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ON INOUE SURFACES
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Abstract

In this article we show that any hyperbolic Inoue surface (also
called Inoue-Hirzebruch surface of even type) admits anti-self-dual
bihermitian structures. The same result holds for any of its small
deformations as far as its anti-canonical system is non-empty. Sim-
ilar results are obtained for parabolic Inoue surfaces. Our method
also yields a family of anti-self-dual hermitian metrics on any half
Inoue surface. We use the twistor method of Donaldson-Friedman
[13] for the proof.

1. Introduction

Let M be a compact smooth oriented four-dimensional manifold. A
bihermitian structure on M is a triple {[g], J1, J2} consisting of a con-
formal class [g] of a Riemannian metric g and two complex structures
Jiyi = 1,2, such that ([g],J;) define a conformal hermitian structure
on M, and J; are compatible with the oritentation of M and are in-
equivalent to each other in the sense that J; # +Js when considered
as integrable almost complex structures. It is called an anti-self-dual
bihermitian structure if, further, (M, [g]) is an anti-self-dual structure
in the sense of [3]. Note that such a structure is always (twisted) gener-
alized Kahler in the sense of [19] if the hyperhermitian case is excluded,
as we do in this paper.

The second-named author [36] with a supplement by Dloussky [12]
has shown the following: Let M be a compact smooth oriented four-
manifold admitting an anti-self-dual bihermitian structure {[g], J1, Jo}
which is not hyperhermitian. Let S = (M, J;) be the associated compact
complex surface. Then the anti-canonical system | — Kg| admits a dis-
connected member. In particular if S is minimal, S is either a Hopf sur-
face, a parabolic Inoue surface, or a hyperbolic Inoue surface. In general,
S is obtained from its minimal model S by blowing up a finite number
of points on a fixed anti-canonical divisor. Note that all these surfaces
have the underlying C° manifold M = M[m] := (S! x 53)#m1_32 where
P? denotes the complex projective plane with reversed oritentation.
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In this paper we show the existence of anti-self-dual bihermitian struc-
tures on any hyperbolic Inoue surface and also on any of its small de-
formations preserving the unique anti-canonical divisor on it. This is
thought of as a partial converse of the above result of [36]. One of our
main results is more precisely as follows. Let {S,*S} be any pair of
hyperbolic Inoue surfaces S and its transposition t*S with second Betti
number m. Then there exists a family of anti-self-dual bihermitian
structures {[g¢, Jt,*J;} on M[m] with real smooth m-dimensional pa-
rameter ¢ such that (M[m], J;) = S and (M[m],*J;) = *S independently
of the parameter ¢ (Theorem 7.5). The same result also holds for any
properly blown-up hyperbolic Inoue surface (see §3) and for any of its
small deformations with an effective (and disconnected) anti-canonical
divisor (Theorem 7.6). Moreover, we prove similar results also for para-
bolic Inoue surfaces (Theorem 7.7). Finally, the same method also yields
the existence of a real m-dimensional family of anti-self-dual hermitian
structures on all (properly blown-up) half Inoue surfaces (Theorem 9.3),
which never carry anti-self-dual bihermitian structures.

For the proof we use a variation of the twistor method due to Donald-
son-Friedman [13] in the spirit of [25]. Namely, instead of an anti-
self-dual bihermitian triple {[g], J1, Jo}, we construct the twistor space
corresponding to [g] and two pairs of mutually conjugate elementary, i.e.,
degree-1, surfaces {S;", S;} on it giving rise to &.J;,i = 1,2. The twistor
spaces associated to self-dual metrics on m.P? constructed by Joyce [24],
studied in detail in [15], play a crucial role in our construction.

All our examples yield anti-self-dual (bi)hermitian—also (twisted)
generalized Kéhler—and locally conformally Kahler structures, which
are new except possibly for the parabolic Inoue case and its deforma-
tions, which should be compared with the examples of LeBrun [23].

We now give a brief description of each section: after some prelim-
inaries on deformation theory of pairs of complex spaces in Section 2,
we recall in Section 3 basic properties of hyperbolic, half, and para-
bolic Inoue surfaces and study the Kuranishi family of deformations of
associated pairs. All the Inoue surfaces are known to be obtained as a
deformation of a singular toric surface S [32]. In Section 4 we formulate
the result in terms of the Kuranishi family of deformations of a pair.
This concludes the first half of the paper and will be used constantly
in the following sections where we take up our construction of twistor
spaces.

First, in Section 5 we recall the basic properties of a Joyce twistor
space Z according to [15] and explain how to obtain its singular model
Z together with the natural anti-canonical divisor S by analytic modifi-
cations. Then, in Section 6 we study the local structures of the singular-
ities of the pair (Z , S ) and its automorphism group. We state our main
results in Section 7, and their proof will be subsequently provided in
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Section 8. The main point is to show the vanishing of the obstructions
for smoothing of the pairs (Z, ). Technically, this section is the most
delicate part of the paper. In Section 9 we prove that a twisted ver-
sion of our previous construction yields anti-self-dual hermitian metrics
on half Inoue surfaces. Finally, in Section 10 we summarize differen-
tial geometric implications of our results, including the relations with
generalized Kéhler and locally conformally Kéhler structures.
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2. Preliminaries

Sheaves of logarithmic forms. For a complex space X we shall de-
note by Qx the sheaf of germs of holomorphic 1-forms on X and by O x
the sheaf of germs of holomorphic vector fields on X. O x is the dual of
Qx.

Now let Y be a reduced Cartier divisor on X. In our case of interest
X is smooth or with at worst normal crossings singularities along a
smooth connected hypersuface D and Y has only mild singulariteis.

We define the sheaf Qx(logY) of logarithmic 1-forms on X along Y
to be the sheaf of germs of meromorphic 1-forms w on X such that for
any local equation f =0 of Y in X, both fw and fdw are holomorphic
1-forms on X. On the other hand, we define the sheaf © x(—logY)
of logarithmic vector fields on X along Y to be the sheaf of germs of
holomorphic vector fields v on X such that v(f)/f is again holomorphic
with f as above, namely, germs of those holomorphic vector fields which
are tangent to Y. It is easy to see that they are coherent analytic sheaves
on X. At a smooth point of X at which Y has at worst normal crossings
singularities, both the sheaves Qx(logY') and © x(—logY') are free (see
9)).

We also consider the subsheaf
1) s (105 Y)
of Qx(logY) locally generated by Qx and the element df /f for a defin-
ing equation f =0 of Y in X.
2.1. Deformation theory. Let X and Y be as above and suppose
that they are compact. A deformation of the pair (X,Y) is a triple

(2) f:(X7y)—>T7X0:X70€T
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where f is a flat morphism X — T of complex spaces which induces
a flat morphism Y — 7T; especially ) is a Cartier divisor on X. A
log-deformation of the pair (X,Y") is a deformation of (X,Y’) such that
any local Cartier irreducible component of Y remains locally irreducible
under deformations. Especially the number of irreducible components
of Y remains the same under deformations.

As usual we have the notions of the Kuranishi family (semiuniversal
family) and the universal family of such deformations. Suppose that
(2) is a Kuranishi family of log-deformations (resp. deformations) of
(X,Y). In this case we call the base space T the associated Kuranishi
space. The cohomological description of the infinitesimal deformation
spaces of (X,Y), the obstrcution space for the deformations and the
space of infinitesimal automorphisms, are given by the following:

Proposition 2.1. The Kuranishi space T is smooth if Emt%x (Qx
(logY),0x) = 0 (resp. BEat, (Vy(logY),0x) = 0). Exty, (Qx(logV),
Ox) (resp. Ea:tlox(Q’X(log Y),Ox)) is naturally identified with the tan-
gent space of T at the reference point. Moreover, if X is weakly normal,
i.e., the Riemann extention theorem holds on X, we have
Extd (Qx(logY),0x) = Eaty, (Vx(logY),0x) = H*(X,0x(—logY)),
and if these vector spaces vanish, the Kuranishi family (2) is universal
in a small neighborhood of o.

In order to determine these vector spaces we use the local to global
spectral sequence for Ezt functors. For instance in the case of log-
deformations this takes the form

(3)
EDY:= HP(X, Extl, (Qx(logY),0x)) = Exth 1(Qx(logY), Ox),

giving rise to the five-term exact sequence in case X is weakly normal:
(490 0 — HY(X,0x(—logY))— Eatp, (Qx(logY),0x)

— HO(X,Extp, (Qx(logY),0x))

— H*(X,0x(—logY)) = Exty (Qx(logY),Ox).

2.2. A general lemma on Ext. Let X be a complex space and Y a
Cartier divisor on X. Let N = [Y]|Y be the normal bundle of Y in
X. Then for any coherent analytic sheaf F' on Y we have the following
comparison theorem of Euxt.

Lemma 2.2. The notations being as above we have the following
natural isomorphisms:

(5) Exty, (F® N,Ox) = Extyy | (F,Oy), >0,
(6) Exth, (F® N,Ox) = Exty | (F,Oy), >0,

where the second is an isomorphism of Ox-modules.
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Proof. Applying [1, p.72,Proposition 2.9] for E = N and G = Ox in
the notation there, we obtain a spectral sequence

(7)  ER?:= Ext}, (F,Exth (N,Ox)) = Extp)!(F @ N,Ox).

Since Y is a Cartier divisor in X, we have Ea;t‘g)x (N,Ox) =0,q # 1,
and for ¢ = 1,

Extp, (N,0x) = Extp, (Ox(Y) ®oy Oy,Ox)
= ExtloX(Oy,Ox) Rox Ox(—Y) =N R0y Ox(—Y) >~ Oy

(see [1, p.74,Proposition 3.4] for the third isomorphism). Thus (7) yields
the desired results. q.e.d.
2.3. Automorphism groups. For a compact complex space X and
its subspace Y, denote by Aut(X,Y") the group of automorphisms of X
preserving Y. This has a natural structure of a complex Lie group with
its Lie algebra naturally identified with H°(©x(—1logY)). We denote
by Auto(X,Y) the identity component of Aut(X,Y).

2.4. Cycle of rational curves. A cycle of rational curves on a smooth
surface is a compact connected curve C' which either is an irreducible
rational curve with a single node or is a reducible curve with k£ nodes
whose irreducible components are nonsingular rational curves C;,1 <
i < k,k > 2, such that C; and C;y; intersect at a single point and
there exist no other intersections, where Cy+1 = C} by convention. We
write such a C' as C = C1 + -+ + Ck. Then the sequence (by,...,by)
of opposite self-intersection numbers b; = —(C;)? is called the weight
sequence of C'; which are considered modulo cyclic permutations and
reversing of the order.

2.5. Toric surfaces. Let G = C*? be the algebraic two-torus. Let S
be a projective toric surface with fixed G-action with open orbit U. The
complement C := S—U forms a cycle of rational curves C' = C1+- - -+C}
and is an element of the anti-canonical system | — Kg| of S. We shall
call C the anti-canonical cycle of S and denote the toric surface also by
the pair (S, C). In this case ©g(—log C) is free, i.e.,

Og(—log C) = O%.
The weight sequence of C' is also called the weight sequence of S.

2.6. Notation. For a sheaf I’ on a complex space X we set hi(X, F) =
dim H*(X, F) for any integer 1.

3. Inoue surfaces

Let S be a compact connected complex surface. It is called a surface
of class VII if its first Betti number by = 1 and its Kodaira dimension
Kk = —oo. It is called of class VI if it is further minimal, i.e., contains
no (—1)-curves. (A (—1)-curve is a nonsingular rational curve with
self-intersection number —1.)
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3.1. Hopf surfaces. S is called a Hopf surface if its universal covering
is isomorphic to C? — 0. A Hopf surface is a surface of class VII; with
second Betti number by = 0. It is called a diagonal Hopf surface if it is
isomorphic to the quotient of C?—0 by an infinite cyclic group generated
by a transformation of the form (z,w) — (az,fw), 0 < |«af,|8] < 1.
Such a surface is diffeomorphic to the product of spheres S x S3.

In this case the images of {z = 0} and {w = 0} give two nonsingular
elliptic curves Ey and E5 on S. We use the following characterization of
a diagonal Hopf surface, which is due to Kato-Nakamura [32, Theorem
5.2] when the algebraic dimension a(S) = 0, and is due to Kodaira [27,
Theorems 28, 31] when a(S) = 1. (Note the difference of the definition
of class VIIj here and the one originally given by Kodaira.)

Lemma 3.1. Let S be a surface of class VIIy with infinite cyclic
fundamental group. If S contains two smooth elliptic curves, S is a
diagonal Hopf surface.

3.2. Inoue surfaces. Denote by VHS’ the class of surfaces of class
VIIy with positive second Betti number. The first examples of sur-
faces of class VIIJ were discovered by Inoue [22, 23], which we shall
divide into three classes according to Nakamura [32] as those of hyper-
bolic, half, and parabolic Inoue surfaces. (The first two surfaces are also
called Inoue-Hirzebruch surfaces.) For the purpose of this paper it is
most convenient to use the characterization of these surfaces similar to
Lemma 3.1 due to Nakamura [32, (8.1), (7.1), (9.2)]) as their definitions.

Definition. Let S be a surface of class VII§ with m := by > 0. S is
called a hyperbolic (resp. parabolic) Inoue surface if S contains two cycles
of rational curves (resp. one cycle of rational curves and a nonsingular
elliptic curve E). In both cases we denote by C the union of all these
curves. S is called a half Inoue surface if it contains a cycle C of rational
curves with C? < 0 such that the number of its irreducible components
equals m.

In all cases there are no other curves on the surface and C is the
unique maximal (reduced) curve on S. In the hyperbolic or half Inoue
case the number of irreducible components in C' equals m, and in the
parabolic case the number of irreducible components of the unique cycle
equals m.

All the known examples of surfaces of class VH(J)r including Inoue
surfaces are oritentation-preservingly diffeomorphic to

M[m] == (S' x $3)#mP?

where P? is the complex projective plane with oritentation reversed; in
fact they are all obtained as complex-analytic deformations of a blown-
up Hopf surface. In particular they all have infinite cyclic fundamental
groups.
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Starting from any of the Inoue surfaces, we obtain other surfaces of
class VII by blowing up successively the nodes of the cycles of ratio-
nal curves on them. These surfaces again contain one or two cycles of
rational curves, or one cycle of rational curves and a nonsingular el-
liptic curve. We call such surfaces properly blown-up hyperbolic, half,
or parabolic Inoue surfaces. (We include the case where the blowing-
down is trivial; thus in this terminology a hyperbolic Inoue surface is
also a properly blown-up hyperbolic Inoue surface.) The reason why
we consider these surfaces as well is that they arise equally naturally
in our construction in Section 5, while from the viewpoint of anti-self-
dual or bihermitian structures the minimality of the surfaces should be
irrelevant.

3.3. Anti-canonical curves. We call a member C of the anti-canonical
system | — Kg| of a surface S an anti-canonical curve. In this case we
write simply —Kg = C or Kg+ C = 0. For a diagonal Hopf surface S
we have by [27, (96)]

(8) —Ks = F1 + FE»

in the previous notation and for a properly blown-up hyperbolic or par-
abolic Inoue surface

9) —Kg=C

for the unique maximal curve C on it (see [32] for the minimal case; the
general case is immedeately deduced from this case.) In particular any
diagonal Hopf surface or hyperbolic or parabolic Inoue surface admits a
disconnected anti-canonical curve. We may speak of the anti-canonical
curve on a hyperbolic or parabolic Inoue surface. In the half Inoue case
| — Kg| is empty, but C' becomes the unique member of the system
| = (Ks+ L)|, where L is the unique non-trivial holomorphic line bundle
on S with L?(= 2L) trivial. (We call C' L-twisted anti-canonical curve.)

The following result, originally due to Nakamura, is crucial for our
whole investigation. (See Section 10 for a proof.)

Lemma 3.2. Let S be a compact complex surface of class VIly with
infinite cyclic fundamental group. Suppose that there exists a discon-
nected anti-canonical curve on S. Then S is either a hyperbolic or
parabolic Inoue surface or a diagonal Hopf surface.

Let S be as in the lemma and C' an anti-canonical curve on it. Let
h : S — S be the blow-up of a finite number of points on C' with
exceptional curve B. Then by the adjunction formula

(10) —Kg=h"(-Ks) - B.
S also admits a disconnected anti-canonical curve C which is mapped

surjectively onto C'. From (10) we also deduce the following lemma,
which extends Lemma 3.2 to the non-minimal case (see [36, Cor.3.14]).
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Lemma 3.3. Let S be a compact complex surface of class VII with in-
finite cyclic fundamental group. Suppose that there exists a disconnected
anti-canonical curve C on S. Then the minimal model S of S is either
a hyperbolic or parabolic Inoue surface or a diagonal Hopf surface, and
S — S is obtained by blowing up S at a finite number of points (possibly
infinitely near) of the image C of C. Moreover, C is an anti-canonical
curve on S.

Proof. Let h : S — S be the blowing-down map to the minimal model.
We show that C is a disconnected anti-canonical curve on S. We have
only to prove this in the case of one point blown-up; the general case
then follows by induction. By (10) we get | - Kg| = | = Kg(—x)|, i.e., an
anti-canonical curve on S is identified with a anti-canonical curve on S
which passes through the blown-up point x. In particular C is an anti-
canonical curve and x € C and C = C in the above correspondence.
Suppose that C is connected. If z is a smooth point of C, C' is a proper
transform of C' and is connected. If x is a singular point of C, B is
in the support of C' and intersects with the proper transform of every
branch passing through x. Thus C' is again connected. This shows that
under our assumption C' must be disconnected. Then applying Lemma
3.3 we obtain the possible structures of the surface S. q.e.d.

We next state an analogue of the above result in the half Inoue case.
Let S be a compact complex surface of class VII with infinite cyclic
fundamental group. Then there exists a unique non-trivial holomorphic
line bundle L with L? = 1. We denote this line bundle by L = Lg
in what follows. We have the associated unramified double covering
w: S — S such that w*L is trivial.

Lemma 3.4. Suppose that S contains an L-twisted connected anti-
canonical curve C such that uw=(C) is disconnected in S. Then the
minimal model S of S is a half Inoue surface or a diagonal Hopf surface,
and S is obtained by blowing up S at a finite number of points (possibly
infinitely near) on the image C of C.

The proof is easily obtained by passing to S associated to L and then
applying Lemma 3.3. But we refer the detailed proof with more precise
structures of S in this special case to the short note [18].

3.4. Transpositions of hyperbolic Inoue surfaces. In [45] Zaffran
defined for any hyperbolic Inoue surface S its transposition tS, which
is again a hyperbolic Inoue surface with *(*S) = S. We shall recall its
definition and basic properties.

Let S be a hyperbolic Inoue surface. Let C% a = 1,2, be the two
cycles of rational curves on S. Then there is a geometric way of choosing
one of the two (cyclic) numberings of the irreducible components of each
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C® up to cyclic permutations due to Dloussky [10], which we shall now
explain. We shall call this a canonical numbering for C¢.

In general, a domain D in S is called a spherical shellif it is isomorphic
to a domain in C? bounded by two concentric spheres. It is called global
if S — D is connected. D has thus two boundaries 0, D and d_ D which
are strictly pseudoconvex and pseudoconcave, respectively.

We use the characterization of the canonical numbering in the form of
the following lemma (see [10]). Let By +- - -+ B}, be a cyclic numbering
of the irreducible components of C*. We assume that h, > 1 since
otherwise the numbering in question is unique.

Lemma 3.5. Suppose that there exists a global spherical shell D in S
which intersects with C* in a domain U in B1. Among the two connected
components of By — U, let V be the component which contains B1 N Bs.
Then the numbering above is canonical if OV = 0D_ N By (instead of
6D+ N Bl)

Accordingly we may also speak of the canonical weight sequence of
each C'“ up to cyclic permutations. We further recall the following facts:

(a) Let S and S’ be hyperbolic Inoue surfaces with two cycles of
rational curves C® and C'® respectively, @ = 1,2. Then S and S’ are
isomorphic if and only if the canonical weight sequences of C® and C'®
coincide up to cyclic permutations for one (and then both) of @ = 1,2,
after interchanging C'! and C? if necessary. (See Remark 1.1 of [45].)

(b) For any hyperbolic Inoue surface S there exists up to isomor-
phisms a unique hyperbolic Inoue surface S’ such that the canonical
weight sequences of C* and C' for one (and then both) of « = 1,2 are
reverse to each other up to cyclic permutations, after interchanging C'*
and C? if necessary. S’ is called the transposition of S and is denote by
tS. (See [45].)

The transposition of a half Inoue surface is defined similarly, con-
sidering only the unique cycle instead of two cycles. By reducing to
the corresponding minimal model we can also speak of the notion of
transpositions of properly blown-up hyperbolic or half Inoue surfaces.

3.5. Weight sequences. Let S be a hyperbolic Inoue surface with
second Betti number m, and C% «a = 1,2, the two cycles of rational
curves on S. The weight sequences of C! and C? are of the following
form up to cyclic permutations and the interchange of C'*:

(11) (k1+27 [kg—l],...,an_1+2, []{72”—1]),
(12) ([k1_1]7k2+27---7[k72n—1 _1],k72n+2),
where n and k;,1 < ¢ < 2n, are positive integers and for a positive
integer [, [{] stands for the sequence (2,...,2) (I times), while [0] denotes

the empty sequence [32, (6.8) Theorem]|(see [45, (2) and (3)]). However,
the case n = 1 and ky (resp. ko) = 1 is exceptional; in this case we
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should replace k2 + 2 (resp. k1 + 2) by ko (resp. k1) [32, (1.4)]. Note
that m = Y, ., -, ki. Conversely, given n and k; arbitrarily as above,
there exists a hyperbolic Inoue surface with by = m and with the above
weight sequences. Hyperbolic Inoue surfaces are determined by the pair
of weight sequences as above up to at most two non-isomorphic surfaces
which are transpositions of each other. (The last statements holds true
also for the properly blown-up case.) In particular there are only a
countable number of hyperbolic surfaces up to isomorphisms.

3.6. Isomorphism classes of parabolic Inoue surfaces. For a par-
abolic Inoue surface S with second Betti number m, the weight sequence
of its unique cycle is given by [m] for m > 1 and 0 for m = 1 in the
above notation, while the elliptic curve E on it has the self-intersection
number E? = —m.

Parabolic Inoue surfaces with fixed second Betti number are parame-
trized by the punctured unit disc D* = {|d| < 1} (see [32, (1.1)]). So we
may write S = Sy for some d € D*. The parameter d is geometrically
interpreted as follows. Let w : U — S be the universal covering of
S. Then for the unique elliptic curve F in S, we get an infinite cyclic
covering v : E := u~'(E) — E. Let v be a fixed generator of the
covering transformation group. Then there exists a unique complex
number a with 0 < a < 1 such that with respect to an isomorphism
w: E 5 C* = C*(s), v takes the form (s) = as. This number o
is independent of the choice of 7, and the isomorphism w and depends
only on the isomorphism class of v. In fact, if S = S, the construction
[32] clearly shows that d = «. In particular we get:

Lemma 3.6. Let S be a parabolic Inoue surface with fized second
Betti number m, and v : E — FE as above. Then the isomorphism
class of S is determined by the isomorphism class of the infinite cyclic
covering v. D* is thus the moduli space of parabolic Inoue surface.

3.7. Real structure on Inoue surfaces. Let J be a complex struc-
ture on a smooth manifold M. Let S := (M, J) be the resulting com-
plex manifold and S := (M, —J) its complex conjugate. Then S and
S are biholomorphic if and only if S admits an anti-holomorphic dif-
feomorphism; in particular a real structure, i.e., an anti-holomorphic
involution. In this context we note the following:

Lemma 3.7. Any hyperbolic, half, or parabolic Inoue surface S has
a natural real structure. The same is true for a proper blowing-up of
any such surface.

Proof. The universal covering U of S is covered by coordinate neigh-
borhoods, such that in the intersection of any two of them the two
coordinates are related by Laurent monomials (see [32, §1]). Hence the
complex conjugations with respect to each such coordinates are com-
patible in the intersections and give a real structure fi on U. Moreover,
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a generating covering transformation of U — S is also given by Laurent
monomials (see [32, §1]) and hence the real structure i descends to a
real structure g on S. Moreover, since the nodes of the anti-canonical
divisors of these surfaces are fixed points of the real structure, p lifts to
its proper blowing-ups. q.e.d.

3.8. Deformations of Inoue surfaces. Let S be a properly blown-up
hyperbolic, half, or parabolic Inoue surface. For brevity we refer to the
hyperbolic (resp. half, resp. parabolic) case as Case-H (resp. Case-H
resp. Case-P) in what follows. Let C be the unique maximal curve on S.
In other words, C is the unique anti-canonical curve in Case-H and -P,
while it is the unique L-twisted anti-canonical curve in Case H' where
L=Lg.

Let n: C := [[1<yep Ca — C be the normalization of C, where Cy
are the normalizations of the irreducible components of C, and b = m in
Case-H or -H and = m+1 in Case-P. It is known that Autg(S,C) = {e}
in Case-H or -H" and C* in Case-P (see [11, Prop.2.5] and [35] for Case-
H and -H’ and [20] for Case-P).

Lemma 3.8. In Case-H or -H we have h'(©s(—logC)) = 0 for
i =0,1,2, while in Case-P we have h'(Og(—1logC)) =1 for i = 0,1
and =0 fori = 2.

Proof. First we consider Case-H and -P. We have the exact sequence

(13) 0 —— Og5(—C) —— BOg(—1logC) > O¢ > 0

and the isomorphisms
Oc = &n:O¢, (—(04 + 004))) = ©ansOc,

where 04 and cog4 are the inverse images of the nodes of C' in Cy. Since

C = —Kgs by (9), we have O5(—C) = Qg so that h'(Og(—C)) =
ht(Qs) = hbt where kP9 denote the Hodge numbers. Hence we get
h'(©s(—C)) = 0 for i = 0,2 and h'(Og(-C)) = hl't = by(S) = m.
Thus taking the long exact sequence associated to (13), we obtain
h?(©5(—logC)) = 0 (see [33, Th.1.3]) and the exact sequence

(14)

0 —— HOOg(—log()) c’ cm H'(0g(—1og C))

—_— c* — 0
where k = 0 in Case-H and = 1 in Case-P. On the other hand, as we
noted before the lemma h%(©g(—logC)) = 0 in Case-H and = 1 in
Case-P. Thus the lemma is proved in these cases.

In Case-H' take the canonical unramified double covering (S,C) —
(S, C) with covering involution ¢. Then H'(©g(—C)) are naturally iden-
tified with the subspaces H(© 5(—C~' ))* of -fixed elements for all 7. From
this the results follow from those in Case-H. q.e.d.
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As follows from the above proof in Case-P, the restriction map
O©s(—log C) — OF induces a natural isomorphism

(15) H'(©5(—1og C)) = H'(Op)

where FE is the elliptic component of C.

The two sheaves Q(log C') (see (1)) and Qg(log C') coincide except
at the nodes of C. Let B be the set of nodes of C. Then more precisely
we have the following:

Lemma 3.9. We have an exact sequence
(16) 0 — Qs(log C) — Ns(log C) — BpepCp — 0,
where C), is the skyscraper sheaf with support p and with fiber C.

Proof. The fact that the quotient Qg(log C')/Qs(log C') is isomorphic
to Cp, at each p € B is seen by checking the image of Q(logC) by
the Poincare residue map P : Qg(logC) — O1 @ O2, where Og,s =
1,2, are the structure sheaves of the two irreducible components of C
at p. In the local model (C*(x,y),zy = 0) of (S,C), P takes the
form a(z,y)dz/x + b(z,y)dy/y — (a(z,0),b(0,y)) € O1 & O2, while the
elements Qy(log C') are of the form f(z,y)(dz/x + dy/y) so that their
images are given by (f(z,0), f(0,v)). The assertion thus holds. q.e.d.

Since €xtiOS(Cp,OS) =0 for i # 2 and = C for i = 2, by applying
Extl <(—,Os) to the sequence (16) we have the following:

Corollary 3.10. (1) Homog(Q5(logC),0g) = O5(—1log C).
(2) There is a natural isomorphism

(17) Exttry (s (10g C), Os) = BpepCy.
(3) Extpy (Q(log C), Os) =0 fori > 2.

In view of Corollary 3.10 and Lemma 3.8, the local-to-global spectral
sequence for Extp, (Q(log C), Os) yields the following:

Lemma 3.11. We have

(18) Ezty, (Qs(log C), 0s) = 0,
(19)

0 — H'(©g(—1log C)) = Ext, (s(log C),05) = GpepC)p — 0,
(20) Extd (Qs(log ©), Os) = H°(O5(—1log 0)),

where the sequence (19) is exact.
Let
(21) 9:(8,€) =T, (S5,Co) =(5,C), 0€T
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be the Kuranishi family of deformations of the pair (S,C). Also, for
any p € B, we denote by

9p : C(p) — Ty, (CO,O) = (C,p), o€T,

the Kuranishi family of deformations of the isolated singularity (C,p),
where T}, is smooth of dimension one. Any deformation of (S, C') induces
a deformation of (C,p), and correspondingly we have a versal map 7, :
T — Tp. Thefiber T(p) := 7, 1(0) is uniquely determined independently
of the choice of 7,. Thus a point ¢ € T is outside of T'(p) precisely
when the two irreducible components of C' passing through p are merged
together in C} to become one smooth curve locally.

In Case-P we also consider the Kuranishi family

e:£E—>1Tg, E,=F, 0€1g

of the elliptic curve E in S, where Ty is smooth of dimension one.
Since a deformation of (S, C) induces a deformation of E, we have the
(unique) versal map 75 : T — Tg.

In Case-H and -P we write C' as the disjoint union C = C' U C? of
two curves, where C%, o = 1,2, are cycles of rational curves in Case-H,
and C! is a cycle of rational curves and C? = E in Case-P. The fiber
Cy,t € T, is similarly a disjoint union C; = C}UC?, where C{* is either a
cycle of rational curves or a smooth elliptic curve. Recall that #B = m.

Proposition 3.12. Let (S,C) be as above. Then the Kuranishi space
T is smooth of dimension m (resp. m+ 1) in Case-H or -H (resp. -P).
Moreover, in each case we have the following:

(a) Case-H or -H': The product map

I, : T — Iye BT,

is isomorphic; in particular T(p) is a smooth hypersuface in T for
each p € B. The family is universal at each point of T. Accordingly,
dim Emtlost (9, (log Ct), Os,) = m independently of t € T'.
(b) Case-P: The product map
I x 71 : T — 11,1, x Tg
is isomorphic. The family is not universal. In fact, h%(Og,(—log C}))) =
1 (resp. = 0) and dimEmt})St(Q’St (log Cy),0s,) = m+1 (resp. = m) for

fort € I (resp. ¢ I), where I := (Il,7,)"(0),0 € Tg, is a submanifold
of dimension one.

Proof. The smoothness of T follows from (18). We have dim7T =
dim EmtIOS(Q/S(log (), Og), and the latter is identified with the claimed
value by Lemmas 3.8 and 3.11. By Lemma 3.8 and the upper semicon-
tinuity of cohomology, we have h%(Og,(—log C})) = 0 independently of
t in Case-H or -H’. Hence this family is universal at each point of T.
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The third arrow of (19) is identified with the differential of II,7;, at the
base point. The first assertion of (a) follows from this.

In Case-P, 11,7, is a submersion and the inverse image I of the refer-
ence point is identified with the local moduli space of S as a parabolic
Inoue surface, whose tangent space is identified with H'(©g(—logC)).
The differential of the restriction of 7 to [ is identified with the iso-
morphism (15). From this we get the first assertion in (b). The rest
follows from the fact that Auto(Sy, C;) = {e} for any ¢ ¢ I. q.e.d.

Next, we assume that S is a properly blown-up hyperbolic or para-
bolic Inoue surface. We write the set B of nodes as the disjoint union
B = B; U By in the obvious way, where By = () in Case-P. Then on
the structure of the surfaces S; in the family we have the following
proposition.

Proposition 3.13. Let S be as above.

(1) For any t € T, Cy is the unique anti-canonical curve on Sy.

(2) If t ¢ T(p) for some p € B (i.e., t # o in Case-H), S; is not
minimal and its minimal model S; is either a hyperbolic or parabolic
Inoue surface or a diagonal Hopf surface.

(3) Sy is a diagonal Hopf surface if and only if t ¢ T(p) for any
p € B. S; is a a parabolic Inoue surface if and only if t ¢ T(p) for
any p € By for one of a (=1 or 2), but not for both in Case-H (resp.
t € T(p) for some p € By in Case-P).

Remark 3.1. We may call (S, C) an anti-canonical pair in the sense
that C is an anti-canonical curve on S. The above lemma implies that
the Kuranishi family (21) of (S,C) is actually a Kuranishi family of
(S,C) as an anti-canonical pair. Thus we can identify our Kuranishi
family with the family constructed by Nakamura in Lemma 5.7 of [32].
(Indeed, we can show that the family (21) is realized as a subfamily of
the Kuranishi family of S itself.) However, in [32] neither the smooth-
ness of T nor the precise structures of T as above is clear.

Proof. (1) Consider the short exact sequence

0 —— Og,(—C}) Og, Oc, —— 0
and the associated long exact sequence
—— HYOs,) —— HYO¢,) —— H?*(0s,(—Cy)) —— .
Together with Serre duality and the upper semicontinuoity of cohomol-
ogy, this yields
2 =h'(Oc¢,) < h'(0s,) + WP (K + Cy) <1+ (K 4+ C) =2.
Since h'(Og,) = 1, we get that h%(K; + C;) = 1 for all t. Then any

non-vanishing element 1y of H°(K + C) extends locally to elements
us of HY(K; + C}), which is again non-vanishing since so is ug. Thus
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K+ C; = 0 as desired. The uniqueness then follows from the inequality
hO(—K;) < hO(—K) = 1.
Assertion (2) in Proposition 3.13 is then a consequence of Lemma 3.3.
(3) Cf,a = 1,2, is a smooth elliptic curve if and only if all the nodes
of C'* are smoothed in the deformation Cf*, and this is precisely the
condition that t ¢ T'(p) for all p € B,. From this the conclusion follows
from Lemma 3.1. q.e.d.

When S is a properly blown-up half Inoue surface, the statement
analogous to Proposition 3.13 is given as follows:

Proposition 3.14. Suppose that S is a properly blown-up half Inoue
surface. Then:

(1) For any t € T, C} is the unique L;-twsited anti-canonical curve
on St, where Ly = Lg,.

(2) If t # o, S; is not minimal and its minimal model Sy is either a
half Inoue surface or a diagonal Hopf surface.

(3) S; is a diagonal Hopf surface if and only if t ¢ T(p) for any
pEB.

As in the case of Lemma 3.4, we refer the proof of this proposition
to the short note [18].

4. Deformations of rational surface with a nodal curve

Let S be a projective toric surface acted by G := C*2, and C =
01 + e+ Ck+2 the anti-canonical cycle on 5’ where we assume for
smlph(:lty that £ > 2. We put oo; = 0;41 = Cin CZ+1, where the
subscripts are considered cyclically modulo k + 2.

Suppose that there exist disjoint irreducible components H and E of
C with H?> = 1 and E? = —1, respectively. (In this case we call the
toric surface (.S, C) admzsszble.) Take an isomorphism

(22) (o (H,OH,OOH) — (E, OOE,OE) or (H, OH,OOH) — (E, OE,OOE)

where Oy = 0; if H = C’i, etc. In the latter case we call ¢ of twisted
type and in the former case of untwisted type. Let S be the non-normal
surface obtained by identifying the points x € H with ¢(x) € E.

Let n : S — S be the natural map and denote the singular locus
of S by F = n(H) = n(E) = P. Let C% a = 1,2, be the connected
components of the union of the irreducible components of C other than
H and E. Denote by C® their images in S, and put C =Cluce.
When ¢ is of untwisted type, Co are disjoint and each forms a cycle of
rational curves on S , while when ¢ is of twisted type, C is connected
and forms a single cycle of rational curves on S. In both cases €' is an
anti-canonical curve on S (see Lemma 6.1 below).
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In this section we study the smoothing of the singular surface S under
deformations. This subject was studied extensively by Nakamura in
[31, 32, 33]. However, since we treat it from a little different point of
view, we will describe some details here.

4.1. Automorphism groups. We compute the identity component of
the automorphism group of (S, C).

Lemma 4.1. We have
Auto(S,C) = C*.

Proof. Fix an affine coordinate z; on each é, with 0; and oo; corre-
sponding to 0 and oo. With respect to this coordinate the action of G
on C; is written as z; — Xi(9)zi,g € G, for a unique character x; of G,
which is independent of the choice of z;.

In view of the natural inclusion of algebraic groups Autg(S,C) <
Auto(g .C ), it suffices to show that there exists a unique one-dimensional
subgroup of Autg(S .C ) 2 G which descends to an automorphism group
of (5‘ , é) A one-parameter subgroup p of G induces a C*-action on S
if and only if ¢ is p-equivariant with respect to the induced p-actions
on H and E. When ¢ is of untwisted (resp. twisted) type, ¢ is written
as zg = ¢(zg) = a/zg (resp. = azy) for some a # 0, where zg = z;
etc. as before. Thus the condition becomes

(23) XHP = —XEpP (resp. XHpP = XEP)

if ¢ is of untwisted (resp. twisted) type, where xyg = x; if H = C; etc.
Under our assumption that k& > 2, we easily see that yg # +xg, and
hence (23) defines a unique one-parameter subgroup as desired. q.e.d.

It is convenient to formulate the above result in a more formal way
as follows. Let M := Z? be the free abelian group consisting of all
the characters x : G — C* of G and N := Z? the free abelian group
consisting of all the one-parameter subgroups p : C* — G of G, written
additively. We have a natural perfect pairing (,) : M x N — Z, where
(p,x) = Lif xp(t) = t',1 € Z,t € C*. We can define an orientation
of M by the condition that —x;_1,x; form an oriented basis of M for
any 1.

For y € M let x* be the unique element of N such that it is orthog-
onal to y, has the same length as y, and such that y* and y define
the positive oritentation on Z2. We have (x + x')* = x* + x'*. On
the other hand, (xi,p;) = 0, {x;-1,pi) > 0 and hence x;- = p;. Thus
we obtain the following supplement to Lemma 4.1 giving the explicit
description of the one-parameter group in question.

Lemma 4.2. Auto(S’, C’) = C*, being induced by the one-parameter
subgroup pg+pp (resp. pg—pE) of G if ¢ is of untwisted (resp. twisted)
type.
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4.2. Computation of Ext groups. Since C is a curve with normal
crossings, the following is well-known:

(24) E‘Tthé (Qév OC’) = @peBCp,
(25) Hl(@é) = Hz(@é) = E(L’tzoé (Qé, Oé) = O,
where B is the set of nodes of C' with #B = k and C), is the skyscraper
sheaf at p with fiber C. Similarly, we know that
(26) Extp (Q5,05) =0, i > 2,
(27) Extp (Q5,05) = Op
(see [14]), and hence the local to global spectral sequence yields the
exact sequence:
(28) 0— H'(04) = Bxtp (Qg,04) — H(Op) — 0.
We shall next show the following:
Lemma 4.3.
(29)  h(O4(—log () =1 and h(©¢(—log C)) =0, ¢g>1.

Proof. The first one follows from Lemma 4.1. Let D be the set of
the two intersection points, say ro, a = 1,2, of F and C'. Take the

normalization exact sequence for n: S — S:
0 —— O4(—1logC) —— n.(Oz(—log())
(30) — @F(—logf)) — 0.
Since © g(—log C) = ng and © ;(— log D) = Op, from the long exact

sequence associated to (30) we get the vanishing of H?*(O (- log 0))
and the exact sequence

0 C C? C H'(O4(~logC)) —— 0.

The lemma, follows from this. g.e.d.

Next we prove:
Lemma 4.4. Homog(Qg(logé),Og) = @g(—logé) and Sxt’bg
(Q4(log ©), 0g) = Extyy (g, 0g) fori > 1.

Proof. The first isomorphism is well-known (see Proposition 7.1 be-
low). For the second isomorphism we observe the sheaf exact sequence

(31) 0 = Qg = Qg(log O) 5 &,0¢; — 0

where the last direct sum is over Cartier irreducible components C; of
C, and P is the Poincare residue map. Here irreducible components C;
of C with C; N F = () are Cartier irreducible components and the unions
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of two irreducible components passing through r,,a = 1,2, are the
remaining Cartier irreducible components. Since €thOS(OC;,, O¢) = N/
l

for ¢ = 1 and vanish otherwise, applying &Etiog(—,OS) to the above

sequence we obtain the exact sequence of sheaves
(32)
0 —— O¢4(—logC) — Og — @N]

— Ext})é(Qg(logé),OS) — Eatp (25,05) —— 0

where N/ is the normal bundle of C] in S;. The lemma follows easily
from this. g.e.d.

Together with (4), (26), (27), and Lemma 4.3 the lemma implies the
following:

Lemma 4.5. We have
(33) Euxt) (Q5(log C),04) =0 and
(34) Exth, (Q5(log C), 0g) = H(0) = C.
Let B := B — D be the set of nodes of C outside F with #B = m :=

k — 2. B — B consists of theA two points rq, a = 1,2, as above.
The two sheaves Q/S,(log C) (see (1)) and Q¢ (log C) coincide except

at points in B. Thus by Lemma 3.9 we get a natural exact sequence:

(35) 0 — Qy(log €) = Q(log C) = &, z,Cp — 0.

Then similarly to Corollary 3.10 we get

Lemma 4.6. (1) Homo, (2 (log 0), O¢) = O4(—log 0).
(2) There is a natural exact sequence

(36) 0— Op — Eatg, (y(log C),04) = @, 5Cp — 0.

(3) Extly (s (log C),04) =0 fori> 2.

In view of Lemmas 4.3 and 4.6 the local to global spectral sequence
for Exty, (Q’S,(log C),Og) yields the first assertion of the following:

s

Proposition 4.7. (1) We have

(37) Extzoé(Q’g(log 0), O¢) = 0.
2) There exists a natural isomorphism
(2)
(38) c: Batp (Q(log €),04) = Cr @ (@,.5C)),

where r is any one of rqo,a = 1,2. In particular,

dimExtloé(Q’g(log 0), Og) =m+ 1.
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Proof. We shall show assertion (2). We first prove that the following
sequence is exact:

(39) 0 Qi (log C) % Qg(C) % Qe ® N — 0,

where N is the normal bundle of ' in S. Indeed, the restriction map
b is given locally by [dz/zy,dy/zy — dz|C,dy|C], where |C' denotes
the restriction to C'. Note that the element dz = —dy, which generates
Qg4 (log é)/Qg(log (), generates locally the torsion part 7 of Qo =2Qe®
N, thus inducing the isomorphism &(log )/ Q’g(log () = 7. From this
the assertion follows easily.

We apply Lemma 2.2 to the pair (5‘, é) and F' = Qp, and obtain the
isomorphism

(40) Extp (20 ® N,Og) = Extg—él(fzé, Op)-
Substituting this isomorphism for i = 1 to Ezt homomorphism obtained
by applying Ext})g(—, Og) to bin (39), we get a map Emt})S(Q’g(log ),

Og) LA Emt})é(Qé, Op), and its sheaf version &Etlog(Qg(log C), O¢) B,

5$tloé(Qé, O ), which is surjective since 5$t2OS(QS(C’), Og¢) = 0. These
fit into the following commutative diagram:

Ea:tlog (Q’S(log é), O¢) L) Emtloé(Qé, Op)

g ‘|

HO(Sxtlog(Qg(logé),OS)) —— HO(Ewtp, (R0, 0p)) = @pepCp — 0

g

C,o _;C,

peB

where v = H('), d is the isomorphism (24), and p is the natural pro-
jection. Note that e also is isomorphic by Lemma 29. Then we put ¢ :=
pdf = pve. In view of the exact sequence (36), in order to prove that ¢
is isomorphic it suffices to show that pv : HO(Sxt})S(Q’S,(log 0), Og¢)) —
C, Dpep -
to the subspace H°(Op) (see (36)). Indeed, along F, 8 becomes the
natural sheaf surjection Oy — C,; & C;, and u is just the associated
map H%(O) — C,, which is isomorphic. q.e.d.

C, gives an isomorphism u : H%(O) — C, when restricted

Finally, we also record the following exact sequence deduced from
(35):

1 A A . 1 / A R
(4(1))———> E:Etog(QS(logC),OS) —_ E:EtOS(QS(logC),OS)

e ®,c5Cp — 0.
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4.3. Properties of the Kuranishi families. Let
(42) §:(S8,C) > T, (80,Co)=(5,C), 0€T

be the Kuranishi family of deformations of the pair (S,C). For any
p € B, we denote by

gy : C(p) = Ty, (Co,po) = (C,p), 0 €Ty,

the Kuranishi family of deformations of the isolated singularity (C,p).
T, is smooth of dimension one. Any deformation of (S, () induces a
deformation of (C’,p), and correspondingly we have a versal map 7, :
T — T,. The fiber T(p) := 7,1(0) is a hypersuface which is uniquely
determined independently of the choice of 7.

Recall that m = k — 2 and #B = m.

Proposition 4.8. Let the notations be as above. Then the Kuranishi
space T is smooth of dimension m + 1. The product map 7T := 7, X
I, p7p « T — 11T, is isomorphic, where r = rq,o0 =1 or 2.

Proof. 7 is identified with the map c in assertion (2) of Proposition
4.7. Thus the proposition follows from that proposition. q.e.d.

Remark 4.1. The proof shows that the singularities of C at the two
points ro, a = 1,2, and the singularities of S along F' are simultaneously
smoothed.

Define A := T(T) This is a smooth hypersurface by the above propo-
sition, and is independent of the choice of r = r, by the above re-
mark. Also we consider the subspace I := Npe zT(p), which is a one-

dimensional smooth subspace of 7' by the above proposition.

Lemma 4.9. The restriction of the family to I is identified with the
Kuranishi family of log-deformations of (S, C).

Proof. In view of Lemma 4.5 and (41), for the Kuranishi family (h :
(8,C = 1,(5,C") = (5,C), o€ I) of log-deformations of (S, (), the
base space I is smooth of dimension one and is realized as a subspace of
T. It is in fact a subspace of I C T since [ is the maximal subspace of
T parametrizing log-deformations of (S C’) Then we must have I = [
since both are smooth of dimension one. q.e.d.

For later purpose (see Lemma 4.15) we also give a more explicit con-
struction of the above one-dimensional deformation by the method of
Nakamura [31, (4.2)].

First, we construct a local model of the deformations of the pair
(S8,C) along F. For m € Z let Ly, be the holomorphic line bundle
of degree m on the complex projective line P, identified with its total
space. Let f be the holomorphic function on V' := L@ L_1 given by the
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composition V' — Ly — C, where the first arrow is given by the natural
pairing and the second arrow is the natural projection from the product
Lo = P x C. The fiber V; := f~1(t),t # 0, then gives a smoothing of
the pair

(Vo,CooUCooo)) i= (L1 UL_1,(L10UL_1,0) U (Li,co UL_10))

to (Vi, Cto U Ct o), where Gy = pt(*) NV, % = 0,00, with p: V — P
the natural projection. For any ¢ # 0 the projection ¢; : V; — L1 — 0 is
isomorphic and sends Cy « to L1« — 0, where 0 is the zero section.

(8,C) and (Vpy,Coo U Co o) are then isomorphic as germs along F
and along the zero section, respectively. (For this one uses the fact that
(5’ , é) is obtained from the toric projective plane with three fixed lines
in general position, (P2, lo Uly Uls), by blowing up successively nodes
on the anti-canonical cycle over the node 3 N5.)

Since the deformation above is trivial off the zero section, the in-
duced deformation of the germ (5‘ , é) along F extends to a global log-
deformation of (3 .C ) which is trivial outside a neighborhood of F. Call
a deformation obtained in this way a standard family of deformations
of (S,0C).

Lemma 4.10. A standard family of deformations of (S,C) is a Ku-
ranishi family of log-deformations of (S,C).

Proof. Tt suffices to show that the induced versal map 7 : (C,0) —
(I,0) is isomorphic. This is true if the composite map 7,7 : (C,0) —
(T}, 0) is isomorphic. But the latter is clear by the above construction.

q.e.d.

We call the original pair (5‘ .C ) minimal if each irreducible component
D of C with D2 = —1 intersects either H or E. For ¢t € T we shall
identify the fibers (S, Cy) of § over t in the next proposition. In order
to state it we distinguish three cases:
Case-H: C"’, a = 1,2, are disjoint, and both of Ce are reducible.
Case-H': C is connected, i.e., the case where p is of twisted type.
Case-P: C are disjoint, but one of C’“, say, a = 1, is irreducible.

Note that by our assumption k > 2 at most one of C'® is irreducible.

Proposition 4.11. (1) Suppose that t ¢ A. Then S; is a smooth
surface of class VII with second Betti number m. In Case-P and -H
(resp. Case-H') Cy,t ¢ A, is the unique anti-canonical curve (resp. Ly-
twisted anti-canonical curve with Ly = Lg,) on Sy. The minimal model
S of Sy is isomorphic to one of the following surfaces in each case:

Case-H: a hyperbolic or parabolic Inoue surface or a diagonal Hopf
surface

Case-H': a half Inoue surface or a diagonal Hopf surface
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Case-P: a parabolic Inoue surface or a diagonal Hopf surface

(2) The restriction of the family to I is identified with the Kuranishi
family of log-deformations of (5‘, é) Let t € I with t # o. Then the
surface Sy is a properly blown-up hyperbolic (resp. half, resp. parabolic)
Inoue surface in Case-H (resp. Case-H', resp. Case-P). The isomor-
phism class of Sy is independent of t in Case-H or -H'. If (5‘, é) 1
minimal, then Sy also is minimal, namely, Sy is a hyperbolic (resp. half,
resp. parabolic) Inoue surface.

Remark 4.2. (1) By Lemmas 3.8 and 4.1 we have ho(@gt(— log C’t)) =
1 for t = 0, and = 0 otherwise in Case-H and -H’, while hO(GSt (—log Cy)) =
1 for all ¢ € I in Case-P. Correspondingly, the Kuranishi family of log-
deformations over I above is universal in Case-P and not in Case-H or
-H'.

(2) Sy is a diagonal Hopf surface if and only if ¢ ¢ T'(p) for any p € B
by Lemma 3.1.

Proof of Proposition 4.11. By the definition of A it is clear that S; is
smooth if and only if ¢ ¢ A (see Remark 4.1).

First we consider the restriction of § to I, which may be identified
with the Kuranishi family of log-deformations of (S, ) by Lemma 4.9
and also with the standard family constructed before, by Lemma 4.10.
Note that ITNA = {o}. In this case by [28, Theorem 44] the general fiber
Si, t € I—ois, topologically, obtained from S by a spherical modification
(see [31, (3.3)]). Then by [31, (3.4)] S; has infinite cyclic fundamental
group and has m = k—2 as the second Betti number. Moreover, since C
is an anti-canonical curve on S as we have already noted, h®(—K) > 1
and hence h? (K”) = 0 for all n > 0, where K= Kg. Thus by the upper
semicontinuity we get that S;,¢ # o, all have Kodaira dimension —ococ.
Hence S; are surfaces of class VII for all ¢ # o and hence for all ¢ ¢ A.

Indeed, more precisely, when (5‘ , C’) is minimal in the sense defined
above, S; is a hyperbolic Inoue surface for any t € I — 0 by the more
precise computation of the self-intersection numbers of the irreducible
components of Cy in S; due to [33, (5.13) and (5.14)] (see also below).
In fact, from Lemma 4.10 we may identify our family ¢’ with that used
by Nakamura in [33]. Using the unique extension theorem of (—1)-
curves [26] the general case can easily be reduced to the minimal case by
contracting all the (—1)-curves contained in the irreducible components
of C4,t € I, successively and simultaneously to the points. This shows
assertion (2).

Next we show assertion (1). Suppose first that we are in Case-H
or -P. We show that K; + Cy is trivial for all ¢ ¢ A, where K; is the
canonical bundle of S;. Note first that the family is versal at any point
of T' by the openness of versality (see [6]). Thus by assertion (1) of



ANTI-SELF-DUAL BIHERMITIAN STRUCTURES ON INOUE SURFACES 37

Proposition 3.13 for some open neighborhood U of I — {0} in T , this is
true. Then by analytic continuation K;+ Cy are trivial for all ¢t € T— A.
Indeed, the component of the identity section P := PicoS / T — T of the
relative Picard variety associated to ¢ is a principal C*-bundle at least
over T — A and K, + C; defines a holomorphic section of P over T—A
which is trivial over U, and hence over the whole T' — A. (In fact, P
itself can be shown to be seperated as the singular fiber S is irreducible
and reduced.)

Once this is proved, noting that C; is disconnected we obtain the
structure of the surface S; as stated in the proposition by Lemma 3.3.
This finishes the proof of assertion (1) in Case-H and -P. Case-H' is
treated similarly by using assertion (1) of Proposition 3.14 and Lemma
3.4. q.e.d.

We now restrict to Case-H. For ¢ € I — o we consider the log-
deformations (S;,C;) of (S,C). Fixing o, @ = 1,2, write co = Bo +

-+ By, cyclically such that By N H # 0 # By, N E, where B; =
n_l(BZ). Then the cycle C& which is a deformation of C® is written as
Byt +---+Bp,—14+, where B; ; are deformations of B; fori # 0, and By
is one of Bha + By. This also gives a natural numbering of the cycle cy,
which we call tentatively a toric numbering. Clearly for ¢ # 0 we have
(B,-vt)2 = BE for the self-intersection numbers. For Bp; we note that
(Bot)? = (Bp, + Bo)? if he > 0 and (By)? = (Bo)? if ha = 0 since the
intersection number is invariant under normalization and deformation.
Thus we get the following;:

Lemma 4.12.
(43) (Bos)® = B, if hy =0,
(44) (Boa)? =B3+B?+2, if hy=1,
(45) (Boy)? =B+ B7 , if hy>1

This lemma is a prerequisite for proving the following result due to
Nakamura [33, (5.13) and (5.14)].

Proposition 4.13. Any properly blown-up hyperbolic, half, or para-

bolic Inoue surface (S,C) is obtained by log-deformations of a rational

surface (S C’) with a nodal curve obtained from an admissible toric sur-
face (S,C) as above.

Although in [33] only the minimal case has been treated, the general-
ization to the blown-up case is immediate by the simultaneous blowing
up of the family of deformations in the minimal case.

A toric surface which gives rise to the given hyperbolic or half Inoue
surface is not unique. In fact, we note in the following result that
Nakamura’s construction actually gives rise to m such toric surfaces
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according to which pair of irreducible components Cf*, o = 1,2, is to be
bent and broken.

Proposition 4.14. Let S be any properly blown-up hyperbolic Inoue
surface with second Betti number m. Then there exist in general m
admissible toric surfaces (S,C) which give rise to S as a deformation

Sy of S as above, where m is the second Betti number of the minimal
model of S.

Proof. Suppose first that S is minimal and that the canonical weight
sequences of S are given by (11) and (12) with n and k; with n > 0,
ki >1,and 1 <i < 2n fixed. Let (P2, 1y Ul; Uly) be a toric projective
plane with three fixed lines in general position. Then our toric surface
(5’ N6, ) is given by a finite succession of blowning-ups such that the center
of each blowing-up is mapped to the point [y NIy and such that the
proper transform of Iy corresponds to the weight 0 in (47) below, where
the last condition comes from the minimality assumption. Consider the
following kg, canonical weight sequences of C',C? considered modulo
interchanging C' and C? with the same notational convention as in (11)
(12):

(46) kv, ko —1],ks+2,... , kon—1+ 2, [kan],
(47) 0,[k1 — 1], ko +2,..., [kan—1 — 1], kop + 2
and

(48) 0,[k — 1), k1 + 2, [ke — 1], ..., kon—1 + 2, [k2n, — K],
(49) Ky k1 —1],... [kan-1 — 1], ko — Kk +2

where 0 < x < kgp,. Then for each of the above pairs of weight sequences
we can find a unique minimal admissible toric surface (S, C') having this
sequence as its canonical weight sequences. Since the admissible toric
surfaces are determined completely by the canonical weight sequences,
the uniqueness is clear, but in fact, one can show that there exists a
unique way to obtain (S,C) from (P2, 1y Ul; Uly) by a finite succession
of the blowing-ups as above. (The details are omitted.)

By Lemma 4.12 it is immediate to see that any of the above toric
surfaces gives rise to the hyperbolic Inoue surface with canonical weight
sequences (11) and (12).

Finally, the canonical weight sequences of hyperbolic Inoue surfaces of
the above form are determined up to cyclic permutations. After taking
into account all the sequences after such permutations and recalling that
Y 1<i<on ki = m, in all we obtain m minimal admissible toric surfaces.
From these we conclude the proof of the proposition in the minimal
case.

Suppose next that S is not minimal and is obtained as a log-deformation
S = S, of an admissible toric surface S. As follows easily from Lemma
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4.12, no (—1)-curve in C is ever an amalgamated deformation of the
union of two irreducible components of C intersecting along F. Thus
any (—1)-curve in C' is a deformation of a (—1)-curve in C' contained
in the smooth locus of 5. Then by blowing down these (—1)-curves
simultaneously we get in a canonical way the minimal model S of S
as a log-deformation of the corresponding “minimal model” of S. This
reduces the number in question for S to the corresponding number for
its minimal model. q.e.d.

Remark 4.3. The m admissible toric surfaces obtained in the propo-
sition would all be distinct if the weight sequences are general enough.
On the other hand, for a parabolic Inoue surface S with second Betti
number m the admissible toric surface which gives rise to S by the above
process is uniquely given by the following weight sequences:

(50) m,
(51) 0 [m).

Let S be a properly blown-up hyperbolic Inoue surface. By the pre-
vious results (S,C') is obtained as a log-deformation (S, Cy) of some
admissible toric surface (S, C). In this case, for each cycle C* we have
the toric numbering for its irreducible components as defined before
Lemma 4.12. We show that this toric numbering indeed coincides with
the canonical numbering as characterized by Lemma 3.5. This implies
also that the toric numbering is independent of the initial datum S,

Lemma 4.15. The canonical numbering and toric numbering coin-
cide in the sense explained above.

Proof. By Lemma 4.10 we may consider the standard family of de-
formations of (5‘ .C ). Then by using the notations there we may assume
that C’tl = (o and C’f = ('} in a neighborhood W of F (in the total
space of the family). For example, we consider C}. S; contains the
global spherical shell U; (identifying S; with V; in W), and we have
UsNCHC By¢. Then from the fact that tubular neighborhoods of the
zero sections in Ly and L_; are strongly pseudoconcave and are strongly
pseudoconvex, respectively, and by the definition of toric numbering, we
immediately see by Lemma 3.5 that the two numberings coincide. g.e.d.

5. Construction of a singular twistor space

5.1. Twistor spaces. Let M be an oriented compact C*° 4-manifold
and [g] a self-dual structure, i.e., the conformal class of a self-dual met-
ric, on M. Denote by Z the twistor space associated to the self-dual
manifold (M, [g]) with the twistor fibration ¢ : Z — M, which is a
P-bundle where P is the complex projective line [3].
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Any fiber of ¢ is called a twistor line. There exists an anti-holomorphic
involution ¢ of Z, called the real structure of Z, which is fixed-point-
free and preserves each twistor line. A complex surface S on 7 is called
elementary if the intersection number LS = 1 for any twistor line L on
Z. If S is an elementary surface, then its conjugate S := o(S) is again
an elementary surface.

There are two cases to consider:

Case 1: S contains a twistor line.
Case 2: S contains no twistor lines.

In Case 1 the structure of S is as follows (see [38, Lemmas 1.9, 1.10]):

Lemma 5.1. Let S be an elementary surface in Case 1. Then S
contains precisely one twistor line, say, L, S and S intersect transver-
sally along L, and S is obtained from a complex projective plane P? by
a succession of blowing-ups such that the total blowing-down S — P2
maps a neighborhood of L isomorphically onto a neighborhood of a line
on P%. In particular L?> = 1 in S. M is diffeomorphic to mP? with
m = by(M), and the restriction of the twistor fibration t to S is nothing
but the smooth contraction of L to a point t(L) of M = mP?.

On the other hand, in Case 2 we easily check the following:

Lemma 5.2. In Case 2, SNS = () and they are mapped diffeomorphi-
cally onto M. If J and J are, respectively, the complex structures on M
induced from S and S via this diffeomorphism, then J = —J. Moreover,
the self-dual structure [g] is compatible with £J and gives the anti-self-
dual hermitian surfaces (M, +J, [g]) which are complex conjugate to each
other.

5.2. Joyce twistor space Z.Let m be a positive integer and mP?
the connected sum of m copies of complex projective plane P?. Fix any
such m and write M = mP?. Denote by K := S x S! the real 2-torus.
Then M admits a finite number ¢(m) of smooth effective K-actions on
M up to diffeomorphisms. (For instance, ¢)(m) = 1 for m = 1,2 and
¥ (3) = 3.) For each such smooth K-action on M, Joyce [24] constructed
a smooth connected family of K-invariant self-dual conformal structures
on M, depending on (m — 1) real smooth parameter.

Fix any such K-invariant self-dual structure on M and denote it
by [g]. Let Z be the associated twistor space with natural projection
t: Z — M, making Z a smooth P-bundle over M. Denote the real
structure of Z by o as before. In general we call such a Z a Joyce
twistor space.

The K-action on M naturally lifts to a holomorphic K-action on Z.
This action on Z then extends to a holomorphic action of the complex-
fication G = C* x C* of K, which is an algebraic torus of dimension
two.
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The structure of Z with this G-action has been studied in detail in
[15, §4, §6]. We explain some of the structures of Z which are important
for us in what follows. We set k = m + 2 > 2. Then Z admits exactly
k pairs of G-invariant elementary surfaces {(S;",5;)},1 < i < k, with
O’(Sii) = SF. SZ.jE are projective smooth toric surfaces with respect
to the induced G-action, and S; and S; intersect transversally along
a G-invariant twistor line L; (see [15, Proposition 6.12]). The self-
intersection numbers of L; in SZ-jE both equal one:

L?=1.

The point p; := t(L;) is a fixed point of K on M, and this sets up bijec-
tive correspondences among the set of pairs of G-invariant elementary
surfaces on Z, the set of G-invariant twistor lines, and the set of K-fixed
points on M.

The union S; := SZ~+ US;,1 <i <k, all belong to the fundamental
system | — %K |, where %K is the canonical square root of the canonical
bundle K of Z. The subspace H’(Z,—3K)% of H(Z,—3K) of G-
invariant elements is two-dimensional, and the associated pencil |— %K |G
is important for the study of the structure of Z. The base locus C' of

— %K | is a cycle of rational curves which are both G- and o-invariant
and is of the form

(52) C=Cf+-+Cf+Cr+--+Cy, CF=P,

(2
with o(C) = CF. The G-action is free outside C' U (U;L;) (see [15,
Proposition 4.4]).

A general member Sy of | — $K|“ is a smooth toric surface with
respect to the induced G-action with anti-canonical cycle C. In fact,
any smooth members are all isomorphic to each other with the same
weight sequence of the form
(53) (al,...,ak,al,...,ak).

There exist precisely k singular members of the pencil | — %K |&. They
are the surfaces S; above with two irreducible components Sii.

We put pfﬁ = CZ-jE N Cﬁ_l, 1 < ¢ < k, with the convention that
Clirl = OF. Thus o(pif) = pF. S contains exactly half of the cycle C,
i.e.,, C' C S; and the intersection C’(ii) = Sii N C' is a chain of rational
curves given by

Ch=Cli+ - +CF+CF +---+CF

Then the anti-canonical cycle BZ-jE of the toric surface SfE is written as

B = L; + Cj;,.

Moreover, for each j # 4, L; intersects with S;E transversally at the
unique points pli and L, N C = {pli} The weight sequence of Sii is
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then given by
(54) (L, ait1 + 1,ait2, ..., ag,a1,...,a; + 1),

independently of + (see [15, (13)]). We call the pair (,j) minimal, if
for any d, ag = 1 implies that d = [ or [ + 1 where [ = 4,j. The next
lemma is used in proving that our construction covers all the hyperbolic
Inoue surfaces.

Lemma 5.3. For any projective toric surface S with a (+1)-curve H
in its anti-canonical cycle there exist a Joyce twistor space Z as above
and an indezr i,1 < i < k, such that SZ-jE are both isomorphic to S.

Proof. Consider the induced K-action on S. Then we may K-
equivariantly contract the curve H to a point = of a smooth K-manifold
M, which is necessarily diffeomorphic to mP?, where m + 1 is the sec-
ond Betti number of S. The point x is one of the k fixed points of the
K-action on M. Take any K-invariant self-dual structure on M of Joyce
and in the associated twistor space take the pair {Sli} of elementary
surfaces corresponding to z in the sense mentioned above. By Lemma
5.1 and the above description we see that S and Sii are K-diffeomorphic
with respect to the induced K-action. Since the induced K-action de-
termines the toric surface as a complex surface, we are done. q.e.d.

5.3. Blown-up twistor space Z. Fix 1,7 with 1 < i < j < k and
write [ for ¢ and/or j. (Note however that since we consider i and j
cyclically modulo k, the roles of i and j are symmetric.)

Let & : Z — Z be the blowing-up with center the disjoint union
L; U L; and with exceptional divisors @Q; := pw N, 1 =1i,5. Q are
isomorphic to the product P x P with u|Q; : Q; — L; identified with
the projection P x P — P, say, to the first factor. Then the normal
bundle NQz /Z of Q; in Z is isomorphic to the line bundle O(1,-1) of
bidegree (1,—1) on @Q; = P x P.

Let S’li be the proper transforms of Sli in Z. From the construction
we see that gli are disjoint, but the intersection of any other pairs from
the four surfaces S, = i, j, is non-empty and consists of a chain of
rational curves, which is a connected component of the proper transform
in Z of the cycle C. (See the formulae for its image in Z in (57) and (58)
below.) Now write S, for the disjoint union Sﬁué‘l‘ and set S 1= S‘Z-US”]-.
The latter is a connected surface with four irreducible components.

The actions of G and ¢ naturally lift to Z with a(gli) = S;F and
o(Q)) = Q. S'li and @Q; are G-invariant and will be considered as toric
surfaces with respect to the induced G-action.

We put HljE = S’li ﬁQl,EljE = S’li NQy, where {I,I'} = {i,}. HljE is
mapped isomorphically onto L; by u, and gli — SljE is the blowing-up
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of pf if | =4 and of p;-t if | = j with exceptional curve Eli Thus we get
(HF)?*=1 and (Ef)?*=-1 in SF
while (H, li)2 = (Eli)2 = 0 in @;. In addition, the anti-canonical cycles
Bf of gi is given, e.g., when [ = i, by
Bf =H}+Cl + - +CI+E +CJ, +---+Cf

)

with the same weight sequence (independently of +)
(55) (17ai+1 + 17ai+27"' y Qg — 1,—1,(1j+1 - 17 Ay A1y« v o5 O T+ 1)

where é:lt is the proper transform of C:lt in Z,1 <d < k. Similarly, the
anti-canonical cycles Fj of Q; are given by

=H'+Ef +H +E,.

5.4. Singular twistor space Z.Now we choose and fix an isomor-
phism of the pairs

(56) ¢ (Qi Fi) = (Q), Fy)

which maps H" (resp. Ei) to EF (vesp. H jE) thus interchanging the
horizontal and vertical directions. Let Z be the complex space obtained
by identifying in Z the subspaces Q; and Qj via . Let v : Z — 7 be
the quotient map, which is considered as the normfihzatlop map ofNZ .
Let Q := v(Q;) = v(Q;) be the singular locus of Z and Sj* := v(Sf")
the image of S’li in Z. Then S'li is a non-normal surface with singular
locus Fi¥ := v(HF) = v(EF) (= QN S). The image

F=F"+F"+F +F;

of v(F;) = v(F}) in Q belongs to the anti-canonical system on @ and
shall be called the anti-canonical cycle of Q (Note that since the G-
action is not @-equivariant, Q has no natural structure of a toric surface
in general (see Proposition 6.3 below).)

Let S = S U S . Then S := S; U S; = v(S) is a surface in Z con-
sisiting of four irreducible components Sl ,I =1,j. By our construction
¢ maps the intersection points C;* N H and CN’;FH NHE to CN’f_H NnE*
and C’jF N E , respectively. This implies that if we set CA’;'E = I/(C~'di),
the curves

Cly+-+CF and Cfy+-- +CF

form (four disjoint) cycles of rational curves on Z. Moreover, we have
(57) §ENSE = CF, 4 O,

N A
(58) S; ﬂS;F:C’Hl ---—I—C’;F.
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In this way we see that each of the four surfaces S'li contains a pair of
disjoint cycles of rational curves. (Thus our choice of ¢ in (56) amounts
to assuming that the restrictions of ¢ to all surfaces S;° (see (22)) are
of untwisted type in the sense defined there.)

We denote by é(j;) the union of these cycles on S'li Note also that

5'l+ and S’l_ are disjoint and no three of S'li have common points.

In what follows it is convenient to distinguish the following two cases:

Case-P (parabolic case) j =i+ 1, or (i,7) = (1, k)

Case-H (hyperbolic case) otherwise

In other words, when we consider 4, j cyclically modulo k, Case-P is
precisely the case where 7 and j are adjacent In fact, precisely in this
case one of the intersections SjE N S]jE CjF or S$ N SjE éli becomes
irreducible and is a single ratlonal curve Wlth a node

Actually, the constructions in Section 6 and the arguments in Section
8 below for Case-H all apply to the twisted cases where (some of) the
restrictions become of twisted type. However, the results in terms of the
bihermitian structures are somewhat different. For this reason and also
for the simplicity of exposition we treat the twisted cases separately in
Section 9.

6. Structure of a singular twistor space

Z and S'li are complex spaces with normal crossing singularities.
Therefore we may speak of the canonical bundles K and K g+ of the
l

respective spaces, correspondlng to the dualizing sheaves.
We also note that S and ST are both Cartier divisors on Z and
similarly C’(l) is a Cartier divisor on Sl (see (b) below).

6.1. Anti-canonical system. We first identify the anti-canonical di-
visors of Z and Sli.

Lemma 6.1. Let K and KSl:l: be the canonical bundle on Z and Si,
respectively. Then we have

2 Q A+
—-K =5 and —Ksli:C’(l).

Proof. Let S = SZ-'" +5; + S;-' +5;. S is a member of the anti-
canonical system | — K| of Z. Then by the adjunction formula for the
blowing-up p we get
(59) K =pK+Qi+Q;=—n"(8)+Qi+Q=-5(Qi+Qy)
where K is the canonical bundle of Z. Then K is obtained by identifying
(K 4+ Q4)|Qi = Kg, and (K + Q;)|Q; = Kgq, along ) by the defining
isomorphism ¢ of Z (see [14, (2.11)]). On the other hand, by (59) and
the adjunction formula we have (K + Q)|Q; = —SNQ; = F; and ¢
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induces an isomorphism F; = Fj. Thus S = v(S) is a member of -K,
giving the first equality. The proof of the second equality is similar.
q.e.d.

6.2. Local structure of (Z,5). (a) Tangential points

We put p = Ci N C ) for 1 < n <k with the convention Ck+1 =
C’f . Outside Q the 1ntersect10ns SiiﬁS;E (resp. S;-FQSZ. ) are transversal
except at the points ﬁff with j+1<n<kandp’ withl<n<i-1
(resp. p; with i < n < j), where the corresponding two components of
S intersect and are tangent to each other; in fact, locally, with respect

to suitable local coordinates x, ¥, z at such a point of A , S has a local
equation

(60) z(z —xy) = 0.
Note that there exist in all 2m (= (2k — 4)) such tangential points.

(b) Points of F

Let r be any one of the four singular points of F', i.e., the intersection
points of the irreducible components Fli.

The local structure of the pair (2 .S ) at r is described as follows. Let
X = C*(u,v) and Y = C?*(z,y). Let A and D be the curves in X
and Y defined by uv = 0 and zy = 0, respectively. Also denote by D;
and Dy the irreducible components of D defined by x = 0 and y = 0,
respectively. If we identify all these spaces with the germs at the origin
they define, we have an isomorphism

(61) (Z,5)= (AxY,Ax D)

with A x Dg, s = 1,2, corresponding to the germs of the two (global)
irreducible components of S at r. The structure of (2 5') at a smooth
point of F is given by the germ at any point outside the origin. We
conclude that S is a Cartier divisor in Z since xy is not a zero divisor
on A x Y. We can then consider the logarithmic 1-forms on Z along S
(see Section 7).

6.3. Automorphism group. We determine the identity component of
the automorphism group of (Z .S ). We first recall the following:

Lemma 6.2. Let Z be a Joyce twistor space associated to a K-
invariant self-dual structure on mP? with m > 1 and S := St+87 +
S;»r +S; as before. Then Auto(Z,S5) = G := C*2. For the blowing-up
Z of Z, we have a natural isomorphism Auto(Z, SuU Q) = Auty(Z,S),
where Q = Q; U Q.

Proof. See, e.g., [16, Proposition 5.5] for the first assertion when
m > 1. A direct computation yields also the result when m = 1,
the details being omitted. Since the center of the blowing-up p is G-
invariant, the second assertion is obvious. g.e.d.
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Using the above lemma we shall show the corresponding result for
the pair (Z,95):

Proposition 6.3. We have Auto(Z,S) = {e} in Case-H and = C*
in Case-P.

First, we recall that ¢ : Q; — @); induces isomorphisms gpf : HzjE —

EZjE and cp;-t : E;E — H]jE Then, with respect to to the natural G-
equivariant isomorphisms Q; &£ H l+ X Ef,' , L =1,7, we may write ¢ =
oi %o}

Hence, given one-parameter subgroup p : C* — G with the induced
C*-actions on (QZ,H;F,E;F),Z = 14,7, the following two conditions are
equivalent:

(1) ¢ : Qi — Qj is p-equivariant

(2) cp;r,l =1,j, are both p-equivariant

In this case the one-parameter subgroup corresponding to the curve
H l+ in 5’;’ is the one-parameter subgroup ul+ := —pi+pi+1 corresponding
to Lj, where py is the one-parameter subgroup corresponding to C 4 (see
[15, Proposition 6.12 and p. 241 (10)]). On the other hand, the one-
parameter subgroup l/l+ corresponding to El+ is given by ul+ =F(—p—
pi+1), where we take —-sign (resp. +-sign) for [ = i (resp. j) (see [15,
p. 235 (5)]). Hence by Lemma 4.2 the one-parameter subgroup which
makes o] (resp. gp;r) equivariant is

—pi+ piy1 — pj — pj+1 (T€sp. — pi + pir1 + pj + pjt1)

up to signs. (The assumption k > 2 made in Lemma 4.2 corresponds to
the condition m > 0 here.) Hence the equivariancy of ¢ is given by the
coincidence of these two subgroups. Namely, p; = p;11 or p; = —pji1.
Since @ < j, this implies that j =i+ 1 or i = k4 j + 1, and the latter
holds only when j = k and ¢ = 1. Namely, in the cyclic sense we have
j=i+1,1<i<k.

From this we get the following:

Lemma 6.4. Let G1 be the maximal connected subgroup of G such
that © is G1-equivariant. In Case-H, Gy reduces to the identity, and in
Case-P, G1 = C*.

Proof of Proposition 6.3. Since v is the normalization, we have the nat-
ural inclusion Auty(Z,S) C Auto(Z,SUQ), and the latter is isomorphic
to G by Lemma 6.2. On the other hand, with respect to this inclusion
an element g € G is contained in Auto(Z .S ) if and only if g commutes
with . Thus the proposition follows from Lemma 6.4. q.e.d.

Proposition 6.3 has the following implication.
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Proposition 6.5. In Case-H the isomorphism class of (2, 5') 18 inde-
pendent of the choice of p. In Case-P there exists a one-parameter fam-
ily of isomorphisms ¢y : (Q1, F1) — (Q2, F3),t € C*, such that the cor-
responding pairs (Zt,gt) form a non-trivial family of log-deformations
of (Z, 5*) and exhausts all non-isomorphic pairs obtained from some .

Proof. Let I = Isom((Q1, F1),(Q2, F»)) be the space of isomorphisms
of (Q1, F1) to (Q2, F3). I has a natural structure of an algebraic princi-
pal homogeneous space of G. Then with respect to the algebraic action
of G on I defined by ¢ — gipg~!, g € G, the identity component of the
stabilizer group at ¢ is precisely identified with the algebraic subgroup
G1 of G in Lemma 6.4. Thus by Proposition 6.3 the first assertion is
immediate from this since the G-action on I above is then transitive.

Similarly, in Case-P the G-action on [ is not transitive and admits
a one-dimensional quotient isomorphic to C*. Then any closed one-
dimensional subspace of I which is mapped surjectively to this quotient
parametrizes the family of isomorphisms ¢ with the properties of the
proposition. g.e.d.

7. Statement of main theorems

We retain the notations of the previous sections. Moreover, we denote
by U the smooth locus Z,.; = Z—() of Z. Let B be the set of tangential

points ﬁf and set V = U — B. Thus S is a divisor with normal crossings
onV.
The structure of the sheaf Q2 (log S) (see §2) along the singular locus

6:2 of Z can be read from its structure at any of the singular points r of
F'. In the notations of (61) let p: AXY — Aand g: AXY — Y be
the natural projections. Then we have

(62) Q, = p Qs @ q"Qy and Qy(log S) = p*Qa © ¢*Qy (log D),
such that the natural inclusion ¢, : Q, — Q,(log S ) is given locally by
(63) ida @ty 1 p*Qa @ ¢ Qy — p*Qa ® ¢"Qy (log D),
where id 4 denotes the identity of A and ¢y the natural inclusion on Y.

Proposition 7.1. (1) Q;(log S) and O, (—log S) are locally free on
V' and reflexive on U. In particular both sheaves have homological codi-
mension > 2 on AU. R

(2) © ,(—1log S) is isomorphic to the dual module of 2, (log S) on the
whole Z.

(3) There exists an evact sequence of O ,-modules

o b

(64) 0— QZ — QZ(log S) — @{iJ:iJ}OSLi — 0

where b is the (Poincare) residue homomorphism.
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Proof. On U the assertions are all special cases of the results due to
K. Saito [39] (see (1.6), (1.7), and (2.9) of [39]). In particular assertion
(1) is true (see [41, (1.21) Corollary]). Moreover, he showed that there
exists a natural perfect pairing on U

ay : Qu(log S) x Op(—1log S) — Op

making Qp (log §) and Oy (— log S) the dual Oy-modules of each other.

We shall show that the pairing oy and the exact sequence (64) both
extend to the whole Z. First we note the following two properties of
O, (—log S) on the whole Z:

(a) There exist no local sections of ©,(—log S) whose support is
dimension < 2.

(b) Any local section of © ,(— log S) defined outside an analytic sub-
set, say, J, of codimension > 2 extends holomorphically across J.

In fact, e.g., (b) follows from the fact that in the notation of the above
definition the quotient v(f)/f, which is holomorphic outside J, extends
to a holomorphic function across J.

Now as for the extension of ay, ay extends trivially to ayp on W :=
Z-F=UU (Q - F) since at the points of Q — F, QZ(logS) = Q,,
O, (—log S) = O, and O is the dual of Q2. Since F'is of codimension
> 2 in Z, the weak normality of Z implies that ayy further extends to
yield a natural pairing

ag: QZ(logS) X O ,(—log S) — O,
on the whole Z. Moreover, by the above properties of © ,(— log S ) we
see that the induced map © (- log S) = Q 5 (log S)* is isomorphic since
it is already isomorphic on W. In particular assertion (2) is proved.

Finally, from the local description of the inclusion ¢, (63) and from
the standard Poincare residue exact sequence

(65) 0= Qy — Qy(log D) X ®,-1,0p, — 0
for (Y, D), we readily obtain the exact sequence (64) extending the one
obtained outside @ by [39]. q.e.d.

7.1. Log-deformations of (Z,5). We consider the log-deformations
of the pair (Z, S5). This amounts to considering deformations of the pair
(Z,S) which induce deformations of each irreducible components SljE of
S. Let

(66) g:(2,8) =T, (2,8, =(Z,5), oeT,

be the Kuranishi family of log-deformations of the pair (2 .S ). For any
t €T, Z; and S; shall denote, respectively, the fibers over ¢ of the pro-
jections Z — T and § — T'. S; consists of four irreducible components
Slﬁ which are deformations of S’li, respectively. For a fixed I, Slﬁ are
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mutually disjoint since this is true at ¢ = o. Similarly, consider the Ku-
ranishi family of deformations of the pair (Z S ) which are locally trivial
at each pomt of Z (resp at each point of Q, resp. at each tangential
point p = pf of U = ng). These are subfamilies h (resp. hQ, resp. gp)
of g for a unique subspace A ((resp. A(Q), resp. T'(p)) of T. Clearly we

have A = A(Q) N (N, zT(p))-
First we note the following;:

Theorem 7.2. Let g : (2,S) — T be the Kuranishi family of (Z,5)
as above. Then the following hold:

(1) Z is smooth and g : Z — T is a standard deformation of Z in
the sense of [13, Definition 4.1].

(2) T is smooth of dimension 3m in Case-H (resp. 3m~+1 in Case-P).

(3) A(Q) and T(p) are smooth hypersufaces of T passing through o
such that D == A(Q)U (U,epT(p)) is a divisor with normal crossings in
T. In particular, I := OPEBT(p) s a smooth subspace of T of dimension

m in Case-H (resp. m + 1 in Case-P) and A is a smooth hypersuface
of 1.

We set C'i = Si (S;,r u s, ,) with {I,I'} = {i,j}. As for the
structure of the Surfaces Sl b l=id,j,forteT — A(Q) we shall show
the following:

Theorem 7.3. (1) Assume thatt € T—A(Q). Then the fibers Z; and
Sft are all smooth, and Si are surfaces of class VII. In Case-H (resp.

Case-P) their minimal models S Lp are either a hyperbolic or parabolic
(resp. a parabolic) Inoue surface or a diagonal Hopf surface. Each ij
is obtained from S’ft by blowing up, as described in Lemma 3.3, a finite
number of (possibly infinitely near) points on the image C’lﬁ of C’Z‘Lt mn
5%,

(2) Assume that t € I — A(Q). Then in Case-H (resp. Case-P), Sft

are all properly blown-up hyperbolic (resp. parabolic) Inoue surfaces. In

Case-H the isomorphism class of Slit s independent of t, Slt and Sl_t

are isomorphic to each other, and S 1 and S + are transpositions of

each other. If (i,7) is minimal, they are hyperbolzc (resp. parabolic)

Inoue surfaces. Ift € T — D, Slj; are blown-up diagonal Hopf surfaces.
(3) In Case-H the Kuranishi family g is universal.

The proofs of Theorem 7.2 and Theorem 7.3 will be given in Section
8.

7.2. Real deformations and twistor spaces. In the construction
above, suppose that we have taken ¢ : (); — Q; to be o-equivariant,
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which is always possible. Then (2 .S ) has the induced real structure
(denoted by the same letter o) which interchanges §l+ and S’l_ L =1,7.

First we consider Case-H, namely, we assume that |j—i| > 1. Then by
Theorem 7.3 g is universal and the real structure o on Z = Z, extends
canonically to the family g : (£,8) — T. Denote by T the set of fixed
points of o, which is a real submanifold of T" of real dimension 3m. It is
not contained in any proper analytic subset of 1. For any point ¢t € T,
the fiber (Z;, S;) has the induced real structure oy. Recall that we set

M[m] = (S x S3)#mP”.

Theorem 7.4. For anyt € T° —A(Q), the fiber Zy, together with the
induced real structure oy, is a twistor space of an anti-self-dual biher-
mitian structure ([g]¢, J1t, J2 t) on the smooth oriented manifold M[m]
such that (M[m], iJlt) SE p and (M[m],£Jz,) = SjE The structure

of the surfaces S 1p are given by Theorem 7.3, part (1) Moreover, this
family gives a universal family of anti-self-dual bihermitian structures
on M[m] at each point of t € T? — A(Q) with 3m real parameters.

Proof. The fact that Z; is a twistor space associated to a self-dual
structure on the C* 4-manifold (S x S3)#mP?, or equivalently, to an
anti-self-dual structure on M = M[m)], is similar to [13, 4.2] except that
in this case M is a “self-connected sum” of mP? as we have identified Q;
and @; in a single manifold Z. Here the degrees of the surfaces S lit are all

equal to one as well as the original surfaces SljE in Z. Thus {Sf"t, S l_t}, l=
1,7, are two pairs of elementary surfaces in Z;. By Lemmas 5.1 and 5.2,
they are in Case 2, and hence give an anti-self-dual bihermitian structure
on M[m]. The rest follows immediately from Theorem 7.3. q.e.d.

There exist nice subfamilies of this universal family. Most typically,
when t € (T° N I) — A, we know by Theorem 7.3 that S o and S;ft are
both properly blown-up hyperbolic Inoue surfaces whose isomorphism
class is independent of t. More precisely, we shall show the following:

Theorem 7.5. Let S be an arbitrary properly blown-up hyperbolic
Inoue surface. Let m be the second Betti number of S and m that of its
minimal model. Then there exist m families of anti-self-dual bihermi-
tian structures ([gls; J1t, Jot) on M[m] with real smooth m-dimensional
parameters t such that (M[m],+J1 ) and (M[m],+J2¢) are biholomor-
phic, respectively, to S and to its transposition S, independently of t.

Proof of Theorem 7.5. By Proposition 4.14 there exists an admissible
toric surface S such that the given hyperbohc Inoue surface S is obtained
by smoothing the rational surface S with a nodal curve obtained from S
via the procedure of Section 4. On the other hand, let S be the surface
obtained from S by blowing down its (—1)-curve E. Then by Lemma
5.3 there exists a Joyce twistor space Z which contains S as one of its
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G-invariant elementary surfaces. We may take S = SZ~+ . Then we get
a unique number j such that the twistor line L; passes thruough the
point p € § = S which is the image of E. (Changing the numbering
cyclically we can assume that i < j.)

Now starting from this Joyce twistor space Z and the pair of indices
(i,7), we perform the construction of Section 5 and consider the univer-
sal family in Theorem 7.4. We restrict the family to I N 7T7 — A(Q) and
obtain a real m-dimensional family of bihermitian structures on M [m].
By Theorem 7.3 the corresponding pairs of elementary surfaces are as
described in the theorem. Finally, for the given S, according to Propo-
sition 4.14 we have actually /m choices of admissible toric surfaces S and
correspondingly we get m such families. q.e.d.

Remark 7.1. The parameter ¢ in the above theorem belongs to a
complement of a real hyperplane in R™ in a neighborhood of the origin.
In this sense the parameter space has actually two connected compo-
nents. However, our construction depends on the initial Joyce self-dual
metrics. Once the K-action is fixed, they form a connected (m — 1)-
dimensional family parametrized by m + 2 points on the real projective
line RP! up to the action of PSL(2, R). Tt should still be checked if
the global parameter space is connected or not. On the other hand,
the choice of K-action and of the index (i,j) gives discrete invariants
for our construction. The m families in the theorem refer to m families
with different discrete invariants but giving one and the same properly
blown-up hyperbolic Inoue surface. Basically, similar remarks apply
also to the other theorems. (See [17].)

Next, for a surface which is obtained from a properly blown-up hy-
perbolic Inoue surface by a small deformation, we can show a similar
but weaker resut:

Theorem 7.6. Let S be an arbitrary properly blown-up hyperbolic
Inoue surface and C' the unique anti-canonical curve on it. Let m be the
second Betti number of S and m that of its minimal model. Let (S',C")
be any fired sufficiently small deformation of (S,C) in the Kuranishi
family (21). Then S" admits m m-dimensional families of anti-self-dual
bihermitian structures. Namely, there exist m families of anti-self-dual
bihermitian structures ([gl¢; J1t, J2.+) on M[m] with real and smooth m-
dimensional parameters t such that (M[m],J1 ) is biholomorphic to S’
independently of t.

Remark 7.2. As noted in Remark 3.1, (S, C") is a deformation of
(S,C) as an anti-canonical pair with C’ disconnected as well as C. By
[36, Th.4.1] the existence of a disconnected anti-canonical curve is a
necessary condition for the existence of an anti-self-dual bihermitian
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structure. The above theorem is our strongest result toward the suffi-
ciency of this condition, although the converse is in general not true, as
the diagonal Hopf surface case already shows.

We shall give proofs of this and the next theorem in the next section.
In Case-P our result is less complete. We state the result only in the
minimal case for simplicity.

Theorem 7.7. For any m > 0 there exists a real one-parameter
family of parabolic Inoue surfaces with second Betti number m such
that for any member S of this family we have a family of anti-self-dual
bihermitian structures {([gl¢; Jit, Jo)} on M[m] with real and smooth
m-dimensional parameter t such that (M[m], Ji+) and (M[m], Joy) are
both biholomorphic to S.

Remark 7.3. (1) It remains open to identify the parabolic Inoue
surfaces which corresponds to the points of I NT7 — A(Q)

(2) For each fixed m a Joyce twistor space Z which produces Case-P
in the minimal case is uniquely characterized, up to deformations, by the
three equivalent conditions of Proposition 6.14 of [15]. (We call these
LeBrun-Joyce twistor spaces.) In this case the weight sequence (53) of
Sp is given by (a1,...,ar) = (1,m,1,2,...,2), and then (i,7) = (1,2)
is the unique choice of the indices.

Remark 7.4. One interesting probelm is to compare the above anti-
self-dual bihermitian structures on parabolic Inoue surfaces with those
constructed by LeBrun [29]. For instance, we can ask if both coincide
at least for some parameters.

8. Proof of theorems

In this section we prove Theorems 7.2, 7.3, 7.6, and 7.7. The main
part of the proof consists in showing the following theorem, which is
the corresponding cohomological computations of relevant Fxt and co-
homology groups.

Theorem 8.1. Both H*(Z, O, (—log S)) and Ewt%z (925 (log S), 0;)
vanish. We have a natural short exact sequence

(67) 0— H'(Z,0,(~1log9)) —» Exty, (2,(log 5),0;)
5 HY(04) ® (©,.5Cp) — 0.
In Case-H and Case-P we have, respectively,
(68)
dimHl(Z, @Z(_ log 5*)) =m — 1, and dimExt%)Z(QZ(log S), OZ) = 3m
(69)

peB

dim H(Z, O, (—log S)) =m, and dimExt%Z(QZ(log S), 0,) =3m + 1.

and
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Finally,
(70) dim Emt%Z(QZ(log S),OZ) =0 in Case-H and =1 in Case-P.

Recall here that B is the set of tangential points p;= on Z. We start
by determining the structure of Ea:t’bz(Q ;(log S),0,).

Lemma 8.2. (1) Ea:t%Z(QZ(log 5’),02) = @Z(—logg) and hence
Ext%Z(QZ(log 5'), OZ? o~ HO(Z, O, (—log 5*))

(2) Ea;tloZ (©2,(log 5),0,) = Eé@g}é, where ) has support in Y (Y =
0, B) Moreover Eé} = OQ and Sé = EBPEBCP, where C), is the skyscraper
sheaf at p. )

(3) €xt%Z(QZ(log S),0,) = 0.

Proof. Since Ext® = Hom", assertion (1) follows from Proposition
7.1, assertion (2). Applying £xt(—,0,) to the exact sequence (64), we
obtain a long sheaf exact sequence

(71) 0— 0,(—log S) — 0, LN @{i,l:i7j}5xt})2(0§lj[,02)
— Eath_(Q,(10g 5),0,) % Eath_(2,,0,).

On the other hand, since €, (log S) is locally free outside Q U B, the
support of &Etloz (25 (log S), O ) is contained in QUB. Locally along Q
the map a is induced from the map in (63). Since ¢*Qy (log D) and ¢*Qy
are locally free and hence their £zt!’s vanish, a is locally isomorphic to
the identity 53:t102 (p*Q4,0,) — &Etloz (p*Q24,05). In particular a is
isomorphic along Q On the other hand, by Friedman [14, Corollary 2.4]
&Etloz (©25,0,) = Og along Q. Also we see from (63) that Q2 (log S)
and (2, are locally isomorphic. Hence 5xt%Z(QZ(log 5’),02) vanishes
since so does 53:t202(QZ, O) along @ (see [14, Section 2]).

Thus assertions (2) and (3) are shown along Q. It remains to check

these assertions at each point p of B. First of all, since the homologi-
cal codimension of €, (log S) is two at p by Proposition 7.1, assertion

(3) is true there. We shall compute &Etloz (2, (log S), O;) at p. Since
Ea;tloZ (€25,0,) = 0 at p, it is the cokernel of b in (71). Since S are
Cartier divisors, we have &Etloz (Oslﬂ: ,05)) = Nli, where NljE = [Sliﬂgf
is the normal bundle of S'li in Z.

Now we work in the local model (60) so that we may put Z =
C3(z,y,2). Let D,,m = 1,2, be the irreducible components of S
at p defined by the local equations f; := z = 0 and fy := z — azy =
0, respectively. Let N,, = Hom(I,,,Op, ) be the normal sheaves of
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D,, in 2, where [, is the ideal sheaf of D,,. Then b is given by
b(0) = (0(f1)|D1,0(f2)|D2) in terms of the above identifications. Then
for = 0/0x,0/0y,d/0z we obtain (0, —y), (0, —x), (1,1) restricted to
(D1, D3). We conclude immediately that the cokernel of b, which has
support in p, is in fact one-dimensional. This shows assertion (2) at p
and the lemma. q.e.d.

Remark 8.1. For p € B, ExtloZ(QZ(logS'),OZ)p(’é C) is consid-
ered to be the tangent space of the local versal log-deformation of the
pair (2 .S ) considered as a germ at p. The versal deformation (Zt, S’t) =
(c3, 5}) is given explicitly by the defining equation z(z—zy+t) = 0 of S,.
For t # 0, the intersection of the two irreducible components D; ; and
Dy of S’t is now smooth, along which D, ; are transversal. We shall de-
note this versal family by g(p) : (Z(p),S(p)) = T(p), (Z(p)o, S(p)o) =
(Z(p),S(p)), o € T(p). The original Kuranishi family induces a log-
deformation of the germ (Z(p), S(p)) and we have a versal map 7(p) :
T — T(p).

We next compute the cohomology groups H*(© 4(—1log S )) by relating
them to the corresponding cohomology groups of the blown-up twistor
space (Z , 5*) and of the original Joyce twistor space (Z,S), where S =
S; U S'j and S = S; US;. We first record the infinitesimal form of the
results of Lemma 6.2 and Proposition 6.3.

Proposition 8.3. We have h°(©z(—log S)) = 2, h%(© ;(—log(S +
Q) =2, and h0(©,(—log S)) =0 in Case-H and =1 in Case-P.

Now we compare the cohomology groups of (Z .S ) with those of (Z, S)
via the normalization exact sequence

0 — ©4(—logS) = O ;(—log(S + Q) = Opy(—log F) = 0
with associated long exact sequence
0— HY(©4(=logS)) = H(O;(—log(S + Q))) % HO(O4(—log F)) —

(72)
— H'(©,(~log S)) — H'(©;(~log(S

— H*(©,(—log §)) — H*(©;(—log(S

Q))) = H'(©5(—log F)) —
Q))) = H*(©p(—log F)) — .
Here F' is the agti—canonical cycle of the toricAsurface Q, and hence we
have ©(—log F) = Oé; thus Hi(@Q(—logF)) =0 for i = 1,2 and

HO(QQ(— log ")) = C?. In view of Proposition 8.3 this implies that a
is isomorphic in Case-H and has one-dimensional image in Case-P. Thus
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the above exact sequence reduces in Case-H to
(73) H(©;(—1log(S + Q))) = H(©5(—log F)) = C?,

(74) H'(© 4(—log §)) = H' (6 z(—log(5 + Q)),

and in Case-P to the two short exact sequences

(75) 0— C — H(04(—log(S + Q) % C — 0,

(76) 0 — C — HY(©4(—log9)) = H'(0;(~log(S + Q))) — 0.
In both cases we have

(77) H?(© 4(~log §)) = H*(©3(—log(S + Q))).

Next, we compare the cohomology groups H*(0 ;(—log(S+Q))) with
those of (Z,S). Namely, we have:

Lemma 8.4. We get natural isomorphisms
(78)  H(Oz(~log(5 +Q))) = HU(Z,0(~log 5)), 4> 0.
Proof. There exists a natural sheaf isomorphism
0 (~1og(S +Q)) = p*Oz(~log 5)
induced by ps. Together with the Leray spectral sequence for
R o= HP (R0 4(—log S)) = HP (%0 4(— log 5))

and the fact that R?7u, O = 0 for ¢ > 0, we get the desired isomorphisms.
(Note that in a neighborhood of L; and L; the sheaf Q7 (log S) is locally
free so that the projection formula

R’ ©z(—log S) = R1,0 7 @ ©z(—log S)
holds.) q.e.d.

We have thus reduced our computation to that of the cohomology
groups on Z. Consider now the short exact sequence of Oz-modules

0—0z(—S) = 0z(—1logS) - O —0
and the associated cohomology exact sequence
0— H°(0z(-5)) = H*(©z(—logS)) — H°(Og) —
(79) — H'(04(-5)) = H (©7(-log S)) — H'(0g) —
— H*(04(—S5)) = H*(©z(—logS)) — H*(Og) — .

We compute the dimensions of the spaces as follows.
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Lemma 8.5. We have
(80)  h%(©z(=5)) =0, h'(©z(=5)) =0, h*(Oz(=S)) =m+1,
h?(©z(=5)) =0,
(81) h?(©z(~logS)) = 2, h*(©z(—log S)) =0,
(82) h'(©g) =2, h*(©g) =0, h*(Og) =0.

Proof. Since K = —S, we have h'(0z(—S5)) = h37(Qz) = 1374 2),
where hP¢ denotes the Hodge numbers. We know that h*9(Z) = 0 for
any twistor space and hence also h%¥(Z) = 0 since Z is Moishezon.
By the same reason, we have by(Z2) = >_ . _, h?(Z) for the Betti
numbers by, (Z) = by, (M) +bp_o(M), where M = mP?. In particular for
odd k, we have by(Z) = 0. Thus h*(©z(—S)) = 0 if 7 is odd. Also from
Rt = by = m + 1, we have h?(0z(—S)) = m + 1.

Further, we show that h%(©z(—S5)) = 0. Take any twistor line L and
consider the standard short exact sequence

0—-0r,—=0zL—>N=0

where N = O(1) @ O(1) is the normal bundle of L in Z. Since K|L
is of degree —4, we get that h°(0L(—S5)) = h°(N(—S)) = 0. Hence
the above exact sequence tensored with K yields h°(L,0z(—S)|L) = 0,
from which follows the desired vanishing since L is arbitrary. Thus (80)
is proved.

The identity component of the automorphism group of Z is C*? for
m > 2 and it preserves S. Also, in case m = 1,C*? is the maximal
connected automorphism group of (Z,S). Thus h°(©z(—logS)) = 2.
We get h3(Og) = 0 since dim S = 2. Then together with (80) we deduce
h3(©z(—log S)) = 0 from the exact sequence (79). This shows (81).

We show that h?(Og) = 0. Let wg := K[S]|S = Og be the dual-
izing sheaf of S. By Serre duality H?(Og) is dual to Ext’(Og,wg) =
EztY(0g,0g) = HO(Q25), where QF denotes the double dual of (.
(See [14, Lemma (2.9)] for the structure of Q% outside tangential points.)
The last space injects into @iJHO(QSlj:) which vanishes. Hence h?(0g) =

0. From the exact sequence (79) together with (80) and (81), we get
hY(©5) = 2. (82) is proved. q.e.d.

The main part of the exact sequence (79) now reduces to
(83) 00— H'(Oz(~logS)) » H'(O5) > H*(©4(-5))
— H?*(©4(—1og S)) — 0.
Lemma 8.6. h'(Qg) = 2m.

Proof. We consider the normalization exact sequence

(84) 00— 05— DO (~log B) % ®aOp, (0 +00)) =0
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where Bli is the anti-canonical cycle of Sli, and B, are the irreducible
components of the curve B := C U L; ULj; 0 = 0, and oo = oo, are
the two points of intersection of B, and the other irreducible compo-
nents of B (see (52)). (The surjectivity at the tangential points of a
may be shown by using two sections z0/0z — x0/0x, 20/0z — yd/dy of
©z(—log S) in the local notations of (60).)

Note that B has 2k 4+ 2 irreducible components. Let

0— H°(Og) — @lviHO(@Sli(— log Bi)) = ®oH’(©p, (0 + 0)) —

(85) = H'(Os) = @ H' (O g2 (~log B)) ®a H' (O, (0 + 0))
— H?*(0g) — @l,im(@sli(— log Bi*)) ©q H*(0p, (0 + 00)) —

be the associated long exact sequence.

Since @Sli(— log Bj)) =2 Ogli, we have

ho(@sli(—log Bf)) =2 and h’(@sli(—log BF)) =0,i > 0.
Similarly, we have ©p_((0;00)) = Op, and hence
h2(©p, (0 +00)) =1 and R (Op,(0+ 00)),i > 0.

Thus we get H?(Og) = 0 (deduced above by a different method), and
the exact sequence

(86) 0 — H(©s) = @12 H*(Ogx (~log BfY)) = ©a H (015, (0 + 0))

— HY(©5) =0
with @+ H%(O g+ (~ log BF)) = C® and ©,H°(O5,(0 + c0)) = C?F+2,
Together with (82) we get h'(Og) = 2m. q.e.d.

We next prove a lemma which will be used in the proof of Proposition
8.8 below.

Lemma 8.7. 5:1375105(@5,05) =0.

Proof. First we prove this at a non-tangential point, i.e., at a point p
where S has only normal crossings singularities. We apply Exty, <(— 0s)
to the sequence (84) and obtain

= @ +Eatd (O 4+ (~log BYY), 0s) — Eath (Os,05)
— ®oEath (05, (0 + 00),Os).

It suffices to show that Ea:tlos (@Sli (~log Bf"),0g) = 0 and Ea:tg)s (©p,(0+
20),0g) = 0 at p. We prove this when p is a general point, leaving simi-
lar arguments to the reader at four triple points. Let S,,a = 1,2, be the
irreducible components of S passing through p with structure sheaves

O, and put D = S1 NSy, the singular locus of S at p. Locally at p,
@Sli(— logBli) =01 %028 Og and Op,((0+ ) = Op, =0p,D =
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S1 N Sy. Therefore what we have to check is that €xt105(05a,05) =0
and Ext?, <(Op,0g) = 0. For this we consider the short exact sequences

(87) 0—1I,— Og— Oy — 0,
(88) 0—)[[)—)05—)0[)—)0,

and the associated long Ext-exact sequences. The desired assertion then
follows from the following facts:

(1) Homog(Os,0s) = Homog(Oq, Og) is surjective, being isomor-
phic to the quotient map Og — O/, {«a, ’, } = {1, 2}.

(2) 5:EtiOS(ID,OS) = 0,7 > 1 (see [14, Lemma 2.8]).

Thus Ext}, +(©s,05) has support in the tangential points. But at
any of these points p we can find an exact sequence

0—0% =05 Q-0

where Q has support in p. Then it is easily seen that Ext}, +(2,05) =0.
(Take an exact sequence

0—>F - F—>0—0

with some coherent Og-modules with F' free. Then Homog(F,Os) —
Homog(F',Og) is surjective since Q has support in p and S is weakly
normal.) By applying £xt'(—, Og) to the above exact sequence we get
the desired vanishing of Smt})s((ag, Og). q.e.d.

Proposition 8.8. The map ¢ in (83) is surjective, and we have
H?(©z(—1log S)) = 0.

Proof. By Serre dualty it suffices to show that the dual map ~ :
HY(Qz) — Ext'(05,05) of § is injective, where we have used the
isomorphism wg = Og. Consider the exact sequence

0 — H'(QF) = Extp,(0g,05) = H(Extp(Og,05))

similar to (4). By Lemma 8.7 we may identify E:L'tlos(@s,Os) with
HY(Q) and v with the natural map 7/ : H*(Qz) — H' (). Taking
any of the irreducible components of S, say, S;r , we obtain a natural
map H'(QF) — HI(Q;’Z) = HI(QSj). Composing +" with this, we
obtain the natural map H'(Qz) — H'(Q4+), which in turn is identified
with the restriction map of correspondingz complex cohomology groups
r: H*(Z,C) — H*(S,C).

In fact we can prove the injectivity of r precisely as in the proof of [16,
Lemma 5.4], where we showed the injectivity of H?(Z,C) — H?(S,C)
for a smooth member S of |K_%| Since in our case S = S; is an
elementary surface, we have only to note the following: SZ~+ is obtained
as an m-times blowning-up of P? so that H 2(5;" , C) is spanned by the
exceptional curves and by the first Chern class. Thus the proposition
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is proved. (Note that the argument above is in principle similar to that
for the vanishing of H?(Z,©z(—log D)) for a Joyce twistor space and

a smooth element D of K2 (see [16, Theorem 5.1])). q.e.d.
By (79) and Lemmas 8.5 and 8.6 we get:
Corollary 8.9. h'(0z(—1log§)) =m — 1.
Now we are in a position to prove Theorem 8.1.

Proof of Theorem 8.1. By Lemma 8.2, 3) Ho(ﬁxtzoZ(QZ(log S),0z)) =
0. By (2) of the same lemma we get Hl(ﬁxtloz(QZ(log S),0z)) =
Hl(OQ) — 0. Thus in view of (3) for (X,Y) = (Z,5) the last ar-
row c in (4) is surjective. Since H?(0z(—logS)) = 0 by Proposition
8.8, we have the first two vanishings by using the isomorphisms (78) and
(77). The sequence (4) reduces to (67) above, again by using Lemma
8.2. Finally, from (73)—(76) we get the dimensional counts of (68) and
(69), and the final assertion comes from Proposition 8.3. q.e.d.

We still have to compare the deformations of the pair (Z , S ) with
those of the subspaces (S}, C;). We start from the following:

Lemma 8.10. There erists a natural exact sequence of O z-modules:
(89) 00— Q,(log8) % Q,(log Sy () > 2 (log ) ® Ny — 0,
where Nl = NS}/Z is the normal bundle of 3; in 7.

Proof. The map a is the natural inclusion. The map b is given by the
tensor product of the natural restriction maps €2, (log Sy) — Q’S (log C))
l

and [5‘1] — ]\71. Note that a defining equation of S'lr in Z restricts one
of C’l(: SN Sp) in S, so that the first restriction makes sense. This
remark also implies that b is surjective. Now what we have to show is
that Ker b = Im a.

Indeed, locally at points which are regular for both Z and C’l, the
map b takes the form

dz/zy, dy/y, dz)y — dz/z|S;, dy|S; =0, dz|S),

while the image of a is generated by dz/z, dy/y, dz, where z = 0
(resp. y = 0) is the local equation of Sy (resp. Sl) Here we consider
sections of € (log S1)(S;) as meromorphic 1-forms on Z and identify
those of Q’gl (log C}) ® N; as sections of le (log Cy) regarding (1/y)|S; as
giving the trivialization of IV;. The desired assertion is now obvious. By
applying the product principle (62) and (63), the same consideration
applies also at singular points of Z.

It only remains to consider the tangential points. If a local section
of Q(log Sl/)(gl) at such a point p is mapped to zero by b, by what we
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have proved above it is in the image of a section s of Q2 (log S) outside
p. But by Proposition 7.1 the latter sheaf is reflexive at p and hence s
extends across p as a section of the same sheaf. The assertion is thus
proved on the whole Z. q.e.d.

In the same way as we get the isomorphism (40) by using Lemma 2.2,
we obtain the isomorphisms

(90)  Eatp, (g (log C) @ Ni,0y) = E:ctio—;l (€2, (log C1),0g,)-
Comparing with the Ext sequences associated with (89), we obtain a

natural map

(91) Extp_(Q4(log 8),0,) % E:nt})gl (O C1),0g))-

Together with part of the local to global sequences, this fits into the
following commutative diagram:

H'(0,(~1og S)) —
Eatl, (Q4(085),05) = H(Og) @ (€enCy)
al u
92 A £
B2 Bat, (@, 008C1),05) & H0) @ (#,e5,Cy)
Bl el
d
Eatp, (Q6,06) = (Bhep_pCr) @ (2,c5,Cp),

recalling the isomorphisms ¢ in (38) and d in (24), where the top se-
quence is nothing but (67) and B; = B;" U B; and B = l%;r U Bl_ with
Bli and Bli defined for each S’li as B and B are defined for C in Section
4. Note also that ¢ and d are the direct sum of two isomorphisms

+ . 1 ~+ ~ 170
(93) (e E':mfosli (Qéli (log C}7), Ogli) ~H (OF}) 53] (@peélicp)

and

=+ . 1 ~
(94) d;: E’xtoéljE (QO?[,OOZJE) = (@pEBli—Bli C, & (EBPEBIJECP).

By construction we have the natural identification of sets: B,=B. In
particular the right vertical maps u and v give isomorphisms (identifi-
cations) of the second factors, while on the first factors these maps are
isomorphic to the diagonal embeddings

(95) Cc—-cCc?*—ch

Proof of Theorem 7.2. assertions (1) and (2) are immediate consequences
of Theorem 8.1 in view of Proposition 2.1. For (3), first note that « in
(91) is identified with the differential of the versal map from the Kuran-

ishi space T of deformations of (Z .S ) to the Kuranishi space ) of defor-
mations of the pair (S’l, C’l), which is the disjoint union of (Sli, C’li). Let
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vg and vy, p € B, be the natural projections from HO(O )@ (BperCh)
to H O(OQ) = C and to C), respectively. Then the Zarlskl tangent

spaces of A(Q) and T'(p) are naturally identified with the kernels of vyt
and vp¢, respectively, which are of codimension one.

For p € By let Tlé be the Kuranishi space of deformations of the
isolated singularity (Cj, p), which is smooth of dimension one. Then we
have a versal map 7, : (T,0) — (T},0), whose differential is identified
with dBa composed with the projection to C,,, which is a surjection.
The inverse image 7.~ L(0), which is independent of the choice of 7/
is easily identified w1th T(p) when p € B = B; and with A(Q) when
p€E B — B (independently of p). Thus by the properties of the diagram
(92) we see easily that T'(p) and A(Q) are both smooth of codimension
one and D has the properties stated in assertion (3). The rest of the
assertions in assertion (3) is obvious. q.e.d.

Proof of Theorem 7.3. First of all, 3) is a consequence of general theory
[34] in view of (70) in Theorem 8.1. The Kuranishi family of (Z,5)
induces a deformatlon of each of the pairs (Sl ,C ),l = 1,7, and the
induced versal maps Tl T — 1T, [+ between the corresponding Kuranishi
spaces T and Tl are submersions with (7; ) (Ali) = A(Q) by the
diagram (92) in view of (93) and (95), where A are the subspaces
corresponding to A in Proposition 4.11. Thus Z; and Slj; are smooth
for t € T — A(Q) and the structure of the surfaces Slit as stated in parts
(1) and (2) of the theorem is obtained from Proposition 4.11 and part
(2) of Remark 4.2. It only remains to prove the relations among (Slﬁ),
which is given in the next lemma. q.e.d.

Lemma 8.11. Slt and Slt are isomorphic. S 1 and Sji’t are trans-
positions to each other.

Proof. The weight sequence of S'Zi is given by (55) and similarly for
S;E From the two chains between 1 and —1 in (55) arise the two cycles
5% a = 1,2, on S
via smoothing. The weight sequence of Clj;’ are computed by (55)

and the formulae in Lemma 4.12. From this already follows the first
isomorphy. For instance the cham CH gt 4—C’$ with weight sequence

of Sf, which in turn produces the two cycles C’l

(55) gives rise to that of lt ¢, and its toric numberlng is determined by
the conditions C;_FH NHF # § and C;-F N EF # 0. Since by Lemma 4.15
toric numbering and canonical numbering coincide, we see that Sf't and

S, are isomorphic, as we recalled in Section 3.
The second assertion is proved similarly as follows. Consider the
intersections S7, N S%;, where {*,%'} = {4+, —}. They are precisely one
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of the cycles contained in either of the surfaces. Consider for instance
S:rt N S] ;» which is the cycle coming from the chain S+ N S_ =C; i1t

—I—C’ Here, we have C, L1 NH # 0 and C’j NnE;" 75 (), while
C~’i_+1 N Ej # () and C’ N H; # 0. This implies that that the toric

numberings of S ;N S Lasa cycle in Sj't and in S + are reverse to each
other. Thus agam by Lemma 4.15 and by Section 3 we conclude that
S:rt and of S ;+ are transpositions to each other. q.e.d.

Proof of Theorem 7.6. First proceed in the same way as in the proof
of Theorem 7.5 and consider the universal family of log-deformations
of (Z,5) such that the given surface S is realized as a fiber S,,u €
INT? — A(Q). Then we may realize S’ as S; for some t € T— A(Q) which
is sufficiently close to u. Note that this family is universal at any point ¢
of T' since dim Ewt%zt (Q5,(log S),0 2,) = 0 by the upper semicontinuity
of Ext (see [4]). Now we consider this family as a germ at u and consider
as in the proof of Theorem 7.3 the versal maps T T — TjE but at u
instead of at o. It suffices to show that 7'Z maps T" submerswely onto
Tf at u with (smooth) fiber of real dimension m.

Tf’ X TZ-_ may be considered as the Kuranishi space of the universal

deformations of the disjoint union S+ U S;,» where the universality is

due to Proposition 3.12. The real structure on Z interchanges S;Eu and
therefore defines a real structure on S;ru U S, . Since the family over

T;’ X Ti_ is universal, this real structure extends to the real structure
on the total family over T;r X Ti_. The fixed point set D of this ac-
tion is clearly a real submanifold of dimension m of T;r X TZ-_ which is
mapped diffeomorphically onto each factor by the natural projections.
Moreover, TZ-+ x 7, becomes real in the sense that it commutes with the
real structure; in particular 7'2-Jr x 7, induces a smooth map 6 : 79 — D.

The differential of TZ-+ X 7, at u is given by « in the following com-
mutative diagram similar to (92):

(96)
HY(©z,(—logS,)) Ea;tlozu (Qz,(og S,),02z,) - ®pepCyp

al |
ExthSZ “ (Q{gi’u (log Ciy“‘)’ OSi,u) = @PEBi Cp

where B is the set of tangential points of S, and B; is the set of
nodes of C;,; they are naturally identified. Here each term admits
a natural real structure and each map is real. From this we immedi-
ately see that § is a submersion and T is mapped submersively onto
T;’ with fiber of real dimension equal to dimgc H'(Oz,(—logS,)) =
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dime Emt})z (Qz,(log Sy,),0z,) —2m = m (see Proposition 3.12) as de-

sired, where we have used the constancy of dim¢ E:Etlozt (Qz,(log St),0gz,).

In fact, since the base space is smooth, it is immediate to see that
Qz/7(logS) is flat ovet T. Then by the upper semicontinuity of rel-
ative Ext (see [4]), we have the vanishing of Emt’ozt(QZt (log St),0z,)
for i = 0,2, and then by the invariance of the alternating sum of the
dimensions of Ext’, we get the constancy of the dimension of Ext! [4].

q.e.d.

Proof of Theorem 7.7. We start from any of the LeBrun-Joyce twistor
spaces Z with the distinguished choice of (7,7j) as mentioned in Re-
mark 7.3 and get the singular twistor space (Z , S) with real structure
o. First of all, in order to get the universal family we fix as usual (see
[13]) any twistor line L on Z other than L;,1 < [ < k, and consider
its proper transform L in Z. We then consider the Kuranishi family
of log-deformations of the triple (Z .S ,i}), “log” referring only to the
deformations of the pair (Z , 5’), which is universal since Auto(Z .S, ﬁ)
now reduces to the identity. The Kuranishi space T'(L) is a smooth
fiber space over the original Kuranishi space 1" for the deformations of
the pair (Z,5) with four-dimensional fibers. We then restrict the fam-
ily over the inverse image I(L) of I C T. Then ¢ induces a canonical
real structure on T'(L) preserving I(L). The restriction to I(L)? of the
family of anti-self-dual bihermitian structures of Theorem 7.4 has as its
underlying complex structures all parabolic Inoue surfaces with Betti
number m. o

We consider the universal family of log-deformations of (Sii, C’Zi) con-
structed in assertion (2) of Proposition 4.11. Then the product T;r X Ti_
of the corresponding Kuranishi spaces Tii is naturally considered as
parametrizing the universal family of deformations of the disjoint union
of (S'Zi, éli) Since this family is universal and o interchanges both pairs
inducing a real structure on this disjoint union, there exists a natural
action of o on T;r X Ti_ interchanging the two factors. Let D be the
associated real part.

Now as in the proof of Theorem 7.6 we get a versal map 7 : I(L) —
T;’ X Ti_ which induces a smooth map of the real part: I?(L) — D.
The map is of rank one at the origin o, and the image of its differential
is mapped surjectively onto both factors as in the proof of Theorem
7.3. Therefore, 7 has rank at least one also at all nearby points u of o
and submersive onto the both factors. This implies that the image of
T|I(L)? contains a (local) real smooth curve K contained in DN7(I(L))
whose images on both factors of Tii again are real smooth curves KZjE
Let S be any parabolic Inoue surface corresponding to a point x of
K. Then the family of anti-self-dual bihermitian structures on M [m]

~—
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restricted to a suitable m-dimensional submanifold of 77!(x) has the
desired properties.

Finally, we show that SZ-'" and S;-' are isomorphic. We may assume
that the intersection E; := S;rt N S;-:t is an elliptic curve. (Otherwise we
have only to replace S;-ft by S ;¢ and define Jo; via S I ;) The twistor fi-
bration Z; — M|[m] induces the isomorphism of the fundamental groups
of these spaces. Since the induced projection Sljrt — M[m],l = 1,7, is
diffeomorphic, the inclusion Sth — Z; also gives the isomorphism of
fundamental groups. Thus, if r : Z; — Z; is the universal covering, the
induced map S’;rt = 7"_1(5;;) — Sf"t is the universal covering of Sf"t also,
and EN} = r_l(Et) — E} gives the common infinite cyclic unramified
covering of E; for both of S;’rt, [ =1,j. Hence by Lemma 3.6 we conclude

that SZ-jE are isomorphic. q.e.d.

9. Anti-self-dual hermitian structures on half Inoue surfaces

In the construction of the pair (Z .S ) in Section 5 using the identifi-
cation map ¢ of (56), we may also use a map ¢ of twisted type of three
kinds in the sense that ¢ maps (H;", E]i) to (EF, HY) (vesp. (Ef, H]i),
resp. (EZ:F,H;F)) (instead of to (Eli,Hji)) To be consistent with the
terminology in Section 4 we call such a ¢ i-twisted (resp. j-twisted, resp.
bi-twisted). The main geometric implication of these variations is that
if, e.g., @ is i-twisted, S'j becomes connected, while S; consists of two
connected components S’Zi as before. Similarly, if ¢ is bi-twisted, both
Si and S’j are connected.

In this case we are led to anti-self-dual hermitian structures on half
Inoue surfaces and to anti-self-dual bihermitian structures on hyperbolic
Inoue surfaces on their unramified double coverings which are hyperbolic
Inoue surfaces. (There are no “parabolic” case, unlike in the untwisted
case.)

To explain this, we first note that most of the constructions and
results in Case-H in Section 7 are also valid for this case without any
change. (The relevancy of Case-H comes from Proposition 6.3.) Indeed,
the cohomological computations in Section 8 are either local along Q
or those on Z or Z for which v plays no role, and hence we get the
same result also in this case. In particular, the obstruction for the
log-deformations for the pair (Z , S ) vanishes and we get the Kuranishi
family

(97) g:(2,8) =T, (Z2,,5,)=(Z,9), oeT

of log-deformations of (Z , S ) with the properties in Case-H of Theorem
7.2. In particular T is smooth of dimension 3m. The main difference

~

now lies in the structure of the surfaces S; for t € T — A(Q). (Here
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and in what follows we use the notations of Section 7.) For [ = i or
j, denote by I’ the complementary index with {l,1'} = {i,j} as before.
Then also in this case, by the arguments in [31, §3 and §4] we get easily
the following:

Lemma 9.1. Let t be any point of T — A(Q). If ¢ is l-twisted, then
the deformation Sy ; of Sy = SlJ,r U S, is a connected smooth surface

of class VII with second Betti number 2m, while the deformation Slﬁ of

S'li are smooth disjoint surfaces of class VII with second Betti number

m. Similarly, if ¢ is bi-twsited, the conclusion for Sy above holds for
both S; 1 and S;;.

Using this lemma and Proposition 4.11 in Case-H’, the more precise
structure of the surfaces S;; and Sft are deduced as in the proof of
Theorem 7.3. Namely, using the notations of Section 7, we have the
following:

Theorem 9.2. (1) Assume thatt € T — A(Q). In the [-twisted case
the fibers Zy, Slj;, and Sy are all smooth. The minimal model Slﬁ of

Slit is either a half Inoue surface or a diagonal Hopf surface, while the

minimal model Sl',t of Sy is either a hyperbolic Inoue surfaces or a
diagonal Hopf surface. The diagonal Hopf case occurs if and only if
t €T — D. In the bi-twisted case the statements for Sy ; above hold for
both S; and Sj;.

(2) Assume thatt € I — A. If ¢ is l-twisted, Slit is a properly blown-
up half Inoue surface, while Sy 4 is a properly blou;n—up hyperbolic Inoue
surface which is the unique double covering of the transposition tSft of

Slﬁ. If ¢ is bi-twisted, S;; and S;; are transpositions of each other.
Moreover, the complex surfaces above are independent of t up to iso-
morphisms.

(8) The Kuranishi family g is universal.

By restricting the family obtained in the above theorem to the real
parts T of T and I? of I, respectively, we can immediately deduce the
conclusions similar to Theorem 7.4, 7.5, and 7.6 in the same way as
we obtained these theorems from Theorem 7.3. Here we state only an
analogue of Theorem 7.5, leaving the reader to formulate the analogues
of Theorems 7.4 and 7.6. In fact, considering the deformations Slj; of

Sli over 19 in the [-twisted case, we now obtain:
Theorem 9.3. Let S be an arbitrary properly blown-up half Inoue

surface with second Betti number m. Then there exists a real m-dimensional
family of anti-self-dual hermitian structures on S.

For the statement of the next result we introduce the following ter-
minology. Let a : M[2m] — M|[m] be the unique unramified double
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covering. Denote the covering involution by . A bihermitian structure
with anti-holomorphic involutions on the pair (M[2m], k) is by defini-
tion a bihermitian structure ([g], J1,J2) on M[2m] such that on each
Si := (M[2m], J;), k is anti-holomorphic. If instead x is holomorphic
on S7 and anti-holomorphic on S, it is called a bihermitian structure
with holomorphic and anti-holomorphic involutions. Then from the de-
formations of S;; of 3;, in the bi-twisted (resp. I-twisted) case we have
the following:

Theorem 9.4. Let S be any properly blown-up half Inoue surface
and S the properly blown-up hyperbolic Inoue surface which is an un-
ramified double covering of S with Galois involution . Then there ex-
ists a real m-dimensional family ([gl, J1t,J2,t) of anti-self-dual biher-
mitian structures with anti-holomorphic (resp. holomorphic and anti-
holomorphic) involutions on (M[2m], k) such that (M[2m],J1;) = S
(resp. (M[2m], Ji4), k) = (S,1)) and (M[2m], Jo;) = S, the transpo-
sition of S, independently of t.

Proof. We consider the family obtained from S as in Theorem 9.2.
Assuming that ¢ is bi-twisted, we shall show the existence of the family
in the case of anti-holomorphic involutions, the other case being shown
similarly by starting with [-twisted ¢. Now if we restrict the obtained
family to U := I? — A(Q), we get a smooth family {[g]; }ser of anti-
self-dual structures on M = M[m], and the associated family of twistor
spaces {Z;}icy. By Lemma 9.1 we have surfaces S, | = 4,7, in Z,
which are o-invariant hyperbolic Inoue surfaces and are transpositions to
each other such that the restriction of the twistor fibration b; : Z; — M
makes S, smooth unramified double coverings of M.

Take the natural fibered product by : Z; := Zy xpy M — M = M[2m)].
Z, is an unramified double covering of Z; which is the twistor space of the
induced anti-self-dual structure (M, [g;]). Moreover, the inverse image
of S5;; in Z; is a disjoint union of two copies of S;;, denoted by S;—Lt
These are g-conjugate to each other and are mapped diffeomorphically
on to M, where ¢ = 6, is the real structure of Z;. Moreover, S*jit is the

transposition of S*Zit by Lemma 8.11. Thus in Z; we get two pairs of -

invariant elementary surfaces {S'lit}, l =1, 7, giving rise to anti-self-dual

bihermitian structures on (M, [g]¢).
It remains to see that these latter structures are actually those on
(M, k). In fact, since k preserves the anti-self-dual structures [g];, it

lifts to a biholomorphic automorphism % of Z; which interchanges Sft.
Then the compsition &k preserves Slit and induces an anti-holomorphic
involution on each, which is also a lift of x. Since b; induces an (7%, £)-
equivariant isomorphism, Sth = (M, Ji+), where J;; is the pull-back of
Jit to M. Then by the definition of ju, we are done. g.e.d.
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Remark 9.1. (1) Using Proposition 4.11 in Case-H’, we can also
obtain an analogue of Theorem 7.6 above, in which we get a family
of anti-self-dual structures on certain blown-up half Inoue surfaces and
blown-up diagonal Hopf surfaces.

(2) As in Case-H, for a fixed S as in Theorem 9.3, we can construct
other families with the same properties by starting from suitable other
choice of K-actions on mP? and pairs (i,5) in the construction of Sec-
tion 5.

(3) The family of anti-self-dual bihermitian structures on M[2m] in
Theorem 9.4 could possibly be connected by deformations to those ob-
tained in part (2) of Theorem 7.3 with m replaced by 2m there. This
type of relation would deserve further study.

(4) Let S — S and ¢ be as in the theorem. The theorem implies that
S always admits a fixed point free anti-holomorphic involution, which
could be identified with the anti-holomorphic involution tu, where p is
the real structure of S defined in Lemma 3.7.

10. Differential geometric consequences

Our interest in bihermitian metrics comes from anti-self-duality and
this case was first treated in [36] motivated by questions of Salamon
[40] concerning existence of orthogonal (integrable) complex structures
in a given conformal class [g]; here we explicitly want to exclude the
well-known case of hyperhermitian structures.

More impetus came from the work of [2], who considered the gen-
eral four-dimensional case; new examples have been recently found by
Hitchin [21] on del Pezzo surfaces in the context of generalized Kéhler
manifolds as introduced by Gualtieri [19]. In dimension four this con-
dition amounts to say that there is a metric g € [g] which is Gauduchon
for both J;, i = 1,2, and for which the sum of the Lee forms 6; vanishes:

01 +60,=0 and 6017 =0 = 6.

The above two equations always hold for a bihermitian metric on
a compact anti-self-dual 4-manifold (we excluded the hyperhermitian
case) [36, Proposition 3.5] and their twistor correspondence is that the
real degree-4 divisor defined by {+.J;, i = 1,2} is an anticanonical divisor
of Z [36, Lemma 3.4.].

By Lemmas 3.2 and 3.3 an anti-self-dual bihermitian surface S with
odd first Betti number must be a blow-up of either a hyperbolic or
parabolic Inoue or Hopf surface. This condition is therefore a necessary
condition for the existence of anti-self-dual bihermitian metrics.

However, Lemma 3.2 was known to Nakamura (unpublished), and
the same statement holds in fact on any compact generalized Kéhler
four manifold with by = 1 [2, I1,2] (in their proof Lemma (2.8) should
be replaced by Lemma (2.7)); it also appears in [12, 2.29], where a
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more general result is proved concerning surfaces with a global spherical
shell. For all these reasons we would like to give here a complete proof
following the work of Nakamura.

Proof of Lemma 3.2. When bo(S) = 0 Bombieri-Inoue surfaces have no
curves, therefore by Bogomolov theorem [30, 42] S is a Hopf surface
and is diagonal because —K is disconnected. We can therefore assume
that S € VHS’ and by [32, 12.4], S contains a cycle C' of rational curves.
Suppose that [33, 2.2] holds (i.e., S has a branch); then [33, 3.1] applies,
with m = 1 and F' the trivial line bundle, and Nakamura concludes that
anti-canonical divisor itself is connected, which is absurd. The only
other possibility is that [33, 2.2] does not hold, in which case S is an
Enoki surface (but —K has no divisor in this case) or a half Inoue
surface (but —K is connected in this case) or else S must be parabolic
or hyperbolic Inoue. q.e.d.

The results of Section 7 show that the above mentioned necessary
condition is actually sufficient at least for properly blown-up hyperbolic
Inoue surfaces and also for some parabolic Inoue surfaces. To summarize
we have the following:

Proposition 10.1. All metrics constructed in Section 7 on (blown-
up) hyperbolic or parabolic Inoue surfaces or Hopf surfaces are (twisted)
generalized Kdhler.

We also have applications to an old and basic question of Vaisman,
who asked [44]: Which compact complex surfaces S can admit locally
conformally Kéhler (l.c.K.) metrics? (see [37] for more details.)

By a result of Tricerri [43] one can assume that S is minimal, and
after the work of Belgun [5], the answer is positive for all the locally
homogeneous surfaces, i.e., all surfaces in class VI, Kodaira surfaces,
and surfaces with by = 0 = b — 1, except for the complement of a
real line in a complex 1-dimensional family of certain Bombieri-Inoue
surfaces which do not admit l.c.K. metrics at all. Therefore, Vaisman’s
question remains open only for surfaces in class- VHS’ .

Now, by a theorem of Boyer [7] anti-self-dual hermitian metrics are
automatically l.c.K. on a compact complex surface. Therefore we have:

Theorem 10.2. All the surfaces of class VHSr in Theorems 7.5, 7.6,
7.7, 9.8, and 9.4 have l.c.K. metrics.

We conclude with the following;:

Remark 10.1. Except for the anti-self-dual hermitian metrics on
parabolic Inoue surfaces by LeBrun [29], all the examples in the propo-
sition and the theorem above are new and are the only known examples
in class—VHS' .
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Note. While undergoing the final draft of this work M. Brunella
communicated to us that he constructed l.c.K. metrics on all Enoki
surfaces [8].
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