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REDUCED GENUS-ONE GROMOV-WITTEN
INVARIANTS

ALEKSEY ZINGER

Abstract

In a previous paper, we described a natural closed subset,
ﬁ?_k(X, A; J), of the moduli space My (X, A; J) of stable genus-
one J-holomorphic maps into a symplectic manifold X. In this
paper we generalize the definition of the main component to mod-
uli spaces of perturbed, in a restricted way, J-holomorphic maps
and conclude that ﬁ?yk(){, A; J), just like My (X, A; J), carries
a virtual fundamental class, which can be used to define symplec-
tic invariants. These truly genus-one invariants constitute part
of the standard genus-one Gromov-Witten invariants, which arise
from the entire moduli space 9; (X, A;J). The new invariants
are more geometric and can be used to compute the genus-one
GW-invariants of complete intersections, as shown in a separate

paper.

1. Introduction

1.1. Background and Motivation. Let (X,w,.J) be a compact al-
most Kéhler manifold. In other words, (X,w) is a symplectic manifold
and J is an almost complex structure on X tamed by w, i.e.

w(v, Jv) >0 VoeTX — X.

If g, k are nonnegative integers and A€ Hy(X;Z), let M, (X, A; J) de-
note the moduli space of (equivalence classes of) stable J-holomorphic
maps from genus-g Riemann surfaces with £ marked points in the ho-
mology class A. Let

My 1(X, A J) C My (X, A;J)

be the subspace consisting of the stable maps [C,u] such that the do-
main C is a smooth Riemann surface. The compact moduli space
M, (X, A; J) was constructed in order to “compactify” Dﬁg’k(X JA )
and to define invariants of (X,w) enumerating J-holomorphic curves of
genus g in X. If g=0, (X,w; A) is positive in a certain sense, and J is
generic, then 93?27,6(X, A; J) is a dense open subset of M, (X, 4; J) and
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408 A. ZINGER

the corresponding Gromov-Witten invariants do indeed count genus-
zero J-holomorphic curves in X; see [McSa, Chapter 7] and [RT, Sec-
tions 1,9], for example. However, if g > 1, it is usually the case that
Dﬁg’k (X, A; J) is not dense in M, (X, 4; J) and the genus-g GW-counts
include J-holomorphic curves of lower genera.

If g=1 and (X,w;A) is positive, the above deficiencies are due ex-
clusively to the presence of large subspaces of stable maps [C,u] in
ﬁLk(X ,A; J) such that u is constant on the principal components of
C, i.e. the irreducible components that carry the genus of C. More
precisely, if m is a positive integer, let Dﬁfk(X,A; J) be the subset
of 9 k(X, A; J) consisting of the stable maps [C,u] such that C is a
smooth genus-one curve Cp with m rational components attached di-
rectly to Cp, ulc, is constant, and the restriction of u to each rational
component is non-constant. Figure 1 shows the domain of an element
of E)ﬁ:l)’ w (X, A; J), from the points of view of symplectic topology and of
algebfaic geometry. In the first diagram, each shaded disc represents
a sphere; the homology class next to each rational component C; indi-
cates the degree of ulc,. In the second diagram, the components of C
are represented by curves, and the pair of indices next to each com-
ponent C; shows the genus of C; and the degree of u|c,. We denote by
ﬁfk(X, A; J) the closure of 97 (X, A; J) in 9y x(X, A; J). The image
u(C) of an element of ﬁTk(X ,A; J) is a genus-zero, instead of genus-
one, J-holomorphic curve in X. We note that if J is sufficiently regular,
then

dim MY (X, A;J) = 2((c1(TX), A) + k) = dim; (X, 4)  and
dim M (X, 4; ) = dimy x(X, A) +2(n—m),

where 2n is the real dimension of X. It follows that the complement of
Dﬁ% p(X,A;J) in ﬁl,k (X, A; J) contains subspaces of dimension at least
as large as the dimension of E)ﬁ(l]k(X, A;J), as long as n > 1, ie. X is
not a finite collection of points. 7

Definition 1.1 in [Z4] describes a subset ﬁgk(X, A; J) of My (X, 45 J),
for an arbitrary compact almost Kéahler manifold (X,w,J); this sub-
set is obtained from My (X, 4;J) by discarding most elements of the

spaces ﬁﬁk(){, A; J) with m <n. In particular, ﬁ(1]7k(X, A; J) contains
Dﬁ%k(X,A; J). By [Z4, Theorem 1.2], ﬁ?k(X, A; J) is a closed subset
of My 1(X, A;J) and thus is compact. If (X,w;A) is positive in the
same sense as in the genus-zero case and J is generic, Sﬁ(l],k(X JA )
is a dense open subset of ﬁ?,k(X,A; J). In addition, ﬁ?’k(X, A; J)
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Figure 1. The domain of an element of Sﬁ‘;”k(X, A J).

carries a rational fundamental class, which can be used to define a sym-
plectic invariant of (X,w) counting genus-one J-holomorphic curves in
X, without any genus-zero contribution in contrast to the standard
Gromov-Witten invariants; see [Z4, Subsection 1.3]. Unlike the genus-

Z€ero case, ﬁgk (X, A; J) has the topological structure of a singular, in-
stead of smooth, orbivariety.

A J-holomorphic map into X is a smooth map « from a Riemann sur-
face (X, 7) that satisfies the Cauchy-Riemann equation corresponding
to (J,j):

5J7juzé(du+JOdqu) =0.

The Riemann surface (X, j) may have simple nodes. In this paper we
generalize the results of [Z4] to LY-maps u, from genus-one Riemann
surfaces, that satisfy a family of perturbed Cauchy-Riemann equations:

Os5u+v(u) = 0.
The perturbation term v(u) is a section of the vector bundle
A%T*Z@u*TX = {neHomg (TS, w*TX): Jon=—noj} — .

We will study the moduli space M x(X, A;.J,v) of (J,v)-holomorphic
maps, i.e. of solutions to the perturbed Cauchy-Riemann equations, for
a continuous family v = v(u) chosen from a proper linear subspace of
the space of all such families; see Definition 1.2. A key condition on v
will be that if the degree of u restricted to the principal components of
¥ is zero, then the restriction of v(u) to the principal components and
all nearby degree-zero bubble components is also zero. Such a family
v=v(u) will be called effectively supported.

We will show that if v is sufficiently small and effectively supported,
then the moduli space 9M; (X, A4;J,v) contains a natural closed sub-
space ﬁ?k(X, A; J,v) containing Sm?’k(X, A; J,v), i.e. the subspace of
maps with smooth domains; see Definition 1.3 and Theorem 1.4. For a
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generic choice of v, the “boundary” of ﬁgk(){ ,A; J,v) is of real codi-
mension two and thus ﬁ?,k (X, A; J,v) determines a rational homology

class. This virtual fundamental class (VFC) for ﬁ?ﬂX, A; J) does not
change under small changes in v and is an invariant of (X,w). It can
be used to define new GW-style invariants, which we denote by GW% e
These invariants differ from the standard GW-invariants by a combina-
tion of the genus-zero GW-invariants of X; see Subsection 1.2 below for
some special cases.

We note that effectively supported families ¥ = v(u) are in no sense
generic in the space of all families. If fact, for a generic v, Sﬁ(l] w( X, Az,

v) is dense in ﬁm(X, A; J,v), and the latter space determines the stan-
dard GW-invariants of (X,w). In particular, the statements of the pre-
vious paragraph do not hold for a generic family v of perturbations.

An algebraic approach to reduced genus-one GW-invariants is suggested
by Vakil and the author at the end of [VaZ2]. It still remains to verify
that the resulting algebraic invariants agree with the symplectic ones
defined in this paper (whenever the target space is a smooth algebraic
variety), but this should be deducible from the desingularizations for
certain natural sheaves constructed by Vakil and the author in [VaZ1,
Section 5].

Since the symplectic invariants arising from the smaller moduli space
ﬁ?k(X ,A; J,v), with v effectively supported, are closely related to the
standard GW-invariants, they do not in principle carry any new infor-
mation. In practice, they behave better geometrically. In particular, Li
and the author show in [LZ] that there is a simple relation between re-
duced genus-one GW-invariants of a projective complete intersection and
twisted reduced genus-one GW-invariants of the ambient space. This re-
lation mimics the corresponding well-known relation in genus zero (see
[LZ, (1.2)], for example), but no relation in positive genera had been
even conjectured until [LZ]. Combining [LZ, Theorem 1.1] for the re-
duced genus-one invariants constructed in this paper with the desingu-
larization of [VaZ1] and Theorem 1.1 below, the author confirms the
1993 mirror symmetry of Bershadsky-Cecotti-Ooguri-Vafa [BCOV] for
the genus-one GW-invariants of a quintic threefold in [Z5]; this is the
genus-one analogue of the 1991 genus-zero mirror symmetry prediction
of Candelas-de la Ossa-Green-Parkes [CDGP)], which was proved in
several different ways in the mid to late 90s.

In Subsection 1.3, we recall some aspects of the VFC constructions of
Fukaya-Ono [FuOn] and Li-Tian [LT] which are well suited for defin-

ing a VFC for ﬁ?,k(X,A; J). We state the main results of this paper
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in Subsection 1.4. In Subsections 2.1 and 2.2, we generalize the setup
of [Z4] for J-holomorphic maps to (J,v)-holomorphic maps. In Sub-
section 2.3, we state three propositions that together are equivalent to
Theorem 1.4. They are proved in Subsections 2.4 and 2.5 by extending
some of the analytic arguments of [Z4, Sections 3,4] to the present situ-
ation. The difference between the standard and reduced GW-invariants
is analyzed in Section 3; see also the next subsection.

1.2. Standard vs. Reduced Gromov-Witten Invariants. From
the construction of VFC for ﬁ?ﬂX , A; J) in Subsection 1.4, it is imme-
diate that the difference between the standard and reduced genus-one
GW-invariants of X must be a combination of the genus-zero GW-
invariants of X. The exact form of this combination can be determined
in each specific case from Proposition 3.1. In this subsection, we give an
explicit expression for the difference between the standard and reduced
genus-one GW-invariants in the two simplest cases.

For each [=1,... Kk, let
eVl:ﬁg,k(XuA;J) —>X7 [27y17"'7yk;u] —>U(yl)7

the evaluation map at the I-th marked point. We will call a cohomology
class ¢ on My (X, 4; J) geometric if ¢ is a product of the classes evj
for yy€ H*(X;Z). We denote by Z™ the set of nonnegative integers.

Theorem 1.1. Suppose (X,w) is a compact symplectic manifold,
Ae Hy(X;Z)*, keZ™. If J is an w-compatible al@st complex structure
on X and 1 is a geometric cohomology class on My (X, A; J), then

GWTL (A3 9) — GWI (4;9)

o, if dimg X =4;
Wgwg{km;w), if dimg X =6.

Theorem 1.1 is proved in Section 3 by studying the obstruction theory
along each stratum of the moduli space ﬁl,k(X ,A; J,v), after capping
it with 1. This proof generalizes to higher-dimensional manifolds X and
more general cohomology classes; an explicit formula is obtained in [Z6].
In fact, for geometric cohomology classes and higher-dimensional mani-
folds X, the difference is given by an expression similar to the correction
term in [Z3, Theorem 1.1]; this can be seen a priori from Proposition 3.1
and [Z3, Subsection 3.2]. A special case of Theorem 1.1 is [Ge, Theo-
rem A]; its proof has not yet appeared.

Theorem 1.1 has a natural, but rather speculative, generalization to
higher-genus invariants. Suppose that the main component

M, (X, A5 T) C My (X, A; )
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is well-defined, as is the main component
My (X, A3 J,v) € M (X, 43 J,v)

for a sufficiently large subspace of perturbations v of the dj-operator
so that M, (X, A; J,v) has a regular structure for a generic v in this
subspace; see Subsection 1.4 for the g =1 case. If so, ﬁ;k(X, A; J)
carries a virtual fundamental class and determines reduced genus-g GW-
invariants GWS%(A; ¥). Theorem 1.1 and its proof should then gener-
alize to higher-genus invariants. If dimg X =6, the expected relation-
ship is
g—1
05X Aoy — ! 0;X 4.
GWik(Ai9) = GW 5 (Aw) = D CF ((en(TX), 4) GW i (4 9),

/

g'=0

where ng’k = GWyy. The coefficients C’gl(<cl(TX),A>) are given
by Hodge integrals, i.e. integrals of natural cohomology classes on the
moduli spaces ﬂ*,* of curves. They are of the form expected from the
usual obstruction bundle approach. For example,
d(a—5)

24

CH(5-a)d) = -

. 2
c3(-ad) = 5 (5 )

+ (c(E*@TX)c(Lo1 @TPY) ™1, [Ma1] x [P]),

where Ly — Mgi is the universal tangent line bundle, E — ﬂg,l
is the rank-two Hodge bundle, and P! is viewed as a smooth degree-d
curve in Y. The coefficients Cg/ ((c1(T'X), A)) can be expressed in terms
of the numbers Cy(g—g¢', X, A) of [Pa] and vice versa.

1.3. Configuration Spaces. In this subsection we recall certain con-
figuration spaces that are standard in the theory of Gromov-Witten
invariants. We then define what we mean by effectively supported per-
turbations of the 0j-operator that are central to this paper.

Fix p>2. Suppose X is a compact manifold, A€ Hs(X;Z), and g,k €
Z+. We denote by Xg.x(X, A) the space of equivalence classes of stable
Li-maps u: ¥ — X from genus-g Riemann surfaces with k& marked
points, which may have simple nodes, to X of degree A, i.e.

w[S] = A € Hy(X;Z).

Let %g’k(X, A) be the subset of X, (X, A) consisting of the stable maps
with smooth domains. The spaces X, (X, A) are topologized using Lf-
convergence on compact subsets of smooth points of the domain and
certain convergence requirements near the nodes; see [LT, Section 3.
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The spaces X, (X, A) can be stratified by infinite-dimensional orbifolds
X7(X) of stable maps from domains of the same geometric type and
with the same degree distribution between the components of the do-
main; each stratum is a quotient of a smooth Banach manifold X7 (X)
by a finite-dimensional Lie group G7. The closure of the main stratum,
X0 1(X, A), is Xy k(X A).

If J is an almost complex structure on X, let
T0L(X, A J)— Xg (X, A)

be the bundle of (T'X, J)-valued (0,1) LP-forms. In other words, the
fiber of ngllc(X’ A;J) over a point [b] = [X,j;u] in X, (X, A) is the
space
Top(X A3 )|y =T (5. 7) [Aut(b),  where
TO1 (b J) = LP (55 A T*S@u*TX).

Here j is the complex structure on ., the domain of the smooth map w.
The bundle AOJ’;T*Z‘,@u*TX over ¥ consists of (J, j)-antilinear homo-
morphisms:

AJ T S@u'TX = {neHom(TS,u"TX): Jon=—1noj}.

The total space of the bundle Fg”i(X, A; J)—X41(X, A) is topologized
using LP-convergence on compact subsets of smooth points of the do-
main and certain convergence requirements near the nodes. The restric-
tion of FS’}Q(X, A; J) to each stratum X7(X) is a quotient of a smooth

Banach vector bundle 1;%1 (X;J) over X7(X) by G7. The smooth sec-
tions of the bundles f%l (X;J) — X7(X) given by

(?]([E,j;u]) = 8J,ju = %(du + Joduoj)

induce sections of Fg’i(X , A; J) over X7(X), which define a continuous
section Oy of the bundle

TOL(X, A J) — Xy (X, A).

The zero set of this section is the moduli space ﬁg,k(X , A; J) of equiva-
lence classes of stable J-holomorphic degree-A maps from genus-g curves
with & marked points into X. The section 97 over X7(X) is Fredholm,
i.e. its linearization has finite-dimensional kernel and cokernel at every
point of the zero set. The index of the linearization of J; at an element
of Dﬁg’k(X, A; J) is the expected dimension dimg ; (X, A) of the moduli

space M, (X, A; J).
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We denote by
GULX, A; ) = T(X (X, A), T0L(X, 4;.))

the space of continuous multisections (locally liftable multisections in
the sense of [FuOn, Definition 3.5]) v such that there exists a collection
{Uy, Eo) }aca, where
o {Un}aena is an open cover of ﬁg,k(X,A; J) in Xy (X, A) and E,
is a finite-rank orbifold subbundle of Fg:,lg(X A ) |us

. 5;1(Ea) is a topological orbifold and 5;1(Ea)ﬂ%T(X) is a smooth
orbifold for every stratum Xr(X);
e for every be@;l(Ea)ﬁ(‘);l(Eg), there exists 7€ .A such that

T €Uy CUsNUg,  Ea,Epl, CE,,

and the restrictions of E, and Ej to ;' (E,)NX7(X) is a smooth
orbifold subbundle of the restriction of E.;

e the restriction of F, to 5;1(Ea) N Xp(X) is smooth;

e the restriction of v to 5;1(Ea) NX7(X) is a smooth multi-section
of E,.

Collections {(Uy, En)}aca satisfying the first four conditions are con-
structed in [LT] and [FuOn].

If v is a sufficiently small element of Fg’i(X , A; J), the space

M, 1 (X, A; J,v) = {D7+v} 1 (0) C Xyu(X, A)

is compact, since 9, x(X, A;J) is. For a small generic choice of v,
ﬁg,k (X, A; J,v) admits a stratification by orbifolds of even dimensions;
see the first remark below. The main stratum,

m(g],k(XwAa J7 V) = mg,k(XwA; J7 V) N %(g],k(X7 A)a

is a smooth orbifold of dimension dimg;(X,A). Since X, (X, A) is
locally a Banach space, there exist arbitrary small neighborhoods U of

My n(X, A; Jv) — MY (X, A5 J,v)
in X4 5(X, A) such that
H(U;Q) ={0}  VI>dimg(X,A)—1.

Since ﬁgk(X ,A; J,v)—U is compact, via the pseudocycle construction
of [McSa, Chapter 7] and [RT, Section 1], Dﬁg’k(X, A; J,v) determines
a homology class

[ﬁg,k(Xa A; J> V)] € Hdimg’k(X,A) (I/Va U; Q)

~ Hdim, . (x,4)(W;Q),
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for any small neighborhood W of 9, (X, 4; J,v) in X, (X, A). The
isomorphism between the two homology groups is induced by inclu-
sion. Since v can be chosen to be arbitrarily small, this procedure
defines a rational homology class in an arbitrary small neighborhood of
M, (X, A;J) in X, (X, A). The Gromov-Witten invariants of (X,w)
are obtained by cutting down 9, (X, A;J,v) by natural cycles on
X4.1(X, A) to a compact zero-dimensional orbifold contained in the main

stratum %g’k(X, A) of X, 1(X, A) and taking its cardinality.

Remark 1. The strata of 9 (X, A; J,v) locally are unions of finitely
many smooth suborbifolds of a smooth orbifold. The branches of the
strata correspond to the branches of v. We will call such objects orb-
ifolds, nevertheless, as these generalized orbifolds are just as suitable for
the topological purposes of [FuOn], [LT], and this paper; see in [FuOn,
Sections 3,4] for details.

Remark 2. The above construction defines a homology class

Qw € Hyim, ,(x,2)(W;Q)

for every neighborhood W of M, (X, A; J) in X, x(X, A). Furthermore,
if vy W — W' is the inclusion map of a neighborhood W into a
larger neighborhood W', then

twrws Qw = Q.

Thus, the above construction defines VFC for ﬁg,k( ,A;J) as an ele-
ment of the inverse limit of the homology groups H.(W;Q) under in-
clusion, taken over all neighborhoods of M, (X, A; J) in X, (X, A). If
(X, J) is algebraic, M, (X, 4;J) is a deformation retract of a neigh-
borhood W, and one can then define VFC for MM, (X, A;J) as a ho-
mology class in such a neighborhood W. However, these formalities
are not needed for defining GW-invariants as intersection numbers of
M, (X, A; J,v) with certain natural classes on X, (X, A).

For a small generic perturbation v of 0y, the closure of 9ﬁ27k(X, A; J,v)

is the entire moduli space ﬁg,k(X ,A; J,v). In particular, the results
of [Z4], that are summarized in Subsection 1.1, cannot possibly gen-
eralize to 9ﬁ27k(X, A; J,v), even with g =1, for a generic v. Instead,
for g=1, we consider non-generic perturbations v of 9, which we now
describe.

An element [X; u] of X1 (X, A) is an equivalence class of pairs consisting
of a prestable genus-one Riemann surface ¥ and a Lf-map u: ¥ — X.
The prestable surface ¥ is a union of the principal component(s) ¥p,
which is either a smooth torus or a circle of spheres, and trees of rational
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bubble components, which together will be denoted by ¥Xg. Let
(X, 4) = {[Siu] € X14(X, A): w[Sp] # 0 € Ho(X3Z)}.

Suppose
(1.1) [Su] € 214X, 4) - %1 (X, ),

i.e. the degree of uly, is zero. Let x°(Z;u) be the set of components
>; of ¥ such that for every bubble component ¥;, that lies between X;
and Y p, including ¥; itself, the degree of u|y, is zero. The set x°(X;u)
includes the principal component(s) of 3. We give an example of the
set x°(X;u) in Figure 2. In this figure, as in Figure 1, we show the
domain ¥ of the stable map (3;u) and shade the components of the
domain on which the degree of the map u is not zero. Let
2= Uz
iex’ (Su)

Definition 1.2. Suppose (X,w) is a compact symplectic manifold,
J=(Jt)iejo,1) is a continuous family of w-tamed almost structures on X,
A€ Hy(X;Z), and k € ZT. A continuous family of multisections v =
(Ve)efo,1], With vy € Qi(l]:i(X, A; Jy) for all t€]0,1], is effectively supported
if for every element

b=[%,u] € X1 p(X, 4)- X} (X, 4)

there exists a neighborhood W, of X0 in a semi-universal family of
deformations for b such that

v (X5 ') 0 V [X5] € X1 k(X A), te(0,1].

XINW, =

We use the C''-topology on the space of all almost complex structures on
X, in this definition and throughout the rest of the paper. The bundles
F?Z,IC(X, A; Jp) are contained in the bundle F%’k(X, A) over Xy (X, A)
with the fibers

I (X, A)|[b] =T"(b)/Aut(b), where I''(b) = LP(5; T*S@ru*TX),

and with the topology constructed as for Fg’,lf(X, A; J). Finally, let

b=1[3;u] be an element of X; (X, A). A semi-universal universal family
of deformations for b is a fibration

op: Z:{b — Ay
such that A,/Aut(b) is a neighborhood of b in X; (X, A) and the fiber

of oy, over a point [X';u/] is ¥

If v is effectively supported and [¥;u] is as in (1.1), then the restriction
of 14 to a neighborhood W of XU in ¥ is zero for all . Furthermore,
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if {[Xk;ur]} is a sequence converging to [¥;u] in X; (X, A), then for
all k sufficiently large and a choice of representatives (Xx;ux) there is
an open subset Wy, of ¥y such that v4(Xg; uk)|w, =0 and the open sets
W, converge to W; see the beginning of Section 3 in [LT] for a detailed
setting.

For example, if [¥;u] is as indicated in Figure 2 and v is effectively
supported, then 14(3;u) vanishes on a neighborhood of XpUZXy, in 3.
On the other hand, even if ¥, had not been shaded, i.e. the degree of
uls,,, were zero, there still would have been no condition on v4(3;u)ls,,
because the degree of u|gh1 is not zero.

If J = (Ji)ejo, is a continuous family of w-tamed almost structures
on X, we denote the space of effectively supported families v as in

Definition 1.2 by &% (X, A;J). Similarly, if J is an almost complex
structure on X, we denote by &%, (X, A;J) the subspace of elements v

of (’5(1)’,16(X , A; J) such that the family v, =v is effectively supported.

Remark. Since v is a multisection of Fg’llc(X , A; J), which is a union of
orbi-vector spaces

Lo (X, A3 1)y = T (b5.7) /At (b),

v is a family of equivalence classes of elements of Fg’i(X ,A;J) and can

be locally represented by a family of elements of I'%!(-;.J). In order to
simplify notation, we will use the same symbol for both, as the exact
meaning will be determined by the context.

1.4. Main Results. In this subsection we state the main results of
this paper. We begin by describing the subspace ﬁ?’k(X, A; J,v) of
ﬁLk(X ,A; J,v). We then state the main compactness result, i.e. The-
orem 1.4. One of its consequences is that for a small generic choice
of v the moduli space ﬁ?,k (X, A; J,v) determines a virtual fundamen-

tal class for ﬁgk (X, A; J), which is independent of J; see Theorem 1.5
and Corollary 1.6.

Suppose [X;u] is an element of X (X, A). Every bubble component
>; C Xp is a sphere and has a distinguished singular point, which will
be called the attaching node of ¥;. This is the node of X; that lies either
on Yp or on a bubble ¥j that lies between ¥; and X p. For example,
if ¥ is as shown in Figure 2, the attaching node of X5, is the node X,
shares with the torus. If [¥;u] is as in (1.1), we denote by x(2; u) the set
of bubble components ¥; such that the attaching node of 3; lies on X9
and the degree of uly, is not zero, i.e. ¥; is not an element of x°(X;u);
see Figure 2. These components are called first-level (X;u)-effective in
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ho
hy Iy hs ha X° (35 u)={ho, h3}
’ E h5 X(E7U):{h17h47h5}
“tacnode”

Figure 2. An illustration of Definition 1.3.
[Z4, Subsection 1.2].

Suppose v € Qﬁf{f’k(X, A; J) and [S;u] is an element of My (X, 4; J,v) as
in (1.1). Since ¥; C ¥p is a sphere, we can represent every element of
X1%(X, A) by a pair (X;u) such that the attaching node of every bubble
component ¥; C Xp is the south pole, or the point oo = (0,0,—1), of
S2 CR3. Let es = (1,0,0) be a nonzero tangent vector to S? at the
south pole. If i€ x(X;u), we put

D;(%5u) = d{uls, }

00 €00 c TU\ZZ(OO)X

Since uly, is J-holomorphic on a neighborhood of oo in 3;, the linear
subspace C-D;(X;u) is determined by [¥;u], just as in the ¥ =0 case,
which is considered [Z4, Subsection 1.2]. We also note that wu|so is
a degree-zero holomorphic map and thus constant. Thus, u maps the
attaching nodes of all elements of x(3;u) to the same point in X, just
as in the =0 case of [Z4, Subsection 1.2].

Definition 1.3. Suppose ()g ,w,J) is a compact almost Kéhler man-
ifold, A € Ho(X;Z)*, and k€Z™. If v e (’ka(X,A; J) is an effectively
supported perturbation of the 0;-operator, the main component of the
space My (X, A; J,v) is the subset ﬁ?k(X,A; J,v) consisting of the
elements [;u] of 9 x(X, 4; J,v) such that

(a) the degree of uly, is not zero, or

(b) the degree of u|y, is zero and
dimc Span ¢ ;) {Di(Z5u): i€ x(35u) } < [x(Z5u)].
This definition generalizes [Z4, Definition 1.1]. As in [Z4], we let
Hy(X;Z)" = Ha(X;Z) — {0}

If [E;u] is as in (1.1), [¥;u] belongs to ﬁ%k(X,A; J,v) if and only if
the branches of u(X) corresponding to the attaching nodes of the first-
level effective bubbles of [¥;u] form a generalized tacnode. In the case
of Figure 2, this means that the complex dimension of the span of the
images of du at the attaching nodes of the bubbles hy, hy, and hj5 is at
most two.
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Theorem 1.4. Suppose (X,w) is a compact symplectic manifold, J=
(Jt)eejo,1) 98 a continuous family of w-tamed almost complex structures
on X, AcHy(X;Z)*, and k€ Z*. If

v=(Vt)iep,1) € BT%(X, A; )

is a family of sufficiently small perturbations of the 0j,-operators on
X1 x(X,A), then

ml,k(Xa A7 l7 Z) = U ml,k(X7 A, Jt, Vt)
te(0,1]
18 compact.

The requirement that v; be sufficiently small means that it lies in a
neighborhood of the zero section with respect to a C'-type of topology,
with appropriate interpretations of the rate of change in the normal
directions to the boundary strata of X; ;(X, A). This topology will be
made apparent in the proof.

Theorem 1.4 follows immediately from Propositions 2.5-2.7; see also
the beginning of Subsection 2.3. These propositions generalize [Z4,
Propositions 5.1-5.3].

Theorem 1.5. Suppose (X,w,J) is a compact almost Kéahler mani-
fold, A€ Hy(X;Z)*, k€Z™, and W is a neighborhood ofﬁ(l],k(X, A; J)
in X1p(X,A). If ve®F(X,A;J) is a sufficiently small generic per-
turbation of the 0;-operator on X1 (X, A), then ﬁgk (X, A; J,v) deter-
mines a rational homology class in W . Furthermore, iflz(Jt)te[o,l] 18
a family of w-tamed almost complex structures on X, such that Jo=J
and Jy is sufficiently close to J for all t, and vy and vy are sufficiently
small generic perturbations of éJO and 5J1 on X1 (X, A), then there
exists a homotopy

v=(Vt)iep,1] € BT%(X, A;J)

between vy and vy such that ﬁ?k(X,A;i,y) determines a chain in
W and
aﬁ?,k(X, A J,v) = ﬁ?,k(X, Ay Jy, ) — ﬁ?,k(X,AQ Jo, v0).
Corollary 1.6. If (X,w,J) is a compact almost Kdhler manifold,
A€ Hy(X;Z)*, and k € Z*, the moduli space ﬁ?,k(X, A; J) carries a
well-defined virtual fundamental class of the expected dimension. This
class is an invariant of (X,w).

Proof of Theorem 1.5. 1t is straightforward to see that for a generic
ve®P (X, A; J) the space M, (X, A; J, v) is stratified by smooth orb-
ifolds of even dimensions. The strata of

MY (X, A Tv) = T 4(X, A Tv) (X A)
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have the expected dimension, based on the index of a certain elliptic op-
erator. In particular, the dimension of the main stratum Dﬁ% w( XA T v)

is dim; (X, A); the dimensions of all other strata of smf)k} (X, A; J.v)
are smaller than dimy (X, A).

On the other hand, suppose Uz ,,(X; J) is a stratum of the complement
of S)JTiOk} (X,A;J,v) in ﬁLk(X, A; J,v); see Subsection 2.2 for more de-
tails. The sets x°(3;u) and x(X;u) are independent of the choice of
[¥;u] in Uz ,(X; J). We denote them by x°(7') and x(7), respectively.
By Definition 1.3, for every [, u] € Uz, (X;J) and i € X°(7), uly, is
constant. Thus,
Ur (X5 J) C M7 x X4(X),

where M7 is a product of |x%(7)| moduli spaces of smooth genus-zero
and genus-one curves and X7 (X) is a certain collection of |x(7)|-tuples

of stable smooth genus-zero bubble maps. For example, if the elements
of Ur ,(X; J) are described by Figure 2,

MT = M172 X M073.

In this case, X7 (X) consists of triples of stable genus-zero bubble maps
each with a special marked point, corresponding to the attaching nodes
of the elements of x(7'), such that the values of three maps at the special
marked points are the same. If v € Qﬁ‘fk(X,A; J) is generic, we have a
fiber bundle
mo: Ur (X5 J) — M,

with fibers of the expected dimension. An index computation then
shows that

(1.2) dimUr ,, (X;J) < dimy (X, A) 4 2(n—|x(T)]),

where 2n is the dimension of X as before.

We denote by Er — U7, (X;J) the direct sum of the |x(7)| universal
tangent line bundles for the special marked points of the elements of
each x(7)-tuple in X7 (X) and by

evp:Ur,(X;J) — X
the map sending an element [3; u] of Uz ,,(X; J) to the value of u on Xp.
Let v, — PE7 be the tautological line bundle. By Definition 1.3,

U (X3 ) NI (X, A J,v) = 77 (Z7),
where
nr: PEr — Ur (X J)
is the bundle projection map and Z7 is the zero set of the section of

the vector bundle
’}/ET () ev*pTX — PET
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induced by the differentials D;, with i € x(7), defined above. It is
straightforward to see that this section is transverse to the zero set if
v €GBT (X, A; J) is generic. Thus,

dim Uz, (X; J) NIy (X, A; J,v) < dim Z7
= dimU7 ,(X;J) + 2(rke B —1) — 21ke (5, ®evpT X)
§ dimLk(X, A) — 2,

by (1.2).

By the above, for a generic v € &7 (X, A; J), ﬁ?k(X,A; J,v) is strati-
fied by smooth orbifolds of even dimensions, such that the main stratum
is of dimension dimy 1 (X, A), while all other strata have smaller dimen-
sions. Thus, the first claim of Theorem 1.5 follows from Theorem 1.4
by the same topological construction as in Subsection 1.3. The second
claim of Theorem 1.5 is obtained by a similar argument. q.e.d.

Proof of Corollary 1.6. By the first claim of Theorem 1.5, we can de-
fine a homology class for ﬁg (X, A; J), which is induced by ﬁg (X, A
J,v), for any J. By the last statement of Theorem 1.5, this class is inde-
pendent of the choice v and does not change under small changes in J.
Since the space of w-tamed almost complex structures on X is path-
connected, it follows that the virtual fundamental class of ﬁ?, (X, A )
is an invariant of (X,w). q.e.d.

Remark. It is simplest to view the last statement above as the in-
dependence of all numbers GW?;?(M) obtained by evaluating natural

cohomology classes on ﬁ?k(X VA Jv).

2. Proof of Theorem 1.4

2.1. Notation: Genus-Zero Maps. We now describe our notation
for bubble maps from genus-zero Riemann surfaces and for the spaces
of such bubble maps that form the standard stratifications of moduli
spaces of stable maps. We also state analogues of Definition 1.2 for
genus-zero maps with one and two special marked points.

In general, moduli spaces of stable maps can stratified by the dual graph.
However, in the present situation, it is more convenient to make use of
linearly ordered sets:

Definition 2.1. (1) A finite nonempty partially ordered set I is a
linearly ordered set if for all i1,49, h €1 such that i1,i9 <h, either i; <io
or ig S il.
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(2) A linearly ordered set I is a rooted tree if I has a unique minimal
element, i.e. there exists 0 €I such that 0<i for all i€ [.

If I is a linearly ordered set, let I be the subset of the non-minimal
elements of I. For every he I, denote by tp €I the largest element of I
which is smaller than h, i.e. ¢, =max {ie[ : i<h}.

We identify C with S?—{oo} via the stereographic projection mapping
the origin in C to the north pole, or the point (0,0, 1), in S2. If M is
a finite set, a genus-zero X-valued bubble map with M-marked points is
a tuple

b= (M7[;x7(jay)7u)7
where [ is a rooted tree, and
(21) z:1—C=5%—{o0}, (j,y): M—IxC, u: [—C>®(5%X)

are maps such that wup(co) =u,, (xp,) for all he I. We associate such a
tuple with Riemann surface

(22) ¥, = <|_|zb,i)/~, S = {i}x 82, (h,00) ~ (th, 1) YheET,
el

with marked points
yi(b)= () € Tpy,  and  yo(b)=(0,00) € T,

and continuous map uy: 2 — X, given by ub\gb,i =u; for all i€ 1. The
general structure of bubble maps is described by tuples 7= (M, I35, A),
where

Aj = ui[S? € Hy(X:;Z)  Viel.
We call such tuples bubble types. Let X7(X) denote the subset of
%o (oyum (X, A) consisting of stable maps [C;u] such that

[C;u] = [(Z, (0,00), (Ji y)ien); up)

for some bubble map b of type 7 as above, where ( is the minimal
element of I; see [Z2, Section 2] for details. For 1€ {0}UM, let

evi: X7(X) — X

be the evaluation map corresponding to the marked point y;.

With notation as above, suppose

[b] = [M7 [7 z, (]7 y)7 U] € %0,{0}LIM(X7 A)
Let x°(b) be the set of components Yy, of ¥y such that for every com-
ponent Y 5 that lies between X; and ¥, 5, including ¥, ; and ¥, 5, the
degree of u|gb7h is zero. For example, if b is as indicated by Figure 4
on page 431, the set x°(b) consists of the two components that are not
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shaded. The set x°(b) is empty if and only if the degree of the restric-
tion of up to the component containing the special marked point is not
zero. Let
2y ={(0,00)} U | S
iex0(b)

We denote by x(b) the set of components X ; such that the attaching
node of ¥ ; lies on Zg and the degree of ublgw is not zero, i.e. Xy ; is
not an element of x°(b). If the degree of Wz, o is not zero, x(b)= {0}.
If A#0 and the degree of ub|2b,() is zero, the set x(b) is not empty, but

does not contain 0.

Definition 2.2. Suppose (X,w) is a compact symplectic manifold,
J=(Jt)te[o,1) is a continuous family of w-tamed almost structures on X,
A€ Ho(X;Z)*, and M is a finite set. A continuous family of multi-
sections v = (V¢)sejo,1], With v € 68:%0}uM(X7 A; Jy) for all t €]0,1], is
effectively supported if for every element b of X o3/ (X, A) there ex-
ists a neighborhood W, of Eg in a semi-universal family of deformations
for b such that

Vt(b/)‘gb,mwb =0 v [b/] € xO,{O}uM(Xv A)7 te [07 1]

Definition 2.3. Suppose (X,w), J = (Ji)iefo,1, 4, and M are as in
Definition 2.2. A continuous family of multisections v = (v)g[0,1], With

v € (’58’}0 1}uM(X= A; Jy) for all t € [0,1], is semi-effectively supported
if for every element b of X (013 (X, A) such that the marked point
y1(b) lies on XY there exists a neighborhood W, of £ in a semi-universal

family of deformations for b such that

Vt(b/)‘zb,mwb =0 v [b/] € %0,{0,1}LIM(X7 A)7 te [07 1]

We denote the spaces of effectively and semi-effectively supported fam-
ilies v as in Definitions 2.2 and 2.3 by

GG (Xs AiL)  and - BT, 1y (X, A3 D),

respectively. Similarly to the genus-one case, if J is an almost complex
structure on X, we denote by

8?{O}HM(X’ A;J) and ?)‘,3?0,1}uM(X’ A3 J)

the subspaces of elements v of (’58"1{0}HM(X, A; J) and 68%0 1}uM(X’ A;
J) such that the family 1, =v is effectively supported or semi-effectively

supported, respectively.
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Figure 3. Some enhanced linearly ordered sets.

If [b] = [Xp; up] is an element of X o30/(X, A) is as above and i € x(b),
we put

D;b= d{ub\gb,iﬂooeoo eT, X.

Ifve 685{0}uM(X’ A; J) and b is an element of

blsy, ,;(00)

ﬁo,{O}uM()Q Aa J7 V) = {5J+V}_1(0)7

then ub|gbﬂ. is J-holomorphic on a neighborhood of 0o in X ; and C- ;D;b
is determined by b, just as in Subsection 1.4. This is also the case if
ve 6?)??0,1}uM(X7 A; J) and [b] is an element of ﬁ07{071}uM(X,A; J,v)
such that y1(b) € X. In both of these cases, Ub|zg is a degree-zero
holomorphic map and thus constant. Thus, u; maps the attaching nodes
of all elements of x(b) to the same point in X, as in the genus-one case
of Subsection 1.4.

2.2. Notation: Genus-One Maps. We next set up analogous nota-
tion for maps from genus-one Riemann surfaces. In this case, we also
need to specify the structure of the principal component. Thus, we
index the strata of X1 p/(X, A) by enhanced linearly ordered sets:

Definition 2.4. An enhanced linearly ordered set is a pair (I, X), where
I is a linearly ordered set, N is a subset of Iyx Iy, and Ij is the subset
of minimal elements of I, such that if |Iy|>1,

N = {(i1,42), (i2,43), - -, (tn—1,%n), (in, 1) }

for some bijection i: {1,...,n}— Ij.

An enhanced linearly ordered set can be represented by an oriented
connected graph. In Figure 3, the dots denote the elements of I. The
arrows outside the loop, if there are any, specify the partial ordering of
the linearly ordered set I. In fact, every directed edge outside of the
loop connects a non-minimal element h of I with ¢. Inside of the loop,
there is a directed edge from iy to iy if and only if (i1,i9) €.

The subset N of Iy x Iy will be used to describe the structure of the
principal curve of the domain of stable maps in a stratum of X; 57 (X, A).
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If X=(), and thus |Iy| =1, the corresponding principal curve Yp is a
smooth torus, with some complex structure. If N # (), the principal
components form a circle of spheres:

Sp = ( U{z‘}x52)/ ~, where (i1, 00) ~ (iz,0) if (i1, i2) EX.

i€lp
A genus-one X-valued bubble map with M-marked points is a tuple
b = (M7’[7N;S7‘T7 (j?y)?u)7

where S is a smooth Riemann surface of genus one if X = () and the
circle of spheres ¥ p otherwise. The objects x, j, y, u, and (3, up) are
as in (2.1) and (2.2), except the sphere X, ; is replaced by the genus-one
curve Xy, p = S. Furthermore, if 8 = (), and thus Iy = {0} is a single-
element set, ug € C*°(S; X) and y; € S if j; =0. In the genus-one case,
the general structure of bubble maps is encoded by the tuples of the
form 7= (M, 1,R;j, A). Similarly to the genus-zero case, we denote by
X7(X) the subset of X1 (X, A) consisting of stable maps [C;u] such
that

[C;u) = [(Z6, (i, yi)iem); ws) s

for some bubble map b of type 7 as above. If v is an element of
f’M(X, A), we put

Ur (X5 J) = {[b]G%T(X): {07+v}(b) = 0}.

All vector orbi-bundles we encounter will be assumed to be normed.
Some will come with natural norms; for others, we choose a norm,
sometimes implicitly, once and for all. If §— X is a normed vector
bundle and J€RT, let

Fs = {veF:|v|<d}.
If Q is any subset of §, we take Qs=2 N Fs.

2.3. Outline of the Proof of Theorem 1.4. Suppose (X,w) is a
compact symplectic manifold, J = (J¢)e[o,1] is a continuous family of
w-tamed almost complex structures on X, A€ Hyo(X;7Z)*, M is a finite
set, and

v=(U)ieloa] € BT (X, A4;))
is a family of sufficiently small perturbations of the dj-operators on
X1,m(X,A). Let t, and b, be sequences of elements in [0, 1] and in
ﬁ?M(X, A; Jy,.,vy.) such that

lim ¢, =0 and lim b.=b¢ ﬁLM(X, A; Jo, ).

r—>00 r—>00
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We need to show that b € ﬁ(1]7M(X, A; Jo,vg). By Definition 1.3, it is
sufficient to assume that b is an element of U7 ,,(X; Jy) for a bubble
type

T = (M,I,%;5,A)

such that A; =0 for all minimal elements i€ I.

We can also assume that for some bubble type
7' = (M,I'N; 5, A)

br €Urry, (X Jy, ) for all . If A7=0 for all minimal elements i€ I, the
desired conclusion follows Proposition 2.5 below, as it implies that the
second condition in Definition 1.3 is closed with respect to the stable
map topology. If Al # 0 for some minimal element ¢ € I’ and N # 0,
i.e. the principal component of ¥, is a circle of spheres, Proposition 2.6
implies that b satisfies the second condition in Definition 1.3. Finally,
if X' =0 and A, #0 for the unique minimal element ¢ of I’, the desired
conclusion follows from Proposition 2.7. We note that the three propo-
sitions are applied with b and b, that are components of the ones above.

Let [n] = {1,...,n}.

Proposition 2.5. Suppose (X,w) is a compact symplectic manifold,
J= (Jt)te[o,l] is a continuous family of w-tamed almost complex struc-
tures on X, A€ Hy(X;Z)*, M is a finite set, and

ZE(Vt)te[O,l} € 68?{0}HM(X7A31)

is a family of sufficiently small perturbations of the 0j,-operators on
Xooyum (X, A). Ift, and [by] are sequences of elements in [0,1] and in

mg,{o}uM (X, A; Jy, ,1,.) such that

lim ¢, =0 and lim [b] = [b] € Mo 030 (X, A; Jo, o),

then either
(a) dime Spanc ) {Dib: i€ x(b)} < |[x(b)], or
(b) ﬂ?il Ur’>r C g D()brl C Span((c’Jo){Dib: ZEX(b)}
Proposition 2.6. Suppose (X,w) and J are as in Proposition 2.5,

nelZt, Ay, ..., A, € Hy(X;Z)*, My,...,M, are finite sets, and for
each k€ [n]

v = (Vkt)teo,1] € G0 10,130, (X Ak J)

is a family of sufficiently small perturbations of the 0j,-operators on
Xo,q0,13un, (X, A). Let t, and [bg,] be sequences of elements in [0,1]
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and in m&{og}uMk (X, Ap; Ji, s vk g, ) for k€ n] such that

evl(bk,r) = eV()(b]H_l’r) Vke [n—l], evl(bnvr) = eV()(bLT»),
Jim ¢, =0, [brr] = [br] € Mo 10,1300, (X, Ak Jo, vr0) VEE[n].

lim
r—00

If y1(br) Eng for all ke [n], then

k=n
dime Span(c o) { Dibk: 1€ x(bk), k€n]} <Y [x(by)l-
k=1

Proposition 2.7. Suppose (X,w), J, A, and M are as in Proposi-
tion 2.5 and
v=(U)iejoq] € BT (X, A;))

is a family of sufficiently small perturbations of the 0j,-operators on
X1,m(X,A). Lett, and [b;] be sequences of elements in [0,1] and in
Dﬁ%M(X, A; Jy,.,vy) such that

lim t, =0 and lim [b] = [b] € M1 m (X, A; Jo, v0).

r—>00 r—>00

If b=(%;u) is such that the degree of uly, is zero, then
dimc Spanc ) {Dib: i€ x(b)} < |[x()]-

Propositions 2.5, 2.6, and 2.7 follow immediately from the estimates
(2.12), (2.17), and (2.35) below. These estimates are obtained by com-
bining the approach of [Z4, Sections 3,4] with some aspects of the local
setting of [LT, Section 3]. A key step is [Z4, Lemma 3.5] that gives
power series expansions for the behavior of derivatives of J-holomorphic
genus-zero maps under gluing. They lead to estimates on obstructions
to smoothing genus-one J-holomorphic maps from singular domains in
[Z4, Lemma 4.4]. While the maps we encounter are not J-holomorphic
on the entire domain, they are J-holomorphic around the part of the
domain which is essential for the estimates of [Z4, Lemmas 3.5,4.4],
ie. Eg in the notation of Subsections 1.3 and 2.1 above. The argument
in the next two subsections is in fact an extension of [Z4, Section 5],
but is far more detailed.

2.4. Proofs of Propositions 2.5 and 2.6. Let (X,w), J, A, M, v,
b= (M, I;x,(j,y),u), and Uu; Eublzw
be as in the statement of Proposition 2.5. For each ¢ €I, we put
D(b;i) = {£€ LY (Sp;u; TX) : £(c0) =0},
PO (b i) = LP (S5 A, TSy, 0u; TX),
where j is the complex structure on ;. We denote by

D gy woibic D(b; i) — T (bs4)
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the linear operator induced by the linearization D j, ;5 of the section
0y, +1p at b.
We put
(2.3) I ={iel: A;#0}.
For each i€ I", choose a finite-dimensional linear subspace
T0Y(bi) € T (S x X5 A w778 0m5 TX)

such that

L0 (bd) = Im D gy popps @ {{id xw; s el (byi)}

and every element of fgl(b; i) vanishes on a neighborhood of co € ¥ ;
and the nodes z,(b) € Xy ; with ¢, =i. If i€ -1, we denote by % (b; 4)
the zero vector space. Let 7 be the bubble type of the map b. We put
U={t'=M,Lv,Gy) ) [b]eXr(X),

{05+ votuy € {idxul} T (b;4) Viel},
where

T FO’I(b/; Jo) — Fo’l(b/; i)
is the natural projection map. By the Implicit Function Theorem, U is
a smooth manifold near b. Let

evo: U — X, b — uy (0, 00),
be the evaluation map for the special marked point 0; see also Subsec-
tion 2.1. Let A
F=UxC!

be the bundle of smoothing parameters. We denote by F¥ the subset

of F consisting of the elements with all components nonzero. For each

v=(V,v), where b elf and v=(v;),cj, and i € x(b), we put

pi(v) = th eC and xi(v) = Z (mi/(b/) th> e C,
O<h<i 0<i’'<i O<h<i!
where z;(b') is the point of Xy ,, to which the bubble Xy ; is attached,;
see (2.2) and Figure 4 on page 431.
For each sufficiently small element v=(b/,v) of F?, let
Qu: Xy — Xy

be the basic gluing map constructed in [Z2, Subsection 2.2]. In this
case, Y, is the projective line P! with |M|+1 marked points. The
map ¢, collapses |I| circles on X,. It induces a metric g, on ¥, such



REDUCED GENUS-ONE GROMOV-WITTEN INVARIANTS 429

that (X, gy) is obtained from Xy by replacing the |I| nodes of Xy by
thin necks. Let

Uy = Up O Gy-

We fix a Jy-compatible metric g on X and denote the corresponding
Jo-compatible connection by V. The map ¢, induces norms || - ||y 1
and | - ||vp on the spaces

D(SpupTX)  and (S5 AL TS, @uiTX),

respectively; see [Z2, Subsection 3.3]. We denote the corresponding
completions by I'(v) and I'%!(v). The norms || - ||y p1 and || - ||, are
equivalent to the ones used in [LT, Section 3].

Let ¢, and b, be as in Proposition 2.5. Since the sequence [b,] converges
to [b], for all r sufficiently large there exist

v.el, vy = (b, v,) € F, and & € (vy)
such that
(24) lm B, =b, Tim [0, =0, &(00) =07, lim_[& ], 1 =0,
and b, = (Ebr; ubr) = (Zvr;expuvrfr).

The last equality holds for a representative b, for [b,].

Remark. The existence of b, v, and &, as above can be shown by an
argument similar to the surjectivity argument in [Z2, Section 4], with
significant simplifications. In fact, the only facts about the bubble maps
b, we use below are that they are constant on the degree-zero compo-
nents and holomorphic on fixed neighborhoods of the attaching nodes
of the first-level effective bubbles. Such bubble maps b.., along with v,
and &, can be constructed directly from the maps b,; see the beginning
of Subsection 4.4 in [Z2].

If SeRt, ¥ eld, and v=(V/, v) € 79 is sufficiently small, we put

%9 UAb/~

(2.5) i€x(b)
where Ay ;(0) = {(i,2): |2[ =6~ 1/2/2} C Xy i~ S%
(2.6) 20(0) = ¢ (25.(9))-

Choose 6 € Rt such that for all i € x(b) all elements of I (b; i) vanish
on Ap;(26) and for all r sufficiently large

v () =0 and Vt(br’)‘zgr(za):o v telo,1].

|20 (28) —
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Such a positive number § exists by our assumptions on the spaces
F%l(b; i) and the family of perturbations v; see Definition 2.2.

For every element b’ = (Xy; uy ) of U and every sufficiently small element
v=(b,v) of F?, we denote by

Holy, (S9/(6); Tovo)X)  and  Holyy (52(6); Tovy ) X)

the spaces of holomorphic maps from XY, (§) and ¥%(6) into the complex
vector space (Tey,w)X;Jo). Let exp be the V-exponential map. For

every b/ €U as above, uy|yo is constant and uy |y (25) is Jo-holomorphic.
b/ 4
Thus, if § is sufficiently small, there exist continuous families of maps
q)b’ c LII)(EO,((S), End(Tevo(b’)X))7 191)/ & HOIJO (22(5), Tevo(b’)X)
with ¥ €U such that for all ¥ sufficiently close to b

(I)b/‘z(gl = Id, H(I)b/ —Id| and

1
¥ p,1 S 57
€XPey, (1) (@br(z)ﬂbr(z)) = uy (z) Vz € 29(6).

This statement follows immediately from the proof of Theorem 2.2
in [FIHS]. Similarly, for every

b= (b, w,) = (Sorsexpy, &)

with 7 sufficiently large, up, |so (26 is Ji,-holomorphic. Since [|&,[|v, p,1

tends to zero as r approaches oo, if § is sufficiently small and r is suffi-
ciently large, there exist

@y, € LY(SY, (6); End(Toyy ) X)), Dy, € Holyy (52 (6); Tovowr)X)
such that
(| @b, — Py 0 g0,

oo < CUo= T llen +1or 7+ 16l ),
XDevyr) (B, ()00, (2)) = w, () V= €50, ().

In the inequality above, both norms || - [, p1 are the norms induced
from the pregluing construction as in Subsection 3.3 of [Z2]. With these
norms, the existence of ®; and 1, follows easily from the proof of The-
orem 2.2 in [FIHS]; see the paragraph following Lemma 3.3 in [Z4].

If i € x(b) and b’ €U, let w; be the standard holomorphic coordinate
centered at the point co in Ebzﬂ-:Sz. If meZ™, we put

m L dr
D™y = d Dy i(ws)

om! dw™

0 S Tevo(b’)X7 where ﬁb/’i:ﬁb/‘zb,’i.

Similarly, for all r sufficiently large, we put
1 dm

(m) g _ .
D() 191,7, = mdw—mﬂbr,z(w)‘ 0 € TCVO(b?)X’

w=
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X(0) ={h1, ha, hs}
p(v) = (U’h » Uh3 Uhy, vhgvh5)
Lhs (U) = Lhy (b;") + VhsThs (b;)

DO, 2 un, (D91, oy, (D01) o, (D0

Figure 4. An example of the estimates (2.7) and (2.8).

where w is the standard holomorphic coordinate centered at the point
oo in X, ~S52%. The key step in the proof of Propositions 2.5 and 2.6 is
the power series expansion

k=m
Dém)ﬁbr = Z (7;; 11> me (o) pF (0r) {D( 79b/+E§T)}

(27) k=1 iex(b)
€ (TeVO(b’T)X7 J0)7

for some 6( )GTEVO(b/)X such that

(2.8) [0 < CF M2 (1, = Tollor + o [P+ 118 1)

The expansion (2.7) is obtained by exactly the same integration-by-parts
argument as the expansion in (2a) of Lemma 3.4 in [Z4]. We point out

that 62(7]? is independent of m. The m =1 case of the estimates (2.7)
and (2.8) is illustrated in Figure 4.

We now complete the proof of Proposition 2.5. By the m=1 case of (2.7)
and (2.8),

D9, - §jpzvr Doy,)

zEx
< C’(IIJtT—Jollcl+|vrll/”+||£r||vr,p,1) > |pivr)]
i€x(b)

On the other hand, since ®y (i, 00) =1Id and ¥y (i,00) = 0 for all i € x(b),

(2.9)

(2.10) Db, =DMy, Viex(b).
Furthermore, since
|, (0,00)~1d| < C| @y, — @y 00, ], .,
< (o= e, ller +lor P+ € oy 1)




432 A. ZINGER
and 9, (0, 00) = 0,

(211) [Dgbr =DV, | < O (I1Jo—r, ler e V2+E v 1) | DS 05, .

By (2.9)-(2.11),
"D@br— Z ,OZ'(UT) ('lelr)
i€x(b)

< O(IJo—Ji, lea+ o Pl o pa) S pi(vr)]
i€x(b)

(2.12)

for all r sufficiently large. Since
dim ([ Jo— e, llen +or P+ € llo, 1) = 0

and D;bl. — D;b for all i € x(b), (2.12) implies that b must satisfy one
of the two conditions in the statement of Proposition 2.5.

We next complete the proof of Proposition 2.6. By the assumption
on the bubble maps by made in Proposition 2.6 and by Definition 2.3,
evo(by)=evy(by) for all k. Thus,

evl(bk) = evo(bk) = evl(bl) VEkIe [n]

Let g denote the point evg(by). We identify a small neighborhood of ¢
in X with a small neighborhood of ¢ in T, X via the exponential map
exp and the tangent space to X at a point close to ¢ with 75X via the
parallel transport with respect to the Jy-linear connection V.

For each pair (k,r), with r sufficiently large, let (b§€7r,vk7r,§k,r) be an
analogue of (b).,v,,&,) for by ,. We put
Ck,r = eVQ(b2:7r) € TqX,
ék,r = evl(bhr) — eVQ(bk’r) = evl(bk,r) — eVQ(b2:7r) € TqX.
By the assumption on the maps by, in the statement of Proposition 2.6,
|G + G = Ghr | < ClGhrl - |Ghr| ¥ RE [n-1],
‘Cn,r + En,r - Cl,r‘ < C‘Cn,r‘ . |§n,r

;
k=n

(213) — |§1,r+'--+§n,r‘ < 67‘2‘5]@7"7
k=1

for a sequence ¢, converging to 0.
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On the other hand, the marked point yi (b ,) = y1(vk,) of the bubble
map by, lies in XY (5). Thus,

(2.14) e = Oy, (1 (Vky)) Z y1(vgr)” (m)ﬁbkr)

where y; (vg,) € S?— {00} is viewed as a complex number. Combining
(2.14) with (2.7) and (2.8) and then taking the lowest-order terms, we
obtain an expression of the form

Cor = 37 010 =i () it (0rr) (D0, )
i€x(br)

C (10— Tt lcr + 1okl P+ 1€kl rpit) D |pist(Vrs)]
i€x(bk)

(2.15)

see the proof of Corollary 3.7 in [Z4] for a derivation and the notation
involved. For the present purposes, the only fact we need to know
about (2.15) is that

(2.16) 0 < |pit(vky)| < |vrr|  Viex(bi), ken].

In particular, p;1 (v ) is a sequence of nonzero complex numbers that
approaches zero as r tends to infinity. By (2.13) and (2.15),

k=n
‘ >N (yl;i(bk,r)—ﬂfi;l(bi,r))_lﬂi;l(vk,r)(Dgl)ﬁbgﬂyr)

(2.17)

for a sequence {€,} converging to 0. Since
Dgl)ﬁb; = Dib;f’r — D; b as r— 00,
(2.16) and (2.17) imply the conclusion of Proposition 2.6.

2.5. Proof of Proposition 2.7. We prove Proposition 2.7 by combin-
ing elements of the previous subsection with a version of the two-stage
gluing construction of [Z4, Section 4]. At the first stage, we smooth
out all nodes of an element [X';u'] close to b that lie away from the
principal component(s) ¥ of ¥’. This stage will be unobstructed. The
objective of the second stage of the gluing construction is to smooth out
the remaining nodes of ¥'. We obtain Proposition 2.7 by estimating the
obstruction to achieving this objective.

Let (X7 w)? l? A7 M7 Z?
b:(M,I,N;S,l‘, (jyy)vu)7 and U; = Up Xp.i
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be as in the statement of Proposition 2.7. For each i€ I, we define

D gy T(bid) — TOH(bs1)
as at the beginning of the previous subsection. With It C T as in (2.3),
choose ~

L% (byi) C T(Spi x X5 A i T8y, @m3TX)
as in Subsection 2.4. Let 7 be the bubble type of the map b. We put
U= {b'E(M,I,N;S',a:', (G, y),u'): [V]eXr(X),

{055+ votuy € {idxul} T (b;4) Viel},
where

7 TONY Jo) — TN 4)
is the natural projection map. By the Implicit Function Theorem, u
is a smooth manifold near b. If ¥ € U, ub/|gb, is a degree-zero Jy-
holomorphic map and thus is constant. Let

3P

eVPZZ/N{ —>X, b/ —>ub/(2b/;p),

be the map sending each element b’ of I to the image of the main com-
ponent of its domain.

For each b’ €U, let
) = {€eT(V): miD gy o € {id xuy i} T (bsd) Vie T},
where ub/,i:ub/|gb,,i. We denote by
TN X) € D(Sy x X5 AY m TSy @ msTX)
the subspace obtained by extending all elements of each of the spaces
Ol(b' i) = Ol(b i)

with iel by zero outside of the component ¥y ; of Xy.

We put
={hel:y,€ly},
where I is the subset of minimal elements of I. Let
F—U
be the bundle of gluing parameters. In this case, F has three distin-
guished components:

F=FoFoh, where

.7‘~—N ZZ/N{ X (CN, ﬁl :Z;{ X (Cf_ll, f() y @ Txh(b/)zb/;p A bIGZ/N[.
hely

The total space of ]-'0 has a natural topology; see [Z4, Subsection 2.2].
We denote by F? the subset of F consisting of the elements with all
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components nonzero. If i € I , let h(i) € I be the unique element such

that k(i) <i. For each v = (b,v), where ¥ €f and v = (Vi) enuf> and
i€ x(b), we put
vo = (¥, (vi)iexun ), v = (b, (Ui)iej_h),
piw) = J[wmweC,  p)=p) vaa) € Top o) Zoip-
h(i)<h<i

The component vy of v consists of the smoothings of the nodes of ¥
that lie away from the principal component.

For each sufficiently small element v=(b/,v) of F?, let
quy - Evl — Eb’

be the basic gluing map constructed in [Z2, Subsection 2.2]. In this
case, the principal component 3,,.p of ¥, is the same as principal
component Xy.p of ¥y, and X, has |I;| bubble components X, ,
with h € Iy, attached directly to ¥,,.p. The map g,, collapses |[—14|
circles on the bubble components of ¥, . It induces a metric g,,, on X,
such that (3,,, gy, ) is obtained from Y by replacing |I —1I;| nodes by
thin necks. Let
Uy = Uy © Qo -

The map ¢, induces norms || - ||y, p.1 and || - ||, , on the spaces
{€el(Zy5up, TX): ﬂgvl;P:O} and

{n€T(Su; A TSy, @ul, TX): nls,, » =0}

respectively; see [Z2, Subsection 3.3]. We denote the corresponding
completions by I'g(v;) and F%l(vl).

Remark. The weights for the norms |||, p.1 and [|-||,, p are constructed
as [Z2, Subsection 3.3], but on each of the |I1| bubbles separately. The
restrictions of these norms to each of the bubbles are equivalent to the
norms used in [LT, Section 3].

Fix €, € RT such that for every h €I the disk of radius of 8¢, in Xy p
around the node z,(b) contains no other special, i.e. singular or marked,
point of 3. For each (b, v) € F? with ¥/ el sufficiently close to b and v
sufficiently small, let

Gug;2 - Dy — Evl and q~v0;2: Yy — Evl

be the basic gluing map of [Z2, Subsection 2.2] corresponding to the
gluing parameter vy and the modified basic gluing map defined in the
middle of Subsection 4.2 in [Z4] with the collapsing radius €,. In this
case, Y, is a smooth genus-one curve. For each h € I, the maps g2
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and ¢y,:2 collapse the circles of radii |vh|1/ 2 and €, respectively, around

the point x5, (b') € Xy, p. Once again, the map
qu = quo;QO qm : EU — Eb’

induces a metric g, on X, such that (X,,g,) is obtained from 3y by
replacing all nodes by thin necks.

For each t€(0,1], let g; be the Ji-compatible symmetric two-tensor on
X given by
1
gt(-,-) = §(g(J0', Je) + g(Jpy JO’))-

If ¢ is sufficiently close to 0, g; is positive-definite, i.e. it is a J;-compatible
metric on X. We denote the Ji-compatible connection induced by the
Levi-Civita connection of the metric g; by V! and the corresponding
exponential map by exp’.

If W is a small neighborhood of b in ¢ and § € R is sufficiently small,
let

X1 (W,0) = {(Buy5 oy €)= (Buy expy,, &) o= (b, v) € F w3
£€TR(1), [€llorp1 <6},
For each element (X,,,;u,, ¢) of X1(W,6), we put
(2.18) Up,e = Uy ¢ © Gug;2-
The map @y,;2 induces norms || - ||, 1 and || - ||, on the spaces
D(SuiufTX)  and  T(Sy;AYL T8, @u) TX),

respectively. For ¢ sufficiently small, we use the metric g on X to
define a norm on the latter space. Let I'(v;&) and F?’l(v;f) be the
corresponding completions. If v=(V',v), we put

F—(U§ f) = {(Hg(COqu)) © q~vo;2: CGF—(b/)} - F(U§ 5)7
where Il¢ is the V-parallel transport along the V-geodesics 7 —>expuvl7'£ .
Let
Iy(v;€) € T(v;€)
be the L2-orthogonal complement of I'_(v;&) defined with respect to
the metrics g, on ¥, and g on X. For every t €0, 1], we denote by

m D (S0 T8y @ruf, (TX) — (8 ASL TS, @u)  TX)

the natural projection map.

For each b € U, each sufficiently small element v = (b, v) of F?, and
JeRT, we define

Ay i(6), 2 (8) € Sy, 20.(6) C By, and XI(6) C %,
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by (2. ) and (2.6). Choose a neighborhood W of b in U, &€ (0, €,), and
§€(0,02/2) such that

(i) the maps g, and G2 are deﬁned for all ve F? 5w

(ii) for all i€ x(b) all elements of I (b;4) vanish on Api(0p);

(ili) vy ‘20 (25,) =0 for every te [0,1] and ' e W;
(iv) v ‘20 (25) = =0 for every t € [0,1] and every b= (Eu;exp%1 50
such that

vEFL W, (S toy ) €X1(W,8), CET(v;€), and [[¢[[vp,1 <.
Such a positive number § exists by our assumptions on the spaces
Fgl(b; i) and the family of perturbations v; see Definition 1.2.

Suppose v € fg)|w and (X5 Uy, ¢) € X1(W,5). By the construction of
the map Gy, in Subsection 4.2 of [Z4] and the assumptions that § <52 /2
and 9y, < €,

Guoi2: Sv — S0(8,/2) — Sy, — E9 (66/2)

is a biholomorphism. Thus, by the assumption (iv) above with ( =0,
for every t€(0, 1], we can define

Vi e € TON (S0 AYST Sy, @uf, ([TX) by
Tho2Vto1,6 = Vi(Bws Upg), Vt?“1’§|281(6b) =0.
If o= (¥, v) we put
Lys(v) = {€€Tp(v1): ||l p1 <6;
{87+ Vi ¢ Mon 6 € T quy Xy ¢} TOHO; X))

Let ¢, and b, be as in Proposition 2.7. Since the sequence [b,] converges
to [b], for all r sufficiently large there exist

b/r eW, v = (blmvr) € ﬁ@7 & € Ft,é(vr)a ¢r € P-i—(“r?fr)
such that
(2.19) lim . =b, lim |v;|=0, lm [[&|lv.;p1=0,
r—>00 r——00 r—>00 ’

(2'20) Th_1>nw |’CT“UT'7P71 =0, br= (Ebr; ub'r) = (ZUM eXPZUT@ CT’)

The last equality holds for a representative b, for [b.]. The existence of
(U’f‘7 5”‘7 CT) for
(2.21) by € MY 1 (X, A5 Ty, 1)

as above will imply that b satisfies the second property in Definition 1.3.
Remark. Similarly to the genus-zero case, the existence of (v, &, ()

can be shown by a variation on the surjectivity argument of [Z2, Sec-
tion 4]; see also the paragraph following Lemma 4.4 in [Z4]. This is also
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the case if the map qy,;2 is used instead of §y,;2 in (2.18) . However, us-
ing the map Gyy;2 in (2.18) makes the maps u, ¢, with £ €Ty 5(v), closer
to being (Jy, v¢)-holomorphic. Since ub/|gb,; » is constant, the choice of
uo;2 for constructing approximately (J;, 1;)-holomorphic maps is anal-

ogous to that of Section 3 in [LT].
For each UG%{?’W and €T 5(v), let
Dhe: T(v;€) — T (03€)

be the linearization of section 0y, +v¢ at (Zy;u,¢) defined via the con-
nection V!. We denote by

0,1 0,1
Lyi(v€) Iy (v;6)
the image I'} (v; &) under ij-g' By the same argument as in [Z2, Sub-
section 5.4], there exists C' € R such that
< Cll¢lopa

(2:22) O Cllopn < Dbt <
Vtel0,8], veFllw, £l s(v), (€T (v;€),
provided W and ¢ are sufficiently small.

Put
Tt (0;€) = {m{qu xup e} n: neT2 (B X))} C TP (v3€).
If § is sufficiently small, by the same argument as in [Z2, Subsection 3.5]

and our assumptions on the spaces I'_(b; 1),
(2.23)  TPN(i€) = Typ(vif) @ TRl (v:6) @ Tyl (v:€),

for some subspace I‘g;’i (v;€) of Fg’l(v; €) isomorphic to the cokernel of
the composition:

oD g,y : D) — Fo’l(b'; Jo) — Fo’l(b/; Jo)/{idxub/}*fgl(b'; X).
This cokernel is naturally isomorphic to

T2V Jo) = Hy' @ Tevpoy X C T (13 00),
where Hg,’l is the one-dimensional complex vector space of (0, 1)-harmon-

ic forms on the principal component Yy.p of Xy. If Xy, p is a circle of
spheres, the elements of Hg,’l have simple poles at the nodes of Xy.p
with the residues adding up to zero at each node. Recall that (£,,g,)
is obtained from X by replacing the nodes of X, with thin necks.
The map
Qv Xy — Xy

collapses each neck at its thinnest position to the corresponding node.
For each element 7 of I‘(i’l(b’ ;J¢), we can construct an element R, ¢n

of T" ? ’l(v; ¢) by parallel transporting 7 along the restriction of u, ¢ to
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g (Apn(02)) for each h € I; and cutting it off with a smooth function
that drops from 1 to 0 over the annulus g, '(Ap ,(62) — Ap (62 /4)); see
the middle of Subsection 4.2 in [Z4] for details. We denote by Fgﬁ (v;8)

the image of I'°'(¥'; J;) under R,,.

Remark. In the construction of the map G2 in [Z4, Subsection 4.2],
dx corresponds to eg above. In the construction of R, ¢n in [Z4, Sub-
section 4.2], 0 corresponds to 67/4 above.

Let ((-,-))+ denote the Hermitian inner-product on Fg’l(v; ¢) induced by
the J;-compatible metric g; on X. For each neF(i’l(b’ i Jt), let

||77H = Z <77xh(b’)777xh(b’)>ta

hel

where (-, -); is the hermitian inner-product on H2;1®JtTeVP(b/)X defined

via the metric ¢ on X and the original metric g on . From the
construction of R, in [Z4, Subsection 4.2] and Holder’s inequality, it is
immediate that

(2.24) (s Roen)),| < Cllllln oy ¥ neTE W5 0y), 0 €T (v3€);

see [Z4, (4.11)]. Another essential property of the above construction
is that

(2.25) [(DE.e¢, Roen)), | < Clol"2mlllI¢llop.
Vtel0,8,veFlw, £€T5(v), CeT(v;€);

see part (7) of Lemma 4.4 in [Z4].

Due to the assumption (2.20), the condition (2.21) is equivalent to
(2.26) {00, +vi, v, e + DI o G+ N =0
The quadratic term Ni.g satisfies

(2.27) NGl < CUCIE pa

Vte(0,8], veFllw, E€T5(v), (€T (v;€) sit. [[¢]lupr < 0.

We will obtain Proposition 2.7 by estimating the inner-product (-, -));
of each term in (2.26) with each element of P?;:;l— (Ur; &r).

T

First, for every UG%{?’W and £€T'y 5(v), let

Aol TP (06) — T (06) @ TR (u5)
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be the projection map corresponding to the decomposition (2.23). Then,
ﬁfj;Jg{th%-Vt}uv ¢ = ~3J£{5Jt+fiio,zl/t-u1,§} (um £9Gug;2)
(2.28) = 7TU £ (({a}t Vi € Uy £) © Ougs2) + 7TU 58Jt (s £0Gug;2)
= 7TU;5 0, (U 0Guys2)-

The reason for the second equality is that the map Gy,:2 is holomorphic
over the support of vy, ¢. This last equality follows from the definition
of I'y 5(v) above. By our assumptions on &’ and &,

uvl,dq;f(zb,;}:) = const = duty, £00Gug:2 ‘ =0.

qul (Eb’ )
By the construction of the map ¢,,.2, the restriction of g,,.2 to the
complement of @;01;2q; 1(3y;p) in By, is holomorphic outside of the annuli

Ao = Geator (Ay 1 2lunl*/63)),
with hel;. The map g, maps such an annulus isomorphically onto the

annulus of radii ¢,/2 and €, around the point Thpy) € Bp;p- The key
advantage of using the map g2 instead of ¢y,;2 in (2.18) is that

(2.29) [dGuo2|coga, ,y < Clonl ¥ hel,

where C%-norm of dGy,:2 is computed with respect to the metrics g,,
and g, on ¥, and 3, respectively.

Since Uy, ¢lg,.2(A, ) 18 Ji-holomorphic, (2.7) and (2.8) give

(2.30) Hduv1,€|§uo;2(v4v,h)Hul P < C|Uh|2/p Z "5 Vhel;
iex(T),h(i)=h

see part (2b) of Corollary 3.8 in [Z4]. By (2.28)—(2.30)
(2.31) 7ie {0 +utunell,, <C 3 loicv)
ex(7)

Vie [07 5]7 Uej}g”Wy gert,é(v)y
if W and ¢ are sufficiently small. This estimate is the analogue of the
first estimate in part (3) of Lemma 4.4 in [Z4]. Separately, by the
construction of the homomorphism R, ¢,

supp Ry, ¢n Nsupp i = () v Rv@nefg’i(v; €), ﬁefg’i(v; €).

Thus, by the Ji-holomorphicity of wu, ¢lg, »(4,,), (2.7), (2.8), (2.28),
and integration by parts,

(O s R+ 278 S (D, 0 ()
iex(7)

C (1 = Tollor +1oMP 40| P22 4 [1€] |y 1) 10l i)
iex(7)

(2.32)
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see the proof of part (6) of Lemma 4.4 at the end of Subsection 4.2
of [Z4]. Here (:,-) is the Hermitian inner-product on (7t X, Jo) de-
fined via the metric g on X.

We now finish the proof of Proposition 2.7. By (2.22), (2.26), (2.27),
(2.31), and the definition of Fgr’l(v; £),

(2.33) HCr”vmpJ <C Z ‘Pz’(%)‘;

iex(7)

for all r sufficiently large. Combining this estimate with (2.24), (2.25),
and (2.27), we obtain that for all neI%!(b.; Jy),

(DY 6, Grs Ry gy, | < Clocllnll D [pawr);
iex(7)

|<<N£:;5TCT‘7RUT,ST?7>>tT.| < C’“T””WH Z ‘Pi(%*)‘-
iex(7)

Finally, by (2.19), (2.26), (2.32), and (2.34), for a sequence €, converging
to 0

(2.35) Db ) (o)) | < enlinll Y lpi(er)]

ex(7) iex(T)

(2.34)

for all n e Hg,’l ®@Jo Lovpp)X - Since vy € FO for all r, pi(vy) # 0 for all
i € x(b). Thus, (2.35) implies the conclusion of Proposition 2.7, since
D;bl. — D;b as r — 0.

3. Proof of Theorem 1.1

3.1. Summary. Suppose (X,w), A, k, and J are as in the statement
of Theorem 1.1 and

¢ € HImue XA (O, (X, 45 7);Q)

is a geometric cohomology class. By definition,
=k
)= HeVZk/u for some w € H* =4 (X;2), d; < 2n.
I=1

For each [ € [k], choose a pseudocycle representative
f:Y,— X

for PDx . In particular, Y; is a disjoint union of smooth manifolds.
The dimension of one of them, Y., is d;; the dimensions of all others
are at most d;—2. The map f; is continuous, and its restriction to
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each smooth manifold is smooth; see Chapter 7 in [McSa] or Section 1
in [RT]. Let

1=k 1=k
ev:Hevl: X1 5(X,A) — HX,
=1 =1

=k =

k =k 1=k
f=IIf:v=[Iv—]]%x  and You=]]Yimm
I=1 =1 =1 =1

With (f1)ex) as above, for any v € @?:i(X,A; J) and a bubble type 7
as in Subsection 2.2, let

X1 p( XA f) = {(b, 2)€X1 (X, A)xY : ev(b):f(z)},
ﬁl,k(XwA; J7 Vi f) = (ﬁl,k(XwAa J7 V)XY) n-%l,k(XwA; f)7
Ur (X5 T f) = Ur (X5 T)xY) N X1 k(X A; f).

If v is sufficiently small, the space ﬁm (X, A; J,v; f) is compact. Let

1=k 1=k
Ay =T]ax c[[xxx
=1 =1

be the k-fold product of the diagonals. If v and f; are chosen generically,
then

(3.1) Dk (X, A5 T, v; f) C I (X, A5 T, v) X Yoo
and the map
evx f: M (X, A; J,v) X Y — (X2)F

is transverse to Alj(. Thus, ﬁLk(X ,A; J,v; f) is a compact zero-dimen-
sional orbifold. By definition,

(3.2) CWTL(A;9) = HDMup(X, As Jws f)]
if v is sufficiently small and v and f; are generic.
Similarly to the previous paragraph, if ves € @‘isk (X, A;J), let
MY (X, A3, vess ) = (T (X, A3 T, ves) X V) N D (X, A3, ves f)-
For generic veg 6(’5fk(X,A; J) and fj,
(3.3) T (X, A T, vess ) © M (X, A; J, V) X Vi
and the map
evx f1 O (X, A3 J,v) X Y — (X2)F
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is transverse to A’%, by the second half of Subsection 1.4. Therefore,
ﬁ(1)7k(X ,A; J,ves; f) is a compact zero-dimensional orbifold. By defini-
tion,

- ==0
(3.4) GWIN (A;0) = HI) (X, A; J,ves; £)]

if veg is sufficiently small and ves € ﬁsk(X ,A;J) and f; are generic.

If ves € 6%, (X, A; J) and f; are generic, (3.1) and (3.2) do not generally
hold for v = v because the restriction of the bundle section 0+ ves is
not transverse to the zero set along some strata

X7(X, A) € X10(X, 4) - 29 (x, 4).

Instead, we will apply (3.1) and (3.2) with v replaced by ves+v for a
generic v € Qi(l]’i(X , A; J) which is sufficiently small relatively to ves. In
such a case, the compact zero-dimensional orbifold

(3.5) Mk (X, A T, v+ves; f)
will lie in a small neighborhood of
ﬁl,k()g Aa J7 Ves; f) C %l,k(X7 Aa f)

We will express the cardinality of this orbifold in terms of data intrinsic
to My 1(X, A; J, ves; f). From the transversality of the relevant maps, it
is straightforward to see that there is a unique element of (3.5) close to

each of the elements of ﬁgk(X, A; J, Ves, f). Thus,

GWik(4;4) = GWY (4 0)
is the number of elements of (3.5) that lie close to the closed subset
(3.6) D (X, A T, s f) = T (X, As , ves) < ¥

of My 1 (X, 4; J,ves) X Y. The contribution of (3.6) to (3.4) can in fact
be split into contributions of the subspaces Uz ., (X; J; f) of (3.6). By
studying local obstructions similarly to [Z1], each of these contributions
will be shown to be equal to the number of zeros of an affine bundle map
between two finite-rank vector bundles over U7 ., (X; J; f); see Propo-
sition 3.1 below. Such numbers can be determined using the procedure
described in [Z1, Subsections 3.2,3.3].

If dimg X =4, only two strata of (3.6) are nonempty for a good choice
of ves. They are isomorphic to

My x Emg,{o}u[k} (X, A;J,vB; f) and
(M= M) x I corop (X, A5 Tvg; f)

for some vg € ®8Z}O}U[k] (X, A;J), where M 1 Cﬂl,l is the complement

of the equivalence class of the singular elliptic curve. The dimension
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of mg,{o}u[k} (X, A; J,vp; f) is zero, even though no constraint has been
imposed on the zeroth marked point. Thus, mg,{o}u[k} (X, A; Jvp; f) is
“virtually empty”. It is thus not too surprising that neither of these
strata contributes to GWfk(A; ).

Remark. If J is a genus-one A-regular almost complex structure in the
sense of [Z4, Definition 1.3], we can take ves=0. If dimg X =4, we then
find that the space (3.6) is empty, since

MG (o (X As T3 f) = MG royupm (X A3 7,05 f)

cannot be zero-dimensional. Thus, if (X,w) admits a genus-one A-
regular almost complex structure, the first case of Theorem 1.1 is im-
mediate from dimension-counting, once it is known that GW?ikX(A; )
is well-defined.

If dimg X =6, for a good choice of ves only a few strata of (3.6) are
nonempty. All, but two of them, are either virtually empty or 9;-
hollow, in the sense of [Z1, Subsection 3.1]. In either of these cases,
UT .. (X J; f) does not contribute to (3.2). The two remaining strata
are isomorphic to

Mg X G roy0 (X, A5 Jvp; f) and - M x 95, (X, A; J,vp: f)

for some vg € (’58’}0}%,4 (X,A;J) or vg e @8:23(X, A; J), respectively. In

the second case, one of the elements of [k] corresponds to the attaching
node of the only bubble component of each element in Uz ., (X; J; f);
we will denote it by 0. Let

L1 — Ml,l, MLQ and
Lo — Mo o306 (X, A3 Jvps f), MO o (X, A; J,vp; f)

be the universal tangent line bundles for the marked points labeled by
1 and 0, respectively. Let

Dy: Lo — evgTX
be the vector bundle homomorphism over ﬁ07{0}uk(X,A; J,vp; f) or
mg,k(X’ A; J,vp; f) given by
Do ([b,v]) = dus|yym)v-
We denote by
mp, 5 My x Mg (oyom (X, A3 T, vs; f)
— M, ﬁ0,{0}u[1f} (X, A; J,vp; f),
p,mp: My Xﬂﬁg,k(X,A; Jvp; f) — Mg, Emgvk(X,A; Jvs: f)
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the two projection maps. In both cases, the linear part of the affine map
determining the contribution of the stratum Uz, (X; J; f) to (3.2) is

Dr:npli®@npLy — mpE* @7ngeviT X,
{Drlbp,bs,vp@uB]} ([bB, ¥]) = ¥s, bp) (vP) -7 Do([bB vB]),
if [bp,bp,vpRup|€np L1 @y Lo, [bp, Y] €THE.
The constant term o of each of the affine maps is generic. In the sec-
ond case, 93287,6(X,A; J,vp; f) is a finite collection of points. It is then
straightforward to see that for a generic v, the affine bundle map Dr+v
does not vanish. Thus, the corresponding stratum Uz, (X; J; f) does
not contribute to (3.2). We will show in Subsection 3.4 that the number
N(Dr) of zeros of Dr+v in the first case is
a(TX),A)
24

proving the second case of Theorem 1.1.

N(Dr) = 24 GWE,(A;9),

Remark. If J is a genus-one A-regular almost complex structure and
dimg X =6, the space (3.6) is the union of the spaces

(3.7) My ke (5,15 | £ i)

taken over all degree-A genus-zero curves £ in X that intersect f(Y7.mn)
for every | € [k]. Based on [Pa], one would expect that each of the
spaces (3.7) contributes (2—(c1(TX), A))/24 to GWfk(A; ). The to-

tal number of the curves « is GWOXJC(A;T/J). In particular, the second
case of Theorem 1.1, just like the first, is consistent with geometric
expectations.

3.2. Analytic Setup. Let 7 = ([k],I,X; 7, A) be a bubble type such
that

(3.8) A;=0Viely and > Aj=A
el
For each i€ I—1Ij, let
H,T ={hel:y=i} and MT ={l€[k]: ji=i}.
We denote by
w1t X7(X) — Xo oyum Tunm, 7 (X Ai)
the map sending each element [b] of X7 (X) to its restriction to ¥y ;:
(S, [K], I,N; 2, (4, y), )]
- [(HZTUMZTa {Z}ﬂ ’ (La x)’H{T'—'(,L y)‘MiT7 ul)] .
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Let Qﬁ%dk(X,A; J) be the subspace of elements v in @‘fk(X, A; J) such
that for every bubble type 7 as above,

V|3€7(X Z 7TTZI/']'Z for some v, € (’50 OYIHTUM; T(X A J)
iel—1Iop
and for every [b] €M) (O}UHLTU MZ_T(X , Ai; J,vT ;) the linearization
39 Djuriw: {€€T(Sp;upTX): )=0}
' — r(zb; AOJ;T*E;,@uzTX)

of the section 5]+V’T;i at b is surjective.

For a generic element v7,; € 68?{0}uHiTuMiT(X7 A;; J), the operator (3.9)
is surjective for every

[b] € Mo goyum,Tuns,7 (X, Ais J,vrsi).
This implies that the closure of & (X A;J) in 95(1) ,lf(X A; J) contains

the zero section, since we can construct an element v of @%dk(X JA )
inductively starting from the highest-codimension strata of X; (X, A).
If 7 is a bubble type as above and v has been defined on

X7(X) = X7(X) C X10(X, A)

subject to the above restriction and regularity conditions, then v induces
a multisection v7; of

Fo,l
0,{0}L|HiTL|MiT

XoqoyumrunT (X, Ai) = X0 royum o7 (X Ai).

It extends continuously to an effectively supported multisection over all
of X goyun,7um,7 (X, A;). By perturbing this extension outside of

Xo gopurron (X, Ai) = X0 oy roan (X5 Ai),

we obtain an element vz, of 68?{0}uHiTuMJ(X7 A;; J) such that the
operator (3.9) is surjective for every

[b] € Mo sorum,7un, 7 (X, A J,vr3).
We fix small generic elements
Ves € (’5%%6(X,A; J) and Ve Qﬁl k(X A; J)
such that for all t€R* sufficiently small the section

{O0stvest+tv}ly x)
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is transverse to the zero set in F?’i(X  As )%, (x) for every stratum

X7(X) of X11(X, A). Let {Ya}rca be the strata of ¥ induced by the
partitions of each Y; into smooth manifolds. By our assumptions,

dimpYmn = 2nk — dimy (X, 4),
dimgY) < dimgpYy,—2 Ve A—{0}.
For each bubble type 7 as above and A€ A, let
UT oo (X5 T3 ) = (UT oo (X5 ) X YA) 0D 4 (X, A5 J, Ve f)-
We will call a bubble type 7 as above simple if
N=10 and I =x(7).

In other words, 7 is simple if and only if for every element [b] of
Ur 1o (X, A; J) the domain ¥ consists of a smooth principal compo-

nent Y. p, on which the map u; is necessarily constant, and ]f | bubble
components, all of which are attached directly to ¥.p and on which the
map up is not constant.

Suppose M is a compact topological space which is a disjoint union of
smooth orbifolds, one of which, M, is a dense open subset of M, and
the dimensions of all others do not exceed dim M —2. Let

EO0—M

be vector bundles such that the restrictions of £ and O to every stratum
of M is smooth and

kO —rk E = % dimg M.
If
o € I'(M;Hom(E, 0))

is a regular section in the sense of [Z1, Definition 3.9], then the cardi-
nality of the zero set of the affine bundle map

Ya=a+v: E— O

is finite and independent of a generic choice of 7 € I'(M;O), by [Z1,
Lemma 3.14]. We denote it by N(«). A key step in our proof of Theo-
rem 1.1 is the following proposition.

Proposition 3.1. Suppose (X,w,J), A, k, ¥, fi, Ves, V, and {Y>\}rca
are as above. If T is a bubble as above and A€ A, there exist

CMT’VCS(X;J;fA)(gj) € Q7 €y € R+7

and a compact subset K, of Ut .. (X;J; fx) with the following prop-
erty. For every compact subset K of Ur ... (X;J; fn) and open subset
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U of X1 ,(X,A; f), there exist an open neighborhood U,(K) of K in
X1 x(X,A; f) and €,(U)€(0,€,), respectively, such that

i|9ﬁl,k (X, A; J,ves+tv; f)NU| = Cir o (x:30:50)(01)
ifte(0,e,(U)), K, CKCUCU,(K). Furthermore, if T is simple and
A=mn,

Cur . (x:0:50)(01) = N(Dr)

for some regular vector bundle homomorphism Dy over Ur ., .(X; J; f).
Otherwise,

C”T,ues(X;J;fA)(aJ) = 0.

This proposition is proved in the next subsection. In the previous sub-
section we described the homomorphism D7 for a simple bubble type
7T such that |x(7)|=1. Below we describe this homomorphism for an
arbitrary bubble 7 satisfying (3.8).

For each i€l , let
HT ={hel:n>i},  MT={lck:j>i}, A=) A
h>i
We denote by
1 X7(X) — X oy (Xs A)

the map sending each element [b] of X7 (X) to its restriction to the tree
of bubble components beginning with ¥, ;:

(S, [K], I, %2, (4, y), u)]
— [T AU T (1,0) | g7 G|t vl o))
By our assumptions on v,
T UT e (X5 T) — Mg oy (X A T, 735)

for some vp.; e®8?{0}uMiT(X’ Ai;J). Let

iex(7)

If My is a finite set and h € M, let
sn € T'(Mi,ny; Hom(Ly,, E¥))
be the section given by
{sn(b;0) } (¥) = by, v € C if ve Lplp, ¢ ek,
where xj,(b) € 3y is the h-th marked point. We define the homomorphism
D7: 37T — (7pE*®evpTX) /Aut(T)
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over Ut .. (X;J) or Ur . (X; J; f) by

Dr= Y mpspu@%r.Do.
ex(7)
3.3. Proof of Proposition 3.1. We continue with the notation of
Subsections 2.4 and 3.2. By our assumptions on v, the operators

Dy are surjective for all [b] € Uz 4, (X;J) and i€ I. Thus, we can
take

D2Y(bi) = {0} VBlelr . (X; ), i€l

The corresponding space U of Subsection 2.4 is a smooth manifold of
(J, Ves)-holomorphic maps. In Subsections 2.5 of [Z2] and 4.2 of [Z4],

we describe a space leg] ) (X; J) of balanced J-holomorphic maps, not of
equivalence classes of such maps. If vy is sufficiently small, the same

definitions can be used to describe a submanifold Z/{(TO7 LDS(X :J) of Y. In
particular,

Uz (X T) = U, (X)) Aut(T)oc (S1)]

for a natural action of Aut(7) on (Sl)f and of Aut(7) (Sl)f on U.

Let
fT = f’u#)’)ucs(X;J)7

where F ——1 is the vector bundle defined in Subsection 2.5. The above
group action on U lifts to an action on F so that

FT = FT/Aut(T) o (S
is the bundle of gluing parameters for Uz ., (X; J).

We will apply the construction of Subsection 2.5, with some refinements,
to the entire space Ug) Les (X;J), instead of a small open subset of Y. We

will view R-valued functions on U7, (X; J) as functions on L{(TO’ LCS (X;5J)
via the quotient projection map

U, (X3T) — U (X3 ).
Fix small
8,6 € C™°(Ur oo (X5 J);RT)
such that the basic gluing map
Qi Xy — Xp
of [Z2, Subsection 2.2] and the modified gluing map

(juo;2: dy — Eul
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of [Z4, Subsection 4.2] with the collapsing radius €(b) are defined for all
v=(b,v) € FT;. For all
§el(v) st [Elloypa <6(0),
let wy, ¢, Up e, Ty (v56),
Do T(056) — T (03€), Rug: T2 (B7) — T (056),

and Veg.y, ¢ be as in Subsection 2.5, with J;, v, and V! replaced by J, ves,
and a J-compatible connection V, respectively. The estimates (2.24),
(2.25), (2.27), and (2.29)-(2.32) continue to hold if C' € RY, ij;g, Jt,
and v; are replaced by

C € C®Ur . (X;J);RT),
D jyesvies J, and Ve, respectively. In (2.31) and (2.32), ﬁf:g =id and
Jo=J.

With notation as in Subsection 2.5, for each UGJ}'Z:SQ) let
Ip,_(v1) = {€0qu,: E€ker Dy, €l p =0}

We denote by I'p.;(v1) the L?-orthogonal complement of I'p._(v1) in
FB(’Ul). Let
0,1
vacs;m :Ip(v) — T'g (v1)

be the linearization of section 07+ ves at (34, Uy, ) defined via the con-
nection V. Similarly to (2.22),
< CO)Ellvrpa

(3.10) CO) Nl pa < [DFvsiwn€lly <
Vo=(bv)eFT?, €cTp. (v1),

for some C' € C*°(Ur .. (X; J);RT), provided § € C°(Ur . (X;J);RT)
is sufficiently small. In particular, the operator

0,1
Diycsﬂ)l :Tpy(v1) — T (v1)

is an isomorphism. Its norm and the norm of its inverse are dependent
only on [b] €Ur,, (X;J). Thus, by the Contraction Principle, for each
veF 7:5@, the equation

{5J+Ves;vl,§}uv1,§ =0, ¢ e FB;-{-(UI),

has a unique small solution &, (v1).

Remark. Since vy is a multisection, the uniqueness statement above,
as well as similar statements below, should be interpreted in terms of
local branches of ves as defined in [FuOn, Section 3].
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Lemma 3.2. If T is a bubble type as in (3.8) and VeSEQifdk(X, A; )
is a sufficiently small generic perturbation, there exist
0 € C’OO(L{T,VCS(X;J);R"')

and an open neighborhood Ur of Ut 1, ,(X;J) in X1 (X, A) such that
the map

{(v,0): v=(b,v) EFTY; C €T (v &, (1)),
1 opr <8(6)} /Aut(T) oc (ST — %9 (X, A)NU7,
[(U, C)] - [(EmeXPu C)]a

1s a diffeomorphism.

v,€ves (V1)

Proof. It is immediate from the construction that the map
(’U, C) - [(EvveXpu C)]

is Aut(7) o< (1) l-invariant and smooth. The injectivity and surjec-
tivity of the induced map on the quotient are proved by arguments
similar to Subsections 4.2 and 4.3-4.5 in [Z2], respectively; see also the
paragraph following Lemma 4.4 in [Z4]. q.e.d.

v,€ves (Ul)

For each v=(b,v)eF ’2:5@, we define the homomorphism

Mo s TO (V364 (01)) — T2 (B )~ EE ) @ Tovp ) X

v;—

as follows. If {1, },¢[n] is an orthonormal basis for 1% (b;.7), we put

r=n

Mo’ =Y (s Rogy oy i V1 €T (036, (v1)).

r=1

This map is well-defined.

For each (v, () as above, let
0,1 *
HC: LP(EU;AJ’]-T EU@U’U,SVCS(Ul)TX)

0,1 *
N LP(EU;AJ’].T EU®{GXPUU,§VC CH'TX)

s (v1)

be the isomorphism induced by the V-parallel transport along the V-
geodesics

T eXpy, . ()76 T€0,1].
Similarly to (2.26),
O (v,¢) = T {0 +ves+iv} XDy, o ()6

(3.11) i
= {8J+Ves}uv + DJJ/es;’U;fyes (vl)C +1 V(Zva Uy, pes (Ul)) + Nv;tfa
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where the quadratic term N, satisfies
Nv;to =0,
HNv;tC - Nv;tgluu,p < C(b) (t+||C||1)7P71+||</HU7P71) H<_</||u,p,l

whenever t€[0,(b)], U:(b,v)ef’%@, and

¢, ¢ GF(“%fucs(Ul)) st IC]Jop,15 ||C/||v,p,1 < 4(b).

Thus, by Lemma 3.2, the analogues of (2.22) and (2.31) mentioned
above, for every precompact open subset K of Uz, (X;A) there exist
0k, Ck € RT and a neighborhood of Ux of K in X5 ;(X, A) such that
for all t€ 10, dk]

(3.12)

(3.13) MY (X, A3 J, ves +tv)NUk =~ {[(v, ()] € Qe (t): (v, () =0},
where
Qe(t) = {[(v, Q)] v=(b,0) €F T |
CET 4+ (V5ue (V1)); [Cllop1 COx (Ip()[+1) }

For each bGM(TO’LCS (X;J), let
7, € T (b; J)
be the L?-projection of v(b). We note that the map
SV (X, A ) — T (Ur (X3 )i mpE @evpTX), v — 7,

is surjective for every bubble type 7. By (3.11), (3.12), and the ana-
logues of (2.24), (2.25), and (2.32),

3.14) 7% @w.0) — (Drp(w) +m)]| < c(v)(Ip(v)|+1)
v t€[0,0x], te[0,0x], v=(b,v) EF T |rc, [(v. Q)] € Quc(8),
for some function

e: FT" — R* s.t. lim e(v) =0.

|v]—0

We denote by
mpgr: P§T — Ut 1 (X J) and Yegr — PST

the bundle projection map and the tautological line bundle. If vy €
Qﬁ%dk(X , A; J) is generic, the section

D1 € I'(Ur 1o (X;.J); Hom (ypg7; mhyr (P E* @evpT X))



REDUCED GENUS-ONE GROMOV-WITTEN INVARIANTS 453

induced by Dr is transverse to the zero set. For a generic choice of
the pseudocycles f;, this is also the case for the restriction of D7 to

PST‘“T,VCS (XoT: ) for every A€ A. On the other hand,
dim Uz, (X; J; fr) = dim Uz, (X; J) + (dim Yy —nk)
(3.15) < (dimy 4 (X, 4) + 2(n—|1|— X)) — dimy x(X, 4)

= 2(n—|X(T)]) = 2(|1 = x(T)|+X]).
The middle inequality is an equality if and only if A=mn. Thus, the
section D7 does not vanish over P§7T ‘UT (XiTify)" This is equivalent

to saying that the bundle homomorphism
Dr: 87T — mpE* ®evpT X
is nondegenerate over Ur ,,.(X; J; f), i.e. is injective on every fiber over
UT e (X5 T; )
Suppose 7 is not a simple bubble type or A#mn. By (3.15),
1
3 dim Uz . (X J; fr) + 1k FT < rknpE*®@evpTX.

Thus, for a generic v € @%dk(X ,A; J), the affine bundle map
35T — mpE* ®evpTX, v=1[b,v] — Drv+p,

has no zeros over Ur . (X;J; fy). Since Dr is nondegenerate over
U 1. (X5 J; fr), (3.14) and the proof of Lemma 3.2 in [Z1] then imply
that for every compact subset K of Uy ... (X; J; f)) there exist dx € R
and a neighborhood Uj; of K in Uy, (X;J)xY such that

{[(0,0),21 € (D), : Tt @4(0,)=0} =0V tE(0,6k).
Thus, there exists a neighborhood Uk of K in X; (X, A) xY such that
(M (X, A5 J, ves+tv) xY) N Uk = 0.

The proof of Proposition 3.1 in the case 7 is not a simple bubble type

or A#mn is now complete.
For remainder of this subsection we assume that 7 is a simple bubble
type and A=mn. If v=(b,v) 6.7-"’1:;@, we denote by
2 (w) € T (13 & (11))

the image of T (b; J) under R, and by F(J]r’l(v) the L2-orthogonal com-
plement of I’ (v) in % (v; &y, (v1)). Let

Torg : TO (0360 (v1)) — TH (v)
the L?-projection map. Since R=0),
||Rv,fyes(v1)77||v,p < C(b)HRv,Eyes(m)nHv,? VU:(b’U) E]}'Z:S@’ Uergl(bé J)’
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for some C' € C*°(Ur 1. (X;J); RT). It follows that
72 ]|, < CONT oy ¥ o=(b,0)€FTY, o €T (v5 &y, (1))
Thus, by the analogues of (2.22) and (2.25),

(316)  CO) Ml < |72 Diviistv 0l < CONCllopa
vV v=(b,v) 6,7-"’]:5, CeT4 (036 (v1)).

In particular, the operator

0,1 0,1
T DJJ/es;'U;fz/es(Ul) ) (U;SVes (Ul)) — Iy (v)
is an isomorphism. Its norm and the norm of its inverse are depen-
dent only on [b] € U7, (X;J). By (3.11), (3.12), (3.16), the analogue

of (2.31), and the Contraction Principle, for every compact subset K of
Ut 1. (X; J) there exists 6x €RT such that for all

UG]-:’Z:;%(\K and te€0,dk]
the equation

ﬂ-g_’lq)t(l%g) = 07 CGF—F(U;chs(Ul))v
has a unique small solution (;(v). Furthermore, (;(v)€ Qg (t).

By the above, for every compact subset K of Uz ;. (X; J; frn) there ex-
ist 0 €RT and small neighborhoods Uj and Uk of K in Ur ,, (X;J)x
Ymn and X; (X, A) xY, respectively, such that

MY o (X, A5 J, ves +1; fran) UK
~ {([v], 2) EFTY |1 X Yinn: mir B4 (v, Go(v) = 0;
{evxf}( Ev,expuv - (UI)Q }

for all t€[0,0x]. On the other hand, the bundle homomorphism D7 is
regular over Uz, (X; J; f) by the m=1 case of (2.7) and (2.8), i.e. D7
can be approximated by a polynomial on the normal bundle near every
stratum of Uz ., (X; J; f); see [Z1, Definition 3.9]. Since v is generic,
Dy is nondegenerate over Ut ., (X;J; fmn), and ev x f is transverse
to A% in (X?)k, (3.13) and the proof of Lemma 3.5 in [Z1] then imply
that there exists a compact subset K, of Uz, (X;J; fmn) with the
following property. For every compact subset K of Uz .. (X;J; finn)
that contains K, there exist g € R* and a neighborhood Uk of K in
X1 (X, A)xY such that

i‘mg,k(Xv A; J7 Vos+t7/§ fmn)ﬂUK| — N(DT) VtE [0,5[(]

The set K, can be taken to be any compact subset of Uz ... (X; J; fun)
such that all of the finitely many zeros of the affine map

Dr+v:§7T — npE*@evpTX
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over Uz 1, (X; J; fran) lie in §7 |k, .

3.4. Counting Zeros of Affine Bundle Maps. In this subsection we
conclude the proof of Theorem 1.1 by computing the numbers N (D7)
when the dimension of X is 4 or 6. Using the method of [Z1, Sec-
tion 3], N(Dr) can be computed for arbitrary-dimensional symplectic
manifolds X and more general cohomology classes v; this is the main
subject of [Z6]. In order to avoid introducing quite a bit of additional
notation in this paper we restrict the computation to the special cases
of Theorem 1.1.

If 7 is a bubble type as in (3.8), let
MpT = {l€[k]: g1},
Aut*(T) = Aut(7)/{g€Aut(T): g- h=h Vhel}.
For each i€y, let
T = (Mz’T, {i}UﬁiT;j|MiT,A|{i}UgiT)-
If ves € &5, (X, A; J) and R=0, then
(3.17) UT v (X5 T) = (Mo ypron xUs, (X)) /Aut*(T),

where My arp7ur, is the subspace of the moduli space Ml, MpTUI, CON-
sisting of smooth curves and

Uz 1 (X3 T) = {(0i)ien € [ [Un s, :
(3.18) 1€lh
eV(](bil ) :evo(bi2) V’il, 10 € Il},
for some vp,; € 6(0)?{0}UMZ-T(X’ A J); in particular,
Z/{'Z_',Ves (X7 J) - Hﬁ(){()}UMZ—T(X? Alv J7 VB;i)'
i€l

This decomposition is illustrated in Figure 5. In this figure, we repre-
sent an entire stratum Uz, (X; J) of bubble maps by the domain of the
stable maps in U7 .. (X;J). The right-hand side of Figure 5 represents
the subset of the cartesian product of the three spaces of bubble maps,

corresponding to the three drawings, on which the appropriate evalua-
tion maps agree, as indicated by the solid line and defined in (3.18).

We next define a similar splitting for the space Uz 1. (X; J; frn). We
can assume that the maps { fi.mn biemp7 intersect transversally. Let

Yy — (h) cx
leMpT
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Y1

Q

M15 X

Y2

Figure 5. An example of the decomposition (3.17).

be a pseudocycle representative for
() PDxt € H.(X;Z)
leMpT
such that
f(l)];—mn: YE)’Z;—mn - ﬂ fl(ﬁ;mn)
leMpT
is one-to-one. We put

ev? = evgx Hevl Uz, (X5 T) — X HX ,

lG[k]—MPT lE[k}—MpT
=< J[a:Yv"=v7x v —xx [[x,
lE[k‘}—MPT lE[k]—MPT lE[k]—MPT
Yrgn = }/(],Z;-mnx HYi;mn-
le[k]—MpT

Similarly to Subsection 3.1, let
Ur (X5 T3 f) = {(b,2) €Uz (X5 )<Y T evT (0) =7 (2)},
Uz (X5 T; fum) = Uz, (X5 T)x Y0 NUz (X5 T; £).
We have
(3:19) U oo (X3 J5 foom) = (Muvprin XUz, (X5 J5 fun)) /Aut*(T).

If 7 is a simple bubble type, we define the homomorphism
Dr: 3T — mhE* @eviTX
over Ml, MpTUL XL_{T,I/CS (X; J; f) similarly to the homomorphism Dy
By (3.19),
(3.20) N(Dr) = N(Dr)/|Aut*(T)|.

By Proposition 3.1 and (3.20), the difference between the standard and
reduced genus-one GW-invariants of Theorem 1.1 is determined by the
numbers N (Dr), where T is a simple bubble type as in (3.8). We will
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compute these numbers in the two special cases of Theorem 1.1.
First, we note that if 7 is a bubble type as in (3.8), not necessarily
simple, and R=1(),
dim Z/_{T,Vcs (X; J; f) = dim Z/_{']',Ves (X; J; f) — dim HLMPTUIl

= 2(n—xX(T)|= L) = 2(|1 =x(T)|+|MpT),
by (3.15). In particular, if n=2, then

Furthermore, if Z;{T%S(X ;J; f) is nonempty, it is a finite collection of

(3.21)

points. In this case, Dy is the bundle homomorphism
Tp(5190): mpLy — 7p(E*BE")
over My 3 xlfli,/es(X; J; f). Thus,

N@ﬂ:—%ﬂk%WJ#W

Since iWT,ues (X;J; f)| =* ‘Z;[TJ//(X; J; f)| for any sufficiently small v/
such that the restriction of the bundle section 0+7/ to every stratum
of X qoyuik) (X, A) is transverse to the zero set, we can take v =7m*uy,
where

71 Xo {ojur] (X5 A) — Xo,x(X, 4)
is the forgetful map and 1 is a small generic deformation of 0 on
X,k (X, A). Since
Mok (X, A; J,vo; f) =0
for a generic 1y for dimensional reasons, it follows Z/_{fV/(X i3 f)=0 as
well and thus N (57) = 0, as claimed by n=2 case of Theorem 1.1.

Suppose n=3. By (3.21), if Uz, (X;J; f) # 0, then
(D=1, (Ll=Ix(T)]) + [I=X(T)| + |MpT]| € {0, 1}.
If 7 is a simple bubble type and Z;Ii,/es(X ;J; f) is nonempty, it follows
that
IX(T)|=1 and |MpT| € {0,1}.
If |MpT|=1, HT’VCS (X;J; f) is again a finite collection of points. In
this case, Dy is the bundle homomorphism
7p(s18080): 1pLy — 7p(E*GE*GE")
over M 2 XZ;{T%S (X;J; f). Asin the n=2 case, i‘Z;{iVeS(X; J; f)! =0.
Furthermore, since cl(E*)2 =0 on ﬂl,g, we can choose v so that o does
not vanish and thus N(D7)=0 by definition. Thus, N(D7)=0.
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Finally, suppose n=3, 7 is a simple bubble type, and |MpT|=0. If ¢
is the unique element of x(7°), D7 is the bundle homomorphism
Tps1@m; Dy: mpL1®@m; Ly — npE @ evyTX
over
Mgy x Uz, (X;J; ) = Mg x Mo oy (X, 45, vsi; [

We assume that vp; =7"vp for a generic element vp € Q5Sf{0} (X, A;J),
where

71 Xo qoyur) (X5 A) — Xo (03 (X, A)
is the forgetful map. Then,

(3.22) 7 Mo royom) (X, A5 J,vBy; ) — Mo 103 (X, A5 J,vB)
and there are identifications Lo=7*Lg and Dy=7*Dy. Thus,
(3.23) N(Dr) = N(npsi@mim*Dp).

On the other hand, if vp is generic, the image of the projection 7 in
(3.22) is contained in 93?3?{}0} (X, A; J,vp), while the restriction of Dy to
every stratum of Sﬁ({]?{}o} (X, A; J,vp) is transverse to the zero set. Thus,
7*Dy does not vanish over ﬁo,{o}u[k} (X, A; J,vp.; f) for dimensional
reasons if vp is generic. Since s; does not vanish over My 1, the bundle
homomorphism

Tps1Qm; Dy mpLi@m 7" Ly — mpE*@nnrevyTX
does not vanish over M 1 Xﬁo,{o}u[k] (X, A; J,vpy; f). Thus, by Lemma
3.14 in [Z1],

N(D7) = (e(rpE*@mfeviT X )e(rpLi®@nim*Lo)
(3.24) M x Mo royumw) (X, A, vpis f))

1 * *\ YT
= —5p(e(TX) + 7" er(Lg), Mo goyum) (X, A; Iy visis f))-

By the divisor and dilaton relations for GW-invariants,
(er(TX), Mo sorom) (X, A5 J,vBy; f))
(3.25) = (c1(TX), A) - GW{,,(4;9),
(71 (Lg), Mo ropupw) (X5 As Jvp; £)) = —2 - GWog (A3 90);
see Section 26.3 in [MirSym]|, for example. Combining (3.23) with
(3.24) and (3.25), we conclude that
2—{a(TX), A)
24
The proof of Theorem 1.1 is now complete.

N(Dr) =

GW{ (A5 0)).
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