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FEDOSOV CONNECTIONS ON KAHLER
SYMMETRIC MANIFOLDS AND TRACE DENSITY
COMPUTATION

DMITRY E. TAMARKIN

Abstract

A Fedosov connection on a Kihler locally symmetric manifold in a compact
explicit form was found. The trace density for the corresponding quantiza-
tion was directly computed.

0. Introduction

In this paper we introduce a Fedosov connection on Kahler locally
symmetric manifolds.

Contrary to the case of an arbitrary manifold, this connection ap-
pears to be written in a very compact form. A similar construction
for an arbitrary K&hler manifold was independently elaborated in [3].
We also compute the trace density for this connection. (See Theorem
2.6). As a result of our computation, the trace density is expressed
via geometrical data of the manifold. The final expression resembles a
stationary phase approximation for some Feynman path integral. Easy
calculation (see section 2) shows that this formula gives the same value
as the index theorem for deformations [2], [4]. According to the result
of the author [5] which says that any topological invariant on a sym-
plectic manifold expressed in terms of curvature and symplectic form is
a polynomial in characteristic classes and symplectic form, to prove the
index theorem for deformations it suffices to prove it for Kahler sym-
metric manifolds. Thus, this yields a new proof of the index theorem for
deformations that is parallel to Atiyah-Bott-Patody heat kernel proof.
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388 DMITRY E. TAMARKIN

Also, it would be interesting to generalize the formula for trace density
obtained in this paper to arbitrary manifold and to reveal its physical
sense.

Acknowledgments. The author would like to thank B.V. Fedosov,
B.L. Tsygan, and R. Nest for the concern to this paper and for useful
discussions. The author also greatly appreciates the work of referee
whose very useful remarks helped a lot.

0.1. Brief content of the paper

In sections 1.1-1.3 we briefly review Fedosov quantization. Section 1.4
contains a collection of identities for the curvature tensor on Kéhler
locally symmetric manifolds that we need in the sequel. Section 1.5
gives a construction of a Fedosov connection on a locally symmetric
Kaéhler manifold. In section 1.6 we quantize the Hamilton functions
of symmetry transforms. In section 1.7 on our manifold, we inroduce
Darboux coordinates, which are expressed in terms of the Hamilton
functions of symmetry transforms.

In sections 2.1-2.2 we develop some technique for trace density com-
putation, which is applied to the case of a locally symmetric Kahler
manifold in section 2.3. In section 2.4 we apply the obtained formula
for the trace density to CP", and we get the same number as in the
index theorem for deformations [2],[4].

1. Deformation quantization on Kiahler symmetric manifolds

We will briefly describe B.V. Fedosov construction of deformation
quantization [1] and construct a Fedosov connection on a symmetric
Ké&hler manifold.

1.1. Deformation quantization

Let M be a symplectic manifold. A deformation quaniization on M
is an associative algebra denoted by A" (M) whose elements are formal
series from C°°(M)[[h]]. The additive operation is defined simply as
the sum of functions, and the multiplication * is supposed to satisfy the
Correspondence principle

(111) feg=Fg—5ih{f,g} +olh)
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and the Locality property

where D; are bidifferential operators of finite order. The last condition
means that the multiplication * is well defined for C'™°-jets at any point
of M.

1.2. The Weyl Algebra

Let V,w be a symplectic vector space. Define the Weyl algebra W(V)
whose elements are formal series

> atyt,
i

where 1 is a multiindex, a* € C[[h]], and y',4?,... ,y*" form a basis in
V. The product o is given by the formula
kitg o
LW
aob(z) = exp {—ZhTa—yka—ZJ} a(y)b(2)|y=2=a,

where w" =< y', 47 >, and <,> is the symplectic scalar product on
V. The Weyl algebra provides a deformation quantization for jets of
functions on V.

A Symbol of an element s(y) € W(V) is by definition its value at
zero o(s) = s(0).

The Weyl algebra is naturally graded in the following way. Set
degh = 2, degy = 1 for y € V. The symplectic group Sp(V) acts on
W(V) naturally preserving the grading and the symbol. This means
that we can change the fiber in the symplectic bundle 7*M from R?"?
to W(R?®). Thus the new bundle of algebras is called the bundle of
Weyl algebras W(M). Sections of this bundle form an algebra with
the fiberwise addition and multiplication. The grading and the symbol
of section of W(M) are also well defined fiberwise. Any element f €
C*®(M)][[h]] defines a section of W(M), and these sections form the
center of W(M).

1.3. Flat connections

A connection in W(M) is a linear map

D :T(W(M)) — T(W(M) @ T*M)
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such that
D(aob) = Daob+aoDb, Df =df, f € CX(M)[h] C W(M).

Any such a connection can be extended to the forms W(M) @ AT*M.
Let V be a symplectic connection on T*M (i.e., Vw = 0 and V is torsion

free). Obviously, V can be extended to be a connection on W(M). Let
IMe W(M)®T*M. Then any connection in W(M) is of the form

Ds=Vs+ %[F’,s]

(the condition in (1.1.1) implies that any commutator is a multiple of
h).

Consider the symplectic form w € T*M & T*M. The first tensor
factor of w can be regarded as an element of W(M), and we get the
form ¥ e W(M) Q@ T*M. Put ¥ = -X.

The main point in the Fedosov construction is a flat connection
V + TV in W(M) such that

I =3%+T,

where I' = 0(2), i.e., all summands in T' have their grading not less
than 3. The flatness means that the curvature form Q = D? is a purely
scalar form. This form is called the Weyl curvature. Such flat con-
nections are called Fedosov connections. They do always exist and can
be constructed by means of a certain iteration process [1]. Covariant
constant sections of W(M) form a subalgebra W(M)p C W(M), and
the symbol map o : W(M)p — C*®(M)[[h]], s — o(s) is invertible.
Furthermore, the map ¢ defines a one to one correspondence between
the space of C®-jets at a point z and the fiber of W(M) at the same
point (jet of a function f goes into the section o~!f restricted to z).
We have obtained a one to one map

(1.3.1) quant : W(T*M,) — J°(M)[[h]].
Now we are in a position to construct a deformation quantization. Put
frg=o(cfoolg).

Note that the map quant defines an isomorphism between the Weyl
Algebra and the jet algebra J°(A") corresponding to our quantization.
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1.4. Some formulas for symmetric Kiahler manifolds

In this subsection we shall establish some sign conventions and collect
the identities for the curvature tensor that we will use in the sequel. All
these identities are well known and some of them can be found in [6].
Let M be a Kahler locally symmetric manifold with metrics g and
symplectic form w. Let zg be a point in M and ey, es, ... , e, be a unitary
basis in Ty M;,. Then we have bases €1,€z,... ,€p; el,e?,...,e", and
g%, ..., e in ToMy,, T3 M,,, and Tai‘]\fw0 respectively. We have

_ 1 _
g=) e w==-3 ¢ neh
The symplectic product <, > on T*M is given by
<l el >= 6k, < eF el >=< et e >=0.
Respectively, on T'M we have
< ey, 8 >= —ildy;; < ep,e; >=<Fe,e; >=0.

The hermitian connection V corresponding to g is torsion free; there-
fore it is a symplectic connection and coincides with the Levi-Civita
connection. Let R(e;,€;)ex = Ryyje;. Since R(X,Y) is antihermitian
for real X and Y, we have

(1.4.1) Riipj = Rikjp-
Using this, we find
R(ep,éj)ék = _Rklpjél-
The Riemann identity R(X,Y)Z+R(Y,Z)X + R(Z, X)Y = 0 yields
(1.4.2) Riipj = Rpikj = Rijpi-

The identity V2R = 0 reads

(1.4.3) Z RokpjBears — Bropj Bedak + BekpjRidab — Brapj Rekap = 0-
%

Let R;; = ;. Ryrij be the Ricci tensor. Let us prove that

(1.4.4) > RaxRears = Y RisRedak = P RerRdas = Y RkaRekav-
k P P P
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Contracting (1.4.3) with 6% and using (1.4.2), we get

(145) (Rachdkb — RppRegak + Rek Ridab — deRckab> =0.
F

Contracting (1.4.3) with §¢ and alternating j and b give

Z (Rijckab - Rkackaj> =0,

k
or

(1.4.6) Z RjrRekab = Z Ry Rejar-
k k

Taking the complex conjugate and using (1.4.1) lead to

(1.4.7) Z Ry Rycha = Z RipRjcka-
k k

Thus (1.4.4) follows from (1.4.5), (1.4.6), and (1.4.7).

1.5. Fedosov connection for symmetric Kiahler manifolds

We will apply the Fedosov construction to a locally symmetric Kahler
manyfold M with the corresponding Kdhler metrics g and the symplectic
form w. Our main goal is to construct a Fedosov connection on M. A
direct application of the algorithm from [1] causes certain difficulties
and, probably, can not be completed in a compact form. Fortunately,
in our case, there exists another way to construct a Fedosov connection.

Consider the curvature tensor R as an element of TyM ® Tg*M ®
ToM ® Tg*M. We may consider the 2-nd, the 3-rd, and the 4-th tensor
multiples as elements of W(M), and we get a form T' € W(M) @ T*M.

In a unitary basis e', e?,--- ,e” we have

. 1
T = Ryp@efed @el, & =2 ! el —e’ ®er,
kipj ® =D ¢'® ®

Set Ds = Vs + £[5 — £, 5.

Theorem 1.1. The connection D is flat, and the Weyl curvature
of this connection s equal to w.
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Proof. For the sake of convenience set

i Js a8
= — = — — — p
Jds h[E,s] g <5ep®ep—|—aep®e>

and v = QLZI‘. The curvature Q equals Q = w +7r — dy + %[7,7], where
7 = (1/3) Rpip; (e8! @ e? A87) € W(M) ® A2T*M. Let us prove that
Q is a scalar and equals w. Note that oy —r = 0. Let us show that
[7,7] = 0. This reads as

[Ripi @ "€, Reguie ee’]

(1.5.1) L
= 4he‘@e € (RipijRedak — RekijRidab)-

Now, take (1.4.3) with ¢ and « alternated and contract it with
4he‘e’e’e?. We will get (1.5.1), which proves the theorem. q.e.d.
Set

1 ,
o =2l + §Rklpj€]€k€l.
Then
1
(1.5.2) Ds=Vs+ 7 Z[ep, s]@e’ —[07,5] @ €P.

Let us construct explicitly the quantization map (1.3.1). Introduce
in a neighbourhood of a point € M the geodesic coordinates

(1.5.3) ot @, ,a",a"
so that daP|, = eP.

Theorem 1.2. We have

quant (3)(a) _ 0<€%ad Zai’ap_apeps)

b

where ad © = [z,-], and the exponent is lreated as a formal series.

Proof. Consider a geodesic line v = off. Let us transport the basis
el,...,e" along it, and write down the condition for a section 3(¢) of
W(M) to be a covariant constant along the geodesic line,

ds 1
1.5.4 — == oPOP —abel 3.
We have up to o(t*°) that § = enad 2 ab0P=ale 5(). Now it suffices to
set aP = taP and to calculate the symbol.  q.e.d.
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1.6. Quantization of Hamilton functions for infinitesimal symmetry
transforms

Consider a simply connected open subset U in M. Infinitesimal sym-
metry transforms are Hamiltonian vector fields on U, which correspond
to certain Hamilton functions. We will quantize these functions.

At each point zg, let us define in the fiber W(U),, a subspace gy,
generated over C by the elements €', 0, t;; = &;; + Rklijekél. Each of
these subspaces forms a Lie algebra with respect to commutator i/h[-, -].
Indeed,

(i/h)[epaej'] = (i/h)[67,67] = 0;
(1.6.1) (.Z/h)[ep’ej] - %tjp; I

(i/h)[ef te;] = — iRy e,

(@/h)[0P, trg] = iRpuis0".

These identities follow from (1.4.3), (1.4.2). The commutator [t;;, tx]
can be obtained from the Jacoby identity. All these algebras are iso-
morphic to the compexified Lie algebra g of symmetry transforms of M
and form a bundle P which is preserved by the flat connection D and,
therefore, is trivial over U (because U is simply connected). The space
F of covariant constant sections of P has dimension dimg. Denote
I = o(F).

Proposition 1.3. The space 11 is closed with respect to the complex
conjugation.

Proof. In each fiber g,, of P define a C-antilinear map J as follows:
(1.6.2) J(eP) = 07; J(OP) = €P; J(ty;) = tip.

One checks that J is an R-linear isomorphism of g,, as a Lie algebra
over R. Using (1.5.2), we see that J is a covariant constant. Note that
o(Js) = o(s) for s € F, whence the proposition follows. q.e.d.

Theorem 1.4.
1. Let s,t € F, and {,} be the Poisson bracket on M. Then

o(31s1) = {ols),o (1))

2. Hamiltonian vector fields Xy, f € Il form the Lie algebra of in-
finitestmal local symmetries of M.
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Proof. 1. Let
(1.6.3) s =cl(a,a)el + d.(a,@)0" + p" (a,a@)ty;.

Eq.(1.5.4) implies that

ﬁ - l[ekas]a
8ak -0 h
(1.6.4) a=
ds 1.4
— = — —[e", s].
I, | 4—o h
Hence,
Lk P TN R T
(1.6.5) do(s)|e=0 = EU([G ,8))e" — Ea([e ,s])e

= cFek + dbeF|—o.

Since the origin ¢ = 0 can be chosen arbitrarily, this formula holds for

every point. 4
Let t =3 ¢} (a,a)e} + di(a,a)0" + p;’ (a,@)t,j. Then

{0(5),0(0)} oo = —ckidk + i} = 7o, Dlao

2. Due to Proposition 1.3, it is enough to consider s € F such that
o(s) is real. This means that Js = s and that

dh =, T =

Let X,(,) be the Hamiltonian vector field corresponding to o(s). It
suffices to prove that the map VX, ) : Y = Vy X, maps T'(TpM)
to T'(TyM) and that it is an antihermitian map. Indeed, in this case
Lx,.,Y =Vx,,Y — Vy Xy belongs to T(TpM) if Y € T(TpM) and

Lx,,(Y,2) = (Lx,,Y,Z) — (Y, Lx, , Z)

= (VyXO'(S)7 Z) + (Y, VZXU(S)) = 0.

O'(S)(

Eq. (1.6.5) implies that
XU(S) = —i(ckEk — dkek).

Hence,
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Ok odF
VeXo(s) oy = _Z(%ek - wek)!azo
= iRtkrsstek-

We have used (1.6.5) and (1.6.1). We see that V X,y maps holomor-
phic fields to holomorphic fields. Since p”* = ps7, the matrix || R;prs0™°|| ik
is antihermitian. q.e.d.

Now we just need to prove that all symmetry transforms are Hamil-
tonian fields corresponding to functions from I1. This immediately fol-
lows from the coincidence of dimensions dim g = dimII.

1.7 Darboux coordinates

We will construct Darboux coordinates in a neighbourhood of a point
zo € M that are expressed in terms of functions from II.

Denote
(1.7.1) &P = quant €”,
(1.7.2) n? = quant 07,
(1.7.3) Tpj = quant tp;.

The system of variables (1.7.1)-(1.7.2) (which are functions from II)
is non-degenerate in a neighbourhood V; of x3. The correspondence
(1.7.1)-(1.7.3) between generating functions and sections from P gives
us a hint how to construct Darboux coordinates. Note that 0 =2'/2 +
(1/2)t;;8. Let us specify new variables A\’ by means of the system of
equations

(1.7.4) nP = MN/2 4 (1/2) 7 M.

This system is non-degenerate in a neighbourhood V5 of xg. Let us
choose a neighbourhood V of zy so that V' be diffeomorphic to the ball
and V C Vi NV,

Theorem 1.5. We have in V
(1.7.5) Tpj = Opj + Rklm’fhl?

1
1.7.6 - - P A dNP.
(1.7.6) w Z_ng A d\

Thus, P, NP are Darbouz coordinates in V.
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Proof. Let us prove (1.7.5). Consider the ideal U € C*°(V') gener-
ated by the functions

Ppj = Tpj — Opj — Rklpjfk/\l~

Suppose we have proven that all the functions

(177) {fp><ij}> {77p><ij}

are in U. Then we have for ¢,; a system of linear partial differential
equations

{€P, vk} = apjkim@im; 0", ik} = bpjkimPim-
This system is of the form

OF,

1.7.8 2
(1.7.8) 5

= ijk((I))Fk.

One easily checks that ¢jx(z9) = 0. The uniqueness theorem for systems
of the form (1.7.8) yields that ¢;;, = 0 which proves (1.7.5).

Let us prove that the functions in (1.7.7) are in U. The congruence
modulo U will be denoted as usual by =. Theorem 1.4 yields {¢¢, 77} =
(i/h)quant [eP,67] = —iTj,. Compute the Poisson bracket with ¢ and
both sides of the Equation in (1.7.4):

_ 1 1 1
—irjp = S{€ N+ & Tk + Smin{eh N}

1 7
= 5(53'1@ + 1) {€P, A} — §Rlpjkfl>\k,

hence

%(@‘k + 7€} = iy - %Rzm’kflkk)
= —ilry — 5 Rt AY)
= —%i(@p + Tjp).

The matrix 24(d;, + 7;,) is invertible; therefore

(1.7.9) {EP N} = —ioP.
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Similarly, let us compute the Poisson bracket of n/ and both sides of
(1.7.4). We have

(1.7.10) {1, W} -+ el N} o+ 5 Ry X' = 0.
Let us prove that
(1.7.11) (P, N} = —% L

If we formally substitute (1.7.11) into (1.7.10), we will have on the left-
hand side a function from U (to check it, it suffices to substitute for 7;;
the congruent functions from the right-hand side of (1.7.5) and to use
(1.4.3),(1.4.2)). The matrix d;; + 7;; is invertible, hence the congruences
(1.7.11) do hold. Using (1.7.9) and (1.7.11), one can prove by direct
computation that functions in (1.7.7) are in U. Thus, we have shown
that U = 0 and that all congruences modulo U are identities. Now
(1.7.6) easily follows from (1.7.9). q.e.d.

The coordinates AP have another nice property.
Theorem 1.6. The functions A are anttholomorphic.

Proof. Symmetry transforms are known to preserve the complex
structure. On the other hand, the identities in (1.7.9), (1.7.11) imply
that holomorphic functions of A',... , A go to holomorpic functions of
AL, ..., A" under symmetry transforms. Furthermore, the action of the
symmetry group is transitive on M. Now the theorem follows from the
fact that the differentials dA',... ,d\" are antiholomorphic at x.

q.e.d.

2. Computation of trace density for symmetric Kédhler
manifolds

2.1. The trace density

In this section we will recall the definition of the trace density and give
some formulas for its computation.

Let A"(M) be a deformation of C®(M) . TFor any local chart U
on M with Darboux coordinates X', X2, ..., X?" the algebra A" (U) is
isomorphic to the standart Weyl deformation W(U) with the multipli-
cation given by

(f 0g)(X) = e AIDODIO 1 (4yg(2) | _
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where as usual

QT = "t = 1; otherwise &% =0,

so that w = @ dx’ A dz’. Moreover, the isomorphysm
P W(U) — AMU)
can be chosen so that

() =1 +>_ U,

where U}, are differential operators of finite order [4].
For elements of the Weyl deformation with compact support
J € C§°(U) the trace is well defined by the formula

1
(2wh)™
U

Trf = fw"/nl.

This trace is transferred to A} (U) by means of an arbitrary (infinitely
differentiable and continuous in h-adic topology) isomorphism W (U) —
AR (U). Then the trace is extended to A} (M) by means of a partition
of unity, and thus the obtained trace does not depend on a partition
neither on a choice of the isomorphisms.

There exists a unique function p on M, which is the Laurent series
with respect to h, such that Trf = [ pfw™/nl. The function p is called

M

the trace density. One can easily show that p = 1/(2wh)"™ + o(1/h").

We need to modify this definition so as to express the trace density
in terms of jets. According to the locality property of deformations the
algebra, A" (M) can be restricted onto jets at a point zg. The corre-
sponding jet algebra Jgo[[h]] is isomorphic to the Weyl algebra W on
R < gyl ..., y?™ > with symplectic scalar product < ¢,y >= &Y
(see subsection 1.2). Our purpose is to express the trace density in
terms of such an isomorphism. To obtain a reasonable formula we need
to put some restrictions on these isomorphisms.

For further purposes we have to consider a wider class of coordinate
systems. Let z!,...,2?" be ”almost Darboux coordinates” in a neigh-
bourhood of =z, i.e., {2?,27} = &P + o(1) (e.g. the normal geodesic
coordinates on a symmetric Kahler manifold). We can identify JZ°[[h]]
and W by means of the map

0: f(z,h) = f(y,h).

399
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After that, given an isomorphism ¢ : W — J2°[[h]] we can construct a
map x = @ o 8 : J[[h]] — J2[[h]]. We want that x were a differential
operator. Let us specify what kind of operator d y should be. Consider
the space Dp of differential operators that are polynomials in z,d/0z
with the natural grading |z| = 1,|9/9z| = —1. Consider the completion
D' of Dp with respect to this grading. The action of operators from D’
on J2° is well defined as well as the action of operators from D = D'[[A]]
on J°[[h]]. We require that x € D and x = 1+ O(1) + O(h), where
O(1) means sum of operators from D with their grading not less than
1. The isomorphisms ¢ such that corresponding operators y satisfy
these two conditions are called suifable. Clearly, in this case, x ™' €
D. Note that the restriction to Ji [[h]] of the operator 9 satisfies this
requirement. More precisely, let X = X (z) be transition functions from
the almost Darboux coordinates z to Darboux coordinates X such that
X =z +o(x). Then the formal series in X, h can be viewed as elements
of W (if one substitutes y for X), and the corresponding isomorphism
@y W — J°[[h]] can be written as follows

g [(X) = g(X) = @WN)X) = pyflz) = g(X(2));
xe = ¢0: f(z) = g(X(2)).

Here, all functions are considered as functions of 2n variables rather
than functions of point in U. Of course, there corresponds a function
on U to each of these functions but F(z(P)) # F(X(P)), where P € U.
Note, that the maps f(z) — (f)(z) and g(x) — g(X (x)) are operators
from D. Therefore, x,, € D. The condition x,, = 1+ O(1) + O(h) can
also be checked easily. The operator X;l looks as follows. Let

(2.1.1) WX) =9~ fz(X)).

Then Xilf = h(z).

For an operator D € D we can define the conjugate by the same for-
mula as in the case of conventional differential operators: (z#d/dz")* =
(=)l ‘% o z# for multiindices p and v. It can be easily checked that
the conjugation is well defined on D but it depends on a choice of coor-
dinates.

Now we are in a position to find the trace density.

Proposition 2.1. Let ¢ be a suitable isomorphism. Then

1 -1
1.
2mh)" (™)

p((II()) = (
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Proof. First, let us prove the proposition for ¢ = ¢y. Let V and W
be neighbourhoods of xg such that VP € V3IQ € W : 2/(P) = X(Q).
Note that (2.1.1) specifies a map )21;1 : C®(W) — C°(V), its restiction
onto jets at xg is X;l- Let f be a function with suppf € W. By the
definition of the trace,

Trf = (27;)% /(1/)_1f)(x)dx1dac2...dx2"
W
_ (27;)% V/(¢—1f)(x)dx1dx2 e
= (27;)% V/ h(z)daztda? ... dz*"
_ (27r1h)” V/ g fdst
_ (27T1h)nV/f(f(;l*l)dacl...dﬁ”,

where h(z) is in (2.1.1). Therefore, p(z¢) = (1/h”)x;1*1 because xy is
a restriction onto jets of ¥,. For arbitrary x the map A = Hx_lxd,ﬁ_l
is an automorphism of W. Any such an authomorphism is of the
form e/had H for some H € W (see [4]). One can easily check that
O(x 'xp) 0t = A = e/MdH - Note that A1 = e/had 7 = 1.
Therefore, (x 'xy)*1 =1 and x~*1 = X;l*(X_le)*l = ()@1)*1.
q.e.d.

Similarly one can prove the following modification of this proposi-
tion. Let J be a volume density, i.e., w"/n! = Jdz' A... A 2.

Proposition 2.2.

1
(2mh)

X" (pJ) =

2.2. Exponents

We need to operate with expressions of the form e #®)/% where k()
is a positively definite quadratic form. In this section we legalize these
expressions and show how to apply them to the trace computation.
The corresponding formula also expresses the trace density in terms of
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the isomorphisms of algebras of jets but it is not valid for all suitable
isomorphisms. Thus, we have to define a narrower class of isomorphisms.
Consider the space J22[[h™!, h]] which is a completion of the space
of polynomials in 2P, h, h~! with respect to the grading 2P| = 1, |h| =
2, |h~!| = —2. Define the space U as a completion of the space of differ-
ential operators which are polynomials in z,8/8z, h,h~" with the fol-
lowing grading on it: || =1, |3/0x| = —1, |h| =2, |h7!| = —2. Then
operators from U act on JO[[h™1, k)] and for U € U, f € J[[h™1, h]],
we have [Uf| = |U|+ |f| for the evaluations defined by the gradings.
For an X € U one can correctly define an operator e#(®)/h X e=k()/h
To do it one suffices to notice that this conjugation is obviously de-
fined for X being a polynomial in 2,d/0x, h, h~" and that it transforms
polynomial operators into polynomial operators preserving the grading.
Similarly, for f € Jf‘jg[[h_l, h]] one can define the integral

[t e cpt

For f being a polynomial on z,h, h~' we put

/e—k(m)/hfdxl g — / K@D fayl L g
R2n
1

Z:h—n
R2n

(2.2.1)
e *) fo(Vhy)dy' - - - dy™,

where fo(y) = (f(y) + f(—y))/2 is the even part of f. This operation
preserves the gradings and is therefore well defined on /. We will apply
it to the trace density computation.

Proposition 2.3. Let ¢ be an isomorphism W — J2[[h™1, h]] such
that the corresponding differential operator x = @ o 0 is suitable and
belongs to U. Then

/ e~ F@/h () (F @/ Py h @BV Tzt | gz

-5 1h)n [t g
™
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Proof.
Lemma 2.4 For any D € U and p € JL[[h™, h]] we have

/ =K@/ (@ D=k@/MY] pdzl | d?

= /e_k(m)/hD*pdwl...de".

Proof of Lemma. One suffices to check it for p and D being polyno-
mials. In this case the integrals can be treated as conventional integrals
over R?", whence the statement of Lemma.

To prove the proposition, let us substitute y instead of D. Thus we
have:

/e—k(m)/hp(w)(ek(m)/hxe—k(:n)/h)1de1 g

w

by Propositon 2.2. q.e.d.

We will investigate the case of symmetric manifolds so that p ap-
peared to be a constant function on M. We can rewrite the above
proposition for this case.

Corollary 2.5. If p is a constant function, we have

p—l B fe—k(:v)/h(ek(m)/hxe—k(m)/h)del L dx2n
B 1 —k(w)/h g1 2n '
—(27rh)" /e de” ...dx

2.3. Computation for symmetric manifolds

We will apply the tools developed in the previous section to compute
the trace density for the quantization which was constructed above for
locally symmetric Kahler manifolds. Let us outline the ultimate result.

Let © be an integral purely antiholomorphic form defined in a neigh-
bourhood of a point zg such that

h
(2.3.1) d0 =w — R,
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where R = Rkkijei A€ is the Ricci curvature or, which is the same, the
curvature on Tg*M . To define 0 uniquely, let us require that

(2.3.2) O=> POr

for some holomorphic coordinates z, z|;, = 0 and some 1-forms ©%. Let
Yzo—z D€ a geodesic line from z, to z in a small neighbourhood U of
Zo. Denote by R,xq the reflection of g with respect to z. Consider the

‘action’
S(z) = / 0.

Yzg— Rzag

It can be easily seen that in geodesic coordinates (a,@) in a neigbour-
hood of zy, we have

2
S =Zlal* +s,
i

where s = o(|a?) as a formal series from JZ°[[h]]. This means that

2

e~ 75 ¢ J2[[h™1, ]]. Hence, we may define the integral

/e—%S(ac)wn dgf/€—2a|2/h€—%s(a)wn

as in (2.2.1).
Theorem 2.6
_ fe_%s(m)w”/n! B _ig
et = e [ AT hindeldg! . dende” A R

This section is completely devoted to a proof of this theorem. We
will use Corollary 2.5. First of all we need an isomorphism ¢ such
that the corresponding operator x belongs to ¢/. We claim that the
isomorphism quant in Theorem 1.2 matches this requirement.

Proposition 2.7 Lel ¥ + iw"“‘p/\/ﬁ =adP, 2P — ix”"’p/\/ﬁ =1a? be
geodesic normal coordinates in a neigbourhood of a point xo € M, and
@ = quant. Then the corresponding morphism x = @ o0 is suitable and
can be expressed as a differential operator from U.

Proof. Let C = C[[a,q,e,®, h]] with the grading |a| = |a| = |e|] =
el = 1, |h| = 2. We can decompose quant = o o 7 where 7 : W —
C, 7(f) = e @) ¢ and o 1 C — JP[[B', )] is the simbol
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map. Note that |o| = 0. Decompose h~!(aPe? — aPOP) = A + B, where
A = h~Y(aPeP — aPeP) and B = h~la? Ry,ee'ef /2. Then |ad 4| = 0,
lad B| = 2. Therefore, we can use the perturbation theory formula

o0
PUATAEf =} et =) uflatea+e),

n=0

where
So=1, 6= / ad L(1y) ... ad L{by)dly ... dty,
0<tr <<t <1

and L(t) = 4B, Note that (ad A)*B = 0. Therefore, L(t) is a
polynomial in ¢, and ad L(#) for any ¢ is a polynomial differential oper-
ator W — C with grading 2. Hence, all §,, are polynomial differential
operators W — C with grading 2n. It easy follows that

Ay f(a) = o(dpf(a+e,a+e))
are polynomial differential operators
Toslh ™" ] = TR (™" Al
with grading 2n. Finally,

(2.3.3) X = quant o § = Z Ap.

Thus, x = quant o § € U because |Agx| — oco. To show that quant
is suitable one suffices to check that h only appears in the differential
operator x in positive degrees and that x = 1+0(1)+O(h). This easily
follows from Theorem 1.2.  q.e.d.

Put k(e,€) = 2le[>. To calculate the trace density we need to cal-
culate (e2le/*/hye=21a"l/h)1 To prove Theorem 2.6 it suffices to show
that

(2.3.4) e2lal?/hye=20a*|/hy — (2lal*/h =3 S(a),

As usual, let us write down an intuitively obvious expression for this
quantity, explain how to understand this expression in strict terms of for-

mal series, and prove that this expression does equal to
(62‘a|2/hxe_2|a2|/h)1.

405
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If e=2l9/*/% were a usual function we would be able to write

(€2|a\2/hxe—2\a2\/h)1 _ €2|a\2/ha(e%ad Zp(apep—ﬁpe”)e—ﬂe\?/h).

The last expression can be represented as a formal series in g so that

(€2|a\2/hxe—2\a2\h)1 _ Z aua(l)ue—2\e|2/h)7
u

where D, are differential operators that are polynomials in e, €, d/0e, 0/ €.
Hence, Due_2|e‘2/h = P,(e,e,h, h_1)6_2|e‘2/h for some polynomials P,.
By definition, set

(2.3.5) o (Dye™ /) = P(0,0,h,h71) € T, 1.

Thus, we have arrived at the following statement.

Proposition 2.8

(€2|a\2/hxe—2|a2|/h)1 — Z a*P,(0)

(2.3.6) 1
—2lal?/h <e%ad Zp(apep—ﬁpe”)e—ﬂe\?/h) .

Hence, the right-hand side converges in J[[h™, h]].

Proof. Any element of J°[[h™!, h]] is a well defined formal series in
a with coefficients in C[h=1, A]] ( but degrees of h may be no bounded
uniformly for all coeflicients of the series). Obviously, this formal series
converges in J°[[*, ]]. Thus the expressions in the statement being
proved can be regarded as formal series in a, and it suffices to prove
the coincidence of these series. In other words, if an element % from
J2[[h™1, k] is equal to a formal series v in @ in the space of formal series,
then v converges in J2[[h™!, k)] and u = v in J[[A™!, A]]. Obviously,
we only need to prove that the series coincide up to o(|a|¥). The proof
of Propositon 2.7 implies that

N
(€2|a\2/hxe—2|a2|h)1 — 2al*/h Z 0(5k6—2\a+e|2/h) + o(N),
k=1

where the symbol is calculated in the same way as in (2.3.5) (Recall that
each Jy is a polynomial differential operator). To obtain this relation,
one needs to take (2.3.3) into account and to check that any operator
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T that is a polynomial in a,e,a,€,d/0e,d/0e, defines the operator T:
fla) = o(Tf(a+e)) and e2lal’/hTe=2lal*/hy = e2lal*/hg(Te—2letal?/hy,
Now it suflices to notice that

— Y PYP _gPePy _ 2
Z(Ske 2la+el?/h _ — en? d >, (aP6P—aPe )6 2le|2/h

because of the definition of J;. q.e.d.

Further, we will transform the expression on the right-hand side
of (2.3.6) so as to get (2.3.4). Note that the expression on the right-
hand side of (2.3.6) is a formal series in a. The proof of Propositon 2.8
yields that we only need to prove that the series (2.3.6) coincides with
the formal series on the right-hand side of (2.3.4). Thus, we need not
J[[h™1, h]] anymore. We will start with some standart facts about the
action of polynomial operators on the vacuum projector e=2lel’/h in the
Weyl algebra.

First, recall the definition of the Weyl ordering. Suppose we have
a polynomial P(e,€) in the Weyl algebra. Suppose to each e, € we put
in correspondence some differential operator é,€ respectively. Let P be
a monomial ka:ltk, where all {5 are equal to one of the elements from

{e,e}. Define
P(e,e) =5 Z i,
oES;
For an arbitrary polynomial, P(é,€) is defined by linearity.
Proposition 2.9 Let P and Q) be polynomials.

1. e 20el*/h g P(e,e) = e~ 2lel*/h o {P(h0/de,e)1} (the Weyl ordering
is assumed);

2. o(Pl(e,e h)oe_2| */h o Qe,e h))

= o(e2P/M 6 Qe,7, h) o P(—e, 7, b));

3. o(e~2*/h o P(e, b)) = P(0,h).

Proof. Straightforward computation using the Moyal product for-
mula (1).

Remark. Note that the correspondence é = hd/de, ¢ = € used
in Prop. 2.9,1 does not preserve the commutator. This is because the
vacuum projector e —2lel*/h g multiplied from the right hand side, and if
we consider operators acting on the functions from the right hand side,
then [hd/0e,€] = —h = [e, €], and the commutators are preserved. Since

407
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we use the symmetric Weyl ordering, the operator P(hd/Je,€) applied
from the left gives the same result as the one applied from the right.

Proposition 2.10

(62\a|2/hxe—2|a2|/h)1 _ e2\a|2/ha<e—2|e\2/h o 6—(2/11)(@?0?—5?@1))).

Proof. We will use the identity e* 4B = e4Be~4 which allows us
to rewrite (2.3.6) as follows:

<e2\a|2/hxe—2|a2\/h> 1 262\a|2/h0{ Z < (1/h(ap9pk!_ apep))ok)

—2le|?2/h (1/h(a P apep))ol
oe lel*/ o El — I }
_ 2le|?/h —2|e|?/h ( Q/h(apép ale ))Ok
eH/a{eH/OE 5 }

The last identity follows from Proposition 2.9,2. q.e.d.

Using Proposition 2.9,1,3 to substitute hd/de for e and to compute
the symbol, gives

(el /hye=2la’I/hy = 62|“‘2/hexp{—2/h(apép—h/2RpjapEj)
+2a7 00" + a Ryp;'e /20/92") He=o,

where R;; = Ryy;; 8 is the Ricci curvature. Thus, we arrive at the expo-
nent of a first order differential operator, which we may use characteris-
tics to compute. Substituting for € in this operator the antiholomorphic
coordinates A yields an operator in a neighbourhood of zy. It can be
easily checked (using(1.7.9) and (1.7.11)) that this operator equals

(2/1) (X—Erfr—l—arnr)antiholom - p(x)a

where X means the Hamiltonian vector field corresponding to f and
p(z) = (2/h)a” (A" +h/2R;; ). Our vector field is tangent to a geodesic
line (at) and has the constant length of 2|a| along this geodesic. This
means that we need to determine p(x) just on this geodesic and that

1

2
5 P — d _l d
(62‘a|2/hxe_2‘a2‘/h)1 =e gp(gat) ! = e 2 gp(at) t.

Let us find p(at).
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Proposition 2.11.

)
plat) = E""X(a’ata

where X = (2/1) X _grerpqryr is the tangent field to the geodesic line and
O is as in (2.3.1).

We need
Lemma 2.12.
1 h :
(2.3.7) 0= Z(f’“dkk — S Rpi€PdN).

Proof. We have to show that the right-hand side © of (2.3.7) satisfies:

dO = w + (h/2i)R,
O satisfies (2.3.2).

Let us prove (2.3.8). We have

1 .
dO = (1/i)(de* nd\F + S hBp;de? A dX)
1 ,
= w+ 2_ithjd£p AdN.
The form %Rpjfp A d) coincides with the Ricci form at the origin.
The Ricci form is invariant with respect to the symmetries. Therefore,

if 2R,;dEP AdN is also invariant, then R = +Rp;déP AdM. Let us check
the invariance.

1 1 4
~Lg, Ryjd€? A dN = —Ry;de? Ad{¢", N} = 0.

1 : 1 :
=Ly Bpjdg” NN = ZJ:zpjd({n’“, P AN

LRy A d({o, 2))
= Rpjd(Ronip\"E™) A dN
—Ry;deP A d(%ijkl/\lAm)
= RpjRoynkpt™dN" A dN
+ Ry Riniip A" A dE™ A dN
— Ry d€P Ryjpmpi A A dA™.
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The last expression vanishes due to (1.4.4).
Let us prove (2.3.9). It suffices to show that all €% belong to the
ideal generated by Al,... A%, Since &8 = nk (see (1.6.2)),

&8 =N+ (1/2) Ry N EPN,
and therefore £¥ belongs to the ideal. q.e.d.
Proof of the Proposition. Since O is purely antiholomorphic,
(Z/h’)ZX@ = (Z‘/h’)ixantiholom@
= (i/h)(2a'0/ON
—at Ry NADJONP, (1/3) (€PN + (h/2) Ryi€PdA?))
= (1/n)(2a" — a" Ryipi ¥ N) (€ + (1/2) Ryi€?).
Consider the difference
D = (i/h)ix®—p=(i/h)ixO — (2/ha®)(\° + (h/2)st)\j)
= (2/n) (@ — (a*/2) Ry M NE* — a°X° + (h/2) Ry a°¢?
+(h/4) Rsj Rps N N €Pa* — (h/2) Ryja® N)
= (2/h)(@°¢° —a’n® + (h/2)Rysa’e?
—(h/2) Rpsa? (Riusi M A'EF 12+ 1%)).
Here we have used (1.4.4). Since a°¢® — a’n® = 0 along the geodesic

line, we have
D = R,a°¢P — RysaPn’.

At the origin D = 0. Let us compute the derivative of D along the
geodesic line.

(i/Q)LXD = {Ekgk - aknk, Rpsasgp - Rpsapns}
’iakapRpsTsk — iakastsTkp.

For the bracket {¢%,7/}, see (1.6.1). Eq.(1.4.4) implies that Rys7g, =
Ryp7ys. Hence, LxD =0 and D =0. q.e.d.

Now, to prove (2.3.4) we only need to write

2t 2t

24 24
/p(at)dt = /EZXG)\atdt =% / O,

0 0 Tzg—Szzg

where z = a and, hence, S,z = 2a.
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2.4. Computation for the projective spaces.

In this subsection using our formula we compute the trace density for
the projective spaces.

Let (Z°: Z': ... : Z") be homogeneous coordinates in CP™. We
choose the point (1 :0:...:0) as an origin and set z° = Z5/Z°. We
will work in some small neighborhood of the otigin. Then the simplectic
form is

w = (1/i)00log(1 + |2|*);

where |2|2 = 2°Z°. The Ricci form R equals —i(n+1)w, and the integral
form (2.3.1) is © = (1/i)(1 — h(n + 1)/2)81og(1 + |z|?).We denote C =
(1/¢)(1 — h(n + 1)/2). Any geodesic line passing through the origin is
#* = a't for some constant a’ and the distance from the origin to a pont
z is arctan |z|. Compute the action. Let 7" be a positive number, such
that the distance from 0 to 7'z is twice as much as the distance from 0
to z. Then

S(z) = / CBlog(1 + |2[2)

Yo—R,0
T
- C/dlog(l—i— 2212) = Clog(1 + [2[212).
0

We have arctan T'|z| = 2 arctan |z| and

1+ |z

For the sake of convenience, let us compute

1 _ 2nf€—i5/hwn
p [wn/n! Jwn
oo [ L
fe_l Mo\ T2 ) Tdz® A dze
o (D"
IIdz% A dz° '

dTEaroE

This integral should be understood in the formal sence, explained
above. But the integral makes sence if we take h to be a small posi-
tive number and integrate over a small enough ball |z| = ¢. Thus the
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obtained values of the integral coincide with the integral understood for-
mally up to h™ for any ¢ small enough. Let N =iC/h =1/h—(n+1)/2.
Then we can assume that N is a large positive number. We have:

€ /] — R2 N RQn—l

f ( 1 R2 ) 1 R2\n+1 dR

pfw"/n! oo RZn-l ’
Of (1+ RQ)"HdR

_p2
where R = |z|. Substitution ¢ = T2 yields

1
[N (1 —)ntde

_ on 9
p [ w/n! fl(l -
1
n L'(N+1T'(n)

T(N +n + 1)27/n
I'(N+1)I'(n+1)
'N+n+1)

This expression can be written as an asymptotic series in h. Fur-
thermore, for integer N we have:

trl = p/w”/n! %, = |O(N)),

which implies that our trace density coincides with the one given by the
index theorem [4].
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