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P-ADIC UNIFORMIZATION
OF UNITARY SHIMURA VARIETIES. 11

YAKOV VARSHAVSKY

Abstract

In this paper we show that certain Shimura varieties, uniformized by the
product of complex unit balls, can be p-adically uniformized by the prod-
uct of Drinfeld upper half-spaces and their equivariant coverings. We also
extend a p-adic uniformization to automorphic vector bundles. It is a con-
tinuation of our previous work [38] and contains all cases (up to a central
modification) of a uniformization by known p-adic symmetric spaces. The
idea of the proof is to show that an arithmetic quotient of the product of
Drinfeld upper half-spaces cannot be anything else than a certain unitary
Shimura variety. Moreover, we show that difficult theorems of Yau and
Kottwitz appearing in [38] may be avoided.

1. Introduction

Let M be a Hermitian symmetric domain (=Hermitian symmetric
space of non-compact type), and let A be a torsion-free cocompact
lattice in Aut(M). Then the quotient A\M is a complex manifold,
which has a unique structure of a complex projective variety Ya (see [34,
Ch. IX, §3]). A well-known theorem says that when A is an arithmetic
congruence subgroup, the Shimura variety YA has a canonical structure
over some number field F (see for example [22, II, Thm. 5.5]).

Let v be a prime of F. We are interested in a question whether Ya
can be p-adically (or more precisely v-adically) uniformized. By this we
mean that the E,-analytic space (Ya @g £,)*" is isomorphic to A\Q
for some F,-analytic symmetric space  and some arithmetic group A,
acting on Q discretely. In the cases where a p-adic uniformization exists
we are interested in the relation between M and €2, A and I'.

The main obstacle for attacking such a general problem is that there
is no general definition of a p-adic symmetric space. The only p-adic
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analytic spaces which are generally called “symmetric” can be described
as follows. For a p-adic field L and a natural number d > 2 let Q% be
the open analytic subspace of ]P’j'é_1 obtained by removing the union of
all L-rational hyperplanes.

Q% is called (d — 1)-dimensional Drinfeld upper half-space over L,
and has a lot of good properties. For example, it is a generic fiber
of some explicitly constructed regular formal scheme Q%, flat over the
ring of integers Or, of L. Moreover the natural L-rational action of
PGLq4(L) on Q¢ extends to an Op-rational action on (AZ% (see [27] or
[19]). Both (AZ% and Q¢ are closely connected with the Bruhat-Tits
building of SLq(L) (see [27] and [2]), and PGLq(L) is the group of all
automorphisms of (AZ% over Oy, (see [27, Prop. 4.2]) and of Q% over L (see
[2]). Furthermore, Drinfeld constructed a projective system {E%n}neN
of GLqg(L)-equivariant finite étale Galois coverings of Q%@LEW, where

L™ is the completion of the maximal unramified extension of L (see [11]
or [38, 1.4.1]). (For simplicity of notation we introduce a pro-analytic

space 3¢ := lim E%n, which was written as {E%n}n in the notation of
H

[38, Def. 1.3.3-1.3.5]).

But the most important for us property of Q% is that for each torsion-
free cocompact lattice I' C PGLq(L) the quotient I'\Q¢ exists and has
a unique structure of a smooth projective variety Xt over L. Moreover,
Xr satisfies the Hirzebruch proportionality principle, and its canonical
divisor is ample (see Lemma 2.9 and Proposition A.1 for a generalization
for products). These and some other properties of the Q%’s (and of the
E%’s) enable us to call them “symmetric spaces”.

Since there are essentially no other known examples of p-adic ana-
lytic spaces having analogous properties, especially the algebraization
property of the quotients (compare [30, Thm 4.8]), we have to restrict
ourself to Shimura varieties, p-adically uniformized by the products of
(the equivariant coverings of) Drinfeld upper half-spaces. This enables
us to obtain some arithmetic information about these Shimura varieties
such as a description of their reduction modulo p. (To be more precise,
the symmetric spaces of [30, Thm 4.8] include also some equivariant
projective bundles over Drinfeld upper half-spaces. However our Sec-
ond Main Theorem implies that these spaces p-adically uniformize the
corresponding projective bundles over Shimura varieties.)

For the proof of a p-adic uniformization there are two completely dif-
ferent methods. The first one, due to Cherednik [6], is based on lhara’s
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method of elliptic elements. Cherednik treated the case of a uniformiza-
tion by the Q?’s of Shimura curves associated to adjoint groups.

The second method, due to Drinfeld [11] (explained in more detail
in [1]), is based on constructing moduli problems whose solution are
simultaneously Shimura variety and a p-adically uniformized variety.
Drinfeld treated the case of a uniformization by the ¥?’s, but only for
Shimura curves defined over Q. Later Rapoport and Zink developed
Drinfeld’s method (see [32, 31]), and their recent work [33] treats the
case of a uniformization by the products of the Q%’s (and of the ¥4 ’s).
We also would like to mention the work of Boutot and Zink [4], where
they deduce the uniformization for curves from [33] (compare Section
5).

Generalizing Cherednik’s method, the author treated in his thesis
[38] the case of Shimura varieties, uniformized by (the equivariant cov-
erings of ) Drinfeld upper half-spaces. Moreover, the result was extended
to the case of automorphic vector bundles and standard principal bun-
dles.

As was indicated in the introduction of [38], our method carries to
the case of products. We do this here, and we also show that the use
in [38] of the classification of algebraic groups and of difficult theorems
of Kottwitz and Yau was unnecessary. The main new idea of the proof
in comparison to that of [38] is to work not just with a Shimura variety
but with a triple consisting of a Shimura variety, a standard principal
bundle with a flat connection over it, and an equivariant map from the
standard principal bundle to the corresponding Grassmann variety.

For the convenience of the reader we now compare the results of this
paper with those of [33]. Note first that our Shimura varieties differ from
those of [33] by some abelian twist (see Remark 3.13). The Shimura
varieties treated by [33] are moduli varieties of abelian varieties with
some additional structure, whereas our choice enabled us to write the
p-adic uniformization in a simpler form (without the twist appearing in
[33, Prop. 6.49]). Moreover, our Shimura varieties have weight defined
over Q (the trivial one), therefore they are moduli varieties of abelian
motives (see [25, Thm. 3.3.1]) and have some other advantages (see for
example [22, 11, §8]).

Our result is almost identical to (the twist of) that of [33], but
a more technically involved modular approach of Rapoport and Zink
requires them to make some unnecessary assumptions (see [33, 6.38]),
while our group-theoretic method applies without any difference to the
general case. We should mention that our proof also makes an indirect
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use of the moduli theory of p-divisible groups, since this is the only
known approach allowing to construct the E%’s. However, for most of
the applications one is only interested in Shimura varieties, which are
maximal at p, and these Shimura varieties are p-adically uniformized by
the maximal unramified extension of scalars of the product of the Q%’s,
whose construction is completely elementary.

The paper is organized as follows. In the second and the third
sections we formulate and prove our main results respectively. As an
application we find an algebraic connection between Drinfeld upper half-
spaces and the complex unit balls. In the fourth section we give an al-
ternative more direct approach to the differential-geometric part of the
proof, which uses Yau’s theorem on the existence and the uniqueness of
the K&hler-Einstein metric. In the fifth section we deduce the analog of
our Main Theorems for quaternion Shimura varieties from the unitary
case. In the last section we show that the Shimura varieties treated
in this paper are the most general ones (up to a central modification)
which can be p-adically uniformized by the product of Drinfeld upper
half-spaces. The appendix treats the Hirzebruch proportionality prin-
ciple for quotients of the products of Drinfeld upper half-spaces. It is a
generalization of [19, Thm. 2.2.8].

Notation and conventions

1) For a group G let Z(G) be the center of G, and let PG := G /Z(G)
be the adjoint group of G.

2) For a Lie group G let GO be its connected component of the
identity.

3) For a totally disconnected topological group I let F(E) be the
set of all compact and open subgroups of I/, and let E%5¢ be the group
F with the discrete topology.

4) For a subgroup A of a topological group G let A be the closure
of Ain G

5) For an element g of a group G let Inn(g) be the inner automor-
phism of G by g.

6) For a natural number n let I, be the n x n identity matrix, and
let B C C* be the n-dimensional complex unit ball.

7) For an analytic space or a scheme X let 7'(X) be the tangent
bundle on X.

8) For a vector bundle V on X and a point z € X let V,, be the fiber
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of V over z.

9) For an algebra D let DPP be the opposite algebra of D.

10) For a number field F" and a finite set N of finite primes of F let
A{V be the ring of finite adeles of F, and let A{V;N be the ring of finite
adeles of ' without the components from V.

11) For a field extension K/I' let R/ p be the functor of the re-
striction of scalars from K to F.

12) For a scheme X over a field K and a field extension L of K we
will write X7, or X @ L instead of X Xgpeck SpecL.

13) For a complex analytic space M let Aut(M) be the topological
group of holomorphic automorphisms equipped with the compact-open
topology.

14) For an analytic space X over a complete non-archimedean field
K and a complete non-archimedean field extension L of K let X&®xL be
the image of X under the ground field extension functor from K to L.
(The completion sign will be omitted in the case of a finite extension).

15) By a p-adic field we mean a finite field extension of Q, for some
prime number p.

16) By a p-adic analytic space we mean an analytic space over a
p-adic field in the sense of Berkovich.

17) For a variety X over the field of complex numbers or over a
p-adic field let X% be the corresponding complex or p-adic analytic
space.
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2. Statement of the results

2.1. Let F be a totally real number field of degree g over Q, let
K be a totally imaginary quadratic extension F, and let ooy, ..., 00, be
the archimedean completions of F'. Let d > 2 and 1 < r < ¢ be natural
numbers. Let D™ be a central simple algebra over K of dimension d?
with an involution of the second kind o™ over F. We will make the
following assumptions:

i) @™ has signature (d — 1,1) at 00y, ..., 00,;

ii) @™ is positive definite at 00,41, ..., 00y.
Let GInt := GU(D™ o) be the algebraic group over F of unitary
similitudes characterized by

G™(R) ={d € (D™ @p R)*|d-a'"(d) € R}

for each F-algebra R.

2.2. Set Hint .= RF/QGi“t. For each 7 =1, ..., g fix an embedding
o0; : K — C, extending oo; : ' — R. Then 004, ...,00, define an
identification of H™(R) with GUqg_11(R)" x GUq(R)?~" C GLq4(C)?,
which is unique up to an inner automorphism.

Define a homomorphism A : Re/r Gy — H]ié“ by requiring for each
z € C~

h(z) = (diag(1,...,1,2/2)7 Y s diag(l, ..., 1,2/2) " Iy o I
(2) = (diag( z/Z) iag( 2/2)" 5 Las - La)
r g-—r

S GUd—l,l (R)r X GUd(R)g_r

(compare Remark 3.13). Let M be the Hi"*(R)-conjugacy class of
h. Then M is isomorphic to (B* 1) := Bl x ..x B¥Lif d > 2

and to h" :=h x ... x b, where h = C~ R, if d = 2. In particular, each
N e’

connected component of M*"* is isomorphic to (B?~!)". Notice that the

pair (HIMt M%) satisfies Deligne’s axioms (see [8, 1.5 and 2.1] or [22,

11, 2.1]).

2.3. Let X be the canonical model of the Shimura variety cor-
responding to (H™® M), (For the definition of the canonical model
we take that of [24], which has a different sign convention from those
of [9] and [22] (see the discussion in [24, 1.10], [38, Rem. 3.1.13] and
Step 4 of Section 3). Then X" is a scheme over the reflex field £ C C
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of (HI™ M™). Moreover, the group Gt (A{;) acts on X' in such a
way that for each S € ]—‘(Gi“t(Afp)) the quotient S\ X*! is a projective
scheme over F/ and X 2 lim S\ X",

H

S

Set PGt (1), := PG () N PG™(I" @g R)? and write

PGUg_11(R); instead of PGUq_11(R)°. Then (XZ)*", defined as
: Yintyan o s :
I%n (S\XEF")*", is isomorphic to

[(BY)" x (G (Af,)/Z(GI) (F)) ] /PG (F) 4,

where (z,9)y = (y ‘2, g7) for all 2 € (B¥™1)", g € Gi“t(A{;) and v €
PG (F), . Furthermore, the action of Gint (A{V) on X" corresponds
by this isomorphism to left multiplication on the second factor.

Observe that for each S € ]—‘(Gi“t(A{;)) the analytic space (S\)?é”t)“”
is a finite disjoint union of quotients of the form A, g,—1\(B* )" for
some a € Gint (A{;), where by

Auge—t C Aut((BTH")° 2 PGUq_11(R)}

we denote the projection of GI**(F), N (aSa~!). Then each A,g,-1 is
a cocompact lattice (torsion-free if S is sufficiently small), hence each
geometrically connected component of S\X ™ is of the form described
in the introduction.

2.4. The number field £ C C can be described as follows (compare
[38, 3.1.1 and Prop. 3.1.3]). Let Ky C C be the composite of the fields
001 (K), ..., 00,(K). Set

Yi={o € Aut(Ko/Q)|Vi=1,..,rdo(i) €{1,..,r}:
0(6\62(]6)) = 6\60(2)(16) Vk e K}.

Then FE is the subfield of Ky, fixed elementwise by X. In particular, the
extension Ko/F is Galois with a Galois group X.

2.5. Let v be a finite prime of E. Set Xint .= xint ®p F,. In this
paper we are going to show that under certain assumptions X admits
a p-adic uniformization.

Let p be the restriction of v to Q. Then the completion of the
algebraic closure of F, is C,. Choose a field isomorphism C = C,,
extending the natural embedding F — F, — C,. From now on we
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identify C with C, by means of this isomorphism. In particular, we will
view F, as a subfield of C.

For each i = 1,...,r the embedding oo; : K < C corresponds to
an embedding «; : K — C,, which extends to a continuous embedding
a; : Ky, = C, for some prime w; of K, lying over p. Since the group
Gal(Ky/F) preserves the set {001, ...,00,}, the set {wy, ..., w,} does not
depend on the isomorphism C = C,. Let v; be the restriction of w; to
F. To the assumptions made in 2.1 we add the following;:

iii) the v;’s are distinct;

iv) the v;’s split in K;

(Notice that these two conditions are satisfied automatically if p
splits completely in Ko)

v) the Brauer invariant of each D" @ K, is 1/d.

Lemma 2.6. FE, C C, is the composite field of the o;(K,,)’s,
1=1,..,r.

Proof. By the definitions, the closure of the image Kq — C = C,
coincides with the composite field of all the a;(K,,)’s. Therefore we
have to show that v splits completely in Ky. For this it is sufficient to
show that if ¢ € ¥ = Gal(K(/FE) acts continuously on Ky C C,, then
o = 1. Such a ¢ induces a continuous isomorphism a;(K) = a,;(K)
for each ¢+ = 1,..,r. By the definition this implies that wy) = w;.
Hence, by our assumption, o(¢) = ¢, so that o induces the identity on
each o0;(K). Therefore o acts trivially on the composite field Kj.

q.e.d.

Now we are going to describe the p-adic uniformization of X,

2.7. Let D be a central simple algebra over K of dimension d?
with an involution of the second kind « over F satisfying the following
conditions:

vi) the pairs (D, @) and (D", ai"*) are locally isomorphic at all finite
places of F, except at vy, ..., v,

vii) D splits at wy, ..., w,;

vill) « is positive definite at all the archimedean places of F.
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The existence of such D and « follows from the results of Kottwitz
and Clozel (see [7, §2]) as in [7, Prop. 2.3].

Set G := GU(D, «), and for each ¢ = 1, ..., r fix a central skew field
ﬁwi over I{,,, of Brauer invariant 1/d. Set also

g = T F x Gaden)

=1
and
o~ r o~
G:=]]Dx xd
=1
Then for each ¢ = 1, ..., r the pair consisting of an algebra isomorphism

D@g Ky, = Matg(K,,) (resp. D™ Qg K, — Bw,) and the similitude
homomorphism G(F,;) — F) (resp. G™(F,) — FJ) gives us an
isomorphism G(F,;) = GLq(Ky,) x F)$ (resp. GI"*(F,,) = Bful X F).

i i

Using in addition an algebra isomorphism
(D7 a) QF A{;_‘;Uly...fl/r = (Dim‘7 aint) QF A{;_‘;’Uly...,’lir

we obtain isomorphisms
G(AL) 5[] GLa(Kw,) x G’
=1

and
b oS~
G"™(Ay) = G.
Abusing notation, we will sometimes write these isomorphisms as equal-
ities.

For each S € F(G’) and each n € NU{0} consider a double quotient
Xsp=S\[[Z2, @, B x G1/G(F)
=1

(see [38, 1.3.1 and 1.4.1] for our sign convention, which is different from

that of Drinfeld).

Proposition 2.8. Fach )?gm has a canonical structure of an F,-
analytic space and of a projective scheme X, over E,.
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Proof. The proof will follow closely that of [38, Prop. 1.5.2]. Set
Zs = Z(G)(F) N S. Then the group Zg is a subgroup of F'*, which
projects to a subgroup of finite index in [[;_, (£ /O ) = Z". Since
each k € K = Z(GLq(K,,)) acts on Q%’w.@Kwi I?Zz:’ by the action
of the Frobenius automorphism in the po/xiverld -val(k) on the second
factor, the quotient Zg\ Hle(Q%rwi ®Kwi K77) @K, Fu is of the form
Hle(Q%rwi DK, jﬁvwl) QK,, Fu for some finite unramified extensions
f(wl. s of K,,,’s. Hence this quotient is finite over the F-analytic space
-, Q%w‘ @K, Fy. By the formal arguments of [38, Prop. 1.5.2] the
following femma completes the proof q.e.d.

Lemma 2.9. Let L be a p-adic field, let Ly, ..., L, be p-adic subfields
of L, let d > 2 be a natural number, and let I' be a torsion-free cocompact
lattice in [];_, PGLq(L;). Then

a) the action of T on [],_, Q%i @r, L is discrete and free;

b) the quotient T\ T];_, Q%i @1, L exists and has a unique structure
of a smooth projective variety over L, whose canonical bundle is ample.

Proof. GAGA results imply the uniqueness in b). Rest of the proof
follows from the arguments of [2, Lem. 6] and [27, App. 1], working
without change in our situation.  q.e.d.

2.10. Set X = lim Xg,. Then, as in [38, Con. 1.5.1], the group
H
Sin
5 acts on X in such a way that for each T € f(é) the quotient T\ X
is a projective scheme over F, and X = lim T\ X. Moreover, for each
H
T
sufficiently small 7" € I(G) the projection X — T\ X is étale, and the
quotient T\ X is smooth.

Remark 2.11. Since the natural projections (Xg, ,,,)*" — (Xs,,0,)""
are étale for all .57 C 55 sufficiently small and all #y > no, we can define,
as in [38, Prop. 1.5.3 f)], a pro-analytic space X" := h;nng; Then

Sin

the natural g—equivariant map

n: [H E%’wi ®Kwi F, x (g/)disc]/G(F) _y Xon

=1

of pro-analytic spaces over F, is étale and surjective.
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Remark 2.12. The proof of Proposition 2.8 (and that of [38, Prop.
1.5.2]) implies that for each sufficiently small T € F(G), each connected
component of (T\X)*" is a finite étale cover of an analytic space of the
form I\ T[/_, Q%w‘ @K, £y for some irreducible arithmetic torsion-free
cocompact lattice T C [l PGL4(K,,). In particular, the canonical

bundle of such an T\ X is ample.

First Main Theorem 2.13. There exists an isomorphism
o X 5 xm

commuting with the action of the group G = Gint (A{;)

Now we describe the p-adic uniformization of certain automorphic
vector bundles and a certain principal bundle.

2.14. Let P be the canonical model of the standard PHM®-
principal bundle over X (see [22, Thm. 4.3]). Then (P7")%" is iso-
morphic to

[(B1)  (PHEY)™ x (G (A]) /Z(GI0 (1)) "] /PG (F)..

where PGt (F) acts on (PHIPt)*" = (PG?{%@C)“” by right multipli-
cation. Therefore Pé”t has a natural g—invariant flat connection H"t
(see [38, 1.9.15-1.9.19] for the definitions) such that the restriction of
(H")*" to (BI=1)" x (PH™0)? % {1} is trivial, that is consists of
vectors, tangent to (B~!)" (compare the proof of [38, Prop. 4.4.2]).
Furthermore, P is the only PH%}: X g—equivariant model of P&, to

which H™ descends (see for example [38, 4.7]). Denote the descent of
H™ to P by H

Let M be the Grassmann variety corresponding to the pair
(Hint M) (see [22, 111, §1]). It is a homogeneous space for the group
PHI satisfying M2t = (P4 1)".

Let Bg : (BTY)" « ((P&17)* be the natural (Borel) embedding,
and let p™ szt — M}EZ”L be the natural PH%}: Xé—equivariant map (for
the trivial action of G on Mﬁt) defined by (p")*"[x, h, g] = h(Br(z))
forall z € (B4, h € (PH™)*" and g € G (sce [38,4.3.2 and 4.3.4]).

Let W be a PHi]Ef—equivariant vector bundle on Mﬁt, and let
Vit — Vit (Wint) be the canonical model of the automorphic vector
bundle on X corresponding to W, Then

(VE)™ = [ (WE)™ x (G (Ag,) [Z(GF) (F)) ™ /PG (1) 4
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and
th o PHI}E:\(th)*(WMt)
(see [22, 111, Prop. 3.5 and Thm. 5.1]).
We now describe the corresponding objects on the p-adic side.

2.15. Set H := Rg/gG. Then for some group H over E, we have
natural isomorphisms

PHg, =~ (PGLy)” x H

and
PHE > [[PGL1(D.,)E, x H,
=1
where the first r factors correspond to the natural embeddings F —
F, < E,. Let PHg, acts on (]P’ij:l)r by the natural action of the first
r factors and the trivial action of the last one.

Let 7 € F, be a uniformizer, and let II be an element of GLq ()
satisfying I1¢ = 7. For each i = 1,...,rset d; := [F, : a;(Ky,)]. Finally,
denote the projection of (I1%,...,11%) to PGLq(F,)" by II', and set
I := (I'1) € PGLq(E,)" x H(E,) = PH(E,). Let E!Y be the
unramified field extension of F), of degree d. Since the Brauer invariant
of each D, @k, E, is d;/d (see [5, Ch. VI, Sec. 1, Thm. 3]), the
group PH‘E‘;‘f is isomorphic to the quotient of PHg, ®f, qud) by the
equivalence relation Fr(z) ~ II71zII, where Fr € Gal(qud)/Ev) is the
Frobenius automorphism.

For an I,-scheme Y with an F,-rational action of the group PHg,

define a twist Y := (Fr(z) ~ I 12)\Y @p, EW Then v o, B0
Y'"®opg, qud), and the natural action of PH%}: on Y is I/ -rational. Us-
ing the definition of the twist, we see that Mﬁt = ((P%;l)r)tw and that
there exists a unique PHg, -equivariant vector bundle W on (]P’El)r

such that Wt o= yyint,
Let

ﬁ'u : HE%W ®Kwi E’U — H Q%’wi ®]{wi EU — ((P%;l)r)an

be the natural map. Asin [38, 4.1.2-4.1.3 and 4.2.2-4.2.3], we construct
a G-equivariant vector bundle V. = V(W) on X and a G-equivariant
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PHEg, -principal bundle P over X such that
(S\V)*" = S\[B;(W) x G']/G(F)

and

(S\P)*" = 5\[H Siew, Ok, By x (PHE,)™ x §'l/G(F)

for each S € F(G). Of course V and P are unique. P also has (as in
the proof of [38, Prop. 4.4.2]) a natural G-invariant flat connection H.
As in [38, Prop. 4.3.2], there exists a PHE, X G-equivariant morphism

p:P— (]P’}'fj;l)r7 defined by p**[z, h, g] = h(B.(2)) for each

x € HE%M @k, Fu, h€ (PHEg,)™ and geg'.

=1
By the construction, V is naturally isomorphic to the quotient
Second Main Theorem 2.16. a) Any isomorphism
o X 5 xm
rom the First Main Theorem lifts to a g-e wivariant isomorphism
q P
oy V Sy
of automorphic vector bundles.
b) Any ¢ as in a) lifts to a G-equivariant isomorphism
op th :> Pint

of PHi]Ef-principal bundles, which maps H™ and p™™ to H"* and p™*
respectively.

Remark 2.17. The observations made above show that a) is an
immediate consequence of b).

The analogs of the Main Theorems for quaternion Shimura varieties
will be given in Section 5.

87
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3. Proof of the Main Theorems

Step 1. Exactly by the same arguments as in the proof of
[38, Prop. 1.5.3 and 1.6.1], we show that there exists an inverse limit
of {(S\X@)“”}Sef(fgv) in the category of complex analytic spaces, which

we denote by (X¢)**. Moreover, the group G acts transitively on the
set of connected components of (X¢)*, and Gy := Z(Gint)(F) is the
kernel of the action of the group g Gint (Af Jon X. Set G := g/go

Let M be a connected component of (X¢)®", and let A be the sta-
bilizer of M in G. Then A is naturally embedded into Aut(M) x G, and
(Xo)* = [M x GYsC] /AL Let 7 M — M be the universal cover of M,
let A C Aut(M ) be the set of all automorphisms of M which lift some
automorphism from A C Aut(M), and let ¥ : A — A be the natural
projection. Then (X¢)®™ 2 [M x G%s¢]/A, where A acts on G though
.

As in [38, 4.4.1], the G-equivariant PHEg_-principal bundle P over
X with a flat connection H define a (PHc)*"-principal bundle (Fg)*”
over (Xp)*™ 2 [M x G%#]/A with a flat connection (Hc)®™. There-
fore p: P — (]P’El)r defines the PH(C) x G-equivariant map (pc)®” :
(Pc)™™ — (PEH7)em. Since M is simply connected, we show, as in [38,
Prop.4.4.2], that there exists a homomorphism J A PH(C) and a
PH(C) x G-equivariant isomorphism (Fg)®*" = [M x (PHc)™ x G45¢] /A
over X, where § € A acts on the second factor by right multiplication by
J(9). l*ﬁlll"cherlrnore7 (Hc)*™ corresponds then to the natural G-invariant
flat connection on the right hand side.

Let po be the pull-back of (pc)*" to M x {1} x {1} = M, and
let i : A — Aut(M) x PH(C) x G be the product of the natural
embedding, of j and of # : A - A C G. Then to prove the com-
plex versions of our Main Theorems it will suffice to show (see [38,
Lem. 2.2.6 and Rem. 4.4.4]) that M = M = (BH7, that po is
the Borel embedding, that A = A PG (F),, and that 7 is conju-
gate to the diagonal embedding of PG (F), into [[i_, PGI*t(F, )% x
PHi“t((C) (Gint (Af )/Z(Gmt)( )) (for the last property we identify
M with (B“1) and A with PGt (F),).

Step 2. This differential-geometric part of the proof significantly
differs from the case of one factor, treated in [38]. The method we use
here is very similar to (but was obtained mostly independently of) that
of [28]. Another method will be shown in the next section.
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By the definition, p induces isomorphisms (Hc,)s = Ty (]P’fé;l)r

for all # € P. Therefore py induces isomorphisms between Tx(ﬁ) and

T

PO
and that po(M) is an open analytic subspace of ((]P’é_l)r)“”. Further-
more, since (pc)*" is PH(C) xG-equivariant, we have pg(dz) = j(6)po(z)

(@) ((]P’é_l):)/“” forall z € M. It follows that py is a local isomorphism

for all 6 € A and z € M. In particular, each j(J) induces an automor-
phism of po(ﬁ).

Let j/ be the composition of j : A — PH(C) = PGLg(C)¢ with
the projection to the product of the first r factors (corresponding to the
embeddings coq, ...,00, of I into R). Then the local isomorphism pq is
j'-equivariant. Denote by .J the closure of A in Aut(ﬁ).

Lemma 3.1. j' can be extended to a continuous homomorphism
¢:J = PGL4q(C)", and the map po is ¢-equivariant.

Proof. Choose a g € J and a subsequence {é,}, C &, converging to
g. Then for all 21,25 € M the equality po(z1) = po(z2) implies that

po(g(w1)) =lim po(6n(21)) = lim j'(6,) po(w1) = lim j'(d,) po(w2)
=lim po(6,(22)) = po(g(22))-

Hence the map ¢o(g) : po(z) — po(g(x)) is a well-defined map of po(M)
into itself. Moreover, since pg is a local isomorphism, the constructed
map g — ¢o(g) is a continuous homomorphism from J to Aut(pe(M)),
extending j'.

Denote the stabilizer of po(ﬁ) in PGLq(C)" by . Then G, being
the stabilizer of the closed subset ((P&1)7)e" < po(ﬁ) of (P& 1),
is a closed subgroup of PGL4(C)" = Aut((P&1)")*". By the identity
theorem (see [13, Vol. I, A, Thm.3]), the restriction homomorphism
res : G — Aut(po(M)) is injective. Moreover, it induces a homeomor-
phism between G and res(G) C Aut(po(M)). In particular, the induced
topology on res(() is locally compact. Hence res(() is a closed sub-
group of Aut(po(M)) (see [35, Prop. 1.4]). Therefore do(J) C res(G),
and ¢ :=res oy : J = G C PGL4(C)" is the required homomor-
phism.

q.e.d.

Our aim is to obtain more information about .J and ¢. First we
show, as in the proof of [38, Prop. 1.5.3 d), f) and 1.3.8 a)], that the
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quotient X' := ([[/_, 15501 - Z(G))\ X exists, that the projection X — X'
is étale, and that

(X" = [[[ %, ©x., Es x (PG)"*]/PG(F).

=1

As in [38, 4.2.2-4.2.3], there exists a unique PHEg,-principal bundle P’
over X'  satisfying

(P'y*m = [H Q;l(wi @k, By x (PHE,)" x (PG")"*]/PG(F).

=1
Then P = (TT,_, 551 - Z(G))\ P, hence
()™ = [M x (PHe)™ x (PG)"*/A
and . o
(X0) = [3T x (PG))/A.
For each 2 € [T/, Q% (C,) and y € M set

[y i={y € PG(F) |y(2) = 2}

and

Ay:={5 € Ald(y) =y}

Since the projection X — X’ is étal(i/ﬁ is the universal cover of each
connected component of (X7)*" = [M X (PG')%<]/A. Hence each Ay
projects injectively to PG’. In particular, I';’s and A,’s are naturally
embedded into

PH(C,) x PG' = PH(C) x Pg'.

The following proposition is a technical heart of the proof (compare
[38, Prop. 2.2.8]).

Proposition 3.2. For each z € [[_; Q. (C,) there exists a (non-

unique)y € M and Jor each y € M there exists a (non-unique) x €
IT—; Q%w((cp) such that the subgroups 'y and A, are conjugate in
PH(C) % PG'. In particular, the closure of each j(A,) C PH(C) is
compact, and there exists y € M such that the closure J(Ay) is a maxi-

mal compact torus of PH(C).
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Proof. For each z € [[I_, Q%w‘ (C,) consider a point

[z,1,1] € [H Q%wz OKu, C, x (PHg,)"" x (Pg/)disc]/PG(F) i~ (P(ép)an'

=1

It gives us a point of P/(C,) = P'(C). Therefore it corresponds to a
certain point

[y, h,g] € [M x (PHg)™" x (PG')¥*]/A = (Ph)*"

Each v € I'; € PH(C) x PG’ fixes [z,1,1] € (£, )" Therefore its
conjugate

(hyg)v(h,9)"* € PH(C) x PG’

fixes

[y,1,1] € [M x (PH)*" x (PG')%s]/A.

It follows that (h,g)v(h,g)~" belongs to A, as claimed. The proof of
the opposite direction is exactly the same.

By the proven above it will suffice to show the remaining statements
for the closures of I';’s in PH(C) = PG(F @g C).

As each I'; is contained in PH(R) =2 PGU4(R)?, its closure is
compact. Choose an elliptic element v € G(F) C D with an ellip-
tic point @ € [Ii_; Q% (Cy) (see [38, Def. 1.7.1]). (Such an ele-
ment exists, since by the weak approximation theorem the closure of
PG(F) C [[._; PGL4(K,,) contains [[;_, PSLq(K,,), and since the
set of elliptic elements of [[;_; PSL4q(K,,) is open and non-empty (see
[38, Prop. 1.7.3]). By [38, Lem 1.7.4], g generates a maximal commu-
tative subfield L C D, invariant under «. Then

T:=HnN RL/QGm C RD/QGm

is a maximal Q-rational torus of H, and each v € T(Q) = G(F) N L~
fixes . Moreover, one check by direct computation that T(Q) is the
stabilizer of z in G(F'). Therefore the projection T/ C PH of T is
also a maximal Q-rational torus, and I', = T/(Q). The theorem on the
real approximation (see [8, (0.4)]) now implies that the closure T, is a
maximal compact torus T/(R) of PH(C). q.e.d.

Using the proposition, fix a point yy € M such that the closure of

r

J'(Ay,) is a maximal compact torus 7 in PGL4q(C)".
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3.3. Let J be the closure of j/(A) C PGLq(C)". Then LieJ is an
Ad(J)-invariant real Lie subalgebra of Lie PGLg(C)”. Denote by Lie J¢
the C-span of Lie J. Asin [38, Prop. 4.5.2], the subgroup j(A) is Zariski
dense in PHc, and therefore Lie J¢ is an ideal in Lie PGL4(C)". Since
Lie J¢ contains the Cartan subalgebra 7 := (LieT')¢ of Lie PGLq(C)",
it then has to be all of Lie PGL4(C)". Lie algebra LieJ is invariant
under the compact group Ad(T), hence it decomposes as [[/_; Ji C
Lie PGL4(C)", and each J; is either all of Lie PGL4(C) or one of its
real form. Thus J° decomposes as []'_, J;, where each is J; either all
of PGL4(C) or J;(R)° for some real form J; of PGLg. In both cases
JO = J(R)? for some semi-simple adjoint real group J.

3.4. Choose a maximal compact subgroup J™? O T of PGL4(C)".
Equip ((P&17)® with a standard J"P-invariant Riemannian met-
ric (making it a Hermitian symmetric space). Then the pull-back of
this metric to M is ¢~!(T)-invariant. Recall that Ay, C Aut(M) fixes
yo € M, that ¢(J) is dense in J, and that ¢(A Ay, ) isdensein j/(A,) =T.
Since the isotropy group at any point of a connected Riemannian man-
ifold is compact (see for example [17, II, Thm. 1.2]), we conclude that
A,, is compact. Hence ¢(A,,) = T. As LieT spans all of Lie.J as an

Ad(j'(A))-module over R, the image of ¢ contains an open neighbour-
hood of the identity in .J. Therefore ¢ : J = Jis surjective. Using the
fact that pg is a local isomorphism, we see that J is a Lie group and
that ¢ is a topological covering.

Proposition 3.5. The stabilizer J, C J of each point po(y) €
po(M) is compact.

Proof. We start from the following lemma.

Lemma 3.6. Every Cartan subgroup of J, contained in J,, is com-
pact.

Proof. Suppose that the lemma is false, and let C' C J, be a non-
compact Cartan subgroup of J. Then the set ¢’ := {¢ € C : the
group generated by ¢ is not relatively compact in C'} is a non-empty
open subset of C'. Set C = ¢~ 1(C)°. Then C' stabilizes y € M7 and
the subset 7 := {c € C' : cis regular in J and ¢(c) € C'} is a non-
empty open subset of C. Hence J := Ugejgé’g_l is an open non-empty
subset of J (see for example the proof of [16, Thm 7.101]). It follows
that there exists a ¢ belonging to A N.J’. Then by the very definition
of J’ § stabilizes some point on M and the subgroup generated by
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J'(8) is not relatively compact in .J. This contradicts to Proposition
3.2. q.ed.

Corollary 3.7. J is a real form of (PGLq)".

Proof. By our choice of yg and by 3.3, the group J,, always contains
a Cartan subgroup of J. Hence the lemma shows that J can not contain
a factor of PGLq(C). This shows the statement.  q.e.d.

Now we claim that every .J, contains a Cartan subgroup of J. Notice
that J, = J NPy (C) C J(C) for some parabolic subgroup Py, C Jc.
Hence J, = JNPy(C) NPy (C), where Py is a parabolic of J¢, complex
conjugate to Py. The subgroup Py N P_y C J¢ is rational over R, and,
being an intersection of two parabolics, contains a maximal torus of J
(see [29, Ch. II, Cor of Thm. 5]). Therefore it contains a maximal
R-rational torus, proving the claim.

Using the lemma, it now remains to show that .J, is reductive. We
have seen that (LieJy)c contains a certain Cartan subalgebra
T, = (LieTy)c of (LieJ)c. Therefore it decomposes as a direct sum
Ty & @5eq>jﬁ, where @ is a subset of root system of (Lie.J)c with re-
spect to 7, and J?’s are the corresponding root spaces. The Lie algebra
Lie J is stable under the maximal compact subalgebra Lie T} of 7, and
therefore the complex conjugation of (LieJ)c defined by its real form
Lie J maps J” to J=7. As (Lie.J,)c is stable under this conjugation,
we have 3 € ® if and only if —3 € ®, so that J, is reductive.  q.e.d.

Take any y € M. Since Jy is compact, we may assume that
Jy, C J™P_ Then J, is contained in the stabilizer J,°"" of po(y) in
Jeemp . We know that dim po(M) = dim ((]P’f(l:_l)”)gm7 that dim J° =
dim J°™P, and that J™P acts transitively on ((P&1)")®. Therefore
Jy = J,7"" = Uq_1(R), and the orbit J(po(y)) contains an open neigh-
bourhood of py(y). Since a point y was chosen arbitrary and since po(M)
is connected, we see that Jy acts transitively on po(ZTj). Hence J acts
transitively on M, and pg : M — po(ﬁ) is a topological covering. As
Jy and po(ﬁ) are connected, J is connected as well.

Let J,; C J; be the i-th factor of J,. As Ugq_1(R) is a maximal
connected proper subgroup of PGUgq(R), we see by [14, Ch. VIII,
Thm. 6.1] (considering separately compact and non-compact cases)
that po(M) ~ J°/J, = Ii_, Ji/Jy, is a Hermitian symmetric space,
not containing Euclidean factors. In particular, (see [14, Ch. VIII,
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Thm. 4.6]) it is simply connected. Therefore pg : M — po(ﬁ) and
¢ : J — J are isomorphisms.

The kernel of ¥ : A — A is isomorphic to the fundamental group
of M. Hence it is normal in A and discrete in Aut(M). Therefore it
is central in J = J, so that it is trivial. This shows that A =~ A and
M= M.

Recall that Mg := (ANS)\M is a connected component of (S\ X¢)*"
for each S € F(G), hence for a sufficiently small S the projection M —
Mg is a topological covering, Mg is smooth, and its canonical bundle is
ample (see 2.10 and Remark 2.12). Therefore (see [20, IV, Thm. 5.3])
Mg and M are measure-hyperbolic. In particular, M has no compact
factors. Then [14, Ch. VIII, Thm. 7.13] implies that ((]P’é_l)r)“” is a
compact dual of M and that pg is the Borel embedding. It follows that
M 2 (B1)" and that J 2 Aut((B4~1)")° 2 PGUqg_1,1(R)};.

Step 3. Now we are going to determine A. Recall that A is nat-
urally embedded into PGUqg_;1(R)}, X G and that its projection to
PGUq4_11(R)} C PGL4(C)" coincides with j'.

The following immediate generalization of [38, Cor. 2.2.9] plays the
central role in this step.

Lemma 3.8. For each § € A with an elliptic projection 6., €
PGUq_;1,1(R), there exists a representative

§ = (300, 8, f0r 7)€ GUaL1 1 (RYy x [ D, x [T FX % G(Ag" ")

such that the following hold:

a) Let us view K as a subset of K @gR = C7, of [['_; K., and
of K ®p A{;Ul""’vr respectively. Then the characteristic polynomials of
goo,gv and 37 have their coefficients in K and coincide.

b) f; and the similitudes factor of 5w belong to I'*, viewed as a
subset of []'_, X and of (A?Ul""’vr)x respectively, and coincide.

Proof. Since the arguments of the proof of [38, Prop. 2.2.8 and Cor.
2.2.9] work without changes in our case, we omit the proof. Alterna-
tively, the statement can be proved by very similar considerations to
those of Proposition 3.2, working with P instead of P'.  q.e.d.

Asin [38, Prop. 1.6.1], A is a cocompact lattice of J(R)?x G. Recall
that the projection of A to J(R)?is injective and that the center Z(G) =2

(A};)X/FX is compact. Hence the projection A’ of A to J(R)® x PG is
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also a cocompact lattice, isomorphic to A. Now we proceed as in the
proof of [38, Thm. 2.2.5]. For each finite set N of finite places of F' and
for each S € ]—‘(A{;N) we define a cocompact lattice

A% C ﬁJi(R) x [ PG™(F.)
=1 ueEN

consisting of the projections of elements of A’, whose components out-
side N belongs to S (see [38, 2.4.1]).

Lemma 3.9. The lattice A® is irreducible (in the sense of [21, Ch.
I, Def. 5.9]).

Proof. We will prove a stronger assertion saying that for each
u € {001, ...,00,} U N the projection pr, of A’ to the u’th component
is injective. If not, set A% := Ker pr,. Then A" is a non-trivial normal
subgroup of A’. Since the projection A’ — J(R)?is dense and injective,
the closure A% of A% C J(R)°is a normal non-trivial closed subgroup
of J(R)". Therefore it is equal to [T;.; Ji(R)° for some non-empty subset
I C {1,...,r}. Recall that the set of elliptic elements of PGUq_1 1 (R)+
is open and non-empty (see [38, Prop. 1.7.3]). Therefore there exists an
element § € A%, whose projection d.,, € J;(R)" is elliptic for all ¢ € T
and trivial for all i ¢ I. In particular, 6., fixes some point on (B4~1)".
Proposition 3.2 and Lemma 3.8 now show that 4, can not be equal to
1, contradicting to our assumption. (Observe that the above proof is
simpler than that of [38, Prop. 2.4.5].) q.e.d.

3.10. From this point all the arguments from [38, 2.3-2.6] work
without changes. First we show, as in [38, 2.4.5-2.4.6], that by Margulis’
theorem [21, Thm. (B), p. 298] the subgroup A® is arithmetic. As in
[38, 2.3 and 2.4.6] (using Proposition 3.2), we see that an absolutely
simple adjoint group G, defining A®, is defined over F' and does not
depend on N and S. We also get that A’ = A is naturally embedded
into G(F). We conclude from Lemma 3.8, as in [38, 2.5.2], that G is
locally isomorphic to PGt at all places of F.

3.11. Next we show directly that G is an inner form of PGint,
In fact, let ¢ be the element of H'(Gal(F/F), Autz(PG™)) corre-
sponding to G, and let D be the Dynkin diagram of PGi“t/F. Thus
our aim is to show that the image ¢ of ¢ in HY(Gal(F/F), Aut(D)) =
Hom(Gal(F/F),Z/27Z) is trivial. Set L be the subfield of F of fixed

elements by Ker(¢). Then L is a quadratic or trivial extension of F,
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and ¢ € HY(Gal(L/F), Aut(D)). Let u be a finite prime of F, in-
ert in L. Then Gal(L/F) = Gal(L,/F,). Hence it remains to show
the triviality of the image ¢, € H'(Gal(L,/F,), Aut(D)) of ¢. Since
PG and G are locally isomorphic at all places of F, the image
cy € HY(Gal(F,/F,), Auty, (PG™)) of ¢ is trivial. But ¢, is the image
of ¢,, and we are done.

It follows that G = PGU(D', o), where (I/,/) is a form of
(l)im,o/m‘)7 that is D’ is a central simple algebra over K of dimen-
sion d?, and o/ is an involution of D’ of the second kind over F. Thus
we have avoided the use of the classification in [38, 2.5.1].

3.12. As in [38, 2.5.4-2.5.6], we see that G = PG and that the
image of the natural embedding A — G = Gi“t(A{;)/Z(Gi“t)(F) lies
in PG (F),. Since A is cocompact in G, and since PG (F), c G
is discrete, the image of A has a finite index in PG (F) .

To show that these groups are isomorphic we can compare the vol-
umes, as in [38, 2.6], using Kottwitz’ results on Tamagawa measures
[18, Thm. 1] and the Hirzebruch proportionality principle (Proposition
A.1). Alternatively one can argue as follows.

Let h € PG™(F), be an elliptic element, let y € (B*!)” be an
elliptic point of h, and let T be the maximal (F-rational) torus of PGint
such that T(F) fixes y and h € T(F). Then by Proposition 3.2 there
exist # € [[i_; 2%, (C,) and g € PG’ such that g(ANT(F))g™* C
I'y ¢ PG(F) C PG'. Since T is connected, the subgroup T(F) N A
is Zariski dense in T (see [3, Ch. V, Cor. 13.3]). Therefore the map
t — gtg~' defines an algebraic F-rational map from T to PG. In
particular, ghg™! belongs to PG(F). Moreover, since the stabilizer of a
point is an algebraic subgroup, ghg~! € I',.. Proposition 3.2 now shows
that o € A. Since the set of elliptic elements of PG (F), generates
the whole group (see [21, Ch. IX, Lem. 3.3] and [38, Prop. 1.7.3]),
A= PG (F),.

Step 4. The proven above implies the existence of a G-equivariant
isomorphism & : (X¢)** = (X2")*. By GAGA results (compare [38,
Lem. 2.2.6]) & gives us an algebraic isomorphism ¢ : X¢ = X2

To see that ¢ is I/,-rational we will compare the action of the Galois
group on the set of special points on the two sides. Fix some special
point & € X“!(C). Then z corresponds to some maximal torus T C
H"* and to some element %/ in the conjugacy class M™ of h. As in
[38, Lem. 3.1.5], T is equal to the intersection of H™* with Ry ,0Gm

for some maximal commutative subfield L of D", stable under a**.
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Moreover, L is a C' M-field, and the restriction of & to L is the complex
conjugation. For each i =1,...,r the point b/ € M determines, as in
[38, 3.1.6], an embedding o0; : L — C, extending o0; : K — C.

The reflex field £ C C of (T, k) is the subfield of the compos-
ite Lo of the fields o01(L),...,00,(L) fixed elementwise by those au-
tomorphisms of Ly/Q which permute the o0;’s. Moreover, the canon-
ical morphism ' : Ri/gGm — T (in the notation of [38, 3.1.4]) is
characterized as the unique morphism such that the composition map

r'o NLO/E : Ry /0@ — T is given by

(N s0) =TT (Weesz. ) (/D) € T(Q) € L7

=1

for each | € L[, where by [ we denote the complex conjugate of [
(compare [38, 3.1.7]).

For each 1 =1,...,r set L, := L @ K,,. Then L,, is a maximal
commutative subfield of the skew field D" @ K, = ﬁwi. As in 2.5,
each 00; defines a continuous embedding «; : L,,, < C,. Moreover, the
composite field of the &;(L)’s is the completion E, of E C C, (compare
Lemma 2.6).

For each [ € EX define an element

R0 o= @7 (Vg ey )8 (N s (7))

in

f[LfUi x G C f[f)qji xG =G.
=1 =1

Let 67 - EX — Gal(E®/E,) be the Artin homomorphism, sending
the uniformizer to the arithmetic Frobenius automorphism. By the
definition of X" (see for example [38, 3.1.4, 3.1.12]), = is rational over
E®, and for each [ € EX the element 05 (1) € Gal(E®/E,) maps «
to 7(l)(z) (compare [38, Prop. 3.1.9]). Since these properties (for all
special points) characterize the weakly-canonical models, it will suffice
to show that

i) the point y := ¢~ '(z) € X(C,) is rational over E?;

i) 05 (1)(y) = 7(I)(y) for each [ € EX.

Let

[§7 g] € HE%"W ®I&"wi Ev X g/
=1
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be a representative of y. Then [0(y), g] is a representative of o(y) for
cach (not necessary continuous) o € Aut(C,/E,). As in [38, Prop.
3.2.3], we show that for each i = 1,...,r there exists an embedding
L,; = Maty(K,,) such that y belongs to the image of the corresponding
embedding

H Elel ®I&"wi Ev — H E%"wi ®I&"wi Ev
(see [38, 1.4.4]). Then the statement follows from [38, Lem. 1.4.3]. This
completes the proof of the First Main Theorem.

Remark 3.13. a) Let (X))’ be the weakly-canonical model over
F, of the Shimura variety, corresponding to the same group H™® ag X
and to a homomorphism A’ : Re/p Gy, — H]ié“ defined by requirement
that for each z € C* we have

h(z) =(diag(z, ..., z, 2) 7Y odiag(z, .., 2, 2) " Iys o T
(2) =(diag( ) 8 )7 das i L)
r g-—r

GGUd—l,l (R)r X GUd (R)g—r‘

Then (X™)’ is a certain abelian unramified twist of X, Moreover,
comparing the action of the Galois group on the set of special points,
one can check that the difference of the Galois actions on X" and on
(X*1)! is given by some explicit homomorphism Aut(C/E,) — Gy :=
{1} x [Ticy B x {1} C G = Gi“t(A{;). In particular, the quotients
Gi\X " and G\ (X"’ (see Lemma 5.4) are naturally isomorphic (over
E,).

b) Rapoport and Zink work with (X))’ instead of X", therefore
their Shimura varieties are uniformized by the corresponding twist (see
[33, Prop. 6.49]) of the product of Drinfeld upper half-spaces, and [33,
Thm. 6.50] follows from our First Main Theorem by twisting.

Step 5. We have already shown in the second and the third steps
that the homomorphism

J i PGM(F), - PGLa(Q)" = [[ PG (Kx)
=1

is a diagonal embedding. Arguing as in [38, 4.6.2-4.6.4 and 4.5.5] we
show that this holds for the whole 7. For the descent to F, we use
the uniqueness arguments of [38, 4.7]. This completes the proof of the
Second Main Theorem.
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Corollary 3.14. Let Xt be a projective scheme over a p-adic field
L such that X{* = T\ [, Q%i @r; L for p-adic subfields Ly, ..., L,
of L, a natural number d > 2, and a torsion-free cocompact lattice
I' C Il PGLq4(L;) (see Lemma 2.9). Then for each field embedding
L — C the universal cover of (Xr ) is (B4~1).

Proof. For curves (r = 1 and d = 2) the statement follows from the
fact that X is a smooth curve of genus greater then 1 (see [26, Thm.
3.3]).

In the remaining cases, the rank of [[_; PGLq(K,,)is r(d—1) > 2.
If I is irreducible, then it is arithmetic by [21, Thm. (A), p. 298].
Therefore there exists a number field F', an adjoint absolutely simple
group G’ over F', and finite primes vy, ..., v, of I’ such that G'(F,,) =
PGLq4(L;) for each i = 1, ..., 7, the group G'(F,;) is compact for each
archimedean completion F,, of F', and I' is commensurable with

G'(F)nS C H G'(F,,;) = H PGLq(Ky,)

for every S € ]—‘(G’(A{;Ul""’vr)). Since the universal cover of (Xt ¢)*"
does not change after replacement of I' by another torsion-free subgroup
of [T\_; PGL4(K,,), commensurable with I, we may assume that I' =
G/(F) N S for a sufficiently small S. Now we can apply the first two
steps of the proof of the Main Theorems (using G’ instead og G) to
conclude that (X ,c)* = Ag\(B4 )" for some torsion-free cocompact
lattice Ag C PGUq_3,;(R), . This proves the statement for irreducible
[s.

If T' is reducible, then possibly replacing I' by a subgroup of fi-
nite index we may assume that there exists a non-trivial proper subset
I C {1,...,r} and torsion-free cocompact lattices

Iy C [[PGLa(Ku,)
i€l
and
Iy C [[PGLa(Ky,)
il
such that I' = 'y x I'y. Then

i=1 iel i¢I
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and the statement follows from the previous cases by induction on the
number of factors. q.e.d.

Remark 3.15. Observe that the proof uses neither the classifica-
tion of algebraic groups nor of Hermitian symmetric domains.

Remark 3.16. We know that the canonical bundle of Xt is ample
(Lemma 2.9) and that the Chern numbers of Xt are proportional to
those of (PY~1)" (see Proposition A.1). Therefore in the case r = 1 the
corollary follows immediately from Yau’s theorem ([39]).

Remark 3.17. The proof shows that for arithmetic I''s the corol-
lary is a direct consequence of the results of the Step 2. Conversely, the
arguments of [38, proof of Prop. 1.6.1] show that the corollary implies
that M = (B?Y)". In particular, in the case r = 1 the differential-
geometric part of the First Main Theorem immediately follows from
Yau’s Theorem.

4. Another approach

In this section we give another approach to the differential-geometric
part of the proof of the First Main Theorem. Using Yau’s theorem on
the existence and the uniqueness of the Kahler-Einstein metric, (but not
appealing to principal bundles and to the structure theory of reductive
groups) we will show directly that (in the notation of Step 1 of Section
3) M is a Hermitian symmetric domain. Here we use the ideas from
Milne’s unpublished manuscript [23].

Lemma 4.1. There exists a A-invariant Kdhler metric g on M.
Proof. Recall the following theorem of Yau (see [40, Thm. 5]). Let

V' be a smooth complex projective variety whose canonical bundle is
ample. Then there exists a unique K&hler metric gy on V", called

the K&hler-Einstein metric, whose Ricci tensor satisfies Ric(gv) = —gv
(notice that the sign of Yau’s Ricci tensor differs from the standard
one).

We are going to apply this theorem to Mg := (A N .S)\M for suf-
ficiently small S € F(G) (see the last paragraph of Step 2 of Section
3).

Let gs be the Kahler-Einstein metric on Mg, and let g(s) be its
inverse image on M. From the uniqueness of the metric we conclude
that g := g(s) does not depend on S. For every 6 € A we have a
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commutative diagram:

M—— M

proj proj

5
Mg —— M;sg5—

Using again the uniqueness of the metric we conclude that ¢ is A-
invariant. q.e.d.

Since (M, g) is a Kdhler manifold, the group Is(M, g) of its isome-
tries is a Lie group (see [17, II, Thm. 1.2]). Since g is A-invariant,
A is contained in Is(M, g), therefore its closure G is a Lie subgroup of
Is(M, g). Notice also that G is also contained in Aut(M).

For each y € M we denote the stabilizers of y in A and in G' by A,
and G, respectively.

Lemma 4.2. There exist a point y € M and an element § € G of
order 4, inducing the multiplication by \/—1 on Ty (M).

Proof. (Compare the proof of Proposition 3.2). Let

S HQ%% (G) C Pd_l((cp)r
be an elliptic point for the action of PG(F'). Then the point

e [I9%., ©x., Box (PG)"/PG(F) = (X)
1=1
corresponds to a certain point z € X'(C,) = X(C) and therefore to a
point
[y, g € [M x (PG')"*]/A = (Xg)™

Hence the map & — gdg~! defines an isomorphism between A, and the
stabilizer I', C PG(F) C PG’ of . Now we identify C = C,-vector
spaces Ty(M) and T}, (Pép Yr=1, (]P’d Y7 via the sequence of canonical
isomorphisms

T,(M) =Ty, ](X«:)anNT vl (X2)™
=T.(X¢) = T.(Xg,) = T y(Xg)™"
%TQU(H Q%wl DK, C,) = Tw(P(%;l)r'

=1
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Then the above isomorphism A, = T, commutes with embeddings
Ay — Aut(Ty(M)) and 'y — Aut(TQL,(IF’E[:_I)T)7 hence it extends by
continuity to the isomorphism between the closures A, C Aut(7(M))
and T, C Aut(T,(P&™)"). Since these closures are naturally isomorphic
to the closures in GG and in PH(R) respectively, it remains to show the
existence of an element in I',, C PH(R) = PGUgq(R)", which has order
4 and induces the multiplication by /=1 on Tx(]P’é_l)r. As T, is a
maximal compact torus of PGU4(R)" (see the last paragraph of the
proof of Proposition 3.2), this is clear.  q.e.d.

Proposition 4.3. M is a Hermitian symmetric domain.

Proof. First we show that GG acts transitively on M. Let y € M
be as in the lemma, and let N be the orbit Gy. Consider the map
oy Is(M,g) = M; 6 — 6(y). By [17, p.41], it factors as a composition
of a closed embedding of Is(M, ¢) into the bundle O(M) of orthogonal
frames over M and the projection of O(M) to M. This shows that ¢,
is proper, therefore N is closed in M. By [14, II, Thm. 3.2 and 4.2],
N = (/G then has a canonical structure of a G-equivariant closed
real submanifold of M. In particular, its tangent space T, (N) C T, (M)
is invariant under the action of G,. By Lemma 4.2 it then invariant
under the multiplication by y/—1. Since the group GG acts on N tran-
sitively, IV is an almost complex submanifold of the complex manifold
M. Therefore N has a unique G-invariant structure of a closed complex
submanifold of M (see [14, Ch. VIII, Thm. 1.2 and p.284]).

It follows that N := [N x G%5¢]/A is a G-invariant closed (complex)
analytic subspace of (X)) 2 [M x G¥]/A.

Lemma 4.4. ~There exists a closed G-invariant subscheme Y of X
such that Y =2 N,

Proof. Take an S € F(G). Then the quotient map
ws + (Xo)™" = (5\Xg)*"

is open, and N is S-invariant. Therefore the quotient
Ts(N) 2 S\[N x G**]/A

is a closed analytic subspace of (S\X¢)*". The scheme S\ X¢ is projec-
tive, hence by GAGA (see for example [38, Cor. 1.2.2]) there exists a
projective subscheme Yg of S\ X¢ such that

Y™ 22 S\[N x GU*/A.
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The inverse limit of the Ygq’s satisfies the conditions of the lemma.
q.e.d.

Since every G-orbit in X¢ is Zariski dense (as in [38, Prop. 1.5.3
e)]), we obtain that ¥ = X¢. Hence N = M, so that G acts transitively
on M, as claimed.

Let § € G be as in Lemma 4.2. Then for each z = g(y) € M with
g € G we have an involutive holomorphic isometry gd%?¢~! of M with
an isolated fixed point z. This means that M is a Hermitian symmetric
space. Moreover, as in Step 2 of Section 3 we see that M is actually a
Hermitian symmetric domain.  q.e.d.

Remark 4.5. Knowing the proposition one can obtain an alterna-
tive proof of the results of Step 2 of Section 3. For showing this one
can simply proceed along the lines of the above mentioned step, which
would be much easier assuming the proposition. Alternatively, one can
apply Margulis’ superrigidity theorem (as in [38, 4.6]).

5. The case of quaternion Shimura varieties

In this section we deduce a p-adic uniformization of quaternion
Shimura varieties from the unitary case (compare [4], where the moduli
approach (see [8, §6]) is used).

5.1. Let F' be a totally real number field of degree g over Q, let
001, ..., 004 be the archimedean completions of F', and let 1 < r < g be
a natural number. Let D™ be a quaternion algebra over F, split at
001, ..., 00, and ramified at co,41, ..., 00, Let Gint — GL; (D) be the
algebraic group over F, characterized by G**(R) = (D™ @ R)* for
each F-algebra R, and set Hnt .= RF/QGi“t.

Define a homomorphism % : Re/r Gy — H]ié“ by requiring for each
z=ux+ 1y € C*

h(z) = (_xy g)_l,, (_xy z)_17((1) (1)),7 ((1) (1))

r ag—r

€GLy(R)" x (H*)?™" = HI"(R),

where H denotes the field of Hamilton’s quaternions. Then AM™*, the
H'™*(R)-conjugacy class of h, is isomorphic to h”. The reflex field

103



104 YAKOV VARSHAVSKY

E C C of (H" M) is the subfield of the composite Iy of the fields
oo1 (F), ..., 00,.(F) fixed elementwise by those automorphisms of Fy/Q,

which permute the co;’s (i=1,...,2).

Let v be a finite prime of F, and let vy, ..., v, be the finite primes
of F, corresponding to ooy, ...,00, as in 2.5. Assume that the v;’s are
distinct and that D' is ramified at vy, ..., v,. Then, asin Lemma 2.6, we
see that for each + = 1, ..., we have a natural embedding «; : F,,, — E,,
and that £, is the composite field of the a;(F,,)’s. Assume that the v;’s
are distinct and that D™ is ramified at vy, ..., v,.

Let X" be the weakly-canonical model over F, of the Shimura
variety corresponding to (Hi“t7 M™Y. Let M be the Grassmann va-
riety corresponding to the pair (HIMt, M%) and let W™ be a PHint
equivariant vector bundle on M7'. Let P (resp. V™! = V“”(Wmt))
be the canonical model of the standard PH‘“: principal bundle over
X (resp. the automorphic vector bundle on X corresponding to

Wint) .

5.2. Let D be the quaternion algebra over F' ramified at ooy, ..., 00,
split at vq, ..., v, and locally isomorphic to D™ at all other places of
F. Notice that D is definite.

Define algebraic groups G and H by G := GLi(D) and

H := Rp/gG. For each i = 1,...;r fix a quaternion division algebra
D,, over F,.. Set G/ := G(Af e ’UT) and G = [, 55@ x G'. Fix
algebra isomorphisms D @ F,, = Maty(F,.), D" @p F,, & Bvi and
Der A{;Ul ol o pyint g A{;Ul""’ur. They induce isomorphisms

H GLy(E,) x G’

and Gi“t(Afp) >~ G. We will often identify the groups Gt (A{;) and G
by means of the last isomorphism.

Let X be a scheme over F, with a g—action such that for each
S e f(g) the quotient S\ X is projective and satisfies

(S\X)™ HEFv @, By x §'1/G(F)

(compare Proposition 2.8 and [38, Prop. 1.5.2]). Let P (resp. V') be the
PHg, -principal (resp. the automorphic vector) bundle over X defined
as in 2.15.
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Theorem 5.3. There exists a g-equivariant isomorphism
0 : X 5 X" Moreover, ¢ lifts to g-equivariant isomorphisms

a) py 1V Vit of automorphic vector bundles and

b) op: PV S Pt of PHi]Ef-principal bundles.

Proof. The theorem can be proved exactly by the same argument
as the Main Theorems. In fact, the proof would be much easier techni-
cally. Instead we will embed our schemes into certain quotients of the
corresponding schemes in the unitary case and will deduce the theorem
from the Main Theorems.

First we define the corresponding objects in the unitary case. Let
K be a totally imaginary quadratic extension of F’ in which all vy, ..., v,
split. Then for each i = 1,...,r we can and do identify F,, (resp. 57%)
with K, (resp. Bwi), defined as in Section 2. As a consequence, the
field IV, has the same meaning, as in Section 2. Define the involution
of the second kind a (resp. ™) on D @p K (resp. D™ @p K), as
the tensor product of the main involution of D (resp. D) and the
conjugation of K over F.

Without further mention we will write all objects in the unitary case,
defined from the above data as in Section 2, with an upper subscript
“n meaning "unitary”. For example, we write G"™ for GU (D @r K, o)
and (GI"*)U for GU (D™ @p K, a'™). Then the above algebra isomor-
phisms identify, as in 2.7, G“ with (Gi“t)““(Afp). Define a subgroup
G C G = (Gi“t)““(A{;) as in Remark 3.13.

The diagonal embeddings G < G"® and G < (G2 define
us embeddings

g _ H 55@ % G(A{;Ul""’vr) N H Bi;l « @un (A?'Ulwny'ur) — gl\gun

=1 =1
and ‘ ‘ ‘
Gmt(Aiﬁ) N (Gmt)un(A{T) N gl\(Grmt)un(A{?)7

commuting with the above identifications.
The following lemma and its obvious analogs will assure the existence
of the quotients, used below.

Lemma 5.4. For each closed subgroup H C Z(é“”) the quotient
scheme H\X"" exists.

Proof. (Compare [38, Lem. 1.3.11 ¢) and Prop. 1.5.3 c)]). In the
notation of Step 1 of Section 3, the group Z(G"") = Z(G"")/Gy" is
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compact. Hence for each S € f(é“”) the subgroup H - S of 5“” is
open and compact modulo G3”. Since G§" acts trivially on X"", each
quotient (H - S)\X™"" exists, and their inverse limit is H\X"". q.e.d.

Next we notice that the natural equivariant embeddings

Hsz X G (AL G(F HEA X GUB (AL /G (F)
=1

and
107 % G (AL))/G(F) = [0 x (G\(G™)"™ (A1)} (G)™(F)

define by GAGA equivariant embeddings X < G\X*" and
it X s G\ (XY

To show that ¢ is F,-rational we observe that the natural embedding
Hi*t < (H®)" maps homomorphism A to the conjugate of (h*")’
(in the notation of Remark 3.13). Therefore the natural embedding
Xt e ((Xintyun)! i B, -rational (see [8, Cor. 5.4]). Dividing by G; we
get our statement from Remark 3.13. (Alternatively one can check it
directly by calculating the action of the Galois group on the set of special
points (as in Step 4 of Section 3, where the unitary case is treated)).

Next we observe that after dividing by the center, we have PG =
PG"™ and PGInt = P(G") " implying that the above embeddings
of schemes induce isomorphisms

Z(G\X 5 Z(G )\ X"

and
Z(GI AL\ X 5 Z((GI) (AL (X7,

Let @ : X 5 (X")u" be a g“”—quivariant isomorphism as in
the First Main Theorem. It gives us a G;\G*"-equivariant isomorphism
@ i= gl\@un . gl\Xun :> gl\(th)un
Fix an # € X C Gi\X"". As it was explained above, there exists

g € Z(G"") such that

Hence g maps the G-orbit of 2 into X, Since each Gint (A{;)(: G)-
orbit is Zariski dense in both X and X (see [38, Prop. 1.3.8 and
1.5.3]), g restricts to a g—equivariant isomorphism ¢ : X 5 X, The
existence of the liftings ¢y and @p is now an immediate consequence of
the Second Main Theorem. q.e.d.
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6. On the generality of our results

In this section we will show that the Shimura varieties treated in this
paper are the most general one (up to a central modification) which can
be p-adically uniformized by the product of Drinfeld upper half-spaces.

Let H be a reductive group over Q, and let M be a conjugacy class
of homomorphisms Re/p Gy — Hp satisfying Deligne’s axioms. Let

E' C C be the reflex field of (H, M), and let v’ be a finite prime of ',
Let X' be the canonical model of the Shimura variety corresponding

o (H,M). Suppose that there exists 7' € F(H(Af)) such that the
projection X" — T\ X' is étale and that some connected component
of (T\X'®@g' E!,)* is a finite étale cover of an analytic space of the
form T\TI/_, Q%i ®p; B!, for some p-adic subfields Fy, ..., E,. of E/,,
some natural number d > 2, and some irreducible arithmetic torsion-
free cocompact lattice I' C [['_, PGLq4(E;) (compare Remark 2.12).
Recall that when r(d — 1) > 2, that is in all cases except for curves, the
arithmeticity follows from the irreducibility.

Claim 6.1. PH is isomorphic to the group RF/@PGU(D“” i)
for some F, D™ and o™ satisfying the assumptions of Section 2.

Proof. Since I is arithmetic, there exist F', G’ and vy, ..., v, as in the
proof of Corollary 3.14. In particular, G’ is a form of PGLgq, F is totally
real, and each G/Foo. is isomorphic to PGUyg, the unique R-unisotropic
form of PGLgy. '

Moreover, by the classification of simple algebraic groups (see [37]),
G’ =2 PGU(D, a) for some central simple algebra D of dimension d?
over a totally imaginary quadratic extension K over F and some invo-
lution of the second kind « of D over F. Since G’ ~ PGL4 for each
1 =1,...,r,the v;’s split in K, and D splits at each prlme w; of K lying
over v;. Hence D and « satlsfy the assumptions of Section 2.

Let D™ and a** correspond to D and «, as in Section 2, and set
(Gt .= PGU (D™, a'™). Our assumptions together with First Main
Theorem imply that (B?~!)" is the universal cover of some connected
component )?% of (T\X'®@g: C)*". Futhermore, the fundamental group
I'y of )?% is commensurable with

Iy = (G)™(F), NS C PGU4_11(R)"
for every S € ]—'((G’)i“t(A{;)). In particular, the arithmetic lattice

r, c Pﬁ(R) is irreducible. By Deligne’s assumption, PH has no Q-
rational R-unisotropic factors, so it is Q-simple. Hence there exists a
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number field F’ and an adjoint absolutely simple group G over I’ such
that PH RF'/QG-

Notice now that I'; and T'y are Zariski dense in G and (G')™t re-
spectively (see [21, I, Prop. 3.2.10]. Since I'y and I'; are commensu-
rable, we therefore see that F' = F' (using [21, VIII, Prop. 3.22] and
that G = (G/)i"® (using [21, I, 0.11]). Hence PH = Rpyq(G')™*, as
claimed. q.e.d.

Appendix A. The Hirzebruch proportionality principle
The following proposition generalizes [19, Thm. 2.2.8].

Proposition A.1. Let X1 be a projective scheme over a p-adic field
L such that X" = T\][;_, Q%i @r; L for p-adic subfields Ly, ..., L,
of L, a natural number d > 2, and a torsion-free cocompact lattice
I' C Il PGLq4(L;) (see Lemma 2.9). Then for any positive integers
1y -eey 8y Such that iy + ...+ 14 = r(d — 1) we have

Ciy oGy (T(XF)) = XE(F) “ iy Gy (T(Pd_l)r),

where by ¢;,...c;, we denote the corresponding Chern number, and by

xg (') the Fuler-Poincaré characteristic of I'.

Proof. The proof is essentially the same as that of Kurihara, so we
will content ourselves with a brief sketch. In addition we give a proof
of a key lemma which Kurihara merely states.

Let R and x = F, be the ring of integers and the residue field of L
respectively.

Lemma A.2 ([19, Lem. 4.6.1]). Let Y be a flat projective scheme
over R which is locally a complete intersection over R of relative dimen-

ston n. Then for any positive integers i1, ...,4; such that i1+ ...+, =n
we have
(A1) Ciyorniy(Tyyyp) = Y length(Oy, o), i, (05 (Tyy )

I

where Y, (resp. Yy) is the generic (resp. the special) fiber of Y, E runs
over irreducible components of Yy, € denotes the generic point of E, 1g
denotes the closed immersion E — Yy, and Ty, /1, (resp. Ty, /k) denotes
the virtual tangent bundle of Y, /L (resp. of Yo/K).
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The virtual tangent bundle of a locally complete intersection mor-
phism Z; — Z5 is a certain element in the Grothendieck group KO(Zl)
of vector bundles on 7y, defined for example in [12, App. B.7.6].

Proof. Let @ : Speck — Spec R and j : Spec L — Spec R be the
natural closed regular and open embeddings respectively. Let Ty g be
the virtual tangent bundle of Y/R. Then Ty,)r = 7" Tyr and Ty ), =
t"Ty g Therefore for the proof of the lemma it will suffice to show that
for any [ classes Fy, ..., 7€ K°(Y) we have

ci (1) ..ci,(J7 ) = Z length(Oy, )i, (g (7 F))...c;,(0g (7 F7)).
E

Since Grothendieck group is generated by vector bundles, we may
suppose that all the F;’s are vector bundles. We will use the notation
and results from [12].

Recall that the the map j* from cycles on Y to cycles on Y, is
surjective and that the specialization map o from cycles on Y, to cycles
on Yy defined by o(5*3) := i*(8) is well-defined (see [12, 20.3]). Then
ol¥,] = [Yol = Xp length(Oyy.o) (1).[E] and deg(a(a)) = deg(a) for
each 0-cycle a on Y,. Moreover, by the commutativity of Chern classes
with Gysin maps ([12, Prop. 6.3]) and with a flat pull-back ([12, Thm.
3.2.(d)]), we obtain that

(e (J7F) Na) = a(cn(J7F) Nj70) = o(§7(cn (£) 0 5))
i(em(FYNB) = cn(*FNP'B) = e (*F N a(a))

for each vector bundle F' on Y, each cycle o = j*(3) on Y, and each
m € N. By induction this implies that for any [ vector bundles Fy, ..., I
on Y we have

(e (57F) N e e (7F) N [Yy])
= length(Oy, c)ei, (I*F1) M ... OV e (iTF) O (1) [ E].
I

Using the projection formula [12, Thm. 3.2(c)] and taking degrees
of both sides, we obtain the required equality. q.e.d.

In our case, Xr is a generic fiber of a scheme Xr satisfying the
condition of the lemma (see [27, App. 1]). Each two irreducible com-
ponents of the special fiber Xt have isomorphic neighborhoods, which
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are moreover isomorphic to the product of r neighborhoods of compo-
nents in the case of one factor. Therefore all the summands from the
right-hand side of (A.1) are equal. Using [36, Thm. 7] we see that the
number of irreducible components in X g is

d ,
((1 ——¢) - (1 qd—l)) X (L)

Hence to prove the proposition it remains to show that

ciy iy (T(PIHT)
d r *
(T gy e e )

By the multiplicativity of Chern classes, this follows from the the cor-
responding formula [19, (4.6.3)] in the case of one factor. q.e.d.

Remark A.3. The proposition can be considered as a numerical
evidence for First Main Theorem in two different ways:

1) It gives evidence (using the classical Hirzebruch proportionality
[15]) for Corollary 3.14 and thus to the results of Step 2 of Section 3
(see Remark 3.17). Moreover in the case r = 1 it actually implies them
(see Remark 3.16).

2) Using the proposition one can show (by the arguments of [38,
2.6]) that the volumes (=top Chern classes) of Shimura variety and of
the corresponding p-adically uniformized variety are equal.
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