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SMOOTH YAMABE INVARIANT AND SURGERY

BERND AMMANN, MATTIAS DAHL & EMMANUEL HUMBERT

Abstract

We prove a surgery formula for the smooth Yamabe invari-
ant (M) of a compact manifold M. Assume that N is obtained
from M by surgery of codimension at least 3. We prove the exis-
tence of a positive constant A,,, depending only on the dimension n
of M, such that

o(N) > min{o(M), An}.

1. Introduction

1.1. Main result. The smooth Yamabe invariant, also called Schoen’s
o-constant, of a compact manifold M is defined as

o(M) = sup inf/ Scal? dv?,
M

where the supremum runs over all conformal classes [go] on M and the
infimum runs over all metrics g of volume 1 in [go]. The integral £(g) :=
f a Scal? dv? is the integral of the scalar curvature of g integrated with
respect to the volume element of g and is known as the Einstein—Hilbert
functional.

Let n = dim M. We assume that N is obtained from M by surgery
of codimension n — k > 3. That is for a given embedding S* < M, with
trivial normal bundle, 0 < k < n—3, we remove a tubular neighborhood
U.(S*) of this embedding. The resulting manifold has boundary S* x
S7~k=1 This boundary is glued together with the boundary of B¥+1 x
S7~F=1 and we thus obtain the closed smooth manifold

N = (M \ U(S%)) Ughy gnr—1 (B¥T1 x gn=k=1y,
Our main result is the existence of a positive constant A,, depending
only on n such that
o(N) > min{o (M), A, }.
This formula unifies and generalizes previous results obtained by Gro-

mov and Lawson; Schoen and Yau; Kobayashi; and Petean and Yun. It
also allows many conclusions by using bordism theory.
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In Section 1.2 we give a detailed description of the background of
our result; a stronger version of the main result follows in Section 1.3,
followed by a sketch of topological applications (Section 1.4). The con-
struction of a generalization of surgery is recalled in Section 2. Then,
in Section 3 the constant A, is described and is proven to be positive.
After the proof of some preliminary results on limit spaces in Section 4,
we derive a key estimate in Section 5—mnamely, an estimate for the L?-
norm of solutions of a perturbed Yamabe equation on a special kind of
sphere bundle, called W S-bundle. The last section contains the proof of
the main theorem, Theorem 1.3.

1.2. Basic notions, the Yamabe problem, and some surgery
formulas. We denote by B™(r) the open ball of radius r around 0 in
R™ and we set B™ := B™(1). The unit sphere in R" is denoted by
571 By €™ we denote the standard flat metric on R™ and by ¢! the
standard metric of constant sectional curvature 1 on S"~'. We denote
the Riemannian manifold (S"~!,¢"!) by S*~!. All manifolds in this
article are manifolds without boundary unless stated differently.

Let (M,g) be a Riemannian manifold of dimension n. The Yamabe
operator, or Conformal Laplacian, acting on smooth functions on M is
defined by

LIu = aA9u + Scal9u,

where a := 4(:__21) and where A9 = divIgrad? is the non-negative Lapla-
cian associated to the metric g. Let p := % Define the functional J9

acting on non-zero compactly supported smooth functions on M by

B fM uL9u dv9
(Jug wr dvs) >

4
If gand § = fn2g = fP~2g are conformal metrics on M, then the
corresponding Yamabe operators are related by

(1) S (u) :

(2) Lou= f~W2 L9(fu) = [ PLI(fu).
It follows that
(3) JI(u) = J9(fu).

For a compact Riemannian manifold (M, g), the conformal Yamabe con-
stant is defined by

w(M,g) :=inf J9(u) € R,

where the infimum is taken over all non-zero smooth functions u on M.
The same value of (M, g) is obtained if one takes the infimum over pos-
itive smooth functions. From (3) it follows that the invariant p depends
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only on the conformal class [g] of g, and the notation p(M, [g]) = w(M, g)
is also used. For the standard sphere we have

(4) u(S") = n(n— Lw,*™,

where w,, denotes the volume of S™. This value is a universal upper
bound for pu.

Theorem 1.1 ([10, Lemma 3]). The inequality

n(M,g) < p(S")

holds for any compact Riemannian manifold (M, g).

For u > 0 the J9-functional is related to the Einstein—Hilbert func-
tional via

)
 Vol(M, ut/(n=2) )7’
and it follows that p(M,g) has the alternative characterization
. E(g
#(M,g) = inf %
9€l9l Vol(M, g) =

Critical points of the functional J9 are given by solutions of the Yamabe
equation

J9(u) Yu € C°(M,R"),

LIy = pluP~2u
for some p € R. If the inequality in Theorem 1.1 is satisfied strictly—
that is, if u(M,g) < wp(S™)—then the infimum in the definition of
w(M,g) is attained.

Theorem 1.2 ([56, 10]). Let M be connected. If n(M,g) < u(S™),
then there exists a smooth positive function u with J9(u) = p and
llu||p = 1. This implies that u solves (5) with u = (M, g). The mini-
mizer u is unique if p < 0.

The inequality p(M,g) < p(S™) was shown by Aubin [10] for non-
conformally flat, compact manifolds of dimension at least 6. Later,
Schoen [48] could apply the positive mass theorem to obtain this strict
inequality for all compact manifolds not conformal to the standard
sphere. We thus have a solution of

(5) LI = puP™ !, u > 0.

To explain the geometric meaning of these results we recall a few facts
about the Yamabe problem; see, for example, [38] and [53, Chapter 5]
for more details on this material. The name of Yamabe is associated to
the problem, as Yamabe wrote the first article about this subject [57].

For a given compact Riemannian manifold (M, g), the Yamabe prob-
lem consists of finding a metric of constant scalar curvature in the con-
formal class of g. The above results yield a minimizer u for J9. Equa-
tion (5) is equivalent to the fact that the scalar curvature of the metric
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u*("=2) g is everywhere equal to p. Thus, the above theorem, together
with (M, g) < u(S™), resolves the Yamabe problem.

A conformal class [g] on M contains a metric of positive scalar cur-
vature if and only if pu(M, [g]) > 0. If M = M; IT Ms is a disjoint union
of My and M and if g; is the restriction of g to M;, then an elemen-
tary argument where one rescales the components with different factors
yields that

p(M, [g]) = min {p(My, [91]), (Mo, [g2]) }
if (M, [g1]) > 0 or u(Ma, [g2]) > 0, and otherwise

w1 ) = — (In(0s, [oa) [ + (s [ 2) "

One now defines the smooth Yamabe invariant of an arbitrary com-
pact manifold M of dimension at least 3 as

o(M) = sup u(M, [g]) < n(n —1)w?/™,

where the supremum is taken over all conformal classes [g] on M.

The introduction of this invariant was originally motivated by Yam-
abe’s attempt to find Einstein metrics on a given compact manifold; see
[49, 35]. Yamabe’s idea in the early 1960s was to search for a conformal
class [gsup| that attains the supremum. The minimizer go of £ among
all unit volume metrics in [gg,p] exists according to Theorem 1.2, and
Yamabe hoped that the gy obtained with this minimax procedure would
be a stationary point of £ among all unit volume metrics (without fixed
conformal class), which is equivalent to gy being an Einstein metric.

Yamabe’s approach was very ambitious. If M is a simply connected
compact 3-manifold, then an Einstein metric on M is necessarily a round
metric on $2, and hence the 3-dimensional Poincaré conjecture would
follow. It turned out that his approach actually yields an Einstein metric
in some special cases. For example, LeBrun [36] showed that if a com-
pact 4-dimensional manifold M carries a Kahler—Einstein metric with
non-positive scalar curvature, then the supremum is attained by the
conformal class of this metric. Moreover, in any maximizing conformal
class the minimizer is a Kahler—Einstein metric.

Compact quotients M = I'\H? of 3-dimensional hyperbolic space H?
yield other examples on which Yamabe’s approach yields an Einstein
metric. On such quotients the supremum is attained by the hyperbolic
metric on M. The proof of this statement uses Perelman’s proof of the
Geometrization conjecture, see [9] and [30, Section I1.8]. In particular,
o(T\H?) = —6(vr)?/3 where vr is the volume of I'\H? with respect to
the hyperbolic metric.

On a general manifold, Yamabe’s approach failed for various reasons.
In dimension 3 and 4 obstructions against the existence of Einstein
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metrics are known today; see, for example, [34, 37]. In many cases the
supremum is not attained.

R. Schoen and O. Kobayashi started to study the smooth Yamabe
invariant systematically in the late 1980s [49, 50, 31, 32]. In particular,
they determined o(S"~! x S1) to be o(S™) = n(n—l)w?/". On S"~1x St
the supremum in the definition of ¢ is not attained. Because of Schoen’s
important results in these articles, the smooth Yamabe invariant is also
often called Schoen’s o-constant.

The smooth Yamabe invariant determines the existence of positive
scalar curvature metrics. Namely, it follows from above that the smooth
Yamabe invariant o (M) is positive if and only if the manifold M admits
a metric of positive scalar curvature. Thus the value of o(M) can be
interpreted as a quantitative refinement of the property of admitting a
positive scalar curvature metric.

In general calculating the o-invariant is very difficult. LeBrun [34,
Section 5], [36] showed that the o-invariant of a complex algebraic sur-
faces is negative (resp. zero) if and only if it is of general type (resp.
of Kodaira dimension 0 or 1), and the value of (M) can be calculated
explicitly in these cases. As already explained above, the o-invariant
can also be calculated for hyperbolic 3-manifolds; they are realized by
the hyperbolic metrics.

There are many manifolds admitting a Ricci-flat metric, but no metric
of positive scalar curvature—for example, tori, K3-surfaces and com-
pact connected 8-dimensional manifolds admitting metrics with holo-
nomy Spin(7). These conditions imply o(M) = 0, and the supremum is
attained.

Conversely, Bourguignon showed that if (M) = 0 and if the supre-
mum is attained by a conformal class [gsyp|, then & : [gsup] — R attains
its minimum in a Ricci-flat metric go € [gsup]. Thus Cheeger’s splitting
principle implies topological restrictions on M in this case. In partic-
ular, a compact quotient I'\ N of a non-abelian nilpotent Lie group N
does not admit metrics of non-negative scalar curvature, but it admits
a sequence of metrics g; with u(I'\N, g;) — 0. Thus I'\ N is an example
of a manifold for which o(I'\INV) = 0, for which the supremum is not
attained.

All the examples mentioned up to here have o(M) < 0. Positive
smooth Yamabe invariants are even harder to determine. The calcula-
tion of non-positive o(M) often relies on the formula

| min{o(M),0}|"/? = inf / |Scal?|"/? dv?
9 JMm

where the infimum runs over all Riemannian metrics g on M; see [35,
Proof of Proposition 2.1]. This formula does not distinguish between
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different positive values of o(M), and thus it cannot be used in the
positive case.

It has been conjectured by Schoen [50, page 10, lines 6-11] that all
finite quotients of round spheres satisfy o(S™/I') = (#I)~2/"Y(S"),
but this conjecture is only verified for RP? [13]—namely, o(RP?) =
6(w3/2)%*?. The smooth Yamabe invariant is also known for connected
sums of copies of real projective space RP3 with copies of S% x S! [3],
for CP? [23] and for connected sums of CP? with several copies of
53 x S'. With similar methods, it can also be determined for some
related manifolds, but, for example, the value of o(S? x S?) is not known.
To the knowledge of the authors there are no manifolds M of dimension
n > 5 for which it has been shown that 0 < o(M) < o(S™), but due
to Schoen’s conjecture finite quotients of spheres would be examples of
such manifolds.

As explicit calculation of the Yamabe invariant is difficult, it is natural
to use surgery theory to get estimates for more complicated examples.
Several articles study the behavior of the smooth Yamabe invariant un-
der surgery. In [21] and [51] it is proven that the existence of a positive
scalar curvature metric is preserved under surgeries of codimension at
least 3. In terms of the o-invariant, this means that if N is obtained
from a compact manifold M by surgery of codimension at least 3 and
o(M) > 0, then o(N) > 0.

Later, Kobayashi proved in [32] that if N is obtained from M by 0-
dimensional surgery, then o(N) > o(M). A first consequence is an alter-
native deduction of o(S™"~! x S1) = ¢(S™) using the fact that S~ x S!
is obtained from S™ by 0-dimensional surgery. More generally, one sees
that o(S™1 x S'# ... #8971 x §1) = 5(S™) as this connected sum is
obtained from S™ by 0-dimensional surgeries as well.

Note that it follows from what we said above that the smooth Yamabe
invariant of disjoint unions M = Mj II M, satisfies

o(M) =min{o(My),0(Ms2)}
if o(My) > 0 or o(Mz) > 0, and otherwise

o(01) = — (o R) "2 + o) 2) "

Kobayashi’s result then implies o(Mi#Ms) > o(M; 11 M), and thus
yields a lower bound for o(M;#M>) in terms of o(M;) and o(Ma).

A similar monotonicity formula for the o-invariant was proved by
Petean and Yun in [45]. They prove that o(N) > min{o(M),0} if N
is obtained from M by surgery of codimension at least 3. See also [35,
Proposition 4.1] and [1] for other approaches to this result. Clearly, this
surgery result is particularly interesting in the case (M) < 0, and it
has several fruitful applications. In particular, any simply connected
compact manifold of dimension at least 5 has o(M) > 0; see [44]. This
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result has been generalized to manifolds with certain types of funda-
mental group in [12]. Further results in the same spirit for n = 4 can
be found in [55].

1.3. Stronger version of the main result. In the present article we
derive a surgery formula, which is stronger than the Gromov—Lawson
resp. Schoen—Yau surgery formula, the Kobayashi surgery formula and
the Petean-Yun surgery formula described above. Suppose that M7 and
M are compact manifolds of dimension n and that W is a compact
manifold of dimension k. Let embeddings W «— M; and W < My
be given. We assume further that the normal bundles of these embed-
dings are trivial. Removing tubular neighborhoods of the images of W
in M and My, and gluing together these manifolds along their common
boundary, we get a new compact manifold NV, the connected sum of M;
and Mo, along W. Strictly speaking, N also depends on the choice of
trivialization of the normal bundle. See section 2 for more details.

Surgery is a special case of this construction: if My = S, W = S,
and if S* < 8™ is the standard embedding, then N is obtained from M;
via k-dimensional surgery along S* < Mj.

Theorem 1.3. Let My and My be compact manifolds of dimension n.
If N is obtained as a connected sum of My and Mo along a k-dimensional
submanifold where k < n — 3, then

J(N) > min {J(Ml II M2)7An,k}

where Ay, i, is positive and only depends onn and k. Furthermore, Ay, o =

o(S™).

From Theorem 1.1 we know that o(M) < ¢(S™) and thus see that
o(MIIS™) = o(M) for all compact M. Hence, we obtain for the special
case of surgery the following corollary.

Corollary 1.4. Let M be a compact manifold of dimension n. As-
sume that N is obtained from M wvia surgery along a k-dimensional
sphere W, k < n — 3. We then have

o(N) > min{oc(M), A, 1} .

The constants A,, ;, will be defined in Section 3. In Subsections 3.3 and
3.4 we prove that these constants are positive, and in Subsection 3.5 we
prove that A, o = ©(S™). Explicit lower bounds for A,, ;, can be found for
all & ¢ {1,n — 3}; however, these are not optimal (see Subsection 3.6).
An explicit calculation of A, j for £ > 0 seems very difficult. The main
problem consists in calculating the conformal Yamabe constant of cer-
tain Riemannian products, which in general is a hard problem. See [2, 5]
for recent progress on this problem.
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1.4. Topological applications. The above surgery result can be com-
bined with standard techniques of bordism theory. As these topological
applications are not the main subject of this article, we will only sketch
some typical conclusions as examples here.

The first corollary uses the fact that spin bordism groups and ori-
ented bordism groups are finitely generated together with techniques
developed for the proof of the h-cobordism theorem.

Corollary 1.5. For anyn > 5 there is a constant C,, > 0, depending
only on n, such that

o(M) € {0} U [Ch,o(S")]
for any simply connected compact manifold M of dimension n.

We now sketch how interesting bordism invariants can be constructed
using our main result. This construction will be explained here only for
spin manifolds, but similar constructions can also be done for oriented,
non-spin manifolds or for non-oriented manifolds.

Fix a finitely presented group I', and let BI' be the classifying space
of I'. We counsider pairs (M, f) where M is a compact spin manifold and
where f : M — BT is continuous. Two such pairs (M, f1) and (M, f2)
are called spin bordant over BT if there exists an (n+1)-dimensional spin
manifold W with boundary —M; II My with a map F': W — BI such
that the restriction of F' to the boundary yields fi and f. It is implicitly
required that the boundary carries the induced orientation and spin
structure and —M; denotes M; with reversed orientation. Being spin
bordant over BI' is an equivalence relation. The equivalence class of
(M, f) under this equivalence relation is denoted by [M, f], and the set
of equivalence classes is called Q5P™(BT'). Disjoint union of manifolds
defines a sum on Q3P (BT'), which turns it into an abelian group.

We say that a pair (M, f) with f : M — BT is a m -bijective represen-
tative of [M, f] if M is connected and if the induced map fy : 7 (M) — T
is a bijection. Any equivalence class in Qgpm(BF ) has a mp-bijective rep-
resentative.

Now we define

Ap i=min{A, 1,... Ap 3} >0,
(M) :=min{o(M), A, }.

Proposition 1.6. Let n > 5. Let (My, f1) and (Ma, f2) be compact
spin manifolds with maps f; : M; — BU. If (My, f1) and (Ma, f2) are
spin bordant over BT and if (Ma, f2) is a m1-bijective representative of
its class, then

5’(M1) < 5’(M2).
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We define s : Q3P"(BT) — R by

sp([M, f]) == sup  &(M).
(M, f1)€[M, f]
The proposition states sp([M, f]) = a(M) if (M, f) is a m-bijective
representative of its class. The surgery formula further implies

3F<[Ml7fl] + [M27f2]> > min {SF([Mhfl])73F([M27f2])}

if sp([Ma, f1]) > 0 or sp([Maz, f2]) > 0, and otherwise

s (1M1, 7]+ s, o]) = = (e, AP o0, ) 12) "
We conclude, and obtain the following theorem.
Theorem 1.7. Lett € R, t >0, n € N, n > 5. Then the sets
QPR (BL)™" = {[M, f] € QP™(BT) | sr([M, f]) > t}

and
QPPIn(BL)2! = {[M, f] € Q3P™(BT) | sp([M, f]) > t}

are subgroups of Q5P (BT).

The theorem admits—among other interesting conclusions—the fol-
lowing application. For a positive integer p we write p#M for the con-
nected sum M# ---#M where M appears p times. We already know
that o(p#M) > o(M) if o(M) > 0.

Corollary 1.8. Suppose that M is a compact spin manifold of di-
mension at least 5 with o(M) € (0,A,). Let p and q be two relatively
prime positive integers. If o(p#M) > o(M), then o(q#M) = o(M).

If Schoen’s conjecture about the o-invariant of quotients of spheres
holds true, then quotients of spheres by large fundamental groups yield
examples of manifolds M with o(M) € (0, A,,).

The determination of manifolds admitting positive scalar curvature
metrics—that is, manifolds with (M) > 0—has led to interesting re-
sults and challenging problems in topology; see, for example, [47]. It
would be interesting to develop similar topological tools for manifolds
with o(M) > € for € > 0. As explained above, such manifolds form a
subgroup on the bordism level.

The subgroups Qgpm(BF)>t also provide interesting algebraic struc-
tures. Any homomorphism I'y — T'y provides a homomorphism

QPP (BIy)~" — QRP™(BTy) ™.

After introducing some factors and powers depending on the dimension,
these subgroups carry an ideal-like structure. More precisely, it follows
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from [5] that for any numbers ¢35 > 0 there is a sequence t,, > 0, n > 3,
such that taking products of manifolds defines a Z-bilinear map

QSP(BTy) x Q00 (BTa)>" — QI2Y(B(I'y x Ty))™"

where the index * > 3 indicates that we consider the spin bordism ring
of manifolds whose dimension is at least 3. In particular, Q22 (BT)>"*
is a module over the ring Q2% := QP2 (B{1}) and Q% ™ is an ideal
in Qfgg . Analogous structures exist for Q5P (BI)>".

1.5. Comparison to other results. At the end of the section we
want to mention some similar constructions in the literature. An anal-
ogous surgery formula holds if we replace the Conformal Laplacian by
the Dirac operator; see [4] for details and applications. D. Joyce [28],
followed by L. Mazzieri [42, 43|, considered a problem tightly related
to our result: their goal is to construct a metric on a manifold ob-
tained via a connected sum along a k-dimensional submanifold. For
these metrics they construct a solution of the Yamabe equation on the
new manifold that is close to solutions of the Yamabe equations on
the original pieces. Such a construction was achieved by D. Joyce for
k = 0 and by L. Mazzieri for k € {1,...,n — 3}, provided that the
embeddings defining the connected sum are isometric. In contrast to
our article, their solutions on the new manifold are not necessarily min-
imizers of the volume-normalized Einstein—Hilbert functional. Similar
constructions have also been developed by R. Mazzeo, D. Pollack, and
K. Uhlenbeck [41] in order to glue together metrics of constant scalar
curvature. Recently, J. Corvino, M. Eichmair, and P. Miao showed how
to glue together metrics while preserving constant scalar curvature and
volume; see [16]. Further, P. T. Chrusciel, J. Isenberg, and D. Pollack
[15] found methods to glue together solutions of the vacuum Einstein
constraint equations.

Other authors studied the equivariant analogues. In this setting one
assumes that a compact Lie group G acts on the manifolds before and
after surgery and that the surgery is compatible with this actions. Fur-
thermore, all metrics are assumed to be G-invariant, and the Yamabe
constant and Yamabe invariant are replaced by their equivariant ana-
logues. The equivariant Yamabe problem is solved in many cases—in
particular, on spin manifolds or in the case that all orbits have positive
dimension; see [27, 39, 40]. An equivariant analogue of the Petean—
Yun surgery formula was provided in [54]. B. Hanke [24] proved that
the existence of G-invariant positive scalar curvature metrics is pre-
served under equivariant surgeries of the appropriate dimensions, which
is the equivariant generalization of the result by Gromov and Lawson,
respectively Schoen and Yau, cited above.

Acknowledgments. The authors want to thank the Max Planck Insti-
tute for Gravitational Physics in Potsdam for its hospitality, its support,
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and its friendly working conditions, which had an important impact on
this article. We thank Andreas Hermann for the numerical computa-
tion of the equivariant version of A4 ; mentioned in Section 3.7. We also
thank Kazuo Akutagawa for interesting discussions and insightful com-
ments. Finally, we want to express our deep thanks to the anonymous
referee whose many valuable remarks have helped us greatly to improve
the paper.

2. The connected sum along a submanifold

In this section we are going to describe how two manifolds are joined
along a common submanifold with trivialized normal bundle. Strictly
speaking, this is a differential topological construction, but since we
work with Riemannian manifolds we will make the construction adapted
to the Riemannian metrics and use distance neighborhoods defined by
the metrics etc.

Let (Mj,g1) and (M, g2) be complete Riemannian manifolds of di-
mension n. Let W be a compact manifold of dimension k, where 0 <
k<n.Letw; : W xR  — TM;, i=1,2, be smooth embeddings. We
assume that w; restricted to W x {0} maps to the zero section of T'M;
(which we identify with M;) and thus gives an embedding W — M;.
The image of this embedding is denoted by W/. Further, we assume
that w@; restrict to linear isomorphisms {p} x R*~* — N, (p,0)Wj for all
p € Wi, where NW/ denotes the normal bundle of W/ defined using g;.

By setting w; := exp? ow; we obtain the embeddings w; : W x
B" *(Rpax) — M; for some Ry > 0 and i = 1,2. We have W/ =
w;(W x {0}) and we define the disjoint union

(M, g) == (M1 1 Ma, g1 L go),
and
W’ = Wi 1L W3,
Let r; be the function on M; giving the distance to W/. Then r o
w1 (p,x) = ro owa(p,x) = |x| for p € W, 2 € B" ¥(Rpypax). Let r be the
function on M defined by r(z) := r;(x) for x € M;, i = 1,2. For 0 < €
we set Uj(e) == {x € M; : ri(z) < €} and U(e) := Uy(e) U Us(e). For
0 < e < 6 we define
Ne = (My \ Ui(e)) U (My \ Ua(€))/~
and
UM (0) = (UO) \U(e))/~
where ~ indicates that we identify the point z € U (e) in M; with the
corresponding point wsy o wy ! (z) € AVs(e€) in My. Hence,

N, = (M\U®)uUN®).
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We say that N, is obtained from M, M, (and w;, we) by a connected
sum along W with parameter e.

The diffeomorphism type of N, is independent of ¢, and hence we
will usually write N = N,.. However, in situations when dropping the
index causes ambiguities, we will keep the notation V.. For example, the
function r : M — [0,00) gives a continuous function r. : N, — [€,00)
whose domain depends on €. It is also going to be important to keep
track of the subscript € on U (6) since crucial estimates on solutions of
the Yamabe equation will be carried out on this set.

The surgery operation on a manifold is a special case of taking con-
nected sum along a submanifold. Indeed, let M be a compact manifold of
dimension n, and let My = M, My = 8™ W = S*. Let wy : S¥xB" % —
M be an embedding defining a surgery, and let wy : S¥ x B"7F — gn
be the standard embedding. Since S™ \ wy(S* x B"~*) is diffeomorphic
to BFt1 x §77k=1 we have in this situation that N is obtained from M
by performing surgery on w;; see [33, Section VI, 9].

3. The constants A, ;,

In Section 1.2 we defined the conformal Yamabe constant only for
compact manifolds. There are several ways to generalize the conformal
Yamabe constant to non-compact manifolds. In this section we define
two such generalizations 1(%) and x(!, and also introduce a related quan-
tity called p(2). These invariants will be needed to define the constants
Ay, 1 and to prove their positivity on our model spaces H'g“ x §n—hk-1,

The definition of u(®) comes from a technical difficulty in the proof
of Theorem 6.1 and is only relevant in the case k = n — 3 > 3; see
Remark 3.4.

3.1. The manifolds H**! x S"*~1 For 0 < k < n and ¢ € R, we
define the metric nf*! := e2¢¢% 1+ dt? on R¥ x R and write

Het = (RS xR, 2.

This is a model of the simply connected complete manifold of constant
curvature —c?. We denote by

G, = niﬁ-l + O_n—k—l

the product metric on H¥+! x S*=*=1 The scalar curvature of HF*! x
S"F=1is Scal% = —k(k+ 1)+ (n—k —1)(n —k — 2).
Proposition 3.1. ]HIIfJrl x S"k=1 s conformal to S™ \ S*.
Proof. Let SF be embedded in S* ¢ R™t! by setting the last n — k

coordinates to zero, and let s := d(-,S¥) be the intrinsic distance to S¥ in
S™. Then the function sin s is smooth and positive on S™\ S*. The points
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of maximal distance 7/2 to S¥ lie on an (n — k — 1)-sphere, denoted by
(SF)L. On S™\ (S¥ U (S¥)*) the round metric is

0" = (cos 5)20* + ds® + (sin )0

Substitute s € (0,7/2) by t € (0,00) such that sinht = cots. Then
cosht = (sins)~! and coshtdt = —(sins)~2ds, so ¢" is conformal to

n—k—1

(sins) 20" = (sinht)?6" + dt? + o™+ L,

Here we see that the first two terms give a metric
(sinht)?o" 4 dt?

on S* x (0,00). This is just the standard metric on HF\ {py} where
t = d(-,pp), written in polar normal coordinates. In the case k > 1,
it is evident that the conformal diffeomorphism S™ \ (S¥ U (S¥)+) —
(HE\ {po}) x S"~#~1 extends to a conformal diffeomorphism $™\S* —
Hk—i—l % Sn—k—l

1 .

In the case k = 0, we equip s and ¢ with a sign; that is, we let s > 0
and ¢t > 0 on one of the components of S”\ (S° U (S°)4), and s < 0 and
t < 0 on the other component. The functions s and t are then smooth on
S™\ S? and take values s € (—7/2,7/2) and t € R. Then the argument
is the same as above. q.e.d.

3.2. Definition of A, ;. Let (IV,h) be a Riemannian manifold of di-
mension n. For i = 1,2 we let Q) (N, h) be the set of non-negative C?
functions u that solve the Yamabe equation

(6) LMy = puP ™!
for some p = p(u) € R and satisfy

o uZ0,

o |lullrvy <1,

e uc L*(N),

together with
e ue L*N), fori=1,
or
* /‘(U)HUHIE;?(N) > %)_22()”_1), for i = 2.

For i = 1,2 we set

pD(N,R) = inf ().
weQ® (N, h)

In particular, if Q(i)(N, h) is empty then ,u(i)(N, h) = occ.
Definition 3.2. For integers n >3 and 0 < k <n — 2, let

AD o nf Okt « snkel
n,k 661[1_1171}:“ ( c X )
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and
A, = min {AS%, Ag%} .

Note that the infimum could just as well be taken over ¢ € [0, 1] since
HE+! % §"=F=1 and H*H! x §"7F~1 are isometric. We are going to prove
that these constants are positive.

Theorem 3.3. For alln >3 and 0 < k <n — 3, we have A, > 0.

The condition k < n—3 is important, as this implies that S"~%~1 has
positive curvature.
To prove Theorem 3.3 we have to prove that ASL > 0 and that

ASL > (0. This is the object of the following two subsections. In the final
subsection we prove that A, o= p(S") =n(n — 1)w72/".

Remark 3.4. Suppose that either Kk < n—4or k =n—-3 < 2.
One can then use methods similar to those used in Section 5 to show
that any LP-solution of (6) on the model spaces is also an L2-solution;
see [6]. An analogous argument also works in the case (n,k) = (6,3),
for model spaces with ¢ < 1, and this allows similar conclusions; see [7].

This implies that ASL > ASL ifk<n-—4ork=n-—3<3, and hence

Ang = AS}.

In the case k = n—3 > 4, there are LP-solutions of (6) on HiT! x §n—*-1
that are not L2-solutions.

3.3. Proof of Asz > 0. The proof proceeds in several steps. We first
introduce a conformal Yamabe constant for non-compact manifolds and
show that it gives a lower bound for u("). We then conclude by studying
this conformal invariant.

Let (N, h) be a Riemannian manifold that is not necessarily compact
or complete. We define the conformal Yamabe constant (%) of (N, h)
following Schoen—Yau [52, Section 2]—see also [29]—as

O (N, h) = inf J"(u)

where J" is defined in (1) and the infimum runs over the set of all
non-zero compactly supported smooth functions u on N. If h and h are
conformal metrics on N, it follows from (3) that (O (N, h) = (N, h).

Lemma 3.5. Let 0 < k <n—2. Then
M(l)(chH-l > Sn—k—l) > :u(O) (HIC€+1 % Sn—k—l)

for all c € R.
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Proof. Suppose that u € QW (HEH! x S*=#~1) is a solution of (6)
on HFL x S"=F=1 with p = p(u) € [pM (HEH x SP=F=1), (M (HEH! x
S"=F=1) 1 ¢€]. Let x4 be a cut-off function on HA*T! x S*~#~1 depending
only on the distance r to a fixed point, such that y(r) =1 for r < a,
Xa(r) =0 for r > a+ 2, and |dy,| < 1. We are going to see that

pOHET x §"7F1) < Tim 9 (xau)
a—r00
-2
(7) = /J/Hu”ip(Hngrlen,k,1)

< p
< N(l)(chc—i-l « Sn—k—l) +e.
Integrating by parts and using equations (6) and (65), we get

Lo o) E G o = [ GuL%udeC
c X n—K—

HEtx§n—k-1

+a |dxa|?u? dvCe
chﬁLl wSn—k—1
= Xau? dvee
chﬁLl wSn—k—1

+a/ |dxa|?u? dv®e.
Supp(dxa)

Since u € L2(HF! x S"=%=1) and |dx.| < 1, the last integral goes to
zero as o — oo and we conclude that

lim (Xau)LE(xau) dv’* = pllul?

a—00 H5+1XS"71€71 LP(HIE‘FlXSnfk*l)-

Going back to the definition of J%, we easily get (7), and Lemma 3.5
follows. q.e.d.

Remark 3.6. It follows from [22, Theorem 13| and a straight-forward
cut-off argument that

M(l)(ng—l—l ~ Sn—k—l) _ Iu(O) (chf+1 « Sn—k—l)

if the space HE*! x SP=F=1 has positive scalar curvature—that is, if we
have (n —k — 1)(n — k — 2) > 2k(k +1).
\We define AO e O gt n—k—1
k= ce[—l,l}'u (H xS ).
Then Lemma 3.5 tells us that ASL > ASS;C, so we are done if we prove
that ASL > 0. To do this we need two lemmas.
Lemma 3.7. Let 0 < k <n—2. Then

pO I % 5" = (™),
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Proof. The inequality p(©) (]HI’fJrl x SPE=1) < pu(S") is completely
analogous to [10, Lemma 3]. As we do not need this inequality later, we
skip the proof. To prove the opposite inequality () (]I-]I'fJrl x Snk—1) >
1(S™), we use Proposition 3.1 and the conformal invariance of ;(?), and
we obtain

M(O) (Hlf+1 % Sn—k—l) — N(O) (Sn \ Sk)
Clearly (0(S™\ S¥) > 1(S™) as the infimum defining the left-hand
side runs over a smaller set of functions; see [52, Lemma 2.1]. q.e.d.

Lemma 3.8. Let 0<k<n—2and 0<cy <cy. Then

2(n—k—1)

RO e 2 (2] O
1

Proof. Let ¢ > 0. Setting s = ct + In ¢, we see that
G. = e2tek a4 okl = c% (e285k + d32) + ok
Hence G, is conformal to the metric
G = e*¢F 1 ds? + 2o
and by the conformal invariance of 1(9) we get that
pOHE 5 s+ 1) = JORF x R x $"7F1 G.,)

for ¢ = 0,1. In these coordinates we easily compute that Scal®o >
= ~ n—k—1 ~
Scal@e1 \du% > ]du% , and dv%eo = (Z—‘;) dv%1. We conclude
€0 c1
that

2(n—k—1)

JGeo (u) > (%) T G ()

for all functions u on RF x R x $"~%~1 and Lemma 3.8 follows. q.e.d.

If we set ¢; = 1 and use Lemma 3.7 together with (4), we get the
following result.

Corollary 3.9. For 0 < k <n —2 and ¢y > 0, we have

i[nfl] pOHF 5 S > n(n — 1) w2/ ee™/™.
celco,

(0)

Finally, we are ready to prove that A is positive.

Theorem 3.10. Let 0 < k<n —3. Then AS)L > 0.

For this theorem the restriction & < n — 3 is necessary. The proof
needs the positive scalar curvature of S® %=1, and it can be shown that
the theorem no longer holds for k =n — 2.
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Proof. Choose ¢y > 0 small enough so that Scal®o > 0. We then
have Scal® > Scalo for all ¢ € [0, ¢o]. Hence,

fH§+1X§n,k,1 (aldulg, + ScalG60u2) dvGe

2
Lp (]HIICCJF1 Xgnfkrfl)

M(O) (ng-l-l % Sn—k—l) > inf H ||
u

where the infimum is taken over all non-zero smooth functions u with
compact support. By Hebey [25, Theorem 4.6, page 64], there exists
a constant A > 0 such that for all ¢ € [0, ¢y| and all smooth non-zero
functions u compactly supported in HF! x §"=*~1 we have

<A (Idulg, + u?) dv©e.

2
”uHLp(H’g“xS”*k*U - HFH xgn—k—1

This implies that
1
pO (M x sPh—l) > 1 min {a, ScalGCO} >0

for all ¢ € [0, ¢y}, and together with Lemma 3.8 we obtain that

inf pO (HF % sPR1) > 0,
c€[0,1]

Since HA*+! x §"=*=1 and Hlitl x S"~F=1 are isometric, we have
0 . k-
A L:CGE : pO (HF x sP=F=1) > 0.
This ends the proof of Theorem 3.10. q.e.d.
)

. . . 1 . »
As an immediate consequence, we obtain that Ail i 1s positive.

Corollary 3.11. Let 0 < k <n —3. Then ASL > 0.

3.4. Proof of Afi > 0.

Theorem 3.12. Let 0 < k <n—3. Then ASL > 0.

Proof. We prove this by contradiction. Assume that there exists a
sequence (¢;) of ¢; € [—1,1] for which p; = p(® (HEF! x §"~F=1) tends
to a limit [ < 0 as ¢ — oco. After removing the indices ¢ for which p; is
infinite we get for every i a positive solution u; € Q?(HEF! x §7=F=1) of
the equation

LCeiu; = ,u,-uf_l.
By definition of Q2 (H’g;“l x SPF=1) we have

(8) (n—k—2)>2n-1)
8(n — 2)

which implies that p; > 0. We conclude that [ := lim; u; = 0. We
cannot assume that ||u;||p~ is attained, but we can choose points x; €
HA % S"=F=1 such that u;(z;) > 3||u;| L. Moreover, we can compose

—2
< pugl|ugl[f o
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the functions u; with isometries so that all the x; are the same point .
From (8) we get

1
1 —k—2)2%(n—1)\r2
(k=2
2 8(n —2) i
We define m; := wu;(x). Since lim;_, oo ; = 0, we have lim; o m; =
oo. Restricting to a subsequence we can assume that ¢ := lim;¢; €
4

[—1, 1] exists. Define g; := mi"f2 G¢,;. We apply Lemma 4.1 with a = 1/3,
(V7 Vo) = chcz—i-l X Sn_k_lv (V7 /70) = H]§+1 X Sn_k_lv Qoo = Tj = T, and
2
boa =m . For r > 0 we obtain diffeomorphisms
__2
Q; : B"(r) — B%i(x,m; "2r)

such that the sequence ©7(g;) tends to the flat metric ™ on B™(r). We
let @; := m; 'u;. By (2) we then have

L9ty = gt}

_ 2

on BYi(x;,m; "*r) and

/ o al dv¥ :/ g u‘?dchi
BCei (wi,m, n=2) BCei (xi,m, n=2)

§/ ufdchi
N

<1

Here we used dv9 = m¥ dvCei. The last inequality comes from the fact
that any function in Q%) (ngj'l x S"%=1) has LP-norm smaller than 1.

Since
2

;1 (B"(r), 0 (3:)) — (BYi (z,m; " 1), i)
is an isometry, we redefine 4; as u; o ©;, which gives us solutions of
L9160 g = pyal ™!
on B™(r) with an(r) @b dv®i(9) < 1. Since 4] oo (Bn(ry) = @i(0) = 1,
we can apply Lemma 4.2 with V =R", a = 1/i, go = 07(7i), and uq =
U; (we can apply this lemma since each compact set of R™ is contained
in some ball B"(r)). This shows that there exists a non-negative C?
function v on R™ that does not vanish identically (since u(0) = 1) and
that satisfies
L = aA"u = guP™!
where i = 0. By (12) we further have

/ uP dvs = lim i uf dvCei <1
B (r) i—oo JpGe; (x,m; mr)
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for any r > 0. In particular,

/ uP dvs" < 1.

Lemma 4.3 below then implies the contradiction 0 = i > p(S™). This

proves that ASL is positive. g.e.d.

3.5. The constants A, . Now we show that
Ano = 1(S") = nfn — 2™

The corresponding model spaces H! x S"~! carry the standard product
metric dt? +0"~! of R x S, independently of ¢ € [—1,1]. Thus As,)o =
19 (R x S"~1). Proposition 3.1 yields a conformal diffeomorphism from

the cylinder R x S*! to S” \ S, the n-sphere with north and south
poles removed.

Lemma 3.13.

A < w(S™) = n(n — 1)w?/"

n,0 =
fori=1,2.

Proof. We use the notation of Proposition 3.1 with £k = 0. Then the
standard metric on S™ is

o™ = (sins)?(dt* + o™ 1) = (cosh t) 72(dt* + o™ 7).

It follows that (w,,)~2/™(cosht)~2(dt?+0™') is a (non-complete) metric
of volume 1 and scalar curvature n(n — 1)w?™ = pu(S") on H! x "1 =
R x S*~1. This is equivalent to saying that

_n=2 n—
u(t) == wy > (cosht)_Tz

is a solution of (6) with z = p(S™) and |Jul|z» = 1 on H. xS"~! equipped
_n=2

with the product metric. Clearly we have u € L?, and ||u||p~ = wn, 2" <

oo. Thus v € QW(HL x S"~1). As a consequence, we obtain AS}) <

n(n — 1)w,2/".

Further, we have
(n—0-2)%(n-1)

H(E [l = n(n —1) > Fg TR

and thus v € Q) (H! x S*~1), which implies Ag% <n(n-— 1)w¢2/n. q.e.d.

Lemma 3.14. Let u € C?*(RxS" 1) be a solution of (6) on RxS"~!
with ||ullr <1, w# 0. Then p > p(S™).
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Proof. As above 0" = (sin s)?(dt? + o™~ !). If u solves (6) with h =
n—2

dt? + 0"~ then @ := (sins)” 2 u solves

L4 = paP~t.
Further, @ dv®" = uP dv"; hence, v := %] Lp(sm\ 50,67y < 1. For a > 0
small, we choose a smooth cut-off function x, : S™ — [0, 1] which is 1

on S™\ U,(S?), with support disjoint from S°, and with |dxa|s < 2/a.
Then using (65) in Appendix A.3, we see that

/ (Xa@) L7 (Xad) dv”" = pu / uPxG A +a | |dxalo @ do”
mn n N

The first summand tends to pr? as a N\, 0. By Holder’s inequality the

second summand is bounded by

%||ﬂH%p(Ua(SO)\sopn)VOI(Ua(50)\50,0")2/" < CllalZy, sops0,0m) = 0

as a N\, 0. Together with lim,~ 0 ||Xa@||Lr(sm\ 50,07y = v, We obtain
p(S™) < J7 (Xall) = P <

as a N\, 0. q.e.d.

This lemma obviously implies AS?O > p(S™) for i = 1,2, and thus we
have @ @
A"yo = An,O = An,O = M(Sn)
3.6. The constants A,; for 1 <k <n—3.For 2 < k < n—4,
we have found an explicit positive lower bound on ASL, which will be
published in [5]. Together with Remark 3.4 we obtain a lower bound for
Ay, 1; see also [6]. For m:=k+1 € {3,...,n— 3} we conclude

n—m

() (i)
Apm—1>nay,
’ Mam, (n—m)an—m

A lower bound in the case k = 1 and in the cases (n,k) = (5,2) was
established in [7]. These lower bounds are not optimal, but they are
optimal up to a factor of at most 2.

We collected all known and conjectured values for A, ; for n <9 in
Figure 1. In the table, > 0 means that no explicit positive lower estimate
has been worked out until now.

3.7. Speculation about A, ; for £ > 1. We want to speculate about
two relations that seem likely to us although we have no proof. Confor-
mally, the model spaces H'g“ x §"~%=1 can be viewed as an interpola-
tion between R¥+1 x S"=k=1 (for ¢ = 0) and the sphere S (for ¢ = 1).
Since the sphere has the largest possible value of the conformal Yamabe
constant, we could hope that the function ¢ — pu(O (HFH x SP=F=1) ig
increasing for ¢ € [0, 1], or, in particular,

M(O) (Rk-l-l > Sn—k—l) < M(O) (ng—l—l % Sn—k—l)
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Figure 1. Known and conjectured lower estimates for A, .

for all ¢ € [—1,1]. This would imply

An,k — M(O) (Rk—l—l « Sn—k—l).

n k Known A, ; Conjectured A, p(S™)

3 0 43.82323 43.82323 43.82323
4 0 61.56239 61.56239 61.56239
4 1 38.9 59.40481 61.56239
5 0 78.99686 78.99686 78.99686
5 1 56.6 78.18644 78.99686
5 2 45.1 75.39687 78.99686
6 0 96.29728 96.29728 96.29728
6 1 >0 95.87367 96.29728
6 2 54.77904 94.71444 96.29728
6 3 49.98764 91.68339 96.29728
7 0 113.5272 113.5272 113.5272
7 1 >0 113.2670 113.5272
7 2 74.50435 112.6214 113.5272
7 3 74.50435 111.2934 113.5272
7 4 >0 108.1625 113.5272
8 0 130.7157 130.7157 130.7157
8 1 >0 130.5398 130.7157
8 2 92.24278 130.1272 130.7157
8 3 95.76372 129.3551 130.7157
8 4 92.24278 127.9414 130.7157
8 5 >0 124.7747 130.7157
9 0 147.8778 147.8778 147.8778
9 1 109.2993 147.7507 147.8778
9 2 109.4260 147.4615 147.8778
9 3 114.3250 146.9519 147.8778
9 4 114.3250 146.1089 147.8778
9 5 109.4260 144.6521 147.8778
9 6 >0 141.4740 147.8778

21

To formulate the second potential relation, we define the following

variant of ,u(o) (H’gﬂ X Sn—k—l):

prghnn (HET o §778) o= inf {5 (u) [ w € CF(HE)).

Here J%¢ is the functional of H’g“ x §"~F=1 but we only evaluate it for
functions that are constant along the sphere S"~%~1. We ask, similarly
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to the Question formulated in the Introduction in [2], whether
0 - _
gl (HEY > §77F) = uO (HE! x §77F),

It seems likely to us that the answer is yes, if and only if |¢| < 1.

An affirmative answer for |c¢|] < 1 would imply, using a reflection
argument, that we can restrict not only to functions that are constant
along the sphere, but even to radial functions. Here a radial function is

defined as a function of the form u(z,y) = u(aﬂHﬂg+1 (x)) where dHEH(:E)
is the distance from x to a fixed point in H’g*l. The constants A,, ;, could
then be calculated numerically. For example, we would obtain

Mgy = pO(R? x §%) = 59.40481 ...

and thus o(S? x S?) > 59.40481..., which should be compared to
(S = 61.56239. .. and u(S? x S?) = 167 = 50.26548 . .. .

Using the handle reduction techniques of the proof of the h-cobordism
theorem, together with information about the spin bordism groups in
low dimensions, we would be able to conclude the following lower bounds
on o(M) for simply connected spin manifolds of dimension n (and with
vanishing index in the case n = 8):

n o(M)>
5 75.3968
6 91.683
7 108.162
8 124.774

If n = 5,6,7, we use that M is spin bordant to a sphere; for n = 8,
we have that M is spin bordant to a number of copies of HP?. For the
standard metric we have p(HP?) = 144.959.... In all four cases we
would have o(M)/o(S™) > 0.95. Similar conclusions can be drawn for
non-spin manifolds.

These inequalities would imply for example that o(CP3) is not at-
tained by the Fubini-Study metric, as u(CP3) = 82.9864... for this
conformal class.

4. Limit spaces and limit solutions

In the proofs of the main theorems, we will construct limit solutions
of the Yamabe equation on certain limit spaces. For this we need the
following two lemmas.

Lemma 4.1. Let V' be an n-dimensional manifold. Let (q.) be a
sequence of points in V that converges to a point q as o \( 0. Let (74)
be a sequence of metrics defined on a neighborhood O of q that converges
to a metric vy in the C%(O)-topology. Finally, let (by) be a sequence of
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positive real numbers such that limy\ by, = 0o. Then for r > 0 there
exists for a small enough a diffeomorphism

O : B"(r) — Bya(qa,bglr)

with ©4(0) = qo such that the metric ©F (b2v,) tends to the flat metric
£ in C*(B™(r)).

Proof. Denote by expg® : U, — O, the exponential map at the
point ¢, defined with respect to the metric v,. Here O, is a neigh-
borhood of g, in V and U, is a neighborhood of the origin in R". We
set

O : B"(r) >z + exp)® (b, z) € B™(qa, by 'r).
It is easily checked that O, is the desired diffeomorphism. q.e.d.

Lemma 4.2. Let V be an n-dimensional manifold. Let (go) be a se-
quence of metrics that converges to a metric g in C? on all compact sets
K CV as a N\, 0. Assume that (U,) is an increasing sequence of sub-
domains of V' such that \J,Us = V. Let uq € C?(U,) be a sequence of
positive functions such that |[uq||pe (v, is bounded independently of c.
We assume

9) LUy = poul™?

where the 1o are numbers tending to 1. Then there exists a non-negative
function u € C%(V) satisfying

(10) LI = Pt

on 'V and a subsequence of uq that tends to u in C' on each open set
Q C V with compact closure. In particular,

11 [e%s} == 1 o (e}

(11) 1wl oo (k) al{I,lOHu | 2o (k)

and

(12) / u"dvd = lim [ wul dv9>
K aNO J i

for any compact set K and any r > 1.

Proof. Let K be a compact subset of V', and let {2 be an open set with
smooth boundary and compact closure in V' such that K C €2. From
equation (9) and the boundedness of ||uq||co We see with standard results
on elliptic regularity (see, for example, [18]) that (u,) is bounded in the
Sobolev space H>2"((Q, g); that is, all derivatives of us|q up to second
order are bounded in L?"(Q)). As this Sobolev space embeds compactly
into C*(Q), a subsequence of (u,) converges in C'(Q) to a function
u$t € CHQ), u®? > 0, depending on Q. Let ¢ € C>°(Q) be compactly
supported in . Multiplying equation (9) by ¢ and integrating over €2,
we obtain that uf satisfies equation (10) weakly on Q. By standard
regularity results u? € C?(Q) and satisfies equation (10).
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As a next step, we choose an increasing sequence of compact sets K,
satisfying J,, Km = V. Using the above arguments and taking suc-
cessive subsequences, it follows that (u,) converges to functions w,, €
C?(K,,) that solve equation (10) and satisfy u,, > 0 and .|k, _, =
Upm—1. We define v on V' by u = u,, on K,,. By taking a diagonal sub-
sequence of (u,), we get that (uq) tends to u in C! on any compact set
K C V. This ends the proof of Lemma 4.2. g.e.d.

The next Lemma, is useful when the sequence of metrics in Lemma, 4.2
converges to the flat metric £ on R™.

Lemma 4.3. Let £" be the standard flat metric on R™, and assume
that u € C*(R™), u > 0, u # 0 satisfies

(13) L u = puP?

for some p € R. Assume in addition that uw € LP(R™) and that
1wl e @ny < 1.

Then p > p(S™).

Proof. The map ¢ : RxS"~1 — R™\ {0}, ¢(¢,z) = €'z, is a conformal
diffeomorphism with

dt2 + O,n—l — e—2t(p*§n.

Thus if u is a solution of (13), then @ := e("2*24 0 ¢ is a solution
2 n—1 . A — A

of L+ 4 = paP~! and ]l Lrmxsn-1) = [ullLprny < 1. The result

now follows from Lemma 3.14. q.e.d.

5. L2-estimates on W S-bundles

Manifolds with a certain structure of a double bundle will appear in
the proofs of our main results. In this section we derive L?-estimates for
solutions to a perturbed Yamabe equation on a W S-bundle.

5.1. Definition and statement of the result. Let n > 1 and 0 <
k < n — 3 be integers. Let W be a closed manifold of dimension k,
and let I be an interval. By a W S-bundle we will mean the product
P:=1xW x S"*~1 equipped with a metric of the form

(14) gws = dt? + 2O p, 4 g k1

where h; is a smooth family of metrics on W depending on ¢ € I and ¢ is
a function on I. The condition k < n— 3 implies that the sphere S™~*~1
carries positive scalar curvature, which is an essential ingredient in the
proof of Theorem 5.2. Let w : P — I be the projection onto the first
factor, and let Fy := 77 1(t) = {t} x W x S" %=1, The metric induced
on F is g = e2?Mp, + o™= k=1 Let H; be the mean curvature of F}
in P; that is, H;0; is the mean curvature vector of F;. We always use
the sign convention for the mean curvature vector for which it points in
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the direction of decreasing volume of Fi. The mean curvature is given
by the formula
k-,
t) —e(h
/(1) ~ ()

with e(hy) = mtrht(&ght). Clearly, e(hy) = 0 if t — hy is constant.

The derivative of the volume element dv9t of F; is
Opdv9t = —(n — 1)Hydv%t.

It is straightforward to check that the scalar curvatures of gws and Ay
are related by (see Appendix A.2 for details)

Scaldws = e=2¢WScal™ + (n — k —1)(n — k — 2)

(15) Hy=—

(16) — k(k 4 1) (6) — 2k (1) — (k + 1) () x (D)
+ %tr((ht_latht)2) - i(tr(ht_lﬁtht)f — tr(ht_lﬁtzht).

Definition 5.1. We say that condition (A:) holds if the following
assumptions are true:

1. t+— h; is constant,

2. e 2Winf,yy Scal™ (z) > —"_3]“2_2a,
3. ¢ <1,

4. 0< —2k¢"(t) < 3(n—1)(n —k —2)%

(Ar)

Similarly, we say that condition (B;) holds if the following assump-
tions are true:
1.t~ p(t) is constant,
2. infrep Scal?Ws(z) > 1Scal”” ™ = L(n—k -~ 1)(n—k - 2), (By)
n— 2 n—
3. O e(n)? 4 251d,e(hy) > —Z(n— k — 2).

Let P be W S-bundle equipped with a metric G that is close to gws
in a sense to be made precise later. Let «, 8 € R be such that [a, 5] C 1.
Our goal is to derive an estimate for the distribution of L?-norm of a
positive solution to the Yamabe equation

LGy = puPt,

If we write this equation in terms of the metric gws, we get a perturbed
version of the Yamabe equation for gws. We assume that we have a
smooth positive solution u of the equation

(17) LISy = aA9WSu+ Scal?Vsuy = puP ! 4+ d* A(du) + Xu+ edyu — su

where s,e € C°(P), A € End(T*P), and X € I'(T'P) are perturbation
terms coming from the difference between G and gws. We assume that

the endomorphism A is symmetric and that X and A are vertical; that
is, dt(X) = 0 and A(dt) = 0.
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Theorem 5.2. Assume that P carries a metric gws of the form (14).
Let o, 8 € R be such that o, B] C I. Assume further that for each t € 1
either condition (A;) or condition (By) is true. We also assume that u
is a positive solution of (17) satisfying
(n—k—2)2(n-1)

8(n — 2)

Then there exists cg > 0 independent of a, B, and @, such that if

(18) MHUHI;Oz(p) <

Al oo Py, X I zoe (pys 181 oo (s €l oo Py leChe) | oo (py < co
then
A|ul|?
/ u? dvIvs < Al (Vol9*(Fy,) 4+ Vol9? (F3)) ,
=1((a+7,8-7)) n—k-—2

where v := n_V,‘Z’EQ.

Note that this theorem only gives information when 8 — o > 2.

5.2. Proof of Theorem 5.2. For the proof of Theorem 5.2, we need
the following lemma.

Lemma 5.3. Let T and ~ be positive numbers, and assume that
w: [T =5, T+~ — R is a smooth positive function satisfying

(19) w'(t) > %
Then
T
m l w m w(—=T — m
o) [ wemar< (T )"+ (=T = 7))
for allm > 1.

Proof. Assume that w|_7_, 74, attains its minimum at to. Since
w” > w/y? > 0, we have w'(t) > 0 for t € (to, T + ), and w'(t) < 0 for
t € (=T — ~,ty). We first study the case when ¢y € (—7,7). We define
W (t) := w(t) +~yw'(t). As w and w’ are increasing on (to, T +7), we get

1) < w(T)+ /Tﬂ w'(t) dt
T

(T + 7).

w
From (19) we see that W'(t) > W (t)/v, or 9; In W (t) > 1/~. Integrating
this relation between t € (to,T) and T, we get

W(t) <e 5 W(T).
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Using that w < W on (to,T') together with (21), we obtain

w(t) SW(E) < e w(T +7),
and hence
T—t
wt)™ <e " (w(T + )™

for all t € [to, T] and m > 1. Integrating this relation over ¢ € [to, T], we
get

T _mT7t0
1 _
@) [ wmies T e 4y < Ll +)"
to m m
Similarly, we conclude that
to ol
(23) / w(t)™ dt < 2L (w(—T — 7)™
-T m

This proves relation (20) in this case. In the case that tc < —T, rela-
tion (22) remains valid. Using

/T w(t)™dt < /T w(t)™ dt

-T to
and
(W(T+7)™ < (wT +7)" + (w(=T =)™,

we obtain relation (20). We proceed in a similar way using (23) in case
to > T. This ends the proof of Lemma 5.3. q.e.d.

Proof of Theorem 5.2. The Laplacian A9WS on P is related to the Lapla-
cian A9 on F; through the formula

AIWS = A9t — 83 + (n — 1)Ht8t,

SO

/ WAIWS g, dpIt — / (uA9y — w(0Fu) + (n — 1) Hyu(Opu)) do?
Fy Fy

= / (|dversu* — w(0Fu) + (n — 1) Hyu(Opu)) dv¥*.
Fy
Together with (17) we get
a/ u@tzu dv9t = / <a|dvmu|2 + a(n — 1)Hyudpu
Ft Ft
- <dvortua A(dvertu)> —uXu — eudiu
+ (Scal?Ws 4 s)u? — uup) dv9t.

In the following we denote by d(cy) a positive constant that goes to 0 if
co tends to 0 and whose convergence depends only on n, u, and h. We
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set Sy := infp, Scal?"s. If we use the inequality 2 [ |ab| < [(a® + b%) to
simplify the terms involving X and €, we obtain

a/ ud?u dv?t > / ((a — 8(co))|dvertu* + a(n — 1) Hyudyu
Ft Ft
— 6(co)(Bu)? + (S; — 8(co))u? — ,uup) dvdt.

If ¢¢ is small enough so that a — d(cp) > 0, we conclude that

a/F <u8t2u —(n— 1)Htu(8tu)) dv?*
(20)
> (5, - den)ule? - [

(5(00)(8tu)2 + ,uup> dv9t,
Fy

where we define

1/2
w(t) = |lullr2(m,) = </F u? dv9t> .
t

Differentiating this, we get

2w’ (Hw(t) = 0 | u®dv?
Y,

= /Ft (2u(8tu) —(n— 1)Htu2) dv?'.

We now assume that (A;) holds. Then (15) tells us that

o (25) becomes

k
(26) w'(Hw(t) = / u(Opu) dvdt + Ew/(t)w(t)z.
Fy
We differentiate this and obtain

W (1) + 0" ()w(t) = /F (Oyu)? duve*
+ /F <u8t2u —(n— 1)Htu8tu) dv9t

F o (e + k! (0 (Bu(t).
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From (24) we get

w' ()% + W’ (Hw(t) > (1— 5(C°)> /F (8yu)? dvd

a

(27) # (5 5= st + 50 ) wie?
1

1 [ o)
a Jp,

We now use Cauchy—Schwarz and (26) to get

w(t)? /F COREE ( /F o) dvgt>2

and thus
(25) [ @ = (wio - §¢<t>w<t>)2 .
From assumption (18) it follows that
(29) . /F W < m_g‘%ww@)?
Inserting (28) and (29) into (27), we obtain
w2 +uou) = (1- 22 (i - gmw@f
# (5 5= dla) + 50 wie?
OBk )

or, after some rearranging,

(30)

(L5 —bten)) + oy + B - 2T .
a 2 4 32

Next, we estimate the coefficient of w(t)? in the last line of (30). We
denote this coefficient by D. Using (16) and assumption 1 of (A;), which
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tells us that e(hy) = 0, we get

D= 1(6_2“"(’5) inf Scal" (x) — k(k + 1)@/ (t)? — 2k@"(t) + (n — k — 1)(n — k — 2))

a zeW
_ 6(20) + g(p//(t) + %24/7/@)2 _ (n _§2_ 2)2
= %ﬂv’(t) nf Scal™ (z) + é (n—k—1)(n—k—2)—0d(c)) + 2(nk_ 1)<p"(t)
k , (n—k—2)2
- 4(n_1)(n—k—2)go (t)? — —

From assumptions 2 and 3 of (A;), we obtain

Dz 2 L= k= 1)~k =2) ) + 5 ()
k
4(n—1)
_ 4(n1_ gy (= 10—k —2)? + 2k (1)
n—k—2 (n—k—-2)?% 6(c)
32 32 a

(n—k—2)?
32

(n—k—-2)—

Using assumption 4 of (A;) and n — k — 2 > 1, we further obtain

D>t <3(n—1)(n—k—2)2>

“4n—-1)\2
m—k—-22 (m—k—-2)?% &)
) ) a
_ (’I’L —k— 2)2 _ 5(60)
16 a

Inserting this in (30), we get

a 2
n—k—2)> c
+ (( ]f6 2) B 6(a0)> (t)2
> _25(Co)w/(t)2
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where we also used the elementary inequality (a—b)? < 2a?+2b%. Again
using assumption 3 of (A;), we conclude

== 2 _ o) 1+ %» ol

Fix a small positive number §. Choose ¢y small so that §(co) is also
small. Then (31) tells us that

(n—k—2)2 A

(32) w” (H)w(t) > = w(t)? — dw'(t)%

Define v(t) := w(t)1+‘§. This function satisfies

V() = (1+ 8w ()w(t)® + 6(1 + 8)w' (t)2w(t)’

> (14 8)("_’3“72_2)2@0@)1”
(n —k —2)?
> 39 v(t).

Next, we assume that (B;) holds. Then (15) becomes
Ht = —e(ht),

and from (25) we get

(33) W' (Hw(t) = /F <u(8tu) + "g 1e(ht)u2> dvt.
Differentiating this, we get
W (12 4w ()w(t) = /F <(8tu)2 + (0= De(hy)udsu

+ ((n — 1)26(/%)2 + I 18t€(ht)> u2> dv?*

2 2

—1—/ (u@fu — (n — 1)Hudyu) do¥.
Fy
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Next, we use (24) followed by assumptions 2 and 3 of (B;) to obtain

w@f+w%mmaz/‘

Fy

n—1)2 n—
" <( ey + 18te(ht)> u?

((8tu)2 + (n — 1)e(ht)udpu

[«

a a

(CO) (atu)2 _ Hup> dvIt

+ (80— dleo) 0
> /F | <<1 _ M) (0)? + (n — 1)e(hy Judhu — ﬁup> ¥

a a

4 <i(n— Eo1)(n—k—2)— > (n—k—2)— 5(C°)> w(t)?.

2a 64 a

From (29) we further get, using £ < n — 3 in the last step,

(34)
/ " d(co) ¢
w' (1)? + w” (Hw(t) > /Ft <<1 - > (Opu)? + (n — 1)e(ht)u8tu> dv?
+ (—a(n—k—l)(n—k—2)—5—4(71—1@—2)

> /F | <<1 _ 5(20)> () + (n— 1)e(ht)u8tu> v

4 <3i2(n k= )(n—k—3/2) — @) w(t)?
> /F | <<1 _ 5(CO)> () + (n — 1)e(ht)u8tu> do’"

- <3i2(n —k—2)2+ 6%1 - 5(Z°)> w(t)?.
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We set E; := supy, |e(hy)| and use (33) to compute

w(t)? /F t(atu)2 dv?* > < /F u(Ow) dv9f>2

=<w@www—"gfﬁfwnﬁdwﬁ2
= (w'(tyw(t)” + <" o) ! /F e(hy)u? dvg’f)z
—(n— 1)w’(t)w(t)/ e(hy)u?® dv?*

Fy

zww%wf—<";ﬁ%@w@4

— (n= D' Oho(t) [ |e(he)|u® dv?*

— (n = DE|w' ()w(t)’.
Next, we divide by w(t)? and obtain
(35)

2 5 g 12 n—1\? 2 2 /
/Ft(at“) Qv > (1) _(T) E2w(t)? — (n — 1) E|w' (8)|w(?)

> w/(t)? — (” — 1)2 E2w(t)? — n; LB (0 (1) +w(t)?)

2
2
_ <1 - "; 1Et> w ()2 — <”; L+ (”; 1) Ef) w(t)?.
Also,
/ e(ht)udyu dvdt| < le(hy)udyu| dvdt
Ft Ft
< Et/ |udyu| dv9t
Fy
1
< —Et/ (u2 + (atu)Q) dv¥t,
2 £
SO

(36) /F(n — De(hy)udyu dv9t > _n Et/F (u2 + (8tu)2) dvt.

Fix a small number § > 0. We insert (35) and (36) in (34) and choose ¢
small enough so that §(cg) and E; are small. Then we get that w(t)
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satisfies the same inequality (32) as we obtained under the assump-
tion (A¢). We have showed that in both cases (A;) and (B;) the function

v(t) = w(t)lJ”§ satisfies
V'(t) = u(t)/7?

: 32 _ .2
since m—p=oz = 7"

Now we apply Lemma 5.3 to the function o(t) = v(t + BJFTQ) with
T= ﬁ—Ta — v and m = ﬁ. From this we obtain
~ T
(37) @I+ )"+ (=T =))") 2/ o™ dt.
-T

With s =t + BJFTQ we further have
T B— R B—y
/ 0" dt = / (w(s))3FOm gt = / w? ds.
=T a+y a+y

From the definition of w we obtain

T
/ " dt = / u? dvIvs.
-T 1 ((a+7,8-7))

In addition, we have

(T +)"+ @O(=T=v)") :/ u? dv9° +/F u? dv9?
a 5

< [ullFoe (py (VOl9° (Fiy) + Vol9% (F)) .

Choosing ) small, we may assume m > /2. This together with (37) and

v = n_Vlg’Ez gives us

4|2
/ u? dvIvs < Al (Vol%*(F,) 4+ Vol?¢(Fg)) .
=1 ((a+7,8-7)) n—k—2

This proves Theorem 5.2. q.e.d.

6. Proof of Theorem 1.3

6.1. Stronger version of Theorem 1.3. In this section we prove
the following Theorem 6.1. By taking the supremum over all conformal
classes, Theorem 6.1 implies Theorem 1.3.

Theorem 6.1. Suppose that (M1, g1) and (Ma, g2) are compact Rie-
mannian manifolds of dimension n. Let N be obtained from My, Mo,
by a connected sum along W as described in Section 2. Then there is a
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family of metrics gg, 6 € (0,00) on N satisfying
min {p(My I Ma, g1 I g2), Ay} < ligl\iélfu(N, 90)

< limsup u(N, go)
00
< (M I My, g1 11 g9).

In the following we define suitable metrics gg, and then we show that
they satisfy these inequalities.

6.2. Definition of the metrics gy. We continue to use the notation of
Section 2. In the following, C' denotes a constant that might change its
value between lines. Recall that (M, g) = (M11I1Ms, g111g3). For i = 1,2
we define the metric h; as the restriction of g; to W/ = w;(W x {0}),

and we set h := hqy Il hg on W' = W] Il Wj. As already explained, the
normal exponential map of W/ C M defines a diffeomorphism

wi : W x B" ¥(Ruax) = Ui(Ruax), i=1,2,

which decomposes U(Rmax) = U (Rmax) ILU2(Rmax) as a product W’ x
B F(Rpax)-

In general, the Riemannian metric g does not have a corresponding
product structure, and we introduce an error term 71" measuring the
difference from the product metric. If r denotes the distance function
to W', then the metric g can be written as

(38) G=h4 & F T =htdr® 420" 14T

on U(Rumax)\W' =2 W' x (0, Ryax) xS™ #~1. Here T is a symmetric (2, 0)-
tensor vanishing on W’ (in the sense of sections of (T*M & T*M)|w).
We also define the product metric

(39) g = ht &F = b dr? 4 p2en R

on U(Rpmax) \ W'. Thus g = ¢’ + T. Since T vanishes on W/, we have
for sufficiently small r

(40) T(X,Y)| < CrX][g[Y]y
for any X,Y € T, M where x € U(Rpax)- Since T is smooth, we have
for sufficiently small r
(VeT)(X,Y)| < ClX|g|Y]g[Uly,
and
|(V2U7V)T(X, Y)| < C|X|g’|y|g’|U|g’|V|g’v

for X,Y,U,V € T, M. We define T; := Ty, for i =1,2.
For a fixed Ry € (0, Rmax); Ro < 1, and sufficiently small in the
sense of equation (40) and the following equations, we choose a smooth
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HIERARCHY OF PARAMETERS
Rupax >Rg>0>60>e>0

We choose parameters in the order Ry, Ro, 0,09, Ag. We then set
€= e 404,
This implies [t| = Ag < 1 = Jp.

Figure 2. Hierarchy of parameters.

f
In Ay
......... SN O O
: : : t=+lIn(r/e)
. : : : : "
—In(1/e) —1In(f/¢) —In(do/¢) In(do/€) In(f/e) In(1/¢)
f f f f f f f
r =1 7'1:0 7'1:6(] rlie o = 0p 72—6 7“2:1
To = €

Figure 3. The function f.

positive function F': M \ W’ — R such that

- 1, ifzx e MZ‘ \ Ui(RmaX),
Fle) = {Ti(lﬂ)_l, if z € U;(Rp) \ w’.

Next we choose small numbers 6,5y € (0, Ry) with § > &y > 0. Here
“small” means that for a given small number 6 we choose a number
do = do(#) € (0,0) such that all arguments that need dy to be small will
hold; see Figure 2. For any 6 > 0 and sufficiently small § there is Ay €
(071, (60) ') and a family of smooth functions f = fys, : U(Rmax) — R
depending only on the coordinate r such that

) =Inr(z), ifx € U(Rnax) \ U(0);
fla) = In Ay, ifzeU(d),

and such that

(41)
daf| | df d ( df | &S
"ar| T ‘d(lnr) <1, and "ar <T%> [ ‘ d(Inr) || — 0

as 0\, 0. See Figure 3.
We set € = e=4948,. We can and will assume that e < 1.
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Let N be obtained from M by a connected sum along W with param-
eter ¢, as described in Section 2. In particular, UN (s) = (U(s) \ U(e)) /~
for all s € [¢, Rimax)- On the set UN(Rmax) = (U(Rumax) \ U(¢)) /~, we
define the variable ¢t by

b —Inry +1lne, on Up(Rmax) \ U1(e),
o Inrg —Ine, on Us(Rmax) \ Uz(e).

Note that ¢t < 0 on Uy (Rmax) \Ui(€) and t > 0 on Uz(Rmax) \ U2(€), with
t = 0 precisely on the common boundary 0Uj (¢) identified with OUs(e)
in N. It follows that

rs = eltiHne _ coltl
We can arrange that ¢ : UEN (Rmax) — R is smooth. Expressed in the
variable ¢, we have

F(z) = te !

for x € UN(Ry), or, in other words, if [t| + Ine < In Ry. Then equa-
tion (38) tells us that

F2g — 6—26—2|t‘(h + T) + dt2 + O_n_k_l
on UN(Ry). If we view f as a function of ¢, then
£t) = —|t| —Ine, iflnf —Ine < [t| <InRpyax — Ine,
- In AG) if |7f| < 1H50 —1In €,

and |df /dt| < 1, ||d?f/dt?| L~ — 0 as 6 tends to 0. We choose a cut-off
function y : R — [0,1] such that x = 0 on (—o0, —1], |dx| < 1, and
X =1 on [1,00). With these choices we define

Fzgi, on MZ\UZ(H),
2O (hy +T;) + dt* + o™ *=1 on U;(0) \ Us(),
go = 4 Agx(t/Ag)(ha + T)
+ AJ(1 — x(t/Ag))(h1 +T1) p  on UN(d).
+ dt? 4 o™k,

On UN(Ry) we write gy as
go = X Ohy 4 dt? + 0" 14 T,
where the metric h; is defined by
hi i= X(t/Ag)ha + (1 — x(t/Ag))h1,
for t € R, and where the error term ft is equal to
Ti == X0 (x(t/Ag) Ty + (1 — x(t/A9)) Th) -

See also Figure 4. On UM (Rg) we also define the metric without error
term

(42) gé ‘=g — ﬁ = ezf(t)ﬁt + dt2 + O'n_k_l_
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=

S7~k=1 has constant length

[ )

o

g6 =9 gg=1F2%

Figure 4. The metrics gg. The horizontal direction in
both drawings corresponds to the ¢-variable. The verti-
cal direction in the upper drawing corresponds to the
projection to S *~1 and in the lower drawing it cor-
responds to the projection to S*. In the lower drawing,
the curved parts close to the middle part are not drawn
realistically. Their curvature tends to 0 for 8 — 0, and
the middle becomes huge in this limit, and thus it would
be too large for our picture.

An upper bound for the error term 7} will be needed in the following.
We claim that

(43) Xy < Ce TO|X],

for X € T,N, where ¢’ is the metric defined by (39). To prove the
claim, we decompose X in a radial part, a part parallel to W/, and a
part parallel to S”%~1. This decomposition is orthogonal with respect
to both ¢’ and g). For X = & = Feell- 2 we have that 1 = | X[y and
1X |, = eell < e since f(t) < —|t| — Ine. The argument is similar
if X is parallel to S""*~1 If X is tangent to W', then |X|, = |X|, <
ClX];, < C’e_f(t)|X|gé, and the claim follows.



SMOOTH YAMABE INVARIANT AND SURGERY 39

The relations (40) and (43) imply
IT:(X,Y)| < O I|T(X,Y)]
< O Or| X ||V |y
< Or|X|g [Ylg,

for all X,Y . In other words, this means

(44) |ﬁ|g{9 < Cr = Ceelll < ce™1®),
Further, one can calculate that

5) VTl < Ce O

and

(46) V2T < Ce™ /0,

Here V denotes the Levi-Civita-connection with respect to gj. In par-
ticular, we see with Corollary A.2

(47) Scal?? — Scal¥| < Ce™ /).

6.3. Geometric description of the new metrics. In this subsection
we collect some facts about the geometry of F2g and gp introduced in
the previous subsection. Most of the results are not needed for the proof
of our result, but are useful to understand the underlying geometric
concept of the argument. We will thus skip most of the proofs in this
subsection.

The first proposition explains the special role of HFH x SP—k—1,

Proposition 6.2. Let x; be a sequence of points in M\W , converging
to W. Then the Riemann tensor of F2g at x; converges to the Riemann
tensor of HF1 x S"=F=1. The covariant derivative of the Riemann ten-
sor of F2g converges to zero. For any fived R > 0, these convergences
are uniform on balls (with respect to the metric F2g) of radius R. In par-
ticular, for any fixed R > 0 the balls (BFzg(a:i,R),a:,-,Fzg) converge to
a ball of radius R in HFL x S"=F=1 in the C>*-topology of Riemannian
manifolds with base point.

The C?“-topology of Riemannian manifolds with base point has its
origins in Cheeger’s finiteness theorem [14] and in the work of Gro-
mov [19, 20]. The article by Petersen [46, Pages 167-202] is a good
introduction to the subject.

In the limit » N\, 0 (or equivalently ¢ — o0), the W-component of
the metric F2g grows exponentially. The motivation for introducing the
function f into the definition of gy is to slow down this exponential
growth: the diameter of the W-component with respect to gg is then
bounded by Agdiam(W, g), where diam(W, g) is the diameter of W with
respect to g. This slowing down has to be done carefully in order to
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get nice limit spaces. The properties claimed for f imply the following
result.

Proposition 6.3. Let 0; be a sequence of positive numbers tending
to zero, and let x; € UEN(RWM) be a sequence of points such that the
limit ¢ = lim(%f)(t(xi)) exists. Then the Riemann tensor of gy, at
x; converges to the Riemann tensor of HET! x S*=*=1 The covariant
derivative of the Riemann tensor of gy, converges to zero. For any fized
R > 0, these convergences are uniform on balls (with respect to the
metric gp,;) of radius R. In particular, for any fited R > 0 the balls
(BYi (z;, R), 7, ge,) converge to a ball of radius R in HETL x SP=k=1 jn
the C%-topology of Riemannian manifolds with base point.

From this proposition it follows that the balls (B *g (74, R), 2;, F?g)
converge to a ball of radius R in HET! x "%~ in the C**-topology
of Riemannian manifolds with base point. Thus, we get an explanation
why the spaces H'g“ x S"~F=1 appear as limit spaces.

The sectional curvature of H**! is —c2. Hence the sectional curvatures
of the product HA*! x S*~#~1 are in the interval [—c?, 1]. Using this fact,
we can prove the following proposition.

Proposition 6.4. The scalar curvatures of gy and gj are bounded by
a constant independent of 6.

Proof. The metric gj is the metric of a W.S-bundle. Hence (16) is
valid. We calculate 9,y = (1/A4g)X'(t/Ag)(ha—h1) and 82h; = (1/4)2X"
(t/Ag)(hg — hy). This implies |[tr™ 0,y < C/Ag, [tr(hy *0ihe)?| < C/A2,
and \trﬁt(‘)tzizt\ < C/A2. From (16) it follows that Scal% is bounded.
Equation (47) then implies that Scal?’ is bounded. q.e.d.

The geometry close to the gluing of M; \ Ui(e) with My \ Us(e) is
described by the following simple proposition.

Proposition 6.5. Let H be the metric on W x (—1,1) given by
(x()ha + (1 = x())h1) + dt?. Then (UN (&), gy) is isometric to (W x
(=1,1) x S*=FL ATH + o™=+,

6.4. Proof of Theorem 6.1. The metrics gy are defined for small
f > 0 as described above. In order to prove Theorem 6.1, it is sufficient
to prove

for any sequence 6; N\, 0 as i — oo for which lim;_, p(IV, gg,) exists.
Recall that (M, g) = (Ml I MQ,gl I gg).

The upper bound on lim;_, (N, gp,) is easy to prove. The proof
of the lower bound is more complicated, and our arguments for this
part are inspired by the compactness-concentration principle in analysis;
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see, for example, [17]. In the case of a concentration, we will use blow-
up analysis in order to construct a non-trivial solution to the Yamabe
equation on some limit space. Here we follow and generalize a similar
construction of a blow-up limit in lecture notes by Schoen; see [53,
Chapter V.2].

For each metric gy we have a solution of the Yamabe equation (5).
We take a sequence of 6 tending to 0. Following the compactness-
concentration principle, this sequence of solutions can concentrate in
points or converge to a non-trivial solution or do both at the same time.
The concentration in points can be used to construct a non-trivial so-
lution on a sphere by blowing up the metrics.

In our situation we may have concentration in a fixed point (sub-
case I.1) or in a wandering point (subcase 1.2), and we may have con-
vergence to a non-trivial solution on the original manifold (subcase
I1.1.2) or in the attached part (subcases II.1.1 and II.2). In each of
these cases we obtain a different lower bound for lim;_, p(V, gg,): In
the subcases 1.1 and 1.2, the lower bound is (S™), in subcase I1.1.2 it is

w(M,g), and in the subcases II.1.1 and II.2 we obtain Al 36 and A(23€ as
lower bounds. Together these cases give the lower bound of Theorem 6.1.

The cases here are not exclusive. For example, it is possible that the
solutions may both concentrate in a point and converge to a non-trivial
solution on the original manifold.

In our arguments we will often pass to subsequences. To avoid com-
plicated notation, we write 6 \, 0 for a sequence (;);en converging to
zero, and we will pass successively to subsequences without changing
notation. Similarly, limg\ o ~(€) should be read as lim; o h(6;).

We set p = p(M, g) and pg := pu(N, gg). From Theorem 1.1 we have

(48) 1 o < p(S™).

After passing to a subsequence, the limit
= li € [—oo, u(S™
=l g [—o0, u(S™)]

exists. Let J := JY9 and Jy := J9 be defined as in (1).
We start with the easier part of the argument—namely, with

(49) i< p.

For this let @ > 0 be a small number. We choose a smooth cut-off
function x, on M such that xo, = 1 on M \ U(2a), |dxa| < 2/«,
and xo = 0 on U(w). Let u be a smooth non-zero function such that
J(u) < p+ 6 where ¢ is a small positive number. On the support of x,
the metrics g and gy are conformal since g9 = F2g, and hence by (3) we

have
n—=2

po < Jo <XaF_ 2 u) = J(Xau)
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for § < o. It is straightforward to compute that lim\goJ(xou) =
J(u) < p+ 9. From this Relation (49) follows.

Now we turn to the more difficult part of the proof—namely, the
inequality
(50) o2 min A}
In the case i = p(S™) this inequality follows trivially from (48). Hence
we assume i < u(S™) in the following, which implies pg < p(S™) if 6 is
sufficiently small. From Theorem 1.2 we know that there exist positive
functions ug € C%(M) such that

(51) L9%ug = g

/ ul dv9? = 1.
N

We begin by proving a lemma that yields a bound of the L?-norm of ug
in terms of the L>°-norm. This result is non-trivial since Vol(V, gg) — o0

as 0\, 0.

and

Lemma 6.6. Assume that there exists b > 0 such that

po_ (n—k—22(n—1)
o sup uy <
UN@G) 8(n —2)
for 8 small enough. Then there exist constants c1,cy > 0 independent of
0 such that

/ ug dv9® < cl||ue\|%oo(N) + e
N

for all sufficiently small 0. In particular, if ||ug||pe(ny is bounded, so is
|uall2(n)-

Proof. Let 7 € (0,b) be fixed, and set P = U(7). Then P is a WS-
bundle where, with the notation of Section 5, I = («, ) with a@ =
—In7 +1Ine and 3 = In7 — Ine. On P we have two natural metrics:
g9 and gws = gé = ggp — T;. The metric gws has exactly the form
(14) with ¢ = f and h; = hy. Let 6 be small enough, and let t €
(—In74+Ine, —Indp+Ine)U(lndp—Ine, In7—In€). Then assumption (A;)

of Theorem 5.2 is true. Now, again if 6 is small enough, we have for all ¢t €
n—k—1

(=Indo +1Ine Indy —Ine) the relation Scal™s = Scal” + O(1/Ayp).
The error term e(h;) from (B;) in this case satisfies
2= Dle(ho) < [ o] = o (/) ) <
Ay Ay

and

2(n — 1)|se(he)| = ‘tr (ﬁ;l(atﬁt)ﬁgl(atﬁt))\ n (trﬁtafﬁt\ < A%.
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Because of 1/4y < 6 condition (By) is true. Equation (51) is written in
the metric gy. Using the expression of the Laplacian in local coordinates,

A9y = — Z(det 99) /20, <g;j(det gg)l/zaju) ,
i7j
one can check that if we write equation (51) in the metric gws, we obtain
an equation of the form (17) with u = pg. Together with (44), (45), and
(47), one verifies that the error terms satisfy

[A(%) | gws » [ X (@) gws  [(2) lgws  [€(2) [gws < Ce_f(t),

where | - |5y denotes the pointwise norm at a point in UN(Rp), and
where C' is a constant independent of 6. In particular, for any ¢y > 0,
we obtain

[A@)lgws  1X (@) lgws 5(2) [gwes » [€(a) (2) s [€(2) s < o

on UN(#) for small 0. These estimates allow us to apply Theorem 5.2.
By the assumptions of Lemma 6.6, if 7 € (0, b) is small enough, assump-
tion (18) of Theorem 5.2 is true. Thus, all hypotheses of Theorem 5.2
hold for @ := —In7 + Ine¢, §:=In7¥ — Ine€, and hence

4|ug||?
/ ud dvIvs < % (Vol%*(F,) 4+ Vol?¢(Fg)) .
where P’ := UN(7e~7). Now observe that
4
= ———— (Vol92(F, 198 (F,
C 1= —— s (Voli (F,) + Vol (F))

does not depend on 6 (since F,, and Fj correspond to the hypersurface
r = 7). This implies that

/ ug dvIWs < Cllugl|7 o
P/

where C' > 0 is independent of 6. Since if 7 is small enough, we clearly
have
dv99 < Qd’L)gWS,

and we obtain that

/ ug dv? < i lugl| oo
P/

where ¢; := 2C > 0 is independent of . Now observe that Vol9 (N \ P’)
is bounded by a constant independent of §. Using the Holder inequality,
we obtain

/ ug dv9o = / uj dv9e +/ ug dv9
N ' N\P/

< CIHUGH%OQ(N) —|—V0199(N \ P/)% (/N\p/ ué’dv) .

n—2
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Since ||ugl|zr(ny = 1, this proves Lemma 6.6 with c; as defined above and

with ¢g 1= Vol?? (N \ P’ )% For small 6, the metric gg|z\ pr is independent
of A, and thus co does not depend on 6. q.e.d.

]. . E

Proof. We set mg := [lug||po(ny- In order to prove the corollary by
contradiction, we assume limg\ gmg = 0. Then since pg < p(S™) the
assumption of Lemma 6.6 is satisfied for all # > 0 sufficiently small, and
for all b > 0 for which U (b) is defined. We get the contradiction

-2 -2
1= /Nuf,’dvg‘9 <mj /Nugdvg <mh(eymg + c2) = 0

as 6\, 0. q.e.d.

Corollary 6.8.
R .
fi =l ug > —oo
Proof. Choose xy as above. We then have A%wy(xg) > 0, which to-
gether with (51) gives us

Scal® () gl Lo () < oo 5= -

Proposition 6.4 and the previous corollary then imply that ug is bounded
from below. g.e.d.

In addition, by Theorem 1.1, pp is bounded from above by p(S™). It
follows that i € R. The rest of the proof is divided into cases.

Case 1. limsupg g [|ug|| o (v) = oo

As before, we set myg := |lug|| () and choose zg € N with ug(zg) =
my. After again taking a subsequence, we can assume that limg\ o mgp =
o0o. We consider two subcases.

Subcase I.1. There exists b > 0 such that xg € N \ UN(b) for an
infinite number of 6.

We recall that N, \ UN(b) = My II My \ U(b). By taking a subse-
quence, we can assume that there exists £ € M; IT My \ U(b) such that

_4_
o

limg o zg = Z. We let gg := m};~* go. In a neighborhood U of T the met-
ric g9 = F%¢ does not depend on . We apply Lemma 4.1 with O = U,
2

a=0,q,=1p ¢=7, Yo = go = F2g, and b, :me"’2. Let r > 0. For
f small enough Lemma 4.1 gives us a diffeomorphism

2

Oy : B"(r) — Bge(:ng,me_”fzr)
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such that the sequence of metrics (O©}(gg)) tends to the flat metric £"
in C2(B"(r)). We let iig := m, 'ug. By (2) we then have

Go ~ ~p—1
L%y = pgty
_72 ~
on B9 (xg,m, "*r), and, using the fact that dv? = m} dv%, we have

/ i &gdvggz/ o uhdv¥
BJe (5[7977710 " T) B (5[7977710 " T)

§/ ugdvg"
N
=1.

Since ,

O : (B"(r), ©5(a)) — (B% (w9, my " >7), go)
is an isometry, we can consider g as a solution of
LGZ@&){LG — Meﬂig_l
on B™(r) with [y, dp dv®9) < 1. Since |[ig| oo (sn(r)) = [0(0)] = 1,
we can apply Lemma 4.2 with V =R", a = 6, go = 0}(gp), and uq = U
(we can apply this lemma since each compact set of R™ is contained in
some ball B™(r)). This shows that there exists a non-negative function
u # 0 (since u(0) = 1) of class C? on (R",£") that satisfies
L& u = aAs"u = ,aup_l.
By (12) we further have
/ uP dvt” = lim o uhdv? <1
B”(T) 9\0 BY6 (Ie,me nTZT)

for any r > 0. In particular,

/ uP dvs" < 1.

From Lemma 4.3, we get that > p(S™) > min{p, A, }. We have
proved inequality (50) in this subcase.

Subcase I.2. For all b > 0 it holds that zy € UN (b) for 0 sufficiently
small.

The subset UM (b) is diffeomorphic to W x I x S"7*~1 where I is an
interval. We identify
Tg = (Yo, to, 20)
where yg € W, tg € (—InRy + Ine, —Ine + In Ry), and z € S*~F1.
By taking a subsequence we can assume that gy, t—‘;, and zy converge,
respectively, toy € W, T € [—00, 40|, and z € S"~*~1. First, we apply
Lemma 4.1 with V =W, a =0, ¢ga = Y9, ¢ = Y, Ya = l~zt9, Yo = hr
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. . 2
(we define h_o = hy and his = hg), and by = my? ef) . The lemma
provides diffeomorphisms

. _2
0y : B*(r) — B"e(yg,m, " e~ flto)y)

4
for r > 0 such that (©)*(m,; > e2fto) ;) tends to the flat metric &¥
on B*(r) as 6 \, 0. Second, we apply Lemma 4. 1 with V = §n—F-1

a=10,q. =29, Ya =Y = o™ k=1 and b, = me . For 7" > 0 we get

diffeomorphisms

2

07 : B"Fl(r") — BT (zg,my ")

4
such that (©7)* (mg" 720" k1) converges to ¢"F! on B"FTL(r) as
6, 0. For r,7’, 7" > 0 we define

Ug(r, 7', 7" == Bl (yo, m e 1 (o) r) X [tg —my ”227’" tg +my "227*"]
X Banfkfl(ze,me_mr'),
and
Qg : B¥(r) x [—r",7"] x B"KL(r") = Uy(r, 7', ")
by
Oo(y. 5,2) = (05(y), t(s), 05 (2)),

2
where t(s) =ty +my *s. By construction Oy is a diffeomorphism, and

we see that
_4

_4
Oj(mg " go) = ()" (mg 7 e Vhy) + ds?
(52) s 4
+(05) (mg 2 o) + ©5(my ).
Next, we study the first term on the right-hand side of (52). Note that it
is here evaluated at t, while we have information above when evaluated
at tg. By construction of f(t), one can verify that

ef(te)

lim S oN

0\0

=0
__2 __2
CQ([tg—me n=2 ' te+m, n—2 r''])

since ‘;J; and & t2 are uniformly bounded. Moreover, it is clear that

o

= _ 2
llc2(BM6 (yg,m, ™2 eI to)ry)

2 2
T n— 27,/ t€+m€n n—2 //]

_4 ~ ~
(@z)* <m6n2 <e2f(t)ht _ 62f(t0)ht9)>

uniformly in t € [ty —m, As a consequence,

=0
C2(B*(r))

lim
o0
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_2_ _2_
uniformly for ¢ € [tg —m, " 1", tg +m, " *r"]. This implies that the

4 .
sequence (09)*(m; >e*/®h;) tends to the flat metric &¥ in C?(B*(r))
uniformly in ¢ as 6 \, 0. Further, we also know that the sequence

"4
(©2)*(my? o™ k=1 tends to £ 7F~1 in C2(B™*71(1")) as 6 \, 0. Re-
4

m/)

calling from (42) that g; = gy — T,, we have proved that Op(mg gy
tends to the flat metric in C?(B¥(r) x [—r",7"] x B"=k=1(s/)). Finally,
we are going to show that the last term of (52) tends to zero in C2. Tt
follows from (44) that
4
@;(m;72 Tt)

(53) = 0.

CZ (Bk (T) X [—7””,7””} X ankfl (T/))

lim '
0\0
Indeed, (44) tells us that

4

\@sz?ﬁ)(xw g T(00.(X), 00u(Y))

4

< C’T‘mgj|®9*(X)|gé|@0*(Y)
< Cr|X|
)

|g(’9

4 ’ 4 s
=2 n—2
o(mg' " "gp)  ©5(mg" " gp)

4

and since ©(m, 2 gj) tends to the flat metric, we get (53). Doing the
same with V7; and V27} using (45) and (46), we obtain that

4
. * n—2 _
(54) (%1{1% Oy(m, *T;) =0

in C?(B*(r) x [=r",r"] x B**=1(r")). Returning to (52), we see that
4

the sequence @Z(m(;‘ngg) tends to £" = &F 4 ds? 4 "7+~ on B¥(r) x
[~ r"] x B"*~1(r'). We proceed as in Subcase I.1 to show that i >
p(S™) > min{y, A, }, which proves relation (50) in the present subcase.
This ends the proof of Theorem 6.1 in Case I.

Case II. There exists a constant Oy such that |[ugl|pe(ny) < Cy for
all 6.

As in Case I, we consider two subcases.
Subcase II.1. There exists b > 0 such that

(n—k—2)%n-1)
2) < 8(n — 2) ’

lim inf sup ub”
N0 (M UeN{Z) ’

By restricting to a subsequence, we can assume that

p2_ (n—k=2?%n-1)
Mo Sup u <
UN(@) 8(n —2)
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for all . Lemma 6.6 tells us that there is a constant Ay > 0 such that
(55) lluallL2(n,gy) < Ao-

We split the treatment of Subcase II.1. into two subsubcases.

Subsubcase I1.1.1. limsupy\ o limsupg\ g supy~ ) ug > 0.
We set Dy := % lim supy\ o lim supgy o supyw ) ugp > 0. Then there are
sequences (b;) and (6;) of positive numbers converging to 0 such that

sup ug, > Do
UN (bi)

for all 4. For brevity of notation we write 6 for 6; and by for b;. Let
zy € UN(bg) be such that

(56) ue(x/g) 2 DO.

As in Subcase 1.2 above we write xj, = (yp, 19, 29) Where yp € W, ty €

(~InRy + Ine, —Ine + In Ry), and zg € S" 1. By restricting to a
subsequence we can assume that yg, 2—"9, and zg converge, respectively,
toy e W, T € [—o0,+0], and z € S7=k=1 We apply Lemma 4.1 with
V=W,a=0,q.=%,q9=1Y, Ya = izte, Yo = ET, and b, = ef(te), and
we conclude that there is a diffeomorphism

OF : B (r) — Bl (yg, e~ 10)7)

for 7 > 0 such that (04)*(e*/(@)h;,) converges to the flat metric £* on
B¥(r). For r,r" > 0 we set

Ug(r,r') == Bl (g, e 7Y x [tg — 1/ tg + 1] x SPh1
and we define
Op : Bk(r) x [—r' 7] x gnk=1 Ug(r,7")

by
Op(y. 5,2) = (Op(y), t(s), 2),
where t(s) := tg + s. By construction, 0y is a diffeomorphism, and we
see that
e2f() - ~
(57)  05(99) = 755 (O8) (€ he) + ds® + 0"~ + 65(Th).

We will now find the limit of ©%(gp) in the C? topology. We define ¢ :=
limg~ o f/(tp), which can be assumed to exist without loss of generality.

Lemma 6.9. For fized r,7’ > 0 the sequence of metrics ©}(gp) tends
to Ge = it 4 gn=k=1 = g2es¢k 1 452 1 o™ =F=1 in the topological space
C?(BF(r) x [=r',¢"] x §n=k—1),

As this lemma coincides with [4, Lemma 4.1], we only sketch the
proof.
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Proof. The intermediate value theorem tells us that

”
| £(t) = f(t) — f'(to)(t —to)| <

T_ "
7 e, [176)]

for all t € [tg — 1/, tg + 1']. Because of (41) we also have ||f”||p~ — 0 for
6\, 0, and hence

hm Hf ) f/(tG)(t - te)HC'O([tg—r’,tg—i-r’}) =0

for ' fixed. Further, we have

(10 = ) - Fe0)e =) = 170) ~ 1)

t
f"(s)ds
ty
<7 max f"(s)]
sE[tg—r' to+r']
—0
as 0\, 0, and finally
d? /
a2 (f(t) = f(to) — f'(te)(t —to))| = | f"(t)] = O

as 6 N\, 0. Together with ¢ = limg\ o f'(tg), we have shown that
hm 1f(t) = f(ta) — c(t = to)llc2(jty—r tg4r7) = O-

Hence

lim Hef(t)—f(to) — eclt=to) =0.
C2([tg—r" to+r'])

6\0
e2f (1)

We now write e/ hy = 2/ (hy — Ry, ) + £ i) e2/to) ], . Using the fact
that

hm Hht h‘te Cz(BiLte (y97e—f(t9)7,,)) -

holds uniformly for t € [tg — 1/, tg + 7], we obtain that the sequence
22ff((t;)) (©5)(e 2f(to) h,) tends to €25¢% in the C2(B¥(r))-topology where,
as before, s =t —tg € [—r',7’]. Finally, proceeding exactly as we did to

~

in C?(B*(r) x [-r',7'] x S"7*~1). Now Lemma 6.9 follows from (57).
q.e.d.

We continue with the proof of Subsubcase II.1.1. As in Subcases 1.1
and 1.2 we apply Lemma 4.2 with (V,g) = (RFT! x S»~*~1.G,), a =,
and g, = O}(gs) (we can apply this lemma since any compact subset
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of RF+1 x §7=*=1 is contained in some B¥(r) x [—r/, 7] x S"*F~1), We
obtain a C? function v > 0 that is a solution of

LGu = puP™!

on RFFL x §n=F=1 From (12) it follows that

uP dve < 1.
Rk+1><snfk71

From (11) it follows that v € L>®(R*¥+1 x S7=F=1) With (56), we see
that u(0) > Dp and thus, u # 0. By (55) we also get that u € L2(R*¥+1 x

S"‘k_l). By the definition of ASL we have that g > ASL > Ay 1. This
ends the proof of Theorem 6.1 in this subsubcase.

Subsubcase II1.1.2. limp\ o limsupg supyy () g = 0.
The proof in this subsubcase proceeds in several steps.
Step 1. We prove limp\ o lim supgy fUN(b) u‘z dv9e = 0.

Let b > 0. Using (55), we have
/ ug dv9® < Ag sup u‘z_2
UX (b) UX (b)
where the constant Ag is independent of b and 6. Step 1 follows.
Step 2. We show liminfy o lim infes o fUN(Zb)\UN(b) ug dv9o = 0.

Let

do := lim inf lim inf ug dv9e.
b\0

0 /UN (2)\UX (b)

We prove this step by contradiction and assume that dy > 0. Then there
exists ¢ > 0 such that for all b € (0, 0],

d
lim inf ul dv9 > 30

o0 /UN (@6)\U (b)
For m € N we set V;, := U(27™6) \ U(2~(™+1§). In particular, we have

o d
lim inf ug dv9o > =
onNO 2

for all m. Let Ny € N. For m # m' the sets V,,, and V,,/ are disjoint.
Hence we can write

No
/ ug dv9o > /N ug dv9e > Z / ug dv9
N UmO:O Vm m:O m
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for # small enough. This leads to

No
liren \j(I)lf /N ug dv9° > lign \%(I]lf mZ::O / . ug dv9

Since Ny is arbitrary, this contradicts that (ug) is bounded in L?(N)
and proves Step 2.

Step 3. Conclusion.

Let dg > 0. By Steps 1 and 2 we can find b > 0 such that after passing
to a subsequence, we have for all € close to 0

(58) / ul dv9? >1—dy
N\UX (2b)

and

(59) / ug dv? < dy.
UXN (20)\UX (b)

Let x € C®(M), 0 < x < 1, be a cut-off function equal to 0 on UM (b)
and equal to 1 on N\ UXN(2b). Since the set U (2b) \ UN (b) corresponds
tot € [to—In2,tp]U[t1,t1 +1n2] with tg = —Inb+Ineand t; = Inb—Ine,
we can assume that

(60) ldx|gy < 2In2.

We will use the function yug to estimate p. This function is supported
in N\ UN(b). If 0 is smaller than b, then (N \ UM (b), gy) is isometric
to (M \ UM (b), F?g). In other words, (N \ UN(b),gg) is conformally
equivalent to (M \ UM (b), g). Relation (3) implies that

ald(xug)|?, + Scal? (xug)?) dv??
(61) MS JO(XUG) — fN( | ( 6) 9o (ﬁe) ) .

(S Ocug)p dvse) =

We multiply equation (51) by x?ug and integrate over N. We can rewrite
the result using the following form of (65),

/ ]d(xu@)\fm dv9? :/ X2u9A99uedvg(’+/ ]dx\f]eugdvg@,
N N N
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to obtain

/N (a|a€(><ue)|£27(9 + Scal? (yug)?) dv¥

= ,ug/ ubx? dv?e +a/ |dx|§9u3 dv9?
N N

< ug/ ul dv9? + ]ug\/ uly dv9e
N UN (2b)

+ a/ ]dx\geug dv9?.
N

Using (59) and (60), we have

/ |dx |2 ug dv¥ :/ |dx |2 ug dv? < 4(In2)*dp.
N UN (26)\UN (b)

Relation (58) implies fU N (20) upy dv9® < do. Together with [ ul dv9 = 1,
we have

(62) / (ald(xug)[2, + Scald? (xug)?) dv% < ug + |psgldy + 4(1n 2)ady.
N

In addition, by Relation (58),

(63) / (xug)? dv?® > 1 — dy.
N

Plugging (62) and (63) in (61), we get
< o + |poldo + 4(In 2)2ad0

n—2

(1 —do)

for small 6. By taking the limit 8 \ 0, we can replace uy by f in this
inequality. Since dy can be chosen arbitrarily small, we finally obtain

< fi. This proves Theorem 6.1 in Subcase IL.1.

Subcase II.2. For all b > 0, we have

—k—92(p —
liminf [ pg sup u‘g_2 > (n=k=2)"(n—1)
\0 UeN(b) 8(n - 2)

Hence, we can construct a subsequence of # and a sequence (bg) of
positive numbers converging to 0 with

)\ o (k- 22— )
- 8(n —2) '

liminf [ pug sup uh~
ON0 < UN (b))
Choose a point g € UXN(bg) such that ug(zy) = supyn,) ue. Since
po < p1(S™), we have

1

" L (n —k— 2)2(77‘ - 1) P2
o) = D= ( Bu(E") (n —2) > '
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With similar arguments as in Subcase II.1.1 (just replace zj, by zj and
Dy by D;), we get the existence of a C? function u > 0 that is a
solution of

LGu = puP™!
on HA*+! x §7"=k=1 As in Subsubcase IL.1.1, u # 0, u € L®(HF! x

Sn—k=1) "and
uP dvCe < 1.
RE+1 Xsn—kfl

Moreover, the assumption of Subcase I1.2 implies that
(n—k—2)2%(n-1)
8(n — 2)

_ p.9 . -2
Au”(0) = lim poug () >
By the definition of Af}z, we have that g > ASL > Ay -

Appendix A. Some details

A.1. Scalar curvature. In this section U denotes an open subset of a
manifold and ¢ € U a fixed point.

Proposition A.1. Let g be a Riemannian metric on U and T a sym-
metric 2-tensor such that g := g+7T is also a Riemannian metric. Then
the scalar curvature Scal?(q) of § in q € U is a smooth function of the
Riemann tensor R9(q) of g at q, T(q), VIT(q), and (V9)*T(q). More-
over, the operator T + Scalg+T(q) 1s a quasilinear partial differential
operator of second order.

Proof. The proof is straightforward; we will just give a sketch using
notation from [8], which coincides with that of [26]. We denote the
components of the curvature tensors of g and g by

Rijii = g(R9(Ok, 0)05,0:),  Rijr = §(R (O, 01)0;, 0).

We work in normal coordinates for the metric g centered in ¢. Indices of
partial derivatives in coordinates are added and separated with a comma

“” and covariant ones with respect to g separated with a semi-colon “;”.
In particular T' = T};dx" da’,
Tyryi = (Vi) (Ok, 01) = 0iThs — Tru i — T Ly

At the point ¢, we have g ; = Tk As explained in [8, Formula (13)],
we have

1
Voarfj = aar?j = _g (Rikaj + Riakj)
at the point ¢. Hence in that point,
Tkl;rs = (vst)(akv al)

1 1
= 87”88Tkl + ngl(Rsmrk + Rsrmk) + ngk(Rsmrl + Rsrml)'
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In order to calculate the scalar curvature Scalg(q) of g in ¢, we use the
curvature formula as in [26] and contract twice. We obtain

(64) Scal?(q) = %™ (Gkm.ij — Grims) + P(G™, Gij k)

1

where P is a polynomial expression in §~' and d¢ that is cubic in
~—1

g~ = §"™ and quadratic in g;; . Note that formula (64) holds for an
arbitrary metric in arbitrary coordinates. The polynomial P vanishes
for T'= 0 in normal coordinates for g. q.e.d.

Corollary A.2. Let RCTyM @ T;M @ Ty M @ Ty M be a bounded
set of curvature tensors. Then there is an € > 0 and C € R such that
for all metrics g on U with RY|, € R we have the following: if

VT (q)| < e,
Jnax |(V)'T(g)] <e

then

Scal? ™ (g) — Seal ()] < C (|(V)*T(q)| + V9T (q) ? + T(q)])
A.2. Details for equation (16). We compute the scalar curvature of
the metric dt? + e2?Mh, on I x W. This is a generalized cylinder metric

as studied in [11]. In the following computations we use the notation
from [11], so g; = (M}, and we have

g0 = 2/ (1)e*?Dhy + 2Dy
and
bt = (2¢"(t) + 49/ (1)) D hy + 4 (1) D0,y + 2D OF .
g

This implies that the shape operator S of the hypersurfaces defined by
having constant value ¢ is given by

1
S =—¢1d — §ht_18tht,

SO
60(S%) = k! (02 + ¢/ (£)tr(h Ok + itr((ht_l@thtf)
and
(trS)? = k2 (t)% + k' (t)tr(h; 1 Othy) + %(u«(h;latht))?
Further,

tr9t G, = (20" (t) 4 49’ (8)2)k 4 4’ (£)tx" (Dphy) + trP (92 hy)
= (20" (t) + 4¢ (t)*)k + 4/ (t)tr(hy ' Oshy) + tr(h; 102hy).
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From [11, Proposition 4.1, (21)] we have
Scale®”hetdt? _ gea1ehe + 3tr(52) - (trS)2 — tr9 g
= ¢ 2*W8cal™ — k(k + 1)/ (t)?

= (k+ 1)@/ (t)tr(hy ' Orhe) — 2k (t) + %tr((ht_l@thtﬁ

1
— Z(tr(ht‘l@tht)F —tr(h; '02hy).
When we add the scalar curvature of 0" *~1 we get Formula (16) for
the scalar curvature of gwsg = dt® + e2¢(t) hy + o k-1

A.3. A cut-off formula. Here we state a formula used several times in
the article. Assume that v and x are smooth functions on a Riemannian
manifold (N, h), and that y has compact support. Then

(65)
/ |d(xu)|? do" = / (u?|dx|? + (udx, xdu) + (xdu, d(xu))) do"
N N

(w?|dx|? + xu(dx, du) + (du, xd(xu))) dv"

(u?|dx|? + xuldx, du) + (du, d(x*u) — xudx)) dv"

(uz\dxlz + (du, d(x*u))) do™

TSI

(uz\dle + xzuAhu> dv™.
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