,) ) (sinhr*)

1
= 0 <7> - (14 coshr*) — 0,
sin

ity
1—22 1 1+ coshr*
Ofil ——— | = Ol—=) - |——] —0
102 il <1—:17*2> <7‘a> <1+COShT> ’
as r — 0o, where r* = log i*_’i: the distance from p; in H2.

It implies not only that X N AC?(p;) converges to S,(p;) as a set but
also that the tangent vectors of ¥ N AC(p;) converge to those of S, (p;)
uniformly. Therefore

(4.9) %Length(E NACh (py)) — %Length(ST(pi)) .

as r — oo. Note that the last equality holds because II; ~ H x R is
isometric to R2. Then (4.9) implies that for every § > 0, there exists R
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such that

1 1
/ _@4_/ —@—477 <0 ifr> R.
$naCh(p) POV Jsnachps) POV

Remark 4.4 implies that

/ Axlogp
SNK~Be(p)

is strictly positive since ¥ cannot be a union of two totally geodesic
vertical planes. Then there is §o > 0 which does not depend on r such

that

/ Ay log p > dg.
SNK}~Be(p)

If we take § < %0 then (4.8) deduces

5
27reg(p)<47r+5—50<47r+5°—50<47r.

This completes the proof. q.e.d.
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