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THE DONALDSON-THOMAS INVARIANTS

UNDER BLOWUPS AND FLOPS

Jianxun Hu & Wei-Ping Li

Abstract

Using the degeneration formula for Donaldson-Thomas invari-
ants [L-W, MNOP2], we proved formulae for blowing up a point,
simple flops, and extremal transitions.

1. Introduction

Given a smooth projective Calabi-Yau 3-fold X, the moduli space of
stable sheaves on X has virtual dimension zero. Donaldson and Thomas
[D-T] defined the holomorphic Casson invariant of X which essentially
counts the number of stable bundles on X. However, the moduli space
has positive dimension and is singular in general. Making use of virtual
cycle technique (see [B-F] and [L-T]), Thomas showed in [Thomas]
that one can define a virtual moduli cycle for some X including Calabi-
Yau and Fano 3-folds. As a consequence, one can define Donaldson-type
invariants of X which are deformation invariant. Donaldson-Thomas
invariants provide a new vehicle to study the geometry and other aspects
of higher-dimensional varieties. It is important to understand these
invariants.

Much studied Gromov-Witten invariants of X are the counting of sta-
ble maps from curves toX. In [MNOP1,MNOP2], Maulik, Nekrasov,
Okounkov, and Pandharipande discovered relations between Gromov-
Witten invariants of X and Donaldson-Thomas invariants constructed
from moduli spaces of ideal sheaves of curves on X. They conjectured
that these two invariants can be identified via the equations of parti-
tion functions of both theories. This suggests that many phenomena in
Gromov-Witten theory have counterparts in Donaldson-Thomas theory.

Donaldson-Thomas invariants are deformation independent. In the
birational geometry of 3-folds, we have blowups and flops. Donaldson-
Thomas invariants cannot be effective in studying birational geometry
unless we understand how invariants change under birational operations.
Li and Ruan in [L-R] studied how Gromov-Witten invariants change un-
der a flop for a Calabi-Yau 3-fold. They proved that one can identify the
3-point functions of X and the flop Xf of X up to some transformation
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of the q variables. They also studied how Gromov-Witten invariants
change under an extremal transition. The same questions were also
studied by Liu and Yau recently in [L-Y] using J. Li’s degeneration
formula from algebraic geometry. In [Hu1, Hu2], the first author stud-
ied the change of Gromov-Witten invariants under the blowup. In this
paper, we will study how Donaldson-Thomas invariants in [MNOP2]
change under the blowup of a point, some flops, and extremal transi-
tions.

The method we use is the degeneration formula for Donaldson-Thomas
invariants studied in [L-W, MNOP2]. The blowup of X has a descrip-
tion in terms of a degeneration of X. An extremal transition can also
be described in terms of a semi-stable degeneration which relates the
extremal transition of X, if it exists, with a blowup of X. Then we can
apply the degeneration formula.

In the category of symplectic manifolds, one uses symplectic sum or
symplectic cutting for the blowup and the extremal transition ofX. The
gluing formula for Gromov-Witten invariants in the symplectic setup is
studied in [I-P1, I-P2, L-R]. Besides the difference of degeneration
and symplectic cutting, the arguments used in [L-R, Hu1, Hu2, L-Y]
rely on the fact that stable maps have connected domains, while the
curves defined by ideal sheaves are in general not connected. Therefore
the formulae for flops and extremal transitions are a bit different from
those of Gromov-Witten invariants in [L-R].

We remark that a different method, the categorical method, is used
by Toda [Toda] based on the Bridgeland stability conditions [Bri] and
the wall-crossing formula developed by Joyce and Song [J-S] and Kont-
sevich and Soibelman [K-S] to study the change of Donaldson-Thomas
invariants under the birational transformations.

The organization of the paper is as follows. In §2, we set up terminolo-
gies and notations, and list the basic results needed. The degeneration
formula is discussed. In §3, using the degeneration formula, we prove
a blowup formula for the blowup of X at a point. In §4, we prove the
equality of Donaldson-Thomas partition functions under a flop. In §5,
we establish a relation on the Donaldson-Thomas invariants between X
and its extremal transition.
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2. Preliminaries

In this section, we shall discuss the basic materials on Donaldson-
Thomas invariants studied by Maulik, Nekrasov, Okounkov, and Pand-
haripande. For the details, one can consult [D-T, L-R, I-P1, I-P2,
Li1, Li2, L-W, MNOP1, MNOP2, Thomas].

Let X be a smooth projective 3-fold and I be an ideal sheaf on X.
Assume the sub-scheme Y defined by I has dimension ≤ 1. Here Y is
allowed to have embedded points on the curve components. Therefore
we have the exact sequence

0 −→ I −→ OX −→ OY −→ 0.

The 1-dimensional components, with multiplicities taken into consid-
eration, determine a homology class

[Y ] ∈ H2(X,Z).

Let In(X,β) denote the moduli space of ideal sheaves I satisfying

χ(OY ) = n, [Y ] = β ∈ H2(X,Z).

In(X,β) is projective and is a fine moduli space. From the deformation
theory, one can compute the virtual dimension of In(X,β) to obtain the
following result:

Lemma 2.1. The virtual dimension of In(X,β), denoted by vdim,

equals
∫
β c1(TX).

Note that the actual dimension of the moduli space In(X,β) is usually
larger than the virtual dimension.

Let I be the universal family over In(X,β) × X and πi be the pro-
jection of In(X,β) × X to the i-th factor. For a cohomology class
γ ∈ H l(X,Z), consider the operator

chk+2(γ) : H∗(In(X,β),Q) −→ H∗−2k+2−l(In(X,β),Q),

chk+2(γ)(ξ) = π1∗(chk+2(J ) · π
∗
2(γ) ∩ π∗

1(ξ)).

Descendent fields in Donaldson-Thomas theory are defined in [MNOP2],
and denoted by τ̃k(γ), which correspond to the operations (−1)k+1chk+2(γ).
The descendent invariants are defined by

< τ̃k1(γl1) · · · τ̃kr(γlr) >n,β=

∫

[In(X,β)]vir

r∏

i=1

(−1)ki+1chki+2(γli),

where the latter integral is the push-forward to a point of the class

(−1)k1+1chk1+2(γl1) ◦ · · · ◦ (−1)
kr+1chkr+2(γlr )([In(X,β)]vir).
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The Donaldson-Thomas partition function with descendent insertions
is defined by

ZDT (X; q |
r∏

i=1

τ̃ki(γli))β =
∑

n∈Z

<
r∏

i=1

τ̃ki(γli) >n,β qn.

The degree 0 moduli space In(X, 0) is isomorphic to the Hilbert
scheme of n points on X. The degree 0 partition function is ZDT (X; q)0.

The reduced partition function is obtained by formally removing the
degree 0 contributions,

Z ′
DT (X; q |

r∏

i=1

τ̃ki(γli))β =

ZDT (X; q |
r∏

i=1
τ̃ki(γli))β

ZDT (X; q)0
.

Relative Donaldson-Thomas invariants are also defined in
[L-W, MNOP2]. Let S be a smooth divisor in X. An ideal sheaf
I is said to be relative to S if the morphism

I ⊗OX
OS → OX ⊗OX

OS

is injective. A proper moduli space In(X/S, β) of relative ideal sheaves
can be constructed by considering the ideal sheaves relative to the ex-
pended pair (X[k], S[k]). For details, one can read [Li1, L-W,MNOP2].

Let Y be the subscheme defined by I. The scheme theoretic inter-
section Y ∩ S is an element in the Hilbert scheme of points on S with
length [Y ]·S. If we use Hilb(S, k) to denote the Hilbert scheme of points
of length k on S, we have a map

ǫ : In(X/S, β) −→ Hilb(S, β · [S]).

The cohomology of the Hilbert scheme of points of S has a basis via
the representation of the Heisenberg algebra on the cohomologies of the
Hilbert schemes.

Following Nakajima in [Nakajima], let η be a cohomology weighted
partition with respect to a basis of H∗(S,Q). Let η = {η1, . . . , ηs} be a
partition whose corresponding cohomology classes are δ1, . . . , δs, let

Cη =
1

z(η)
Pδ1 [η1] · · ·Pδs [ηs] · 1 ∈ H∗(Hilb(S, |η|),Q),

where

z(η) =
∏

i

ηi|Aut(η)|,

and |η| =
∑

j ηj . The Nakajima basis of the cohomology of Hilb(S, k)
is the set

{Cη}|η|=k.

We can choose a basis of H∗(S) so that it is self dual with respect
to the Poincaré pairing, i.e., for any i, δ∗i = δj for some j. To each
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weighted partition η, we define the dual partition η∨ such that η∨i = ηi
and the corresponding cohomology class to η∨i is δ∗i . Then we have

∫

Hilb(S,k)
Cη ∪Cν =

(−1)k−ℓ(η)

z(η)
δν,η∨

(see [Nakajima]).
The descendent invariants in the relative Donaldson-Thomas theory

are defined by

< τ̃k1(γl1) · · · τ̃kr(γlr) | η >n,β=
∫

[In(X/S,β)]vir

r∏

i=1

(−1)ki+1chki+2(γli) ∩ ǫ∗(Cη).

Define the associated partition function by

ZDT (X/S; q |
r∏

i=1

τ̃ki(γli))β,η =
∑

n∈Z

<

r∏

i=1

τ̃ki(γli) | η >n,β qn.

The reduced partition function is obtained by formally removing the
degree 0 contributions,

Z ′
DT (X/S; q |

r∏

i=1

τ̃ki(γli))β,η =

ZDT (X/S; q |
r∏

i=1
τ̃ki(γli))β,η

ZDT (X/S; q)0
.

In the remainder of the section, we shall discuss the degeneration
formula due to B. Wu and J. Li. It is the main tool employed in the
paper.

Let π : X → C be a smooth 4-fold over a smooth irreducible curve
C with a marked point denoted by 0 such that Xt = π−1(t) ∼= X for
t 6= 0 and X0 is a union of two smooth 3-folds X1 and X2 intersecting
transversely along a smooth surface S. We write X0 = X1 ∪S X2.
Assume that C is contractible and S is simply connected.

Consider the natural maps

it : X = Xt → X , i0 : X0 → X ,

and the gluing map

g = (j1, j2) : X1

∐
X2 → X0.

We have

H2(X)
it∗−→H2(X )

i0∗←−H2(X0)
g∗
←−H2(X1)⊕H2(X2),

where i0∗ is an isomorphism since there exists a deformation retract from
X to X0 (see [Clemens]) and g∗ is surjective from the Mayer-Vietoris
sequence. For β ∈ H2(X), there exist β1 ∈ H2(X1) and β2 ∈ H2(X2)
such that

it∗(β) = i0∗(j1∗(β1) + j2∗(β2)).(2.1)
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For simplicity, we write β = β1 + β2 instead.

Lemma 2.2. With the assumption as above, given β = β1 + β2. Let

d =
∫
β c1(X) and di =

∫
βi
c1(Xi), i = 1, 2. Then

d = d1 + d2 − 2

∫

β1

[S],

∫

β1

[S] =

∫

β2

[S].(2.2)

Proof. The formulae (2.2) come from the adjunction formulae KXt =
KX |Xt and KXi

= (KX + Xi)|Xi
for i = 1, 2, and X1 · (X1 + X2) =

X1 · X0 = 0. q.e.d.

Similarly for cohomology, we have the maps

Hk(Xt)
i∗t←−Hk(X )

i∗0−→Hk(X0)
g∗
−→Hk(X1)⊕Hk(X2),

where i∗0 is an isomorphism. Take α ∈ Hk(X ) and let α(t) = i∗tα.
There is a degeneration formula which takes the form

Z ′
DT (Xt; q |

r∏
i=1

τ̃0(γli(t)))β

=
∑

Z ′
DT (X1/S; q |

∏
τ̃0(j

∗
1γli(0)))β1,η

(−1)|η|−ℓ(η)z(η)

q|η|

·Z ′
DT (X2/S; q |

∏
τ̃0(j

∗
2γli(0)))β2,η∨ ,(2.3)

where the sum is over the splitting β1 + β2 = β, and cohomology
weighted partitions η. γli ’s are cohomology classes on X . There is
a compatibility condition

|η| = β1 · [S] = β2 · [S].(2.4)

For details, one can see [Li1, Li2, L-W, MNOP2].

3. Blowup at a point and a blowup formula

In [MNOP1, MNOP2], the authors discovered a correspondence
between Gromov-Witten theories and Donaldson-Thomas theories. In
[Hu1, Hu2], the first author studied the change of Gromov-Witten
invariants under the blowup operation. In this section, we will study
the change of Donaldson-Thomas invariants under the blowup along a
point.

The key idea is that the blowup can be obtained via a semistable
degeneration as follows. Let X be a smooth projective 3-fold and X̃
be the blowup of X at a general point x. Denote by p : X̃ −→ X the
natural projection of the blowup. Let X be the blowup of X ×C at the
point (x, 0) and let π be the natural projection from X to C. It is a
semistable degeneration of X with the central fiber X0 being a union of
X1
∼= X̃ and X2

∼= P3, which is the exceptional divisor in X . X1 and
X2 intersect transversely along E ∼= P2, which is the exceptional divisor
in X1 = X̃. As a divisor in X2, E is a hyperplane. c1(X2) = 4E.
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There is an injection

ι : H2(X) −→ H2(X̃)

such that the image of ι is the set {β ∈ H2(X̃) |β · E = 0}.

Theorem 3.1. Let X be a smooth projective 3-fold. Suppose that

β ∈ H2(X,Z) and γli ∈ H∗(X,R), i = 1, . . . , r. Then

Z ′
DT (X; q |

r∏

i=1

τ̃0(γli))β = Z ′
DT (X̃ ; q |

r∏

i=1

τ̃0(p
∗γli))ι(β).(3.1)

Proof. Choose the support of γli outside of x. Then we have γli ∈
H∗(X1) and no γli ’s in H∗(X2). In fact, let p1 : X → X be the com-
position of the blowing-down map X → X × C with the projection
X × C → X. One can check that i∗t p

∗
1γli = γli and j∗1 i

∗
0p

∗
1γli = p∗γli

and j∗2 i
∗
0p

∗
1γli = 0. We apply the degeneration formula (2.3) to the

cohomology classes p∗1γℓi on X .
By the degeneration formula (2.3), we may express the absolute

Donaldson-Thomas invariants of X in terms of the relative Donaldson-
Thomas invariants of (X1, E) and (X2, E) as follows:

Z ′
DT (X; q |

r∏
i=1

τ̃0(γli))β =
∑

η,β1+β2=β

Z ′
DT(3.2)

(
X1/E; q |

r∏
i=1

τ̃0(p
∗γli)

)

β1,η

(−1)|η|−ℓ(η)z(η)

q|η|
Z ′
DT (X2/E; q)β2,η∨ .

Now we need to compute the summands in the right-hand side of the
degeneration formula. For this we have the following claim:

Claim: There are only terms with β2 = 0.
In fact, if |η| 6= 0, then β2 6= 0 because β2 · E = |η|. By Lemma 2.1,

we have

c1(X1) · β1 = vdimIn(X1/E, β1) =

r∑

i=1

deg ch2(γli) + deg ǫ∗1(Cη),

where ǫ1 : In(X1/E, β1) −→ Hilb(E, |η|) is the canonical intersection
map, and

c1(X2) · β2 = vdimIn(X2/E, β2) = 4E · β2 = 4|η|,

c1(X) · β = vdimIn(X,β) =
r∑

i=1

deg ch2(γli).

We have the last equality above because, otherwise, the involved
Donaldson-Thomas invariants of X and X̃ will vanish and the theo-
rem holds.

By (2.2), we have

c1(X) · β = c1(X1) · β1 + c1(X2) · β2 − 2|η|.
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Combining all the four equations above, we obtain

0 = degCη + 2|η|.

This is a contradiction. Therefore |η| = 0. So the claim is proved.
Thus β2 ·E = 0. Since E is the hyperplane in X2

∼= P3, we must have
β2 = 0.

It is easy to see that it∗ = i0∗ ◦ j1∗ ◦ ι and j1∗ ◦ ι is injective. Since
β1 · E = 0, we have β1 ∈ ι(H2(X)). Let’s write β1 = ι(α). Since
it∗(β) = i0∗ ◦ j1∗(β1) by definition, we get α = β. Therefore β1 = ι(β).

By the degeneration formula, we have

Z ′
DT (X; q |

r∏

i=1

τ̃0(γli))β = Z ′
DT (X1/E; q |

r∏

i=1

τ̃0(p
∗γli))ι(β).(3.3)

Now we want to use the degeneration formula one more time to study
the Donaldson-Thomas invariants of X̃. We blow up X̃ × C along the
surface E × 0 to get a 4-fold X̃ . There is a projection π̃ : X̃ → C.
The central fiber is a union of X̃1 = X̃ and X̃2 = P(OE(−1) ⊕ OE)
intersecting transversely along a smooth surface Z, which is the surface
E in X̃1 and the infinite section D∞ in the projective bundle X̃2. Note
that X̃2−D∞ is the line bundleOE(−1), ι(β)·E = 0, and PD(γli)∩E =

∅. Let p̃1 be the composition of the map X̃ → X̃ × C and the map
X̃×C→ X̃ . Applying the degeneration formula (2.3) to the cohomology
classes p̃1

∗(γli), we have

Z ′
DT (X̃ ; q |

r∏

i=1

τ̃0(γli))ι(β) =
∑

β1+β2=ι(β), η

Z ′
DT (X̃1/Z; q |

r∏

i=1

τ̃0(p
∗γli))β1,η

(−1)|η|−ℓ(η)z(η)

q|η|
Z ′
DT (X̃2/Z; q)β2,η∨ ,

where β1 · Z = |η|.
Here we have the following claim as in the first part of our proof:

Claim: There are only terms with β2 = 0 and no η.

It is easy to see that X̃2 is the blowup P̃3 of P3 at a point p0. Denote

by ρ : P̃3 −→ P3 the projection of the blowup. Let ℓ ⊂ P̃3 be the
strict transform of a line in P3 passing through the blown-up point p0,
and S be the exceptional surface of the blowup ρ. Thus we can write
X̃2 = P(OS(−1)⊕OS). Denote by e a line in S which is an extremal ray.
Since ℓ is a fiber of P(OS(−1) ⊕ OS) −→ S which also is an extremal
ray, by Mori’s theory, we have β2 = aℓ+ be, a ≥ 0, b ≥ 0. Let H be the
hyperplane class in P3. Since ρ∗H ∼ D∞, we have a = ρ∗H · β2 = |η|.
Consider the divisor E×C in X . The strict transform of E×C in X̃ is
isomorphic to E×C, still denoted by E×C. Note that the intersection
of E×C with the central fiber X̃0 is the surface S in X̃2. By taking the
intersection of E × C with the formula (2.1) with β being replaced by
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ι(β), we get S · β2 = E · ι(β) = 0. Since S · e = −1 and S · ℓ = 1, we
have 0 = S · (aℓ+ be) = a− b. Thus a = b.

Similar to arguments in the proof of the previous claim, we have

c1(X̃1) · β1 = vdimIn(X̃1/Z, β1) =

r∑

i=1

deg ch2(γli) + deg ǫ∗2(Cη),

where ǫ2 : In(X̃1/Z, β1) −→ Hilb(Z, |η|) is the canonical intersection
map, and

c1(X̃2) · β2 = (4ρ∗H − 2S) · β2 = 4D∞ · β2 = 4|η|,

c1(X̃) · ι(β) = vdimIn(X̃, ι(β)) =

r∑

i=1

deg ch2(γli).

By (2.2), we have

c1(X̃) · ι(β) = c1(X̃1) · β1 + c1(X̃2) · β2 − 2|η|.

Combining all the four equations above, we obtain

0 = degCη + 2|η|.

Therefore |η| = 0. Now we have b = a = |η| = 0. Thus β2 = 0.
We can see similarly as above that β1 = ι(β).
By the degeneration formula, we have

Z ′
DT (X̃ ; q |

r∏

i=1

τ̃0(p
∗γli))ι(β)(3.4)

= Z ′
DT (X̃1/Z; q |

r∏

i=1

τ̃0(p
∗γli))ι(β) · Z

′
DT (X̃2/Z; q)0

= Z ′
DT (X̃/E; q |

r∏

i=1

τ̃0(p
∗γli))ι(β).(3.5)

Note that X̃1
∼= X̃ . Comparing (3.3) with (3.4), we proved the theo-

rem. q.e.d.

4. Blowup of (−1,−1)-curves and a flop formula

In this section, we will study how Donaldson-Thomas invariants change
under some flops. The materials related to the birational geometry
of 3-folds can be found in [Kollar], [Kawamata], [KMM], [K-M],
[Matsuki].

Let X be a smooth projective 3-fold, and D be an effective divisor
on X. Suppose that X admits a contraction of an extremal ray with
respect to KX + ǫD, where 0 < ǫ≪ 1,

ϕ : X −→ Y.
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Assume furthermore that the exceptional locus Exc(ϕ) of ϕ consists
of finitely many disjoint smooth rational (−1,−1)-curves Γ2, . . . ,Γℓ. Y
is a normal projective variety, −D is ϕ-ample, and all curves Γi are nu-
merically equivalent. Let’s use [Γ] to denote the numerically equivalent
classes Γi, i = 2, . . . , ℓ. There exists a smooth projective 3-fold Xf and
a morphism

ϕf : Xf −→ Y,

which is the flop of ϕ. Xf can be obtained as follows in our situation. We
blow upX along all the curves Γi, i = 2, . . . , ℓ to get a smooth projective

3-fold X̃ with the exceptional divisors Ei
∼= Γi × P1, i = 2, . . . , ℓ. Let

µ : X̃ → X be the blowup map. We can blow down X̃ along all the
Γi-direction. The new 3-fold Xf is smooth, projective, and contains

(−1,−1)-curves Γf
i for i = 2, . . . , ℓ. Γf

i is the image of Ei under the

blow down. X and Xf are birational and isomorphic in codimension
one.

For any divisor B on X, let Bf be the strict transform of B in Xf .
We have an isomorphism N1(X) ∼= N1(Xf ) and

N1(X) ∼= ϕ∗N1(Y )⊕ R[D], N1(Xf ) ∼= (ϕf )∗N1(Y )⊕ R[Df ].

Similarly, we get an isomorphism H2(X)→ H2(X
f ), denoted by φ∗,

such that φ∗([Γi]) = −[Γf
i ] (see [L-R]). The map φ∗ induces isomor-

phisms φ∗ : H2i(Xf )→ H2i(X).
The map φ∗ can also be seen as follows (see [L-R]). There is an

injection ι from H2(X) to H2(X̃) such that the image of ι is the set

{β ∈ H2(X̃) |β · E = 0} where E is the exceptional divisor of the

blowup. Similarly, there is an injection ιf from H2(X
f ) to H2(X̃) with

the same image. In fact, (ιf )−1 ◦ ι induces the isomorphism φ∗.
Let X be the blowup of X×C along all the curves Γi×0. Let π : X →

C be the natural projection. Thus we get a semi-stable degeneration
of X whose central fiber is a union of X1

∼= X̃ and Xi = P(OΓi
(−1) ⊕

OΓi
(−1)⊕OΓi

) for i = 2, . . . , ℓ with X1 and Xi intersecting transversely
along the smooth surface Ei.

Here is a technical lemma.

Lemma 4.1. The power series
∑
d>0

dkxd has an analytic continuation

fk(x) in the domain C− {1} such that

fk(x
−1) = (−1)k+1fk(x).

Proof. From the geometric series formula 1 + x + · · · + xd + · · · =
(1− x)−1, we get

x+ 2x2 + · · ·+ dxd + · · · = x · (1 + x+ · · ·+ xd + · · · )′ =
x

(1− x)2
.
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Let f1(x) =
x

(1− x)2
. One can check that f1(x

−1) = f1(x).

Assume that the statement in the lemma holds for k. Then

x+ 2k+1x2 + · · ·+ dk+1xd + · · · = x · (x+ · · ·+ dkxd + · · · )′

has an analytic continuation fk+1(x) = f ′
k(x) · x. From the chain rule,

one has f ′
k(x

−1)(−x−2) = (−1)k+1f ′
k(x). Therefore

fk+1(x
−1) = x−1f ′

k(x
−1) = (−1)k+2xf ′

k(x) = (−1)k+2fk+1(x).

By mathematical induction, we proved the lemma. q.e.d.

From the proof, one can see that fk(x) = fk(x
−1) when k is odd.

Define a series g(q, v,Γ) by

g(q, v,Γ) = exp{u−2
∑

d>0

1

d3
vdΓ} ·

1

(1− vΓ)1/12
,(4.1)

where q = −eiu.

Theorem 4.2. Suppose cohomology classes γli ∈ H2k(Xf ), i =
1, . . . , r, and k = 1, 2, 3, have supports away from all the exceptional

curve Γi.

(i) If β = m[Γ], we have

Z ′
DT (X; q)β = Z ′

DT (X
f ; q)−φ∗(β).

(ii) There exist power series

ΦX(q, v|{φ∗γℓi}) =
∑

β∈ι(H2(X))

ΦX(q|{φ∗γℓi})β · v
β,

ΦXf (q, v|{γℓi}) =
∑

β∈ιf (H2(Xf ))

ΦXf (q|{γℓi})β · v
β ,

and G(q, v,Γ) such that

ΦX(q, v|{φ∗γℓi}) = ΦXf (q, v|{γℓi}),

G(q, v,Γi)/g(q, v,Γi) and G(q, v−1,Γf
i )/g(q, v

−1,Γf
i ) are equiva-

lent under analytic continuation, and

(4.2) Z ′
DT (X; q, v |

r∏

i=1

τ̃0(φ
∗γli)) = ΦX(q, v|{φ∗γℓi}) ·

ℓ∏

i=2

G(q, v,Γi),

(4.3) Z ′
DT (X

f ; q, v |
r∏

i=1

τ̃0(γli)) = ΦXf (q, v|{γℓi}) ·
ℓ∏

i=2

G(q, v,Γf
i ).
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Proof. There is a degeneration formula similar to (2.3) (see [L-W,
MNOP2]) for the degeneration X described above. For simplicity, we
shall prove the case when there is only one Γi, denoted by Γ. The proof
for the general case is similar.

By the degeneration formula (2.3), we have

Z ′
DT

(
X; q |

r∏

i=1

τ̃0(φ
∗γli)

)
β
=

∑

η,β1+β2=β

Z ′
DT

(
X1/E; q |

r∏

i=1

τ̃0(µ
∗φ∗γli)

)
β1,η

(−1)|η|−ℓ(η)z

q|η|
Z ′
DT (X2/E; q)β2,η∨ ,

where E is the intersection of X1 with X2, which is also the exceptional
divisor in X1.

Similar to the proof of Theorem 3.1, we need to study the summands
in the right-hand side. Therefore, we also need to compute the virtual
dimensions of involved moduli spaces. About the contributions of each
term in the right-hand side, we have the following claim:
Claim: There are only terms without η.

In fact, suppose that |η| 6= 0. First of all, we want to compute the
first Chern class of X2.

Let V = OΓ(−1) ⊕OΓ(−1) ⊕OΓ and p : P(V ) −→ Γ be the projec-
tion. X2 = P(V ). For this projective bundle, we have the Euler exact
sequence

0 −→ OP(V ) −→ p∗V ⊗OP(V )(1) −→ TP(V )/Γ −→ 0.

We also have

0 −→ p∗Ω1
Γ −→ Ω1

P(V ) −→ Ω1
P(V )/Γ −→ 0.

Therefore, we have

c1(Ω
1
P(V )) = p∗c1(Ω

1
Γ) + c1(Ω

1
P(V )/Γ)

= p∗c1(Ω
1
Γ)− c1(p

∗V ⊗OP(V )(1))

= p∗c1(KΓ)− p∗c1(V )− 3c1(OP(V )(1))

= −3c1(OP(V )(1)),

where c1(OP(V )(1)) = [E] is the hyperplane at infinity in P(V ) due to
the inclusion OΓ(−1)⊕OΓ(−1) −→ OΓ(−1)⊕OΓ(−1)⊕OΓ. Therefore
we have

c1(X2) · β2 = 3|η|.

By the definition of absolute Donaldson-Thomas invariants, we may
assume that

c1(X) · β = vdimIn(X,β) =

r∑

i=1

deg ch2(γli).
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Otherwise, the involved Donaldson-Thomas invariants of X and X̃ will
vanish and the theorem holds.

We also have

c1(X1) · β1 = vdimIn(X1/E, β) =
r∑

i=1

deg ch2(γℓi) + deg ǫ∗1η.

By Lemma 2.2, we have

c1(X) · β = c1(X1) · β1 + c1(X2) · β2 − 2|η|.

Combining all the four equalities above, we have

0 = deg ǫ∗1Cη + |η|.

Hence |η| = 0.
(i) Suppose that β = m[Γ]. Notice that the virtual dimension of the

moduli space will be zero since c1(X) · β = 0. Let Γ∞ be the curve
coming from the inclusion OΓ → V , F ∼= P2 be a fiber of p, f be a line
in F . Then one can compute easily that

E · Γ∞ = 0, F · Γ∞ = 1, f · F = 0, f ·E = 1.

Therefore we can write β2 = af + m[Γ∞]. Since E · β2 = 0, we have
a = 0. Therefore β2 = m[Γ∞] for some m ≥ 0. Under the morphism, σ

σ : X −→ X × C −→ X,

we have β = σ(β1) +m[Γ] in NE(X). β1 can only be a union of curves
Ci not lying on E and curves Dj on E. Since R[Γ] is a ray, we must
have Ci = 0. For effective curves Dj on E, Dj · E 6= 0. However, since
β1 · E = 0, we must have Dj = 0. Thus β1 = 0. Therefore, by the
degeneration formula, we have

Z ′
DT (X; q)m[Γ] = Z ′

DT (X̃/E; q)0 · Z
′
DT (X2/E; q)m[Γ∞ ](4.4)

= Z ′
DT (X2/E; q)m[Γ∞ ]

Z ′
DT (X

f ; q)m[Γf ] = Z ′
DT (X̃

f/E; q)0 · Z
′
DT (X

f
2 /E; q)

m[Γf
∞ ]

= Z ′
DT (X

f
2 /E; q)

m[Γf
∞]
.

Observe that (X̃2, E) and (X̃f
2 , E) are isomorphic. Therefore, we have

Z ′
DT (X; q)m[Γ] = Z ′

DT (X
f ; q)m[Γf ].

To write in another way for β = m[Γ], we have

Z ′
DT (X; q)β = Z ′

DT (X
f ; q)−φ∗(β).

To prove (ii), by a similar argument to that in (i), we have β =
β1 +m[Γ∞] with m ≥ 0 and β1 ·E = 0.
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Furthermore, by the degeneration formula, we have

Z ′
DT

(
X; q |

r∏

i=1

τ̃0(φ
∗γli)

)
β
=

∑

β=β1+m[Γ∞],
β1∈ι(H2(X))

Z ′
DT (X̃/E; q

|
r∏

i=1

τ̃0(µ
∗φ∗γli))β1 · Z

′
DT (X2/E; q)m[Γ∞ ].(4.5)

Consider the map c∗ : H2(X) = H2(Xt)
it∗−→H2(X )

i−1
0∗−→H2(X0). From

Lemma 2.11 in [L-R], c∗ is injective. Therefore we have

Z ′
DT

(
X; q, v |

r∏

i=1

τ̃0(φ
∗γli)

)
(4.6)

=
∑

β∈H2(X)

Z ′
DT

(
X; q |

r∏

i=1

τ̃0(φ
∗γli)

)

β

vβ

=
∑

β∈H2(X)

∑

β=β1+m[Γ∞],
β1∈ι(H2(X))

Z ′
DT (X̃/E; q |

r∏

i=1

τ̃0(µ
∗φ∗γli))β1v

β1

· Z ′
DT (X2/E; q)m[Γ∞ ]v

m[Γ∞]

=




∑

β1∈ι(H2(X))

Z ′
DT (X̃/E; q |

r∏

i=1

τ̃0(µ
∗φ∗γli))β1v

β1




·



∑

m≥0

Z ′
DT (X2/E; q)m[Γ∞ ]v

m[Γ∞]


 .

Define a function ΦX(q, v|{φ∗γℓi}) as follows:

ΦX(q, v|{φ∗γℓi}) =
∑

β1∈ι(H2(X))

Z ′
DT (X̃/E; q |

r∏

i=1

τ̃0(µ
∗φ∗γli))β1v

β1 .

Applying the formula (4.4) to X = X2, we get Z
′
DT (X2/E; q)m[Γ∞] =

Z ′
DT (X2; q)m[Γ∞]. We define a function G(q, v,Γ∞) as follows:

G(q, v,Γ∞) =
∑

m≥0

Z ′
DT (X2/E; q)[mΓ∞ ]v

[mΓ∞]

=
∑

m≥0

Z ′
DT (X2; q)[mΓ∞]v

[mΓ∞]

= Z ′
GW (OΓ∞(−1)⊕OΓ∞(−1);u, v).(4.7)

The last equality is from theorem 3 in [MNOP1] for local Calabi-Yau
OΓ∞(−1)⊕OΓ∞(−1).
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From [MNOP1], we have

Z ′
GW (OΓ∞(−1)⊕OΓ∞(−1);u, v)

= exp{F ′
GW (OΓ∞(−1)⊕OΓ∞(−1);u, v)},

F ′
GW =

∑

d>0

∑

g≥0

Ng,du
2g−2vd[Γ∞],

where Ng,d is computed in [F-P]:

N0,d =
1

d3
, N1,d =

1

12d
, Ng,d =

|B2g|d
2g−3

2g · (2g − 2)!
for g ≥ 2.

Therefore, we have

F ′
GW = u−2

∑

d>0

1

d3
(v[Γ∞])d +

∑

d>0

1

12d
(v[Γ∞])d

+
∑

g≥2

|B2g|

2g · (2g − 2)!
u2g−2

∑

d>0

d2g−3(v[Γ∞])d.

Now G(q, v,Γ∞)/g(u, v,Γ∞) has the analytic continuation

exp{
∑

g≥2

|B2g|

2g · (2g − 2)!
u2g−2f2g−3(v

[Γ∞])}

where f2g−3(x) is defined as in Lemma 4.1.

Applying the same argument to Xf , we also have

Z ′
DT

(
Xf ; q |

r∏

i=1

τ̃0(γli)
)
β
=

∑

β=β1+m[Γ
f
∞],

β1∈ιf (H2(X
f ))

Z ′
DT (X̃/E; q

|
r∏

i=1

τ̃0(ν
∗γli))β1 · Z

′
DT (X

f
2 /E; q)

m[Γf
∞ ]
,(4.8)

where ν : X̃ → Xf is the blowup map, X̃ ∼= X̃f .
Applying the same argument above for X to Xf , define a function

ΦXf (q, v|{γℓi}) as follows:

ΦX(q, v|{γℓi}) =
∑

β1∈ι(H2(X))

Z ′
DT (X̃/E; q |

r∏

i=1

τ̃0(ν
∗γli))β1v

β1 .

We have (4.3).

The function G(q, v,Γf
∞)/g(q, v,Γf

∞) has the analytic continuation

exp{
∑

g≥2

|B2g|

2g · (2g − 2)!
u2g−2f2g−3(v

[Γf
∞])}.

From Lemma 4.1 and the fact that µ∗φ∗ = ν∗, we proved (ii). q.e.d.
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One should compare Theorem 4.2 with definition 1.1, theorem A and
corollary A.2 in [L-R]. There, Li and Ruan studied the question of
naturality of quantum cohomology under birational operations such as
flops. They observed that one must use analytic continuation to com-
pare the quantum cohomology of two Calabi-Yau 3-folds which are flop
equivalent. A similar phenomenon occurs for Donaldson-Thomas invari-
ants. However, there is a slight complexity due to the function g(q, v,Γ)
coming from genus zero and genus one contributions. It is possible that
genus zero and genus one create an anomaly.

5. Extremal transition

Let X0 be a singular projective 3-fold whose singularities are ordinary
double points p2, . . . , pm. Let X be a small resolution of X0:

ρ : X −→ X0

such that Ci = ρ−1(pi) is a smooth rational curve with the normal
bundle OCi

(−1)⊕OCi
(−1). Assume in addition that X is a Calabi-Yau

3-fold. It is known from [Friedman] and [Tian] that if
∑
i
λi[Ci] = 0

in H2(X,Ω2
X) where λi 6= 0 for all i, there exists a global smoothing of

X0:

π : X −→ ∆

where ∆ is a unit disc, π−1(0) = X0, and π−1(t) is nonsingular for
t 6= 0. Assume furthermore that the morphism π is projective. By the
semi-stable reduction theorem, there exists a semi-stable degeneration

Φ: Y −→ ∆

via some base change and modifications on π and X . Y0 = Φ−1(0) is a

union of X̃ and Q2, . . . , Qm where

τ : X̃ −→ X

is the blowup of X along C2, . . . , Cm and Qi is a smooth quadric in

P4. Let E2, . . . , Em be the exceptional divisors of the blowup X̃ −→
X corresponding to C2, . . . , Cm respectively. Then Ei

∼= P1 × P1 is a

hyperplane section of Qi in P4. X̃ and Qi intersect transversally along
Ei. Let E = E2 ∪ · · · ∪Em. Yt = Φ−1(t) is a smooth Calabi-Yau 3-fold.

There exists a map (see [L-R, L-Y, C-S])

ϕe : H2(X) −→ H2(Yt).

The kernel of the map ϕe is generated by C2, . . . , Cm.
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Recall the formula (4.6):

Z ′
DT (X; q, v) =

( ∑

β1∈ι(H2(X))

Z ′
DT (X̃/E; q)β1v

β1
)

·
m∏

i=2

(∑

k≥0

Z ′
DT (Xi/Ei; q)k[Ci∞]v

k[Ci∞]
)
.

We used G(q, v, Ci∞) in the formula (4.7) to denote
∑
k≥0

Z ′
DT (Xi/

Ei; q)k[Ci∞]v
k[Ci∞]. These functions are known explicitly as explained

in the proof of Theorem 4.2.
Let’s use ΦX(q, v) to denote

ΦX(q, v) =
∑

β1∈ι(H2(X))

Z ′
DT (X̃/E; q)β1v

β1 .(5.1)

Theorem 5.1. With notations and assumptions as above, if we write

ΦX(q, v) =
∑

α∈H2(X)

ΦX(q)αv
ι(α),

then

Z ′
DT (X; q, v) =

( ∑

α∈H2(X)

ΦX(q)αv
ι(α)
)
·

m∏

i=2

G(q, v, Ci∞),

Z ′
DT (Yt; q, v) =

∑

α∈H2(X)

ΦX(q)αv
ϕe(α).

Proof. Applying the degeneration formula to the degeneration Φ:
Y −→ ∆, we get

Z ′
DT (Yt; q)β =

∑

β=β1+β2+···+βm,
η2,...,ηm

Z ′
DT (X̃/E; q)β1,η2,...,ηm

Z ′
DT (Q2/E2; q)β2,η∨2

. . . Z ′
DT (Qm/Em; q)βm,η∨m ,

where |ηi| = βi ·Ei.
Let’s explain the notations above. The expression β = β1+β2+ · · ·+

βm is defined in a way similar to (2.1). We have maps

ǫi : In(X̃/E, β1) −→ Hilb(Ei, β1 · [Ei]),

Z ′
DT (X̃/E; q)β1,η2,...,ηm =

∫

[In(X̃/E,β1)]vir
ǫ∗2(Cη2) ∪ · · · ∪ ǫ∗m(Cηm).

By the adjunction formula, we have

KQi
= (KP4 +Qi)|Qi

= OQi
(−3), and c1(Qi) = 3Ei.
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By the dimension formula for moduli spaces, we have

c1(X̃) · β1 = vdimIn(X̃/E, β1) =

m∑

i=2

degǫ∗i (Cηi),

c1(Qi) · βi = vdimIn(Qi/Ei, βi) = 3Ei · βi = 3|ηi|,

c1(Yt) · β = vdimIn(Yt, β) = 0.

Similar to Lemma 2.2, we have

c1(Yt) · β1 = c1(X̃) · β1 + c1(Q2)

·β2 + · · · + c1(Qm) · βm − 2|η2| − · · · − 2|ηm|.

Combining the formulae above, we get

0 =
m∑

i=2

degǫ∗i (Cηi) + 3|η2|+ · · · + 3|ηm| − 2|η2| − · · · − 2|ηm|,

0 =

m∑

i=2

degǫ∗i (Cηi) + |η2|+ · · ·+ |ηm|.

Therefore we get |η2| = · · · = |ηm| = 0.
Since Ei = c1(OQi

(1)) and βi ·Ei = |ηi| = 0, we must have βi = 0 for
2 ≤ i ≤ m.

Thus the degeneration formula becomes

Z ′
DT (Yt; q)β =

∑

β1

Z ′
DT (X̃/E; q)β1 ,(5.2)

where β1 satisfies the following conditions:

β1 · Ei = 0, for 2 ≤ i ≤ m,(5.3)

c∗(β) = j1∗(β1)

where c is the Clemens map inducing c∗ : H2(Yt) −→ H2(Y0) and

j1 : X̃ −→ Y0 = X̃ ∪Q2 ∪ · · · ∪Qm

is the natural inclusion.
The condition (5.3) implies β1 lies in the image of ι : H2(X) −→

H2(X̃) defined in §4, i.e.,

β1 = ι(α) for a unique α ∈ H2(X).

One can check that

j1∗ ◦ ι = c∗ ◦ ϕe,

i.e., the following diagram is commutative:

H2(X)
ϕe
−→ H2(Yt)

↓ι ↓c∗

H2(X̃)
j1∗
−→ H2(Y0)
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Since ϕe is surjective and c∗ is injective, we have

c∗(β) = j1∗β1 = j1∗ ◦ ι(α) iff β = ϕe(α).

Now we can rewrite the degeneration formula (5.2) as

Z ′
DT (Yt; q)β =

∑

α∈H2(X),
ϕe(α)=β

Z ′
DT (X̃/E; q)ι(α) for β 6= 0.(5.4)

We write

Z ′
DT (Yt; q, v) = 1 +

∑

06=β∈H2(Yt)

Z ′
DT (Yt; q)v

β

= 1 +
∑

06=β∈H2(Yt)

( ∑

α∈H2(X),
ϕe(α)=β

Z ′
DT (X̃/E; q)ι(α)

)
vβ

= 1 +
∑

α∈H2(X),
ϕe(α) 6=0

Z ′
DT (X̃/E; q)ι(α)v

ϕe(α)

= 1 +
∑

α∈H2(X)

Z ′
DT (X̃/E; q)ι(α)v

ϕe(α).(5.5)

Note that if ϕe(α) = 0, we have Z ′
DT (X̃/E; q)ι(α) = 0. In fact, ϕe(α) =

0 implies that α lies on the extremal face generated by C2, . . . , Cm.

Therefore ι(α) cannot represent a curve in X̃ as shown in the proof of
(i) of Theorem 4.2.

If we replace vβ1 in ΦX(q, v) by vϕe◦τ(β1) = vϕe(α) where β1 = ι(α),
from (5.1) and (5.5), we see that ΦX(q, v) equals Z ′

DT (Yt; q, v).
This establishes the relation between the Donaldson-Thomas invari-

ants of X and those of the extremal transition Yt of X.
q.e.d.
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