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PU(2) MONOPOLES. I: REGULARITY, UHLENBECK
COMPACTNESS, AND TRANSVERSALITY

PAUL M. N. FEEHAN & THOMAS G. LENESS

1. Introduction

At seminars at Harvard and MIT, during October 1994, Edward
Witten introduced the U(1) monopole equations and the Seiberg-Witten
invariants to smooth four-manifold topology and conjectured their re-
lationship with Donaldson invariants on the basis of new developments
in quantum field theory [19], [98]. The conjecture, recently extended
in [60], has been verified for all four-manifolds whose Donaldson and
Seiberg-Witten invariants have been independently computed. Within
two months of Witten’s announcement, a program was outlined by V.
Pidstrigach and A. Tyurin and others, which should lead to a math-
ematical proof of the relationship between these two invariants [68],
[71], [74]. This approach is unrelated to the quantum field-theoretic
arguments of [60], [98] and uses a moduli space of PU(2) monopoles to
construct a cobordism between links of Seiberg-Witten moduli spaces of
U(1) monopoles and the Donaldson moduli space of anti-self-dual con-
nections, which appear as singularities in this larger stratified moduli
space.

It was soon recognized, however, that despite the appeal and ele-
gance of the PU(2) monopole program, its implementation involves sub-
stantial technical difficulties due to the contributions of moduli spaces
of U(1) monopoles in the lower levels of the Uhlenbeck compactification
of the moduli space of PU(2) monopoles. Many of these difficulties had
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never been resolved even in the case of Donaldson theory where similar
problems arise, albeit in a rather simpler form, in attempts to prove the
Kotschick-Morgan conjecture for Donaldson invariants of four-manifolds
X with b7 (X) = 1. That conjecture asserts that the Donaldson invari-
ants computed using metrics lying in different chambers of the positive
cone of H?(X;R)/R* differ only by homotopy-invariant terms [45]. In
the case of the Kotschick-Morgan conjecture, the heart of the problem
lies in describing the links of the lower-level reducibles via gluing and
then in calculating the pairings of the Donaldson cohomology classes
with those links. Thus far, such links have been described and their
pairings with cohomology classes computed only in certain special cases
[14], [15], [16], [20], [21], [32], [58], [99]. The methods used to obtain
these special cases fall very far short of the kind of general analysis
needed to prove the Kotschick-Morgan conjecture. On the other hand,
by assuming the Kotschick-Morgan conjecture, L. Gottsche computed
the coefficients of the wall-crossing formula in [45] in terms of modular
forms by exploiting the presumed homotopy invariance of the coeffi-
cients [35]. A related approach to the Witten conjecture was proposed
by Pidstrigach and Tyurin [72]. Certain aspects of the PU(2) monopole
program have been considered from a quantum-field theoretic viewpoint
in [13], [38], [39], [50], [51], [52], [53].

In the present article and its sequels [25], [26], [27] we address the
analytical problems associated with constructing the links of lower-level
Seiberg-Witten moduli spaces and in establishing the analogues of the
Kotschick-Morgan conjecture for PU(2) monopoles needed to compute
the pairings of cohomology classes with these links. We hope to return
to the actual computations and a verification of Witten’s conjecture [60],
[98] in a subsequent paper. In this article we describe the basic regular-
ity, Uhlenbeck compactness, and transversality results we need for the
moduli space of PU(2) monopoles, and in the sequels [26], [27] we de-
velop the gluing theory required to construct the links of the lower-level
Seiberg-Witten moduli spaces. An announcement of the main results of
this article appeared in [24].

1.1. Statement of results

1.1.1. PU(2) monopoles and holonomy perturbations. We
consider Hermitian two-plane bundles F over X whose determinant line
bundles det ¥ are isomorphic to a fixed Hermitian line bundle over X
endowed with a fixed C*°, unitary connection. Let (p, W+, W™) be a
spin® structure on X, where p : T* X — End W is the Clifford map, and
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the Hermitian four-plane bundle W = W+ @ W ™ is endowed with a O
spin® connection.

Let & > 3 be an integer and let Ag be the space of L% connections
A on the U(2) bundle E all inducing the fixed determinant connection
on det E. Equivalently, following [48, §2(i)], we may view Ag as the
space of L? connections A on the PU(2) = SO(3) bundle su(E). We
pass back and forth between these viewpoints, via the fixed connection
on det F, and rely on the context to make the distinction clear. Given
a connection A on su(E) with curvature F4 € L7 (A ® so(su(E))),
then ad ™' (F}) € L?_ (At @ su(E)) is its self-dual component, viewed
as a section of AT ®su(F) via the isomorphism ad : su(E) — so(su(E)).
When no confusion can arise, the isomorphism ad : su(F) — so(su(F))
will be implicit, and so we regard F4 as a section of AT ® su(F) when
A is a connection on su(E). Let Dy : L2(WTQ® E) — L2 (W~ ® E)
be the corresponding Dirac operator.

For an L% section ® of WT ® E, let ®* = (-,®) be its pointwise
Hermitian dual and let (& ® ®*)yy be the component of the Hermitian
endomorphism ® ® ®* of W ® E which lies in su(W ™) ® su(E). The
Clifford multiplication p defines an isomorphism p : AT — su(W™) and
thus an isomorphism p = p®ideymy of AT ®su(E) with su(W ™) Qsu(F).
Then

(1.1) Fi—p (@ ® 3 =0,
Dad =0,

are the unperturbed PU(2) monopole equations considered in [67], [68],
[71], [74], with a slightly differing trace conditions (see below), for a pair
(A, ®) consisting of a connection on su(F) and a section ® of W+ ® E.

Donaldson’s proof of the connected-sum theorem for his polynomial
invariants [18, Theorem B] makes use of certain ‘extended anti-self-dual
equations’ [18, Equation (4.24)] to which the Freed-Uhlenbeck generic
metrics theorem does not apply [18, §4(v)]. These extended equations
model a neighborhood of the product connection appearing in the Uh-
lenbeck compactification of the moduli space of anti-self-dual SU(2) con-
nections. As the zero locus of the extended equations may not be trans-
verse, Donaldson employs holonomy perturbations which give gauge-
equivariant C*° maps A%(X) — Q7 (su(FE)) and thus perturbations of
the extended anti-self-dual equations [17, §2], [18, pp. 282-287]. These
perturbations are continuous with respect to Uhlenbeck limits and yield
transversality not only for the top-level moduli space, but also for all
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lower-level moduli spaces and all intersections of the geometric repre-
sentatives defining the Donaldson invariants.

In §2.5.2 and the Appendix we describe a generalization of Donald-
son’s idea which we use to prove transversality for the moduli space of
solutions to a perturbed version of the PU(2) monopole equations (1.1).
Unfortunately, in the case of of PU(2) monopoles, the analysis is consid-
erably more intricate and the method we employ here is rather different
from the one developed in [18]. We use an infinite sequence of holonomy
sections defined on the infinite-dimensional configuration space of pairs;
when restricted to small enough open balls in the configuration space,
away from reducible connections, only finitely many of these perturbing
sections are non-zero and they vanish at reducible connections.

Let Gg be the Hilbert Lie group of L? 41 unitary gauge transfor-
mations of F with determinant one. Let S} denote the center of U(2)
and set °Gp = S} X (+idp} 9B, which we may view as the group of
L% 41 unitary gauge transformations of E with constant determinant.
The stabilizer of a unitary connection A on E in °Gg (which coincides
with its stabilizer in the full group Aut E of unitary automorphisms of
E) always contains the center S, C U(2), corresponding to the con-
stant, central, unitary automorphisms of E. We call A srreducible if its
stabilizer is exactly Sé and reducible otherwise.

It is also possible, as in [71], [74], to fix a smooth representative
w € Q%(X,R) for c;(F) and instead consider the space of unitary con-
nections A on F satisfying the trace condition tr F4 = —27iw, mod-
ulo the action of the full group Aut F of unitary automorphisms of
E. The resulting moduli space of nonabelian monopoles is then a
torus bundle over the moduli space which we define below, with fibers
HY(X;R)/H'(X;7Z). These tori complicate the analysis of the links of
singularities when b' (X) > 0 and do not contain any additional informa-
tion, so we choose to eliminate them by instead imposing the stronger
fixed-determinant-connection trace condition and working with a com-
patible group of gauge transformations. A similar framework is used in
[68], [92].

We refer to §2.5 for a detailed account of the construction of our
holonomy perturbations. The large number of technical points involving
regularity and uniform estimates for these perturbations (which still
allow us to obtain an Uhlenbeck compactification) are discussed in the
Appendix. We fix » > k+ 1 and define gauge-equivariant C'*> maps (see
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§2.5),
Ap(X) = L1 (X, gl(AT) @ so(su(E))),
- A 7-m(A),
(1.2 Ap(X) = Ly (X, Hom(W, W) ®c sl(E)),
A - @(A),
where 7 := (7, ) is a suitably convergent sequence in C"(X, gl(AT)),

and 9 = (9j1.0) is a suitably convergent sequence in C"(X,A' ® C),
while M(A) := (m;; q(A4)) is a sequence in L} (X, su(E)) of holonomy
sections constructed by extending the method of [17], [18], and

7-m(A) = Z Tjla ®r ad(my; o (4)),
j7l7a

J-(4) =Y p(d1.0) e mjgalA).
j7l7a

We call a point (A,®) in the pre-configuration space of L% pairs
Cw,ip = Ap x L3(W™ ® E) a PU(2) monopole if it solves

0,
0.

Fy — (id + 70 ® idgy(m) + 7 m(A))p~Y(

® ®*)oo
(1.3)
D4® + p(0o)® + o - m(

A)d

el

We let My, g be the moduli space of solutions cut out of the configu-
ration space of pairs Cyy.r := Cw,z/°Gr by the equations (1.3). We let
M;I}?E C Myw,r be the subspace of pairs [A, ®] such that A is irreducible
and the section ® is not identically zero. The sections 7 - m(A4) and
J-w(A) vanish at reducible connections A by construction; plainly, the
terms in (1.3) involving the perturbations 7- #(A) and - @ (A) are zero
when & is zero.

1.1.2. Uhlenbeck compactness. The holonomy-perturbation
maps in (1.2) are continuous with respect to the Uhlenbeck topol-
ogy (see §4.5), just as those of [18]. Suppose {Ag} is a sequence in
Ag(X) which converges in the Uhlenbeck topology to a limit (A4,x) in
Ap_,(X) x Sym‘(X), where E_; is a Hermitian two-plane bundle on X
with det(E_y) = det F and co(E_g) = co(E)—¥£, and £ > 0 is an integer.

-

The sections 7 - #i(Ag) and ¥ - @(Ag) then converge in L7 (X) to a
section 7+ m(A,x) of gl{A™) ®g so(su(E_y)) and a section J - ®(A, x) of
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Hom (W™, W™) ®c¢ sl(E_;), respectively. For each £ > 0, the maps of
(1.2) extend continuously to gauge-equivariant maps

Ap_,(X) x Sym*(X) = L1 (X, gl(AY) ®r so(su(E_y))),

(1.4)
Ap_,(X) x Sym“(X) = Li (X, Hom(W*, W™) ®c sl(E_y)),
given by (A,x) — 7-m(4,x) and (4,x) — ¢ - (4, x), which are C>
on each O™ stratum determined by Sym®(X).
Our construction of the Uhlenbeck compactification for My i re-
quires us to consider moduli spaces

MW,E_Z C CW,E_Z X SymZ(X)
of triples [A, ®,x] given by the zero locus of the °Gf_,-equivariant map
G: Cwpr_, x Sym‘(X) — Li(AT @ su(E_p)) © LI (W™ ® E_y)

defined as in (1.3) except using the perturbing sections 7- i and J -
in (1.4) instead of those in (1.2). We call My, g_, a lower-level moduli
space if £ > 0 and call My,z_, = My, the top or highest level.

In the more familiar case of the unperturbed PU(2) monopole equa-
tions (1.1), the spaces My z_, would simply be products My, g_, X
Sym‘(X). TIn general, though, the spaces My x_, are not products
when £ > 0 due to the slight dependence of the section G(A, ®,x) on
the points x € Sym!(X) through the perturbations 7 - @ and o - .
A similar phenomenon is encountered in [18, §4(iv)—(vi)] for the case
of the extended anti-self-dual equations, where holonomy perturbations
are also employed in order to achieve transversality.

We define MW, £ to be the Uhlenbeck closure of My g in the space
of ideal PU(2) monopoles,

N N
U MW,E_Z C U <CW,E_Z X SymZ(X)) ,
=0 =0

for any integer N > N,, where N, is a sufficiently large integer to be
specified below.

Theorem 1.1. Let X be a closed, oriented, smooth four-manifold
with C* Riemannian melric, spin® structure (p, W, W) with spin®
connection on W = W+ @& W~, and a Hermitian two-plane bundle E
with unitary connection on det EI. Then there is a positive integer N,
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depending at most on the curvatures of the fixed connections on W and
det E together with co(E), such that for all N > N, the topological
space MWE 1s compact, second countable, Hausdorff, and is given by
the closure of My, in UéVZOMwa_Z.

Remark 1.2. The existence of an Uhlenbeck compactification for
the moduli space of solutions to the unperturbed PU(2) monopole equa-
tions (1.1) was announced by Pidstrigach [71] and an argument was
outlined in [74]. A similar argument for equations (1.1) was outlined
by Okonek and Teleman in [68]. Theorem 1.1 yields the standard Uh-
lenbeck compactification for the system (1.1) and the perturbations of
(1.1) described in [23], [93] — see Remark 1.4. An independent proof
of Uhlenbeck compactness for (1.1) and certain perturbations of these
equations is given in [92], [93].

1.1.3. Transversality. The space Sym‘(X) is smoothly stratified,
the strata being enumerated by partitions of £. If ¥ C Sym‘(X) is a
smooth stratum, we define

Mw.g_,|s = {[A,®,x] e My,g_, : x € T},

with My g_, := Mwpgr when £ = 0. We then have the following
transversality result for equations (1.3), at least away from the solu-
tions where the connection is reducible or the spinor vanishes. Let
M4 denote the moduli space of anti-self-dual connections on su(E).

Theorem 1.3. Let X be a closed, oriented, smooth four-manifold
with C° Riemannian metric, spin® structure (p, W, W ™) with spin®
connection on W = WT oW, and a Hermitian line bundle det E with
unitary connection. Then there is a first-category subset of the space
of C° perturbation parameters such that the following holds. For each
A-tuple (19, o, T, 5) in the complement of this first-category subset, the
corresponding moduli space M;[}OE s a smooth manifold of the expected
dimension, ’

dim My, = dim Mp™* + 2Indg Da — 1
= —2p1(su(E_y)) — 3(e(X) + (X))
+5p1(su(E_r)) + 5((cd (WF) + e1(E))” — 0(X)) — 1.

Moreover, for each integer £ > 0, and smooth stratum ¥ C Sym®(X), the
moduli space M;{,?E_[]g is a smooth manifold of the expected dimension,

. *,0 T *,0 :
dimMyp |v =dim My | +dim 3.
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Remark 1.4. Diflerent approaches to the question of transversal-
ity for the PU(2) monopole equations (1.1) with generic perturbation
parameters have been considered by Pidstrigach and Tyurin in [74] and
Teleman in [92]. More recently, a new approach to transversality for
(1.1) has been discovered independently by the first author [23] and
Teleman [93]: the method uses only the perturbations (79, 9Jg) together
with perturbations of the Riemannian metric ¢ on X and compatible
Clifford map p.

A choice of generic Riemannian metric on X ensures that the moduli
space Mf;d’* of irreducible anti-self-dual connections on su(F) is smooth
and of the expected dimension [20], [30], although the points of M*%*
need not be regular points of My,  as the linearization of (1.3) may not
be surjective there. A choice of ;generic parameter 79 ensures that the
moduli spaces Méﬁ%?h of non-zero-section solutions to (1.3) which are
reducible with respect to the splitting £ = L & (det E) ® L} are smooth
and of the expected dimension [25]. Again, the points of Méﬁ%?h need
not be regular points of MY, . since the linearization of (1.3) may not
be surjective there. ’

We note that related transversality and compactness issues have
been recently considered in approaches to defining Gromov-Witten in-
variants for general symplectic manifolds [59], [75], [79].

1.2. Outline. We indicate how the remainder of our article
is organized. In §2.2 we prove a slice result for the configuration space
Cw,r (Proposition 2.8) while in §2.6 we describe the elliptic deformation
complex for (1.3) and compute the expected dimension of My, . We
develop the regularity theory for a generalization of the PU(2) monopole
equations (1.3) (obtained by allowing additional inhomogeneous terms)
in §3: the main technical result there is that an L? solution to an in-
homogeneous version of (1.3) and the Coulomb gauge equation is C*°
(Corollary 3.4). By combining this with the slice result of Proposition
2.8, we then show that any L7 PU(2) monopole (4, ®) is L7, gauge-
equivalent to a C'* PU(2) monopole (Proposition 3.7).

We establish local estimates for L? solutions to the inhomogeneous
version of (1.3) in §3.3 and §3.4. We use the sharp L? regularity result
of Corollary 3.4 in §4 to prove the removability of point singularities for
PU(2) monopoles (Theorem 4.10). In the sequels [26], [27], these regu-
larity results and estimates are needed to prove that L? gluing solutions
to (1.3) are C* and to analyse the asymptotic behavior of Taubes’ glu-
ing maps and their differentials near the lower strata of the Uhlenbeck
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compactification.

The proof of Theorem 1.1 relies heavily on both the regularity theory
of §3 and the fact that solutions (A, ®) to (1.3) satisfy a ‘universal energy
bound’, with constant depending only on the data in the hypotheses of
Theorem 1.1. The section ® also satisfies a universal C° bound: these
bounds are the analogues for PU(2) monopoles of the now well-known
a priori estimates for Seiberg-Witten monopoles [47], [62], [77], [98] and
follow, in much the same way, from the maximum principle and the
Bochner-Weitzenbock formula for D4 provided k > 3 (see §4.1). In §4
we prove the removability of point singularities for solutions to (1.3)
(Theorem 4.10) using our a priori bounds and regularity results. While
the PU(2) monopole equations are not conformally invariant, they are
invariant under constant rescalings of the metric (in the sense of §4.2)
and, as in the case of anti-self-dual connections, this scale invariance is
exploited in the proof of Theorem 1.1, whose proof is completed in §4.6.

Theorem 1.3 is initially established in §5 for C" perturbations for
any fixed 3 < r < 00, in order to avail of the Sard-Smale theorem for
Fredholm maps of Banach manifolds [80], while in §5.1.2 we show that
generic C° perturbation parameters are sufficient for transversality.
(See Corollary 5.6 for the special case £ = 0 and §5.1.3 for its extension
to the general case £ > 0.)

As we shall explain in §5, our proof of Theorem 1.3 ultimately hinges
on the fact that if (A, ®) is a PU(2) monopole and A is reducible on
a non-empty open subset containing the support of the holonomy per-
turbations depending on A, then A is reducible over X. The proof of
this result (Theorem 5.11) occupies §5.3; the result follows from the
Agmon-Nirenberg unique continuation theorem after the system (1.3)
has been transformed into an ordinary differential equation for a one-
parameter family of pairs over $3. The unique continuation property
holds for both the perturbed PU(2) monopole equations (1.3), when the
initial open subset of X contains the balls in X supporting holonomy
perturbations, and the unperturbed equations (1.1) for any initial open
subset.

1.3. Other approaches to transversality. As we noted in Re-
mark 1.4, transversality for the PU(2) monopole equations (1.1) has also
been proved very recently using only the perturbations (g, %), together
with perturbations of the Riemannian metric ¢ on X and compatible
Clifford map p [23], [93]. The transversality proof given in [23] is more
delicate than the method we employ in the present article. When using
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holonomy perturbations, the main technical difficulties are due to the
noncompactness of the moduli space of PU(2) monopoles, and the core
transversality argument itself is more straightforward, whereas in [23]
the situation is entirely reversed. To place these various transversality
results in a suitable context, we briefly discuss some other approaches to
transversality, both for the PU(2) monopole equations and the closely
related ‘spin-ASD’ equations of [73], which Pidstrigach and Tyurin used
to define spin polynomial invariants.

Suppose (A, @) is a solution to either equations (1.1), equations (1.1)
with perturbations (79, 9g), or the holonomy-perturbed equations (1.3).
If A is reducible, then ® has rank less than or equal to one (see Lemma
5.22). However, as observed by Teleman [69], [92], if ® is rank one, then
A is not necessarily reducible and he describes a simple counterexample
for equations (1.1) when X is a Kéhler manifold with its canonical spin®
structure.

It is not too diflicult to prove that Mw} 15 a smooth manifold of
the expected dimension away from the locus of irreducible, rank-one
solutions using the perturbation parameters (7y,%9y) alone. However,
as irreducible, rank-one solutions to (1.3) could be present in M;I}OE,

it appears impossible to prove that the entire space M, 0 W.E is a smooth
manifold of the expected dimension using only the parameters (10, 0)-
A similar problem arises in the proof of transversality for the spin-ASD
equations given in [73, Proposition 1.3.5]; a version of these equations
can be obtained from equations (1.1) by omitting the quadratic term
p~H(® ® ®*)gy. In the proof of [73, Proposition 1.3.5] it is claimed
that if D4® = 0 and ® is rank one, then A is reducible [p. 277]:
Teleman’s counterexample shows that this claim is incorrect, and he
points out an error in their argument [69], [92]. On the other hand,
the possible presence or absence of irreducible, rank-one solutions to
the PU(2) monopole equations makes no difference to the transversality
argument which we describe in §5 using holonomy perturbations, as
these perturbations are strong enough to yield transversality without a
separate analysis of the locus of irreducible, rank-one solutions.

1.4. Applications. In [25] we discuss the singularities of the
moduli space My, r. We introduce cohomology classes and geomet-
ric representatives on M;V, g, construct the links of the strata of anti-
self-dual and Seiberg-Witten moduli spaces in My i, and compute the
Chern characters of their normal bundles in suitably defined ambient
manifolds. We thus obtain a relation between Donaldson and Seiberg-



PU(2) MONOPOLES. I 275

Witten invariants when the reducible solutions appear only in the top
level of the Uhlenbeck compactification. In [26], [27], we develop the
gluing theory for PU(2) monopoles: this is used to construct links of
the lower-level Seiberg-Witten moduli spaces, to show that the pairing
of the cohomology classes with this link is well-defined, and to eliminate
the requirement of [25] that the reducible solutions appear only in the
top level. A survey of some of the results contained in the present article
and its sequels [25], [26], [27] is provided in [24].
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2. The PU(2) monopole equations

We develop a framework for gauge theory for pairs in §2.1 and §2.2.
In §2.1 we define the Hilbert spaces of pairs and gauge transformations,
while in §2.2 we establish the main slice result which we require for
the configuration space of pairs modulo gauge transformations, paying
particular attention to the structure near ‘reducibles’. The relationship
between the groups of SO(3) and SU(2) gauge transformations is dis-
cussed in §2.3. A few linear algebra issues which will be important for
later compactness and transversality arguments are discussed in §2.4.
The PU(2) monopole equations and their holonomy perturbations are
introduced in §2.5. The role of the perturbations in obtaining transver-
sality results will be explained in §5. To preserve continuity a detailed
discussion of the technical points which need to be addressed when us-
ing holonomy perturbations in the present context is deferred to the
Appendix. The moduli space and the elliptic deformation complex for
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solutions to the PU(2) monopole equations are described in §2.6.

2.1. Configuration spaces of connections and pairs. In this
section we define the spaces of connections, pairs, gauge transforma-
tions, and configuration spaces which we will use throughout our work.

2.1.2. Connections on Hermitian two-plane bundles. We
consider Hermitian two-plane bundles F over X whose determinant line
bundles det ¥ are isomorphic to a fixed Hermitian line bundle over X
endowed with a fixed C°°, unitary connection A,. The Hermilian line
bundle over X and its unitary connection A, are fixed for the remainder
of this article.

Let k > 2 be an integer and let Ag be the space of L% connections
A on the U(2) bundle E all inducing the fixed determinant connection
A on det E. Equivalently, following [48, §2(i)], we may view Ag as
the space of L7 connections A on the PU(2) = SO(3) bundle su(E).
We shall pass back and forth between these viewpoints, via the fixed
connection on det E, relying on the context to make the distinction
clear. Explictly, if A is a unitary connection on E and s € Q'(X, E),
then Vs € QYE). For ¢ € Q%X,u(E)), then V¢ € QY(X,u(E)) is
determined by

(VaQ)s = Va(Cs) — ((Vas),

so, if A™ € Q'(U,u(2)) denotes the local connection matrix defined by
a choice of local frame for F over an open subset U C X, then

Vas=ds+ ATs,
Va¢=d(+[A7,(] =d¢ + (adAT)(.

Similarly, the connection A on FE induces connections on su(E) and
det E. For example, if ¢ € QU(X,su(E)), then Va¢ € QY(X, su(E)) is
also given locally by
Vag =d§ +[A7,&] = d§ + [(A7)o, €] = do + (ad A7) (o,
while if A € Q%(X, det E) then V) € Q'(X,det E) is given by
VAA = dA + (tr AT)A.

The above local connection matrices are related by

AT = (AT)p + L(tr AN ide € QYU u(2)),
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where (A7)g = A" — 3(tr A7) idee C Q'(U, 5u(2)) is the traceless compo-
nent of A7, while tr A7 C Q(U,u(1)) = Q'(U,iR) is the induced local
connection form for det £ given by the frace component of A”. Note
that (A7)g € QY (U, 5u(2)), and that ad(A™)y = adA” € Q' (U, s0(3)) is
the induced local connection matrix for the SO(3) bundle su(FE), where
we use the standard identification so(3) = ad(su(2)).

Conversely, given a unitary connection A, for det £ and a Rieman-
nian connection A for su(E), we obtain a unitary connection for E given
in terms of local connection matrices by

AT =ad™ (A7) + L AT ide € QYU u(2)).
The curvatures of these connection matrices are related by
Far = ad™ ' (Fy,) + 1 Fa; ide € Q*(U,u(2)),

with F;, € Q*(U,s0(3)) and Fur € Q*(U,u(1)). Thus, (Far)o =
ad™H(Fj,) and tr Fyr = Fy; = F(tr A7). Therefore, globally we have
(Fa)o = ad™'F; € Q*(X,su(E)) and trFy = Fa, € Q*(X,u(1)) =
02%(X,4R), so that

Fa=ad (Fy) + 1F,4, idg € O*(X,u(E)),

as W(F) = su(F) @ (iR) id g.

When we are not explicitly discussing connections which are re-
ducible with respect to some splitting of F, it is generally more con-
venient to view our connections as being defined on su(FE) rather than
FE as we can then avoid explicit mention of the otherwise unimportant
choice of fixed connection on det E. Of course, these viewpoints are
equivalent via the choice of this fixed determinant connection. The
isomorphism ad : su(F) — so(su(E)) will remain implicit when no con-
fusion can arise so that, given a connection A on su(F), we write its
curvature as Fy € Q?(su(E)) and associated deformation complexes
on Q°*(su(E)) rather than Fy € Q%(so(su(F))), with deformation com-
plexes on Q*(so(su(E))) (see [30, Chapter 10], for comparison).

2.1.2. Spin‘ structures. The minimal, axiomatic approach
to the definition of spin® structures and the Dirac operator employed
by Kronheimer-Mrowka [49] and Mrowka-Ozsvath-Yu [66] is extremely
useful for our purposes, so this is the method we shall follow here.

Recall that a real-linear map py : T*X — Hom(W™, W ™) defines a
Clifford map p : A*(T*X) ® C — End(W), with W := WT @ W, if
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and only if [57], [77]
(2.1) p(@)ipr(@) = gla,@)idy+, @€ C®(T"X),

where g denotes the Riemannian metric on T*X. The real-linear map
p:T*X — End(W™ @ W) is obtained by defining a real-linear map

p_:T*X — Hom(W—, W), o p_(a) = —py(a)f,

and setting

(22) O

This extends to a linear map p: A*(T*X) ® C — End(W* @ W~) and
satisfies

23 p(e)f = —p(a) and  p(a)'p(a) = g(o, @)idw,
' a € C®(T*X).
A unitary connection V on W and g-compatible Clifford map p
induce a unique SO(4) connection V9 on T*X by requiring that

(2.4) [V p(@)] = p(Vi),

for all n € C®(TX) and « € Q'(X,R); the sign above is opposite to
that used in [66]. The unitary connection V on W uniquely determines
a unitary connection on det W™ =~ det W~ in the standard way [43].
Conversely, the preceding data uniquely determines a unitary connec-
tion V on W. The connection V on W is called a spin® connection
if the connection V9 on T*X is also torsion free, that is, if V9 is the
Levi-Civita connection for the metric g.

Given a unitary connection A on an auxiliary Hermitian two-plane
bundle E, we let V 4 denote the induced unitary connection on W ® E.
The corresponding Dirac operator D 4 is defined by

4
Dy = Z P(V*)V 40,5

p=1

where {v,} is a local frame for TX and {v*} is the dual frame for 7" X
defined by v*(v,) = 0.
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2.1.3. Pre-configuration spaces and automorphism groups
We denote A® := A*(T*X). For any fixed L? connection 4y € Ap we
therefore write

Ap = Ay + L (A @ su(E)),

for either fixed-determinant, unitary connections on F or determinant-
one, orthogonal connections on su(FE). Our pre-configuration space of
pairs is given by

éWE = Ap x L%(W+ ® E),

and for any fixed L? pair (Ag, Do) € C~W7E, we have
(25)  Cwe = (Ao, ®o) + Li (A @ su(B)) @ Ly(W ® E),

for the cases of either fixed-determinant, unitary connections on F or
determinant-one, orthogonal connections on su(FE).

Given any C* connection Ag € Ag, our Sobolev norms are defined
in the usual way: for example, if a € Q' (su(E)), we write

1/p

lally , cx Z IV, all7 ,

and if (a,¢) € Q' (su(E)) & QW ® E), we write

1/p
o, &)z, ) = (nanfzz%m T ”d)”ii,m)) ,

for any 1 < p < oo and integer £ > 0.

For convenience, we let iRy = (iR)idc C u(2) denote the center of
the Lie algebra u(2), and let S} = exp(iRz) C U(2) denote the center
Z(U(2)) of the Lie group U(2) given by

(2.6) iR, = {(ZOH ZOH) 0 € R} Sl = {(680 e%,) 10 € R} .

Following [48, §2], we consider the induced action for connections on
su(F) by the group Gg of determinant-one, unitary Lz 1 automorphisms
of E rather than the group Gg,(g) of determinant-one, orthogonal L% 41
automorphisms of su(F) to define quotient spaces of connections on
su(E). The reasons for this choice are explained further in [25]; see also
§2.3. We have

Or :={ue Liﬂ(g[(E)) cutu = idg and detu =1 a.e.},
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and
OQE = S% X{:I:idE} gE

One can define the action of °Gr on Ap either by push-forward or
pullback, and obtain equivalent quotient spaces in either case; but the
choice does affect the orientation of moduli spaces, so we specify the
action here: for u € °Gp and (A, ®) € (?W,E, the action of °Gg is
defined by

(A, ®) = (u(A),ud) = (u A, ud) = (u=H)*A, ud).

The push-forward action, u(A) = u, A, agrees with the conventions of
[9], [20]. For the associated covariant derivative V4 on F and u € Aut F,
we have
Vuay =uoVyo ut,

so that u(4) = A — (Vu)u™!. In terms of a local connection matrix
AT € QY (U, u(2)), this gives u(AT) = uA™u~" — (du)u™!, where we use u
to denote both the gauge transformation and the element of Q°(U, U(2)).

In order to define quotients by the action of °G g, we need to choose
k > 2, so gauge transformations are at least continuous. The proof
of the following proposition is a standard application of the Sobolev
multiplication theorem; see [30, Propositions A.2, A.3, A.9].

Proposition 2.1. Let X be a closed Riemannian four-manifold, E
be o Hermitian vector bundle over X, and k > 2 be an integer. Then
the following hold:

(1) The space °Gg is a Hilbert Lie group with Lie algebra T:q°Gr =
L (su(E)) @ iRz.

(2) The action of °Gg on Cw,g is smooth.

(8) For (A, ®) € éWaE’ the differential, at the identity idg € °Gg, of
the map °Gr — Cw,g given by u — u(A, ®) = (A— (dau)u™t, ud)
is ¢ — —d?47¢§’ = (—=da(,(P) as a map

L} 1 (su(B)) @ iRy — LA @ su(B) @ LW ® E).

We denote Bg = .AE/gE = Agr/°Gg. The configuration space of
pairs is given by Cy.r = Cw,r/°GE, that is,

CW,E = (.AE X L%(W—l_ ® E)) /OgE =Ag Xogp L%(W+ ®E),
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and is endowed with the quotient Lz topology.
If = denotes the projection Cy. . — Cy,, a base for the quotient L%
topology of Cyv.r is given by open subsets 7T_17T(B(A7q>)(8)) D Biae)(e),

where B4 ¢)(€) is the LZ-ball of radius ¢ and center (A4,®) in Cy,p
given by {(A1,®1) € Cw,z « [[(A1, 1) — (4, @)l 2 <e}.

2.1.4. Stabilizers. The space Cy g is not a manifold — it has
singularities at points [A, ®] with non-trivial stabilizer Staba e C °Gp.
Recall that the stabilizer subgroup (of the group of bundle automor-
phisms) for a connection on a G bundle always contains the center
Z(G) C G [20, §4.2.2]. We let SL C °Gp denote the constant, central
automorphisms of F.

Definition 2.2. Suppose (A, @) is a point in éW,E- The stabilizer
Stabae C °Gg of (A,®) in °Gg is given by {v € °Gr : v(4,®) =
(A, ®)}, while the stabilizers of A and ® are denoted by Stabs and
Stabg, respectively.

(1) The point (A, ®) is a zero-section pair if ® = 0;

(2) The point (A4, ®) is an irreducible pair if the connection A has
minimal stabilizer Stabs = Z(U(2)) = S C °Gg and is reducible
otherwise, that is, if Stabs D S%.

The point (A, ®) is a reducible, zero-section pair if (A, ®) is both a
reducible and zero-section pair.

As usual, the stabilizer subgroup Stabs C °Ggr may be identified
with a closed subgroup of U(FE,,) ~ U(2) for any point zy € X by
parallel translation with respect to the connection A [20, §4.2.2], [61].
The following lemma implies that the stabilizer in Aut F of a unitary
connection on F coincides with its stabilizer on °Gg.

Lemma 2.3. Let E be a Hermitian two-plane bundle over a con-
nected four-manifold X, let A be a unitary connection on E, and let u
be a unitary automorphism of E such that u € Staby C Aut E. Then
detwu: X — S is a constant map.

Proof. The gauge transformation u may be viewed as an Ad-equivari-
ant map u : P — U(2), where E = P Xy C?, so det u may be viewed
as a map from P to S'. Since detwu is constant on the fibers of P, it
descends to a map on X. Over a small enough open set U C X, we
may write u = exp (, where ¢ € Q%(adP), and adP := P x,q g ~ u(E),
with G = U(2) and g = u(2). Differentiating the action of u on A

281
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we see that V4 = 0, so that ¢ is covariantly constant over U. Thus
det u = exp(tr () and V{detu) = tr(Va{) = 0, so det u is constant on
U and therefore on X, since X is connected. q.e.d.

For a pair (A,®) on (E,W* @ E) or (su(F),W* ® E), the Lie
algebras of Staby and Stab ¢ are given by

HY :==Ker{ds : L;_,(su(E)) ® iRy
— Li(A' @ su(E))},
- LA @su(E) o Li(AM'@ W' @ E)}.

The first identification is standard (see [20, §4.2.2], [30, Chapter 3], or
[61]) and the second follows by the same argument.

From [20, §4.2.2] and [30, Theorem 10.8] we have the following char-
acterization of the stabilizer Stabg C Gy = AutV of a connection B
on an SO(3) bundle V. Note that the four-manifold X below need not
be simply-connected or closed and that H}, = Ker{dp : L}_(so(V)) —
LI (A' @ s0(V))}.

Lemma 2.4. Let B be an orthogonal connection on an SO(3) bun-

dle V' over a connected smooth four-manifold X. The following are
equivalent provided B is not flat:

(1) Stabp ~ SO(2) ~ S,
(2) Hy #0;

(2) B is reducible with respect to an orthogonal splitting V.= N @ R,
where N is a complex line bundle over X and R = X x R (that
is, B reduces to an SO(2) connection);

(4) Stabp # {idy }.
Finally, B is flat if Stabg = SO(3).

Remark 2.5. Note that the ‘twisted reducible’ (that is, locally
reducible) connections on su(FE) discussed by Kronheimer and Mrowka
in [48, §2(i)] are globally irreducible in the sense that they have minimal
stabilizer {idsy(z)}. The condition that B is not flat is used in the proof
that (4) implies (1) [30, p. 48]: the stabilizer Stabp is isomorphic to the
centralizer of the holonomy group Holp so, if Stabg 2 S', then Holg C
S' and hence Holp is discrete. Since the Lie algebra of Holg vanishes,
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the Ambrose-Singer holonomy theorem implies that the connection B
is flat. In particular, we only need X to be a connected four-manifold
for these arguments to hold.

As customary, we call an SO(3) connection B on V irreducible if
Stabp = {idy }. We say that a unitary connection A on F is projectively
flat if the induced connection A*! on su(E) is flat. By modifying the
proofs of Theorem 3.1 in [30] and Proposition I1.8.10 [56], we obtain
the following relation between (i) the stabilizers Stabs in °Gg of U(2)
connections A on E or their induced SO(3) connections 424 on su(E)
and (ii) the stabilizers Stab gea in Gy ) of SO(3) connections A2d on
su(E).

Lemma 2.6. Let A be a U(2) connection on a Hermitian two-plane
bundle E over a smooth, connected four-manifold X, and let A*4 be the
induced SO(3) connection on the bundle su(E). Then the following are
equivalent:

(1) Stab 4aa ~ S';

(2) Staby ~ S' x SL;
(3) HY ~iR®iRy;
(4) Hg,@ 2 iRz;

(5) A is reducible with respect to an orthogonal splitting E = L1 @ Lo,
where Ly and Ly are complex line bundles over X (that is, A
reduces to a T? = S' x S connection);

(6) Stabs 2 S%.

Finally, the connection A on E is projectively flat (or the connection
A on su(E) is flat) if Staby = U(2).

Proof. (1) = (2): Let m : U(2) — SO(3) = U(2)/S} be the
projection u > £(det u)~"/?u. Then 7= '(Stab 4aa) =~ Stab 4aa x5 and
s0 Stab 4aa ~ S* implies that Stabs ~ S' x S}.

(2) = (3): Immediate from the identification of HY as the Lie
algebra of Staba.

(3) = (4): Trivial.
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(4) = (5): We argue as in the proof of Theorem 3.1 in [30]. Note
that Ker{d, : L7, ,(X,u(E)) = Q'(X,u(F))} is isomorphic to

Ker{ds : L} 1 (X,su(E))} @ Ker{d : L, (X,iRz)}
= Ker{d 4aa : Lj_1(X,5u(E))} © iRy.

Given (4), we may choose 0 # ¢ € Ker{da : L} ,Q°(X,su(E))}. The
pointwise traceless, skew-Hermitian endomorphism ¢ of F has eigenval-
ues iAi,tAg = +iA for some 0 £ X\ € Li_i_l(X, R). On the open subset
of X where A # 0, let {;, j = 1,2, be L%_H eigenvectors of { such that
C(&) = M€ and (€5, &) = 0. Just as in [30, p. 47], we find that A
is constant, the eigenvectors {; are globally defined and ds¢; = 0 for
7 = 1,2. In particular, we have an orthogonal splitting F = L; & Lo,
where &; € L%_H(X, E) is a section of L; and da = da, ® da, with
respect to this splitting, so this gives (5).

(5) = (6): Given (5), the connection A reduces to A1 @ Ay with
respect to the splitting £ = L; & Lo and so has stabilizer Sil X S}d,
where we identify the constant maps in MapfT!(X,S!) with Sii for
1 =1,2. Since Sil X Siz ~ S x SL, this gives (2).

(6) = (1): Given u € Stabs and u ¢ S%, we obtain u; =
+(detu)~?u € Stab u. (By Lemma 2.3, the determinant detu is
a constant map.) If u; = idgy(g) then we would have uy = *idg and
u = +(det u)/?u; € S}, 50 u; # idsy (). Therefore, Stab gea 2 {idsy(m) }
and Lemma 2.4 implies that Stab 4aa >~ S*.

Lastly, A is projectively flat if Stab 4.a = SO(3) (by Lemma 2.4) and
Stab 4ea = SO(3) ~ U(2)/S% if and only if Stabs = U(2). q.e.d.

The equivalence of (1) and (2) above can alternatively be seen by
noting that HY,, ~ iR if and only if H} ~ iR @ iRz, so Stab jaa ~ S
if and only if Staby ~ S x SL.

From Lemmas 2.4 and 2.6 we see that A is an irreducible U(2)
connection if and only if A%d is an irreducible SO(3) connection. Note
that Stabs ¢ = Staby NStabg. The stabilizer Stab s ¢ of a zero-section
pair (A, ®) contains S%. The stabilizer Stab 4 ¢ of a reducible pair (4, ®)
need not contain the stabilizer Stab 4 since Stab 4 may not fix .

We write é%, g (respectively, C~8V7 ) for the complement of the re-
ducible pairs (respectively, zero section pairs) in (?W, E, and let (?;;{,?E =
é%, 5 05%7 g+ The quotients Cyy g, C%,’ 5, and C;;(,?E are similarly defined.

If (A4,9) € (?;;[’,?E, then Stabse = {idg}, as the stabilizer of an
irreducible connection A will be Sé and if Sé stabilizes the section ®
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then e?® =0 forall@ € Rand so ® =0 € L2(X,W* ® E) (note that ®

need not be continuous). Therefore, °G g acts freely on C;’,OE and, as we

shall see in the next section, the quotient C;{,OE is a Banach manifold.

Conversely, if (A, ®) is a PU(2) monopole, A'is reducible, and & % 0,
then Lemma 5.22 implies that Stabs ¢ ~ S,

2.2. A slice for the action of the group of gauge transfor-
mations. Let & > 2 be an integer. The slice S4 ¢ C Cw,g through a
pair (A, ®) is given by S4 ¢ := (A4, ®) + K40, where

(2.7) Ko = Kerd)y C I (A' @ su(E)) o LW @ E).

If 7 is the projection from (?W,E onto Cyw,p = C~W7E/OQE, denoted by
(A, ®) — [A, D], we let

Bia(e) = W_IBA,q)(&‘) NSie
be the open L7 ball in S4 ¢ with center (4, ®) and radius ¢, so that
Bas(e) = {(A1,®1) € Sao : [[(Ar, 1) — (4, D)z, <e}
= (4,®) +{(a,¢) € Kaa : (@ d)llp2 , <&}
The Hilbert Lie group °Gg has Lie algebra
Li 1 (su(B)) ® iRz C Li; (su(E))

and exponential map exp : L7 (su(E)) ®iRz; — °G given by ( — u =
exp (. Let
Stabj@ := exp((Ker d?47¢)L) C °GEg,

where

(Ker(d% o)z )b =Tm(d%) 2 ) € L (su(E))

AelLz AelL?,, k41 )
noting that
dgl’,*(b : Lo (su(E)) — Liyy (su(E)) @ Li(W' ® E)
has closed range. Recall that Stabs e C °GE is given by
{7 €°Gr: (A, Q) = (4,9)}

and has Lie algebra

Hg,@ = Ker(d%,q>‘Lz+1) C Liy1(su(B)) © iRy,
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so that

(2.8) Li 1 (suw(E)) @ iRz = (Ker(d) ol12 )" ® Hjg-

The subspace Stabj@ C °Gg is closed and is a Banach submanifold of
°G g with codimension dim HB&,@'

The map d 4 : L, (su(E)) ®iRz — Li(A' @su(E)) S L{(WTQE)
has closed range and so we have an L?-orthogonal decomposition

(2.9) Tu,oCw,is = Im(d%,¢‘Lz+1) O Kae

of the tangent space to the space of L% pairs at the point (A, ®).

The proof that the quotient space Cyw,r is Hausdorff and our later
proof of removable singularities for PU(2) monopoles make use of the fol-
lowing well-known technical result [20, Proposition 2.3.15], [30, Proposi-
tion A.5], [56, Theorem I1.7.11]. Note that the space of L2 unitary auto-
morphisms of E is neither a Hilbert Lie group nor does it act smoothly
on the space of L2 unitary connections on F.

Lemma 2.7. Let E be a Hermitian bundle over a Riemannian man-
ifold X and let k > 2 be an inleger. Suppose thalt {An} and {By} are
sequences of Li unitary connections on F, and thal {uy} is a sequence
of unitary automorphisms of E such that ug(Ay) = Bo. Then the fol-
lowing hold.

(1) The sequence {uq} is in L7 .

(2) If {As} and {Ba} converge in L3 to limits Ao, Boo, then there
is a subsequence {'} C {a} such that {uy} converges in L to
Uoo aNd Boo = too(Aso)-

The following slice result was established by Parker [70], but only
for pairs which are neither zero-section nor reducible; see also [9]. Tt is,
of course, the analogue of the usual result for the topology and manifold
structure of the configuration space By = Ag/Gg of connections. The
proof we give here is modelled on the corresponding arguments for con-
nections given in [20, Proposition 2.3.4], [30, Theorems 3.2 & 4.4], and
[56, Theorem I1.10.4]. We will ultimately need a rather more involved
version of this method in order to show that our gluing maps are diffeo-
morphisms, so we give the argument in the simpler model case below in
some detail and establish some of the notation and conventions we will
later require.
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Proposition 2.8. Lei X be a closed, oriented, Riemannian spin®
four-manifold, let EE be a Hermitian two-plane bundle over X, and let
k > 2 be an integer. Then the following hold.

(1) The space Cyw,g is Hausdorff.

(2) The subspace C;{,?E C Cw,k is open and is a C™ Hilbert manifold

with local parametrizations given by 7 : Bag ay(e) — C;;(,?E for
sufficiently small € = e(Ag, Dy, k).
(8) The projection w : (?;;(,?E — C;{,?E is @ C™ principal °Gr bundle.

(4) For (Ag, ®y) € Cw g, the projection m : Bay a,(¢)/ Stabag.a, —
Cw,k is a homeomorphism onto an open neighborhood of [Ag, ®o] €
Cw,r and a diffeomorphism on the complement of the set of points
in Bagy,a,(€) with non-trivial stabilizer.

Proof. The stabilizer Stab, o, (which we can identify with a Lie
subgroup of U(2)) acts freely on °Gg and thus on the Hilbert manifold
°GE X Sa,,a, by (u, A, ®) — v+ (u, A, ) = (uy™t,v(4, ®)), and so the
quotient °Gg Xstab Ag.30 S 40,8, 18 again a Hilbert manifold. We define a
smooth map

U :°Gp XStaba, oy SAe,de — éW,Ea [u, A, @] — u(A4, P).

Our first task is to show that the map ¥ is a diffeomorphism onto its im-
age upon restriction to a sufficiently small neighborhood °Gg Xstab 40,50
B 4,,5,(g). Given 6 > 0, let Biq(d) be the ball

{U S OgE : ||U, — idEHL%-&-l,AO < (5},

and let Bﬁ((s) = By (d) N Stabjoﬁbo‘

Claim 2.9. For small enough ¢ = §(Ag, g, k), the ball Bj4(9) is dif-
feomorphic to an open neighborhood in BiLd((? ) X Stab 4,.a,, with inverse
map given by (ug,y) — © = ugy.

Proof. The differential of the multiplication map
Stabﬁo,@o X StabAo,@o — °Gg, (UO’ 7) = Uo7y
at (idg,idg) is given by

Ker(d%m%hz“)i D H,(L)xo,% — L%+1(5u(E)) (¢, x) = ¢+ x,
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and is just the identity map with respect to the L?-orthogonal decom-
position (2.8) of the range. Hence, the Hilbert space implicit function
theorem implies that there is a diffeomorphism from an open neighbor-
hood of (idg,idg) onto an open neighborhood of idg € °Gg. For small
enough §, we may suppose that if v € Bjq(d), then u can be written
uniquely as u = ugy with ug € B;5(5) and v € Stabay a,. q.e.d.

Claim 2.10. For small enough ¢ = £(Ag, Po, k), the map ¥ is a
diffeomorphism from °Gg XStab a6, BAg,®o (€) onto its image in Cyy,g.

Proof. We first restrict the map ¥ to a neighborhood Biq(6) X stab 4, s,
S 49,0, Which is diffeomorphic to the neighborhood B:5(8) x Sy, in
Stabjo,% X8 49,0 Dy Claim 2.9. The differential of the induced map

W : Staby, g, XSa0.00 — Cwim, (4, A, B) > u(A, @)
at (idg, Ag, Dg) is given by
(D®)(i1d,40,m0) Tid Stabiiy 5, ®T 6,305 40,80 = To,a0Cw, 5,
(¢, a,0) = —dyy 5,C + (0, 9),

where we recall that T4, 6,5 4,9, = K4,,6, and

1 1 0,
Tiq Staby) o, = (Ker(d%0,¢0\Lz+1)) = Im(dA(),(I)O‘L%_H)'

Using the L2-orthogonal decomposition (2.9) of the range we see that
the map

0 . 0 1
_dA(),(I)O@ldE : (Ker(dAo,q)o‘Lz+1)) e91{140,‘1)0 — Im(d%07¢0’Li+l)@KAo,q>o

given by ({,b,1) — —d%o,%c + (b,4) is a Hilbert space isomorphism.
So, by the Hilbert space implicit function theorem, there are positive
constants £ = e(Ag, Do, k) and § = §(Ag, Py, k) and an open neighbor-
hood Ua,,6, C (?W,E such that the map

U : Bij(0) X Bag.ag(e) = Uag,a, (u, A, ®) — u(A, D)

gives a diffeomorphism from an open neighborhood of (idg, Ag, ®¢) onto
an open neighborhood of (Ag, ®¢). In particular, we obtain a map
Ung,ay — Stabjo,%, given by (4, ®) — u = uae, such that
‘Il_l(Aa (I)) = (U’U_I(Aa (I))) € Biﬁ((s) X BAo,q)o(g)
C Stabﬁo,‘@o XBAO,(PO (6)
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Hence, for any (A, ®) € Uay,a, there is a unique u € Bi;(5) such that
u=HA, D) — (Ao, o) € Kay,a:
(2.10) A%’ o, (u™ (A1, @) — (Ag, Bp)) = 0.

The neighborhood B 4, ¢, (€) is Stab 4,,¢,-invariant: if (4, ®) € B 4,,a,(€)
and v € Staby, s,, then

Iy (A1, @1) = (4, )|z, = (A1, 1) — 7HA @) g

kv~ (4p)

= [[(A1, @1) = (A4, )12, <&,
»Ag
and

d% 5, (7(A, @) — (Ao, Bp))

7 (97, 4y a0y (4 ) = (4o, @0)))

v <d(j{2,¢0 ((4, @) — (Ao, <I>0))> =0,

50 Y(A, ®) € Bay.a,(€).
The group °Gg acts on °Gr X Sa,.0, by (u, A, ®) — (vu, A, ®), and
so gives a diffeomorphism

Bid((s) X BA0,¢O(€) — Bv((S) X BA0,<I>0(5)7 (U,A, Q)) — (UU,A, (I)),

and as this action commutes with the given action of Staba, s,, it de-
scends to a diffeomorphism

Bid(6) Xstab a0, BAag,de(€) = Bu(8) Xstab 4, 0, Bag,ao(€),
[u, A, ®] — [vu, A, ],

for each v € °Gg. Consequently, the °G g-equivariant map
°GF XStabag e, BAo,®o(€) = Cw,p

is a diffeomorphism onto its image, as desired.  q.e.d.

Plainly, [y(A4,®)] = [A,®] for each v € Staba, e, and (4,P) €
B 4,,5,(¢) and hence, the projection 7 : Ba, a,(¢) = Cw,r factors
through B 4, o, (£)/ Stab 4,5, -

Claim 2.11. There is a positive constant 6 = 6(Ag, g, k) with the
following significance. If (A;, ®;) € Ba,.0,(¢) for i = 1,2 and there is a
gauge transformation u € Bjq(d) such that u(Ay, ®1) = (Ag, P3), then
u € Staba, @,
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Proof. For small enough ¢, Claim 2.9 implies that u € Bjq(d) can be
written uniquely as u = uyy with u; € B;(6) and v € Staba, ¢,. Thus,
(A2, ®2) = u17(A1, ®1) € By,a,(e). But the neighborhood B 4.4, (¢) is
Stab ,,4,-invariant, so we also have y(A1, ®1) € B4, 0,(¢). Therefore
u1 = idg by the uniqueness assertion of Claim 2.9 and so 4 = v €
Stab4,.3,. This completes the proof of the claim. q.e.d.

Claim 2.11 shows that B a, e, (¢)/ Stab 4,4, injects into the quotient
Cw,r modulo the assumption that the gauge transformations are close
to idg. It remains to show that if (A4;, ®;) € Bay,a,(¢) for i = 1,2 and
there is a gauge transformation u € °Gg such that u(Ay, ®1) = (4g, Po),
then u is necessarily close to idg and hence that B4, a,(¢)/ Staba,.s,
injects into the quotient Cyy,p.

Claim 2.12. For small enough £(Ag, ®¢), the projection

T BA0,<I>0(5)/StabA0,(I>O — Cw,p
is injective.

Proof. Suppose that (A;, ®;) € B, a,(e) for i = 1,2 and that
[A1,P1] = [A2, P2] € Cw g, so that u(Aq, P1) = (Ao, Do) for some u €
°GE.

Since u(Ag) = Ap — (da,u)u"t, we see that u € Staby, ¢, if and
only if d%m%u = (dayu, —u®Pg) = (0, —Pg) or, equivalently, if and only
if d%m%(u — idg) = 0, since idg € Stabay.e,. Here, we view u €
L%_H(g[(E)) via the isometric embedding °Gg C Li_i_l(g[(E)) and write

u—idg = up — 7,

where ug € (Ker d?éxo,q)o)L and v € Ker d?%’%. Our first task is to
estimate |ju —idE||L§A .
Ag

By assumption, d?%’%q/ = (da,7,7®) =0,s50d4,y = 0and yPy = 0.
Since u(A1) = A1 — (da,u)u™! = Ay, we have

Agu = Aju—da,u = Aru — dayu — [A) — Ag, ul,
and therefore, using da,idg = 0 = da,7, we have

dAOUO = dAOU = U,(A1 - A()) - (A2 - AO)U.
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As d3y (A; — Ag) = (+®)" (P; — ®¢), we obtain

dyodaguo = — * (dagu A (A — Ag)) + udy, (AL — Ag)
— (d4, (A2 — Ag))u + *(x(Az — Ag) A da,u)
—* (daguo A *(A1 — Ap)) +u(-®o)* (P1 — Do)
— ((+@0)* (P2 — ®o))u + +(* (A2 — Ao) A dayup).

We define the Laplacian A", by settin,
Ag, o DY g

0,% * *
AAO <I)0 dA() <I>0dA0 <I>0 dAOdAO + (@0) @0‘

Now ug = v —idg + v and da,idg = 0 = d4,y and v®¢ = 0 so, using
u®d| = Py, we obtain

A?axo,%uo = A%O,% (u—idg + )
= d,dao(u—idg +7) + (-@o)" (v — idr) Po
= d},dagu+ ()" (uPg — uPy +ud; — Do)
= d}, daguo + (o) (u(Pg — ®1) + (P2 — Dy)) .

Our assumption that (4;, ®;) € By.a,(¢) and the embeddings L7 C L3
imply that for 2 = 1,2 we have

1CA, @3) — (Ao, Po)llzz , < [1(Ai, ®i) — (Ao, Po)llzz , <e

Since uy € (Ker d%m%)L, the standard elliptic estimate for the Lapla-
cian A%O,%, the fact that |u| = 1 as u € °Gp, the Sobolev embedding
L2 C L4 2 < q < oo, and multiplication L2 x L2 — L2, and our
expression for d da,u = d} da,uo combine to give
luollzz , < 1A% wouolis
< Clldidaguollzz , + Cll(-@0)" (u(®o — 1) + (P2 — Po))llzz
< Clldaguolizz , (141 — Aollzz | +I[lA2 = Aollzz , )
+Cllullgz, %ol , (1®1—Pollz , + P2 —Pollzz , )
< Clluollzg, e+ Cllull iz, I®ollzg, e

< Cllugllzz , =+ Cl%oll3 ,
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for some constant C' = C(Ag, Pp). For small enough £ we can rearrange
the preceding inequality and use the Sobolev embedding L2 C C? to
yield

luollyz , < Cll®allzs, e and Juolloo < CllFollyz, =

Therefore, as |u| = 1, we have the pointwise bounds
1= [uo| < fidp — [ < 1+ |uol,

and thus, for € small, |[idg — | > 0; the pointwise norm of z = |idg — 7|
is constant since da,(idg —v) = 0. Consequently, vo = 2z~ (idg — )
lies in °GE: clearly, da,v = 0, so v € Staba. If &5 = 0, we trivially
have vy € Stabg,. If ¢ Z 0, then the equalities |y Pg| = |Pg| (as o is
a unitary gauge transformation) and vg®¢ = 27! (idg — 7)®¢ = 2~ 'y,
s0 |v0®g| = z71|®p| implying that z = 1 (it is enough to have equality
of L? norms here as z is constant). Hence, we also have y € Stabe,
and in particular, vg € Staby, s, = Stabs, NStabg,.

We now write 7y 'u = v5 ug -+ - (idg —7) = v "uo + 2 idg, so that

vo tu —idg = (2 — 1)idg + 75 ug.

Clearly, (z — 1)idg € Ker d%m% by the remarks of the last paragraph,
while 15'ug € (Ker d%wDO)L since ug € (Ker d%m%)L and
70_1 € Stabag,o,. Similarly, 'yo_lu(Al,(Dl) = 'yo_l(AQ,(I)Q) € Bay,a,(€),
as the neighborhood B 4, ¢, (€) is Stab 4, ¢,-invariant. Thus, replacing

u by 75 'u and (Ag, @9) by (Ag, B2) = v ' (A2, B2) in our L;AO estimate
for ug yields
I ol < CllFollzz,

while |z — 1] < |lug||co < C||<I>0||L§A e, so we find that
VA
vt — ez, = Cli®ollzz , e

If £ is small enough that C||<I>0||L§A £ < §, where § = §(Ayp, ®g) is the
+420

constant of Claim 2.11 with & = 2, then v; 'u € Staba, s, and so u lies
in Stab4,.s,, as desired.  q.e.d.

Claim 2.13. The quotient space Cyy,r is Hausdorff.

Proof. Let T be the subspace {{(A, ®),u(A,®)} : (4,®) € Cw g and
u € °Gr} of Cwr X Cwr. If {(An, Pa), ua(An, Po)} is a sequence in T



PU(2) MONOPOLES. I 293

which converges in Lz to a point {(Acc, Poo), (Boos Poo)}, then Lemma
2.7 implies that there is a subsequence {¢'} C {«a} such that {u,}
converges in Li_i_l t0 Uoo € °Gp and Ueo(As) = Boo- But then uy Py
converges in Li 50 UeoPoo and s0 Vo, = uae®Ps. Thus, (Beo, Vo) =
Uoo( Aoy Poo) Tor some uy, € °Gg, and therefore T is closed. Hence the
quotient C~W7E/°QE is Hausdorfl.  q.e.d.

Claim 2.13 gives Assertion (1) of the proposition. Thus Assertions
(2), (3), and (4) now follow from the preceding arguments and Claim
2.12. This completes the proof of the proposition. q.e.d.

Remark 2.14. (1) Alternatively, one can show that the quotient
L% topology on Cyy,g is metrizable via the L? metric (exactly as in [20,
Lemma 4.2.4]) and thus Cyw,g is Hausdorff.

(2) As Mrowka pointed out to us, one can sharpen the assertions
of Proposition 2.8, at least for the quotient space Bg: one finds that
charts are provided by L*-balls in Ker d’, rather than the much smaller
L% 4,-balls usually employed; see [22].

It is convenient to extract the following global, Coulomb gauge-fixing
result (analogous to Proposition 2.3.4 in [20]) which we established in
the course of proving Proposition 2.8:

Lemma 2.15. Let X be a closed, oriented, Riemannian spin® four-
manifold and let F be a Hermitian vector bundle over X. Suppose that
k > 2 is an integer and that (Ag, @) € (?W,E. Then there is a positive
constant £ = £(Ag, B, k) such that for any (A, ®) € Cw.p with

1A, @) = (Ao, Po)llzz , (x) <

there is a gauge transformation u € °Gg, unigue up to an element of
Stabag.a,, such that

A% o (u(A, @) — (Ao, Bo)) = 0.

2.3. Connections on SO(3) bundles and groups of gauge
transformations. For some local patching arguments over simply-
connected open regions Y C X in §3 and §4 it is very useful to be able
to lift gauge transformations in Gy, (g)(Y) to gauge transformations in
Gr(Y). The following result tells us that this is always possible when
Y is simply connected; it is an extension of Theorem IV.3.1 in [61] from
SU(2) to U(2) bundles.
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Proposition 2.16. Let E be a Hermitian two-plane bundle over a
connected manifold X. Then there is an exact sequence

1 = {#idp} = Gg = Goyr) = H (X; Z/27Z).

Proof. Let P be the U(2) principal bundle underlying E so P =
P/S} is the SO(3) principal bundle underlying su(E). We can view
elements of Gr as maps u : P — SU(2) satisfying u(pg) = g~ u(p)g
for p € P and g € U(2), and similarly for elements of Gy, (g). The map
Gr — Gsy(p) is then given by u — Adu. Because X is connected, the
kernel of this map is {£idg}, giving the exactness of all but the last
terms in the sequence.

Let 1o € H'(SO(3); Z/27) be the non-trivial cohomology class given
by the double cover SU(2) — SO(3). Then a map u : V. — SO(3) lifts
to SU(2) if and only if u*ry = 0. We would like to define the map
a: Goyp) — HY(X;7Z/27) by a(u) = u*ve. Tt is not immediately clear
that a(u) actually lies in H'(X;7Z/27). The homotopy exact sequence

m(SO(3)) = 71 (PY) = m(X) — 1
gives an exact sequence in cohomology H*(-;7Z/27) = Hom(w(-), 7 /27),
1 —» HY(X;Z/27) - H (P, Z/22Z) — H'(SO(3); Z/27).

Thus u*vs is pulled back from a unique element of H'(X;7/27) if and
only if iXu*vy = 0, where i, : SO(3) — P is the inclusion of a fiber.
Because u*1s depends only on the homotopy class of 4, the map
« is constant on connected components. Let ggu( ") be the subgroup
of elements of Gy gy which are the identity over z € X. The exact

sequence of groups
1= Goymy = Gsum) — SO(3) = 1

and the corresponding exact sequence of homotopy groups (my to be
specific) show that the inclusion ggu( B) induces a surjection of connected
components. Now if u € ggu(E) then ¢ u*1e = 0, and so i,u"vy = 0 for
all u € Ggy(g)- This implies that the map « takes values in HYX;7/27).

By the defining property of v, we have a(u) = 0 if and only if there
is a lift of u to SU(2). Because {£idg} is central, any Ad-equivariant
map @ : P — SU(2) descends to P2 — SU(2). Thus u € Gou(r) 18
induced by some 4 € Gg if and only if a(u) =0. q.e.d.
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Remark 2.17. One can also show that the map
Gouir) = H'(X;Z./27)
is surjective.

2.4. Quadratic forms for coupled spinor bundles. Give gl(E)

(respectively, gl(W=*)) the Hermitian fiber inner product and norm
(M,N):=3tr(M'N) and |M*>=(M,M),

for M, N € Q°(gl(E)) (respectively, gl(W¥)), so that |idg| = 1, etc. If

B e QOWT @ E), then & ¢ QV(W+ ® E)*) = Q(WH)* @ E*) is

defined by ®*(0) := (I, ®) for ¥ € QO(W+ ® E).

With respect to the induced Hermitian fiber inner products on
gl(W*) and gl(E), we have fiber-wise orthogonal direct sums,
gl(W™T) = Cidy+ @ sl(WT), and similarly for gl(E) and thus
gl(W) @c gl(E). Let my+ (respectively, 7g) be the fiber-wise orthog-
onal projection from gl(W™) (respectively, gl(E)) onto the subspace
sl(WT) (respectively, sl(E)), so that

Tw+M =M — L tr Midy+ and 7pN:=N—3trNidg

are the projection onto the traceless components of M € gl(W™) and
N € gl(E), and

T+ M = 2tr Midy+ and 75N :=1tr Nidg
are the projections onto the trace components of M € gl(W™) and
N € gl(E). The orthogonal projection from gl(W™*) ®¢ gl(E) onto
sl(WT) @c sl(E) is obtained by writing myy+ = idyy+ — WVLVJF and g =
idg — 75, so that

(2.11) Tw+ @ mg =idy+ Q idg — <7TW+®7T§+7TVLV+®7TE)
+ i ® .
Consequently, if ¢ € QY(W7) and ® € Q°(W+ ® E), we may define
(2.12) (P ® ¢ )0 := my+(¢ ® ¢%),
(@ ® P*)gp 1= (my+ ® mE) (D ® 7).
Note that
gl(WT) @c gli(E) = u(W) @r w(E) + iv(WT) @r u(E).

Plainly, (¢ ® ¢*)¢ is a section of sl(W™) N su(W™T) = isu(WT). The
following identities are now well-known [47], [77, Chapter 8]:
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Lemma 2.18. For every ¢ € QY (W) or QUE), T € QU(sl(WT)),
and n € Q*(X,C), the following hold. The endomorphism (¢ ® ¢*)g is
a section of Q0(isu(WT)) and satisfies:

(1) (¢ ® ¢*)o|” = 118]*,
(2) o> =2n71* and |p7 T = 5ITP.

Similarly, ® ® ®* is a section of u(W* @c E) = u(W ™) @ru(FE) and
(®® P*)go is a section of su(W™) ®@r su(E). We then have the following
analogue of Lemma 2.18:

Lemma 2.19. For every ® € QW+ ® E) and
MeQg(Wt ®E)),

the following identities hold:

M (@@ &, M) = 5(Ma, ),
@) (3-F)el' < (@ 8 0)we,®) < Lol
(3) (3- 35191 < (@& o) < Fsjoft

Proof. Using ® = ¢*®° (we employ the summation convention), so
M® = c*MP* and &*P¢ = (9%, ) = &, we have

(PR M) =1tr(P®d*)'M) = (& )M, d%)
(MO, (® @ &*)P") = J(MD, (0" D%))
3 (c

)
(M®*,e"®) = $(c"M*, ®) = LM, D),

which gives (1). Next, we see that
12 ® 0> = (® @ 0", @ d*) = 1{((®® D), D)
= 319X(®, ®) = 5|9|*,
and so the upper bound in (2) is obtained by
(@ ® D)o, B)| < (B ® D)oo |P[* < | © B*(| D
< (1/V2)lelt < 3o/,

where we use the fact that (- )oo = 7y +®mg is an orthogonal projection
to obtain the second inequality.
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To obtain the lower bound in (2), suppose that ® = ¢* ®£* (implied
summation), where {¢?} C QV(W) and {¢°} C QY(E), then & ® &* =
(6" ® ¢") @ (§* ® £"*) and

(myp+ @ 1) (P © %) = myp o (¢° @ 7)) @ T (€ @ £P7)
= 1tr(¢° ® ¢") (€ @ ") idyy-pp
= 1(¢", "), €") idwarp
= 1" ®¢" @) idyn
= (D, ) idyy+g -
Using the last identity together with (® ® ®*)® = &(®, d) = &|®|? and
(2.11) gives
(2@ 2%)oo®, ®) = ((® @ *)P, D)
— (T @ T + T+ @ 1) (P ® BF)B, B)
+ (1]®)?®, B)
— 5|t 1 1 x
= 7[®]" = ((myp+ ® T + T+ @ TE) (P ® D7), D).
But WVLVJF QnE + A+ & Wﬁ is just the orthogonal projection onto the

middle two factors of the orthogonal decomposition of gl(W ™) ®c gl(F),
SO

(rih+ ® 7+ Tys © 75)(D © 0°)0, 0)
< |+ @ 7+ ms © )@ © @) |2

< |80 8|3 < (1/VD|®* < da|!,

and therefore
(@ ® D)oo, B)| > §18|* — (1/V2)|[* > §|B|*.
Consequently, using (® ® <I>*)$0 = (P ® ®*)qp, we have

(P ® D*)o®, @) = (P @ D*)go, @ ® B*) = ((® ® D*)g0, (P @ P*)go)
= (@ ® ®*)gol’,

which gives (3). q.e.d.

The fact that |(@@®*)y|2 > 1|®|%, for @ € QUWTRE), is used in §4
to show that the moduli space of PU(2) monopoles has an Uhlenbeck

297
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compactification. (The analogous equality, |(¢ ® ¢*)o|* = L|¢[* for
¢ € QU(WT), is used in [47], [98] to show that the moduli space of
Seiberg-Witten monopoles is compact.)

We adapt some terminology from the proofs of Proposition 3.4 in [30]
and Lemma 4.3.25 in [20] which we will need for our proof of transver-
sality for the PU(2) monopole moduli space in §5:

Definition 2.20. The rank of a section ® € Q(W=* ® E) at a
point x € X is the rank of ®|, considered as a complex linear map
(W*)*|, — E|, (that is, its rank as a complex two-by-two matrix). We
say that @ is rank one on a subset U C X if it has rank less than or equal
to one at all points in U. Similarly, for v € QY(AT(T*X) ® su(E)), the
rank of v al a point x € X is the rank of v considered as a real linear
map from AT(TX)|, — su(E)|, (that is, its rank as a real three-by-
three matrix). The rank of v on a set U C X is the maximum rank of
v|; over all points x € U. Finally, for M € Q°(su(W ™) ® su(E)), the
rank of M at a point x € X is the rank of M considered as a real linear
map from su(W™)*|, — su(FE)|, (again, its rank as a real three-by-three
matrix). The rank of M on a set U C X is the maximum rank of M|,
over all points z € U.

For the proof of Lemma 2.21 below we shall need a simple linear
algebra identity. Suppose that ® = ¢ ® £, for some ¢ € Q'(WT) and
¢ € QUE), and that U = ¢ ® ¢, with ¢ € QY (W) and ¢ € QU(E).
Then

PRT* = (g8 PR =(pRY") ® (£ () € gl(WT) ®c gl(E).

Writing B € gl(W ™) (or gl(E)) as B = By, + B,, where B, = (B + BT)
is Hermitian and B, = %(B — BT) is skew-Hermitian, we have

PRV = 1(p QP "+ 9P R ) R (ERD (T +(®EY)
+1(pYP —PpRP) R (E R —(®E)
+1(p Y + PR V(R —(®E)
+1(Pp®YP - QP ) R(E R+ (R,

and similarly for ¥ ® ®*. Therefore,

PRU +T QP =L(pR9P" +9Y®¢") (R +( )
+3P0Y - PO (ER —(®EY)

(2.13) = —3i(¢p QY + 9P @) @R +(®EY)
+5PRYP PR PR (ERC —(®E).
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We shall need the following elementary observation in our proof of
transversality for the moduli space of PU(2) monopoles in §5. Note
that as p : AT — su(W™) is an isomorphism, the rank of a section v of
AT ® su(FE) is equal to the rank of the section p(v) of su(W+) @ su(E).

Lemma 2.21. If ® € CO(W™T ® E) and x € X, then the following
hold:

(1) Rankr(®(z) ® ®*(x))oo = 1 if and only if Ranke ®(z) = 1,
(2) Rankr(®(z) ® ®*(2))oo = 3 if and only if Rankc ®(z) = 2.

Proof. For convenience we write ®, W+, and E for ®|,, WT|,, and
E|;. If ® € Hom(W™, E) has complex rank one, we can write ® = ¢®¢,
for p € W and £ € E. Then (D Q@ ®*)g9 = —i{d® ¢*)o ®4(£ ®E*)o and
so (& ® ®*)gp € Hom(su(W ™), su(E)) has real rank one.

Conversely, suppose (® ® &*)gp has real rank one. Let {1, &2} be an
orthonormal basis for ¥ and write ® = ¢ ® & + o @ o if P, 0 € B
are linearly dependent, then ® has complex rank one and we are done,
so suppose that ¢1,¢s are linearly independent. Using the standard
basis {01, 02,03} of Pauli matrices (2.14) for su(2), namely

i 0 0 1 0 »
(2.14) = (0 —i)’ o9 = (_1 0), o3 = (Z 0),

we obtain bases for the real vector spaces su(W) and su(E):

ol =iHi®& -6 &), 5= -HL L,
o5 =i(61®& + & ®E),

of =i(p1® P — P2 ®$3), 07 =1 ®P; — P2 ® ¢y,
o3 = i(d1 ® ¢5 + 2 ® ¢7).

Writing & = &; + ®5, we have
(Pa @ Py)oo = —i(¢a ® ¢g)o @ i(8a ®&5)o
fora=1,2 and
(® ® D*)gp = (B1 ® B} )gp + (D1 ® Bh + By @ B} )gg + (P2 ® Bh)gp-
So, by the identity (2.13) and noting that

(& @& =26 06 — & ®8) = 1ot = —i(& ® &),
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and

i(d1 ® $})o = 3i(d1 @ ¢} — ¢ @ ¢3) = 30V = —i(h2 ® P50

we see that

(@ ® 2o = —i(¢1 ® ¢1)o ®i(§1 @ ET)o — (2 ® $3)o ® i(§2 ® E3)o
— 5P @ Py + 2 ® 1) @61 B E + LB EY)
+3(1 @ — ) B (L O - L)
= —307 @0l — 301 ® 0f — 305 @ 0§ + 505 @03
= —%011” ® o} + %05’ ®o§ — %05" ® of.
Thus, (® @ ®*)gy would have real rank three, a contradiction, and so ®
must have complex rank one, which proves Assertion 1.

The preceding argument also shows that if @ has complex rank two,
then (® ® ®*)gy has real rank three. Conversely, if (& ® ®*)p has real
rank three, then ® cannot have complex rank one by Assertion 1, so ®
has complex rank two. q.e.d.

2.5. The PU(2) monopole equations and holonomy per-
turbations.  In §2.5.1 we describe the PU(2) monopole equations
in their unperturbed form, following [71], [74]. In §2.5.2 we introduce
the holonomy perturbations and the perturbed PU(2) monopole equa-
tions, deferring a detailed discussion of most of the technical regularity
issues concerning holonomy perturbations to the Appendix. In Donald-
son’s application to the extended anti-self-dual equation, some impor-
tant features ensure that the requisite analysis is relatively tractable:
(i) reducible connections can be excluded from the compactification of
the extended moduli spaces [18, p. 283, (ii) the cohomology groups for
the elliptic complex of his extended equations have simple weak semi-
continuity properties with respect to Uhlenbeck limits [18, Proposition
4.33], and (iii) the zero locus being perturbed is cut out of a finite-
dimensional manifold [18, p. 281, Lemma 4.35, & Corollary 4.38]. For
the development of Donaldson’s method for PU(2) monopoles described
here, none of these simplifying features hold and so the corresponding
transversality argument is rather complicated. Indeed, from Proposi-
tion 7.1.32 in [20] one can see that because of the Dirac operator, the
behavior of the cokernels of the linearization of the PU(2) monopole
equations can be quite involved under Uhlenbeck limits. The holonomy
perturbations considered by Donaldson in [18] are inhomogeneous, as
he uses the perturbations to kill the cokernels Coker dj directly. In
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contrast, the perturbations which we consider in (1.3) are homogeneous
and we shall argue indirectly in §5 that the cokernels of the linearization
vanish away from the reducible and zero-section solutions.

2.5.1. The unperturbed PU(2) monopole equations. Re-
call that we consider Hermitian two-plane bundles F over X whose
determinant line bundles det F/ are isomorphic to a fixed Hermitian line
bundle over X endowed with a fixed C'°°, unitary connection A4,. Let
(p, W+ W™) be a spin® structure on X, where p : T*X — End W is the
Clifford map, and the Hermitian four-plane bundle W = W @ W~ is
endowed with a C° spin® connection. Given a connection A on F with
curvature Fy € L7_; (A’ @ u(E)), then (F})o € L}_; (AT @ su(E)) de-
notes the traceless part of its self-dual component. Equivalently, if A is
a connection on su(E) with curvature Fy € Li_;(A* ® so(su(F))), then
Fi{ e L? (AT ®@su(E)) is its self-dual component, viewed as a section
of AT ® su(FE) via the implicit isomorphism ad : su(FE) — so(su(E)).
Let Dg: L2(WT® E) — L7 (W~ ® E) be the corresponding Dirac
operator.

For an Li section ® of WT®E, let ®* be its pointwise Hermitian dual
and let (® ® ®*)gg be the component of the Hermitian endomorphism
® @ d* of W ® E which lies in su(W™) ® su(E). The Clifford map
p defines an isomorphism p : AT — su(W™) and thus an isomorphism
p=p®idgyp of AT @ su(E) with su(W+) ® su(E). Then

(215) FX - p_l(q) ® @*)00 = Oa
Ds® =0,

are the unperturbed equations considered in [67], [68], [71], [74] (with

slightly differing trace conditions) for a pair (A, ®) consisting of a con-

nection A on su(E) and a section ® of Wt ® E. Equivalently, given

a pair (A4, ®) with A a fixed-determinant connection on E, equations

(2.15) take the same form except that F'j is replaced by (F})o.

2.5.2. The perturbed PU(2) monopole equations. We next
introduce perturbations of the PU(2) monopole equations (2.15) which
will enable us to prove the transversality result described in Theorem
1.3. The perturbations in question make use of holonomy and their
construction is partly modelled on related perturbations introduced by
Donaldson, Floer and Taubes [8], [17], [29], [18], [86]. All of these con-
structions require that a unitary connection A on a Hermitian two-plane
bundle F over X be regular enough that parallel translation along a C'*

301
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path in X is well-defined. For example, Floer employs a configuration
space of L} connections modulo L3 gauge-transformations over a three-
manifold, so these connections are at least continuous (as L} C C? in
dimension three) and the standard theory of ordinary differential equa-
tions applies to define parallel translation without further qualification
[29]. In dimension four, parallel translation can be defined without dif-
ficulty using Li connections with & > 3. With a little more care one
can see that parallel translation can be defined by L3 connections, even
though L2 ¢ C° [61, §3.2]. These regularity issues become rather more
intractable, as one can see from the Sobolev restriction theorem, for
connections which are only L? [2, Theorem V.5.4]. As explained in the
Appendix — to which we refer the reader for a discussion of the more
technical points — we shall ultimately restrict our attention to config-
uration spaces of Lz connections with £ > 3. The perturbations will,
by definition, be zero on a neighborhood of a point in X where the
curvature is large and so our regularity theory for L? monopoles will
apply near points where curvature has bubbled off in order to prove
removability of singularities (see §4.5.2).

We follow standard convention by saying that a connection A on a
G bundle E over a connected manifold Y is ‘irreducible’ if its stabilizer
Staby is trivial, that is, the center of the Lie group G [20, p. 133],
rather than saying (more correctly) that its holonomy group Hol(yo)
is not a proper Lie subgroup of Aut(E,,) ~ G, where yp € Y is any
basepoint. However, the holonomy will be our primary concern in this
section, so some care is required as the two notions do not coincide in
general. Recall from [20, Lemma 4.2.8] that Stab 4 is isomorphic to the
centralizer of Hola(yg) in G. If Y is simply connected, then Hol4(yg) is
a connected Lie subgroup of G [44, Theorem 11.4.2]. Thus, if G = SU(2)
or SO(3) and Y is simply connected, then A has trivial stabilizer in G
if and only if Hols(yg) ~ G [20, p. 133]. Indeed, if G = SO(3) and
Staby = {id}, then H := Hol(yy) = SO(3); otherwise, we would have:

e H = SO(2), with centralizer Z(H) = SO(2) (by [11, Theorem
1V.2.3(ii)]), contradicting Stab, = {id}, or

e H = {id}, with centralizer Z(H) = SO(3), again contradicting
Staby = {id}.

The same argument holds for G = SU(2), but not for higher-dimensional
Lie groups. For example, if G = U(2) = SU(2) X{4iq} S', we cannot
exclude the possibility that a U(2) connection A with Stabs = S}
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reduces to an SU(2) connection, that is, A has holonomy Hol(yy) =
SU(2).

With the preceding comments in mind, the first ingredient in our
construction of the holonomy perturbations is a local section of su(FE)
given by the holonomy of an SO(3) connection A on su(F). Let v C X
be a C* loop based at a point zg € X and let

hey,wo (A) € SO(su(E))lx,

be the holonomy of the connection A around the loop . The exponential
map exp : 50(3) — SO(3) gives a diffeomorphism from a ball 2B around
the origin in s0(3) to a ball around the identity in SO(3). Let ¢ : R —
[0, 1] be a C cutoff function such that 1(|¢|) = 1 for ¢ € 1B, (|¢]) > 0
for ( € B, and ¢(|¢]) = 0 for ¢ € s0(3) — B. Then

(2.16)  By00(A) =4 (| exp™ (B (A))]) - ad ™ (exp™ (y 00 (A4)))

defines a gauge-equivariant map Ag(X) — su(E)|,,, where ad : su(E) —
so(su(FE)) is the standard isomorphism.

Lemma 2.22. Let U C X be a simply connected open subset and let
zg be a point in U. If Ay is an irreducible SO(3) connection on su(E)|y,
then there are loops {71}?:1 C U, depending on A, such that the set
{hy (A} C SO(su(E))|s, lies in the open subset of SO(su(E))|z,
given by the image under exp of the ball B C so(su(E))|y, around the
identity. The sel {h, 5, (A)}3_1 s then a basis for su(E))s,.

Proof. Since A|y is an irreducible SO(3) connection over a sim-
ply connected manifold U, the holonomy group Hol A|U(£E0) is equal to
SO(su(E))|z, by the remarks preceding the statement of the lemma.
Hence, there are three loops 71,2, v3 such that the holonomies

h’)’laﬂﬂo (A) €BC SO(Eu(E))‘UBO

give a basis {b, 2,(4)}7_; for su(E)|,,. q.e.d.

For a C'° connection A we may extend b, (4) to a C* section
b (A) of su(E) by radial parallel translation, with respect to A over
a small ball B(xg,2Rg) and then multiplying by a C'* cutoff function
¢ on X which is positive on B{xg, Ry) and identically zero on X —
B(zg, Ry). Thus if the set {f, »,(4)}?_; spans su(E)|,,, then the set
{(pﬁw (A)|y}L, will span su(E)|, for y € B(zo, Ry). The constant Ry is
chosen so that 4R is smaller than the injectivity radius of (X, g).
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In general, for an Li connection A with k& > 2, the section 67(14)
will not be in L% +1 and so we use the Neumann heat operator, for fixed
small ¢ > 0,

Ki(Al(o,2ry) : L7 (B(x0,2R0), 5u(E)) = Li,1(B(x0,2Rq), su(E)),

as discussed in Appendix A.1 to construct an L% 11 section

(2.17) 01(A) := Ki(Al p(zo 210)) D1 (A)

of su(E) over B(xg,2Ro) which converges to i, (A) in C%(B(zg, Ry)) as
t — 0. Therefore, for small enough ¢ = #(A), the set {ph,, (A)|,}>_,,
will span su(E)|, for all y € B(zg, Ry) just as before.

Lemma 2.23. Let k > 2 be an integer and let Ay be an Li unitary
connection on E|py2r,)- Let v1,72,73 be loops in B(xo,2Ro) based
at zo such that {B., 4,(Ao) Yoo, spans sw(E)|y,. Then there is a posi-
tive constant €(Ag, {vi}) such that if A is an L2 unilary connection on

E|B(ao,2R,) Satisfying
1A = Aollz | (Bwo2ro) <€

then the set {0, zo(A)}i_; spans su(E)|,.

Proof. According to Lemma A.3 the holonomy maps
hyzo = AB(X) = U(E)|z,

are continuous and so the maps b, ;, : Ap(X) — su(FE)|,, are contin-
uous on small open neighborhoods of Ay € Ag(X). Hence, for small
enough ¢, the set {b,, 4o (A)}7_; spans su(E)|y. q.e.d.

We now specify the loops to be used in this construction, essentially
following the argument used in the proof of Lemma 2.5 in [17]. Let
{B(z;,4Ry) ;v:”l, be a disjoint collection of open balls, where N; is a
fixed integer to be specified later (see §4.5.2). According to the slice
results of [20, p. 192], [87, Proposition 2.1] for manifolds with bound-
ary, the quotient space B (B(z;,2Ry)) of irreducible L? connections on
E| B(z;,2Ry) 18 a C'°° manifold modelled on a separable Hilbert space.
The quotient L topology on Bj(B(z;,2Ry)) is clearly metrizable and
so Stone’s Theorem implies that By (B(z;,2Ry)) is paracompact and
thus admits partitions of unity [55, Corollary 11.3.8].

For each j = 1,..., N, and each point [Ag] in By (B(z;,2Ry)), we
can find loops {7, 4, };_;, contained in B(z;,2R,) and based at z; such
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that {hy;, 4, (Ao)}i=y, spans su(E)]|,,. For each such point [A4y], Lemma
2.23 implies that there is an L%,AO ball

Brag)(ea,) := {[A] € Bg(B(zj,2R0)) : distrz | ([A], [Ao]) <0}

such that for all [A] € Bjagj(ca,), the set {hy,, (A)}i_, spans su(E)|,; .
These balls give an open cover of B},(B(z;,2Ry)), and hence there is
a locally finite refinement of this open cover, {U;,}2, and a positive
partition x;j. (see Proposition A.12) subordinate to {U;,}or; in the

sense that

ZXj,a[A] >0, [A] € B*E(B(xj72R0))~

Hence, for each Uj 4, we obtain loops {7 }i_; C B(z;,2Rp) such that
for all [A] € Ujq, the sections b,  (A) span su(FE)ly;.

Let 8 be a smooth cutoff function on R such that 3(¢) = 1 for
t < 1and B(t) =0 for t > 1, with B(t) > 0 for £ < 1. Then the C*
gauge-invariant maps Ag(X) — R, A~ §;[A] given by

(2.18) Bi[A] :== B (6—1% /B(m' 430)6 (%};&;xﬂ) |Fal? dV)

are zero when the energy of the connection A is greater than or equal to
1e3 over a ball B(z;,2Ry). Here, ¢ is the constant of Corollary 3.16.
Finally, we define C*° cutoff functions on X by setting

(2.19) pi(x) = (%@) . zeX,

so that ¢; is positive on the ball B(z;, Ry) and zero on its complement
in X.
We can now define a gauge equivariant C'°° map

AE(X) - L%—&—I(Xa 5U(EJ))a A mj,l,a(A)
by setting
(2.20) m;1a(A) = Bi[AlxX;.alAl B2, 2r0) €7, .0 (4)-

Thus at each point A € Ag(X) only a finite number of the m;; ,(A) are

non-zero and each map m;; o is C'™° with uniformly bounded derivatives
of all orders on Ag(X) (see Appendix A.4).
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To define the perturbation of the Dirac operator in (2.15), we need
elements of Q°(Homc (W™, W ™)) and these are conveniently provided
by complex one-forms using the Clifford isomorphism

p: AL — Home (W™, W),

where AL, = A'@rC. These one-forms are parametrized by the following
Banach space: Let A be the index set

{(j,l,Oé)11§j§Nb,1§l§3,0z€N},

let 6 = (60)2; € £1(R) be the sequence of positive weights described in
Appendix A4, let r > k + 1, and let

(221) Py = €(, C7 (X, AL))
be the set of sequences ¥ := (¥j1,0) in C"(X, AL) such that

HﬁHé}s(C?‘(X)) =Y 0 1 allorx) < oo
j’l’a

Then P} is a Banach space with respect to the above norm [40, §1.7].
Remark 2.24.

1. Note that we measure reducibility of connections and allow the
loops ;1. to be contained in the larger balls B(z;,2Rg) while the
perturbations are supported on the smaller balls B(z;, Ry). Thus,
if A€ Ag(X) is a connection such that A|p(; 2r,) is reducible
for all j € {1,..., N} such that 5;[A] > 0 and & # 0, then [A, §]
cannot be a point in M;[}?E: our unique continuation result for
PU(2) monopoles (see Theorem 5.11) which are reducible on an
open subset of X containing all balls B(z;, Ry) with 8;[A] > 0
would imply that A is reducible on all of X and so (A, ®) would
be a reducible PU(2) monopole. Consequently, if [4, ®] € M;[}?E
then A must be irreducible on some ball B(z;,2Ry); otherwise, A
would be reducible on all balls B(zj,2Ry) with 8;[A] > 0 and so
reducible on X.

2. Note that the sections m;; ., are defined on the entire space A (X):
They are zero for connections A € Ag(X) which are reducible
when restricted to B(z;,2Ry).
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3. Our energy bound (4.2) for solutions (A,®) to the perturbed
PU(2) monopole equations ensures that there is always at least one
ball B(z;, Ry) where the sections {m;; o(A)}}_, span su(E)|p(s;,Ro):;
see §4.5.2.

Because only a finite number of the sections m;; ,(A) are non-zero
at each A € Ag(X), the sum

(2.22) T @A) =Y p(¥)1,0) ®c mjpalA)
j’lﬂa
gives a well-defined Li 41 section of
Homc(WH, W) @c sl(E) ~ AL ®c sl(E),

noting that although each m;;,(A) is a section of su(E), we have
sl(E) = su(F) @r C. The map

Ap(X) = L (X, Homc(WT, W™) @csl(E)), A J-fi(A)

is C*° and gauge equivariant and so defines a C'™ section of the vector
bundle

A5 (X) Xgp Ly (X, Home(WT, W) ®c si(E)) — By(X).

By construction (see Appendix A.4) the sum ¢ - ®(A) satisfies a C°
estimate of the form
sup |7 @A) |2 ) < Clldllger(x
(2.23) A€Ap (X) j1,4(X) 3(C7(X)
and  [|9]| g o (x)) < €9,

where C' = C(g, k), and ey is a positive constant which we are free to
specify.

We shall also need to construct a gauge equivariant C'°° map from
A5 (X) to L (gI(AT) ®r so(su(E))). This map will define a perturba-
tion of the quadratic form in (2.15) using the representation
ad : su(F) — so(su(FE)) and is parametrized by the Banach space

(2.24) Pr= (A, C" (X, gl(AT)))

of sequences 7 := (7j,4) in C"(X, gl(AT)) such that

17l er iy = D 0a Imjgallonx) < oo
j’lﬂa
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Then the sum
(2.25) 7om(A) =) Tt Or ad(mya(A))
il
is pointwise finite and gives a well-defined Li 41 section of
gl(A1) ®R so(su(E)).
The map
Ap(X) = Li (X, gl(AT) ®r so(su(E))), A 7-m(A)

is C° and gauge equivariant and so defines a C* section of the vector
bundle

Ai(X) Xgp L (X, gl(AT) ®r s0(su(E))) — By (X).

By construction (see Appendix A.4) the sum 7 - m(A) satisfies C? esti-
mates
sup |7 m(A)lrz, o0 < ClITlgor(x
(2.26) AeAp(X) ) ()
and |7l (cor(x)) < €7

where C' = C(g,k), and e, is a positive constant which we are free to
specify.

Our perturbed PU(2) monopole equations for a pair (A4, ®) on
(su(E),WT ® E) then take the form

S1(A4, @) :=FF — (id + 70 ® idy()
(2.27) +7-1(A4)) p~H® ® B*)gg = 0,
Ga(A, ®) :=Da® + p(¥)® + 7 - M(A)D = 0,
where 19 € C"(X, gl(AT)) and ¥y € C"(X, A}) are additional perturba-

tion parameters. For brevity, we shall often denote 74 := 7- m(A) and
Iy =19 - m(A4).

Remark 2.25.

1. In [25] we consider the question of transversality of the spaces of
reducible solutions or U(1) monopoles, which are identified with
moduli spaces of Seiberg-Witten monopoles. In particular, we
show that the moduli spaces of U(1) monopoles are cut out trans-
versely for generic 1o € Q9(gl(A™1)).
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2. If the section ® is identically zero, then the PU(2) monopole equa-
tions reduce to those for a projectively anti-self-dual unitary con-
nection A on FE. If the connection A is reducible, then all of
the sections m;; ,(A) are identically zero on X; the perturbations

7-m(A) and 9 - M(A) in (2.27) are then zero.

3. We emphasize that the holonomy sections in the sequence mi(A)
are always Li 41 by construction for Lz cor_{nections A (with k > 2)
and that the sums defining 7- m(A) and ¢ - mi(A) are always finite
for each A, although the number of terms may tend to infinity as
A approaches a reducible connection.

The proof of the existence of an Uhlenbeck compactification for
Myw,g in §4 requires the perturbations 7 - wi(A) and J - @(A) to sat-
isfy the following estimates in order to obtain universal a priori Li N
bounds for ® and .2 bounds for F4 (see Lemmas 4.2 and 4.3):

sup [|7- m(A) e (x) <1,
AcAg

sup |9 - (A)| pa(x) < 1.
A€AR

(2.28)

To obtain the more delicate universal a priori L*° bounds for ® and
FX (see Lemmas 2.26 and 4.4) required by our Uhlenbeck compactness
argument in §4, the perturbations g, 7-m(A), and 51‘3(14) must satisfy
the following stronger estimates:

170l oo (x) + sup 17 - @ (A) |z (x) < 315

(2.29) A

19 o0 + su ’5 n_:l A o0 S 1.
190l Lo (x) AEEEH (Dllzee, (x)

We take a constant 1 on the right-hand sides of (2.28) and the sec-
ond inequality in (2.29) for notational convenience only: these bounds
do not need to be ‘small’. There are continuous Sobolev embeddings
L3(X,R) C L®(X,R) and L}(X,R) C L¥(X,R) over a four-manifold
X. The estimates (2.29) then follow from the estimates (2.23) and (2.26)
when k > 3. Therefore, to obtain the inequalities (2.29), we require that
k > 3 in our configuration spaces of L% connections Br and pairs Cyw,g;
see §A.4. The bounds in (2.29) then follow for small enough choices of
e, and €y in the inequalities (2.23) and (2.26).

We shall need a slight generalization of Lemma 2.19 which applies to
the perturbed quadratic form 7p~!(® ® ®*)gy when 7 # idy+. Without
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loss of generality, we may restrict our attention to automorphisms 7, :=
prp~t of su(W) such that |7, — idgyw )| = lpTp~! —id| < &, and thus

(D1, ®2) — 7|P1[|P2] < (T(D1), P2) < (Py, o) + &7[ D1 ][ D2
for some universal positive constant e, < 1 and all
D, Dy € (WT Q E).
Hence, Lemma, 2.19 yields the following bounds for the perturbed quadratic

form:

Lemma 2.26. There is a universal positive constant ¢, << 1 such
that for all |7 —idp+[lco(x)y < &r and ® € QW+ ® E) the following
inequalities hold:

(1) 318" < (7p(2 ® )00 @, @) < 3P,
(2) 71 < J7p(@ @ @)ool < §19[".

Remark 2.27. The constant £, = 1/64 will suffice. The constraint
|7 —id||co(x) < & is only used in §4.1 and consequently in §4.6, where

we establish the ‘universal’ a priori bounds for PU(2) monopoles and
prove the existence of an Uhlenbeck compactification, respectively.

2.6. The moduli space and the elliptic deformation com-
plex. We define the moduli space of PU(2) monopoles and compute
the index of its elliptic deformation complex.

For any integer k > 2, the PU(2) monopole equations (2.27) define
a C% map & := (61, 6,) of Hilbert manifolds,

(2.30) G:Cwpr — Li_(AT@su(E) @ Li_ (W~ ® E),

given by

w9 (ora o))

_(FX—(idJrTo@id«u( )+ 7-m(A))p” ((I’®‘I>*)00)
B Da® + +p(9)® + 9 - 1i(A)D ‘

We can then define the moduli space of PU(2) monopoles by setting

(2.31) My :={(A,®) € Cwr:6(A4,3)=0}/Gp
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and denote the moduli space of PU(2) monopoles which are neither
reducible nor zero-section pairs by

*0 *,0
MVI},E = Mwa N CV{/,E

We let M4 := {[A] : F{ = 0} C Bg be the moduli space of anti-self-
dual connections on su(FE).

The SO(3) bundle su(F) has first Pontrjagin number and second
Stiefel-Whitney class given by

K= —1pi(su(E)) = c2(E) — 11 (E)?

2
(2.32) wo(su(E)) = ¢1(E) (mod 2),

and, for a connection A on su(F), we have the following Chern-Weil
integral identity,

@3) —dnGuB) = g5 [ (F3P - FiP) av

where we view F as a section of A2 ® su(FE) via the isomorphism ad :
su(E) ~ so(su(F)) (see [20, §2.1.4]).

Since the map G is °G g-equivariant, it defines a section of the Hilbert
vector bundle U over C;;(,?E with total space

(234)  V:=Cpyy xogp (Lioi (AT @ su(E) ® L (W™ @ E)).

While the equation G[A, ®] = 0 is, of course, defined on Cyy, g, T does
not extend from C;{,?E to a vector bundle over Cyy,z. The moduli space

M;I}OE C C;;(,OE is then the zero locus of the section & of Hilbert vector
bundle 2T over the Hilbert manifold C;;(,OE: it will be a regular submani-

fold if & vanishes transversely, that is, if the differential
(2.35) (DS)aw : ThaeCiip = Li 1 (AT @ su(E)) © L, (W~ & E)

is surjective at all points [A4, ®] in &~1(0) ﬂC;;[’,?E; recall from §2 that the
tangent space T} A:“I)]CI’;[’/(,)E is canonically identified with Ker dg{j‘q) - (?;;(,?E

Suppose (A4, ®) is a pair in Ag x Q°(W* ® E). Recall from Propo-
sition 2.1 that the differential at the identity idg € °Gg, of the map
°Gp — Ap x QW™ ® E) given by u — u(A, ®) is

Q(su(E)) @ iRz — Q' (su(E)) @ QW ® E),
(= o = (—dal,CP).
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Similarly, the differential (a, ¢) — dh,q)(a, ¢) = (DS)a,0(a, ¢),
A uE) o QW e E) = Ot (su(E) e Q°(W~ @ E),

of the map & at the point (A4, ®) is given by

dzl4,<1>(aa ¢)
(2.36) (dja — 7+ (0m)(a)(® ® 2")oo—(id + 70 @ idsy() )
= +7-m(A)p (P ® "+ d®@ D)o |,
Dag+ p(00)p+ 0 - B(A)d + p(a)® + I - (61)(a)®

where ém = dm/dA. (In the sequels we also find it convenient to use
L 4,6 to denote the linearization of the map & at the point (A, ®).) The
differential of the composition °Gr — Q7 (su(F)) @ Q" (W~ ® E) given
by

u = u(A, ®) = S(u(4, ) = u(S(A4,®)) = (uS1 (4, D)u", uGy (4, §))

is then
QT (su(E))
Qo(ﬁu(E)) o IR, — D ,
AW~ ®E)

( dlyg0dh oC = ([(,81(4,8)],(Gs(4, D).

Therefore, d}m o d%’q) = 0 if and only if (A, ®) = 0, that is, if and
only if (A4, ®) is a PU(2) monopole. Consequently, the sequence

P Q'(su(E) 4 QF (su(E))
(2.37)  Q(su(E)) @ iR, —2» ® A2, @
AWt eE) QW-®E)

is a complex if and only if (A, ®) is a PU(2) monopole. The L? adjoint
of —d%,q) is given by

(2.38) —d%s(a,¢) = —dha + (-)"¢.
The operator
Q(su(FE)) @ iRy

. Ol (su(E)) o
(2.39)  Dag:=dip+dis: @ — QT (su(E))
QW+t E) ®

AW-®E)
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is elliptic (thus Fredholm) and so (2.37) is an elliptic deformation com-
plex for the PU(2) monopole equations (2.27), with cohomology groups

0 A 0 1 A 1 0 2 o 1
HA,‘:D = Ker dA,‘:I)? HA,‘I’ = Ker dA7¢/ImdA’¢, HA,‘:D = Coker dA,‘I)’

analogous to the usual elliptic deformation complex [20, Eq. (4.2.26)]
for the anti-self-dual equation, FX = 0. (An elliptic deformation com-
plex for stable pairs for holomorphic bundles is given by Bradlow and
Daskalopoulos in [9, §2].)

Recall that Hg,q) = Ker d%,q) is just the Lie algebra of the stabilizer
Staba e of the point [4,®] € My g and H}L@ is the Zariski or formal
tangent space. Thus, for any point [A, ®] € M;I}?E we have Hg@ = 0.
If Hfm =0, then Coker(D&) 4,6 = 0 and so [A, ®] is a regular point of
the zero locus of the section & of U over C;;(,?E. Thus, if Hg@ =0 and
Hiq) = 0, then [A, ®] is a smooth point of My, g with tangent space
KerDao = Ker(d%”*@ + d}47¢) = H}L@’ as we see from (2.35). Provided
the zero set &~1(0) is regular, then M;I}?E will be a smooth manifold of
dimension —IndD 4 ¢.

The perturbation terms in (2.27) define gauge equivariant maps

Ci'y = Lis (AT @ su(E) 0 Li_ (W™ ® E),

given by
7-m(A)p™ (B @ D)oo
(4,9) = ( 7 (A)D :

For k > 2, the Sobolev multiplication theorem implies that J - M (A)® is
in LL(W~®E), while 7-m(A)p~' (& ® ®*)gg is in L(AT @ su(E)) when
k > 3 and in LH(AT ® su(E)), 1 < p < 2 when k = 2. By the Rellich
embedding theorem, the inclusions L% C L%_l and Ib C L%, p > 1, are
compact. In particular, it follows that the linearization of the perturbed
PU(2) monopole equations (2.36) differs from the linearization of the
unperturbed equations (2.15) by a compact operator [2, Theorem VI.2].

Proposition 2.28. If the map & of (2.30) vanishes transversely for
the parameters (19,9, T, 5), then M;I}?E(To,ﬁo,%’, 5) is a smooth mani-
fold of dimension

dim My, = —2p1 (su(E)) — 3(1 — b'(X) + b7(X))

+ 2p1(su(E)) + 3 (a1l (WT) + 1 (E))? — 2o(X) — 1
= dimM¥ +2Tndec Dy — 1,
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where o(X) is the signature of X.

Proof. Since Hg’q) = 0 and Hfm = 0 (by hypothesis) at any point
[A,®] in M;I}?E, we have dim M;[}?E = —IndD4s. By our regularity
result, Proposition 3.7, any point [4, ®] in M;[}?E has a smooth repre-
sentative (A, ®). Therefore, from the expressions for d%@ in (2.38) and
for d,l4,<1> in (2.36) and the Sobolev multiplication and embedding theo-
rems, we find that the operator Dy ¢ = dg’j‘@ + d}m : Li — Li_l differs
from

L7 (su(E)) @ iRy

LI(A' ® su(E)) ®
* + k
(dA gdA 13 ) : ® L 12 (A @ su(E))
AV LW e E) ®
Li_ (W~ ®E)

by a compact operator and so has the same (real) index:
IndDae = Ind(d + d7}) + Indgr Dy — 1.
We recall from [20, Eq. (4.2.22)] that the operator
5+ dY LA @ su(E)) — Li_  (suw(E)) @ Li_ (AT ® su(E))
has index
Ind(d% + d}) = —2p1 (su(E)) — 3(1 — b (X) + b (X)).
The complex index of the Dirac operator D4 is given by

ACX)) ch(R)ez WD), (X))
— ﬁpl(X))(Q +c1(F)

We obtain our dimension formula by adding these indices and noting
that Indgp D4 = 2Inde Dy, q.e.d.
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3. Regularity

Our goal in this section is to establish the basic regularity results for
solutions to the PU(2) monopole equations (2.27). In §3.1 we show that
global L? solutions to the first-order elliptic system comprising (2.27)
and the Coulomb gauge equation (see §2) are necessarily C'*°, while in
§3.2 we show that global Lz solutions to (2.27) are equivalent via an
Li 41 determinant-one, unitary automorphism of E — provided k > 2
— to C*° solutions to (2.27) in Coulomb gauge relative to some C'™
reference pair. In §3.3 and §3.4 we establish local versions of the results
of §3.1 and §3.2. The regularity results and estimates of this section
will be needed repeatedly throughout our work, so we state them here
in sufficient generality to cover all of these applications. In the present
article, we require the regularity results for our proof of transversality
for the moduli space of PU(2) monopoles (see §5) and they form the
cornerstone of our proofs of removable singularities and existence of an
Uhlenbeck compactification (see §4). Furthermore, in sequels to this
article [26], [27], the regularity results of this section are used to show
that L? gluing solutions to (2.27) are necessarily C™ and to analyse
the Uhlenbeck-boundary behavior of the gluing and obstruction maps
parametrizing the moduli space ends.

In order to simultaneously address all of the intended applications,
the equations we find it convenient to consider here are a quasi-linear,
inhomogeneous elliptic system consisting of a generalization of the equa-
tions (2.27) and Coulomb gauge equation for a pair (4, ®) € Cy,p(X).
Specifically, we allow inhomogeneous, right-hand terms: the need for
this generalization arises in our proofs of removable singularities, of reg-
ularity for gluing solutions to (2.27), and in analysing the Uhlenbeck-
boundary behavior of gluing maps. Suppose that (Ag, ®g) is a fixed C™
reference pair in Cyy,p(X): writing (4, ®) = (Ag, ®) +(a, ¢), combining
(2.27) with the Coulomb gauge equation, and allowing inhomogenous
terms, we obtain an elliptic system of equations for a pair (a,¢) in
QL(X,su(E)) @ QUX, W+ @ E),

(3.1) da 0 — (+®0)" ¢ =,
G(AO +a, @0 + ¢) = (0071/)0)7

Considering A to be a connection on su(FE) and using the isomorphism
ad : su(F) — so(su(F)) to view Fy as a section of A2 ® su(F), we write
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(3.1) as
di,a— (o) ¢ = (,
P o — ([d+ 70 @ idaym) + 7 8(A)) o7 (B0 + ¢) ® (B0 + ¢)*)oo = o,

(D agsa + p(B0) + 9 - 1(A))(Bg + ¢) = to,

where (vg, 1) € QH(X,su(E)) @ Q°(X, W~ ® E). Recalling that d?%,%
and d,l40,<1>0 are the differential operators in the elliptic deformation com-
plex (2.37) for the PU(2) monopole equations (2.27), the above system
may be rewritten in the form

d?é{:,q:to (a'7 ¢) = Ca
dzl40,<1>0(a’¢) + {(a’7 ¢)a (0,, ¢)} = _G(A(), (I)O) + (UOawO) = (’l),i/)),

where (v,7) € QF(X,su(E)) © Q% X, W~ ® E), and the differentials
dg’;’% and d}%,% are given by (2.38) and (2.36). It will be convenient to
view the quadratic term {(a, ¢), (a, ¢)} as being defined via the following
bilinear form,

{(a7 ¢)’ (b’ (p)}
_ ((a AT — (id+ 70 ® idgypy + 7+ 1(A4)) p~ (¢ ® w*)oo)
pla)p ’

where (b, p) € Q1(X, su(E))®Q°%(X, WT®E); we will further abbreviate
{(a,¢),(a,¢)} by ¢(a,¢) when convenient. Our elliptic system (3.1)
then takes the simple shape

(3.2) Dag,ao(a,9) + {(a, ), (a, @)} = (¢ 0, 9),

recalling from (2.39) that Day.0, = d%,% + d}%,%. This is the form
of the (inhomogeneous) Coulomb gauge and PU(2) monopole equations
we will use for the majority of the basic regularity arguments.

Some of the regularity results and estimates of this section general-
ize corresponding results for the first-order anti-self-dual equation [20],
[30] and, to a certain extent, those of Uhlenbeck [94] and Parker [70] for
the second-order (coupled) Yang-Mills equations. As usual for a quasi-
linear, first-order elliptic system with a quadratic non-linearity, over an
n-dimensional manifold, the main difficulty is to prove regularity for
L?/ % solutions (that is, at the critical Sobolev exponent). Once the so-
lutions are known to be in L°°, then standard linear elliptic regularity
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theory can be applied [37], [64]. Tt is worth noting at the outset, though,
that despite an extensive literature on quasi-linear elliptic systems due
to Ladyzhenskaya-Ural’tseva, Morrey and others [54], [64], these clas-
sical results do not meet the usual demands of gauge theory and this
explains why we develop the precise results we require here. The con-
stanls appearing in our estimates generally depend on the underlying
Riemannian metric on X, the fixed spin® connection on W, the fixed
unitary connection on det F, and the perturbations (7, g, 7, 5) this
dependence is not explicitly noted, as these ingredients in the PU(2)

monopole equations (2.27) are fixed once and for all.

3.1. Regularity for L? solutions to the inhomogeneous
Coulomb gauge and PU(2) monopole equations. We show
in this subsection that an L? solution (a, ¢) to the PU(2) monopole and
Coulomb-gauge equations (3.2), with an L% inhomogeneous term (with
E > 1) is in L%+1' Thus, if the inhomogeneous term is in C°, then
(a,¢) is in C*®. In passing from an L? to an L2 solution we need only
consider the case where (7, 5) = 0, while no restriction is placed on the
perturbation (7,9) € P given an L3 solution (a, ¢).

Our regularity result contains, as special cases, Proposition 4.4.13 in
[20] and Theorem 8.8 in [30], for anti-self-dual connections, and Theorem
8.11 in [77] for Seiberg-Witten monopoles. The proof we give below
for PU(2) monopoles is rather different. We provide a fairly detailed
argument here since regularity of L2 solutions to an elliptic equation
with a quadratic non-linear term does not quite follow directly from
the standard theory for non-linear elliptic systems (for example, [64,
Theorem 6.8.1]).

The two principal steps are, first, to get L} regularity of an L% SO-
lution (a,$) when 2 < p < 4 and (a, ¢) is sufficiently L*-small and,
second, to apply elliptic boostrapping and the Sobolev multiplication
and embedding theorems to get C'™ regularity of an L solution (a, ¢)
when 2 < p < co. We will use these sharp regularity results and esti-
mates repeatedly throughout our work, so we give the argument in some
detail here. The main ingredient in the first step is supplied by Propo-
sition 3.2 and uses a Fredholm alternative argument to pass from L? to
the slightly stronger L regularity [33, Theorem 5.3]. Although we will
often be able to simply assume that the inhomogenous term is in C°°,
rather than just in L?, we will later need these intermediate regularity
results in our development of the gluing theory for PU(2) monopoles
[26], [27] to show that L? solutions (a,¢) to the system (3.2) with a
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certain inhomogeneous term (¢, v,1), where the latter is initially only
known to be in L2 or L3, are actually in C™ (together, of course, with

(¢ vy 1))
Lemma 3.1. Let B4, B2 be Banach spaces and let

T € Hom(B1, B>)
have a right (left) inverse P. If T' € Hom(B1,Bs) satisfies
IT" =T < | P,

then T also has a right (left) inverse.

Proof. Tt P € Hom(B,B1) is a right inverse for T, so TP = idy,
then
(T =T)P| < T =-TIIP| <1,

and id; + (7" — T)P is an invertible element of the Banach algebra
End(8;). Define P/ = P(1+ (1" —T)P)~!, so T'"P' = id; and P’ is a
right inverse for 7”. Similarly for left inverses. q.e.d.

The preceding elementary consequence of the usual characterization
of invertible elements of a Banach algebra will be frequently invoked in
this section and in particular, in the proof of the proposition below.

Proposition 3.2. Let X be a closed, oriented, Riemannian four-
manifold with metric g and spin® structure (p, W), and let E be a Her-
mitian two-plane bundle over X. Let (Ay, ®y) be a C™ pair on the C®
bundles (su(E), WT ®E) over X and let 2 < p < 4. Then there are pos-
itive constants € = e(Ag, ®g,p) and C = C(Ay, ®g,p) with the following
significance. Suppose that (a,$) € L(X,A' @ su(E)) ® L2(X,WT Q E)
is an L2 solution on (sw(E),W+ ® E) to the elliptic system (3.2) over
X with (7,9) = 0, where (C,v,%) is in LP. If ||(a, Prax) < e, then
(a,¢) is in LY and

@ Dllze , o) < C v P)ler o) + 1@ D)2 -

Proof. The operator Da, e, is Fredholm (since it is elliptic with
C* coefficients and X is closed), and so has a finite-dimensional ker-
nel and cokernel. In particular, Ker DAO,%‘L% C C°°. Let II; be the

L2-orthogonal projection onto KerDAO,%\L% and let Tl be the L2-
orthogonal projection onto KerD} 4 |12 = (Im DAO,%\L%)L, the L2-
orthogonal complement of the image of ImD 4, o] r2- The L2-adjoint



PU(2) MONOPOLES. I

DZOQO is again a first-order linear elliptic operator with C° coefficients
and so Ker Djm’%] 2 C C®. We may then rewrite our quasi-linear
elliptic equation (3.2) in the form

H2L,DAO,‘I>OHIL (a'v ¢) + H2L{(a'7 ¢)a HlL (a'a ¢)}
= 1L (Daag 00 (0 9) +{ (0, 0), T (a,9)})
- {(a'v ¢)5H1(a7 ¢)} + (Cavﬂ/)) =T,

where HZ-L = id —1II; for + = 1,2. Thus, we need to consider the existence
and uniqueness problem for solutions (b, ¢) to

(3.3) I3 Dag,a0 (b 9) + M3 {(a, ¢), (b,0)} = T,
where (b, ) € Lf N (Ker Da,,0,)". Plainly, the operator
Ty Dag,a : L N (Ker Daga) " — L N (Ker DYy 4,)"

is (left and right) invertible and hence this will also be true for any oper-
ator from I N(Ker Dagy.a,)" to LPN(Ker DZOQO)L’ such as Ty Dag e+
5 {(a, ), - }, which is sufficiently close in the Hom(Lf’AO, L?) operator
norm by Lemma 3.1. Since Dag,0, and D} 4, are first-order linear ellip-
tic operators with C* coefficients and D 4, ¢,1I; = 0 and IDZ()’(I)OHQ =0,
standard elliptic theory implies that

T2 (&, w, Q)HLZ,AO < Cll(&, w, 0)ll2, (&, w,0) € LZa

(3.4)
||H1(ba (‘D)HLZ,AO < C||(b7 (P)||2, (ba (P) < L7l;7

for some constant C' = C(Ay, ®g, k,r), whenever k > 1 and rk > 4/3 or
k=0and r > 2.

Since (a, ¢) is in L, the terms Da,.a,(a, ¢) and {(a, ¢), (a,¢)} and
{(a,¢), 0} (a,¢)} are in L2, while the term {(a, ), TT1(a,$)} is in L2.
The terms T2Da, 00(a,¢) and T2{(a, ¢), i (a,$)} are each in C,
while ((,v,%) is in LP, and so the right-hand side T of (3.3) is in
LP N (Ker DYy 4.)"

Let ¢ = 4p/(4 — p). Then 4 < ¢ < oo; there is a continuous mul-
tiplication map L* x LY — LP and an embedding I C L9. So, as
My = id — M,

1T {(as ), (5, @)}l < (@), (b, 9)Hlew + Cll{ (@, @), (b )} 12
< Clla, )N )iy, -
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for some positive constant C' = C(Ag, Py, p). By Lemma 3.1 there is a
positive constant € = e(Ag, ®g, p) such that if ||(a, )|+ < €, the linear
operator g D4y e, + My {(a,¢), - } is (left and right) invertible as a
map LY N (Ker Dy 0,)" — LP N (Ker DYy 4 )" Since T (a,¢) is a
solution to (3.3) when p = 2, it is the unique solution for p = 2.

Let (ap, ¢p) € LY N (Ker Da,,a,)" be the L¥ solution to (3.3). Then
(ap, ¢p) is also an L? solution and by the uniqueness assertion we must
have that (ap, ¢p) = IT{-(a, ¢). Thus, II{ (a, ¢) is in I} and so (a, ¢) is in
LY, since Iy (a, ¢) is in C°°. Finally, the standard estimate for D4, o,
the estimate (3.4), and equation (3.2) yield

@, )llzz , < CUIDao,mo(a H)lize + i (a, $)l2)
< C(IK(a, 8), (a, D) }lze +[1(C,v,9) e + [T (a, §)2)

and so the desired bound for (a, ¢) follows by the Sobolev multiplication
L* x L9 — LP, the embedding L} C L9, and rearrangement.  q.e.d.

Proposition 3.2 will have two main applications: the first is in our
proof of removable singularities for PU(2) monopoles, and the second is
in our proof of C* regularity for L? solutions to the PU(2) monopole
equation obtained by gluing [26], [27].

As is well-known from standard gauge theory, it is not possible to
construct a well-defined quotient space using L? pairs modulo L2 gauge
transformations. We construct a quotient using L% pairs modulo Li 41
gauge transformations, with & > 2. We first establish a regularity result
for the inhomogeneous PU(2) monopole and Coulomb gauge equations,
while in §3.2 we show that any PU(2) monopole in L7 is L7_-gauge
equivalent to a PU(2) monopole in C*.

Proposition 3.3. Continue the notation of Proposition 3.2. Let
k> 1 be an integer and let 2 < p < oo. Let (Ag, ®g) be a C*° pair on
the C° bundles (su(E),WT ® E) over X. Suppose that either

e (a,¢) € IX(X,A' @ su(E)) & LX(X, Wt & E), with (7,9) =0, or
e (a,9) € L3A(X,A'®@su(F)) @ LA X, WT ® E)

15 a solution on (su(E),WT ® E) to the elliptic system (3.2) over X,
where ((,v,1) is in L. Then (a,¢) is in Li_i_l and there is a universal

polynomial Qr(xz,y), with positive real coefficients depending at most on
(Ao, ®g), k, such that Qr(0,0) =0 and

o #)lzz,, , oo < @ (160 0z, oo M@ Dllzr, x)

k+1,4¢
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In particular, if (C,v,1) is in C™, then (a, ¢) is in C™°, and if ({,v,¢) =
0, then
[(a, )l 2

2y (0 S Ol D)y, (x)-
Proof. We consider the cases k = 1, k = 2, and k& > 3 separately.

We may further assume without loss of generality that 2 < p < 4.

Case (k=1). Let po =p and qo = q = 4p/(4 — p). Then 1/p =
1/441/q and 4 < g < co. We have a continuous Sobolev multiplication
map L* x L9 — L? and an embedding L¥ C L9. Since

(3'5) DAO:‘:I)O(G’¢) = _{(aa¢)7(aa¢)} + (vaaw)a

elliptic regularity for Da, e, implies that (a,¢) € LF', where p; =

2p/(4 —p) and ¢ = 4p1/(4 —p1), 80 2 < p1 < 4and 4 < ¢ < oo.
Here, we have used the Sobolev multiplication L* x L9 — LP! to get
{(a, ), (a,¢)} in L* and the embedding L? C L** to get (¢,v,%) in
LP'. Let p=24¢and 6 =¢/(2 — ¢), and note that

2p 2p

hh=—=

I—p 2-¢ (1+d)p>2+¢

If p;j < 4, we inductively define p;41 = 2p;/(4 — p;) and ¢j41 =
4p;/(4 — p;) for j > 0. Therefore, we have p; > 2 + . Thus

ij > ij
— pj 2—¢

Pi+1 = 7 = +0)p; >p; >2+¢,
and so pj4+1 > (1 +8)7Fp for j > 0.

By repeating the above regularity argument when 2 < p;y; < 4,
using (3.5) at each stage, we see that (a,¢) € LYY for j > 0. We
continue the induction until for large enough 7 > 0, we find that p' :=
pit1 > 8/3 and ¢’ := ¢j+1 > 8, 50 (a,¢) € Lf/?’ C L8. Therefore, with
(¢,v,9) € L? C L* and using the Sobolev multiplication L® x L% —
L* to get {(a, ), (a,¢)} in L1, equation (3.5) gives (a,¢) € Li. The
Sobolev multiplication LT x L{ — L2 implies that the quadratic term
{(a, ), (a,¢)} is in L? and so (3.5) yields (a,¢) € L3, as required.

Case (k = 2). From the case k = 1 we continue the induction
until p’ > 8/3 and ¢’ > 4. Hence, with (¢,v,4) now in L} C LY,
equation (3.5) gives (a,¢) € L5 C C°. The Sobolev multiplication

Lg, x L2 — L2 implies that the quadratic term {(a, $), (a,¢)} is then in
L3 and so (3.5) gives (a,¢) € L2, as required.
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Case (k > 3). There is continuous Sobolev multiplication map
L? x L} — L% and so the quadratic term {(a, ¢), (a,¢)} is in L?, since
(a,¢) is in Lj. Therefore, (3.5) gives (a,$) € L7, ;.

This completes the proof of the proposition. q.e.d.

By combining Propositions 3.2 and 3.3 we obtain the desired regu-
larity result for L? solutions to the inhomogeneous Coulomb gauge and
PU(2) monopole equations:

Corollary 3.4. Continue the notation of Proposition 3.2. Let
(Ag, ®g) be a C™ pair on the C* bundles (su(E),WT ® E) over X.
Then there is a positive constant € = e(Ag, Pg) such that the following
hold. Suppose that either

=,

e (a,¢) € L2(X,A' @ su(E)) ® L3(X,W* ® E), with (7,9) =0, or
o (a,9) € L3A(X,A' ®@su(E)) @ LA(X,WT Q®E)

is a solution on (su(E),W™ ® E) to the elliptic system (3.2) over X,
where ((,v,) is in L7 and ||(a, Pllraxy < e and k > 0 is an integer.
Then (a,¢) is in L%_H and there is a universal polynomial Qk(x,y),
with positive real coefficients depending at most on (Ag, o), k, such
that Q(0,0) =0 and

lasllzz,, ooy < Q (10 W)z, ool @)z ) -
In particular, if ((,v,1) is in C™ then (a, @) is in C°, and if (,v,1)
=0, then

e, D)z, x) < Cllila, §)llr2(x)-

k+1,4¢

Remark 3.5. A similar sharp regularity result for solutions to the
Coulomb and anti-self-dual equations (that is, (df+d)a+ (aAa)T = v)
on the product bundle over 5? is given by Proposition 4.4.13 in [20]. The
reader is forwarned that Corollary 3.4 does not apply directly to show
that L? gluing solutions to the PU(2) monopole equation in [26] are C™
due to the unfavorable dependence of the constant £(A’, &', p) on the
approximate PU(2) monopole (A, ®') when p > 2. However, a local
version of this result, namely Corollary 3.11 below, is applicable in this
situation. The point is explained further in [26].

3.2. Regularity of L} solutions to the PU(2) monopole
equations. We explain in this subsection why an L7 monopole (A4, D)



PU(2) MONOPOLES. I

on the C* bundles (su(F),W* ® E) over X is gauge equivalent, via
an L% 41 determinant-one, unitary automorphism u of the bundle F,
to a C™ solution u(A4,®) on (su(E),W+ ® E) over X when k > 2.
This regularity result contains, as special cases, Theorem 8.8 in [30], for
anti-self-dual connections, and Theorem 8.11 in [77] for Seiberg-Witten
monopoles.

We will need the following observation concerning the symmetry
of the Coulomb gauge equation for pairs; the corresponding fact for
connections is explained in [20, p. 56].

Lemma 3.6. Let (A,®), (Ag,®o) be L7 pairs on the bundles
(sw(E), W+ @ E) over X. If (Ao, ®y) is in Coulomb gauge relative to
(A, @), so d%q)((AO,CI)O) —(4,®)) =0, then (A, ®) is in Coulomb gauge
relative to (Ag, Dp), so dg’;,%((A, D) — (Ap, Py)) = 0.

Proof. The equation dgl’j‘q)((Ao,CDg) — (4,®)) = 0 is the Euler-
Lagrange equation for the functional

G 5w u(Ag, Bo) — (A, B)|2,

while the equation dg{;’%((A, ®) — (Ap, Pg)) = 0 is the Euler-Lagrange

equation for the functional Q?E’kﬂ 3 v [[u(A, ®) — (Ag, Bo)||2,.

But for any u € Q?E’kﬂ we have

lu(Ao, @o) — (4, D)l 2 = [lu™" (4, ) — (Ao, Po)|l 2,

and so if the functional u — [[u(Ag, ®9) — (A, ®)||2, has a critical point
at u = idg, then the functional u=! — [[u™! (A, ®) — (Ag, Bo)||2, will
also have a critical point at v =idg. q.e.d.

Proposition 3.7. Let X be a closed, oriented, Riemannian four-
manifold with spin® bundle W and let E be o Hermitian two-plane bun-
dle over X. Let k > 2 be an integer and suppose that (A, ®) is an L%
solution to (2.27) on the C* bundles (su(E),W* ® E) over X. Then
there is a L%_H determinant-one, unitary automorphism w of the bundle
E over X such that u(A, ®) is C* over X.

Proof. Tt suffices, of course, to show that there is an L% 11 gauge
transformation u of E over such that u(A, ®) is in L7 ;. The C*° pairs
(Ao, o) on (su(E), WT ® E) form a dense subspace of the space of L?
pairs and so, given £ = ¢(A, ®) > 0, there is a C™ pair (Ag, Py) such
that

(4,9) (Ao Bz, <c.

323
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For small enough ¢, Proposition 2.8 gives an Li 41 determinant-one,
unitary automorphism u of the bundle E such that u='(A4g, ®y) is in
Coulomb gauge relative to (A, ®):

ds(u™ (Ao, Bp) — (A, ®)) = 0.

Now u(d%'y(u™! (Ao, Bp) — (4,9))) = df

wa,e) (Ao, @) — u(A, ®)) and
SO

dO,*

u(A,(I))((A07 ) — u(A,®)) =0.

Therefore, (Ag, Pg) is in Coulomb gauge relative to u(A, ) and Lemma
3.6 implies that u(A, ®) is in Coulomb gauge relative to (Ag, Dy),

A% o (u(A, @) — (Ag, Bg)) = 0.
Let (a,¢) = u(A, ®) — (Ag, Bg), so that
(a,¢) € Li(X,A' @ su(E)) @ Li(X, W' @ E);

the Coulomb gauge condition then takes the simpler form dgf* o (a,P) =
0,*0

0. Since u(A, @) = (Ag, Py) + (a,¢) is an Li monopole, &((Ag, Dg) +

(a,¢)) = 0 and so (a,¢) is an Li solution to the quasi-linear elliptic

equation

DA0,¢0(a7 ¢) + {(a'v ¢)a (a'a ¢)} = _6(A07(I)0)7

with C*° data —&(Agp, Py). The conclusion now follows from Proposi-
tion 3.3 with ( =0 and (v,9) = —&(Ap, Py). q.e.d.

One of the convenient practical consequences of Proposition 3.7 is
that we can always work, modulo global Li 41 gauge transformations,
with C'° rather than L% monopoles. For the remainder of this article,
therefore, the term ‘PU(2) monopole’ is generally reserved for C*° so-
lutions to the perturbed PU(2) monopole equations (2.27). In a similar
vein, we generally reserve the terms ‘gauge transformation’ or ‘bundle
map’ for gauge transformations or bundle maps which are in C'°.

Given Proposition 3.7, we then have the following analogue of Propo-
sition 4.2.16 in [20], the corresponding result for the moduli space of
anti-self-dual connections. The proof is standard and so is left to the
reader.

Corollary 3.8. Continue the hypotheses of Proposition 3.7. Then
for any k > 2 the natural inclusion of topological spaces M5V7E — M{fvjé
18 a homeomorphism.
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Thus, the topology of the moduli space Mﬁ,’ g of Lz monopoles is
independent of the Sobolev spaces used in its construction for & > 2
and so we simply denote the moduli space by My g.

3.3. Local regularity and interior estimates for L? solutions
to the inhomogeneous Coulomb gauge and PU(2) monopole
equations. In this section we specialize the results of §3.1 to the case
where the reference pair is a trivial PU(2) monopole, so (Ag, ®y) = (T, 0)
on the bundles (su(E), W ® E), over an open subset Q C X, where I’
is a flat connection.

We continue to assume that X is a closed, oriented four-manifold
with metric g, spin® bundle W, and Hermitian two-plane bundle E ex-
tending those on 2 C X. We use the inhomogenous estimates and regu-
larity results in our proof of removable singularities for PU(2) monopoles
in §4.3 and in our development of the gluing theory for PU(2) monopoles
in sequels [26], [27] to the present article — especially to show that a
global L2 gluing solution (a, ¢) is actually C'. We use the homogeneous
estimates and regularity results in §4 for our proof of the existence of an
Uhlenbeck compactification for the moduli space of PU(2) monopoles.

We have the following local versions of Propositions 3.2 and 3.3 and
Corollary 3.4:

Proposition 3.9. Continue the notation of the preceding para-
graph. Let Q' € Q be a precompact open subset and let 2 < p < 4.
Then there are positive constants € = (2, p) and C = C(Y,Q, p) with
the following significance. Suppose that (a, @) is an L3(Q) solution to
the elliptic system (3.2) over 0 for (7,9) = 0, with (Ag, ®¢) = (T, 0)
and where (C,v,%) is in LP(Q). If |[(a,$)|lpaqy < €, then (a,¢) is in
L () and

(e P)llzz .y < C (1S v, )o@ + (@ Dl 2(e)) -

Proof. Choose an open subset Q" such that Q' € Q" € Q. Let x be
C® cutoff function such that suppy C Q" and x =1 on . Let 3 be a
cutoff function such that 8 =1 on supp x and supp 8 C ". Since (a, ¢)
is a solution to (3.2) with right-hand side ({, v, ) over Q, then x(a, ¢)
solves

DF,OX(aa ¢) + {(a'v ¢)a X(aa ¢)}
= XDF,O(a'a ¢) + dX & (a'v ¢) + X{(av ¢)a (a'a ¢)}
= X(CﬂMﬁ) +dx ® (aa ¢) = (Clavlvd)l)'

325



326 PAUL M. N. FEEHAN & THOMAS G. LENESS

Thus, x(a,$) is an L? solution over X to the linear elliptic system over
X,

Dro(b, ) +{B(a, 8), (b,9)} = (¢, 2", 4),
with L? coefficient 8(a,¢) and L? right-hand side (¢’,v',4'). Since
18(a, ®)|ILa(xy < (@, §)llzaq), the proof of Proposition 3.2 implies that

x(a, @) is in L over X ife = 5(9, Q,p) is sufficiently small. Thus, (a, ¢)
is in LY over Q’ with

et @)1z ox) < (1) lwix) + e, )2 x)

and therefore, for 2 < p < 4, we have

1@, )z oy < C (IS v, )| ze ey + (@ @) [l2oger)) -

The preceding bound and the Sobolev embedding L? C LP give the
estimate

(@, $)llzo @y < ell(@, Bz my < C (v, 9)lIz2@) + (@, d)ll2gy) -

Combining these inequalities then yields the required L} estimate for
(a,¢) over Q. q.e.d.

Proposition 3.10. Continue the notation of Proposition 8.9. Let
k> 1 be an integer, and let 2 < p < 0o. Suppose that either

=,

e (a,) is an L¥(Q), when (7,9) =0, or
e (a,9) is an L2()

solution to the elliptic system (3.2) over Q with (Ay, o) = (T, 0), where
(¢, v,9) is in LE(QY). Then (a,¢) is in L3 1() and there is a universal
polynomial Qr(xz,y), with positive real coefficients depending at most on
k, Q, Q, such that Qx(0,0) =0 and

1@, $)l 2

k+1,T

@) <k (¢ o) 22 @y o)t o)) -

If (¢, v,4) is in C°(Q), then (a,¢) is in C(Q) and if ({,v,79) =0
then

1@, )l 2

k+41,T

@) < Clla Py (o
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Proof. Again, choose an open subset Q" such that Q' € Q" € Q, let
x be C* cutoff function such that suppy C €, and x = 1 on Q" and
let 8 be a cutoff function such that 8 = 1 on suppx and supp 8 C €.
Since (a, ¢) is a solution to (3.2) with right-hand side (¢, v,1)) over £,

x(a, ¢) solves

Drox(a, ) + {x(a, #), x(a, )}
= xDro(a,¢) +dx ® (a,¢) + x{(a,¢), (a,$)}
+x(x — D{(a,¢), (a,¢)}
= x(C, v, %) +dx @ (a,$) + x(x — D{(a,¢), (a,$)}
=: (¢, 9", ¢").

Note that x(¢,v,) is in LZ(X), while dx ® (a, $) is in LI(X), and the
Sobolev multiplication LYx LY — LP' implies that x(x—1){(a, ¢), (a, ¢)}
is in LP*(X), where py = ¢/2 = 2p/(4 — p) > p. Thus, (¢',v',¢) is in
Lr(X).

The proof of the case £k = 1 in Proposition 3.3 then implies that
x(a, @) is an L' (X), so (a, @) is in LF* (). We now repeat this process
for each of the remaining steps in the proof of Proposition 3.3, at each
stage on successively smaller open subsets 2" such that Q' € Q" € Q”,
until we obtain (a,¢) in L7_;(€') and the desired L}_ () estimate.
g.e.d.

Corollary 3.11. Continue the notation of Proposition 3.10. Then
there is a positive constant ¢ = e(Q) with the following significance.
Suppose that either

o (a,¢) is an L2(Y), when (7, J) =0, or

e (a,¢) is an L3(Q)

solution to the elliptic system (3.2) over Q with (Ag, ®g) = (T',0), where
(C,v,9) is in LE(Q) and (@, ®)llLay < e. Then (a, @) is in L] ()
and there is a universal polynomial Qr(xz,y), with positive real coeffi-
cients, depending at most on k, Q', Q, such that Qx(0,0) =0 and

la Bz, oy < @k (10 9)iz o 1@ Dllzaqey ) -
If (¢, v,4) is in C°(Q) then (a,d) is in C°(), and if ({,v,74) =0,
then

1@ @)l

k+1,0

@) < Cll(a; 9)ll L2 (-
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Corollary 3.11 thus yields a sharp local elliptic regularity result for
PU(2) monopoles (A, ®) in L? which are given to us in Coulomb gauge
relative to (T', 0): this regularity result is the key ingredient in our proof
(given in §4.3) of removable point singularities for PU(2) monopoles.

Proposition 3.12. Continue the notation of Corollary 5.11. Then
there is a positive constant ¢ = £(Q) and, if k > 1 is an integer, there
is a positive constant C = C(QV,Q, k) with the following significance.
Suppose that either

=,

o (A, ®) is an L2, when (7,9) =0, or
o (A, ®) is an L2

solution to the PU(2) monopole equations (2.27) over Q, which is in
Coulomb gauge over  relative to (I',0), so df-(A —T) = 0, and obeys
[(A=T,®)|[4¢q) < e. Then (A=T,®) is in C(') and for any k > 1,

(A =T, @)z (o) < Cl(A=T, @)l 12(0)-

Proof. Corollary 3.11 applies to the L(Q) pair (a,¢) = (A —T,®)
and yields the required regularity and estimates for (A — T', ®) with
(¢,v,9) =01in (3.2). q.e.d.

3.4. Estimates for PU(2) monopoles in a good local gauge.
It remains to combine the local regularity results and estimates of §3.3,
for PU(2) monopoles (A, @) where the connection A is assumed to be in
Coulomb gauge relative to the product SO(3) connection I', with Uhlen-
beck’s local, Coulomb gauge-fixing theorem. We then obtain regularity
results and estimates for PU(2) monopoles (A, ®) with small curvature
F4, parallel to those of Theorem 2.3.8 and Proposition 4.4.10 in [20] for
anti-self-dual connections.

In order to apply Corollary 3.11 we need Uhlenbeck’s Coulomb
gauge-fixing result [95, Theorem 2.1 & Corollary 2.2]). Let B (respec-
tively, B) be the open (respectively, closed) unit ball centered at the
origin in R* and let G be a compact Lie group. In order to provide
universal constants we assume R* has its standard metric, though the
results of this subsection naturally hold for any C'°*° Riemannian metric,
with comparable constants for metrics which are suitably close.

Theorem 3.13. There are positive constants ¢ and € with the fol-
lowing significance. If 2 < p < 4 is a constant and

AecI¥(B,A'®g)NIL (OB, A @ g)
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is a connection matriz whose curvature satisfies ||Fallzopy < €, then
there is an gauge transformation u € L5(B,G) N L5(0B,G) such thal
u(A) == uAu™! — (du)u™! satisfies

(1) d*u(A) =0 on B,
(2) %_IU(A) =0 on 0B,
(3) lu(A 25y < el Fallie(s)-

If Ais in LY(B), for k > 2, then u is in L}, ,(B), and the gauge

transformation u is unique up to multiplication by a constant element

of G.
Remark 3.14. If (G is abelian, then the requirement that

| Fallesy < €

can be omitted.

It is often useful to rephrase Theorem 3.13 in two other slightly
different ways. Suppose A is an Li connection on a C'*° principal G
bundle P over B with k > 2 and ||[Fal|;2(p) < €. Then the assertions of
Theorem 3.13 are equivalent to each of the following:

e There is an Li_l_l trivialization 7 : P — B x G such that
(i) dj-(7(A) —T) = 0, where I' is the product connection on
B x G,
(i) £4(r(4) —T) =0, and
(i) [[(7(A) =Dl 2 () < el Fall2(n)-
e There is an Li 41 flat connection I' on P such that
(i) £(A-T)=0, and
(iii) [I(A = D)l2(m) < cllFallz2(s), and an Li, trivialization

P|p ~ B x G taking T" to the product connection.

We can now combine Theorem 3.13 with Proposition 3.12 to give
the following analogue of Theorem 2.3.8 in [20] — the interior estimate
for anti-self-dual connections with L?-small curvature.
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Corollary 3.15. Let B C R* be the open unit ball with center at
the origin with spin® structure (p, W), let U € B be an open subsel, and
let T' be the product connection on B x SO(3). Then there is a posilive
constant € and if £ > 1 is an integer, there is a positive constant C(£,U)
with the following significance. Suppose that either

o (A, ®) is an L2, when (7, 5) =0, or
o (A,®) is an L3, k > max{2,/(},

solution to the PU(2) monopole equations (2.27) over B and that the
curvature of the SO(3) connection matriz A obeys || Fallp2(p) <e. Then
there is an Lz | gauge transformation u : B — SU(2) such that (u(A)—
T, u®) is in C°°( ) with d*(u(A) —T) =0 over B and

|(u(4) =T, u®)l 2 @) < CIFAllL .

Proof. Let €1 be the constant in Theorem 3.13 and note that for
e < &1, Theorem 3.13 (taking G = SO(3)) and the Sobolev embedding
L}(B) C LY(B) imply that there is an L%_H gauge transformation v :
B — SU(2) (by lifting the SO(3) gauge transformation) such that

dr(u(4) —=T) =0,
[u(A) = Tllpas) < cllFallzzp) < cie.

On the other hand, the quadratic equation for ® in (2.27) and Lemma
2.26 give the L* and L? estimates,

| iy = 18]l Loy < 20 FF 111
lu®l| 25 <2||FA||1/2

Let 9 be the constant in Proposition 3.12. Hence, if ¢ie < &9 and
4./e < g9, then Proposition 3.12 implies that (u(A4) — ', u®) obeys

[(u(A) =T, u®)lz () < Cll(u(A) =T, ud)r2(p)

since df-(u(A) —T) = 0 and |[(u(A) — T, u®)| 145y < £2. The desired
estimate follows by combining these inequalities for small enough £ < 1.
q.e.d.

Again, it is often useful to rephrase Corollary 3.15 in the two other
slightly different ways. Suppose that £ > 1 and that (A, ®) is a PU(2)
monopole in L7 on (su(E), W+ ® E) over the unit ball B C R* with
k > max{2,£}, |[Fallz2(py < € and U € B. Then the assertions of
Corollary 3.15 are equivalent to each of the following:
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e There is a C™ trivialization 7 : E|gp — B x C? and an L%_H
determinant-one, unitary bundle automorphism u of F|p such
that, with respect to the product connection T' on B X su(2), we
have

(i) dj-(Tu(A) —T) =0, and

(if) | (ru(4) =T, 7u®) 12 (o) < CIFall}%

L2(B)"
e There is an Li_i_l flat connection I" on su(FE)|p such that
(i) di.(A—T) =0, and

. 1/2 g
(ii) |(A-T, (I))HL%,F(U) < C||FA||L/2(B)’ and an L%—&-l trivialization
su(E)|p ~ B x su(2) taking I" to the product connection.

Corollary 3.15 immediately yields the following local compactness
result for PU(2) monopoles analogous to the local compactness result
for anti-self-dual connections in [20, Corollary 2.3.9].

Corollary 3.16. Let B C R* be the open unit ball and spin®
structure (p, W). Then there is a positive constant (g, Aget w+» Adet E)
with the following significance. Let U € B be an open subset and let
k > 2 be an integer. If (Aq, Po) is a sequence of PU(2) monopoles in
L% on (su(E),W* ® E) over B such that

| Faqll2(m) < eo,

then there is a subsequence {'} C {a}, a sequence of determinant-
one, unitary L%_H automorphisms {uq } of E|p and a sequence of gauge
equivalent pairs (flo/, éa/) = g (Ag, Do) which converge in L%JOC on
U to a PU(2) monopole (A, ®) over U.

We will also need interior estimates for PU(2) monopoles in a good
local gauge over more general simply-connected regions than the open
balls considered in Corollary 3.15. Specifically, recall that a domain
Q C X is strongly simply-connected if it has an open covering by balls
D+, ..., Dy, (not necessarily geodesic) such that for 1 < r < m the
intersection D, N (Dy U ---U D,_1) is connected. We recall (see [20,
Proposition 2.2.3] or [43, Proposition 1.2.6]):

Proposition 3.17. If ' is a C° flat connection on a principal
G bundle P over a simply-connected manifold 2, then there is a C*
isomorphism P ~ Q x G taking ' to the product connection on X G.
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More generally, if A is a C'° connection on a G bundle P over a
simply-connected manifold-with-boundary Q = Q U 9Q with LP-small
curvature (with p > 2), then Uhlenbeck’s theorem implies that A is
L5-gauge equivalent to a connection which is LF-close to an Lf flat con-
nection on P (see [96, Corollary 4.3] or [20, p. 163]). The following a
priori interior estimate is a straightforward generalization of [20, Propo-
sition 4.4.10]: the method of proof is identical to that described in [20,
pp. 161-162] and uses a patching argument for gauge transformations
employed by Uhlenbeck in the proof of Theorem 3.6 in [95]. The re-
quired bound for the connection in terms of its curvature is obtained by
covering the given open region with balls and applying the estimate of
Corollary 3.15 in place of Theorem 2.3.8 in [20].

We recall from Proposition 2.16 that any automorphism of the SO(3)
bundle su(F)|q over a simply-connected open subset @ C X lifts to a
determinant-one, unitary bundle automorphism of E|n. The method of
[20, pp. 161-162] then yields:

Proposition 3.18. Let X be o closed, oriented, Riemannian four-
manifold with spin® structure (p, W) and let Q@ C X be a strongly simply-
connected open subset. Then there is a positive constant €(2) with the
following significance. For Q' € Q a precompact open subset and an
integer £ > 1, there is a constant C'(£,Q),Q) such that the following
holds. Suppose (A, ®) is a PU(2) monopole in L3 on (su(E), W' ® E)
over Q with k > max{2,£} such that

[ Fallp2(o) <e.

Then there is an L3 flat connection T on su(E)|q such that

1/2

1A =T, @)z () < CllFall 20

and an L | trivialization su(E)|q ~ Q' x su(2) taking T to the product
connection.

4. Uhlenbeck compactification for the moduli space of PU(2)
monopoles

Our goal in this section is to prove the existence of an Uhlenbeck-
type compactification of the moduli space of PU(2) monopoles analo-
gous to the Uhlenbeck compactification of the moduli space of anti-self-
dual connections [20]. In §4.1 we establish the Bochner-Weitzenbock
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formulas for the coupled Dirac operators Dy and D% and the a priori
bounds satisfied by the section ® and the curvature Fg, if (4, ®) is a
PU(2) monopole on (su(E), W ® E); these generalize the well-known a
priori bounds for Seiberg-Witten monopoles [47], [62], [77]. In our proof
of removable singularities we need to take into account the variation of
spin® structures with the Riemannian metric and the rescaling behavior
of the PU(2) equations; this variation is discussed in §4.2.

In §4.3 we prove the removability of point singularities for PU(2)
monopoles. T. Parker established the removability of point singularities
for solutions to the second-order coupled Yang-Mills equations, namely,
d4Fa = q(®) and Dy® = 0, for a unitary connection A on E and a
section ® of W ® E, where ¢ is a certain quadratic form [70]. This
generalizes the corresponding results of Uhlenbeck in the case ® = 0,
where the above system then reduces to the second-order Yang-Mills
equation [30], [94]; proofs of removable singularities for anti-self-dual
connections are given in [20] (see also [96]). D. Salamon has given a proof
of removable singularities for Seiberg-Witten monopoles [77, Chapter
9]. The arguments of Uhlenbeck and Parker rely on pointwise curvature
and energy decay estimates; Salamon’s method relies on energy decay
estimates and elliptic regularity results for Seiberg-Witten monopoles.
The proof we give for PU(2) monopoles is rather different and instead
relies heavily on our C'™ regularity result for Coulomb-gauge PU(2)
monopoles in L? (Proposition 3.12); this is similar to the strategy used
by Donaldson and Kronheimer in [20].

The technical ingredients we need for patching sequences of local
gauge transformations are described in §4.4, and the Uhlenbeck closure
My, is defined in §4.5, by analogy with the corresponding definition
for the moduli space of anti-self-dual connections in [20, §4.4]. In §4.5.2
we describe how the holonomy perturbations extend continously with
respect to Uhlenbeck limits and induce holonomy perturbations on all
lower-level moduli spaces of PU(2) monopoles. We then define the Uh-
lenbeck closure for the moduli space of perturbed PU(2) monopoles.

In §4.6 we prove Theorem 1.1, which asserts that the Uhlenbeck
closure My g is compact. The main analytical ingredients in the proof
comprise the regularity results and estimates of §3; the a priori bounds
of §4.1 provide a ‘universal energy bound’ for a PU(2) monopole (A, @)
and this bound plays the same role here in establishing the existence of
an Uhlenbeck compactification as the usual topological bound for the
energy of an anti-self-dual connection in [20]. The scale invariance of
the PU(2) monopole equation described in §4.2 is used here in much the
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same way that the conformal invariance of the anti-self-dual equation is
exploited in [20].

The parameters 79, Jg, T, ¥ are chosen so that the perturbation esti-
mates (2.29) are satisfied. These bounds follow from Proposition A.13,
with k& > 2 for the first inequality in (2.29) and k > 3 for the second, if

(4.1) Wl ey <ev and (17l xy < &r

with suitable positive constants €, and €y. These constraints are needed
in the proofs of the a priori estimates in Lemmas 4.2, 4.3, and 4.4 of
§4.1 and hence in the proof of Theorem 4.20 in §4.6. For the remainder
of the article we therefore require that k > 3.

4.1. Bochner formulas and a priori estimates for PU(2)
monopoles. In this section we apply the Bochner-Weitzenbock
formula for D% D4 together with Kato’s inequality and the maximum
principle to derive a priori estimates for solutions (A, ®) to the PU(2)
monopole equations (2.27). These estimates then lead to a vanishing
result generalizing that of [98, pp. 781-782].

We first have a generalization of the usual Bochner-Weitzenbock
identity for Seiberg-Witten monopoles [47], [62], [77], [89], [98].

Lemma 4.1. Let X be an oriented, Riemannian, four-manifold
with spin® structure (p, W), and let E be o Hermitian bundle over X.
If A denotes a U(2) connection on E,

Vi: QWEQE) - Q (Wt @ E)
are the covariant derivatives defined by A, and
Dy: QWTQE) - QW™ ®E)
the Dirac operator, then
(1a) DiDa =ViVa+ 1R+ pi(F) + 3p4(F3,),
(2a) DD =ViVa+ 1R+ p_(Fy) + 5p-(F ),

where R s the scalar curvature of the Riemannian metric and Ap =
Aget w+ 15 the induced connection on L = detWT ~ detW—. If A
denotes an SO(3) connection on su(E), then

(Ib) DDA =ViVa+ iR+ pi(Fy) + 5o+ (Fy + F1),
(2b)  DaDiy =ViVa+ iR+ p_(F7)+3p_(Fy, +F]),

where A, = Aqdet £ 48 the fixed connection on det E, and the identifica-
tion ad : su(FE) ~ so(su(E)) is implicit.
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Proof. We just consider the first pair of identities, as the second
follow immediately from the fact that

F(Agp) = F(Asu(E)) + %F(Adet £) ®idg.

Over any sufficiently small local coordinate neighborhood U in X we
have a local spin structure and a Hermitian spin bundle S such that
Wi =5® L2, where L'/? is a Hermitian line bundle over U such
that (LY/?)®? = L]y and having an induced unitary connection TAL.
Applying the Bochner-Weitzenbock identity of [57, Theorem I1.8.17] to

the Hermitian bundle S ® L'/2 @ E over U with unitary connection V 4,
given by the tensor product of V¥, Vg_ngL, and V’AE, yields

D% =ViVa+ iR+ p(Friper),

where Fpi»op is the curvature of the tensor product connection
VI, ®idp +idy. ® VE on L2 @ E. Since

Fripgr =Fo-14, ®idg +id1s ® Fa = §Fa, ®idg +idj1/» ® Fy,
we have
P(Fri25p) = 5p(Fa,) @ idg +idpi/2 ® p(Fa),
and hence on QY (U, W ® E),
D% = ViaVa+ 1R+ 5p(Fa,) + p(Fa),

which is plainly independent of the local splitting W = S ® L'/2 and so
gives an identity on Q°(X, W ® E). From the decomposition p = p. ®p_
we see that

pE(FA)®F = p*(F)®* and  p(Fa,)®= = p=(Fy )&%,
for any ®* € QY X, W* ® E), and so the result follows.  q.e.d.

As in the case of the abelian monopole equations, the equations
(2.27) and Lemma 4.1 combine to give a priori estimates for solutions
(A, @) which play essential role in the proof of existence of the Uhlenbeck
compactification.
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Lemma 4.2. Let X be o closed, oriented, Riemannian four-manifold
with spin® structure (p, W), and Hermitian line bundle det E with fized
unttary connection. Then there is a positive constant Ky, depending
only on the L? norms of the scalar curvature R and the curvatures
F(Ages £) and F(Aget w+), such that the following holds. If (A, ®) is
an L? solution on (su(E),WT ® E) to the PU(2) monopole equations
(2.27) over X, then

[®llLax) < K1 and  [[Va®pex) < K.
Proof. We may assume that (A, ®) is a C*° pair. Then Lemma 4.1
gives
(D4 D4, B) =(V4V 48, ®) + L(RD, @) + (p(F{)D, @)
+3(p(F{, + F3,)®,0),
while the first equation in (2.27) implies that
p(FY) = pTap™ (P @ D)oo

So, using the second equation in (2.27) and integration by parts, we
obtain

G482 = | Da®|22
= |VA® |22 + 2(R®, ®) + (p7ap™ (P © B )90 P, D)
+5(o(F}, + F})9, ).

Consequently, Lemmas 2.18 and 2.26, Holder’s inequality, and the esti-
mate for 74 in (2.29) leads to the bound

L@l + V4213
< (HIRlz2 + $IFT, e + SIFL oz + 104l ) 11013

Thus, if ® £ 0, the above inequality and the estimate for J4 in (2.29)
give the required L* estimate for ®. Then the above inequality and
the L* estimate for & yield the L? bound for V 4®. The bounds hold
trivially if ® = 0. q.e.d.

The preceding a priori L* estimate on the section ® yields a priori
L? bounds on the components of the curvature, F; and F, if (A, ®)
is a PU(2) monopole:
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Lemma 4.3. Continue the notation and hypotheses of Lemma 4.2.
Then there is a positive constant K;, depending only on the L? norms
of the scalar curvature R, the curvatures F(Aget £) and F(Agei w+), and
a positive constant K , depending only on K5 and p1(su(E)), such that
if (A, ®) is an L? solution on (su(E), W+ ® E) to the PU(2) monopole
equations (2.27), then

IFille <K and ||Fylle < K.

Proof. Lemma 2.26 and the first PU(2) monopole equation in (2.27)
imply that
P32 < 3®)70,
and so the L* bound for ® in Lemma 4.2 gives the first estimate. The
Chern-Weil integral identity (2.33) yields

/X\Fgﬁdvg/ij\?dew? (c2(B) — Le1(E)?),

and so the second estimate follows from the first. q.e.d.

Lemmas 4.2 and 4.3 imply an o priori bound K on the ‘energy’
of a PU(2) monopole (A,®) in terms of the scalar curvature R, the
connections on det W and det F and p;(su(E)):

(4.2) / (JFal* + |®|* + |VA®|?) dV < K.
X

We use Lemmas 4.2 and 4.3 to provide the ‘energy bound’ assumed in
our proof of removable singularities (Theorem 4.10) and we use Lemma
4.3 to give a lower bound on the second Chern class of an ideal monopole
appearing in the Uhlenbeck compactification of the moduli space of
PU(2) monopoles (see §4.5 and the conclusion of the proof of Theorem
4.20 in §4.6).

As in the case of the U(1) monopole equations [47], [98], the Bochner-
Weitzenbock identity and the maximum principle yield a priori C? es-
timates for ® and F{ when (4, ®) is a PU(2) monopole.

Lemma 4.4. Continue the notation and hypotheses of Lemma 4.2.
Then there is a non-negative constant Kz, depending only on the C°
norms of the scalar curvature R and the curvatures F(Agetp) and
F(Ajeiw+), such that the following holds. If (A, ®) is a C' solution

n (su(E), Wt ® E) to the PU(2) monopole equations (2.27), then

@120 x) < K3 and  [|F||coxy < Ks.
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Proof. We may assume that the pair (A4, ®) is C°°. The analogue of
equation (6.18) of [30] for Hermitian bundles (see [77, §8.3]) reads

A2 + |V 432 = Re(V5 V4D, D),

where A = d*d on Q°(X,R). Since ® is continuous, |®| achieves its
maximum at some point zg € X, so A|®|?(zq) = —VeHVeH\CI)P(wO) >0
and thus at xg:

Re(V5V4®,®) > |VAD[%

Let {e,} be a local oriented, orthonormal frame for the tangent bundle
TX such that (Ve,e”)z, = 0, where {e/} is the dual coframe for the

cotangent bundle T*X. Since D4® = —J D by the second equation in
(2.27), at z¢ we have

(DiD4®, ) = —(D}(14®), ®)
= o) (T, Ta)2,B) — (ol AV 3, ),
and so (using the inequality ab < %ag + b%) we get the following bound
at zg:
(DADA®, B)| < AVAT4||B|* + 404V 2D ||D|
<AV aTall@P + 4 ([T + HVa0P)
=4 (IVadal + |04 ) |0 +|V 40
Recall that the first PU(2) monopole equation in (2.27) gives
p(FY) = pTap™ (D & B )gp.

The endomorphism p74p~ (PR P*)gy of WT R E lies in su(W ) @su(E)
and in particular is Hermitian, so

Re(pTap™ (D ® ©*)5o®, D) = (pTap™ (@ @ *)g0 @, ®),

and similarly for the endomorphism p(Fj{). We now combine Lemmas
2.26 and 4.1 and the first equation in (2.27) to get an estimate for ® at
the point zg:
319" < (pTap™ (P ® ©")00P, D)
— (p(F})®, )
=Re(D4D4®, ®) — Re(ViV4®, @) — 1(RD, ®)
— 3{p(F} + F})®,®).

L
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We now combine the last inequality with our estimates for (D% D 4®, @)
and (V4 V4@, ®) to obtain the following bound for ® at z¢:

Lot <4 (|Vadal + [T4]2) (B + [V 40P
~|Va®P — §RIOP + § (IFL, | + |1 1) 9P
<4 (Vadal + [F4P) [0 = $RIOP + § (1, [+ |F7[) |of

Either ®(z¢) = 0, and so ® is identically zero, or at the point gy the
preceding inequality implies that

52 <8 <\VA5A! + \M?) — Sinf R+ |F}, |+ |F1,

which gives the first desired estimate. Then the second desired estimate
follows from Lemma 2.26, the first equation in (2.27), and the estimate
for 94 in (2.29). q.e.d.

We use Lemma 4.4 in §4.6 to show that the curvature of a PU(2)
monopole connection A concentrates at points with integer multiplicities
given by the second Chern classes of limiting (ideal) anti-self-dual con-
nections over S* (see Lemma 4.21). These C? estimates yield the follow-
ing analogue of Witten’s vanishing theorem [98, §3] for U(1) monopoles
over four-manifolds with non-negative scalar curvature.

Corollary 4.5. Continue the notation and hypotheses of Lemma
4.4 and suppose K3 < 0. If (A, ®) is a C' solution on (su(E), W' Q E)
to the PU(2) monopole equations (2.27), then ® =0 and F = 0.

Remark 4.6. The proof of Lemma 4.4 shows that
K3 = max<{0,—2inf R+ 8|0 allze. (x) + I1FT llcocxy + I1FT lcocx) ¢ -
T2 ra(X) AplICO(X) A NlC0(X)

In particular, we see that if X = S* has its round metric of scalar
curvature R = 1, standard spin® structure with ¢;(W*) =0 and F4, =
0, the Hermitian bundle F has ¢;(E) = 0 and F4, = 0, and we have

-

¢ =0, then ® =0 and A is an anti-self-~dual SO(3) connection.

4.2. Scale invariance of the PU(2) monopole equations.
In this section we describe the behavior of the PU(2) monopole under
rescaling of the Riemannian metric. As is well-known, the anti-self-dual
equation is conformally invariant. Although the PU(2) monopole equa-
tions are not conformally invariant they are, like the Seiberg-Witten
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equations, invariant under constant rescalings of the metric in a sense
we describe below. The proof of the existence of an Uhlenbeck com-
pactification (Theorem 1.1) in §4 relies on local regularity and remov-
able singularity results for solutions to (2.27) over the unit ball B in
R*. The requirements that the L? norm of the curvature Fy and the L?
norm of section ¢ be sufficiently small are met via a rescaling argument.

Suppose that A > 0 is a constant and that the Riemannian metric ¢
on T*X is replaced by A2g. Since the Clifford map p is compatible with
g, the Clifford map

Przg = Apg s T X — End(W)
is compatible with \2g, as for any o € Q'(X,R) it satisfies
przg(@) przg(@) = N pg() py(a) = Ng(a, a)idw .
It extends in the usual way to a linear map
przg : A°(T7X) ® C — End(W).

The Levi-Civita connection on T* X for the metric g coincides with the
Levi-Civita connection on T* X for the rescaled metric A2g, so the SO(4)
connection on T*X induced by the unitary connection on W and the
Clifford map py2, : T*X — End(W) is still torsion free.

Lemma 4.7. If (A, ®) is a solution to the PU(2) monopole equa-
tions (2.27) for the metric g on T*X, then (A, A®) is a solution to the
PU(2) monopole equations for the rescaled metric \g on T*X, where
A 18 a positive constant.

Proof. The projection P*(\%g) = (1 + %)24) from A*(T*X) to
AT(T*X) is given by Pt(\%g) = PT(g), while the induced map
pazg s A(T*X) — End(W) is given by py2, = A?pg. Therefore,

p)\2g(19) = Apg(ﬁ)a (S Ql(Xa C)a
DY9 = DY,
Pazg(PT(N?g)Fa) = XNpy(PT(g)Fa).

Consequently, we see from (2.27) that if (A, ®) is a solution for the
metric g, then (A, A®) is a solution for the metric A\2g.  q.e.d.
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Remark 4.8. By adapting the proof of Theorem I11.5.24 in [57] we
see that if g is replaced by the conformally equivalent metric h—2g, then
D’j;zg = B%/2D%h=3/2. Thus, while the proof of Lemma 4.7 adapts with-
out change to show that the first equation in (2.27) is invariant under the
transformation (A, ®) — (A, h®) when g — h~2g, the second equation
(when 9 = 0) is invariant under the transformation (4, ®) — (A, h3/2®).
It is this incompatibility which prevents the PU(2) monopole equations
from being conformally invariant, although they are scale invariant in
the sense described above.

4.3. Removable singularities.  Given the sharp local elliptic
regularity result of Proposition 3.12 for PU(2) monopoles in Coulomb
gauge in L?, we can now establish a removable singularities theorem
for PU(2) monopoles analogous to Theorem 4.1 in [94] in the case of
the Yang-Mills equations, and Theorem 8.1 in [70] in the case of the
coupled Yang-Mills equations. Our method is modelled on the proof
of Theorem 4.4.12 in [20] — the removable singularities result for the
anti-self-dual equation — which uses a local elliptic regularity result for
L? solutions to the Coulomb gauge and inhomogeneous anti-self-dual
equation (namely, Proposition 4.4.13 in [20]) and which in turn has its
antecedent in the proof of Theorem 4.5 in [96]. This, of course, is not the
only possible approach: Uhlenbeck’s original argument [94] employed a
differential inequality to obtain a pointwise decay estimate for solutions
near the singular point, and this was the method generalized by Parker
to the case of certain coupled Yang-Mills equations; see [77, §9.2] for
a proof of removable singularities for Seiberg-Witten monopoles which
also uses differential inequalities.

It will be convenient to define the following annuli in X, given a
point 2y € X and a positive constant 7:

Uzgyr) i ={z e X: %r < disty(z,z9) < 1},
QY (zo;r) := {z € X : 1r < disty(z, 39) < 3r} € Qo, 7).

If X =R and 2o = 0 and r = 1, we denote Q = Q(1) and Q' = Q/(1).
We will need the following special case of Proposition 3.18.

Lemma 4.9. Let R* have a C™ Riemannian metric g, let @ C R*
be an open subset with spin® structure (p, W), let E be a Hermitian two-
plane product bundle over Q, and let ' € Q be an open subset. Then
there are positive constants C, e such that if (A, ®) is a PU(2) monopole
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in C on (su(E),W* & E) over Q with
[ Fallzz2o) <e,
then there is a C* flal connection T' on su(F)|q such that
A =Tlzay + IVe(A = D)llz2y < cllFallze),

and a C* trivialization su(FE)|q =~ Q' X su(2) taking T to the product
connection.

The proof of Theorem 4.10 relies on a cutting off procedure to
‘smooth out’ the PU(2) monopole near the singular point, using a fam-
ily of cutoff functions which we now define. Let x : R — [0,1] be a
bump function such that x(#) = 1if ¢ > % and x(t) = 0 if £ < 1. For
any r € (0,0), where g is the injectivity radius of (X,g), define a C*°
cutoff function on X by setting x,(-) = x(disty(-,zo)/r). Thus, we have
Xxr = 0 on the ball B(xg, %7“), while x, = 1 on X — B(xo, %r) and so dx,
is supported in ' (zg, 7).

Theorem 4.10. Let B C R* be a geodesic ball with C® melric g
and center at the origin, spin® structure (p, W) over B, and Hermitian
two-plane bundle E over B\{0}. Suppose (A, ®) is a C™ solution to the
PU(2) monopole equations (2.27) on (su(E),W* ® E) with (7,9) =0
over the punctured ball B\ {0} and finite energy,

/ (|Fa)* + |®|* + |VA®|?) dV < oco.
B\{0}

Then there are a Hermitian two-plane bundle E over B with det B =
det E, a C*® PU(2) monopole (A, ®) on (su(E), WTQE) over the ball B,
and a C'°°, determinant-one unitary bundle isomorphism u : E’B\{O} —

E’B\{O} such that

u(A, ®) = (A,®) over B\ {0}.

Remark 4.11. We restrict our attention to the case of (7,9) = 0 in
the PU(2) monopole equations (2.27) since the holonomy perturbations
are undefined for the L? connections which arise in the proof of Theorem
4.10. However, there is no loss of generality in making this restriction
as the holonomy perturbations vanish near points where curvature has
bubbled off.
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Proof. We may suppose without loss of generality that the ball B has
radius less than or equal to one. Since ||[Fal|z2(py < oo, then ||FA||L2(BTO)
tends to zero as 7 tends to zero. Hence, for small enough ry € (0, 1], we
may suppose that [|Fa 72 B,,) < € where ¢ is the constant of Lemma
4.9. Thus, for any r € (0,rg), Lemma 4.9 provides a C* flat connection
[ on su(E)|q () such that

(4.3) A =Tl ey < clFallzzey)s

where the constant c¢ is independent of r € (0,r9). To see that the
constant ¢ is indeed scale invariant, note that by Lemma 4.7 the pair
(A,7~'®) is a PU(2) monopole over B with respect to the rescaled
metric g, := r~2g, so Qy(r) = Q (1) and Qg(r) = Qg (1). We then
apply Lemma 4.9 to the annuli Q) (1) € €, (1) and observe that the
L* norm on one-forms and the L? norm on two-forms are scale invariant.

Lemma 4.9 also provides a C*° trivialization su(E)|q ) ~ Q'(r) x
su(2) taking T to the product connection on Q'(r) x su(2). We can
then define a smooth SO(3) bundle V, over B by setting

Ve B(3r) x su(2) over B(ir),
" | su(E) over B — B(ir),
recalling that ('(r) = B(3r) — B(37). Let I'. denote the C™ flat con-
nection on V; over the ball B(ir), extending I, on su(E)|oy(r) via the
product connection on B(3r) x su(2), and let E, be the smooth U(2)
bundle over B with det E, = det E and su(FE,) =V, over B.
Now let (A,, ®,) be the C™ pair on B defined by

(F; + XT(A - F;)v XT@) over B(%’I"),

A, P, =
( ) {(A, ) over B\ B(4r),

where we note that y, = 0 on B(4r) and x, = 1 on B — B(3r). To
estimate the L? norm of Fj,, note that over B — B(3r) we have A, = A
and Fs, = Fa, while over B(ir),

Fa, :XTFA—I_dXTA(A_F;")+(XE_XT)(A—F;)/\(A—F;).
Hence, by (4.3), we have

1Fa, 2oy SIFallz2@ ey + ldxellnagrenllA = Tollpa@r oy
1A = T30 ry)-

343
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Therefore, since ||dxr||a(r)) < co, for a constant ¢y independent of
r € (0,00), there is a positive constant ¢, independent of r € (0,7g),
such that

(14) 1Fa, 2oy < e (1Pl 2y + 1Fal2s,,)) < cllPallas,,)-

Thus, ||FAT||L2(BTO) tends to zero as rg — 0, uniformly with respect
to r € (0,rg). Fix ro small enough so that ||Fa,||r2(,,) < &1 for all
r € (0,79), where &1 is the constant of Theorem 3.13. Hence, there is
a family of C*° flat connections T',, r € (0,7g), on the SO(3) bundles
su(E,) over B, such that

(4.5) dr (Ar =T) =0 and [[A, =Tvlirz 5,0y < cllFallz2s,,),

for a positive constant ¢ independent of r € (0,7¢), and a family of C*
bundle isomorphisms 7, : su(Ey )|, =~ By, x su(2) inducing C* bundle
isomorphisms 7, : E, ~ B, X C?, via a choice of fixed C™ trivialization
det Ey|p, = det E|p, =~ By, x C.

Since ||<I>||L§7A(B) < 00, then H(I)HL%,A(Bm) and ||®[| 4, ) tend to

zero as o as tends to zero. As @, = x,® over B(3r) and using (4.3),
we have

19rllzz . (8.g) S NPrllL2(s,g) + 1V PrllL2s,,)
<|N®llr28,,) + 1(Ar = Tp) - ol 25, )
+1IVa, ®rllr2(s,,)
< (14 1A = D) luags,g) ) 190 lacs,)
+1IVa, ®rllr2(s,,)
<o (1 1P Nras) ) 19 s,y + 194, @l 2205,)
< d[®llzaz,,) +11Va, (X@)llpm(%n%ﬂ)
+ ||VA<I>||L2(Q(%T7TO))
<@l |, (m,y) + lldxr - llL2 )
+ 1%V 4, @] 20 (r)
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<@z (By) + ldxrllLas) 1 ®llLa(8,0)
+ IVa®| 20 ()
+ 106 = DA =T3) - @l 2 v )
<@l s,y T 1A= Tolls@on @@ ey,
using A, =T + x,(A-T}) = A+ (x, — 1)(A —T}) over Q'(r), and so
(4.6) 1®rllz2 . (Brg) < Cll®lzz (5.

for some constant ¢ independent of r € (0, 7). Therefore, ||<I>T||L% o (Brg)

tends to zero as ry — 0, uniformly with respect to r € (0,rg).
Hence, the estimates (4.4), (4.5), and (4.6) combine to give a uniform
bound,

(A7) A =T @)lliz 5,0y < e (1Al 2, + 1022 ,5,,))
for some constant ¢ independent of » € (0,7y). Note that
L%,FT (BToa Al ® Eu(ET)) o L%,FT (BToa W+ ® ET)
= Lir(Bry, A" @ 5u(2)) © Lip(Br,, WH & C),
via the C* isomorphisms 7, : Er’Bro — By, x C2, with
[(Ar — Fra@r)HL%,FT(BTO) = [|(7+(4,) — FaTr((I)r))HLiF(BTO)a
dr(r-(4;) —=T) =0.

By the weak compactness of the unit ball in the Hilbert space L?(B,,),
there is a sequence r, — 0 such that the pairs (A,, —T',_, ®,,) converge
weakly in L?(B,,) to a limit (4, ®) in L(B,,). For brevity, we denote
(A7, ®7) == (1(4), 72 (D))

Claim 4.12. Continue the above notation. Then the following hold:

(1) After passing to a subsequence, the pairs (A] ,®] ) converge in
C° over compact subsets of By, \ {0} to (A7, ®7) and so (A7, d7)
is in C*° over By, \ {0};

(2) The pair (A7, ®7) is an L? solution over B,, to the elliptic system

G(AT, ") =0 and di(A"—T)=0.
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Proof. For any open subset U € By, \ {0}, the ball B(3r) con-
taining the support of the cutoff function y, does not meet U when r
is sufficiently small and so (A],®7) is a PU(2) monopole in C* over
U in Coulomb gauge with respect to (T',0) with uniformly L?-small
curvature. Hence, choosing U € B,, \ {0} so that U’ U, Proposi-
tion 3.12 implies that for any integer £ > 1 and r small enough that
B(3r) N U’ = 0, we have uniform bounds

1(A7 =T, D)2 o) < C (AT =T, 8D 20y + IF(AD L2 (0ry)
< C(I®@llLam) + 1Fall2(m)) < oo,

for some constant C(g,k,U) independent of r € (0,ry). Therefore, by
passing to a subsequence, the pairs (Afna,@;a) converge in C'™ over
compact subsets of By, \ {0} to a C' pair (A7, ®7) over B,, \ {0} as
rq — 0. But for any U € B, \ {0} and small enough r € (0,79), we
have G(A],d]) = &(A,,P,) =0 over U, and so

G(A7,®7) = lim G(A] ,®7 )=0 over U.
a— o0
Hence, G(A7, ®7) = 0 over B,,\{0} and so (A7, ®7) is a PU(2) monopole
in C* over By, \ {0}. This proves Assertion (1) of the claim.
Since (A7, ®7) is a €' monopole over B,, \ {0}, then G(A™,d7) =
0 a.e. over B,, and so (A7,®7) is an L? monopole over B,,. Let
W2 (B,,) C L3(By,) be the closure in L?(B,,) of the pairs

CS°(Byy, A @ su(E)) © C3°(Byy, WT @ E)

with compact support in the open ball B,,. Then, for any (b,¢) €
2,1
Wi (By,) we have

(b, di-(A” = T)) 128, = (drb, AT —T) 25, )
= lim (drb, (A;a - F))L2(Br0)

a—o0

= lim (b, di-(A7, —T))12(5,,) =0,

a—o0

and so dl’i(fiT —T) = 0, as required. This completes the proof of the
claim. q.e.d.

By Claim 4.12, the pair (A7,®7) is an L? monopole over B, in
Coulomb gauge relative to (I',0). From the estimate (4.7) and the
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Sobolev embedding L?(B,,) C L*(B,,), we can ensure that for suffi-
ciently small rg,
JAZ =T, 87145,y < 22,

for all € (0,79) and so ||(A7, <T>T)||L4(BTO) < &9, where €5 is the constant

of Proposition 3.12 and therefore, (A7, ®7) is a C'*° monopole over By,.
(As usual this means, more precisely, that there is a C'™ monopole
over B,, which coincides with (A7, ®7) over B,, except over a subset
of measure zero; since (fIT, <T>T) is already C°° on the punctured ball
By, \ {0}, this C* monopole is equal to (A7, ®7) except possibly at the
origin.)

Finally, the C*° bundle isomorphisms 7, : su(E;)|p, =~ By, x su(2)
may be viewed as SU(2) automorphisms acting on the SO(3) bundle
B, x su(2) by initially choosing a fixed C*° trivialization

E‘B\{O} ~B \ {0} X (CQ, with 5u(E)]B\{O} ~B \ {0} X 511(2).

Then Lemma 2.7 implies, after passing to a subsequence, that the se-
quence of SU(2) automorphisms 7, converges in C'*° over compact sub-
sets of By, \{0} to a C* limit o over B,,\{0}. Then (A7, ®7) = (47, &7)
over the punctured ball B, \ {0}, while (A7, ") is smooth over B,,.
Thus, the finite-energy C'*° monopole (A, ®) over the punctured ball
By, \ {0} is equivalent via a C*°, determinant-one, unitary bundle iso-
morphism to (A7, ®7) over B,, \ {0}, where (A7, ®7) is a C* monopole
over B,,. This completes the proof of the theorem. q.e.d.

Remark 4.13. The proof of Theorem 4.10 does not imply, of
course, that the section ®7 is zero at the center of the ball B. Even
though the C'°° sections ®;_ are zero at the center, the subsequence only
converges in L2(B,,) over By, to a limit 7. Similarly, while Lemma 4.4
provides a uniform C° bound for the sections ®7_ over B,,, we would
need a uniform, C% Holder bound, for some v € (0,1), in order to
extract a convergent subsequence.

4.4. Patching arguments.  The standard proof of the com-
pactness theorem for the moduli space of anti-self-dual connections em-
ploys a patching argument for gauge transformations to obtain C
convergence (modulo gauge transformations) on compact subsets of
X\ {z1,...,2,} for a sequence of anti-self-dual connections A, on a
Hermitian bundle F over X. The gauge transformations that require
patching are obtained by repeated application of Corollary 2.3.9 in [20]
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to geodesic balls where the L? norm of the curvature Fa, is less than
e: since the L? norm of the curvature is scale invariant, these possi-
bly small balls may be rescaled to standard size with metrics which are
approximately Euclidean as in [20, Corollary 2.3.9].

Throughout this subsection, (Aq, ®,) will denote a sequence of C*
pairs (not necessarily PU(2) monopoles) on (su(E), W™ ® E) over Q
and u, will denote a sequence of C*° determinant-one, unitary auto-
morphisms of a Hermitian bundle F (that is, gauge transformations in
Gr and not °Gg), where €2 is an oriented, Riemannian four-manifold
with spin® structure (p, W). Convergence will mean convergence in C'*°
on compact subsets which, as usual, can be replaced by Li 41,loc CONVeEr-
gence of L2 pairs (Ay, ®o) provided k > 2.

The following four patching results follow almost immediately from
the proofs of Lemmas 4.4.5-4.4.7 and Corollary 4.4.8 in [20] (where the
sequence of connections A, is not assumed to be anti-self-dual). Their
proofs are omitted and instead we refer the reader to [20] or [95] for a
detailed account; patching arguments of this type are used by Uhlenbeck
in her proof of Theorem 3.6 [95], where the connections (not necessarily
anti-self-dual or Yang-Mills) are just assumed to be in L and the gauge
transformations are in L5 with p > 2.

Lemma 4.14. Suppose that (Aa, Do) is a sequence of pairs on
(su(E), W+ ® E) over a base manifold Q (possibly non-compact), and
let Q @ Q be an interior domain. Suppose that there are gauge trans-
formations uy, € G and G, € QE‘Q such that uq(Aq, Py) converges

over 2 and 7o (Aq, o) converges over Q. Then for any compact set
K € Q there are a subsequence {&/} C {a} and gauge transformations
Wy € Gr such that wy, = Uy on a neighborhood of K and the pairs
wer (Agr, o) converge over SQ.

We have the following two extensions of this result.

Lemma 4.15. Let Q) be exhausted by an increasing sequence of
precompact open subsets Uy € Uy € --- @ Q with U,U, = Q. Suppose
(A, @) is a sequence of pairs on (su(E), W™ ® E) over Q and that for
each n there are a subsequence {¢'} C {a} and gauge transformations
uy € gy, such thal o (A, Por) converges over U,. Then there are
a subsequence {&'} C {a} and gauge transformations u,r € G such
that ugr (Agr, @) converges over Q.

Lemma 4.16. Suppose that Q@ = Q1 UQy and that (Aq, @) is a
sequence of pairs on (su(E),WT ® E) over Q. If there are sequences of
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gauge transformations vo € Ggjo, and wa € Ggjq, such that vo(Aqa, Pa)
converges over Q1 and we(Aq, @) converges over Qo, then there are a
subsequence {'} C {a} and gauge transformations uy € Gg such that
the pairs uy (Agr, o) converge over ).

Lemmas 4.14, 4.15, and 4.16 combine to yield the following analogue
of Corollary 4.4.8 in [20].

Corollary 4.17. Suppose that (Ay, @o) is a sequence of pairs on
(sw(E), W+ ® E) over Q such that the following holds. For each point
xz € Q there are a neighborhood D of z, a subsequence {'} C {a},
and gauge transformations vy € QE|D such that the pairs vy (Ay, Por)
converge over D. Then there are a single subsequence {"} C {a},
and gauge transformations uqr € Gy such that the pairs ugn (Agr, Por)
converge over §).

We now assume that (A, P,) is a sequence of PU(2) monopoles
on (su(E),WT ® E) over Q and obtain the required convergence from
our local elliptic estimates for PU(2) monopoles and Uhlenbeck’s gauge-
fixing theorem. The following result is the analogue of Proposition 4.4.9
in [20], which applies to a sequence of anti-self-dual connections.

Proposition 4.18. Let Y be an oriented four-manifold with Rie-
mannian metric g and spin® structure (p, W). Suppose that (Aq, y) is
a sequence of PU(2) monopoles, on the bundles (su(E), W™ ® E) over
Y, with the following property. For each point y € Y there is a geodesic
ball By(y,ry) with center y, radius r,, and index oy, such that

||FAa ||L2(Bg(y,7‘y)) < €, o> Ay,

where eo(g, Ager w+, Adet £) @8 the constant of Corollary 3.16. Then
there are a subsequence {&''} C {a} and a sequence of C™ gauge trans-
formations v € G such that uan (Agr, @) converges in C on com-
pact subsets over Y.

Proof. Fix a point y € Y. If By(y,ry) is a geodesic ball with center
y and g-radius ry, then By (y,1) is a geodesic ball with center y and
gr-radius one, where g, = 7“y_2g. Thus, (Aq, ry_lfba) is sequence of PU(2)
monopoles over By, (y,1) such that

[ FanllzzB,, (1)) < €0» @ > ay.

Corollary 3.16 implies that there are a subsequence {¢/} C {a} and a
sequence of gauge transformations {uy} over By, (y,1) such that the
sequence Uy (Aqr, 7y, 1®,/) converges over By, (y, %)
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Therefore, for each point y € Y, we have a sequence of gauge trans-
formations {uy} over By(y,ry) such that the sequence uy (A, Py)
converges over Bg(y, %ry). The conclusion now follows from Corollary
4.17.  q.e.d.

4.5. Definition of the Uhlenbeck closure. The definition of
the Uhlenbeck closure of the moduli space of solutions to the perturbed
PU(2) monopole equations (2.27) is slightly more involved than that of
the unperturbed PU(2) monopole equations (2.15). For this reason it
is convenient to define the Uhlenbeck closure in the unperturbed case
before considering the general case.

4.5.1. Definition of the Uhlenbeck closure for the moduli
space of unperturbed PU(2) monopoles. Let My g (temporarily)
denote the moduli space of gauge-equivalence classes of solutions (A, @)
on (su(E),W™T ® E) to the unperturbed PU(2) monopole equations
(2.15). We define the Uhlenbeck closure Myy,p of the moduli space
My i by analogy with the definition of the Uhlenbeck closure of the
moduli space of anti-self-dual connections [20, §4.4]. The moduli set
IMw, g of unperturbed ideal PU(2) monopoles on (su(E),WT Q E) is

given by
N

IMy,g == U Myw,g_, x Sym*(X),
=0
where N > N,,, N, is the constant defined in equation (4.15), E_, de-
notes a Hermitian two-plane bundle with det F_; = det E, and c2(F_y) =
ca(E) — ¢, for £ > 0.

Definition 4.19. Suppose that [Ay, o, Y] is a sequence of points
in My, g and that [Ag, ®g, x] is a point in IMyy, g, where (A, ®,) and
(Ag, ®g) are monopoles on (su(E,), Wt ® E,) and (su(Ey), Wt ® Ey)
over X, respectively, with det F, = det Ey = det E and ¢2(FE,, ), co(Ep) <
c2(F). Then the sequence of points [44, Py, ya| converges to [Ag, P, x]
(or, the sequence of triples (Aq, P, yao) converges weakly to (Ag, g, x))
if the following hold:

e There is a sequence of L% +1,loc determinant-one, unitary bundle
isomorphisms uy : Falx\x — Eo|x\x such that the sequence of
PU(2) monopoles uqy(Aq, Pq) converges to (Ag, Pg) in L%,loc over
X\ x.

e The sequence |Fa,|?> + 872 > yeya
topology on measures to [Fyo|? + 872> . ().

d(y) converges in the weak-*
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e We have co(E) = co(Ep) + |x/.

Give I Mw,; the Uhlenbeck topology specified by Definition 4.19 and
let My C IMyw,r be the closure of My, g in IMy, g. The topological
space I My r is second-countable and Hausdorff.

4.5.2. Definition of the Uhlenbeck closure for the moduli
space of perturbed PU(2) monopoles. The basic idea underly-
ing the choice of holonomy perturbations described in §2.5.2 is a gen-
eralization of an earlier construction due to S. K. Donaldson for the
moduli spaces of solutions to the ‘extended anti-self-dual equations’, to
which the Freed-Uhlenbeck generic metrics theorem does not apply [18,
§IV(v), pp. 282-286]. As in the case of the moduli space of anti-self-
dual connections, we shall see in §4.6 that there is an upper bound M
(which is determined by g, Age;w+, Adet £, and p1(su(E))) on the to-
tal energy ||FA||%2(X) for any solution (A, ®) to the perturbed PU(2)
monopole equations (2.27) and so an upper bound 2M/e2 on the num-
ber of disjoint balls B(z;,4Ry) with energy greater than or equal to %5%.
Hence, if N, > 2M/e2 + 1, at least one ball B(z;,4Rp) in the collection
{B(z;,4Ry) j-V:bl has energy less than 12.

Suppose (Aq, ®,) is a sequence of PU(2) monopoles which converges
to an ideal PU(2) monopole (Ag, ®g,x) in Cixz_, x Sym*(X). If a point
z € x lies in a ball B(z;,2Ry), the corresponding sections m;; 3(Aq)
supported on B(z;, Ry) converge to zero (by construction) for all [, 5.
Thus, the solution (Ag, ®g) will satisfy a version of the PU(2) monopole
equations (2.27) with the perturbations supported on B(z;, Ry) omit-
ted. (In the situation considered by Donaldson, ideal extended anti-
self-dual connections also satisfy a family of equations [18, Eq. (4.37)]
which depend on the bubble points in X.) Therefore, the ideal limit
[Ag, o, %] is a point in the fiber My g_,|x over a point x in the base
Sym‘(X). Here, My, k_,|x is simply the moduli space of solutions to
the perturbed monopole equations (2.27) with the connection energy
cutoff functions ;[ A] of (2.18) (used in the definition of the perturbing
sections m;; g(A) of (2.20)) replaced by cutoff functions

(4.8)
IBj [AOv X]

—o(L Wt (1, o |
. ﬁ(‘g% /B(:cj,z;RO)ﬁ< 4Ry (’FAO‘ + 87 ZM@) dV)

TEX

351
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where g¢ is the constant of Corollary 3.16. Then My r_, is the mod-
uli space of triples (Ag, ®g, x) solving the ‘lower-level’ PU(2) monopole
equations

F = (id+ 70 ® idgugm) + 7 13(4,%)) p71 (2 ® 8 )op = 0,

(4.9) .
DA® + p(90)® + 7 - (A, x)B = 0.

In the more familiar case of the Uhlenbeck compactification of the mod-
uli space of solutions to the unperturbed PU(2) monopole equations
(2.15), the spaces My, g_, above would be replaced by the products
MW,E_[ X Sym[(X)

The definition of the Uhlenbeck topology for the moduli space of
solutions to the perturbed PU(2) monopole equations (2.27) is almost
identical to that of the unperturbed case. The only difference is in
the definition of the set of ideal solutions to (2.27). In the presence
of holonomy perturbations, the Uhlenbeck closure Mwa is therefore
defined to be the closure of My g in

N N
IMwy,p = U Mw,z_, C U Cw,s_, x Sym'(X),
=0 =0

where My i_, := My g, while N > N, and N,, is the constant defined
in equation (4.15).

4.6. Sequential compactness. In this section we apply our ellip-
tic regularity and removable singularity results to prove our main com-
pactness result, namely Theorem 1.1, which asserts the existence of an
Uhlenbeck compactification for the moduli space of PU(2) monopoles,
analogous to that given by Theorem 4.4.3 [20] in the case of the moduli
space of anti-self~dual connections.

As in [20], the proof of Theorem 1.1 follows by an entirely routine
argument (which we leave to the reader) from the special case below
which is an analogue of similar compactness results for anti-self-dual
connections; see, for example, [20, Theorem 4.4.4], [31, Theorem 3.2],
[30, Chapter 8], [78, Theorem 3.1], [83, Proposition 4.4], and [84, Propo-
sition 5.1].

Theorem 4.20. Let X be a closed, oriented, smooth four-manifold
with C°° Riemannian metric, spin¢ structure (p, W) with spin® connec-
tion, and o Hermitian two-plane bundle E with unitary connection on
det . Then there is a positive integer Ny, depending at most on the
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curvatures of the fized connections on W and det E together with co(E),
such that for all N > Ny, any infinite sequence in My g has a weakly
convergent subsequence, with limit point in Uév:()MW,E_z-

Proof. The basic argument follows that of [20, pp. 163-165] and
[83, Proposition 4.4] for the moduli space of anti-self-dual connections.
Let [Aq, o] be a sequence of points in My g and let (Aq, @) be a
corresponding sequence of PU(2) monopoles in C*® on (E,WT®FE). By
passing to a subsequence we can assume that the sequence of positive
measures fio = |Fa,|?> on X converges to a measure o on X in the
weak-* topology on measures, o

lim / |Fy, |2 dV = / fhoo =t My < K,
ax—00 X X

where K < oo is the constant in our universal energy bound (4.2) for a
PU(2) monopole over X. Hence there are at most M, /e3 distinct points
in X, labelled {z1,..., 2z}, which do not lie in a geodesic ball B(z,r)
of pso-measure less than 5%, where gq is the constant of Proposition 4.18
and which appears in (2.18) and (4.8). Thus, for any r > 0, we have

lim \FAanvz/ foo > €8, i=1,...,m,

T J B(ir) B(z,r)
and so we may define real numbers x; > €2/872 by setting

K; := lim lim L |F4,|>dV = lim L Hhoo-
r—0 a—o0 8772 Bzi,r) r—0 872 B(xi,r)
We may suppose, without loss of generality, that m > 1. If a point x;
lies in a ball B(z;,2Rp) then the holonomy perturbation sections are
zero over B(z;, Ry) since 8mk; > %6%. Hence, the points {z1,..., 2}
are contained in a large open subset of X where (7, 5) = 0.

By passing to a subsequence, Proposition 4.18 supplies determinant-
one, unitary gauge transformations u, over X \ {z1,...,z} such that
the sequence wuq(Aq, ®o) converges over X \ {zy,...,z,} to a pair
(Ao, ®o) on (su(E), W R E)| x\{a1,....0,}» Such that the triple (Ag, o, x)

solves the lower-level PU(2) monopole equations (4.9). Plainly,

(‘FAOP + ’(I)0’4 + ’VAO(I)()’2) dV < K < .

X\{x1,..stm }
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By the removability of point singularities for finite-energy PU(2) monopo-
les (Theorem 4.10), there are a Hermitian two-plane bundle Fjy with
det By = detE over X, a PU(2) monopole (Ag, ) on
(su(Ey), WT®Ep), and a determinant-one, unitary bundle isomorphism
ug from E’X\{$l,~~~7$m} to EO’X\{ml,...,mm} such that ug(Ag, o) = (Ag, Do)
over X \ {z1,...,2m}.

The limiting measure p, has the form

m
Moo = ’FAO‘Q + 872 Z KiOz,

i=1
where the J,, have unit mass concentrated at the points z;. It remains
to show that the k; are positive integers. For this purpose we use an ar-
gument similar to that used to prove Lemma 3.8 in [31] (due to Taubes)
which fits better with our later development of the gluing theory for
PU(2) monopoles, though one could also use the Chern-Simons func-
tional for this purpose as in [20, p. 164]. The proof of Theorem 3.2 in
[31] is a modification of an earlier compactness result, Proposition 4.4
in [83], for connections with L? bounded curvature but which are only
approximately anti-self-dual in a suitable sense. Theorem 4.20 follows
easily from the next lemma:

Lemma 4.21. The bundle Ey has Chern classes c1(Fy) = c1(F)
and co(Ey) = co(E) — £, where £ = Y_7" | k; and the constants k; are
positive integers for i =1,...,m.

Proof. The equality of the first Chern classes follows from the re-
marks in the preceding paragraph. The proof that each «; is an integer
requires a brief digression in order to discuss the limiting behavior of
the connections A, near the points z; € X.

Fix an index 7 € {1,...,m}, let g be the injectivity radius of (X, g),
and fix a constant ¢ € (0, %g). Choose an orthogonal frame for su(Ep)|;,
use parallel translation via the connection Ay along radial geodesics
from z; € X to trivialize su(Fjy) over the ball B(xz;, ), and let wy; :
su(Eo)|B(a;,0) = B(wi,0) x su(2) be the resulting smooth bundle map.
We have [|Fa, | z~(x) < C, for some positive constant C, and so

1P ol 22(B(a;.07) < CO°

Thus, we may suppose that § is fixed small enough so that Theorem 3.13
provides an SU(2) gauge transformation vg; of B(z;, §) x su(2) such that

lao,illa(Bw:6) + IVraoill 2By 6) < cllFaoll12(Bi,26)
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where ag; = U(),i(A()) —T e Ql(B(xi,é),ﬁu(Q)) and Ups 1= Vg5 © Wo4,
and T' is the product connection on B(z;,d) x su(2). The sequence of
connections uq(Aq) converges in C° on compact subsets of the punc-
tured balls B(z;,d)\{z;} to the C° connection Ag on su(Fp)|p(s; )\ {2:};
therefore, the sequence of connections ug;uq(Aq) converges in C° on
compact subsets of the punctured balls B(z;,d) \ {z;} to the C* con-
nection wug;(Ag) on B(z;,0) \ {z;} x su(2).

Write wgjuq(Aa) = T' + ajq over B(z;,0) \ {z;}, where a;, €
QY(B(z;,6) \ {zi},su(2)). Let Q(;;3r,2r) denote the open annulus
{z € X : 3r < disty(z,2;) < 2r} in X. Then, for any r € (0, 35), there
is an index «g(r) such that

/ (Jai,a — a0t + |Vr(aie — aoy)|?) dV < r?, a > .
Q(mi,%r,%)

Since ||Fa,||z(x) < C, we have

(4.10) / (’ao,i‘4 + ’Vra07i‘2) dV < c/ ’FAO‘Q dV < CT4,
B(x;,2r) B(

x;,21)

and therefore

(4.11) / (Jaial* + |Vraiql?) dV < Crt, a > .
Q(mi,%r,%)

Let x : R — [0, 1] be a bump function such that x(¢) = 0 for ¢ < 3 and
x(t) = 1 for t > 2. Define a cutoff function x;, : X — [0,1] by setting
Xir(z) = 1= x(disty(z, 2;)/r) so that x;, = 1 on B(z;, 4r) and x;, = 0
on X — B(z;,2r). Fix a Riemannian metric g; on S* which coincides
with g on B(z;,6) = B(n,d) (after identifying the point xz; € X with
the north pole n € §*) and extends g outside B(z;,26) = B(n,26) to a
smooth metric on S*. Define a sequence of SO(3) bundles Vi over 54
by setting

. Jsu(E) over B(n,2r),
e 5S4\ {n} x su(2) over §*\ {n},
where the identification of the SO(3) bundles su(E) and §*\ {n} x su(2)

over the annulus B(n,2r) \ {n} = B(z;,2r) \ {z;} is induced from the
the SO(3) bundle isomorphism

t,i © Ug : SUW(E) g oy fny — B(n,2r) \ {n} x su(2).
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We cut off the sequence of connections A, on su(FE) over the annulus
Q(ag; %7“, 2r) and thus obtain a sequence of C'*° connections A;, o on the
sequence of SO(3) bundles V;, o over S* by setting

Aq on su(E)| 1

B(TL,§7")7
[+ Xir@ia on S\ {n} xsu(2).

RN

Recall from Lemma 4.4 that there is a constant C' independent of «
such that ||FXQ||LO<>(X) < C and so

(412) ||F2_a ||L2(B(aci,27‘)) S C’f‘g for all o.
Since
F;;,T,a = Xi,rFXa + (dXz',r A ai,a)+ + Xinr (Xi,r - 1)(az’,a A ai,a)+7

the estimates (4.10), (4.11), and (4.12) imply that

||F2—i,r,a ”LQ(S‘*) < ||FXQ ||L2(B(mi,2r))

+ V2l laial g, Lo,

2
+ \/§||ai,o¢||L4(Q( 1

Tis57,21))
< C(r+1?), o> ap.

Therefore,
(4.13) lim lim [|Fy |lp2cs1y = 0.

r—0 a—o0

Similarly, as
Faiyo = XigpFa, +dxir N aio+ Xir Xy — 1aia A G,
the estimates (4.10) and (4.11) yield

||FAi,r,a = Fa, HL?(Q(m,’;%T,?T))

S ||Vrai’a||L2(Q($i;%7‘,27")) + c||ai’a||L4(Q($i;%T’,2T))

. 2
+ ||a'7/;Oé ||L4(Q($Z,%T,2T))

< C(r+1r?), o> .
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Therefore,

(4.14) lim lim ||[F4

r—0 a—o0

. —F =0.
1,70 Aa ||L2(Q(m“%r,27ﬂ))

We can now complete the argument that the x; are integers:

Claim 4.22. There is an SU(2) bundle E; over S* such c3(E;) = &;
foreachi=1,...,m.

Proof. Fix an index ¢ € {1,...,m}. Over S§* the SO(3) bundles
Vira lift to SU(2) bundles E; ;. o with V;, o = su(E; ;o) and p1(V,0) =
—4¢a(E; rq). The second Chern classes of the SU(2) bundles E; , , are
given by

1 _
c2(Eiya) = ) /54 (’FAi,T,aP - ’F,Zx:,r,aP) av,

recalling that the isomorphisms ad : su(FE;, o) — so(su(FE;, o)) are im-
plicit and that we view Fy, as sections of A2 ® su(E; ;o). Therefore,
by (4.14) and (4.13) and the fact that Fa,,, = Fa, on B(z;, 3r), we
have

1,70

1
lim lim ¢ (F;,q) = lim lim —/ |Fy. \2 dV
g4 i,7ra

r—0 a—00 r—0 a—oo 8772
1 2
e T L - T 2)
ll—rf(l] Oéh—>rgo 87‘(’2 g4 <’FAi,r,a’ + ’ Aiﬂ“,a’ dv
1
— lim lim —— |Fapol?dv
0 000 87.(_2 B(wi,20) 1,r,a
1
= lim lim — |Fan|*dV = i,

r—0 a—oo 87‘(’ B($i,27‘)

where the final equality follows by definition of ;. Thus, for small
enough r and large enough o, we have ¢3(E;, o) = c2(E;) for some fixed
SU(2) bundle E; over §* and so x; = co(E;), completing the proof of
the claim. q.e.d.

By Claim 4.22 the k; are positive integers for ¢ = 1,...,m. We
can now compute the second Chern class of the limit bundle Ey. The
Chern-Weil identity (2.33) implies that, for all «,

~ipi(ou(B) = ex(B) — der(B) = 5 / (1, [* = [E4, ) av.
™ Jx
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Therefore, by (4.12) we have

. . 1
eo(E) — iq(E)Q = lim lim — (’ Aa‘2 ‘FXaP) av
X

r—0 a—oo 872

1
= lim lim — |F 2= |FF ) av
r—0 a—oo 8772 X\um 1 B(wi,2r) ( Ao Ao )

+ Z lim lim — (]Fga\g - \FXQP) dv

r—0 a—yoo 872 B(xi,2r)

1 ~ m
=52 /. (1P, 2= |FL12) av+ 3w
=1

m
= CQ(E[)) — %Cl(l?())2 + ZHZ’.
i=1

Now ¢1(FE) = ¢1(Fy) and thus co(Ey) = c2(E)—Y i~ | k;. This completes
the proof of Lemma 4.21.  q.e.d.

Therefore, after passing to a subsequence, the sequence of points
[Aq, o] in Mg converges to an ideal monopole [Ag, Py, x| in
M. g, % Sym’(X), for some integer ¢ > 0, and Lemma 4.21 implies
the Chern classes of the limit bundle Ey are given by ¢ (Fy) = ¢1(F)
and co(Ey) = co(E) — L.

It remains to give an upper bound for the integer £ = co(E)—ca(Fyp).-
The Chern-Weil identity (2.33) implies that

1 ]
L= er(B) — ex(By) = Q/X(\FAP_,FW) av
1 — 2 + 2
g2 [, (Fal =173 P) av.

and thus, by Lemma 4.3, we have
1 -2 2
(4.15) KSW/X]FA] dV+—/ Ft v < N,

for some positive integer N, = N,(c1(E), c2(E), g, F(Adet w ), F(Adet £))-
This completes the proof of Theorem 4.20. q.e.d.

Remark 4.23. The compactness result in this section for the mod-
uli space of PU(2) monopoles has an antecedent in [31, Theorem 3.2]
(due to Taubes) in the following sense. Taubes’ theorem provides a weak
compactness result for connections A satisfying the ‘infinite-dimensional
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part’ of the anti-self-dual equation, namely II A;uFX = 0, where u ¢
Spec djd’;‘, and Il 4, is the L?-orthogonal projection onto the eigenvec-
tors of djdz with eigenvalue less than pu, together with the curvature
bounds || Fallz2(x) + ||dAFX||L2(X) < C for some constant C indepen-
dent of A. The analogous point here is that although [y |F4|*dV is not
a topological invariant unless FX =0or Fy =0, just as in the case
of the PU(2) monopoles, it is enough for the purposes of obtaining a
weak compactness result to have uniform bounds on the L? norm of F4
together with an LP bound on FX for some p > 2.

There is one further compactness result we will need, analogous to
Uhlenbeck’s original compactness theorem for connections (not neces-
sarily satisfying any elliptic equation) with LP bounds on curvature with
p > 2 [95, Theorem 1.5].

Proposition 4.24. Let p > 2 and K > 0 be constants. If [Aq, o]
is an infinite sequence in My g satisfying

[ Faqllrx) < K,

then there is a subsequence {c/} C {a} such that the sequence [Ay, D]
converges to a point (A, Poc]) € My .

Proof. Let (Aq, Po) be a corresponding sequence of C'°° pairs. Since
p > 2, Holder’s inequality implies that for any geodesic ball B(z,r) C X
we have

1P a2 (Bler) < e WP Fa, o) < cKr?=@m).

Hence, for small enough r, Proposition 4.18 applies and there are a
subsequence {&'} C {a} and a sequence of C™ gauge transformations
te such that the sequence uy (Ay, Poy) converges in C* to a limit
(Ao, Do) over all of X, with no exceptional points.  g.e.d.

As we shall see in §5.1.2, Proposition 4.24 allows us to work with
perturbation parameters (7, 7, 5) and a metric g which are C'* rather
than just C7, as required by the application of the Sard-Smale theorem
in our proof of transversality in §5.

5. Transversality

In this section we show that for generic perturbation parameters

-,

(9o, 70, T, ¥) the moduli space of solutions to the perturbed PU(2) monop

359
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equations (2.27) is a smooth manifold away from the zero-section and
reducible pairs.

The outline of the proof is of the now standard form introduced
in [14] and [30]. In §5.1 we define a parametrized moduli space and
explain why transversality for the moduli space (Corollary 5.3) follows
from transversality for the parametrized moduli space (Theorem 5.2)
via the Sard-Smale theorem. In §5.2 we show that the parametrized
moduli space is a smooth Banach manifold (Theorem 5.2). The proof
of Theorem 5.2 relies on the fact that a PU(2) monopole, which is
reducible on an admissible open subset of the manifold X, is reducible
on the entire manifold (Theorem 5.11) and this is proved in §5.3.

The proof of Theorem 1.3 does not apply to PU(2) monopoles which
are zero-sections or which are reducible. We describe the cokernels of
DS evaluated at these pairs in the sequel [25] to the present article.

5.1. The parametrized moduli space. It is convenient to
first consider the question of transversality for the top stratum M;I}?E of
the Uhlenbeck compactification My, and then consider the very slight
modification required to obtain simultaneous transversality for all the

lower-level moduli spaces MT,{,? E_[’z - C;{,?E_[ x ¥, for smooth strata

¥ C Sym‘(X).

5.1.1. Transversality for the top-level moduli space. The
condition in Proposition 2.28 that the section &, vanish transversely is,
of course, not necessarily true for all the parameters (7, J, 7, 5), on
which & depends. As in the cases of the moduli spaces of anti-self~dual
connections [14], [20], [30] and Seiberg-Witten monopoles [47], [98], we
first show that the family of moduli spaces parametrized by the pertur-

bations (19, 9¢, 7, 5) is smooth and then apply the Sard-Smale theorem
[80] to conclude that for generic perturbations (79, ¥, 7,d) (that is, a
subset of perturbations which is the complement of some first-category

subset), the moduli space &71(0) = M*’?E(T(), 9o, 7,9) is smooth.

Set P§ = C"(X,gl(AT)) ® C"(X,A' ® C), let P" := P} & PL & P,
denote our Banach space of C" perturbation parameters, and define a
°g g-equivariant map

6= (6,6,):P" x éw,E - Li—l(AJr ®su(E)) @ L%—I(W_ ® E))
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by setting

&(70,90, 7,7, A, ®)

&, (10,90, 7,9, A, ®)
(5.1) = s
52(7—0779077—7797147 (I))
_ (F;( — (id + 70 ® idgy(py + 7+ 8(A)) p~H (B ® @*)00>
Da® + p(9o)® + 0 - m(A)P ’

where (A, ®) is a pair on (su(F), W™ ® E) and the isomorphism ad :
su(F) =~ so(su(FE)) is implicit, °Gg acts trivially on the space of per-
turbations P7, and so &7'(0)/°Gg is a subset of P" x Cwp. We
let My denote the parametrized moduli space S~'(0)/°Gp and let
SJI}‘,[’/?E = SUIW,E N (’PT X C;;I’/(,)E)

Remark 5.1. While we assumed for convenience in §3 and §4 that
the parameters g, 79, 9¢, 7, J were C*°, the only difference, if the param-
eters are only assumed to be C" for some finite r, is the slight increase
in bookkeeping required to keep track of the regularity of solutions to
(2.27) and other associated elliptic systems.

Just as in §2.6, the °Gg-equivariant map & defines a section of a
Banach vector bundle 20 over P" x C;{,?E with total space

=P xCpy xog,, (Li—i(AT @ su(E) @ Li_, (W~ @ B)),

s0 6 := &(m9,%,7,7,-) is a section over (?;;(,?E of the Banach vector
bundle ¥ = 2’(7071907?75) in (2.34). In particular, the parametrized
moduli space QJT;{,?E is the zero set of the section & of the vector bundle
Y over P’ x C;’,OE.

Theorem 5.2. The zero set in P" % C;{,?E of the section & is reg-

ular and, in particular, the moduli space QJT;{,?E 18 a smooth Banach
. *,0
submanifold of P" x CW’E.

To preserve continuity, we defer the proof of Theorem 5.2 to §5.2.
The differential DG = (DS) (70,900,770, A, 8] of the section & at a point
[70, 00, 7,9, A, ] in PT x ), is given by
D&, (10, 00,07, 60, a, )

(52) D@((STOa(SﬁO,(S?, 55,a,¢) = <D§1(570,5190’(57’519’a’¢)> ,

361
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where (a,¢) € Kao C Li(A!' ® su(E)) ® L (W' ® E) represents a
vector in the tangent space (TC;’,?E)[A@] and (d7g, 0, 07, 0¢) € Pr.
The differential of the first component in (5.2) is given explicitly by
D&, (679, 600,07,50,a,¢)
= dja — (57’0p_1((1> ® (I)*)[)()
— (id+ 70 @ idsy(y + 7 1(A)) p7 ($© " + D ® ¢ )oo

(5.3) - Z(5Tj,l,a ® ad(m;;q(4))p™ (& @ B*)go
Jobsc

- ZZ Tjla ® ad ( 514’11 = ) p~H(D @ B*)gp,
Iyt

and the second component by
D&, (670,800, 07, 67,0, )
= Dagp+ 0 - (A + pla)®

(5.4) + p(690)® + > p(001,0) ® mj 10 (A)P
j’l’a

om
+Zp ],lOL ( 5%040’) @.

ila

We note that from their definitions in §2.5.2 the perturbations (and
their variations) are zeroth order, unlike the first order perturbations

considered in [92].
Recall from the arguments of §2.2 that D@(-,d%’q)(’) = 0 for all

¢ € L1 (su(E)) ® iRy since & is °G p-equivariant. By Proposition 3.7
we may assume, without loss of generality, that the pair (A, ®) in (?;;(,?E
is a C" representative for the point [4, ®] in the zero set 71 (0) C C;{,?E.
Since the tangent space (TCI(}[’,TE)[A@] may be identified with K4 ¢ :=
Ker dg’j‘@ (see §2.2), we have

0,%
D@(Oa 07 Oa 07 a, ¢) = dzl4,<1>(aa ¢) = (dA7<I> + dzl4,‘1>)(aa ¢)7
for (a,¢) € Ko, so the differential D@]{O}XTC*,O is Fredholin, where
W,E

{0} x TCS{,TE = T{r0,%0, T, 5} X C;{,?E). Thus, & is a Fredholm section
when restricted to the fixed parameter fibers

{7’0,19(),7’ 19})(6 C’PTXC
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The Sard-Smale theorem (in the form of Proposition 4.3.11 in [20]) then
implies that there is a first-category subset of the space P" such that
the zero sets in C;{,?E of the sections & = &(y, Py, 7, ¥,-) are regular

=,

for all C" perturbations (79,99, 7,9) in the complement of this subset.
Now

=,

M;[’/?E(T(]a 7905 7?7 19) = 6_1(0) N C;{/?Ea

=,

and so for generic parameters (19,9,7,9), the moduli space

=,

M;I}OE(T(), 99, 7,9) is a smooth manifold of the expected dimension. In

summary, we have:

Corollary 5.3. There is a first-category subset of the space P,
such that for all C™ perturbations (19,90, 7, 0) in the complement of this
subset, the zero locus of the section & is regular and so the moduli space
M;I}?E(To,ﬁo,%’,ﬁ) = 6710 n C;;{,?E is a smooth submanifold of C;{,?E

with the expected dimension.

We recall that a subset S of a topological space P is a set of the first
category if its complement P — S is a countable intersection of dense
open sets or, equivalently, if S is a countable union of closed subsets
of P with empty interior; if P is a complete metric space, then Baire'’s
theorem implies that P — S is dense in P [76]. In our applications, P
will either be a Banach or Fréchet space (with a complete metric), so
P — S will always be dense if S is a first-category subset.

5.1.2. Reduction to the case of C* parameters. The restric-
tion to C" parameters (19,9, 7, 5), necessary to apply the Sard-Smale
theorem in §5.1.1, proves inconvenient in practice. We shall see that
these restrictions can now be removed, so we need only use C'* param-
eters (79,9, T, 5) Although we did not need the metric g to be generic
in order for our transversality proof to work, we will nonetheless require
the metric g to be generic in the sequels to the present article and so,
a priort, g would also be restricted to a certain Banach manifold of
metrics on X. An argument almost identical to the one which we de-
scribe here can be used to show that one need only consider generic O
metrics in those applications.

There is an argument due to Taubes — for the moduli space of
Seiberg-Witten monopoles — which reduces the case of transversality
for C*° parameters to the case of Holder or Sobolev parameters [77,
§9.4]. (A related result for generic metrics due to Freed and Uhlenbeck
appears as Proposition 3.20 in [30], although it is only stated for the



364 PAUL M. N. FEEHAN & THOMAS G. LENESS

moduli space of anti-self-dual SU(2) connections with second Chern class
one over a simply-connected, negative definite four-manifold.)

We adapt Taubes argument here to the case of the moduli spaces of
PU(2) monopoles. We define

P:=Py® P, ® Py,
Po = QU(X, gl(AT)) @ Q' (X,C),

Pr = £5(A,Q°(X, gl(AT))) := ﬁ (A, CT (X, gl(AT))),
r=0
P = £5(A,Q1(X,0)) := ﬁ Gi(A,CT(X, A ® 0)),
r=0

and let P" be the Banach space

Pr.=PyoP;oPy
= C"(X,gl(AM) @ C"(X, A" © ©)
@ £5(A, C7 (X, gl(AT))) @ £3(A, CT (X, A" ® O)),

Define metrics dy, d; and dy on Met(X), Py, P, and Py by setting

o~ 27" (o1 — 702ller + [[901 — Pozllcr)

do (01,9015 T02, Y02) = ’
o(701, 015 T02, Yo2) ; 1+ [|7o1 — 7o2llor + [|P01 — Poz2ller
o

2777 = Rl o
dr (71, 72) ::Z —,

=1+ (171 — Bl en

do (1, 7) i 271191 = Falleyen)
9\V1,V2) 1= — — 3
=0 L+ 1191 = Dol ory

and observe that Py, P, and Py are complete metric spaces, with the
above metrics inducing the C'°° topologies. Thus, P is a complete metric
space with respect to the product metric d = dy x d; x dy, which induces
the C* topology on P. The C" topology of P" is induced by the product
metric d" = dy x d x dj.

Let Preg C P be the subspace of parameters for which the zero set
of &y, is regular, and note that

preg = ﬂ pn,rega

n>1



PU(2) MONOPOLES. I 365

where Py, roe C Preg is the subspace of C°°° parameters p such that
the differential DSy, is surjective for all pairs (A, ®) in 6;1(0) N C;;(,?E,
satisfying

(55) ||FA||L” <n and VO(Aa (I)7p) > 1/”7

for some p > 2, where (A, ®; p) is the least eigenvalue of the Laplacian
A?&@;p = dgl’j‘q)d%’q) computed with respect to the metric g. Define, in
the analogous way, the subspaces Py, and Py o, of P

The uniform upper LP bound on F4 precludes bubbling, while the
uniform lower bound on (A, ®) keeps (A, ) bounded away from the
reducible or zero-section pairs. Let 15(A, ®;p) be the least eigenvalue
of the Laplacian Ai@;p = d}4,¢diff¢ computed with respect to the pa-
rameters p = (79,30, 7,9). Then (DGp)a,e is surjective if and only if
V2(Aa (I)7 p) > 0.

Claim 5.4. The subspace P, e C P is open in the C° topology
and Py, .., C P is open in the C" topology.

Proof. Let {pa}oz; C P\ Pureg be a sequence of parameters and
suppose that p, converges to p € P in the C*™ topology. Then there
is a sequence of solutions (Aq, @) to (2.27) in é;f/?Ev with parameters
Pa, which satisfy the bounds in (5.5) and for which v5(Ay, Po; pPa) = 0.
Proposition 4.24 and the L? bounds in (5.5) imply that, after passing to
a subsequence, there is a sequence of gauge transformations {us} C Gg
such that us(Aq, ) converges (strongly) in L% to a solution (A4, ®) in
C?,?E to (2.27) which satisfies the curvature bound in (5.5). Standard
perturbation theory implies that the eigenvalues v;(uq(Aq, Po); Pa) con-
verge to v;(A, ®;p) for i = 0,2 [41], so that the triple (A, ®;p) satisfies
the eigenvalue bound in (5.5). The eigenvalue 15(A, ®; p) must be zero
— otherwise the eigenvalues vo(uqy(Aq, Py); Pa) would be positive for
large enough «. Hence, p ¢ Py, reg and 80 Py, reg is open. The proof that
P} reg 1s an open subset of P" is identical.  g.e.d.

Claim 5.5. The subspace Py, ree C P is dense in the C°° topology.

Proof. By Corollary 5.3, the space P, is the complement in P’
of a first-category subset and so is dense by Baire’s theorem; clearly,
Pjreg is also dense in P7, since Pr, C P . Let p € P be a €
parameter, and let {p,} C Pr.reg e a sequence of € parameters such
that d”(p, Pa) < 27%7!, 50 p, converges in C” to p. Since Proreg C P is
open by Claim 5.4 and the C° parameters P are dense in Py, .., we may
choose, for each o, a C™ parameter p/, € P reg such that d"(Pa,Pl,) <
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27271 Since p}, is C™, then {p),} C Py rez and by construction we have
d"(p,pl,) < 27% and so the sequence {p/,} converges in C" to p € P.

Therefore, for each 7, we obtain a sequence {p/,(r)} C Py reg Which
converges in C” to p € Preg. But then the diagonal sequence {p;,(a)} C
P reg converges to p in C7 for each r (it satisfies d” (p, p, (o)) < 27 for
all @ > r) and so the sequence converges in C™ to p € P, as required.
q.e.d.

From Claims 5.4 and 5.5 we conclude that Pree is a countable in-
tersection of dense, open subsets of P and hence is the complement of
a first-category subset (in particular, the subset P, C P is dense by
Baire’s theorem). Hence, the space Preg of C* parameters (79, %o, 7, 5)
such that the moduli spaces M;[}?E(To,ﬂg, T, 5) are regular is the com-
plement of a first-category subset of P. From this and Corollary 5.3 we

conclude:

Corollary 5.6. Let X be a closed, oriented, smooth four-manifold
with C'° metric g. There is o first-category subset of the space P, such
that for all C* perturbations (19,9, T, 5) in the complement of this
subset, the zero locus of the section & is reqular and so the moduli space
M;[}?E(To,ﬂo,%’, J) = 67H0) is a smooth submanifold of C;’,?E with the
expected dimension.

Remark 5.7. The same argument shows that the standard Freed-
Uhlenbeck generic metrics theorems (specifically, Corollaries 4.3.15,
4.3.18, and 4.3.19 in [20] and the refinement Lemma 2.4 in [48] for
the non-simply connected case) for the moduli spaces of anti-self-dual
connections on an SU(2) or SO(3) bundle over X continue to hold for
the complement of a first-category subset of C'°° metrics, rather than
just C™ metrics.

5.1.3. Simultaneous transversality for the top and lower-
level moduli spaces. Let ¥ be a smooth stratum of Sym®(X).
Recall from §4.5.2 that a universal choice of a sufficiently large constant
Ny guarantees that if [4, @, x] is any point in MW7 £ and A is irreducible,
then A has at least one ball B(z;, Ry) which supports holonomy per-
turbations.

The PU(2) monopole equations cutting out the locus

*,0 #,0
MW,E_[’E - CW,E_[ X 3

from the Uhlenbeck compactification MW,E are equations for triples
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(A, ®,x) € (?;;(/?E_Z x 2. We can again define a °G g-equivariant C°° map
S:P xCitp xS > I (At ®@su(E) &Ly (W™ ®E)
by setting

@(7—07 7905 7?7 57 A7 @7 X)

_(FF = (id+ 10 ® idgy(p) + 7 1(4,%)) p7H(® @ D)oo
o DaA® + p(90)® + 7 - (A, x)® :

The proof of Corollary 5.6 now shows that M;{,?E_[]g C C;{,?E_[ X3 is a
smooth submanifold of the expected dimension for generic parameters

-,

(7—07 7907 7?7 19)7
(5.6) dim My [s =dim My,  +dimX.

Furthermore, by considering regular values of the projection maps onto
the second factors 3, Sard’s Theorem also shows that the fibers M;I}?E_[ |x
are smooth manifolds of the expected dimension for generic points
x € Sym‘(X). Indeed, the only tangent vectors in each stratum X,
which might not appear in the image of the projection, are those arising
from the radial vector on the annuli B(z;,4Ro)\B(z;,2Rp). This ob-
servation shows that the projection from MT,[’,? m_, to Y is transverse to
certain submanifolds of ¥ which would allow dimension-counting argu-
ments similar to those in [25]. Issues related to dimension-counting in
the presence of holonomy perturbations are also discussed by Donald-
son in [18, pp. 282-287]. We can now conclude the proof of our main
transversality result:

Proof of Theorem 1.8, given Corollary 5.6. For the case £ = 0,
the transversality assertion is given by Corollary 5.6 and the dimension
formula is provided by Proposition 2.28. The case £ > 0 then follows
from the discussion in the preceding paragraphs. q.e.d.

5.2. Smoothness of the parametrized moduli space. We
prove Theorem 5.2 by showing that the °G g-equivariant map

S: P x (?;;(,?E S Li AT osuE) e L (W™ E)

vanishes transversely, and so the parametrized moduli space 9)?;‘,[’2 =
&71(0)/°GE is a smooth Banach manifold. The broad strategy is rem-
iniscent of that of [30, Chapter 3] and [20, §4.3.5], where the analo-
gous result is established for the moduli space of anti-self-dual con-
nections parametrized by the Banach space of C" (conformal classes
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of) metrics: our proof of surjectivity of the differential DS at a point
(10,90, T, 9, A, ®) in the zero set G~1(0) ultimately relies on the fact
that, for ® # 0, a monopole (A, ®) which is reducible on an admissi-
ble open subset of X is necessarily reducible over all of X (Theorem
5.11). If there are sections m;;o(A) which are non-zero on B(z;, Ry),
we say that the connection A has holonomy perturbations supported on
B(zj, Ro); the set {m;;4(A)}?_, then spans su(E)|p(; Ry for at least
one index «. Then an admissible open set for the pair (A, ®) is one con-
taining the B(z;, Ry) for all j such that 3;[A] > 0. (The supports of all
the sections m;; ,(A) are contained in Uj-V:bIB(xj, Ry), and so any open
subset of X containing Uév:”lé (z, Ro) is admissible.) Recall from §4.5.2
that because of our choice of constant Ny, if [A, ®] is any point in My g
then at least one ball B(x;, Ry) supports holonomy perturbations for A.
Theorem 5.2 is an almost immediate consequence of

Proposition 5.8. Suppose (19,9, T, 9, A, ®) is a point in S1(0)
with A irreducible and ® Z 0. If (v,1) is in the cokernel of the differen-
tial DS at the point (19, 9o, T, J, A, D), then (v,i/))\B(fﬁj,Ro) =0 for each
ball B(z;, Ry) supporting holonomy perturbations for A.

We first observe that the elements of the cokernel of

D@ = D§(707ﬂ07?7q§7A,¢)

have a restricted form of the unique continuation property (sufficient
for our purposes) by Aronszajn’s theorem [5]:

Lemma 5.9. If (v,v¢) € Ker D&(DG)* and (v,v)|y = 0 on some
non-empty open subset U C X containing all balls B(x;, Ry) supporting
holonomy perturbations for A, then (v,4) =0 on X.

Proof. By hypothesis, the pair (v, 1) solves the second-order elliptic
equation
(DE)(DE)"(v,%) =0 on X,
where the Laplacian D& = (DG,, DG,), given by equations (4.3) and
(4.4), has C"~! coefficients and (v, 1)) is at least C"*1. Also, (v,9) =0
on the set of closed balls supporting holonomy perturbations,

Bi(A):= |J Bls;, Ro),
JEI(A)

where I(A) :={j : 1 < j < Ny, Bi[A] > 0, and A|p(y; 2ry) is irreducible}.
Now, on the subset X — B4y where all of the holonomy perturbations
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and especially their derivatives with respect to A vanish (see their defi-
nition in §2.5.2), the Laplacian (DG)(DG)* is a purely differential op-
erator. In particular, it extends to a differential operator with C”~!
coefficients over X, say (DG%)(D&")*, given by the linearized PU(2)
monopole equations (5.3) and (5.4) with all terms involving holonomy
perturbations and their derivatives set equal to zero. On the other hand,
the pair (v,1)) also solves the resulting second-order elliptic differential
equation
(DE°)(D&")* (v,4) =0 on X,

since (v,1) = 0 on B;(A) and DS # DG only on B;(A), while D& =
DG on X — Byy-

Without loss of generality, we may scale the Dirac equation in (2.21)
by 1/4/2. We then have

didt? 0

0 Oy

) + First-order differential terms,
and so by the Bochner formulas of Lemma 4.1 and [30, Eq. (6.26)], the
Laplacian DS%(DG%)* is a second order elliptic differential operator
with scalar principal symbol (given by the metric 3g on T*X). The
desired conclusion then follows from Aronszajn’s unique continuation
theorem [5]. q.e.d.

Remark 5.10.

1. Aronszajn’s theorem does not apply without the given restriction
on the open set U in the statement of Lemma 5.9, as the Laplacian
(DS)(DG)* is not a purely differential operator over all of X. One
can see from equations (5.3) and (5.4) that the problem terms
are those appearing in the last line of each displayed equation:
the operator dm;,/0A acting on a € Q'(su(E)) is an integral
operator, as is clear from the formula (A.7) for the differential of
the holonomy with respect to the connection.

2. Lemma 5.9 can also be proved without using Aronszajn’s theorem
explicitly and instead applying the Agmon-Nirenberg unique con-
tinuation theorem (Theorem 5.25) to the equation (D&)*(v,v) =
0, and mimicking the existing application in the proof of Theorem
5.11. Indeed, this second proof of Lemma 5.9 is virtually identical
to the proof of Theorem 5.11. We leave the details to the inter-
ested reader, as the preceding use of Aronszajn’s theorem appears
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easier to us. We note that Aronszajn’s theorem can be derived
from that of Agmon-Nirenberg (see [3]).

If (v,9) is an L} , element of the cokernel of D&, then elliptic
regularity for the Laplacian D& (D&)*, with C"~! coefficients, implies
that (v,1) is in C™'. Our proof of Theorem 5.2 also relies on the
following ‘unique continuation’ result for reducible monopoles:

Theorem 5.11. If (A, ®) is a C” solution to the perturbed PU(2)
monopole equations (2.27) with ® Z 0 over a connected, oriented, smooth
four-manifold X with C" Riemannian metric, and (A, ®) is reducible on
a non-empty open subset U C X with B(x;, Ry) C U for all j such that
B;[A] > 0, then (A, ®) is reducible on X.

The proof of Theorem 5.11 is lengthy, so we defer it to §5.3.

Proof of Theorem 5.2, given Proposition 5.8 and Theorem 5.11. Let
(10,90, 7,9, A, ®) be a C" representative for a point in SJTT/ESE, so that
A is irreducible and ® # 0, and suppose (v, ) is in the cokernel of DS.

By definition of Ny in §2.5.2, the set
J(A) :={j:1<j < N, and §;[4] > 0}

is non-empty. Since A is irreducible on X, Theorem 5.11 implies that
A\B(CCWQRO) must be irreducible for some j' € {1,..., Ny} such that
Bjr[A] > 0; otherwise, Al B(x/ 2R) would be reducible for all § such that
B;[A] > 0, and Theorem 5.11 would imply that A would be reducible
over all of X, contradicting our assumption that A is irreducible. By
Proposition 5.8 we see that (v, )| p(;,r,) = 0 for all j such that 3;[A] >
0 and A|p(a; 2r,) 18 irreducible, so (v,1)) =0 on X by Lemma 5.9. |

g.e.d.

The proof of Proposition 5.8 occupies the remainder of this subsec-
tion. We first note that since ® is in the kernel D4 + 9 - m(A), it has
the unique continuation property by Aronszajn’s Theorem [5]:

Lemma 5.12. If (D4 + p(¥) + 0 - M(A))® = 0 and ®|y = 0 for
some non-empty open subset U C X, then & = 0.

Proof. The perturbed Dirac operator D4 + p(d) + 9 - @ (A) differs
from D4 by a zeroth order term and so

(Da + p(90) + 7 - F(A))* (Da + p(¥o) + 9 - H(A))
= D% D4 + First order terms.
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The Bochner formula of Lemma 4.1 then implies that the above Lapla-
cian is a second order elliptic differential operator with scalar principal
symbol (given by the metric g on T*X). The conclusion now follows
from Aronszajn’s unique continuation theorem [5]. q.e.d.

We shall use the following linear algebra result to show that
v € C"THX, AT ® su(E)) vanishes on a ball:

Lemma 5.13. Let M, N be elements of (AT ® su(E))|,. Suppose
my, mo, my span su(E)|,. If

3
(5.7) (oM, N) + " ((n ® ad(m;)) M, N) = 0
=1

Jor all 79,71, 72,73 € gi(AT) |y, then either M =0 or N =0.

Proof. It (1oM, N) = 0 for all 79 € gl(A™)|,, then by the proof of [30,
Lemma 3.7], the images in su(E)|, of M, N € Hom(At|,,su(E)|;) are
orthogonal. (Although their lemma refers to an element of
Hom(A™|,,s5u(F)|;) and an element of Hom(A~™|,,s5u(E)|;), we can
choose any isomorphism between AT|, and A™|, to translate the re-
sult.) We can therefore assume that M has rank one and N has rank
less than or equal to two. (If M is rank two and N is rank one, we can
reverse their roles by using adjoints.) If both M # 0 and N # 0 let

M=u®m and N =9 Q®n;+ v3 ®ns,

where u,vi,v9 € AT|, and m,ni,ne € su(F)|,. Since the images of
M and N in su(FE)|, are orthogonal, we have (m,n;) = 0 = (m,ng);
without loss of generality, we can assume that (nj,ne) = 0. (If N is
rank one, ne can be any element of su(FE)|, completing m,n; to an
orthogonal basis of su(F)|;.) Under the isomorphism su(E)|, ~ R?, the
adjoint representation is given by the cross-product. We can find f; € R
such that ny = >, fimy, so

3

(5.8) > (ad(fmg)m, ni) = ([n2,m],n1) # 0,
=1
3

(5.9) > (ad(fimy)m, ng) = ([ng, m], ny) = 0.

=1

By assumption, M # 0 and N # 0, so u # 0 and either vy # 0 or
ve # 0; we may suppose without loss of generality that vy # 0. Thus,
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we can find 7 € gl(AT)|, such that Tu = vy, and so choosing 7; = f;7
for I =1,2,3 and d79 = 0, we have

3

3
> A(n@ad(m)) M,N) = > (r @ad(fim))M, N)

= 1=
(r ® ad(ne))M, N)
(T ® ad(n2))(u®@ m),v1 @ ny +v2 @ ng)

TUu ® [ng, m],v1 ® Ny + v2  nga)

I
o

(
=
= (T, v1){[ne, m],n1) + (Tu, v2)([n2, m|, n)
= |v1)?{[n2,m],n1) #0 by (5.8) and (5.9),

contradicting our hypothesis in (5.7). Hence, either M = 0 or N = 0,
as desired. q.e.d.

Remark 5.14. Lemma 5.13 does not hold if the rank of F is greater
than two. If a,b € su(FE), the above arguments would only allow one to
conclude that

0 =([m,a],b) = (m, [a,b])
for allm € su(E), so [a,b] = 0 and a, b are simultaneously diagonalizable.
The subspace of diagonal elements of su(n) has dimension n — 1, so this
would not contradict the orthogonality of a,b if n > 2.

Lemma 5.15. Continue the hypotheses of Proposition 5.8 and sup-
pose B(xj, Ry) is a ball supporting holonomy perturbations for A. Then
v =0 on B(zj, Ry).

Proof. By hypothesis, there are holonomy sections m; = m;; o(A4),
| =1,2,3, which span su(F)|,, for any point y € B(z;, Ry). Let d7; :=
67i1a € QO(gl(AT)), I = 1,2,3, denote the corresponding coefficients,
and let 67 be a sequence with all other coefficients equal to zero.

By the hypothesis of Proposition 5.8, we have

(DS (879, 600, 07,89, a, ¢), (v,9)) 2 = 0
for all (679, d9¢, 07, 55,a,¢), and so
0= (D&(d79,0,67,0,0,0), (v,)) 2
= (D&,(670,0,67,0,0,0),v) 7>
= (070 ® idgy(m) + 07 - W(A))p™ (2 ® ®*)g0), v) 2
3

= (6700 (® © 3*)go,v) 2 + Y (01 @ ad(my)p™ (B & ®)00,0) 2.
=1
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Taking a sequence of §7;’s which approximate 7;,0(-,y), where d(-,y)
is the Dirac delta distribution supported at y and d7;, € gl(A*)|,, we
obtain the pointwise identity

3
(07040 (D@D Yoo ly, vly) + > (971 @ ad(my)p™ (2 ® D)ooy, v]y) = 0
=1

for all 67, € gl(A*)|y, I = 0,1,2,3. Lemma 5.13 then implies that
either p™1(® ® ®*)ggl, = 0, and thus ®|, = 0 by Lemma 2.19, or else
v]y = 0. If v], # 0, we see that ® would be zero on the nonempty open
subset {v # 0} N B(zj, Ry). But then Lemma 5.12 would imply that
® =0 on X, contradicting our assumption that ® # 0. Thus, v =0 on
B(zj, Ry), as desired.  q.e.d.

The following similar argument shows that ¢ = 0 on the ball
B(z;, Ryp). Note that having only v = 0 or ¢ = 0 on an open set
does not suffice to contradict Lemma 5.9, as the non-vanishing result
of Lemma 5.9 applies to the pair (v,1). We again begin with a linear
algebra lemma:

Lemma 5.16. Let ST € (Wt ® E)|, and S~ € (W~ ® E)|,. If
mg, ..., mg span W(E)|; and

3
{0 @m)SsT,s7) =
=0

for all ¥y, ...,935 € Homg(W T, W™)|, then ST =0 or S~ =0.

Proof. Because {m;}}_ spans u(E)|, and gi(E)|; = u(E)|;® iu(E)|,,
we have gl(E)|, = u(E)|; ®r C, and the set {m;}}_; is a complex basis
for gl(E)|;. Thus, any element of

Home(W* @c B, W~ ®c )|y = Home(W", W7)|: ®c gl(E)x

can be written as Zl 0¥ @ my, for some ¥; € Homg(W+, W~ )
I =0,...,3. Thus, if ST # 0, the hypothesis implies that S~ =
and conversely, if S~ # 0, then S+ =0. qed.

Lemma 5.17. Continue the hypotheses of Proposition 5.8 and sup-
pose B(xj, Ry) is a ball supporting holonomy perturbations for A. Then
1 =0 on B(z;, Ry).

Proof. By hypothesis, there are holonomy sections m; := m;; ,(A4),
I = 1,2,3, which span su(F)|,, for any point y € B(z;, Ry), and so
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{m}?_, spans u(E)|,, where mg := i-idg. Let 69, := 69, € (X, C),
I =1,2,3, denote the corresponding coefficients, and let 59 be a pertur-
bation sequence with all other coeflicients equal to zero.

By the hypothesis of Proposition 5.8, we have

(D& (670,690, 67,60, a,), (v,)) 2 = 0
for all (679, d9¢, 07, 55,a,¢), and so

0= (D@(O, 5190’ 0, 555 0, 0)7 (’l), ¢))L2
= (DQQ(Ov 51907 0, 55) 0, O)a w)LQ
= (p(690)® + 69 - F(A)®, 1)) 2

3
=) (p(09) @ my®,4p) 2.
1=0

Taking a sequence of ¢;’s which approximate 69, ,0(-,y), where 6(-,y)
is the Dirac delta distribution supported at y and §9;, € T*X|, ® C,
we obtain the pointwise identity

3
Z(P((wl,y) ® my®|y, ply) =0,
=0

for all 69, € T*X|, ® C, I = 0,1,2,3. Lemma 5.16 then implies that
either ®|, = 0 or v|, = 0. If ¢|, # 0, then ® would be zero on the
nonempty open subset {¢) # 0} N B(x;, Ry). Consequently, Lemma 5.12

would imply that ® = 0 on X, again contradicting our assumption that
® #£0. Thus, ¢ =0 on B(zj, Ry), as desired.  q.e.d.

We can now conclude the proof of Proposition 5.8:

Proof of Proposition 5.8. If (v,4) is in the cokernel of DS and
B(z;, Rp) is a ball supporting holonomy perturbations for A, then (v, 1)
=0 on B(zj, Ry) by Lemmas 5.15 and 5.17.  q.e.d.

5.3. Local reducibility implies global reducibility. The
goal of this section is to prove Theorem 5.11. The argument has two
main ingredients: a local extension result for stabilizers of pairs which
are reducible on a ball and a description of how these local stabilizers
fit together to give a stabilizer and thus a reducible pair on the whole
manifold.
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Remark 5.18. The fact that an anti-self-dual connection which is
reducible on an open subset is necessarily reducible on all of X is an
essential part of Donaldson and Kronheimer’s proof of transversality for
the moduli space of anti-self-dual connections in [20, §4.3]. The original
argument of Freed and Uhlenbeck [30, pp. 57-58] constructs a parallel
section ¢ of su(FE) on the set {F4 # 0}. Because the connection A is
anti-self-~dual and therefore Yang-Mills, so d%F4 = 0 = daF4, the set
{F4 # 0} is open, dense and connected. The section ¢ cannot develop
any holonomy on {F4 = 0}, so it extends across all of X, showing that
A is globally reducible. This argument does not work in the case of
PU(2) monopoles because the connection A is not necessarily Yang-
Mills and our argument does not show that the existence of a nonzero
element (v,4) in Coker D& implies that the connection A is reducible
on a dense open subset of X.

We first state the local extension result for pair stabilizers and defer
its lengthy proof until after that of Theorem 5.11. Generalizations due
to Taubes of the analogous result for anti-self-dual connections, namely
Lemma 4.3.21 in [20], appear as Theorems 4 and 5 in [88]. As Taubes
points out in [88, p. 35], unique continuation theorems for solutions to
the anti-self-dual equation do not seem to follow from standard results
for elliptic partial differential equations (such as those of Aronszajn [5])
since the anti-self-dual equation does not linearize as an elliptic equa-
tion for the connection. Because the PU(2) monopole equations do not
linearize as an elliptic system for pairs, the same remarks apply here as
well. Rather than rely on the Agmon-Nirenberg theorem for the unique
continuation property for a general class of ordinary differential equa-
tions (Theorem 5.25), Taubes proves the required unique continuation
property directly for the ordinary differential equation induced by the
anti-self-dual equation on a cylinder. (As Mrowka pointed out to us,
it should also be possible to deduce the unique continuation results of
[88] by studying the anti-self-dual equation on a ball and applying the
Fredholm theory of [6].) Recall that B(zg,m9) C X denotes an open
geodesic ball with center at the point ¢ and radius rg. Also, recall that
if [A, @] is a point in My, g, then Proposition 3.7 implies that it has a
‘smooth’ (that is, C”) representative (A, ®) solving (2.27).

Proposition 5.19. Let X be an oriented, smooth four-manifold
with C™ Riemannian metric g and injectivity radius o = o(xg) at a
point zy. Suppose that 0 < rg < 11 < %g. Let (A, ®) be a C" pair
solving the PU(2) monopole equations (2.27) on X. Ifu is a C™1 gauge
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transformation of E|p(y,ro) sotisfying u(A,®) = (A, ®) on B(zo,70),
and if either B(zj, Ro) N B(wo,m1) =0 or B(x;, Ry) C B(zo,ro), for all
balls B(xj, Ry) for which [3;{A] > 0, then there is an extension of u to
a C™ gauge transformation 0 of E|B(wo,r) with 4(A, @) = (A, ®) on
B(:E(),’I“l).

Remark 5.20. This extension result only holds on domains
B(xg,71)\B(z0,79) where the perturbations vanish because the pertur-
bation terms m;;,(A) depend not just on the connection A and its
derivatives at a point, but rather on the connection A over open neigh-
borhoods in X. Although the unique continuation theorem of [4] does
allow certain integral terms, it still does not cover the perturbations we
consider here because of their non-local dependence on A.

We digress briefly to introduce some useful facts about stabilizer
subgroups of °Gg.

Lemma 5.21. If u € Stabg for ® € CO(X, Wt ® F) and u # idg,
then ® is rank one. If u € S, and u # idg, then ® =0 on X.

Proof. Because u and ® are continuous, the equality u® = ® holds
at each point z € X and so ul, € gl(F)|, must be the identity on the
image of ® in E|,. If ®|, is rank two, then ul|, must be the identity on
E|;, while if u|, # idg,, then ®|, can be at most rank one. If u € Sz,
then u® = ?® =d andso d =0. q.e.d.

Next we consider the stabilizers of reducible pairs. Recall from [44,
Chapter IT], [61, §IT1.3.3] that the stabilizer Staby C °Gg may be iden-
tified with a subgroup of Aut(E|;), for any point z € X, by parallel
translation with respect to the connection A and hence identified with
a subgroup of U(2) by choosing an orthonormal frame for E|,; these
subgroups are again denoted by Stabs. If E = Ly @ Lo, let Sil denote
the group of gauge transformations given by e?idy, @ idy,.

Lemma 5.22. Let (A,®) be a PU(2) monopole in C" on
(E,Wt ®E). Let U C X be a connected open set, with U N B(z;, Ry)
empty or B(z;,2Ry) C U for all balls B(z;, Ry) such that 3;[A] > 0.
If ® £ 0 and Aly is reducible, then Aly is reducible with respect to a
splitting E|y = L1® Lo where ® is rank one on U, with image contained
either in Ly or in Lo. In lhe first case, Stab(a ), = Siz, while in the

|7
second case, Stab(4 q), = S}q'

Proof. Because Al is reducible, all the holonomy sections mj;; o (A)
vanish on U if B(z;,2Ry) C U. If B(z;, Ry)NU is empty, the holonomy
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sections also vanish on U, as they are supported on B(z;, Ry). Since
® # 0, we have (Ff)o #Z 0 on U by Lemma 2.19 and the equation
(F{)o = (id + 70)p™H(® ® ®*)go of (2.27), so Ay is not projectively
flat. Therefore, Stab ), =~ T? and Ay is reducible with respect to a
splitting |y = L1 @ Lo by Lemma 2.6.

Because the connection A|y is reducible with respect to the splitting
E|ly = L1 ® Ly, we can write A|y = A; @ Ag, where A, Ay are unitary
connections on Ly, Ly, so Fa|ly = Fa, ® Fa, and

LW - F7) 0
(F+)0=(2 AT A ):w®01,
4 0 —5(Fi, = Fi)
where w = —%(FX1 - FXQ) € Q7(U,R) and oy € su(2) is one of the

Pauli matrices (2.14). Hence, (F )y is rank one on U, and the equation
(F{)o = (id + 70)p™H(® & ®*)gp implies that (& ® ®*)gg is rank one
on U. Lemma 2.21 then implies that @ is also rank one on U and so
By = ¢ ® £ for some ¢ € C"QO(U, W) and & € C"Q(U, E), and

(@R P )0 = —i{d®¢")o @i RE o

Writing &€ = &) + & for &; € CTQO(U, L;), we see that

o (Yar-1ep e )
_ 2
<f®f>0—< HRE  —LapP-lep)

Since (id + 79)p (@ ® ®*)gg = —(id + 70)p ' (i(¢d ® ¢*)o) ® (€ ® £¥)o,
we have

(id + 7)™ (2 ® ®")oo

_ 1y * (& — [€2%) (&1 ®&5)
= —(id + 70)p" H(i(¢p @ ¢*)o) ® (2 i(eee)  —i(6P _2’52’2)> ;

and by comparison with our matrix expression for (FX)O, we see that
€1 ®& =0 on U and thus at each point of U, either & = 0 or & = 0.
Since V4€ = V 4,60V 4,8 and because the perturbations vanish on U,
the equation (D4 +J-M(A))® = 0 reduces to (D, + p(9))(¢® &) =0
and (Dy, + p(9))(¢ ® &2) = 0. The unique continuation result for the
perturbed Dirac operator, Lemma 5.12, implies that if ¢ & £ vanishes
on an open subset of U, then ¢ ® & = 0 on U, and similarly for ¢ ® &s.
If £ is non-zero at a point and thus non-zero on an open neighborhood,
&2 vanishes on this open set and by unique continuation, £&; = 0 on all

377
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of the connected set U. Symmetrically, if £ is non-zero at a point, then
& =0o0nU. Thus, P=¢R@& or &= ¢ R &

The stabilizer of Ay is Sil X Siz. If & = 0, then Stabg, =
Map(U, S}Jl) while if {» = 0, then Stabg|, = Map(U, S}d). g.e.d.

We see that elements of the stabilizer of a pair cannot exhibit holon-
omy, in the sense of the following lemma.

Lemma 5.23. Suppose (A, ®) is a PU(2) monopole with ® # 0
and that Uy, Us are connected open subsets of X. If there are gauge
transformations w; € °Ggy,, + = 1,2, such that u; € StabA‘Ui, u; €
Stab(AﬁD)IUan , u; # id, and there is a point x € Uy N Uy such that
Uy = U on Efm, then uy = us on Ely,nu,-

Proof. Let V. C U; NU;y be the dense open subset of points {® #
0} N U1 N Us. Because there is a gauge transformation u; € °G gy, with
u;® = ® over U;, then ®|y,ny, must be rank one by Lemma 5.21 and
there is an orthogonal decomposition Ely = Im® @ (Im®)*. Since
uw;® = ® on V, both u; respect this decomposition and must be the
identity on Im ®|yy. Thus, on V' we can write

1 0
U = 0 e

with respect to this decomposition. Now detwu; = e and because
u; € °Gg|y,, the function det u; is constant on U; and e'%i ¢ S, Hence,
if uy = ug on El;, then uy = wug on all points in V' which can be
connected to = by a path in U; and a path in Uy (note that these need
not be the same paths). Because U; and Us are connected, uq = uo
over all of V. But V is dense in U; N Uy and the wu; are continuous, so
u1 = ug over all of Uy NUy. q.e.d.

Theorem 5.11 now follows from Proposition 5.19:

Proof of Theorem 5.11, given Proposition 5.19. TLet (A, ®) be a
C™ solution to the PU(2) monopole equations (2.27) with ® # 0 and
A reducible on a non-empty open set U C X. Let J(4) = {j : 1 <
j < N¢ and §3;[A] > 0} and let EJ(A) = UjEJ(A)B(xj,RO). Let U° be
a connected component of U — B;(A). Lemma 5.22 then implies that
Stab(4,8)[,. =~ St #£ SL, and so there is a C™*! gauge transformation
u of E|yo such that u(A,®) = (A, ®) on U°. Proposition 5.19 allows
the extension of u to open subsets of X\B(A) containing U°. To be
explicit, let « € U® and ro = dist,(z,0U°) and choose r1 > ry such
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that 71 < p and r; < minje y( 4) disty (2, B(zj, Ro)). By Proposition
5.19 there is an extension of u € Stab(A,(b)‘B(w o) to an element 4 €

Stab( 4 a) ,- By Lemma 5.23 we have @ = u on U° N B(zg,r1) and

|B(o,r
not just B ((36017“0). This gives an extension of the stabilizer u for (A, ®)
over U° to a stabilizer 4 over the slightly larger open set U° U B(z,r1).
Since we do not assume that X is simply connected, we must check that
the extension obtained by repeating this process yields a single-valued
gauge transformation over X — B (A).

The consistency of two extensions follows from Lemma 5.23. Let u;,
i = 1,2, be two extensions of u to connected open sets U;’ containing U°,
8o we have u; € Stab(A@)‘UQ with u; = v on E|po. Because u; = u = ug
on E|po, Lemma 5.23 imf)lies that w1 = ug on El|yenpg. Therefore,
the extensions of u € Stab(4 g)|,. fit together to form a global gauge
transformation @ € Stabs ¢ on X — B;(A) such that & = u on E|go.

Thus, given that A is reducible on an open set U containing B(A4),

the above argument produces an element u € Stab(A7¢)|X_BJ(A) with

u ¢ S%. Consequently, A is reducible on X — B;(A) by Lemma 2.6. For
j=1,...,N, let V; be an open, connected subset of U N B(xz;,2Ry)
containing B(z;, Ry), such that V; N (X — B;(A)) is connected, and set

X=X _BJ(A)a

X;j=(X-B;A)u |J W 2<i<N+1L
1<k<j—1

Each subset X; and V; N X; is connected, and X1 C X9 C --- C
Xnp+1 = X. We extend u € Stab(A@)‘X_BJ(A) inductively over each
X. Plainly, we have u € StabA‘ijXj and StabA|Vj C StabA‘ijXj, SO we
first check that StabA|Vj = StabA|ijXj. By hypothesis, A|; is reducible
and so for each subset V; C U, we have that Aly; is reducible. Because
Ply;nx; # 0 and thus Fa # 0 on V; N X; by (2.27) — so Aly;nx;
is not flat — then Lemma 2.6 implies that StabA|VjﬂXj ~ T?. The
same argument yields Stab Ay, = T2. (We use the assumptions on the
connectedness of V; and V; N X; here: if the sets were not connected,
the stabilizers would be ©T?, a direct sum over connected components. )
Thus, StabA‘Vj = StabA|ijXj ~ T2

Hence, there is an element u” € StabA‘Vj such that v’ = 4 on
Vi N X, where u’ € Stab4 ¢)

an element u € Stab 4 X which is not in S}. The connection A is then
J

with ' # id. Together, v’ and " give

|X]'

379
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reducible on X4, which implies that all the holonomy perturbations
vanish on X;;;. Lemma 5.22 therefore shows that the pair (A4, ®) is
reducible on X;; and we obtain a stabilizer u € Stab(A,‘b)\xjH, with
u # id. The construction of u € Staba ¢, u # id, is thus completed by
induction on 5. q.e.d.

Remark 5.24. The analogue of Theorem 5.11 (namely, that local
reducibility implies global reducibility) does not hold for anti-self-dual
connections without further restrictions on the topology of X. For ex-
ample, in [30] it is assumed that the four-manifold X is simply con-
nected (see Lemma 4.3.21). As described by Kronheimer and Mrowka
in [47] one can have locally reducible anti-self-dual connections (called
‘twisted reducibles’ in [47]); see their Lemma 2.4 for a sharp version of
the Freed-Uhlenbeck generic metrics theorem (Corollaries 4.3.15, 4.3.18,
and 4.3.19 in [20]) which holds when the requirement that X be simply
connected is dropped. In our case, we see from the proof of Theorem
5.11 that globally irreducible, locally reducible solutions (A4, ®) to (2.27)
do not exist (at least when ® # 0) because the stabilizer u € Staba ¢
must stabilize the section ® and not just the connection A.

The proof of Proposition 5.19 takes up the remainder of this section.

5.3.1. The Agmon-Nirenberg unique continuation theorem.
As in the case of the anti-self-dual equation [20, Lemma 4.3.21], our
proof of the unique continuation property for PU(2) monopoles in radial
gauge relies on the following special case of a more general result due to
Agmon and Nirenberg for an ordinary differential equation on a Hilbert
space [4]:

Theorem 5.25 [/, Theorem 2 (ii)]. Let $ be a Hilbert space and
let P : Dom(P(r)) C H — 9 be a family of symmelric linear operators
for r € [ro, R). Suppose that n € C([rg, R), 9), with n(r) € Dom(P(r))
and Py € C%([rg, R), 9) such that

& Pn(r)

Jor some positive constant ¢y and all v € [rg, R). If the function r —
(n(r), P(r)n(r)) is differentiable for r € [ro, R) and salisfies

(5.10) ‘ <o @)l

dr

Jor positive constants cy,c3 and every r € [ro, R), then the following
holds: If n(ro) = 0, then n(r) =0 for all r € [ro, R).

d d
(1) 50 (1.7 — 2Re (GL.P0) = —ea [Pal Il = callal”.
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Applications of [4, Theorem 2] to the proof of unique continuation
results for first-order elliptic and parabolic partial differential equations
were considered by Agmon in [3, Chapter II]. In our application, P(r)
will be a family of first-order partial differential operators which are self-
adjoint over the closed manifold X. Theorem 5.25 has also been applied
by D. Salamon to prove the unique continuation property for harmonic
spinors [77, Appendix E]. One of the difficulties in applying the Agmon-
Nirenberg theorem to the PU(2) monopole equations (in Gaussian polar
coordinates, (r,0)) is the requirement that the one-parameter family of
operators be self-adjoint with respect to a fized inner product on a fized
vector space. The additional complication, not present in [20, §4.3.4],
is that the induced spin® structures on geodesic spheres in X vary with
the induced family of r-dependent metrics.

Remark 5.26 [4, Remark, p. 209]. If Dom(P(r)) = D is indepen-
dent of r, and P(r), r € [rg, R), is a differentiable family of self-adjoint
operators, then the left-hand side of (5.11) simplifies, of course, to give
the condition

dP
(5.12) (1:220) =~ Pul Il - all?
since, noting that P is self-adjoint,
d dn dn
el _9 hdd4
= (1,Pn) Re(dr,Pn> (d P)+( )
Ui
()~
(),

If P(r), r € [ro, R), is a differentiable family of self-adjoint operators,
then it is easy to see that (5.12) follows from the simpler condition

()
)

dP
5.1 || < catPal + cala

provided Py € C%([rg, R), 9).

5.3.2. The PU(2) monopole equations in Gaussian polar
coordinates. Our first task is to write the pair of PU(2) monopole
equations (2.27) as an ordinary differential equation with respect to
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Gaussian polar coordinates (r, ) centered at a point xg € X. For the
analogous ordinary differential equation in the case of the anti-self-dual
equation, see [20], [63], [88], and for the Seiberg-Witten equations; see
[47], [77].

Recall that o is the injectivity radius of (X,g) at the point zg, so
exp,, : B(0,0) C (T'X)z, — B(zo,0) C X is a diffeomorphism. For
each ¢ in the unit sphere S® C (TX)y,, let {e;(€)}3_, be an oriented,
orthonormal basis for (R¢): = (T'S%)¢ C (TX)y,; that is, let {e;} be
an orthonormal frame for T.S%. Let ~¢(r) be the geodesic exp, (r¢),
r € [0, 0), so that 7¢(0) = =z and |v;(r)| = [¢], and let 7¢(r) : (TX)z, —
(TX )75 () denote parallel translation with respect to the metric’s Levi-
Civita connection along v¢(r). Let e;(r, &) := 1¢(r)e;(§) for r > 0, so that
{¢(r),ei(r,§)} is an orthonormal frame for (7'X),, (,) which is parallel
along the radial geodesics v¢(r) and satisfies ;(0) = & and €;(0,¢) =
e;(€). Denote the radial vector 72(7") c (TX)%(T) by % = 8%\%(” when
no confusion can arise. Thus, {8%, e;} is an oriented, orthonormal frame
for TX over B(zg,0) \ {0}, which is parallel along radial geodesics; let
{dr,e'} be the corresponding dual frame for T* X over B(zg,p) \ {0}.

With respect to the parametrization S x (0, o) ~ B(xg, 0) — {0},
given by (r,&) = exp,, (r§), the metric g on B(zg, 0) — {xo} pulls back
to

9= (dT)2 + grs
where g, is the metric on S? pulled back from the restriction g 53 (20,r)
to the geodesic sphere S3(zg,7) := {# € X : disty(z,20) = r}. Let
4, denote the Hodge star operator for the metric g, on S3 and, for
emphasis, we write *, for the Hodge star operator for the metric g on
X.

Suppose that a pair (A, ®) on (su(E), W' ® E) is a C" solution to
the PU(2) monopole equations (2.27) over X,

p(F7) = prp~ (2 @ &*)qo,
DA,ﬁo(I) =0,

where 7 := idy+ + 79 is an automorphism of At and
DA,ﬂOCD = Ds® + p(ﬁo)@

We have not included the holonomy perturbations 7 (A) and - fi(A)
because they vanish near ¢ by hypothesis.
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We obtain an isomorphism FE|p(y, ) =~ Fo X B(zg,0) of complex
two-plane bundles by choosing a unitary frame for Ey := E|,, and using
parallel translation via the U(2) connection on F defined by A and Aget
along radial geodesics emanating from zy. Let A = B 4 Cdr denote
the induced SO(3) connection on the bundle su(Ey) x S3 x (0, o) over
53 x (0, p) and note that A is in radial gauge with respect to the point
xg, s0 C' := A(a%) =0. Welet B = B(r), r € (0, 0), denote the resulting
one-parameter family of SO(3) connections on the bundle su(Ey) x S*
over S3. In exactly the same way, we obtain an induced one-parameter
family of U(2) connections on the bundle Wi x S3 over S3, r € (0, o),
induced by the isomorphism W ™| g5 o)~ {20} = Wi x $% x (0, 0).

A section ® of the bundle W+ ® E over B(xg, o) pulls back, via the
isomorphism (W @ E)|p(z0,0—{z0t ~ (W™ ® Eo) x S% x (0,0), to a
one-parameter family of sections ¥(r) of the bundle Wy ® Ey x 3 over
53. The automorphism 7 of A9 pulls back to a one-parameter family
of automorphisms o(r) of T*S3, for r € (0, o), using the isomorphism

(0,0) x T*S> — ATI(T*X), (r,) = *g, 00 +dr Ao

The g-compatible Clifford map p : T*X — Hom(W™*,W™) and the
isomorphism W*|p (4 o)—fwe} = Wit x 5% x (0,0) define a family of
gr-compatible Clifford maps v(r) : T7*S% — End(W;") by setting

v(r) == pldr)p( - ).

Indeed, to see this, observe that g(dr,dr) = 1 and so for a family of
one-forms «(r) on S3, defined by the isomorphism

B(zo,0) — {zo} ~ 5% x (0, 0)

and a one-form « on B(zg, ¢), we have
(@) e (@) = p()Tp(dr)Tp(dr)p(e) = p(a) p(e)

= gr(a, @) idW0+,

as required. The map y extends to a one-parameter family of Clifford
maps y(r) : A*(T*S%) ® C — End(W;") in the usual way. For example,
Yr(a A B) == v ()7 (B), for o, 8 € Q1(S?), in which case we see that
Yr(a A B) = p(a)p(B).

With the above understood, we can proceed to rewrite the PU(2)
monopole equations (2.27) over the ball B(xg,0) as an ordinary dif-
ferential equation for a one-parameter family of pairs (B(r), ¥(r)) on
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(su(Ey), W0+ ® Ey) over S%. The curvature F4 of the connection A over
B(xzg, 0) is given by

dB

Fir=Fg—— Adr.

dr
For any w € Q*(X,R), we have py(w) = pi(*4w), since pi|p- = 0.
If the radial component of w vanishes and we consider w| B(zo,0) 88
a one-parameter family of two-forms w(r) on S3, then we see that
*gw = —(*g,w) A dr. Combining these observations yields

dB
FD) = pulF) = p (P = 5 )

dB
=py <_(*ngB) Adr — e A d’f’)

dB
=p_(d F —
s o (o0 22),

and therefore,
dB
Fi) = Fp+—1.
p(FY) v(m B+dr>

The section prp~ (B R ®*)gg of su(W )@ su(E) over B(xzg, o) pulls back
to the one-parameter family of sections Yoy~ (¥ ® ¥*)gg of

su(W;h) @ su(Ep) x S°
over S3 via the isomorphism
W Blao,0)— w0} = Wy % S° x (0, 0),
and similarly for F.

Let 0(r) be the induced one-parameter family of complex one-forms
on S? defined by 9y on B(xg, 0) and the isomorphism

B(zo,0) — {zo} = 5% x (0, 0),

so 99 = —fdr + 0 on S3 x (0,9), where f(r) € Q°(S?, C). Given the
preceding identifications, the Dirac operator term in (2.27) can then be
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written over S% x {r} as

D g, ® —pdrV \Il+2p )V + p(99) W

3

+Y " p(e)VET + p(0)T — fp(dr)T

=1

_ ( Zpdr vy - p(dm()wf\v)

= ( ZW )VET — (0 )‘If—f‘I’>,

and therefore,

AT
= p(dr)—
p( T)dr

Hence, the PU(2) monopole equations (2.27) can be written as

dB _ .
y (—+*ngB) =0y~ (T @ U)o,

dr
A

p(dr)— =

p(dT‘)DBﬁ,f\I/.

We use Dp : QOS> W ® Fy) — QU(S3, Wi ® Ey) to denote the
one-parameter family of Dirac operators defined by the family of g(r)-
compatible Clifford maps y(r) : T*S* — End W™, the family of U(2)
connections on W x 53, the family of SO(3) connections B(r) on
su(Fp) x S over S3, and the family of determinant connections on
det By x S3 over S3. Since the Clifford map gives an isomorphism
v o0 T*S3 ~ su(Wyh) x S3, the PU(2) monopole equations then take
the shape

dB
e + x4, Fp =0y~ (\I’ ® ¥)oo,
(5.14) .
i Dpg ¥,

for a one-parameter family (B(r), ¥(r)), 7 € (0, ), on (Eo, Wy ® Ey)
over S3.

385
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5.3.3. The ordinary differential equation for the difference
pair. Let (A4, ®) be a C" solution to the PU(2) monopole equations
(2.27) over X. Suppose, as in the hypothesis of Proposition 5.19, that
there is a C™t! gauge transformation u of E| B(wo,ro) Such that u(A, ®) =
(A, ®) on B(zg,rp). Let (A, ®) again denote the induced pair defined
by the isomorphism E|p(, o ~ FEo x $* x (0, 0) (given by a choice of
unitary frame for Ey = E,, and parallel, radial translation via A) and
let v be the induced gauge transformation on Fy x S x (0,79). Then
w(A) = uvAu~" — (dqu)u™! and A = B + Cdr, where C = A(a%) =0,
and so du/dr = 0. We now extend u by parallel translation via A
along radial geodesics emanating from zgy to a gauge transformation
on Ey x S% x (0, 0).

Let (A, ®) = 4(A, ®) be the gauge-equivalent pair on S x (0, ), so
(A, ®) is a C" solution to (2.27) over S x (0, o), with A = @(A) in radial
gauge. In particular, (A, ®) = (A4, ®) over S x (0,7¢): we need to show
that (A, &) = (A, ®) over S3 x (0,71) in order to prove Proposition 5.19.

The one-parameter  family of pairs (B(r),¥(r)) on
(su(Ep), Wy~ ® Fy) over S? also satisfies the ordinary differential equa-
tion in (5.14) so, subtracting these two pairs of ordinary differential
equations, we obtain for r > rg,

d(B—-B A N
% + 4, (Fp — Fp) = oy (T @ 0" — T @ U*)q,
d(¥ — o) .
g " Pos¥ =D,V
Since
Fp=d(B-T)+(B-T)A(B-T)
and

DB,G,f =D+ 7(3 - F) + ’7(9) + fidW(;"‘@EO)
we obtain an ordinary differential equation for the difference pair

(b,9) :== (B — B, ¥ — ) € Q'(8*, su(Bp)) ® Q°(S*, Wi & F),

so that,
db .
- = —4.db+ %, (BAb+bAB)
(5.15) + oy (I @Y + 19 @ TF)g,
dyp

= =DPp+ (B =T + (0T +7(0)y + [,
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where r € (rg, 0), and T is the product connection on su(Fg) x S over
S3 defined by our trivialization. The above system has the schematic
form

d(b, ) —*g.d 0

Gy LA (T Do+ 2000,

where Z, is a one-parameter family of zeroth-order operators with co-
efficients depending on ¢,, B, o, and V.

5.3.4. Reduction to the Agmon-Nirenberg theorem. We
first observe that the operator — x, d on Q'(S?, su(Ey)) is self-adjoint
with respect to the L? inner product induced by the metric g, on S3.

Indeed, as 5 =1 on Q'(5%) and dtr(b A V) = tr(db A ) — tr(b A db),

we have

/ (b, — xg, db')y dvol, = — / (b A 5, (— 4, db))
53 53

- / be(b A dbl) = / te(db A D)
S3 S3

:/ tr(b/\db’):/ tr(b A+ db)
5'3

S3
= —/S(b’,*grdbhdvol?n,
S

and therefore,

/ (b, — *g, db'), dvol, = / (— *g, db, V'), dvol, .

g3 g3

The Dirac operators D : Q1S3 W, ® Ey) — QNS Wy ® Ey) are
defined by the one-parameter family of g,-compatible Clifford maps
vr : T*S% — End(Wy), the one-parameter family of U(2) connections
on W0+ x 53, the one-parameter family of determinant connections on
det Fy x S3, and the product SO(3) connection on su(Fy) x S3. Then,
by [57, Proposition 11.5.3] we have

<Dwa ¢,> = <wa DW) + divgr 55

where £(r) is the one-parameter family of vector fields on S% defined
by a(é) = — (@, y(a)y’), for all & € Q'(S3). Hence, the divergence
theorem for the metric g, implies that D is self-adjoint with respect the
the family of L2 inner products on Q1(S® Wi ® FEy) defined by g,:

/ (D, o) dvol, = / (4, D) dvol,
S3 S3
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The Agmon-Nirenberg theorem is not immediately applicable to the
ordinary differential equation (5.16) since the differential operator P, :=
— %4, d ®© D is only self-adjoint on the Hilbert space

9, = L*(S*, A @ su(Fy)) @ L*(S*, W ® Ejp),

with L? inner products (- , -), defined by the family of metrics g, on
53, rather than a fixed inner product.
If d vol, is the volume form on S® defined by the metric g,, then we
may write
dvol, = h2dvol, r € (0,0),

for some positive function h, on S3, where dvol is the volume form on
S? defined by the standard metric. However,

(5.17) Q =hPh ", re(0,0),

is a differentiable path of self-adjoint, first-order, elliptic differential
operators on the fixed, real Hilbert space underlying

9= L*(S%, A @ su(FEy)) @ L*(S%, Wi ® Ey),

with L? inner product (- , -) defined by the standard metric on S3.
Indeed, if we define a Hilbert-space isomorphism $, — $ by (b, ) —

(B,¢) == hy(b, ), then

[ QB0 (B ol = [ (Pl (b, ), (¢, vl

<PT(b7 ¢)a (b,a w,» dvol,

3

(b, ), Pr (¥, 4")) d vol,

3

(he(b,10), he Prhy e (W, 4)) divol,

3

I
e— T o

and therefore,

/ (Qr(8,9), (8, ¢)) dvol = / (B, 0), Q () dvol, 7€ (0,0).
5'3 5'3

The operators Q, have dense domain L?. Since (b,4)) = h-1(3, ), we

see that
d(B,¢)

d(b7 /(/)) h—? dh’?"
dr

-1
d'l" T d']" (ﬁ? SO) +h’7"
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and so, subsituting into (5.16) gives

d(ﬁ) (P) _ -1 —1 dhr‘
(518) dr - QT(/Ba (P) +h’7"Z7‘h7‘ (/85 (P) +hr dr (ﬁa (p)a
r € (0,0),

with (3, ) a path in .

5.3.5. Verification of the Agmon-Nirenberg conditions. We
can now conclude the proof of our unique continuation result for re-
ducible PU(2) monopoles:

Completion of proof of Proposition 5.19. The estimates (5.10) and
(5.12) are, in principle, straightforward to check since we only need them
for r varying in the compact interval [%ro,rl]; the second condition,
(5.12), requires a little more explanation since we need an estimate for
dQ/dr. We first check condition (5.10). Comparing (5.15), (5.16), and
(5.18), we find that

922 05,0 <all@ol.  dmsrs

N

o,

for some positive constant ¢; = ¢1(g, g, A, D), and so the ordinary differ-
ential equation (5.18) obeys the estimate (5.10) on the interval [$rg,71].
To check condition (5.12), observe that the definition of Q, in (5.16)
and (5.17) yields the pointwise bound

do,
dr

w,go)‘ < C((V8,Y¢) + (8. 9)])

where %7“0 <r< %g, for some positive constant C' = C(g, 1, Aw,r0),
and V denotes covariant derivatives on A' ® su(Ey) and W™ ® Ep x §°
which are independent of . Thus, using the standard elliptic estimate
for @, we obtain the L? bound

dQ,
dr

s, <P)H <1269 + 1Bl

and so, for %7“0 <r< %g,

(8.0, 60.0)) | < C (10601501 +16.0IP).

Therefore, (5.12) is obeyed with c2 = ¢35 = C on the interval [3rg,71].
By Theorem 5.25 and Remark 5.26, the solution (3(r), ¢(r)) vanishes
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for r € (0, r1) since it vanishes for r € (0,79). Hence, (a(r), ¢(r)) = 0 for
r € (0,71) and 4(A, ®) = (A, ®) on the ball B(xg,r1). This completes
the proof of Proposition 5.19. q.e.d.

Appendix A. Holonomy perturbations and regularity

When defining our holonomy perturbations in §2.5.2 we deferred a
detailed discussion of several important regularity issues which arise in
their construction. The first concerns the regularity of sections of F
and su(FE) which are constructed by parallel transport via Sobolev con-
nections and is described in §A.1. The second concerns the regularity
of the G equivariant maps ;1 : Ar(X) — L%_H(X, su(F)) and we
show in §A.2 that these maps are C°. (All of the G equivariant maps
discussed here are °Gp equivariant since S} acts trivially on connec-
tions in Ag; if the connection on det F is not fixed, then all of the Gg
equivariant maps are Aut E equivariant.)

The definition of the maps m;; . also makes use of the existence
of a locally finite, C'°® ‘positive partition’ on a paracompact manifold
modelled on a separable Hilbert space, in the sense of Proposition A.12.
The differentials of the cutoff functions in these partitions need not be
bounded a priori for the usual reason that in an infinite-dimensional
Hilbert manifold, closed and bounded sets are not compact. Nonethe-
less, as we shall see in §A.3, it is possible to modify the standard
proof [55] of the existence of a C'*° partition of unity on a paracom-
pact C'*° manifold to produce C* cutofl functions all of whose differ-
entials are bounded. The sums defining the perturbations 7 - m and
J - @ of §2.5.2 are finite when restricted to any of the open neighbor-
hoods (7 o ryj)_l(ija) C AR(X), where 1y, : Ap(X) — Ag(Yj) is the
restriction map and 7 : Ag(X) — Bg(Y;) is the canonical projection.
However, the number of terms in these sums may be infinite in the
neighborhood of a reducible connection: it is for this reason that they
are required to converge with respect to a suitable choice of weights, as
described in §2.5.2. We specify the choice of weights in §A.4 and explain
why the G equivariant maps 7 - @ and J - & are C™ on Ag(X).

A.1. Parallel transport for Sobolev connections. The
fact that parallel transport is well-defined for L2 connections has been
pointed out in [61]. However, to construct L 41 sections using par-
allel transport via Lz connections with £k > 2, we need to regularize
the sections, taking care to do this gauge equivariantly. (Given an L%
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connection A, it does not follow that local sections constructed by A-
parallel transport are in L% +1-) If we ignored the issue of equivariance,
then it would suffice to use the standard smoothing kernel described
in [33, §7.2 & §7.3], yielding a C'* section irrespective of whether the
connection is Li or C°. Instead, we use the kernel

Ki(A)(z,y) € Hom(su(E)|y, su(E)|z),
t € (0,00), of the heat operator
Ki(A) = exp(—tdiyda) : L*(X,su(E)) — Lj (X, su(E)),

defined by the C* metric g on TX and L? connection A on E [34, §1.6];
related constructions are described in [84, p. 339], [85, p. 177]. The key
well-known properties [12], [34, §1.6] of the heat kernel which we need
are summarized below:

Lemma A.1. Continue the above notalion and suppose thal
¢ € L*(X,su(E)).

(1) As t — 0, the heat operator exp(—td*da) converges to the L?
orthogonal projection onto Ker(dda)’.

(2) If A on su(E) is irreducible, then Ki(A)(z,-) converges to the
Dirac delta distribution 6(z,-).

(3) If Ais LY, then K,(A)C is Ly, ; if A is C*°, then K,(A)¢ is C*°.

(4) If ¢ € CO(U, su(E)), for an open set U C X, and A is irreducible
on suW(E), then Ki(A)( — ( in COU,su(E)) as t — 0, for any
open subset U € U.

Lemma A.1 continues to hold for unitary connections A on Hermi-
tian bundles E over compact C™ manifolds with boundary Y = YUJY’;
we use the Neumann boundary conditions of [20, p. 192], [87, Proposi-
tion 2.1] to obtain an L? self-adjoint Laplacian d%ds. Our main appli-
cation will be to sections defined by parallel translation:

Lemma A.2. Let k > 2 be an integer and let A be an Li unstary
connection on a Hermitian two-plane bundle E over X. Let xy be a
point in X, let (o € su(E)|,,, and let B(zo,r) be a geodesic ball with
center xo and radius v > 0.

(1) Parallel transport with respect to A is well-defined along C* paths
m X.
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(2) If C is the section of su(E)|p(qy,r) obtained by A-parallel transport
of (o along radial geodesics originating at xo, and A is C°, then
¢ is C° on B(zg,r). If A is L, then ¢ is C° on B(zg,r) and its
mollification Ki(A|p(,,))¢ is Li_i_l on B(xg,7), for any t > 0.

Proof. Let v :[0,1] = X be a C* path such that v(0) = z¢ and
let U C X be an open neighborhood of ¥([0,1]). We may suppose
without loss of generality that A € L¥(U,A' ® u(2)) is a connection
matrix and consider the parallel transport of g € C?. Note that we
have a continuous Sobolev embedding L3(U) — L2([0,1]) [2, Theorem
V.4]. We wish to solve the ordinary differential equation

(A.1) d—n+an:O, t €10,1],
dt
where a = v*A € L%([0,1],1(2)), with initial condition n(0) = ng, for a
solution n € (L2 N CY)([0, 1], C?).
If A is C* then there is a unique solution 5 € C'*°([0, 1], C?) to (A.1)
(see, for example, [36]) and it obeys the inequality [36, Lemma IV.4.1]

it
(A2)  In(®)] < Inolexp ( [ 1ato) ds)
< Inol exp ([lallzro,17) < ol exp(ell Allrz ),

for t € [0,1]. Tf A is only L2, we may choose any sequence {A,} of C
connections which converge to A in L3 and let {n,} be the corresponding
sequence of C™ solutions to (A.1). From (A.2) it follows that {n,} is
C°-Cauchy, and then (A.1) implies that {5} is L?-Cauchy with limit
n € (L2 N C%)([0,1],C?) solving (A.1). This proves Assertion (1).

From the proof of Assertion (1) we see that ¢ € CO(U,su(2)). If
the connection A is C* on B(xzg,r), then by differentiating (A.1) with
respect to local coordinates (regarded as parameters [36, Chapter 5]) on
B(xzg,r) and solving the resulting first order ordinary differential equa-
tions for the derivatives, it follows that the section ¢ is C* on B(zg,r).
The rest of Assertion (2) is an easy consequence of the properties of the
smoothing kernel Ky(A4)(z,y) given in Lemma A.1. q.e.d.

A.2. Regularity of holonomy maps. We consider the regu-
larity of the holonomy maps from A € Ap to hyy (A) € W(E)|z,, to
,(4) € C°(B(s0, 7o), 5u(F)), and to by(4) € L2, (B(o, ro), su(F)).
See also [8, §3.3], [29, Lemma 1b.1], [86, §8al, and [90, §5A] for related
calculations.
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Let v : [0,1] — X denote a parametrization for an oriented path y C
X with v(0) = z¢. The general Sobolev embedding [2, Theorem V.4]
implies that we have a continuous restriction map L2 (X, A' @ su(E)) —
LZ (v, A' @ su(E)), for k > 2. We fix an isomorphism E|, ~ v x C?
of U(2) bundles and denote the connection matrix corresponding to
a unitary connection A on E again by A € L{_,(v,A' ® u(2)). Let
A+ sa, s € R be a one-parameter family of nearby connections on
E, with connection matrices A(t) + sa(t) € L7 _,(y,A! ® u(2)). Let
£y € C? correspond to a point in the fiber E|,, and, with respect to the
connection A + sa, let £(t; s) be the parallel transport of & along ~(¢),
so &(#; s) solves

(A.3) (% + A(t) + 3a(t)> £(t;8) =0, £(0; 8) = &.

Thus, if P, (¢; A) € Isom(E|,(g), Ey(t)) =~ U(2) denotes parallel transport
along « from ~y(0) to y(¢) with respect to the connection A, we have

£(t;s) = Py(t; A+ sa)y, t€[0,1].

Therefore, our task is to compute

, tel0,1].
s=0

(DP, (15 ) ala)éo = <P (5 A + sa)éy 19)

s—o Uds
Differentiating (A.3) with respect to s, we see that dé(t; s)/ds solves

de de

(A.4) (% + A(t) + 3a(t)> — = —a(t)é(t;s), (0;5) = 0.

ds ds

Let Y (¢; ) be the fundamental matrix solution for the linear differential
operator on the left-hand side. Then the solution d¢(¢;s)/ds can be
written as [36, Corollary IV.2.1]

dé’(

P ts/Y 75 8)a{T)é(T; 8) dr.

Since £(t;5) = Y (t;5)0 = Py(t; A + sa)ép for any &y € Ely(q), setting
s = 0 above gives

t
(A5)  (DPy(t-))ala) = —Py(t; A)/O Py (75 A)a(r) Py (r; A) dr,

393
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and so, by the Sobolev embedding theorem, a derivative bound
(A.6) (D, (&) ala)] < llallzyy < ellallzz , x), € [0,1].

The estimate (A.6) implies that the right-hand side of (A.5) is well-
defined whenever k£ > 2. In particular, when £ = 1 we have P,(1; A) =
Iz (A), and so (A.5) gives

AT) (Dhoa)alo) = ~hoy(4) [ P (AN, (4).
Y

Thus, we have a well-defined differential
(Dhyo)a s Ly(X, A @ u(B)) = Ty, a) U(E) |y = u( B,

of the holonomy map hy gz, : Ap(X) — U(F)|s at the point A €
Ap(X).

A similar argument shows that all higher derivatives exist by repeat-
edly applying the derivative formulas (A.5) and (A.7) (see, for example,
[86, §8a]) and so we may conclude:

Lemma A.3. For k > 2, the holonomy map
h’%ito : AE(X) — U(E)’ito

78 C°.

In the same vein, the holonomy map A 4, : Ap(X) = SO(su(E))|4,
is C°° and we have:

Lemma A.4. For k > 2, the following holonomy maps are C™:

Ap(X) 3 A b,(4) € CO(B(wo, 7o), su(E)),
Ap(X)2 A b, (A) € Li_i_l(B((L‘(),’f'()),ﬁu(E)).
Proof. The fact that 67 is a C'° map follows from the proof of

Lemma A.3. The map b, is defined by h(A4) = Kt(A)Ia»Y(A) and so the
fact that the map

Ap(X) 3 A Ky (A) € Hom(L%(B(xzg,79), su(E)),
Li 1 (B(zo, o), 5u(E)))

is C'™ yields the second conclusion.  q.e.d.
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A.3. Positive partitions and cutoff functions with bounded
differentials on Hilbert manifolds. We modify Lang’s proof of the
existence of a C° partition of unity on a paracompact C* manifold
modelled on a separable Hilbert space [55, Corollary 11.3.8] to produce a
C® positive partition whose cutofl functions have bounded differentials
of all orders; see Proposition A.12. Recall:

Proposition A.5 [55, Corollary 11.3.8]. Let X be a paracompact
C* manifold modelled on a separable Hilbert space $). Then X admits
locally finite, C'°° partitions of unity: For any open cover of X there is
a countable, locally finite open subcover {Uy}5L, and a family of C™
Junctions 1 : X — [0, 1] such that

e supp o C Uy,
o > 1 tho{z) =1 for all w € X.

We shall need the following generalizations to a Banach space set-
ting of the analogous familiar facts from analysis on finite-dimensional
spaces.

Lemma A.6 [1, Proposition 1.3.10]. Let M be a topological space
and let (N,d) be a complete metric space. Then the set C(M,N) of all
bounded continuous maps is a complete metric space with respect to the

metric D(f,qg) = sup{d(f(z),g(z)) : x € M}.

Let E,F be Banach spaces and let U C E be an open subset. By
analogy with the usual definitions in finite dimensions, we let C*(U,F)
be the set of C'¥ maps f: U — F with norm

s = Dp <
I flles oy 0?322325”( Nzl < oo,

where ||(D?f),]| is the norm of (DPf), € Hom(®PE,F). Lemma A.6
implies that C°(U, F) is a Banach space. In general we have:

Lemma A.7. For any integer s > 0, the set C*(U,F) is a Banach
space.

Proof. For the case s = 1 this follows from Lemma A.6 and [37,
Theorem 1.1.5]. The general case [1, pp. 113-114] is proved in the same
way using Taylor’s Theorem. q.e.d.

By analogy with the finite-dimensional case we set C°(U,F) =
ﬂszocs(U, F)

395
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The C'* cutoff functions produced by Proposition A.5 may not nec-
essarily have bounded differentials on Hilbert manifolds, as their sup-
ports are not compact, so we now describe a modified procedure which
does produce bounded cutoff functions.

Lemma A.8 [55, Lemma I1.3.5]. Let M be a metric space and let
{Ba}22, be a covering of a subset W C M by open balls. Then there
exists a locally finite open covering {Vo}5L, of W such that Vo, C By
for all a and

Vo = Bo N°B(Za,1,7a,1) N+ N B(Zaa—1,Taa—1),
where ‘B = M — B.
Lemma A.9. Let By, By ..., By, be open balls in a Hilbert space $
and let V' be o scalloped open subset:
V=ByN®BiN---N°B,,.

Then there exists a C™ function w : $ — [0,1] such that w(z) > 0 if
x €V and w(x) = 0 otherwise, while the differentials DPw are bounded
for all p € N, with bounds depending only on p,7o,...,"m-

Proof. Let ¢ : R — [0,1] be a C* function such that ¢(t) = 1 for
t<1,0< () <1lforl<t<2 and ¢(t) =0 for ¢ > 2. Suppose
B, = B(zqa,rq) for a =0,...,m. Set

walr) == o(ry %z — za?), r€H, a=1,...,m,

500 < o < Lon “By and ¢, = 1 0on By. Set po(x) = ¢(2ry 2|z —20|?),
s0 0 <y <1on Byand ¢y =0 on “By. Then

m
W= $o H(l — ¥a)
a=1

is positive on V and zero on ‘V = $ — V', while
[ DPw]| < C,
for some positive constant C = C(p,p,ro,...,7ry) and all p € N.
q.e.d.

Lemma A.10. Let Ay, Ay be non-empty, closed disjoint subsetls of
a separable Hilbert space . Then there exists o C™ function x : H —
[0, 1] such that x(z) =0 if x € Ay and x(z) > 0 if z € Aa, with bounded
differentials of all orders.
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Proof. By Lindelof’s Theorem there is a countable collection of balls
{B4}22, covering Ay such that B, C “A; = $—A;. Let W = U, B, and
find a locally finite refinement {V,} of scalloped open subsets V, C By,
using Lemma A.8, which covers W. Using Lemma A.9 we find a C*
function wy : $ — R such that w, is positive on V,, zero on “V,, and
has bounded differentials of all orders. The sum

o

= Z 27 %,

= L llwalleas)

is finite on any neighborhood V,,. The function x : $§ — R is positive on
UaVa =W D Ay and zero on A;. Moreover, x has bounded differentials
of all orders, as desired. q.e.d.

Remark A.11. Tt is at this point that the usual proof of existence
of a partition of unity encounters difficulties if we wish to ensure that
the cutoff function x has bounded differentials of all orders. In the proof
of Theorem I1.3.7 of [55], Lang first constructs a function w obeying the
conclusions of Lemma A.10 and then a C'* function o : § — R such
that ¢ > 0 on the closed set ‘U disjoint from As, where U is the open
set where w > 0, and 0 = 0 on As. He then defines x = w/(w + o), so
x = 1 on Ay. In finite dimensions, the compactness of closed bounded
sets ensures that x will have bounded differentials of all orders if A5 is
bounded, but this obviously fails in infinite dimensions.

Proposition A.12. Let X be a paracompact C'° manifold modelled
on a separable Hilbert space $. Then X admits a locally finite, C'°
positive partition: For any open cover of X there is a countable, locally
finite open subcover by parametrizations {Uy, mq }°2_ |, where

a=1’
T :H DU, ~U, C &,
and a family of C* functions xq : X — [0,1] such that
e supp xa C Uy,
¢ > o Xalz) >0 forallz € X,
® Xa©Tq:H —[0,1] has bounded differentials of all orders.

Proof. Let {B;} be an open covering of X by balls and, using para-
compactness and Lemma A.8, let {U,} be a countable, locally finite
refinement such that each open subset U, is contained in some By,
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where m;' 1 X D Byq) = § is a coordinate chart and ;' (Uy) = U,
We now find open refinements {V,,} and then {W,} such that

Weao CVy CVy CU,,

the bar denoting closure in X'. For each «, Lemma A.10 and the identifi-
cation my, : $ D U, ~ U, C & provide a C° cutoff function o : X = R
such that xo, > 0 on W, and Yo = 0 on X — V,. The C*® map
Xa © T : Ug — [0, 1] extends by zero to a C° map xq 0 7q : $ — [0, 1]
having bounded differentials of all orders. Hence, {Uy, X} is the desired
positive partition.  q.e.d.

Let Y = YUY C X be a smooth submanifold-with-boundary. For
any open subset U C Ag(Y) and C? function f : U — C, we define

(A.8) [flles@y :=sup  sup  [(D*f)ala1,...,as)].
AeU 1<¢<s

HaiHLéA(y)Sl

Let { B([Aq];7a)} be a countable covering of Bj;(Y) by L2 balls with sub-
ordinate locally finite subcover {Uy} and C* positive partition {xq},
with supp xo C U,. We may suppose that B([Aa],7a) = 7(B(Aq,7a)),
where B(Aq,7q) C A5(Y) is an open L7 ball in the Coulomb slice
Aq + Kerdyy  with center A, and radius rq, and 7 : AR(Y) — Bp(Y)
is the canonical projection. Let U, = 771 (U,) N B(A4q4,7a). Then
U, C Ay +Kerd)  and

supp xe © ® C W_I(Ua) = gE(Y) -Uy = gE(Y) x U,.

Now xqom(u(A)) = xaon(A) for allu € Ge(Y'), and by the construction
of Proposition A.12 the C* map

(A.9) Xaom: Ag+Kerd)y C L (Y, su(E)) — [0,1]

has bounded differentials of all orders with respect to the fized Li 41,4,

norm on L7 (Y, su(E)), that is, it has bounded differentials of all orders
in the sense of Proposition A.12. Now for any A4 € U, the L%H,Aa
and L7 41,4 hOTmS on L} _1(Y,su(E)) compare uniformly with constants
depending only on r, > [|A — AO‘HLZ.A (since k > 2), and so the maps

(A.9) have bounded differentials of all orders in the sense of equation
(A.8). Moreover, the same holds for the maps

Xaom: Ap(Y) — [0, 1].
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Finally, we have a restriction map ry : AR(X) — AR(Y) given by
A — Aly and the composition

Xaomory : Ap(X) — [0,1]

again has bounded differentials of all orders in the sense of equation
(A.8).

A.4. Uniform convergence of holonomy perturbations on
neighborhoods of reducibles. In §2.5.2 we constrained the se-
quences perturbations 7 and J to vary in certain weighted 6(15 spaces.
We now show that a sequence of positive weights ¢ € £°(RT) may
be chosen in such a way that the sums 7-m and J - @ and all their
differentials converge uniformly on Ag(X).

For any open subset U C Ag(X) and C* map

J:U = L (X, su(B)),

we define

A.10 s(r7) = sup sup D*f)a(aq,...,a 5 .

(A1) il = sup s I aCerneenalig, o
HaiHL%,A(x)Sl

We then have:
Proposition A.13. Continue the notation of §2.5.2 and let k > 2

be an integer. Then there exists a sequence § = (84)5%2; € £°°((0,1]) of
positive weights such that the Gg equivariant maps

A AR(X) = iy (X, gl(AT) ®r so(su(E))),

W Ap(X) = iy (X, Hom(W*, W) ®c si(E)),

~y

<y

are C'°, with uniformly bounded differentials of all orders in the sense
of (A.10). In particular, they satisfy the following C° estimates for
r>k+1,

sup [|9- (A)] 2

Aeds 20 S Ol ey

sup [|7- m(A)l|z

A€Ap k1,4 () = C”FH%(CT(X)P

for some positive constant C = C(g, k), and more generally they satisfy
the C* estimates of (A.11) and (A.12), for every integer s > 0.
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Remark A.14. As should be clear from their definition, the maps
7-m and 9 - M are not analytic, although this will cause no difficulty in
practice.

Proof. Tt suffices to consider J - @, since the argument for 7 - m
is obviously identical. We first observe that the sum o - M(A) is fi-
nite for each connection A € Ag(X), and so defines an element of
L7 (X, Hom(W*,W~) ® gl(E)), while it is identically zero if A is
reducible on X. However, on any open neighborhood of a reducible
connection A € Ag(X), the number of terms in the sum 9 - @ may be
infinite, and so our task is to choose a sequence of weights § such that
this sum and all its differentials converge uniformly on Ag(X). The sum
J -1 will then define a C™° map. We begin with a couple of preparatory
lemmas.

Lemma A.15. Let Y = Y UJY C X be a smooth submanifold with
boundary, let B(Ag,ro) C A(Y) be an open L% ball with k > 2, and let
n € L2(Y,su(E)). Then the maps

B(Ao,r0) 3 A f(A) i= e a4y € Li (Y, 5u(E))

have bounded differentials of all orders, in the sense of (A.10), with
constants ¢ = c(k,ro, s, t):

1Tl s (Beag,ro)y < cllnllp2vy-

Proof. The Sobolev multiplication theorems and the fact that & > 2
imply that the norms

1€l 2

k+1,A

oy and ey o= I+ A2 gy

on L7, (Y,su(E)) are equivalent for A € B(Ag,rg) C Ay(Y), with
constants depending at most on k, ry.

Since Ay = d’da, its derivative with respect to A in the direction
dA = a is given by 6A4 = [a,-]*da + d%[a,-]; we use the abbreviation
0Aa = (DA(y)a(a). The connection Ay is irreducible by hypothesis
and so for a small enough open Li ball B(Ag,rg), there is a positive
constant Ag > 0 such that A[A] > A¢ > 0 for all A € B(Ag, o), where
A[4] is the least eigenvalue of A 4. Thus,

SpeC(AA) C [AOa OO), A€ B(A())TO))
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and, for any holomorphic function f on an open neighborhood Q C C
with Spec(A4) C Q and T' any contour that surrounds Spec(A,4) in Q,
we have [76]

FA0) = 5= § TG = A7

(D)sa(680) = 5 § FVA = A0 (EAD( - A) ™

and similarly for all higher-order derivatives. Note that
(1+A)FHD2F(AY)
1
= 5= P+ NEEDZE) (A - Ay,
274 T
(1+A)*D2(Df)a, (604)
1
= 5= P+ NEDZF) A = Ag)THEA) (A — Ag)~hdA
T Jr
We can fix Q and I’ C Q such that dist(T", Spec(A4)) > dy > 0, for some
positive constant dy and all A € B(Ag,rg) (see [34, §1.6]). Now choose
f(z) =e* and fio1(2) = (1 4+ 2)*tD/2f(2), and estimate as in [34, p.
53]:

le™ gl vy S ell(1+ AL ED 2R ag) )

k+1,A
< 07{ ‘(1 + X)EED2e=8 gx | sup ||(A — AA)_lnHLz(y)
r AT

< C||77||L2(Y)a

which gives the desired C° bound

sup le” ]| 2

< cflnllz>
Y) = L2(Y)»
AchAro) Paa(?) (v)

where ¢ = ¢(dy, k, 1o, ).
To obtain the C' bound, observe that

I(Df)as(6A )2

k1,4 (V)

< |1+ A)EDP (D)5, (5Dl
< [+ NG00 ax sup [~ 807 EANA = Ba) g
r Ael

< supef|(A A2)THEAN) A = A0l 2y
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Our expression for dA 4 gives

1A = AA)THEA) A — A) Ml 2vy
< A=A ([a, 1 da + difa, DA — Aa) " nllz2vy
<c(lfa, T*da(A — Aa) " nllrzpry + lIdifa, JOA = Aa) 'l 2(v))
<ellallzz ol = A2 0l )

< cHaHLz,A(Y)HnHLQ(Y)a
where ¢ = ¢(rg, dy). Combining these estimates yields

l3(e=4)nl 2

ir1,4Y) S cHaHLZ,A(Y)HnHLQ(Y),

and so we have the desired C! bound

sup sup  [[(De™*20)aa)ll 2

€ ( 05 O)H(I‘Hlkz ()()Sl *

for some ¢ = ¢(dy, k,rg,t). The analysis can be repeated, essentially
unchanged, for all higher differentials and is left to the reader. q.e.d.

Lemma A.16. The Gg equivariant holonomy maps
mj,l,a : .AE(X) — L%_H(X, EU(E))
of (2.20) are C* with bounded differentials of all orders in the sense of

(A.10).
Proof. Recall from (2.17) and (2.20) that

mj,l,a(A) = ﬁj I:A]Xj;a[A’B(l‘j ,2Ro)]90j h’Yj,l,a (A)7
¥j h’Yj,l,a (A) = (ijt(A’B(mo,QRo))G’YJ‘J,a (A)

The cutoff functions xj,a 0 T o, 2ry) * Ar(X) — [0,1] have bounded
differentials of all orders, in the sense of (A.8), by the remarks following
Proposition A.12; moreover, they are supported in A%,(X). The func-
tions g : Ag(X) — [0,1] have bounded differentials of all orders, as is
clear from their definition in (2.18). Finally, from the proofs of Lemmas
A3 and A.4, together with Lemma A.15, one can see that the maps

(PjKt("B(mo,QRo))ij,m P AR(X) = L%H(Xa su(E))
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have bounded differentials of all orders in the sense of (A.10) on open
subsets G - B(Ag,r9) C A%(X), where B(Ay, 7o) is an open L7 ball in
Ki, C AL(X). qed.

Given Lemma A.16, we have

Ma,s = max lmjalles(ag) < oo,

where we recall that 1 <7 <3 and 1 < j < N,. Now choose a sequence
of positive weights § = (6,)32, € £*°(R") by setting

-1
=11 M,
o ( + 0213;(04 a,s) ) a €N,

and suppose 9 € (LA, C"(X)). Then

||1§||z§(0r(x)) = 52 195 nallorx) < oo,
j’l’a

and therefore,

17 s ag) < D Ij0amitalles g
jﬂlﬂa

<c) 1Pj0allz, collmjsallosagy by (A.10)
j’lﬂa

< e 0j0aller o Mas,
j’lﬂa

since r > k+ 1. Here, ¢ = ¢(g, k) is a universal positive constant coming
from the continuous Sobolev multiplication Li_i_l X L%+1,A — L%+1,A.
Hence, using the facts that My, < 1 + maxo<i<q Moyt = 65t for a > s
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andlﬁé;lforlgags—l,weget

s—1
19 @llesan < e D | D Masldisallerce + D283 19 0allercx)
3l \a=1 azs
s—1
< dallor
<c (1 + 1<r£g§_1Ma,s> > 19 1.0llon(x)
=as i \a=1
(A.11)
+> 0 9 00llorx)
a>s
-1
<c (1 + lgrggf_lMa,s> Z 6o 195 0allerx)

j7l7a

= C||5||z§(cr(x)) < 00,

where C = C/(g, s, k) is defined by the last equality above. In particular,

—

we see that ¢ - m is a C*® map on Ag(X), for every integer s > 0. The
same argument gives

(A.12) 17 fllcs ) < CllTlaerx)) < oo

and 7-m is a C*° map on Ag(X), for every integer s > 0. q.e.d.
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