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Abstract

A well-known conjecture of Yau states that the first eigen-
value of every closed minimal hypersurface M™ in the unit sphere
S™*1(1) is just its dimension n. The present paper shows that
Yau conjecture is true for minimal isoparametric hypersurfaces.
Moreover, the more fascinating result of this paper is that the first
eigenvalues of the focal submanifolds are equal to their dimensions
in the non-stable range.

1. Introduction

One of the most important operators acting on C* functions on a
Riemannian manifold is the Laplace-Beltrami operator. Over several
decades, research on the spectrum of the Laplace-Beltrami operator has
always been a core issue in the study of geometry. For instance, the
geometry of closed minimal submanifolds in the unit sphere is closely
related to the eigenvalue problem.

Let (M",g) be an n-dimensional compact connected Riemannian
manifold without boundary and A be the Laplace-Beltrami operator
acting on a C* function f on M by Af = — div(Vf), the negative
of divergence of the gradient V f. It is well known that A is an elliptic
operator and has a discrete spectrum

{0=20(M) <A (M) < Ao (M) <--- < A(M),--- , 1 00}

with each eigenvalue repeated a number of times equal to its multiplicity.
As usual, we call A1 (M) the first eigenvalue of M. When M™ is a minimal
hypersurface in the unit sphere S"*1(1), it follows from Takahashi’s
theorem that \i(M) is not greater than n.

In this connection, S.T. Yau posed in 1982 the following conjecture:

Yau conjecture ([Yau]). The first eigenvalue of every closed minimal
hypersurface M™ in the unit sphere S"1(1) is just n.
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The most significant breakthrough to this problem was made by Choi
and Wang ([CW]). They showed that the first eigenvalue of every (em-
bedded) closed minimal hypersurface in S"*1(1) is not smaller than
5. As is well known, the calculation of the spectrum of the Laplace-
Beltrami operator, even of the first eigenvalue, is rather complicated
and difficult. Up to now, Yau’s conjecture is far from being solved.

In this paper, we consider a more restricted problem: the Yau con-
jecture for closed minimal isoparametric hypersurfaces M™ in S"*1(1).
As one of the main results of this paper, we show

Theorem 1.1. Let M™ be a closed minimal isoparametric hypersur-
face in S"TL(1). Then

)\1(Mn) =n.

Recall that a hypersurface M™ in the unit sphere S"*1(1) is called
isoparametric if it has constant principal curvatures (cf. [Carl], [Car2],
[CR]). Let ¢ be a unit normal vector field along M™ in S"T1(1), g the
number of distinct principal curvatures of M, cot0, (o =1,...,9; 0 <
61 < --- <, < m) the principal curvatures with respect to £, and mq
the multiplicity of cot 6. Using an elegant topological method, Miinzner
proved the remarkable result that the number g must be 1,2, 3,4, or 6;
Mo = Ma42 (indices mod g); 0, = 01 + "T_lﬂ (o =1,...,9); and when
g is odd, m; = my (¢f. [Miin]).

Attacking the Yau conjecture, Muto-Ohnita-Urakawa ([MIOU]), Kotani
([Kot]), and Solomon ([Soll, Sol2]) made a breakthrough for some of
the minimal homogeneous (automatically isoparametric) hypersurfaces.
More precisely, they verified Yau conjecture for all the homogeneous
minimal hypersurfaces with ¢ = 1,2, 3, 6. However, when it came to the
case g = 4, they were only able to deal with the cases (my,ms) = (2,2)
and (1, k). As a matter of fact, by classification of the homogeneous hy-
persurfaces with four distinct principal curvatures, the pairs (mq,ms)
are (1,k), (2,2k — 1), (4,4k — 1), (2,2), (4,5), or (6,9). They explained
in [MOU] that “it seems to be difficult to compute their first eigen-
value because mone of the homogeneous minimal hypersurfaces in the
unit sphere except the great sphere and the generalized Clifford torus is
symmetric or normal homogeneous.”

Furthermore, another breakthrough made by Muto ([Mut]) showed
that Yau’s conjecture is also true for some families of nonhomogeneous
minimal isoparametric hypersurfaces with four distinct principal curva-
tures. His remarkable result does not depend on the homogeneity of the
isoparametric hypersurfaces. However, his conclusion covers only some
isoparametric hypersurfaces with min(my, ms) < 10. Roughly speaking,
the generic families of the isoparametric hypersurfaces in the unit sphere
with four distinct principal curvatures have min(mq,mg) > 10.
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Based on all results mentioned above and the classification of isopara-
metric hypersurfaces in S"*1(1) (¢f. [CCJ], [Imm], [Chi], [DN], and
[Miy]), we show our Theorem 1.1 by establishing the following

Theorem 1.2. Let M™ be a closed minimal isoparametric hypersur-
face in the unit sphere S"t1(1) with four distinct principal curvatures
and my,mo > 2. Then

Al(Mn) =n.

Remark 1.1. Cartan classified isoparametric hypersurfaces in the
unit spheres with g = 1,2,3 to be homogeneous (cf. [Carl], [Car2]);
Dorfmeister- Neher ([DIN]) and Miyaoka ([Miy]) showed that they are
homogeneous for g = 6. Thus the results of [MOU], [Kot] and [Sol1],
[Sol2] complete the proof of Theorem 1.1 in cases g = 1,2,3,6. More-
over, Takagi ([Tak1]) asserted that the isoparametric hypersurface with
g = 4 and multiplicities (1,%k) must be homogeneous. By virtue of
[MOU]J, Theorem 1.1 is true for the case (1,k). Therefore, Theorem
1.2 completes in a direct way the proof of Theorem 1.1.

Remark 1.2. For isoparametric hypersurfaces with ¢ = 4, Cecil-
Chi-Jensen ([CCJ]), Immervoll ([Imml]), and Chi ([Chi]) proved a far
reaching result that they are either homogeneous or of OT-FKM type
except possibly for the case (my,mo) = (7,8). Actually, Theorem 1.2
depends only on the values of (mq, msg), but not on the homogeneity.
Besides, our method is also applicable to the case g = 6.

Remark 1.3. Chern conjectured that a closed, minimally immersed
hypersurface in S"*1(1), whose second fundamental form has constant
length, is isoparametric (cf. [GT]). If this conjecture is proven, we would
have settled Yau conjecture for the minimal hypersurface whose second
fundamental form has constant length, which gives us more confidence
in Yau conjecture.

The more fascinating part of this paper is the determination of the
first eigenvalues of the focal submanifolds in S"*!(1), which relies on
the deeper geometric properties of the isoparametric foliation.

To state our Theorem 1.3 clearly, let us start with some preliminaries.
A well-known result of Cartan states that isoparametric hypersurfaces
come as a family of parallel hypersurfaces. To be more specific, given an
isoparametric hypersurface M™ in S"*1(1) and a smooth field ¢ of unit
normals to M, for each x € M and 6 € R, we can define ¢9 : M" —
Sn—i—l(l) by

¢o(z) = cos @ x +sinf &(x).
Clearly, ¢g(x) is the point at an oriented distance 6 to M along the
normal geodesic through x. If 6§ # 6, for any a = 1,...,g, ¢¢y is a
parallel hypersurface to M at an oriented distance 6, which we will
denote by My henceforward. If 8 = 6, for some a = 1, ..., g, it is easy
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to find that for any vector X in the principal distributions F,(z) =
{X €e T,M | AcX = cotf,X}, where A¢ is the shape operator with

respect to &, (¢g)«X = (cosf — sinfcotf,)X = %OE)ZG)X = 0. In
other words, if cot § = cot 6, is a principal curvature of M, ¢y is not an
immersion, but is actually a focal submanifold of codimension mq + 1
in S"TL(1).

Miinzner asserted that regardless of the number of distinct principal
curvatures of M, there are only two distinct focal submanifolds in a
parallel family of isoparametric hypersurfaces, and every isoparametric
hypersurface is a tube of constant radius over each focal submanifold.
Denote by M; the focal submanifold in S"*1(1) at an oriented distance
0, along ¢ from M with codimension m; + 1, and by My the focal
submanifold in S"*1(1) at an oriented distance 3 — 01 along —¢ from
M with codimension mg + 1. In view of Cartan’s identity, one sees that
the focal submanifolds M; and My are minimal in S"*1(1) (¢f. [CR])).

Another main result of the present paper concerning the first eigen-
values of focal submanifolds in the non-stable range (cf. [HH)) is stated

as follows.

Theorem 1.3. Let My be the focal submanifold of an isoparametric
hypersurface with four distinct principal curvatures in the unit sphere
S"+1(1) with codimension my + 1. If dim My > %n + 1, then

)\1(M1) = dim Ml

with multiplicity n + 2. A similar conclusion holds for My under an
analogous condition.

Recall the classification results of [CCJ] [Chi| which stated that ex-
cept for the case (my,mq) = (7,8), the isoparametric hypersurfaces in
S"+1(1) with four distinct principal curvatures are either homogeneous
with (m1,m2) = (2,2),(4,5) or of OT-FKM type. Fortunately, as a sim-
ple application of Theorem 1.3, we obtain immediately that each focal
submanifold with g = 4, (m1, mg) = (4,5) or (7,8) has its dimension as
the first eigenvalue. Subsequently, we will look into the focal submani-
folds of OT-FKM type and give their first eigenvalues.

We now recall the construction of the isoparametric hypersurfaces of
OT-FKM type. For a symmetric Clifford system {Py, - - - , P, } on R%—
i.e., P;’s are symmetric matrices satisfying P; P;+ P; P; = 20;j15—Ferus,
Karcher, and Miinzner ([FKM]) constructed a polynomial F on R?:

F: R¥ R
(1) F(z) = |z|* - 22 (P, z)?.
=0

It turns out that each level hypersurface of f = F|gu-1, i.e., the
preimage of some regular value of f, has four distinct constant principal
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curvatures. Choosing ¢ = ‘g—}t‘, we find My = f~1(1), My = f~(-1),

which have codimensions m; + 1 and mgy + 1 in S"F1(1), respectively.
The multiplicity pairs (mj, mg) of the OT-FKM type are (m,l—m—1),
provided m > 0 and l—m—1 > 0, where l = kd(m) (k =1,2,3,...) and
d(m) is the dimension of an irreducible module of the Clifford algebra
Cyn—1. In the following, we list the values of §(m) corresponding to m:

m [1]2[3[4[5[6]7]8]--- m+8
Sm) | 12448 [8]8[8] 166(m)

First, we focus on the focal submanifold Ms. If 3dim My > 2n+ 3, or
equivalently, my > %(mg + 3), Theorem 1.3 gives \;(Ms) = dim My =
2mq 4+ msy. The assumption 3 dim My > 2n + 3 is essential. For instance,
Solomon ([Sol3]) constructed an eigenfunction on the focal submanifold
M of OT-FKM-type, which has 4m as an eigenvalue. It follows that
A1(Mz) < 4m. Therefore, in the stable range 3dim My < 2(n + 1) — 2,
e, myp < %mg, A (Ms) < 2mg + mg = dim M. Only three cases are
left to estimate: m; = %mg, mp = %(mg + 1), and m; = %(mg + 2),
which are aCtuaHy (m17m2) = (17 1)7 (172)7 (273)7 (374)7 (47 )7 (5710)7
and (8,15).

Next, we will be concerned with the focal submanifold M;. Fortu-
nately, the condition in Theorem 1.3 is almost always satisfied. Actually,
the first eigenvalue of the focal submanifold M; of those OT-FKM type
can be determined completely. By analyzing the conditions m; > 1,
mo > 1, and mg < %(ml + 3), we find that there are only five cases
left, that is, (m1,me) = (1,1), (2,1), (4,3), (5,2), and (6,1). In view
of [FKM], the families for multiplicities (2, 1), (5,2), (6,1), and one of
the (4, 3)-families are congruent to those with multiplicities (1,2), (2,5),
(1,6), and (3,4), respectively, and the focal submanifolds interchange.
For the case (2,5), an effective estimate can be given by [Sol3], while
for the cases (1,2) and (1,6), the following proposition determines the
first eigenvalues.

Proposition 1.1. Let M5 be the focal submanifold of OT-FKM type
defined before with (my,m2) = (1, k). The following equality is valid:

)\1(M2) = min{4, 2+ k}

As mentioned before, Takagi ([Tak1]) asserted that the isoparametric
hypersurface with g = 4 and multiplicity (1, %) must be homogeneous.
Thus the corresponding focal submanifold of isoparametric hypersur-
face with four distinct principal curvatures and min{mj, ms} = 1 has
min{4,2 + k} as its first eigenvalue.

At last, we would like to propose a problem on the first eigenvalue of
the minimal submanifolds with dimensions in the non-stable range in
S§7+1(1), which could be regarded as an extension of Yau conjecture.
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Problem: Let M? be a closed minimal submanifold in the unit sphere
S™HY(1) with d > 2n+ 1. Is it true that

MM =d?
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also express our gratitude to Professor W. P. Zhang for valuable discus-
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2. The first eigenvalue of the minimal isoparametric
hypersurface

Let ¢ : M™ — S"T1(1)(C R™2) be a closed isoparametric hypersur-
face with g distinct principal curvatures in S"*1(1) and ¢ be a smooth
field of unit normals to M. Again, denote by E, (o« = 1,...,g) the
principal distribution on M, i.e., the eigenspace of the shape operator
A¢ corresponding to the eigenvalue cot 6, (0 < 61 < --- <8, < 7). The
parallel hypersurface My at an oriented distance 6 from ¢ is defined by
Bg: M™ — S"(1) (=7 < 0 < 7, cot O # cot b,,),

¢g(x) =cos@ x +sinfb &(x).

At first, let us prepare some formulae:
For X € E,, it is easy to see

2) (99). X = 0o —6) &

sinf,,

where X // X are vectors in R"2,
Let H be the mean curvature of M™ in S"T1(1) with respect to &.
Clearly,

g
(3) nH = Zma cot O,
a=1

m1g cot(gb) for g odd
™9 o 9_91 29 on 9—01 for g even
2 2 2 2 g

In order to estimate the eigenvalues of M, we would recall a theorem
that will play a crucial role in our work as Muto did in [Mut].

Theorem (Chavel and Feldman [CF|, Ozawa [Oza]) Let V be
a closed, connected smooth Riemannian manifold and W a closed sub-
manifold of V. For any sufficiently small ¢ > 0, set W(e) = {z €
Vi dist(x,W) < e}. Let \P(e) (k=1,2,...) be the k-th eigenvalue of
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the Laplace-Beltrami operator on V. —W (&) under the Dirichlet boundary
condition. If dimV > dim W + 2, then for any k =1,2,...

(4) lim AP (e) = A 1(V).

We will apply this theorem to the case V = S"*1(1) and W = M; U
My, the union of the focal submanifolds. By estimating the eigenvalue
Ak (M™) from below, we can prove Theorem 1.2.

Theorem 1.2. Let M™ be a closed minimal isoparametric hypersurface
in the unit sphere S"1(1) with four distinct principal curvatures and
mai, M9 > 2. Then

)\1(M n) =n.

Proof. For sufficiently small £ > 0, set

M(e) = U My.

O€[— 7 +01+e, O1—¢]

Clearly, M () is a domain of S"*1(1) obtained by excluding e-neighborhoods
of My and My from S™T1(1). Alternatively, it can also be regarded as a
tube around the minimal isoparametric hypersurface M. According to
the theorem of Chavel, Feldman, and Ozawa,

(5) lim AP, (M) = (5™ (1),

we need to estimate Af, | (M (e)) from above in terms of Ag(M™).
Let {E,M- |i=1,....mqa, a =1,...,4, €4; € Ea} be a local or-
thonormal frame field on M. Then

0 sin 6, - .
v oLl ot — . A N *€Ca,iy :1,---, s
{ae’e’ | €ai = G —g) 90)Cair @ "

a=1,... .4, 96[—%4—01—1—6, 91—5]}

is a local orthonormal frame field on M(e). From the formula (2), we
derive immediately that the volume element of M () can be expressed
in terms of the volume element of M:
sin™! 2(0; — 0) cos™2 2(61 — 6)

(6) dM(e) = sin™ 26 cos™2 204

Following [Mut], let h be a nonnegative, increasing smooth function
on [0, 00) satisfying h =1 on [2,00) and h = 0 on [0, 1]. For sufficiently
small > 0, let 1, be a nonnegative smooth function on [, 5 — 7]
satisfying

(&) n(n) = ¢y(5 —n) =0,

dfdMl.
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(ii) 1by is symmetric with respect to x = 7,

(112) thy(x) = h(3) on [n, 7]

Let fr (k=0,1,...) be the k-th eigenfunctions on M which are orthog-
onal to each other with respect to the square integral inner product on
M and Lk+1 = Span{fo, Ji,. - 7fk}

For each fixed § € [-F 401 +¢, 6; —¢], denote 7 = 7y = qﬁ(jl s My —
M. Then any ¢ € Li41 on M can give rise to a function &, : M () - R
by

D.(x) = s- (2061 — 0)) (¢ 0 ™) (),
where 6 is characterized by x € My, 0 € [-F + 61 +¢, 01 —¢]. Tt
is evident to see that ®. is a smooth function on M(e) Satlsfymg the
Dirichlet boundary condition and square integrable.
By the min-max principle, we have:

) (M) < sup 1YLl

pELR41 H<1> H% ‘

In the following, we will concentrate on the calculation of ||”V§T|”2 Ob-
cll2

serving that the normal geodesic starting from M is perpendicular to
each parallel hypersurface My, we obtain

V.3 = / A(5e) p(m)?dM () + V3.V (m)[*dM (¢).
M(e) M(e)
On the other hand, a simple calculation leads to

12c]l3 = V3:(2(01 — 0))p(m(2))>dM (e)

M(e)

- [ 91+;+€ U.(2(6 — 0))

sin™ 2(60; — ) cos™2 2(61 — 0)
sin”™ 26, cos™2 204
”‘P”% 32 2 s omy ma
2sin™" 20, cos™2 26, ( 9% Yae(z) sin™ wcos™ dx).
For the sake of convenience, let us decompose
V.|
123

o(m(x))?dodM

=1(e)+ 11(¢),

fM(a w2€) ( )2dM(E)
fM(g ¢2€ ( )2 dM(g)
4 f2€ " (h ()2 sin™ x cos™ x da

E;)
[2 72 m) sin! z cos™2 x dx
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and

fM U3 [Vp(m)[PdM (e)
fM(€ 7/)2590( ) dM (e)
We shall take the first step by claiming that

(11) ;i_I)I%)[(E) =0.

(10) II(e) =

In fact, for the smooth function h, we have a posmve number C' such
that |h'| < C. Tt follows immediately that [ty (2)| = ] WD) < 1C for

x € [n, 7]. Under the assumption min{m, ms} > 2, we deduce

T—2
2
/ (Ve (2))? sin™ z cos™ z da
2

€

4e 52
< /2 (Wh(x))? sin® x dx + / (Yh(x))? cos® z du

5 —4e

N)

COS2 x

M:\

C? [*sin?z C?
I d + —

dx
T4 s 52 4 5 —4de g2 7

from which it follows that the numerator of I(¢) in (9) approaches 0
as € goes to 0. On the other hand, the denominator of I(¢) approaches
a non-zero number as € goes to 0. Thus the claim (11) is established.
q.e.d.

Next, we turn to the estimation of II(e).
Decpmpose Vo=2Z1+Zo+ Zs+ Zy € By & Es ® E3 @ Ey, and set
ko = sinbo=6) for o = 1,...,4. Using the following identity,

sin O
(12) <V(10(7T)7X> = <V(1077T*X>7 fO?" any X € TxMﬂa
we have
IVel? =121 + |2 + 123 + | Zaf?

(13) 9 1 9 1 9 1 9 1 9
IVo(m)|" = 121" + 122 + 128" + ] Za]".
p2 12 i P2
Moreover, for simplicity, for « = 1,...,4, define
1 sin™ 2(0; — 6) cos™2 2(61 — 6
(14) Ka = / S ( 1 )gos ( 1 )de
_1+91 k
mi1 2 m2 2
— sin2e, /4 sin Z Cos :de,
sin?(2ir + 2)
(15) G = / sin™! x cos™? x dx
0

s

4
= 2/ sin™! 2z cos™? 2z dzx.
0
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Let K = max{K,}. Then combining with (8), (9), (10), (11), (13), (14),

and (15), we arrive at

o3 K, | Z, 2 2K 2
(16) tim IV 8!2 _ 2 ;zHlalla < 2K HV(P!27
=0 [ |l3 lell - 2G G el

Therefore, putting (5), (7), and (16) together, we see that
(17)

A(S™HL(1) = Tim AP, (M(2)) < lim sup

Comparing the leftmost side with the rightmost side of (17), it is suf-
ficient to complete the proof of Theorem 1.2, if we can verify the in-
equality
n+2
n

Since then, \,,+3(S" (1)) = 2(n+2) < )\n+3(M")-w, which implies
immediately that A\,+3(M™) > n. Recall that n is an eigenvalue of M™
with multiplicity at least n + 2. Therefore, the first eigenvalue of M™
must be n with multiplicity n + 2.

We are now in a position to verify the inequality (18), which is equiv-

alent to

(18) K < G.

2
(19) K, < nt

G, foreach a=1,23,4.

First, we observe that the certifications for Ko and K3 are similar; so
are those for K7 and K4. Thus we just need to give two verifications.

(i) Given 0 < x < 7, since 0 < 6y < %, it follows straightforwardly
that

4 4
Ky < 2sin? 6y / sin"™! 2z cos™? 2x dx < 2/ sin”™! 2z cos”? 2z dx = G.
0 0

Similarly, we have

4 4
Ky < 2sin® 65 / sin™! 2z cos™? 2z dx < 2/ sin™ 2z cos™? 2z dx = G.
0 0

(7i) Express K; and G in terms of the beta function B(x,y) =
2 [2 sin” @ cosY 0 df:

T §in™ 2 ms 9
(20) K, = sin26, / PER SN
0 sin®
1.2 m;—1 mo+1 m;—1 mo+2
= = B B
5 sin? 00 [ BT —, T2 0) 4+ BT —, TR,

2 1 1 1
(21) G = /2 sin™ xcos™? x dr = §B(7nl2+ , m22+ ).
0
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Using the properties of the beta function and the gamma function:
I(@)T(y)
I(x+vy)
it follows from (20) and (21) that

B(z,y) = and T(zx+1)=2al(x) foranyz>0,

T ma+2 T mi+meo
% = sin®6r - —Hrll2 ' <1 + fnzfl ) 7(n1+3n2+2 >
mi — I( s T( 5 )
Define
F(m2+2)F(M1+M2)
S(my,mo) := 2 2
( 1 2) F(m22+1)r(m1+gn2+1)
and
2 1 -1
A(my,mg) = n m

n  sin?6; mi +ma
Then it is clear that
n+ 2

22 K
(22) 1<

G — 1+S(m1,m2)<A(m1,m2).

We conclude this section by establishing two inequalities S(mq,m2) <
1 and A(ml,mg) > 2.

Lemma 2.1. The multiplicities m1, mo of the principal curvatures of
isoparametric hypersurfaces with four distinct principal curvatures with
mi, mg > 2 satisfy

S (ml, mg) < 1.

Proof. Recall a well-known result that when g = 4, m; and my cannot
both be even except for (2,2) (¢f. [Min], [Abr], [Tan]). It suffices to
estimate S(mq, m2) in the following three cases.

Case 1: When (mj, ms) = (2,2),

_rere) s
5(2,2) = T o <1

Case 2: When m1 = 2p + 1, it is obvious that

szH.(szH+1)...(m2T+l+p_1)
szJr?.(szJr?+1)...(m2T+2+p_1)
Case 3: When mq = 2p, mo = 2q + 1, for simplicity, we define

(2¢+1)"2p+2¢ - -7
¢'(p +q)! - 2v+2atl

It is straightforward to see that T'(p, q) is strictly decreasing with p for
a fixed ¢, and strictly increasing with ¢ for a fixed p. It follows that

Tp,q) <T(p—1,9)<---<T(,q) <T(1,g+1) <--- <T(1,00).

S(ml,mg) = < 1.

T(p,q) := S(m1,mz) =
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Using the Stirling Formula:
|
lim — 1,
n—00 \/2mn(2)"
we obtain that
L [(2¢ + 11?7
T(LOO) - qlig.lo (q|)3(q + 1)!24(1-‘1-2

L Qo0 gt
TR Qo' (20420t €
R
e T e
= 1.
This completes the proof of Lemma 2.1. q.e.d.

Lemma 2.1 reduces the proof of (19) for K; to proving that
A(ml, mg) > 2.

Since M™ is the minimal isoparametric hypersurface in S?*1(1), from
Formula (3), we derive that sin® 6 = $(1— ﬂ) On the other hand,

vmi+me
in our case g = 4, we have n = 4(m1 + mg) = 2(m1 + my); thus
mi—1 mi+mg+1 2
A(ml,mQ) = . . .
mi + mso mi1 + msy 1— —vm2

vmi+ma
A simple calculation shows

A(my,mg) > 2 <= ma(my +ma)® > (m3 + mymsy + my + 1),

It is not difficult to see that the following three inequalities guarantee
the right hand of the equivalence above.

3mq > 2mq + 2
3mq2 2m%—|—2m1—|—3
m§’22m1+3

Fortunately, the last three inequalities are satisfied simultaneously if
mq > 2. Thus 1+ S(mq,m2) < 2 < A(my,m2) under the assumption
min{mi, mo} > 2; equivalently, the inequality K; < "THG we required
holds true.

Similarly, Ky < "THG.

The proof of Theorem 1.2 is now complete. O

3. The first eigenvalue of the focal submanifolds

At the beginning of this section, we should investigate the multiplicity
of the dimension n — m; as an eigenvalue of the focal submanifold M;
(i = 1,2) of an isoparametric hypersurface with ¢ distinct principal
curvatures. For this purpose, we first prepare the following lemma.
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Lemma 3.1. Both M; and M, are fully embedded in S"*!(1) if
g > 3; namely, they cannot be embedded into a hypersphere.

Proof. We are mainly concerned with the proof for Mj; the other case
is verbatim with obvious changes on index ranges.

Suppose M is not fully embedded in S™T!(1); then we can find a
point ¢ € S"*1(1) such that (x,q) = 0 for any x € M;. For any p €
S"71(1), define the spherical distance function L, : M; — R by:

Ly(z) = cos™H{p,z).

Since L, is a Morse function on M; when p € S"T(1) — (M; U M3) (cf.
[CR], p. 285), we need only to deal with the two remaining cases:

(1) p € M. Since the function (z, p) can achieve 1 at z = p, the point
q cannot lie in M;.

(2) p € M. If L, is a constant, then from each point x € M;, there
exists one normal geodesic (normal to M; at x, normal to My at p,
geodesic in S"*1(1)), which connects 2 and p. Thus we can define a
smooth map f from the unit normal space of Ms at p to My by:

f:S(TﬁMg)—)Ml
E—

where x is the first intersection point of M; and the normal geodesic
starting from p along the initial direction & after & passes through
the isoparametric hypersurface M. Under our assumption, f would
be surjective. According to Sard’s theorem, this implies an inequality
mg > §(m1 +mg) —my. Obviously, this inequality holds true only when
g <2

This completes the proof of Lemma 3.1. q.e.d.

Remark 3.1. The assumption g > 3 in Lemma 3.1 is essential. For
instance, for g = 2, both the focal submanifolds of the isoparametric
hypersurface (generalized Clifford torus) are not full, but are actually
totally geodesic.

As a direct result of Lemma 3.1, the dimension n —m; (resp. n —ms)
of Mj is an eigenvalue of M (resp. Ms) with multiplicity at least n + 2.

Now, we are ready to prove Theorem 1.3.

Theorem 1.3. Let M; be the focal submanifold of an isoparametric
hypersurface with four distinct principal curvatures in the unit sphere
S (1) with codimension my + 1. If dim My > %n + 1, then

)\1(M1) = dim Ml

with multiplicity n + 2. A similar conclusion holds for My under an
analogous condition.



534 Z. TANG & W. YAN

Proof. For sufficiently small £ > 0, set
My(e) =" (1) = B:(Ma) = | My

where B.(Ms) = {z € S"t1(1) | dist(x, M) < €}, and My is the
isoparametric hypersurface with an oriented distance 0 from M;. Notice
that the notation My here is different from that we used before.

Given 0 € (0,5 —¢l,let {eq; |i=1,...,mqa, a=1,...,4, eq; € Eq}
be a local orthonormal frame field on My and & be the unit normal field
of My toward M;. After a parallel translation from any point x € My to
a point p = ¢g(x) € My (where ¢y : My — M is the focal map, whose
meaning is a little different from that in the last section), £ is still a
unit normal vector at p, which we also denote by &;e1; (i =1,...,my)
become normal vectors on M;, while the others are still tangent vectors
on My, which we will denote by {€1;, €2, €3, €4} determined by z.

We can decompose any X € T, My as X = X7+ Xo+ X3+ Xy €
Ey @ Ey® E3® Ey. Identify the principal distribution E,(z) (o = 2, 3,4,
x € Mpy) with its parallel translation at p = ¢g(z) € Mj. The shape
operator A¢ at p is given in terms of its eigenvectors X, (the parallel
translation of X,,a = 2,3,4) by (¢f. [Miin]):

Ag)?g = COt(92 — 91)X2 5(:2,
(23) Ag)?g = COt(93 91)X3 =0,
A§X4 = COt(94 — 91)X4 = —)274.
Namely, X5, X5, X, belong to the eigenspaces E(1), E(0), E(—1) of Ag,
respectively.
On the other hand, for a fixed 0, define p = ¢y : My — M;. For any
point p € My, at a point = € p~!(p), we have a distribution F; ® E; @

E3 ® E4. Among them, the first one is projected to be 0 under p,; for
the others, we have

sin(f, —0) sin 2w _
Px€ai = 5 €Cai = T o7  ~Cai
sin 6, sin(2tm + )
= ka_1€a7i, 1= 1,...,ma, a:2,3,4.

Denote by {0, | @« = 1,2,3,4,i = 1,...,mq} the dual frame of e, ;.
We then conclude that (up to a sign)

(24) dMy = HHQaj/\Hell—W dM1 /\HHU

j=la=2 =1

Notice that here the submanifold M; may be non-orientable, but the
notation dM; still makes sense locally, up to a sign.
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Let h be the same function as in Section 2. For sufficiently small
n > 0, define v, to be a nonnegative smooth function on [0, 5 — 7] by

~ ' 1, T e
¢n(x) = h(%_m), T e [%

Let fr (k = 0,1,...) be the k-th eigenfunctions on M; which are or-
thogonal to each other with respect to the square integral inner product
on Mj and Liy1 = Span{ fo, f1,..., fx}. Then any ¢ € Li,q on M can
give rise to a function ®. : My () — R by:

() = 12(20)(p 0 p) ().

Evidently, similarly as in the last section, ®. is a smooth function on
M (e) satisfying the Dirichlet boundary condition and square integrable
on M;(e).

As in Section 2, the calculation of | V®.||3 is closely related to [V(p)
According to the decomposition (23), in the tangent space of M; at p,
we can decompose Vy as Vo = Z1 + Zo+ Z3 € E(1) @ E(0) ® E(-1).
Thus we have

2.

(25)

{ Vo2 =|Z1)* + | Za|* + | Z3)?
V()2 = k3| Z1[* + k3| Zo|? + R3] Z5|?

In the following, we will investigate the change of |V(p)|? along with
the point = in the fiber sphere at p. For this purpose, we recall
Lemma (see, for example, [CCJ]) Let M™ be an isoparametric hy-
persurface in the unit sphere S"T(1). Then the curvature distributions
are completely integrable. Their integral submanifolds corresponding to
cot §; are totally geodesic in M"™ and have constant sectional curvature
1 + cot? 0;.

Denote by Sml(m)
any pair of antipodal points x, 2’ € p~!(p) = ™ (

C My the fiber sphere at p. Clearly, for

1
v 1+cot2 6
&(2') = —€&(x) by the parallel translations from x and 2z’ to p, respec-

tively. Denote by E'(1), E'(0), E'(—1) the eigenspaces of Ag,) at p.
Then we can also decompose Vi as Vo = Zs+ Zo + Z; € F'(1) &
E'(0) ® E'(—1) with respect to 2’. In other words,

), we have

Vo(p)lz = %121\2 + %122\2 + %123\2
IVo(p) 2 = k31217 + k3| Zo|* + k3| Z3]2.

Thus, at the pair of two antipodal points x and 2/, we have
_kR+K

} 2 2 2 2 72 2
S(IVe@)B + Vo)) = T5=2 (12112 + 1252) + 13122
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K24+ k2 ~ ~
1—; 3 k2 for 0 € (0, — €. It is clear to see K =

S by the definition of k,_1. Since the assumption 3dim M; > 2n+3

cos? 20

1 [iF
implies mo > 2, this guarantees that lim — / cos™? 260df = 0. Then
S

Set K := max{

e—0 62 _9%¢

a similar discussion to that in Section 2 leads to

lim (¥ (20))2(p)2dMy(e) = 0.

e—0 M1(€)
Hence
lim [ VB2 = lim [ (52.(20)%(p 0 p)[2aMi (e)
e—0 e—0 ]\41(5)

i V(o p)? 1
26 :/ / —r "2 5" (dM;)dS™ (—————) | dO
(%) 0 ( My k;’”k;mkg”p (M) (v1+cot20))

i 1 K

< Vol?p* (dMy)dS™ ——df
/ (/Me| o ™ ()

B 1 K
- Vol?dM, ) - Vol(s™ K
/0 (/Ml| offdd) - Vol Tireore) e

C 3
o 2 mi samy mo—2
= [|Voll5 - St /0 sin™! 6 cos 0 do
Cm mi+1 mg—1
_ 2 1
- HVQD||2 ’ omi+2 ’ ( 2 ) 2 )7
where Vol(S™ (——L—-)) = C,,, -sin™ 6; C,,,, is the volume of S™1(1).

v 1+cot2 9
Besides, with a simple calculation, we get

T 1 )
N dS™ dM, df
/0 KR 2 /M1 /Sm( L, e) '
i 1

lim || .3
e—0

vV lJrcot2 0

4
27 = %) 2‘/ WVOI Sml d9
(21) A
C mi+1 mg+1
— 2 my 1 2
=l oy gt Mty

Consequently, combining (26) and (27), we arrive at

V3 Vell3 B ) [Velly i+ ms

=0 |2~ lleld BTy, mpEl) o lglf ma -1

A similar argument as in Section 2 leads us to

(28) AR(S™H(1)) < Ap(My) T2

mo — 1
This inequality connects the eigenvalues of S”T!(1) and that of the focal
submanifold M in a concise manner. It contains rich information. Now
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we take k = n + 3. The inequality (28) becomes
2(n+2)(mg — 1)
mi + mg

< >\n+3(M1)-

Based on this inequality, in order to complete the proof of Theorem 1.3,
we just need to establish the following inequality:
2(n+2)(ma2 — 1)

29 dim M7 = 2 < .
(29) im M = mq + 2mo e,

Due to the relation n = 2(m; + ma2), we get a sufficient condition on
the positive integers m1, mo which is almost optimal for the inequality
(29) to hold:

1
mo > 5(’171,1 + 3).
At last, combining with Lemma 3.1, we can conclude that

A1(My) = dim My = my + 2mg, with multiplicity n + 2,
1
provided mg > §(m1 +3)

as we required. q.e.d.

Remark 3.2. When g = 1, the focal submanifolds are just two
points. When g = 2, as is well known, the isoparametric hypersurface in
S"+1(1) is isometric to the generalized Clifford torus Sp(\/% ) X Sq(\/% )
(p + ¢ = n). The focal submanifolds are isometric to SP(1) and S9(1).
Clearly, their first eigenvalues are their dimensions. When g = 3, E.
Cartan asserted that m; = mo = 1,2,4 or 8. The focal submanifolds in
the unit sphere S4(1), S7(1), S'3(1), and S?5(1) are the Veronese em-
bedding of RP?, CP?, HP?, and QOP?, respectively. The induced metric
of this RP? minimally embedded in S%(1) differs from the standard
metric of constant Gaussian curvature K = 1 by a constant factor such
that K = %; thus A\ (RP?) = 2. As for CP?, HP?, and OP?2, these
are minimally embedded in the unit spheres S7(1), S*3(1), and S?°(1),
respectively, while the induced metric differs from the symmetric space
metric by a constant factor such that 3 < Sec < 3. By [Str] and [Mas],
the first eigenvalues of the focal submanifolds CP?, HP?, and QP? are
equal to their dimensions, respectively.

Therefore, for g = 2,3,

We conclude this paper with a proof of Proposition 1.1.

Proposition 1.1. Let Ms be the focal submanifold of OT-FKM type
defined before with (my,ms2) = (1,k). The following equality is valid:

/\1(M2) = min{4, 2+ k’}
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Proof. When m; = 1, mo = k, the OT-FKM-type polynomial can be
written as

F R R
F(z) = ]az\‘l — 2(<Poa;,a:>2 + (Pla:,a:>2).

By orthogonal transformations, we can always choose Py and P; to be

w () ()

Writing any point 2 € S#+3(1) as z = (z,w) € R¥+2 x R¥+2 the focal
submanifold My = f~1(=1) (f = Flgok43(1)) can be characterized as

My*2 = {(z,w) € S*M3(1) | 2 )/ w}.
Define a map

T SH(1) x SML 1) —  MyT? ¢ R
ez = (X1, Tpaa) (ewxl, .. .,eka+2).
It satisfies ¥(0 4+ m,—x) = ¥(A,x). In this way, we can identify My
isometrically with the metric induced from S?**3(1) as

ME2 = §1(1) x Sk+1(1)/(9,x) ~ (0 + 7, ).

The eigenfunctions of My are those products of eigenfunctions from
S'(1) and S*¥*+1(1) which take the same values at (f, ) and (6 + 7, —x).
Hence A\ (M5+2) = min{4, k + 2}, as we claimed. q.e.d.
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