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ON THE o02-SCALAR CURVATURE

YUXIN GE, CHANG-SHOU LIN & GUOFANG WANG

Abstract

In this paper, we establish an analytic foundation for a fully
g2 __

non-linear equation == f on manifolds with metrics of positive
scalar curvature and apply it to give a (rough) classification of
such manifolds. A crucial point is a simple observation that this
equation is a degenerate elliptic equation without any condition on
the sign of f and it is elliptic not only for f > 0 but also for f < 0.
By defining a Yamabe constant Y5 ; with respect to this equation,
we show that a manifold with metrics of positive scalar curvature
admits a conformal metric of positive scalar curvature and positive
og-scalar curvature if and only if Y57 > 0. We give a complete
solution for the corresponding Yamabe problem. Namely, let gg
be a positive scalar curvature metric, then in its conformal class

there is a conformal metric with

02(9) = ro1(9),

for some constant x. Using these analytic results, we give a rough
classification of the space of manifolds with metrics of positive
scalar curvature.

1. Introduction

Let (M, go) be a compact Riemannian manifold of dimension n with
metric go and [go] the conformal class of gy. Let Ric, and R, denote
the Ricci tensor and scalar curvature of a metric g respectively. The
Schouten tensor of the metric g is defined by

1 R
Sy=—— | Ric,— —2—-g].
n_2 < 9T 5 —1) g>
The importance of the Schouten tensor in conformal geometry can be
viewed in the following decomposition of the Riemann curvature tensor
Riemg =W, + S, D g,

where @ is the Kulkani-Nomizu product and W, is the Weyl tensor.
Note that g—* - W, is invariant in a given conformal class. Therefore, in
a conformal class the Schouten tensor is important.
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The objective of this paper has two-folds. First, we study a class
of fully nonlinear quotient equations relating to the scalar curvature
and the recently introduced og-scalar curvature. Then, we apply the
analysis established for this class of equations to study the space of
metrics of positive scalar curvature. Let us first recall the definition of
the o9-scalar curvature.

For a given 1 < k < n, the oi-scalar curvature or k-scalar curvature
is defined by

on(9) = aulg ™" ),
where g71 - S, is locally defined by (g1 'Sg)z' =1 9% (Sy)k; and oy, is
the kth elementary symmetric function. Here for an n X n symmetric
matrix A we define oy (A) = op(A), where A = (A, , \,) is the set of
eigenvalues of A. It is clear that o1 (g) is a constant multiple of the scalar
curvature Ry. The oj-scalar curvature oy (g), which was first considered
by Viaclovsky [60], is a natural generalization of the scalar curvature.

In this paper, we focus on the oo-scalar curvature. One of the reasons
to restrict ourself to oa-scalar curvature is that oa(g) still has a varia-
tional structure. This is an observation of Viaclovsky [60] (For k& > 2,
or(g) has a variational structure if and only if the underlying manifold
is locally conformally flat [60],[6]). The variational structure is very
crucial for our paper.

Since [60] and [10], there has been an intensive study for a nonlin-
ear Yamabe problem related to the og-scalar curvature ox(g), namely,
finding a conformal metric g in a given conformal class [gg] satisfying

(1) Jk(g) =G
where
(2) g €lg] Ny

Here I} is a convex open cone -the Garding cone- defined by
TF = {A= (A, do, - A) €R™ [05(A) > 0,¥) < k}.

By g € F,Jg we mean that the Schouten tensor Sy(x) € F,Jg for any x € M.
g € I'{ is equivalent to that g has positive scalar curvature. Note that
the condition g € Fg guarantees that equation (1) is elliptic.

Equation (1) is a fully nonlinear conformal equation, but it admits
many nice properties, which usually are only true for the semilinear
equations. For example, the local a priori estimates were established in
[26], a Liouville type theorem was given in [45]. The existence problem
of (1) has been intensively studied. For the existence results see [11],
(18], [19], [22], [27], [29], [31], [33], [45], [46], [47] [54], [59], [62]. See
also a recent survey by Viaclovsky [63] and references therein or the
lecture notes of Guan [21]. There are many interesting applications in
geometry, especially in the 4-dimensional case, see for examples [10],
[12], and [64]. See also [22], [23].
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However, till now one can only deal with equations like

(3) or(g) = f

with condition f > 0 or even f > 0. This has something to do with
the ellipticity of the corresponding equation. With this restriction we
could not use equation (3) to study negative og-scalar curvature. (cf.
the work of Gursky and Viaclovsky [34] for metrics in T* and a class of
uniformly elliptic fully nonlinear equations [29].) In this paper, instead
of o9(g) we consider the quotient type equation

4) 2

When f > 0, it was studied recently in [19]. See also [28], [31], [24]
and [54]. The crucial point of this paper is that we can also deal with
the case with negative functions f for (4). In fact, we have

Observation. The operator 22 is elliptic in the cone [T\ R1 and

concave in Ff.

For the notation and the proof of this Observation, see Lemma 1.
Recall that the ordinary Yamabe constant is defined

Villao) = Vi go]) o= g L 9200N0)
9€C1(lgo])  (vol(g)) ™™

We will call it the first Yamabe constant. For simplicity of notation, we
denote I'; N [go] by Ck([go]), or even just Cj if there is no confusion. A
conformal class has positive first Yamabe constant if and only if this
class contains a metric of positive scalar curvature. This is a simple,
but important fact in the study of metrics of positive scalar curvature.
As one of applications of our study of equation (4), we will prove a
similar result for the og-scalar curvature. From now on we consider
the conformal class [g] with C; # () and call a metric of positive scalar
curvature a psc metric. Now we first define a “nonlinear eigenvalue” for
02(g), more precisely for a fully nonlinear operator

\V4 2
(5) 02<V2u+du®du—| 2u| gg—l—Sgo>,
where g = e72%gy. Define
fcrg )dvol(g )
—, if n >4,
geCi(lgo]) [ e*dvol(g)
(6) A(907 02) = A(M7 9070-2) = /Ug(Q)d'UOl(Q), if n = 47
qp L72D0l9) e g
9€C1([go]) fe dvol(g)
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One can also define a similar constant A(gg, o) for 0. When k = 1,
one can check that A(gg,ox) is the first eigenvalue of the conformal
Laplacian. Hence we call the constant A\(go, 02) nonlinear eigenvalue of
operator (5). Such a nonlinear eigenvalue for fully nonlinear operator
was first considered in [49]. See also [65]. In the context of fully nonlin-
ear conformal operators, it was first considered in a preliminary version
of [27].

Now we define the second conformal Yamabe constant for a conformal
class with psc metrics.

Ya.1([g0]) = Ya,1(M, [g0]) :=

( f o2(g)dvol(g

inf

9€C1([go]) (f o1(g)dvol(yg )Z

/Ug(g)dvol(g), if n =4,
sup /ag(g)dvol(g) X /Jl(g)dvol(g), ifn=3.

\ 9€C1([g0])

) if n >4,
2

We emphasize that the infimum (or supremum) in the definition of Ay
and Yo, is taken over C1, not over Co. It is well-known that when
=4, [,;02(g9)dvol(g) is a constant in a given conformal class. The
relatlonshlp between the sign of A(go,02) and Y3 1([go]) will be discussed
in the next section.
Now we state our main analytic results in this paper .

Theorem 1. Assume n > 3. The constant \(go,02) is achieved,
provided \(go,02) > 0. More precisely, we have

1) If X(go,02) > 0, then Ca([go]) is not empty and A(go,o2) > 0 is
achieved by a smooth metric g = e~ 2%gy € Cy satisfying

(7) o2(g) = el

2) If )\(90,0'2) = 0, then \(go,02) = 0 is achieved by a CY metric
g = e gy € Cy satisfying

o2(g) = 0.

Here C; is the closure of C;. Namely, C; is the space of metrics
with non-negative scalar curvature. With the help of Theorem 1 and
o2

results in [11], [33] and [19] we can solve the Yamabe problem for Z2
completely.

Theorem 2. Let (M"™,go) be a compact Riemannian manifold with
go € Ff and n > 3. The following holds
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1) If Y21([go]) > 0, then Ca([go]) is not empty. Moreover there is a
smooth metric g in Co satisfying

02(9
® ok
2) If Ya1([go]) = 0, then there is a CH! metric g in Cy satisfying
(9) oa(g) = 0.
3) If Y21(go]) < 0, then there is a smooth metric g in Cy satisfying
(10) o2(9) = —01(9).

In fact, we can show that Y51 is achieved when n > 3. This will be
carried out elsewhere. We remark that in case 3) though the solution
metric g is in Cy, it is smooth. One can show that any point x € M with
o2(g)(x) = 0 (and hence o1(g)(z) = 0) is Ricci-flat, i.e., Ric(x) = 0.
We believe that g € Cy.

A direct consequence of the main analytic results is

Corollary 1. Let (M™,go) be a closed Riemannian manifold of di-
mension n > 2 with positive Yamabe constant Y1([go]) > 0. If Y2,1([go])
> 0, then there is a metric g € [go] with g € T, i.e., with

Ry >0 and o2(g) > 0.

Note that Y31([go]) > 0 if and only if A(go,02) > 0. See Lemma 3
below. When n = 4, this result was proved by Chang-Gursky-Yang [10].
Namely, for a closed 4-dimensional manifold M?, if there is a metric go
with ¥7([go]) > 0 and

(11) /M4 o2(go)dvol(go) > 0,

then there is a metric g € [go] with Ry > 0 and o2(g) > 0. Another
direct proof was given in [32]. See also [22] for locally conformally
flat manifolds. Many interesting applications to geometry were given in
these papers, especially in [12]. This result of Chang-Gursky-Yang is in
fact one of our main motivations of this paper. From their result, it is
natural to ask if this is also true for 3 dimensional manifolds. Corollary
1 gives an affirmative answer. For convenience of the reader, we restate
Corollary 1 for n = 3.

Corollary 2. Let (M3, gg) be a closed manifold of dimension 3 with
positive Yamabe constant Y1([go]) > 0 and go € T'{ such that

/ o2(g0)dvol(go) > 0,
MS

then there is a metric g € [go] with g € Ty, i.e., with
Ry > 0 and o2(g) > 0.
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Together with the Hamilton’s result [35] obtained by the Ricci flow,
the Corollary gives

Corollary 3. Let (M3, gg) be a compact 3-dimensional manifold. If
Y1([go]) > 0 and Y21([g0]) > 0, then M is diffeomorphic to a quotient
of the sphere.

The difference between n = 4 and n = 3 is follows: In n = 4, due
to the conformal invariance of [}, 02(g)dvol(g), Condition (11) implies
that [, 4 02(g)dvol(g) > 0 for all g € [go]. This is not the case for n = 3.
In fact one can show that for any 3-dimensional manifold (M3, gg) there
is always a conformal metric g € [go] with [,,5 02(g)dvol(g) < 0 by using
a method given in [20].

We remark that the method given in [32] and [22] can be used to give
another proof of Corollary 1 at least for n > 4. In another direction,
one may ask if the non-emptyness of I" ; implies the positivity of Y3 ;.
This question is not easy to answer by only using the methods given in
[82] and [22]. In [19], we showed that the non-emptyness of I'j implies
the positivity of

geC; <f01 ilvol ))Z_g/@(g)dwl(g)-

It is clear that Y5 is less than or equals to the above constant. With
the analysis established here we can show that the non-emptyness of T'y
implies the positivity of Y5 1.

Theorem 3. Let (M,g) be a compact Riemannian manifold with
positive scalar curvature. The second Yamabe constant is positive if
and only if T3 is non-empty.

We remark again that the case n = 4 was given in [10]. As men-
tioned above, it is well-known that the positivity of the first Yamabe
constant Y7 is equivalent to the existence of a conformal metric of posi-
tive scalar curvature. Theorem 3 means that Y5 1 has a similar property.
Motivated by this result, we hope to use oo-scalar curvature to give a
further classification of the manifolds admitting metric with positive
scalar curvature. This is the second aim of this paper. For the further
discussion let us first recall the following definition.

(1;4) Closed connected manifolds with a Riemannian metric whose scalar
curvature is non-negative and not identically 0

(1p) Closed connected manifolds with a Riemannian metric with non-
negative scalar curvature, but not in class (14).

(1_) Closed connected manifolds not in classes (11) or (1p).

There is a remarkable result of Kazdan and Warner obtained in 1975.
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Theorem A (Trichotomy Theorem) ([41], [42]) Let M™ be a closed
connected manifold of dimension n > 3.

1. If M belongs to class (14), then every smooth function is the scalar
curvature function for some Riemannian metric on M.

2. If M belongs to class (1y), then a smooth function f is the scalar
curvature function of some Riemannian metric on M if and only
if f(x) < 0 for some point x € M, or else f = 0. If the scalar
curvature of some g vanishes identically, then g is Ricci flat.

3. If M belongs to class (1_), then a smooth function f is the scalar
curvature function of some Riemannian metric on M if and only
if f(z) <0 for some point x € M.

The analysis used in the proof of Theorem A is based on the analysis
for the eigenvalue problem for the conformal Laplacian operator

n—2
12 -A —Rv =2\
(12) U+4(n—1) gV v,
where A is the Laplacian with respect to ¢ and v is related to u by

n—2

v=-e" 2 “ And it is closely related to the famous Yamabe equation

n+2
Ryv = kvn=2,

n—2
(13) Av + =1
where k is a constant. The existence of solutions for (13) is the so-called
Yamabe problem, which was solved by Yamabe, Trudinger, Aubin and
Scheon completely.

From Theorem A or an earlier result of Aubin [2] we know that a
negative function can always be realized as a scalar function of a met-
ric. See also the results of [17] and [50] for the existence of negative
Ricci curvature. The class of (1p) is very small and consisting of very
special manifolds, thanks to a result of Futaki [15]. Theorem A also im-
plies that class (1) is just the class of manifolds which admit a metric
of positive scalar curvature. There are topological obstructions for the
manifolds of positive scalar curvature, see [48] and [38]. This class at-
tracts much attention of geometers for many years, especially after the
work of Gromov-Lawson[20] and Schoen-Yau [53]. The most impor-
tant problem in this field is the Gromov-Lawson-Rosenberg conjecture
which was proved by Stolz [55] in the simply connected case. For this
conjecture, see for instance [51] and [57].

Note that it is well-known that class (1) is equivalent to

(1’,) Closed connected manifolds with a Riemannian metric whose
scalar curvature is positive.

Now using og-scalar curvature we divide (1;) further into 3 sub-
classes:
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(24) Closed connected manifolds admitting a psc metric whose os-
scalar curvature is positive.

(29) Closed connected manifolds admitting a psc metric with non-
negative og-scalar curvature, but not in class (24).

(2_) Closed connected manifolds in (1;), but not in classes (24) or

(20)-

Remark 1. We believe that class (24) is equivalent to the class
of closed connected manifolds admitting a psc metric whose oy-scalar
curvature is non-negative and not identically 0. At the moment we could
not prove this equivalence.

Analog to the Trichotomy Theorem of Kazdan-Warner for the scalar
curvature and in view of the analysis established here, we propose the
following

Conjecture (Trichotomy Theorem) Let M™ (n > 2) be a closed
connected manifold in class (14).

1. If M belongs to class (24 ), then for every smooth function f there
is a psc metric g such that foq(g) is its og-scalar curvature.

2. If M belongs to class (2g), then for a smooth function f, M admits
a psc metric g with o3(g) = fo1(g) if and only if f(x) < 0 for some
point € M, or else f = 0.

3. If M belongs to class (2_), then for a smooth function f, M admits
a psc metric g with o2(g) = fo1(g) if and only if f(x) < 0 for some
point x € M.

Though we could not prove this conjecture at moment, we have the
following results support this conjecture.

Theorem 4. Any Riemannian manifold M™ (n > 4) in the class (1)
admits a metric with non-positive oo-scalar curvature and non-negative
scalar curvature.

The metric given in Theorem 4 satisfies [ o2(g)dvol(g) < 0 and has
vanishing Ricci curvature at points with o1(g)(x) = 0.

Theorem 5. Let M™ be a closed connected manifold of dimension
n> 3.

1. If M belongs to class (24+), then for every constant b there is a
metric g (with non-negative scalar curvature when b <0 and pos-
itive scalar curvature when b > 0) such that boy1(g) is its oo-scalar
curvature.

2. If M belongs to class (2¢), then for a constant b, M admits a met-
ric g (with non-negative scalar curvature when b < 0 and positive
scalar curvature when b > 0) such that o2(g) = boi(g) if and only
if b <0.
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3. If M belongs to class (2—), then for a constant b, M admits a met-
ric g(with non-negative scalar curvature when b < 0 and positive

scalar curvature when b > 0) such that o2(g) = boi(g) if and only
if b < 0.

The metrics found in Theorem 5 may have points with vanishing o-
scalar curvature. At such points its Ricci tensor also vanishes. When
b > 0, then the metric has positive scalar curvature. It is trivial that
the sphere belongs to (2+). By Corollary 3, in 3-dimension, only the
sphere and its quotients belong to (24) and there are no manifolds in
(20). In 4-dimension, many examples of manifolds with metrics in I'y
can be found in [10]. Those manifolds certainly belong to (24+). One
can prove that S* x S! belongs to (2p), namely there is no positive scalar
metric on S? x S! with positive go-scalar curvature, see Section 7 below.
Like class (1p), class (29) should be very small. However, when n > 4,
we have no example of manifolds in class (1) which do not belong to
(24+). This is somewhat strange. A possible candidate is the manifold
S® x H3, where H? is a compact quotient of the hyperbolic space H3.
It is easy to check that its product metric gp satisfies that o1(gp) > 0
and o2(gp) = 0. However, we believe that S® x H? has a metric g with
01(g) > 0 and o2(g) > 0. See Example 2 in Section 7. Therefore we
may ask

Problem. Is there a topological obstruction for the existence of psc
metric with positive oo-scalar curvature when n > 47

For the scalar curvature as mentioned above there are topological
obstructions. What we ask is to find further conditions to distinguish
manifolds between (24.), (29) and (2) for higher dimensional manifolds.
There is a similar and related problem proposed by Stolz in [56] for fur-
ther obstructions to the existence of metrics with positive Ricci tensor.
For some relationship between the positive Ricci tensor and positive
op-scalar curvature, see [25]. With our analysis, the problem to find
a topological obstruction for os-scalar curvature perhaps might be not
very difficult.

The paper is organized as follows. In Section 2, we show the Ob-
servation and discuss the relationship between A(go,02) and Y5 ;. We
introduce a class of perturbed equations (28) and a Yamabe type flow
(31) in Section 3 and establish local a priori estimates for these equa-
tions and flows in Section 4. In Section 5 we prove the global existence
of the Yamabe type flow and Theorem 1 and Theorem 2. One of an-
other crucial points of this paper, the Yamabe type flow preserves the
positivity of the scalar curvature, will also be proved in this section. In
Section 6, we show Theorem 3. We give the geometric applications in



54 Y. GE, C.-S. LIN & G. WANG

Section 7 by proving Theorems 4 and 5. In the last section, we mention
further applications in similar equations.
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gether with Pengfei Guan. The key observation was discovered by him
and the second named author in their study of fully nonlinear equations.
We would like to thank him for many helpful discussions and encour-
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and Pengfei Guan for warm hospitality.
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Corollary 2. The preprint appeared later in Arxiv [9].

We would like to thank the referees for their critical reading and
useful suggestions.

2. Some preliminary facts

Let S, be the space of n x n real symmetric matrices and F' a smooth
function in §,. By extending F' to the whole space of n x n real matrices
by F(A) = F(3(A+ A")), we view F as a function of n x n variables
w;; and define

Z?w,-j '

The quotient function g—f

Let W be a symmetric matrix and Ay = {A\, Aa, -, A\, } its eigen-

can be viewed as a function in S,, as follows.

values. Then we define Z2(W) = o2Aw) - A symmetric matrix is said
o1 o1(Aw)

to be in FZ’ if Aw € Flj. Let Ry be the subspace of S, consisting of
symmetric matrices of rank 1.

Lemma 1. Forl1 <k <n set F = Ufl. We have

Ok

1) the matriz (F7)(W) is semi-positive definite at W € T'}\_| and is
positive definite at W € F;_l\Rl.
2) The function F is concave in the cone FZ’_I. When k = 2, for all
W e T and for all R = (r;j) € S,,, we have
(14)
Z 0? <02(W)> - o e (W) — o1(R)w;;)?
Ow;;0wy \ o1(W) Tkl a3 (W) '

ijkl
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Proof. For A = (A1, A\, ,\p) and i € {1,2,--- ,n} let A; = {1,2,---,
i,-+- ,n} be the (n — 1)-tuple obtained from A without the ith-compo-
nent. A direct calculation gives

8F _ Uk—l(Ai)Uk—l(A) — O’k(A)O'k_Q(Ai)

(15) By or1 ()2 '

Since A € Flj_l, A; € Fg_z. For the proof see for instance [39]. From
two identities

Uk(A) = )\iak—l(Ai) + O'k(AZ) and O'k_l(A) = )\Z'O'k_g(Ai) + O'k—l(Ai),
(15) becomes

OF  op_q(A) — ok(Ai)ok—2(Ai)

(16) N or 1(A)?

Note that for convenience we set og(A) = 1. By the Newton-McLaughlin
inequality
(k} — 1)(71 — k)O’,%_l(Az) > k‘(n —k+ 1)Uk(Ai)Uk—2(Ai)y

we have

oF >0
oN —
and equality implies that A; = {0,0,---,0}, i.e., A = {0,---,0,\;,
0,---,0}. This proves 1).
2) was proved in [39]. q.e.d.

Though Lemma 1 is a rather simple fact, as mentioned in the intro-
duction it is one of crucial points of our paper. (We remark that this
Lemma might be observed also by other mathematicians. For example
n [14] there is a rather similar formula. We would like to thank To-
bias Lamm who told us this reference.) It means that o2 is a concave,
degenerate elliptic operator in Ff. With this observation in mind, we
consider a family of perturbed operators for a positive number v € RT

F,: Tf —- R
(17) oa(W) —v
W — F,(W) P iTa)
As a direct consequence of Lemma 1, we have the following:

Lemma 2. The matriz (F2)(W) is positive definite for all W € ry
and the function F, is strictly concave in Ff. Moreover, for all W € Ff
and for all R = (r;;) € Sp(R)

2
Z 0?F,(W) 2 Z
(18) Ow;j0wyy Tkl = O'%(W) ( T“)

7
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Lemma 2 means that for any positive number v > 0, the operator F,
is elliptic and strictly concave.

Now we discuss the relationship between the sign of the invariants
Y2.1([go]) and that of A(go, 02) defined in the introduction.

Lemma 3. The eigenvalue \(go,02) is a finite number. Moreover,
we have

(1) if n > 4, then X(go,02) > 0 (resp. = 0, < 0 ) if and only if
YéJ([QO]) >0 (resp. =0, < 0)7

(2) ifn =3, then X(go,02) > 0 (resp. <0 ) if and only if Y21([g0]) > 0
(resp. <0).

Proof. The following formula was given in the proof of the Sobolev
inequality in [18]: for any g = e~2%gg € [go] we have
(19)

2 / a2(g)dvol(g)

= "_4/ 1(9)|Vul2, e dvol(g +—/|Vu|4 e*dvol(g)

2

/ZTJS 90)ijdvol(g) /ZS 90) T uzujdvol(g)

2y

1
+2/01(go)|Vu|2 4udvol( ),

where T = o1(W)g¥ — W¥ is the first Newton transformation associ-
ated with W. From this formula, we have

(20)
2 / o2(g)dvol(g)

= n;4/al(g)]Vu\f] e*“dvol(g )—i——/\Vu!A‘ eMdvol(g)

+ [ agoradolls) - [ 1) dvolls)
(4—n)/ZS(go)ijuiujdvol(g)+/01(go)|Vu|2 eMdvol(g)

+ / 64“<Vu, Vai1(g0))godvol(g).
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We first consider the case n > 5. By (20), there exists some ¢ > 0 such
that
(21)

/ag(g)dvol(g) > n1—6 /]Vu\4 4“dvol( ) — c/e4udvol(g),

provided that g € I']. Here we have used the fact
ZS (90)7uzujdvol(g)

/\Vu]4 eMdvol(g )+2sup\5(go)]§0/e4udvol(g)
M

and

' [ < T

/al(go)|Vu|2 eMdvol(g )+c/e4“dvol(g).

As a consequence, we conclude
)\(90702) > —c.

Similarly, in case n = 3, we have for all g € C1([go])

/ a2(g)dvol(g)

- —i/ {(9)|Vul?, 2“dvolg——/|Vu|4 e dyol(g)
1

-1 [ v ortgndvol(o)

= / (02 (g0) — |S(g0) 2, )dvol(g)

1/E:S 90)uzujdvol(g)

< /]Vu\4 e*dvol(g )+c/e4udvol(g),

which yields A\(go, 02) < ¢. Thus, we finish the proof of the first part of
Lemma.
Now we begin to prove the second part. It is easy to see that for all

g € Ci([go])
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-/

Now we consider the case n > 5. Suppose A(go,02) > 0, i.e.,

/ o9(g)dvol(g) > )\(90,0'2)/ eMdvol(g)
M

M

(go>) U dvol(g) > Yi([go]) (Vol(g))

for any g = e=2“gy € I'f. From (21), (23) and Holder’s inequality, we

deduce
/ag(g)dvol(g) > </\Vu]4 e*dvol(g) + /e4udvol(g)>
(24) > c( /M ol(g)dvol(g)>2(Vol(g))_1
. n-4

i (lg0]) 72 ( [ <g>dvoz<g>> -

which implies Y5 1([go]) > 0. Conversely, using Holder’s inequality and
(23), we have

(25) |

/a2(g)dvol(g) > ¢ </M Jl(g)dvol(g)> =

> Vi((go]) R (Vol(g) '+ > / " dvol(g).

This gives the desired result. Clearly, we have A(gg,02) < 0 if and only
if Y5 1([g0]) < 0. Consequently, A(go,o2) = 0 if and only if Y5 1([go]) = 0.
In the cases n =4 and n = 3, the result is trivial.

q.e.d.

Remark 2. In the case n = 3, if A(go,02) = A <0, then Y5 1([go]) <
0. To see this, for any g € C1([go]), it follows from Holder’s inequality
and (23) that there holds

[ rgvol(e) [ oalg)ivelto)
/\/01 )dvol(g /€4udU0l(9)

/ ““dvol(go) /e“dvol(go) <cA<O.

(26)

IA

IA
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Remark 3. In the case n > 5, the invariant Y5 1([go]) is finite real
number. To see this, for any g € C1([go]) it follows from the Holder’s
inequality, (21) and (23) that
(27)

[ o2(g)dvol(g - [ e*dvol(g)

([ o1(g)dvol(g )Z _C(fal Ydvol(g )Z

—4

(Vol(g)) = -
(f o1(g)dvol(g)) "~

In the case n = 3, we do not know if Y5 1([go]) < +o0 or not, although
it is always true that Y 1([go]) > 0 if and only if A(gp, o2) > 0, and that
A(go, 02) is finite. However, we believe that it is true.

4 -
2

m»

> > —Cc > —00.

3. Yamabe type flows

Now we want to consider the existence of the following equation

oa(g) — vett

(28) Fi(g) = L

= constant,
with ¢ = e72%gy and v > 0 a positive number (we could consider v :
M — RT a positive function, but in this paper we will choose v as a
small positive constant). Following [27], [18] and [19] we will introduce
a suitable Yamabe type flow to study equation (28).

For any v € (0,400) and for g = e 2%gy, consider the following
perturbed functional

2

1 | (o) —vetiaalta),itn 24,
/ / o2(g) — 2ve™)udvol (g¢)dt, if n = 4,

where g; = e ?*gy. When v = 0, the functional was considered in [60],
[10] and [7]. Set

Filg) = /M o1(g)dvol(g) and  Fy(g) = /M 0 (g)dvol(g)

From the variational formula given in [60], [10] and [7], we have

(20) G60) = [(oulg) = vty " S gduollg)
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Now we introduce a Yamabe type flow, which non-increases &, and
preserves Fji.
du 1 _,d 9, 02(g) — vetv
- = —— - =e s
dt 29 at? o1(9)

where 7,(g) and s,(g) are space constants, given by
Falg) — [y, verdvoly
Fi(g)

(31) - Tu(g)e_% + 54(9),

(32) rv(g) =

and
4u

(33) /M o1(9) {6_2“‘72(9)7_”6

o1(g)

Lemma 4. Flow (31) preserves Fi and non-increases E,. Hence
when n > 4, then r, is non-increasing along the flow, and when n = 3,
then 1, is non-decreasing along the flow.

—7r(g)e " + S,,(g)} dvol(g) = 0.

Proof. By the definition of s,(g) and (30), flow (31) preserves F;. By
the definition of s, and r,, we can compute as follows

d _ duy —1 d
G0) = [ (eale) —vetr)g™! - Ladvallg)
(34) 4y 2
=-2 [ o <6_2ua2(g)7—1/e -7, 6_2“> dvol(g).
/ 1(9) 1 (0) (9) (9)
Therefore, the desired result yields. q.e.d.

4. Local estimates

In this section, we will establish a priori estimates for flow (31) and
equations (8), (9) and (10). Local estimates for this class of fully non-
linear conformal equations were first given in [26]. Since then there are
many extensions. See for instance [13] and the survey paper [63]. It is
important to note that the a priori estimates established below do not
depend on the perturbation v > 0.

Given v > 0, assume gp € C1([go]). By Lemma 2, (31) is parabolic. By
the standard implicit function theorem we have the short-time existence
result. Let T* € (0, 00] so that [0,77) is the maximum interval for the
existence of the flow g(t) € T}

Theorem 6. Assume thatn > 3, v > 0 and gy € Ff. Let u be a
solution of (31) in a geodesic ball Br x [0,T] for T < T* and R < 7y,
the injectivity radius of M.

(1) Assume that ¥t € [0,T]
ru(t) <0.



ON THE 02-SCALAR CURVATURE 61

Then there is a constant C' depending only on (Br,go) (indepen-
dent of v and T') such that for any (z,t) € Brjy x [0,T]

(35) |Vul? + |V?u| < C.
(2) Assume that ¥t € [0, T
ru(t) > 0.

Then there is a constant C' depending only on (Br,go) (indepen-
dent of v and T ) such that for any (z,t) € Brjs x [0,T]

te[0,T

(36) |Vul>+|V?ul <C (1 + sup 7,(t) x e_zinfw)EBRX[O’T]“(m’t)> :

In particular, if we assume n > 4, we have

(37) IVul? + [Vu| < C (1 + e 2@ nenpxior) “@vt)) :

Proof. In the proof, C' is a constant independent of 1" and v, which
may vary from line to line. Let W = (w;;) be an n x n matrix with

wij = iju + uju; — ‘V;‘Q (90)ij + (Sg)ij- Here u; and u;; are the first
and second derivatives of u with respect to the background metric gg.
O'Q(W) -V
Recall F,(W) = ——~——. Set
W) == )

FJ(W)) = ~(W

W) = (Gew)
(38) B <01(W)Tij — oo (W) + yaiﬂ'>

at(W)

where (T7) = (o1(W)§7 — w') is the first Newton transformation as-
sociated with W, and 8 is the Kronecker symbol. In view of Lemma
2 we know that (F,’) is positive definite and F, is concave in T'{". For
the simplicity of notation, we now drop the index v, if there is no con-
fusion. We try to show the local estimates for first and second order
derivatives together. Let S(T'M) denote the unit tangent bundle of
M with respect to the background metric gg. We define a function
G: S(TM) x[0,T] - R

(39) Gle,t) = (V2u + |Vulgo) (e, €)
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Without loss of generality, we assume R = 1. Let p € C§°(B1) be a
cut-off function defined as in [26] such that

p > 0, in By,
p = 17 in Bl 25
(40) :
\Vp(z)| < 2bop**(x), in By,
IV2p| < by, in By.

Here by > 1 is a constant. Since e=2%gy € I'f, to bound |Vu| and
|V2u| we only need to bound (VZu + |Vul?go)(e,e) from above for all
e € S(T'M) and for all t € [0,7]. For this purpose, denote G(e,t) =
p(x)G(e,t). Assume (e1,t) € S(Tp,M) x [0,T] such that

41 G(er,to) = G(e,t),
(41) (e1,t0) = mmax Gle?)
(42) to > 0,
(43) G(e1,to) > nmax o1(g0)-
1
Let (e1, -+ ,ep) be a orthonormal basis at point (xg, tp). It follows from

the fact W ¢ Ff

-2
nGlerto) = p(dut nlVuP) > o (nfFuf + “Z2TP ~ o an)).

-2 1
2 3n2 P’VUP - ;G(el7t0)7
so that
3n2—2 ) 21 )
G(er,to) > . %p]Vu\ > %pwu\ .
Consequently, we obtain
1
(44) Viu(zo, to) > 2—0|VU|2($0,750)-
Set forany it #£j=1,---,n
1
e =—(e; e;).
\/5( ])
We have
1
(45) G(e/, to) = §(G(€Z, to) + G(Cj, to)) + pV?ju(azo, t()).

Thus, there holds
1
(46)  pVijulxo, to)| < Gler,to) — 5(Glei,to) + Glej o).

On the other hand, we have Vi =1,--- ,n
(47) (n — 1)G(ex, to) + Glei, to) > p(Au+n|Vul*) >
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3n—2
p < \Vul? — 01(90)) :

2
which implies

3n—2

(48) G(ei,to) > p(

Together with (46), we deduce
(49)

3n
p|Viu(wo, to)| < nG(ex, to) —

’VUP - 01(g0)> — (n — 1)G(61,t0).

-2
2
(Indeed, at any point (x,t), the estimate p|V?ju| < (n+ 1)G(eq,tg)
holds). Now choose the normal coordinates around z such that at
point xg

p|Vul>+po1(g0) < (n+1)G(ex, o).

9 _
83:1_

and consider the function G on M x [0,T] defined by
G(o.t) = pla)(uns + [VuP)(z, ).

€1

Clearly, (xq, to) is a maximum point of G(z,t) on M x [0,T]. At (zo,to),
we have

(50) 0<Gi=p (Ullt + 22u1u1t> ,

l

(61) 0=G; = Pigy p | uiy + 22“1“1;’ ,  for any j,
P 1>1
(52) 0>

PPij — 2pip;
(Gij) = %G + p(urij + Z(Zuliulj + 2upuy))

1>1
Recall that (F%/) is definite positive. Hence, we have
0 > > FiG;-G,
ij>1
Z g PPid —22/7in G

ij>1 P

+pD i1 FY (ullij + D s1 Cuw + 2Ululij)>

v

(53)

—p | w11 +2 Z U
I>1



64 Y. GE, C.-S. LIN & G. WANG

First, from the definition of p, we have

- 0pii — 2030 1
(54) Z FUMG > _C Z |Fi|-G
ij>1 P ij>1
and
ij>1 i

(55) noo(W) nv

= —1- > C FY

(-1-%w) = 2, I

i,j>1

since W is positive definite . Using the facts that
(56) Ukij = Uijk + Z Rk jum,
m

Uijkk + E (2R ik jUmk — Ricmjum; — RicmiUm; — Ricm; jum + Rk kUm)

m
and
(58) (Z u?) Z uiuw + uiy) + O(|Vul?),
l 11 !
we have
(59)
Z Fuy1;;
5,j>1
> Z i wijin — (wi1)ivy — wi(ui1); + Z(’U«%l + u111u1) (9o )i
ij>1 t21
—2 Z Fijuil’Lle - C(l + |V2u| + |V’LL|2) Z |FZ]|
i1 b=t
and
(60)
Z Fijulu”j
i7j7l
> Y Flwwi =Y F9 (wuguy + wugugg)
1,7, 0,7,

+% ZFij(Vu, V(IVul*))(g0)i; — C(1 + [Vul?) Z |Fid|.

2 4,51
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Combining (59) and (60), we deduce

(61)
STF gy + 2 (wgugg + )
0521 (21
ij>1 =1
F2355 o1 B X wit + Xy g1 01 FY (90)i5
- FY [(un + Vul)ivg + i (uas + [Vul);

i7j
(Vi T+ [V )| = OO0+ 92+ [9u?) 3 |
21
>

D Fwin +2) wiiu) +udi Y (g0)is
i l b

g Ie.
+ Y FY (puj + pjus — (Vp, V) (90)is) 2
i7j
—C(1+ |V?ul + [Vul?) >ij1 |F).
Now, we want to estimate
Using Lemma 1, there holds

- S Foug = Y
l

i FPwijiug and 37, o FY w1 respectively.

i7j7l

and

63 ZFijw“n = Fu- Z 8271:10“11016 12> Fn

(63) — " 4 Ow;;OWg, e = '
] i,9,k,m

Therefore, these estimates give

(64) Z FY | wijng + 2 Z wiiw | = Fip + 2 Z Fruy.
i,j>1 I>1 1

Recall from (31) that

(65) F=u +r,(9)e —s,(g),

so that

(66) Fii = upyy + ro(g9)e 24 (=2uqy + 4u?),
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(67) F=uy+7m,(9)e 2% (—2w), VI=1,--- ,n.
Gathering (44), (49), (53), (54), (55), (61) (64), (66) and (67), we obtain

0 > —C (> |FY] %+p<ZF“')u%1

i

~Cp (4 [F9]) (1 + [ 9uf? + V2]

+> FY (piug + pjui — (Vp, Vu)(g0)is) >
i

+pory(g)e™ (—2uin — 431, uf)

(2 Can ()

i .

—C (ZF) % -C (ZF) (p+G),

7 %

v

since r,(g) < 0 for any t € [0,T]. As a consequence, there holds
(69) Cp* > —CG — CGVG + p*uly.

Recall (44) holds at point (xg,tp) so that

(70) G(xo,t0) = p(uir + |Vul*)(zo, to) < 21(pu11)(zo, o).
Together with (69), we deduce

2
(71) Cp? > —-CG - CGVG + 2%
which implies
G2
> — —_—.
(72) C > CG+2><212

This yields
(73) G<C.

Here C is a constant independent of T and v. Therefore, we have
finished the proof of the first part of the Theorem. The second part
yields from (68) and Lemma 4. q.e.d.

The same proof gives the local estimates for the elliptic equation.

Corollary 4. Assume n > 3, v > 0 and gy € Ff. Let Bgr be a
geodesic ball for R < 7y, the injectivity radius of M. Assume that
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e gy € Ff’ s a solution of the following equation in Bgr

o2(g) — velt _

(74) o1(g)

for some constant k.
(1) If k <0, then there is a constant C depending only on (Br,go)
(independent of v) such that for any x € B/,
(75) |Vul* 4 |V2u| < C.
(2) If kK > 0, then there is a constant C' depending only on (Bgr,go)
and k (independent of v) such that for any x € Bgy

(76) |V’LL|2 + |V2’LL| < O(1+e—2infxeBRu(gc))‘

Corollary 5. Under the same hypotheses as in Theorem 6 with r, <
0 there is a constant C depending only on gy (independent of v) such
that for any t € [0,T%)

(77) IVulleoan + VUl < C.

Corollary 6. Under the same hypotheses as in Theorem 6 with r, <
0, then there is a constant C' depending only on gy (independent of v)
such that for any t € [0,T*)

(78) lullo2(ary < C-
Proof. First, for any ¢ € [0,7*) we have
(79) Fi(g(t)) = Fi(g(0)).

Hence the following Sobolev inequality

/M o1 (g)dvol(g) > Yi([go])(Vol(g) "=, Vg € TF,

implies that the volume Vol(g(t)) along the flow is bounded from above,
i.e.,

(80) / e "dvol(go) < C,
M

for some constant C' > 0. On the other hand, applying Corollary 5, we
have

/ e*dvol(g) > C/ o1(g)dvol(g) = CF1(g(0)) > 0.
M M

This, together with (80), Holder’s inequality and Corollary 5, implies u
is uniformly bounded. In view of Corollary 5, we prove the result.
q.e.d.
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We remark that in this paper we only use (1) of Theorem 6. (2) of
Theorem 6 will be used in a forthcoming paper.

5. Proof of Theorems 1 and 2

Now for v > 0 we define

inf &9) — ifn#4;
(81) ay = 9€cillool) ( [y o1(g)dvol(g)) "=
/ oa(g)dvol(g) — v if n=4;
M
If n # 4 and a, is achieved by a metric g = e~ 2%y, the ¢ satisfies
oa(g) — vett
(52) P,

for some constant . Equivalently, we will consider the energy functional
&, on the normalized cone C1([go])

®3) Gl = {g e [ gt - 1} |

The first step is to solve the perturbed equation (82).

Proposition 1. Let v > 0. In the following three cases

1) whenn >5, a, <0,

2) when n =4, a, <0, which is equivalent to / o2(g)dvol(g) —v <
0. M

3) whenn =3, a, >0,

flow (31) globally converges to a solution of (82). As a direct application,
a, is achieved by a function u, satisfying (82) for k = —1. Moreover,
such a solution is unique.

Proof. The proof follows closely the proof given in [18]. When n > 5,
without loss of generality we choose gg € Ff such that &,(go) < 0 and

/ o1(go)dvol(gp) = 1. Using Lemma 4, we have r,(g(t)) < r,(g(0)) <

O,MW € [0,T*). If n = 3, or n = 4, by the hypotheses, we have r,(g(t)) <
—c < 0,Vt €[0,7"). Applying Corollary 6, the solution u of flow (31)
has a uniform C? bound, which is independent of t. We divide the proof
into 3 steps.

Step 1. The flow preserves the positivity of the scalar curvature. This
is another crucial point of this paper.
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Proposition 2. There is a constant Cy > 0, independent of T €
[0,T*) and v such that o1(g(t)) > Cov for any t € [0,T].

Proof. The proof follows closely the proof given in [27] and [18]. Recall

U2
W = () = (W s = g + (S ).
. O'Q(W) — VU
B = )

Hence, F, = u; + r,(g(t))e2* — 5,(g(t)). Without loss of generality,
we assume that the minimum of F, is achieved at (zg,t9) € M x (0,T].
Near (zg,tp), we have

(84)
= S AT(V2(w)ij =Y AT [(VE(E))ij — ro(9)(Vale )]
where

AT OF, _ (02(W) — 0o(W) 4+ v)09 — oy (W)W4
wij ot (W)

is positive definite. To simplify the notation, we drop the index v as
before. Since (xg, ) is the minimum of F' in M x [0, 7], at this point,
d
we have ’r <0, F; = 0 VIl and (Fj;) is non-negative definite. Note
that
(V2)ij F = Fij + uiFj + ujF; — Zwﬂ% = Iy,
1

at (xo,t0), where F; and Fj; are the first and second derivatives with

respect to the back-ground metric go. From the positivity of A and (84),
we have

(85)
0>F—-) AVE;
'7j
> —ry(g ZAU{ _2u)w + u;(e _2u) + uj(e _2u Zul lézj}
7-]
— —2u ] - o - -
=—r,(g)e ZA {—2w;j + 2uu; +25(go)ij + |Vul|?6;;}
i,

> —ry(g)e (%)

(
=y (9)e™>" 3, 5 A9 (2uiuj 4 25(g0)ij + [Vul*dij).
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O'Q(W) +v

Here we have used AYw;; = ==—__——_ On the other hand, we
sz: J o1 (W)
have
(86)
S~ ATS(go)

1,J

Going back to (85), we have

(87)
0 > F->Y AVF;
i,J
oy [200(W) = 2v | 2(a}(W) — 09(W))a1(go)
2 —7"11(9)6 2 |: O’l(W) 1 O_%(W)

2 i 2va1(go)
_ WZJS i+ ,
O'1(W) ZEJ: (90) J U%(W)

since (A¥) is positive definite and 7,(g) < —c is negative. Let us use

O(1) denote terms with a uniform bound. One can check o9(W) = O(1)

for ||ul|c2 is uniformly bounded and ZWijS(go)ij = O(1). Also the
iyj

term o2(W) — a9(W) is always non-negative. From (87), we conclude

that there is a positive constant Co > 0 (independent of 7" and v) such

that

o2 (W)(20,t0)| + v
o1(W)(xo, to)
Since (z,t) is the minimum of F,(W) in M x [0,T], for any (z,t) €

M x [0,T] we have

(88) < Cs.

w t) —
Bt ~v
o1 (W)(z,1)
Hence, there is a positive constant C' > 0, independent of T" and v, such
that

Ul(W)(x7t) > CVa
for oo(W) < 20}(W) provided oo(W) > 0. This finishes the proof of
the Proposition and this step. q.e.d.

Step 2. Now we can prove equation (82) admits a solution. From
Step 1, we know that the flow is uniformly parabolic. And, Krylov’s
theory implies that w(t) has a uniform C?® bound. Hence, T* = oc.
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One can also show that u(t) globally converges to u(oc), which clearly
is a solution of (82) for &k = r,(g(c0)). (Note that r,(g(t)) is mono-
tone and bounded so that r,(g(c0)) exists) (see [27]). So u, = u(o0) —

1
3 log |r,(g(c0))]| solves (82) for k = —1.
Step 3. The solution to equation (82) for k = —1 is unique.

Assume wu; and ug are two solutions. We consider the function v =
u1 — Uz, which solves the following second order elliptic equation

Z A9 (2)vy; + Z Blv; + m(x)v = 0,
irj '

(2

(89)

where

A% (z) = /0 Fil(tWy + (1 — t)W)dt,

Wie) = (s + s = 319 o)+ (SCan)y ) - for 1= 1.2
and

1
miz) = -2 [ eI Im@ g <,
0

This is a uniformly elliptic equation. Now applying the classical strong
maximum principle, we deduce that

v=0.

Hence we have the uniqueness. It is clear that the unique solution
achieves a,. Thus, we finish the proof. q.e.d.

In the following, we study a nonlinear eigenvalue problem for the
operator
\V4 2
(90) op} <V2u+du®du— | 2u| 90 —I—Sg0>

in I'f. The nonlinear eigenvalue problem for the operator (90) in I'y
was considered in the first version of [27]. In that paper, the nonlinear
eigenvalue problem can only be considered in I’ ; . With our analysis
established for o9/07, we can consider the nonlinear eigenvalue problem
for the operator (90) in a larger class '}

Proposition 3. Let (M™,gg) be a compact Riemannian manifold
with gy € Ff and n > 3. Assume that the first eigenvalue A(go, o2) > 0.
Then Ca([go]) is not empty. Namely there exists a metric in [go] with

o1(g) > 0 and o2(g) > 0.
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Moreover, there is a regular metric g = e~ 2%gy € Ca([go]) satisfying
(91) a2(g) = Ae™,
for A = X(go,02) > 0.

Proof. We define a function h
h:(0,400) - R

inf &(9) _itnsd
v h(v) =ay, = 9eullooD ([ o1(g)dvol(g)) =2
/ a2(g)dvol(g) — v if n = 4;
M

Thus, A is a non-increasing function if n > 4 and a non-decreasing
function if n = 3. First, we consider the case n > 4. Define a set A

(92) A:={v € (0,400)| h(v) < 0}.
By the assumption that \(gg,02) > 0, it is easy to check that
(93) (A(go,02), +00) C A and (0, A(go, 02)) N A = 0.

Hence for any v > A(go,02) we have h(v) < 0. By Proposition 1 we
have a smooth metric g,, = e 2* gy € C1([g0]), which solves equation

(82) for k = h(v) and satisfies / 01(gu,, )dvol(gy, ) = 1. From Corollary
M
6, the set of solutions
{uI/7 Vv € ()\(907 02)7 )\(907 0-2) + 1)}

is uniformly bounded in C? norm. From equation (82), 1(gy,) is uni-
formly bounded from below by a positive constant for v € (A(go, 02),
(W) _
a(W) —

1
501(W)’ provided that o1(WW) > 0. By the Krylov’s result, the set of

)
solutions {u,, Vv € (A(g0,02), A(g0,02) + 1)} is also uniformly bounded
in C*% for a > 0. Define

(94) ko= lim  h(v).

v—X(go0,02)T

Ago,02) + 1), since v > A(gog,02) > 0 and also we have

When v — A(gg,02), u, (by taking a subsequence) converges in C? to
up € I'f, which is a solution of (82) for v = A(go,02) and k = .
Clearly, kg < 0. We claim

(95) Ko = 0.

Otherwise, &)(gy,05)(10) < 0, which implies that there is some small
¢ > 0 such that Vv € (A(go, 02)—¢, A(go, 02)], we have &, (up) < 0. Hence
h(v) < 0 for all v € (A(gg, 02) —¢, +00), that is, (A(go,02) —¢, +00) C A.



ON THE 02-SCALAR CURVATURE 73

This contradicts to (93). Hence we have (95), which is equivalent to say
that
2(Gug) — Ago, 72)e™™® = 0.

This means that ug € T'J solves (91) for A\ = A(go,02). In particular,
Ug € P;_.

The proof for the case n = 3 is similar by consider a set A defined by

A= {v € (0,+00)| h(r) > 0}.

We leave the proof to the interested reader. q.e.d.

Remark 4. In the case n > 4, the function h(v) is Lipschitz contin-
uous. Indeed, for all v/ < v and for all g € C1([go]), we have

(96)
0 < &Ei(u)—E(u)= (-1 / e*dvol(g) < (v — 1/')(Vol(g))n;4L

< Mg Ew o) < / al(g)dvol(g)> -

This proves the claim.

Proof of Theorem 2. First we discuss the case Y31([go]) > 0. Using
Lemma 3, we have A(go,02) > 0. By Proposition 3, the cone I'y is not
empty. Hence, from the results in [19] for the cases n > 5, in [11] for
n = 4 and [33] for the case n = 3, there is a solution of (8).

Now suppose Y21([go]) = 0. As in the proof of Proposition 3, we
consider the function h(v) for all v > 0. With the same arguments, for
any small positive v > 0, equation (82) admits the unique solution wu,,,
since h(v) <0 Vv >0if n >4 and h(v) > 0 Vv > 0 if n = 3. This fact
is clear for n > 4. And in the case n = 3, we have

inf )/al(g)dvol(g) X /e4udvol(g) > 0.

9€C1([go]
Moreover, as v — 0, the family of solution {u,} is bounded in C?
norm. Thus, as v — 0, u, converges in C** for any a € (0,1)
to some CU! function u. Consequently, this CU1 conformal metric
gu = €~ 2%gy € [go] N T solves equation (9).

Let us consider the last case Y5 1([go]) < 0. As in the previous case,
there holds h(v) < h(0) = Y21([go]) < 0 Vv > 0if n > 4, and h(v) >
h(0) = —Y2,1([go]) > 0 Vv > 0 if n = 3 and the family of solution {u,}
is bounded in C? as v — 0. We claim this family is also bounded in
C?% for a > 0. For this purpose, we will write equation (82) in the new

form. Recall w;; = V?ju +uuj — %(gg)ij + (Sgo)ij. We define a new

second order tensor W = (i;;) with

Wi = wij + 1(90)ij
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where p is some small positive constant to be fixed later. It is clear that
(97) o1(W) = o1 (W) + np
and

(98) 209 (W) = 202(W) + 2(n — Vo1 (W) + n(n — 1)

Denote u, the unique solution of (82) with /al(g)dvol(g) = 1 for

k = h(v) and for all small v > 0. Using (97) and (98), u, satisfies the
following equation

o2 (W) = "5 — (0 = 1)pu(oy (W) —np) — v

(99) = h(v)e ",
o (W) —npu
that is, u, solves
W —u+ h —2uy, + n(n—1)p?
(100) 02( 7 ) + v ny (V)e _ 2 _ h(u)e_2“” —I—(TL— 1):“'
o1 (W) o1 (W)
Choose a small ¢ > 0 such that Vv € (0,1) and VYo € M, we have
(101) h(v)e 2@ 4 (n — 1) < 0.

Now equation (100) is uniformly elliptic and concave for all v € (0, vy).
From the classical Krylov’s result, the set of solutions {u,} is also
bounded in C%¢ for o > 0. Passing to the limit, u, converges in C%¢
for any o/ € (0,a) to some C%® function u € T, which is a solution of
(10). Finally, writing equation in the form (100) for ¥ = 0, the unique-
ness comes from the maximum principle as in the proof of Proposition
1. Therefore, we finish the proof. q.e.d.

Proof of Theorem 1. When A(go, 02) > 0, the result follows from Propo-
sition 3. When A(gg,02) = 0, the proof is the same as in the case
Y>,1([g0]) = 0 in the previous proof. q.e.d.

Proof of Corollary 1. It follows from Proposition 3 directly. q.e.d.

Proof of Corollary 3. From Theorem 2, the cone F; is not empty. Set
g € C2([go])- From a result due to Gursky-Viaclovsky [30] the Ricci
tensor of g is pointwise positive. Thanks to the result of Hamilton [35]
by using the Ricci flow, M is diffeomorphic to a compact 3-dimensional
Riemannian manifold with constant curvature. Moreover, M is diffeo-
morphic to S?/T", where T is a finite isometry subgroup of S? in the
standard metric. q.e.d.

Remark 5. In Corollary 2, the condition [} 02(go)dvol(go) > 0
can be easily weakened to [,,5 02(g0)dvol(go) > 0. In this case, we
have two cases: either (i) there is a conformal metric g € C'([go])
with [ ,5 o2(g)dvol(g) > 0, or (ii) there is no conformal metric g €
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C([go]) with [,5 02(g)dvol(g)0. Case (i) is just Corollary 1. In case
(ii), ¥2,1([go]) = 0 and gp achieves Y3 1([go]), hence o2(gp) = 0. This
also implies that Ricy, > 0 and M 3 is a quotient of a sphere, since
Y1([go0]) > 0.

6. The Yamabe invariants Y3 1([go])

In this section, we prove Theorem 3. To this aim, we need a technic
result.

Lemma 5. Let (M"™,gg) be a compact Riemannian manifold with
go € Ff and n > 3. At most one of the followings holds:

1) M admits a regular metric g € [go] N 'y ; )
2) equation (9) admits a CH' solution g € [go] N I‘f’;_
3) equation (10) admits a regular solution g € [go] N T .

Proof. Let g € [go] NT3. Without loss of generality, assume g = go.
From a result of Guan-Wang [28], there is no C'! solution of equation
(9) in I'f. On the other hand, for any g = e=2“gy € C1([go]), let o be
a minimum point of u. At this point, we get Vu = 0 and the Hessian
matrix V2u is non-negative definite. Thus, the Schouten tensor at point
T is in F; . As a consequence, equation (10) does not admit a regular
solution g € [go] N T .

Now suppose g1 = e go is a regular solution of equation (10) in
[g0) NT{. As above, [go)) N T3 = 0. As in the proof of Theorem 2, u;
solves

—2uq

1,2
0,2(W) —TLIU,C_2“1 + n(n 21)l/«

(102) — + = —e 2" 4 (n—1)p,

o1 (W) o1 (W)
where p > 0 is a small positive number such that f(z) := —e ™2 4
(n=1)p

BB <0 and Wi; = wij + 1(g0)ij. Let g2 = e72"2gg € [go] NI be a
C1! solution of equation (9). Thus, us is a subsolution to (102), that
is,

(103)

since ug solves

(104) L ;‘ = (n—1)u

and

(105) o1 (W) > npu.
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o2(W) + nuf(x)

t v = ug — d HW,z) = . Denot
Set v = ug — u1 an (W, x) o () enote
i — 8H(VV,$)
8’[02']'

On the other hand, for any ¢ € R, us + ¢ is also a Cb! solution of
equation (9). Without loss of generality, we could suppose v < 0 and
maxv = 0. From (102) and (103), v is a subsolution of some uniformly
elliptic second order operator, that is,

Lv:=)» AV}v+> B'Vu >0,
1,7 i
where

1
A = / HY(sWa + (1 — s)W1)ds.
0

From the strong maximum principle, v = 0. This contradiction yields
the desired result and we finish the proof of Lemma. g.e.d.

Proof of Theorem 3. It follows from Theorem 2 and Lemma 5. q.e.d.

By Theorem 2 and Lemma 5, we have

Proposition 4. Let (M™,go) be a compact Riemannian manifold
with gg € Ff’ and n > 3. The following holds
1) If there is a reqular conformal metric g € [go]NI'y , then Y2.1([go]) > 0;
2) If there is a CY1 conformal metric g € [go] N T satisfying equation
(9), then Y3,1([go]) = 0;
3) If there is a regular conformal metric g € [go) N '} solving equation
(10), then Y271([go]) < 0.

Remark 6. With the same arguments, we know : let (M", gy) be a
compact Riemannian manifold with gg € Ff and n > 3. At most one
of the followings holds:

1) M admits a regular metric g € [go] N ['5;
2) equation (10) admits a regular solution g € [go] N T .
To this aim, let go = e=2“2gg € [go] NT'5. Thus, us is also a subsolution

to (102) and the desired result yields. A direct consequence is that
Y2.1([g0]) > 0 provided [go] N T3 # 0.

Finally, we state the following result.

Corollary 7. Let (M,gg) be a compact Riemannian manifold with
positive scalar curvature and of dimension n > 4. The sign of A(go, 02),
equivalently the sign of Y21([g0]), is a conformal invariant.
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7. Geometric Applications

First we show that any manifold in class (1) admits a psc metric with
negative Yamabe constant Y51 < 0. Therefore by Theorem 2 we can
deform this metric in its conformal class to a metric with non-negative
scalar curvature and negative oo-scalar curvature. Then we show that
Y51 is continuous in a suitable sense.

Proof of Theorem 4. With the analysis established above, in order to
show the Theorem, We need only to show that for any manifold in (1)
there is a psc metric g with [ o2(g)dvol(g) < 0.

Here we use the well-known construction of Gromov-Lawson [20] for
positive scalar curvature metrics. See also [51]. Let SP be an embedded
sphere in M with trivial normal bundle of codimension ¢ =n —p > 3.
Let SP x D?(7) be an embedding into M for some small constant 7 > 0.
Let rg be a constant fixed later as small as we want.

By the construction of Gromov-Lawson, we have a manifold (Ny, h;)
with an end SP x S~ x [0, +00) such that Ny — (SP x S9= x [1, 00], hy) is
isometric to M —SP x D4(7) and (SP x S~ x [2, +00), h) is isometric to
SP x S97Y(ry) X [2, +00) with the product metric. Here SP is standard
sphere with radius 1 and S97!(r4,) is the standard sphere with a small
radius 7. The crucial point in the construction of Gromov-Lawson
is that the scalar curvature of hy is positive. Now we glue on Ny —
SP x S97Y(ry) X [70, +00) a product manifold SP x D4, where D7 is not
equipped with the flat metric, but a product metric of S7=1 x [0,b] in a
neighborhood of the boundary and of positive scalar curvature on D?Y.
The result manifold is of positive scalar curvature and is diffeomorphic
to M. It contains a product SP x S (1) x [2, 7] for a small r,, and
a large 7p.

Now we consider the case ¢ = 3. In this case, its Ricci curvature,
written as a diagonal matrix, is diag{n —4,--- ,n — 4,732, r32,0}. Its
Schouten tensor, also written as a diagonal matrix and up to a multiple
constant independent of rq, is

diag{n —4—a, - ,n—4—a,r2 —a,r> —a,—a}
with
1 2
= — 3\ (n —4) + —
«= gy (-3 0+ )
It can be written as
r2diag{—1,--- ,—1,n—2,n —2,—1} + C,

n—1

Where C'is a matrix whose entries are independent of r,,. To decide the
sign of og-scalar curvature for this product, we only need to compute
oa(—=1,---,—1,n —2,n —2,—1) = —4(n — 1)(n — 2). Hence choosing
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roo small, we have negative ogo-scalar curvature in this product part. By
choosing 7 large enough, we obtain a metric § on M with

/M o9(g) < 0.

Therefore for the conformal class [g] we have Y3 1([g]) < 0. By Theorem
2, we have a conformal metric h with o9(h) < 0 and with non-negative
scalar curvature. q.e.d.

When n = 4, we have another proof. In this case,

[ (o2t0) + 55 WP ) avoto)

is the Euler characteristic of M up to a constant multiple. Since
[1W*dvol(g) is invariant in a conformal class, so is [ o2(g)dvol(g).
In [1] the authors constructed a sequence of metrics g; satisfying that

Yi((lgi]) = Yi([go]) and / W dvol(g:) — oo,

as i — 0o. Since Ry, > 0, from this sequence we can find a psc metric
gi with [ o3(gi)dvol(g;) < 0.

Lemma 6. Let n > 4. If the space of psc metric is equipped with the
C*Y%-topology, then map g — Ya1([g)]) is continuous.

Proof. A similar Lemma for the first Yamabe constant Y; was given
in [4], see also [5]. For Y31, the proof becomes complicated. We use
solutions of equations considered here.

Let g; be a sequence of psc metric converging to g in C* topology.
The proof is trivial for the case n = 4, since [, o2(g)dvol(g) is constant
in a conformal class. Now we consider the cases n > 5. By taking a
subsegeunce we may assume that lim; Y2 1([g;]) = Y. It is easy to
see that

(106) Yo = lim ¥2,([g;]) < Y2(lg)-
To see this, for any € > 0 find g, = e"2“g € C1([g]) such that
1
/ag(gu)dvol(gu) <Y1([g]) + € and o1(gu)dvol(g,) = 1.

~—

For sufficiently large j, we have e 2%g; € Cy([g;]
are continuous for this fixed function u, we have

Y2.1(lg;]) < Yau(lg) + e,
for sufficiently large j, and hence (106).
Now we show that Yy > Y5 1([g]). Let Y2 1(S™) be the second Yamabe
constant for the standard sphere S™. Using a method given in [54], one
can show that

. Since [ o3 and [ oy

Y51(S™) > Ya,1([g)).
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for any psc metric g. Without loss of generality, we may assume Yy <
Y51(S™). Otherwise, we have lim; ,oY21(lg;]) = Yo = Y21(S") >
Y2.1([g]) and hence we are done.

Consider the following perturbed energy functional

[ (o2(9) — Ve4“)dvol(g})
([ e*uo(g)dvol(g)) "2

Js,u(g) =

for small ¥ > 0 and € > 0 in the cone C;. The analysis established
above implies that the above functional admits a minimizer in C;([g])
for any psc metric. It is easy to check that for given j € N, there are
small constants €; > 0 and v; > 0 such that a minimizer g; = e~ U gj €
C1([gs]) of the perturbed functional J;, ,, satisfies

. 1
Je;0;(95) < Yau([g5]) + i

(When Yy < 0, we can take ¢; = 0. When Y; > 0, we can take v; = 0.)
As a minimizer of J. ,,, §; = e 2% g; satisfies an equation similar to (8),
for which we have local estimates. Since g; converges to g in C4?, the
local estimates and Yy < Y51(S™) imply that g; converges to a metric
G =e%gcC([g]) in C°topology, and hence in C*P-topology for any
B € (0,1). We first show that

(107)
lim 02(6_2“jgj)dvol(e_2“jgj) = lim [ oy(e 2 g)dvol(e”*Y g)
J—00 j—00
and
(108)
lim [ €X'y (e 2" g;)dvol(e 2" gj)=lim [ oq(e”?" g)dvol(e™ 2" g).
J—0 Jj—o0

This is clear, for u; has a uniform C? bound and g; converges to g in
C**-topology and €; — 0. Then, we claim that there exists metrics
e 2% g € C1([g]) such that

(109)
lim /ag(e_Mjg)dvol(e_Mfg) = lim [ o9(e i g)dvol(e " g)
J—00 j—o00

and

(110)

lim [ oy(e” % g)dvol(e?%g) = lim [ oy(e 2% g)dvol(e~ % g).
j—o0 J—00
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Given j € N, we choose t; € (0,1) with lim¢; = 1 such that e~ 2ivig ¢
Ci1([g]). To see this, we compute
(111)
e—2tjuj 0'1(6_2tjujg)
oM — 2 2
= tjAgu]' — th‘VUj’g + O’l(g)
= tje_2“j01(e_2“jgj) +t (Aguj —Aguj+o1(g9) — o1 (gj))

n—2 n—2
+1; <T!V%’\§j - T\Vuj\f])

n—2
+(1—t5) (%’T\V%’!ﬁ + 01(9)> :

It is clear that
(112)

n—2 n—2
ti(Agu; — Aguj +o1(g9) — o1(gy)) + tj(TWUj@j - TWWE})

< Cllg = gille=(IVu;l3 +1).

Thus, we can choose t; close to 1 such that e=?%%g € Cy([g]). From
(20), (23) and the fact that u; has a uniform C? bound, we have (109)
and (110), which imply that Yy = lim;_,o ¥21([g;]) > Y2,1([g]). Hence
we finish the proof of the Lemma. q.e.d.

In fact, the Lemma is true for C*-topology.

Proof of Theorem 5. If M belongs to class (24), then there is a
psc metric of positive og-scalar curvature. By Theorem 3, Y5 1([g]) > 0.
From Theorem 4 we have another psc metric g with Y5 1([g]) < 0. Using
the previous Lemma we have the third psc metric § with Y3 ;([g]) = 0.
Now 1. follows from Theorem 2. The proof for 2. and 3. is the same.
q.e.d.

In order to prove the Conjecture (Trichotomy Theorem) as in [41]
and [42], we need an implicit function theorem for the linearization
operator of o9(g) in L*P. This seems to be rather difficult for us, at
least at the moment.

Example 1. Let us consider the manifold M = S3xS!. It is a locally
conformally flat manifold with o1 > 0 and o2 = 0 for the product metric.
From

1
2r?x (M) = / o2(g) + 1_6|W|2’
M

we have [ o1 02(9) = —3= [|[W]? < 0 for any metric g on S* x SL.
Hence, S? x S! belongs to class (2q).
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Example 2. For n > 4 let us consider the locally conformally flat
manifold SP x H"™P_ where p > n/2 and H" P is a compact quotient of
the hyperbolic space H" P with sectional curvature —1. Let gg be the
product metric. It is clear that o1(gg) > 0, for p > n/2. Its oa-scalar
curvature, up to a positive constant multiple, is

(-5) -7
nty/n

Hence, p > =5 if and only if 02(go) > 0. Now we consider such p

with o2(go) = 0, namely p = sz/ﬁ It is clear that we have to consider
n = (2m + 1)? for some m € N. For example m = 1, M = S® x H3. In
general M, = S(n+D)@m41) o frm(Zm+1)  \We conjecture that on such
a manifold there is a psc metric with positive oo-scalar curvature. A
rough idea to check this can be made as follows. By Theorem 2, if it is
not true, we know that any psc metric g on M, has Y5 1([g]) < 0, which
is equivalent to

inf o2(q)dvol(g) < 0.
geclqg})/M 2(§)dvol(§) <

Hence 0 is be a minimax value of [}, o2(g)dvol(g) and the product metric
go would be a critical point of [ o2 on the space of all metrics. If this is
true, then a result in [40] implies that g is a metric of constant sectional
curvature. This certainly is false. From this example, we propose a

Conjecture. When n > 4, class (2) is empty.

8. Further applications in fully nonlinear equations

With the method considered in this paper, we can also deal with the
following problems.

1. When (M, go) is a locally conformally flat manifold with gy € Cr_1
(k > 1), the method presented here can be used to study the equation

ok(9)
113 okl9) _ 4
o ox-1(9) !
Similarly we define a Yamabe type invariant in [22] as follows
S or(g)dvol(g)
n—2k
([ or—1(g)dvol(g)) "—2r+2

for k < n/2. We can show that if Y3, 1 >0 (Y -1 =0and Y11 <0
resp.), then there is a conformal metric g with o, > 0 (0 = 0and o, <0
resp.)

Yk k—1([g0]) = inf
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2. Let (M*, go) be a compact 4-dimensional manifold with positive
scalar curvature. One can consider the equation

g9 — S’W’z .

01

(114) fs
where W is the Weyl tensor and s is a non-negative number. In this
case for a fixed s

/ (02 — s[W[?)dvol ()

is a constant in a given conformal class. With the method presented
here, we can show that the number [(o2 — s|W|?)dvol(g) is positive,
null or negative resp. if and only if there is a conformal metric with

o9 — s|W|[* > 0,=0or <0 resp.

The positive and null cases were studied already in [12] as mentioned
above. This can be seen as a generalization of the following classi-
cal result: Let (M?2,gg) be a closed surface. Its Euler characteristic
X(M?) = 5& [,, Rgdvol(g) is positive, negative or null resp. if and only
if there is a conformal metric g with positive, negative or null scalar
curvature resp. It is clear that equation (114) can also be considered on
a higher dimensional manifold.

3. Our methods can also be applied to study the following fully
nonlinear equations

o (V) _

op-1(V2u)

and
ox(V2u + ug)
ok—1(V?u + ug)

=/
in the class of (k — 1)-admissible functions.

4. Another interesting problem is a generalization of the prescribed
scalar curvature problem. Let M™ = S™ and f : S” — R! be a smooth
function. We would like to ask if there is a conformal metric g € Cy
such that

o2(9) = foi(g)-

A Kazdan-Warner type necessary condition could be obtained as Han
[36] did for the prescribed og-scalar curvature problem. Here, and also
in the previous problem, the function f need not be positive.
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