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MINIMAL LAGRANGIAN DIFFEOMORPHISMS
AND THE MONGE-AMPERE EQUATION

JON G. WOLFSON

0. Introduction

In this paper we consider two problems: one from geometry, one
from analysis.

Consider, here and throughout this paper, two connected, simply
connected, closed, bounded domains D; and D, in R? with smooth
boundaries. Suppose that the domains have equal area. It is well-known
that there exists an area-preserving diffeomorphism ¢ : Dy — Dy which
is smooth up to the boundary. (For a discussion of this and related
questions see [?]). However, the differential equations which determine
1 form an underdetermined system and hence % cannot be expected to
closely reflect the geometry of the domains Dy and Dy. Consequently, it
is an interesting problem to find further conditions on an area preserving
diffeomorphism to more tightly link the diffeomorphism to the geometry
of the domains.

Such a condition is suggested by the following theorem of R. Schoen
[?] and, independently, F. Labourie [?]. Let M be a compact Riemann
surface of genus g > 2. Let g1, g2 be a pair of hyperbolic metrics on M.
We say a map u : (M, g1) = (M, g2) is a minimal map if the graph of u
is a minimal surface in M x M.

Theorem 0.1. There is a unique, area preserving, minimal map
w: (M, g1) — (M, g2) homotopic to the identity.
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The theorem has since been generalized by Y-I. Lee [?].

In this result the surface M is compact so boundary considerations
do not arise. However motivated by the theorem we consider the fol-
lowing:

Problem 1. Let Dy and Dy be connected, simply connected, closed,
bounded domains in R? with smooth boundaries and with equal areas.
Find an area preserving diffeomorphism 1 : Dy — Dy smooth up to the
boundary such that the graph of v, graph(v), is a minimal surface in
R*~ R? x R2

Consider the symplectic form w; = dx; A dy; — dxg A dys on R* ~
R? x R?, where dz; A dy; are the standard area forms on D; C R?, i =
1,2. A diffeomorphism ¢ : Dy — Dy is area preserving if and only if
its graph is a lagrangian surface in (R*,w;). Hence the problem can
be reformulated as: Find a diffeomorphism 1 : Dy — Dy smooth up
to the boundary such that graph (1) is a minimal lagrangian surface
in (R* wy). We will call such a diffeomorphism a minimal lagrangian
diffeomorphism. A minimal lagrangian diffeomorphism ¥ : Dy — Dy
determines a minimal lagrangian surface, graph 1, with boundary lying
on the lagrangian torus 72 = dD; x dD,. We are thus led to consider
a free boundary problem for minimal lagrangian surfaces.

The subject of minimal lagrangian surfaces is relatively new with
only rather preliminary results. We have devoted §1 to a discussion
of some of these results attempting to unify the various points of view
around the ideas of the lagrangian angle and the Maslov form.

In §2 we use the lagrangian angle to show that there are pairs of
domains Dy and Dy for which there is no minimal lagrangian diffeo-
morphism Dy — Dsy. Given a pair of domains Dy and D, consider the
lagrangian torus T? = dD; x 0Dy C R*. In §1 we show that on 72
there is a function fp2, the lagrangian angle, well defined mod 2Z. Let
¢ : D1 — Dy be an orientation preserving diffeomorphism. The bound-
ary trace of ¢ determines a (1,1) curve, ', on T? along which the
lagrangian angle, B2, is a well defined function. We define,

vartation(¢) = supy yer|Brz(z) — Br2(y)|-

We define the variation(Dy, Ds) to be the infimum of variation($) over
all diffeomorphisms ¢ : Dy — Ds. Then,

Theorem 2.6. Let Dy and Dy be connected, simply connected,
closed, bounded domains in R? with smooth boundary and with equal
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areas. Suppose that,
variation(Dy, Dg) > 1.

Then there are no minimal lagrangian diffeomorphisms ¥ 1 Dy — Dy
smooth up to the boundary.

It is easy to find pairs of domains (Dy, D) satisfying
variation(Dy, Dg) > 1.

Roughly speaking, variation(Dy, Dz) measures the difference of the cur-
vatures of the boundary curves dD; C R? On the other hand, if both
domains D; are convex, then variation(Dy, Dy) < 1.

In §3 we prove an implicit function theorem which implies that if a
pair (D1, D3) of domains admits a minimal lagrangian diffeomorphism
¢ : Dy — Ds, then any pair (Dy, D) sufficiently close to (Dy, Dy)
also admits a minimal lagrangian diffeomorphism 4 : Dy — Ds,. This
result is based on a study of a Riemann-Hilbert boundary system that
arises from the linearization of the equations determining a minimal
lagrangian diffeomorphism.

§4 and §5 are devoted to proving an existence theorem for minimal
lagrangian diffeomorphisms. To describe the result let k; denote the
curvature of dD; in R2. Suppose that D; and D, are connected, sim-
ply connected, closed, bounded domains. We say the pair (Dy, Ds) is
pseudoconver if,

min K1 + min s > 0.
oD 9Dy

Note that if (Dq, D2) is pseudoconvex, one of the domains may not be
convex. We prove,

Theorem 5.1. Let (Dy, D3) be a pseudoconvex pair of domains
with smooth boundaries, satisfying area(D1) = area(D3). Then there is
a minimal lagrangian diffeomorphism 1 : Dy — Dy, smooth up to the
boundary.

The proof of this theorem uses convergence properties of J—holo-
morphic discs similar in spirit to arguments of Bedford-Gaveau [?] and
Gromov [?]. However, unlike the arguments of [?] and [?], in our set-
ting the boundaries of the holomorphic discs lie on a surface that con-
tains complex tangent points. The pseudoconvexity condition on the
pair (Dy, D3) insures that the boundaries of the holomorphic discs are
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bounded away from the complex tangent points and hence the discs can
be shown to converge.
The problem from analysis is more classical.

Problem 2. Let Dy and Dy be connected, simply connected, closed,
bounded domains in R? with smooth boundaries and with equal areas.
Find a smooth function w on Dy satisfying the Monge-Ampére equation:

WrzWyy — (wxy)2 =1,

such that the gradient of w, Vw, defines a diffeomorphism Dy — Ds.

Problem 2 is a boundary value problem for the Monge-Ampere equa-
tion. Following the terminology of Pogorelov [?], it is known as the
“second boundary value problem.” (The “first boundary value prob-
lem” is the Dirichlet problem.) In the 1950’s assuming both domains
are convex Pogorelov produced a “generalized” solution in the sense of
A. D. Alexandrov. More recently, Brenier [?] showed the existence and
uniqueness of a weak solution for domains in any dimension such that
the Lebesgue measure of their boundaries is zero. Thus the problem is
a question of the regularity of the solution. Assuming both domains are
strictly convex and two dimensional Delanoé [?] in 1989 proved regu-
larity. In 1991 Caffarelli in a series of papers (see in particular [?] and
[?]) proved regularity for convex domains in arbitrary dimensions. Caf-
farelli [?] also gave an example to show that if convexity is not assumed
regularity can be false. We remark that the work of Brenier, Delanoé
and Caffarelli allows more general functions on the right-hand side of
the above equation than considered here.

We observe in §4 that Problems 1 and 2 are essentially equivalent.
In fact, the gradient of a solution of Problem 2 is a solution of Prob-
lem 1, and a solution of Problem 1 determines a solution of Problem 2.
It follows that the existence and non-existence results that we derived
for minimal lagrangian diffeomorphisms imply analogous results for the
second boundary value problem for the Monge-Ampere equation. In
particular, the obstruction to existence we describe in §2 gives a geo-
metric necessary condition on pairs of domains (Dy, D3) for a solution
of the second boundary value problem:

Theorem 4.1. Let (Dy, D) be a pair of connected, simply con-
nected, closed, bounded domains in R? with smooth boundaries and equal
areas. If

variation(Dy, Dg) > 1,
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then there is no reqular solution of the second boundary-value problem
for the Monge-Ampere equation.

The existence result of §5 gives an existence theorem for the sec-
ond boundary value problem that includes and extends the regularity
theorem of Delanoé.

Corollary 5.2. Let (Dy,D3) be a pseudoconvexr pair of domains
with smooth boundaries, satisfying area(D1) = area(D3). Then there is
a solution of the second boundary value problem for the Monge-Ampére
equation smooth up to the boundary, that is, there is a smooth function
w on Dy satisfying,

Wy — (Wgy)* =1

such that the gradient of w, Vw, defines a diffeomorphism (Dy,0D;) —
(D2, 0D3).

Theorem 4.1, Corollary 5.2 and their proofs show that convexity is
not central to the existence and nonexistence of smooth solutions of the
second boundary value problem. Rather, more subtle geometry of the
torus 12 = 9Dy x D, such as the location on T2 of J-complex tangent
points, plays a more fundamental role. However, the general problem of
giving necessary and suflicient conditions for the solution of Problems
1 and 2 remains open.

Throughout this paper all domains D in R? will be assumed to
have smooth boundary and to be connected, simply connected, closed
and bounded unless otherwise noted.

We wish to thank R. Schoen for many discussions on topics related
to this work.

1. Lagrangian submanifolds and the Maslov form

We will be considering the graphs of area-preserving maps Dy —
Dy, or equivalently, lagrangian surfaces in R*. The purpose of this
section is to develop the requisite geometry. It is certainly possible
to do this simply for lagrangian surfaces in R% But, as we will see,
it is not more difficult to describe this geometry in the more general
setting of lagrangian immersions in K&hler manifolds. Moreover, in the
general setting, the relation between the topology and geometry of the
lagrangian immersion and that of the ambient manifold becomes clear.

Let X be a Kahler manifold of complex dimension n, with Kihler
form w and complex structure J. Let L be a smooth connected oriented
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manifold of real dimension n, and let £ : L. — X be a lagrangian immer-
sion. Let {6y,...,6,,m1,...,0,} be an orthonormal coframe adapted to
L it follows that:

(i) {f1...0,} is an orthonormal coframe on L for the induced metric.
(i) m=--+=n,=0o0n L.

(iii) Jn; =46;, j=1,...,n,

The 1-forms

(1.1) wi=0;+1n;, j=1,...,n,

form a unitary coframe of (*T'X adapted to L. Let (w;z) denote the
connection 1-forms with respect to this coframe. Set,

(1.2) ;= %(iZwk,;).
k

An easy computation yields,
Proposition 1.1. 7 is a well-defined real valued 1-form on L.

Denote the curvature two-form of X by (,z). Then
(1.3) (i wy) =iy Q= Ric,
k k

Suppose that X is K&hler-Einstein ( Ric = Rw) and £ : L — X is a
lagrangian immersion. From (??) it follows that 7 is closed. Hence 7
represents a cohomology class [7] € H!(L;R).

Definition 1.1. The closed one-form 7 is called the Maslov form.
Let K and V denote the canonical line bundle on X and its induced
connection, respectively. The curvature of £*V satisfies:

(1.4) c1("V) = *Ric = RC"w = 0,

since ( is lagrangian. Thus £*V is a flat connection on £*K. The holon-
omy of (*V is, then, an element of Hom(H;(L;Z),S") ~ H'(L;S")
which we denote Hol(¥).

The holonomy and the Maslov form 7 are closely related. To see
this consider the short exact sequence

(1.5) 0-+2Z—-R>S5"=0



MINIMAL LAGRANGIAN DIFFEOMORPHISMS

where e(t) = ™. This determines the long exact cohomology sequence

0—>Hl(L;Z)—Z}Hl(L;R)—%Hl(L;SI)g H?*(L;Z) — H?*(L;R)
T o
H(L;C*)

where H'(L;C*) is the space of C'™° complex line bundles over L. Apply-
ing the sequence to the line bundle (*K, we obtain that 6(Hol(¢)) = 0,
since ¢ ((*K) = 0. From (1.3) it follows that the cohomology class
[r] € H'(L;R) satisfies e([r]) = Hol(¢). Thus if Hol(¢) = 0 (i.e., the

connection (*V has no holonomy), then [r] is an element of H(L;Z).

Definition 1.2.  When Hol({) = 0 the cohomology class
[7] € H'(L;Z) is called the Maslov class of ¢ and denoted Mas(().

The classical definitions of the Maslov class assume 71 (X) = 0 (and
hence Hol(¢) = 0). Our definition reduces to the classical one when
1 (X) =0.

To give a description of the Maslov class of a lagrangian immersion
£ which is more suitable for computation, let # : £*K — L denote
the bundle projection and suppose that Hol(¢) = 0. Choose z¢ € L
and v € 77 !(zo) with |v| = 1. Use the flat hermitian connection (*V
to construct, by parallel translation, a parallel section ¢ of /*K with
|o| =1 and o(zg) = v. For each point € L, o(z) is a unit (n,0) form
at {(z) € X. Let T, denote the oriented unit tangent n-plane of L at z
considered as a subspace of Ty,)X. We define a function § on L with
values in R /2Z by,

(1.6) o(2)(T,) = e™P@),

Definition 1.3. The function 5 is called the lagrangian angle of £.

3 depends on the choice of v € 77 (z0), |v| = 1. A different choice
will change 8 by the addition of a constant. Hence, d3 is a well-defined
closed 1-form on L. df represents a cohomology class in H!(L;Z).

Theorem 1.2. df = 7 and therefore [dF] = Mas({).

Proof. Let o be a parallel section of £*K of unit length. Choose a
unitary coframe {wy,...,w,} adapted to L as described above. Then,

(1.7) o= NN, =P A Aw,,

341
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since w; =0;, 7=1,...,n,along L. Let V denote the connection {*V
on {*K. Then

(1.8) 0= Vo = (midf + Zwﬁ) ® o.

J

Hence, 7d =i} w5 =7m 7. qed.

Remark 1.1. When K — X is trivial and the compatible connec-
tion V has no holonomy, a simpler definition of the lagrangian angle is
possible. Let o be a parallel section of K — X such that || = 1. For a
lagrangian immersion £ the n-form £*¢ has unit length. Hence, we can
write

(1.9) ((*0)(z) = e"P@dvol,,

where dvol,. is the volume form on L determined by the Riemannian
metric induced by £. More generally, we can define a lagrangian angle
Bp on the Grassmann bundle P — X of oriented lagrangian n-planes
in TX, as follows: For each 2 € X and each unit lagrangian n-plane P,
in T, X, set

(1.10) o(x)(P,) = emPrFe),

Then (p is a function on P with values in R/2Z.

Remark 1.2. The above treatment can be formulated for L unori-
ented. In this case the lagrangian angle, defined as above, is well-defined
mod Z.

Next we relate the lagrangian angle and the Maslov form to more
classical geometric invariants.

Theorem 1.3. Suppose X is a Kdhler-FEinstein manifold and € :
L — X s a lagrangian immersion. Let H denote the mean curvature
vector field of L in X. Then

1
= (H.w).
T 7T( Jw)

In particular, the one-form %(H_, w) on L is closed. When L has no
holonomy (i.e.,the line bundle (*K has no holonomy), then 1(H . w)
represents the Maslov class of { in HY(L;Z).

Proof. Left to the reader q.e.d.
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Corollary 1.4. If X is a Kdhler-Finstein manifold and ¢ : L — N
is a lagrangian immersion, then the mean curvature vector H is an
infinitesimal symplectic motion. Equivalently, H is tangent to the space
of lagrangian submanifolds near L.

Proof. The Lie derivative of w in the direction H is given by,
,CH(w) = d(H_: w) + H. dw.

The result follows. q.e.d.

Remark 1.3. When X = C" with its standard hermitian metric,
the theorem and its corollary occur in Harvey-Lawson [?]. When X is
Ricci-flat and simply-connected they occur in Dazard [?]. When X =
CP? with the Fubini-Study metric they occur in [?], and as described
here the results are due to Bryant [?].

Further we have,

Corollary 1.5. Suppose X is a Kdihler-Finstein manifold and £ is
a lagrangian immersion.

(1) If  is a minimal immersion, then Hol(() = 0, Mas({) = 0 and
is constant on each component of L.

(ii) If Mas({) =0, then § is a well-defined function on L with values
mn R.

The condition Mas(f) = 0 implicitly assumes that Hol(¢) = 0.

When X has complex dimension 2, the lagrangian angle 5 has some
special properties. First, suppose X = C? ~ R* with the standard
Ké&hler structure. We have already observed in Remark (1.1) that in
this case the lagrangian angle 3 can be defined as a function with values
in R/2Z on the space of oriented lagrangian 2-planes in R™.

Proposition 1.6. If P, , i = 1,2, are oriented lagrangian 2-planes
in R* satisfying B(P) = B(P) mod Z, then there is an orthogonal
complex structure J on R* such that either Py and Py are J complex
lines or Py and — P are J complex lines, where — P, denotes the 2-plane
Py with the orientation reversed.

Proof. Observe that if P, and P, are oriented lagrangian 2-planes,
then 5(P1) = B(P;) mod Z implies either §(P;) = G(F2) mod 2Z
or B(P) = f(P2) + 1 mod 2Z. We begin by supposing that §(FP;) =
B(P2) mod 2Z. Without loss of generality we can suppose that P is the
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lagrangian plane {y; = y2 = 0} and so 3(F1) = 0 mod 2Z. First suppose
that P, and P, intersect in a line. Changing coordinates, if necessary,
we can suppose that the line of intersection is {y; = yo = 25 = 0}.
Using the holomorphic (2,0)-form dz; A dzy on C* and (??) it follows
that 5(P;) # 0 mod 2Z. Hence we can suppose that P; and P, intersect
only in the origin. Thus P, is defined by the equations:

Y1 = %1+ agx
Y2 = Q221+ azza.

Using the holomorphic (2,0)-form dz; A dzg and §(F) = 0 mod 2Z we
obtain that, a; + a3 = 0. Define the orthogonal complex structure J by,

.0 0 o _92. 9 _9 o o
J'al’l '_>31’2’ dwa = dr1’ 1 = dy2?  Oy2 '_>31/1'

Clearly both P; and P, are J-complex.

Now suppose that 3(F) = 5(F2) + 1 mod 2Z. From the equality
B(—P,) = B(P) + 1 and the above argument it follows that both P
and — P, are J-complex. q.e.d.

Remark 1.4. Suppose X ~ C x C, that is, suppose X = C? with
the Kahler form, dzy A dzZ; + dZ3 A dzy. Proposition 7?7 remains true.

2. An obstruction to existence

We begin this section by computing the lagrangian angle and the
Maslov form in the simplest situation — that of a simple closed curve in
R? ~ C.

Suppose that C' is a simple closed curve in C parameterized by,
(2.1) c:[0,1]=1— R?

with ¢(0) = ¢(1). Let {e, f} be the Frenet frame along c. That is, {e, f}
is an oriented orthonormal frame along c¢(¢) satisfying:

c(t) = | (t)]e(t)
e'(t) = s (11 (1)

Choose a unit vector v € R? and define the angle 6(¢) by,

(2.2)

cosmh(t) =e(t) - v,

(2:3) sinwf(t) = — f(t) - v.
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6(t) is well defined mod 2Z and depends on the choice of the vector
v. However, #'(t) is well-defined independent of all choices. It is well
known that 6(¢) is a primitive of the curvature in the sense that,

(2.4) 70'(t) = k()| (1)].

The choice of v is equivalent to the choice of a parallel (1,0) form,
dz, of unit length as follows: Given v choose euclidean coordinates (z, y)
such that,

A -2
U=, Jv_ay,

and let dz = dz 4 idy. By (2.3) we have,
(2.5) dz(e) = exp(inh).

Since e(t) is the unit tangent space of C' at ¢(t), it follows from (??)
that #(¢) is the lagrangian angle along C. Thus we have shown,

Proposition 2.1. Let C' be a simple closed curve in R? ~ C pa-
rameterized by ¢ : [ — C. Let k(t) denote the curvature function of ¢
and let 0(t) be a primitive of the curvature. Then:

(i) 0 is the lagrangian angle on C,
(ii) the Maslov class Mas(c) is represented by the Maslov one-form,

do = Lk (t)|d(t)|de.

We next consider the computation of the lagrangian angle and the
Maslov class on product tori in R? x R Denote the projections onto
the first and second factors of R? x R% by 7 and w5, respectively. Con-
sider simple closed curves C; C R? ~ C, j = 1,2. Suppose that C; is
parameterized by ¢; : I — C. Let ; denote the curvature of ¢; and let
¢; denote a primitive of ;. Let (z;,y;) be euclidean coordinates on R2.
Then the symplectic forms wy and w_ on R* ~ R? x R? are:

wy = dxy Adyy + dag A dyy,

(2.6)
w_ =dzx1 Ady; — drg A dys.

The product C; x Cy C R*is a lagrangian torus without holonomy for
both symplectic forms.

345
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Proposition 2.2. On the lagrangian torus
T? ~Cy x Cy C (R? x R wy)
the lagrangian angle is
(2.7) By = w701 £ 7705
The Maslov form is

(2.8) T = =(m (ki (t)|ch(t1)]dtr) £ mo* (Ra(ta)|ch(ta)|dE2)).
Proof. Clear. q.ed.

For the remainder of the paper we will restrict our attention to
R*~ Cx C. That is, we consider C? ~ C x C equipped with the Kihler
structure determined by the Kahler form %(dzl A dZy + dZy N dzp) and
the euclidean metric. If

7 =a1+uw, z2 =22+ W,
the symplectic form on C x C is
(29) d$1 A dyl - d$2 A dy2

We will henceforth denote this form by w.

Let Dy and D, be domains in R? with smooth boundaries, and
let 4 : Dy — Dy be an area-preserving diffeomorphism smooth up to
the boundary. Since 1 is area-preserving, its graph, graph(z), is a
lagrangian surface in (R% w). Denote by 3, the lagrangian angle along
graph(y). Consider the lagrangian torus T? = 9D x 9Dy, as above.
Let 372 denote the lagrangian angle along T%. We have:

Theorem 2.3. Let Dy and D5 be domains in R? with smooth bound-
aries and ¥ : D1 — Dy an area-preserving diffeomorphism smooth up to
the boundary. Then at each point (p,v(p)), p € 0D1, of the boundary

of graph(v)
(2.10) By (p, ©(p)) # Br2(p, ¥(p)) in R/Z.

Proof. Suppose, to the contrary, that there is a point (p, ¥ (p)),
p € 0D such that Sy (p, ¥(p)) = Br2(p, ¥ (p)) mod Z. By Proposition 77
and Remark 1.4 this implies that there is an orthogonal complex struc-
ture J on R*such that, the (unoriented) tangent planes of graph(¢) and
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T? at (p,1(p)) are J-complex lines. But these 2—planes intersect in a
real line. Since they are J-complex they must coincide. Thus the graph
of v is tangent to T? at (p, 1 (p)) and so ¥ cannot be a diffeomorphism
at p. This contradiction establishes the theorem. q.e.d.

Let @ : Dy — D3 be any orientation-preserving diffeomorphism
smooth up to the boundary. The boundary trace of # determines a
smooth (1,1) curve, v, on T? satisfying (Mas(7?),v) = 0. It follows
from Corollary 1.5(ii) that along ~ the lagrangian angle 872 is a smooth
function with values in R, well defined up to normalization.

Definition 2.1. The variation of 1, denoted variation(1), is:
(2.11) vartation() = sup |Br2(z) — Pr2(y)|.

T,y€y

Note that the difference fp2(z) — fr2(y), for z,y € v, is well defined
independent of choice of normalization.

Let A(D1, D3) denote the set of area-preserving diffeomorphisms
Dy — D5y smooth up to the boundary.

Definition 2.2. The variationa of the pair (Dy, D3), denoted
variation 4(Dy, D), is:

(2.12) variation A(Dy, Dy) = in fye 4D, p,)variation(i).

Let D(Dy, D3) denote the set of orientation preserving diffeomor-
phisms Dy — Dy smooth up to the boundary.

Definition 2.3. The variationp of the pair (Dy, D3), denoted
variationp(Dy, D), is:

(2.13) variationp(Dy, Dy) = infyep(p, p,)variation(i).

Lemma 2.4. If Dy and Dy are domains of equal area with smooth
boundaries then,

variation (D1, D) = variationp(Dy, D3).
Proof. Clearly,
variation 4( Dy, D) > variationp(Dy, D3).

On the other hand, by Theorem 1 of Dacorogna-Moser [?], given any
g € D(Dy, D3) there is an area-preserving diffeomorphism ¢ € A(Dy, D)
with @ =g on dDy. q.ed.

Because of the lemma we can denote both variation 4 and variationp
by variation.
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Theorem 2.5. Let Dy and Dy be domains in R? with smooth bound-
aries and equal areas. Suppose that,

variation(Dy, Dg) > 1.

Then there are no minimal lagrangian diffeomorphisms ¥ 1 Dy — Dy
smooth up to the boundary.

Proof. Suppose such a diffeomorphism ¢ : Dy — D, exists. Then
graph(1)is a minimal lagrangian surface in (R*, w) and so 3y is constant
on graph(i). On the other hand since variation(Dy, Dg) > 1, it follows
that variation(yp) > 1. Thus, along the boundary of graph(v), B2 as-
sumes every value in R/Z. Therefore there is at least one point (p, ¥ (p)),
p € 0Dy, such that,

Br2(p,(p)) = By in R/Z.

The result now follows from Theorem 2.3. q.e.d.

Remark 2.1. Weincluded Proposition 2.2 in this section because it
shows that the computation of variation(Dy, D) reduces to comparing
the primitive of the curvature of 81 to the primitive of the curvature
of dD;. Consequently, it is easy to construct pairs of domains (Dy, Ds)
with equal areas and with variation(Dy, D3) > 1. On the other hand
note that variation(D, D) = 0 for any domain D. Thus,if 0D; is close
to @Dy in C' then, by continuity, variation(Dy, Dy) < 1. Also, again
using Proposition 2.2, it follows that if both Dy and Dy are convex, then
variation(Dy, D) < 1.

For use later in the paper we record:

Theorem 2.6. Let C;, j = 1,2, be simple closed curves in R? with
curvature functions k;, j=1,2. Let ¢ : C7 — Cy be a diffeomorphism.
Suppose that C';, j =1 or j = 2, is strictly convex (i.e., one of k1 > 0
or kg >0 ). Then,

length(graph(¢)) < B,

where B depends on the Maslov class of T? = € x Cy and on the
curvatures r;, j = 1,2, but is independent of ¢.

Proof. Suppose first that C5 is strictly convex. The Maslov class,
Mas(T?), of T? = C x Cy pairs with any class a € Hy(T% Z) to de-
termine an integer (Mas(7?), ). In particular, if v is the (1,1) class in
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H{(T?;Z), then 7 can be represented by the graph of ¢. Hence, we can
compute (Mas(T?),v) by

(2.14) (Mas(T?),7) = /graph (bT_,

where 7_ is the Maslov form given by (??). Let ¢; : I — R? be the
parameterization of Cy by arclength. The curve determined by graph ¢
can be parameterized by,

(2.15) c:l — R
t o= (a(t),ola(t).

Thus,

[ e
graph ¢ (1)

(2.16) = %/Im(t)dt— %/Img(tﬂ(qbocl)’(tﬂdt
= 2- 4 [ a)lid ol

where the first term of the last line is due to the “Umlaufsatz”. Hence,
since kg > 0, (?7) and (2.16) imply

(2.17) /I 16 (ea(0) 1€, (0)]dt < A,

where A is independent of ¢. It follows then from (2.17) that length
(¢) < B, as required.

If, on the other hand, C is strictly convex, then apply the above
argument to ¢! : Cy — C}. Since graph (¢) = graph (¢~1) the result
follows. q.e.d.

3. Minimal lagrangian diffeomorphisms: local theory

Let D;, i = 1,2, be domains in R? with smooth boundary. Let
ri, i = 1,2, be C* defining functions R? — R such that:

(i) D;={(s,t) e R*: ri(s,t) <0},

(i) (grad ri)lap, # 0.

349
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Suppose that ¢ : Dy — D, is a minimal lagrangian diffeomorphism
smooth up to the boundary. Let (z,y) be euclidean coordinates on D
and (u,v) be euclidean coordinates on Dy. Then

V(z,y)
ro(u(z,y), v(z,y))

(u(x,y), vl(z,y)),
0 whenever ry(z,y) = 0.

(3.1)

Since 1 is area-preserving, we have
(3.2) Uply — UyVy = 1.

Since the graph of v is a minimal surface, the surface

(3.3) (z,y) lﬂ (z,y,u(z,y),v(z,y))

is a minimal lagrangian surface in (R* do A dy — du A dv). Hence the
lagrangian angle § is constant along (?7).

We compute § as follows: Let z; = x 4+ ¢y and 2z, = w + tv. Then
dz1 N dz is a parallel section of the canonical line bundle K over R* ~

C x C. Thus,

fu™(dz1 AN dzy) =(dz + idy) A (du — idv)

(3.4) =[(uy — vs) — i (uy + vy)]de A dy.

From (??) we have,

—(uz + vy)

Uy — Vg

(3.5) = tan(7f).

Therefore, 5 is constant along (??) if and only if

(3.6) Uy — vy = V(U + vy),

where v = — cot(wf) is a constant.
Proposition 3.1. The map ¢ = (u,v) : Dy — Dy is a minimal
lagrangian diffeomorphism if and only if on Dy:
Uply — UylUy = 1,
(3.7) Uy —ve = y(ur+vy),
ro(u,v) =0  if  ri(z,y)=0

Jfor some constant .
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Proof. We have already shown that if ¢ is a minimal lagrangian
diffeomorphism, then (3.7) holds. Conversely, the first equation of (3.7)
shows that ¢ is a diffeomorphism and is area-preserving. The second
equation shows that ¢ has a minimal graph. q.e.d.

Consider a family Ds(t), t € (=6 ,8 ) & > 0, of domains in R? with
smooth boundary. Suppose that:

(i) D2(0) = D»,

(ii) ro(t), t € (=0 ,8 ), are defining functions for Dy(t) that depend
smoothly on t.

Suppose, for t = 0, there is a minimal lagrangian diffeomorphism g :
Dy — Dy(0). That is, suppose at t = 0, there is a solution of (3.7)
and consider the question of the existence of solutions to (3.7) for ¢
near 0. We observe that there are no solutions to (3.7) for ¢ # 0 unless
area(Ds(t)) = area(D;). We can, however, allow the area of the domains
Dy (t) to vary if we replace the system (3.7) by the somewhat more
general system:

Uply — UyUy = alt),
(3.8) Uy — vy = Y(t)(up +vy),
ro(t)(u,v) =0 if  ri(a,y) =0,
where (D2())
a(t) = “area(Dy) a(0) = 1.

We recover (3.7) when area(D;(t)) = area(D;). For the remainder of this
section we suppose that we have a solution (u,v) of (3.8) at ¢t = 0, and
consider the existence of solutions to (3.8) for ¢ near 0. For notational
convenience we set,

1=, Ty = —Y.

The linearization of the system (3.8) at (u,v) is then:
—v u

3.9 w2 v 2

( ) |:( Vey = Uay _(ul’l + Ul’2) ) o

(T )3 () = G Do)
Uy + Vg, _(uxz - Um) a2 v 7(“901 - Ul’2)2 ‘

The linearized boundary condition is:

(3.10) (Vry) - (4, 0) = —ry(u,v) on 9D;.

351
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Proposition 3.2. Let (£1,&2) be isothermal coordinates for the met-
ric induced by fy. The linear boundary system (??), (?7?) is equivalent
to the linear boundary system
Usy = Ve, + AU + AV =a fii +7 fiz,

3.11 , .
(3-1) Ve, + Uey, + AU + AV =a fo1 +7 fo2,

for some C'™° functions i, j,k=1,2, on Dy, where R and S are C*
functions on 0Dy which satisfy:

(i) The vector (R,S) € R? is everywhere non-zero along 9Dy,
(ii) The smooth map S' ~ dD; — R%\ {0} determined by (R,S)

has winding number —1 with respect to the orientations given by

(&1,&2) and (U, V) on RZ.
Proof. Left to the reader q.e.d.

Set
P(U,V)
(3.13) = (Ug, — Ve, + AU + A13V, Ve, + U, + AU + AglV)
' B(U,V)

=RU4+SV on 0D;.

Theorem 3.3. The linear boundary system (?7), (??) is elliptic (in
the sense of Hérmander [?, §20.1]) and hence the operator (P(U, V), B(U,V))

1s Fredholm on suitable Sobolev spaces.

Proof. The fact that (??) is elliptic is clear. It is then a straightfor-
ward computation to show that at a boundary point p € ¢.D; the bound-
ary condition (??) is elliptic if (and only if) the vector (R, S)(p) # 0.
The result follows. q.e.d.

To compute the index of (P(U,V),B(U,V)) we first simplify the
problem by making a conformal diffeomorphism D — Dy, where D is
the unit disc in R?, and transforming (P(U,V), B(U,V)) by this map.
Since the transformation is conformal, the form of (P(U, V), B(U,V))
remains unchanged. Set,

W = U+1iV, ¢ =& +1&,
(3.14) A1 = YA+ A — A — iAy),
Ay = (A1 + 1421+ A1z + Aza).

ENENE



MINIMAL LAGRANGIAN DIFFEOMORPHISMS 353

Then P(U, V) can be written as

(3.15) PW) = %—VZ + AW+ AW,

Set, €7 = M on 0D. Then we can write B(U, V) as
RZ+ 52

(3.16) B(W) = Re(e" - W),

Theorem 3.4. The Riemann-Hilbert boundary system

ow —

S LW+ AW = aFy +4F, on D

¢
(3.17) "
— 2

Ny

has index = —1, where F; = %(flj +if2;), j=1,2. The kernel of the
system is zero and therefore the dimension of the cokernel is one.

Re(e'” - W) = on 0D,

Proof. Let Aarg denote the change in the argument around 9D.
Then it is well known [?] that the index of Riemann-Hilbert boundary
systems is given by:

1 :
(3.18) index =1 — —Aarg(e'’).
T

The winding number of (R, S) considered as a map S! ~ dD; — R?\{0}
is —1. Since Aarg(e’?) = Aarg(R—iS), we have A arg(e”) = 27. The
results on the kernel and cokernel are also standard [?].  q.e.d.

We conclude that the boundary system (?7), (??) also has index
= —1, zero kernel and cokernel of dimension equal to one.

Since the cokernel has dimension one, there is one condition on the
right-hand side of (??), that is both necessary and sufficient for the
existence of a solution of (??). To express this condition consider the
adjoint operator to the boundary system (??), (??). Following [?] the
adjoint operator is:

zZ
P*(Z) A i v

¢
. il
B*(Z) =Re(—ie ”d—gZ) lop-

(3.19)
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Proposition 3.5. The necessary and sufficient condition for the
existence of a smooth solution of (?7?) is that

—io dC

Z\d
ds)s

(e

f L R,
VIET 5
oD
(3.20) = i//{—((zFl + AP Z 4 (aF | + Y F3) Z}dEdé
D

for all solutions Z of P*(Z) =0, B*(Z) = 0.
Proof. See [?7] Chapter 1.  q.e.d.

The adjoint system (??) has one-dimensional kernel. Thus for (?7)
to have a (unique) solution, (@l 4+ §Fz, %) must satisfy the one
condition imposed by (??). It is clear that there is a unique value of the
constant ¥ (depending on Fi, Iy, a,7; and the boundary system (?7))

such that (??) is satisfied.

Theorem 3.6. There is one (and only one) value of the constant ¥
(depending on (u,v) and their derivatives, Vrq, 7y and @) such that the
linear boundary system (3.9), (3.10) has a unique smooth solution on
Dy.

Returning to the question of finding solutions of (3.8) for ¢ near 0
we have:

Theorem 3.7. There is an e > 0 such that if |t| < e, then there is
a smooth solution of (3.8) on D;.

Proof. The result follows from Theorem ?7?, the inverse function
theorem for Banach spaces and standard elliptic regularity results. We
leave the details to the reader. q.e.d.

Applying the theorem to the case where area(D;(t)) = area(D;) we
have:

Corollary 3.8. There is an € > 0 such that if [t| < e, then there is
a minimal lagrangian diffeomorphism 1, : Dy — Dj(t).

Remark 3.1. The constant 4 which occurs in Theorem 7?7 and
throughout this section has a geometric interpretation. To understand
this we first describe the space of orthogonal complex structures on R*.
Let {ai7 aiv aiv ai} be an orthonormal frame on R* ~ R? x R2. In

Ty Y1 T2 Y2
terms of this frame we define three complex structures Ji, &k = 1,2,3,
as follows:
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.0 0 o _92. 0 _9 o2 9

Ji dry = dy1? 9 = dry? Owg = Jy2?  Oy2 = Jra?

.0 0 8 _92. 9 _90 9 o

(321) J2 * O = dyz ! Jy2 == dxr1’ Oyp = dxo? Oz = dy1 !
.0 _92 9 9 o _9 o o

I3 day = dry?  Jxa = o1’ Inm = Jy2?  Oy2 = dy1 *

Note that .J; is the “standard” complex structure on C x C ~ R*.
The space of all orthogonal complex structures on R* forms a two-sphere
given by:

J = {a1J1—|-a2J2—|—a3J3;ak € R, a%—l—a%—l—a%: 1}‘

If Jy is the “north pole” of this two-sphere, then —.J; is the “south pole”
and the equator is given by:

Jo={ayJz+azs:a5+a3=1}C J.

The symplectic form w, determined by J; and the euclidean metric,
is w =dxy ANdyy —dag Adyy. Let ¢ : Dy — Dy be a minimal lagrangian
diffeomorphism. Then the surface S = graph(s) is both minimal and
w-lagrangian. In particular, it is w-lagrangian with constant lagrangian

angle 3. We have,

Proposition 3.9. S = graph(y) is a J-complex curve, for J =
axJy + asJs € Jo, where ay = sin(vf), as = cos(nf). In particular,
V=

Proof. The tangent space, T,.5, of S is spanned by:

_ I
X = 81’ —I_ul’ax +v 9581/2
_ o)
Y ayl —I_ uy 81’2 —I_ Uy 8:[/2

Using (3.21) and the equation u,v, — uyv, = 1 we have that span(X,Y)
is J = agJy + asJs invariant if and only if: as(uy, + vy) = a2(vy — uy).
Hence, from (3.6) it follows that, v = —Z—z. Therefore, ay = sin(7 ),
as = cos(wf). q.e.d.

Consider a family of minimal lagrangian diffeomorphisms ; : Dy —
Dy (t) with Dy and Dj(t) as described above. Then the surfaces graph (1))
are Ji-complex for J; € Jy. The family {J;} is determined by the func-
tions ((t) and hence by the functions v(t). Since % is the derivative of
~ with respect to t, we see that the local existence problem for mini-
mal lagrangian diffeomorphisms is solvable because the set of complex
structures Jy is one-dimensional. This parameter allows the cokernel
condition (??) to be satisfied.
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4. The Monge-Ampére equation and an a priori estimate

Recall the formulation of the equations of a minimal lagrangian dif-
feomorphism 1 given in (3.7):

(a) UpUy — Uy Vg = 1,
(4.1) (b) sin(7f3)(uy —vy) = —cos(mf)(uy + vy),
ro(u,v) =0 if ri(z,y) =0,

where the lagrangian angle 3 is constant. Given the minimal lagrangian
diffeomorphism 1 we can compute the lagrangian angle along its graph
using any parallel unit (2, 0) form o. Choosing o = e dz A dzy gives,
for different choices of 6, different values of 5 in (??). Thus we can take
for g in (??) any constant we choose. In particular, choose:

(4.2) p= 3.
Then (?7) becomes:

(a) Uply — UyUy = 1,
(4.3) (b) Uy = Uy,

ro(u,v) =0 if  ri(z,y)=0.

Since Dy is simply connected, from (?7?b), it follows that there is a
smooth real-valued function w on D; such that:
(4.4) Wy = U, Wy = V.
It is then easy to verify that (??a) becomes:
(4.5) WepWyy — (Wey)? = 1.

A solution of (4.1) thus yields a convex function w on D; satisfying the
Monge-Ampere equation (4.5) such that Vw defines a diffeomorphism
Dy — Dy. That is, a solution of (4.1) gives a solution of the the second
boundary-value problem for the Monge-Ampeére equation for the domains
(Dl7 DQ) .

It is clear from (4.1) that the gradient of a solution of the sec-
ond boundary-value problem for the domains (D, D3) is a minimal
lagrangian diffeomorphism DDy — Dg. Thus from Theorem ?? we have:

Theorem 4.1. Let (Dq, D3) be a pair of domains in R? with smooth
boundaries and equal areas. If

(4.6) variation(Dy, Dg) > 1,

then there is no reqular solution of the second boundary-value problem
for the Monge-Ampere equation.
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The regularity of the solution of the second boundary-value problem
has not been extensively investigated without convexity assumptions on
both domains. However Caffarelli [?] has given an example of a noncon-
vex domain in R? with unit area such that there is no regular solution
of (4.5) whose gradient defines a diffeomorphism from the unit disc into
this domain. He remarks that the conditions needed on the domains
to insure regularity are of a geometrical rather than a topological or
differential nature. Using Proposition 2.2 it is not difficult to verify
that Caffarelli’s example satisfies (4.6). In light of this the following
questions are appropriate:

Question. Let (Dy, D3) be a pair of domains in R? with smooth
boundaries and equal areas, satisfying

variation(Dy, Dg) < 1.

Does there exist a minimal lagrangian diffeomorphism ¢ : Dy — D,
smooth up to the boundary? Equivalently, does there exist a smooth
solution of the second boundary-value problem for the Monge-Ampere
equation?

The work of Delanoé [?] and Caffarelli [?] [?] gives an affirmative
answer to both questions in case both domains are strictly convex. The
remainder of this paper is devoted to giving a more complete answer
though, in general, the questions remain open.

The system (4.1) can be interpreted in yet another way. We have
already shown, in the notation of Remark 3.3, that a minimal lagrangian
diffeomorphism ¢ has a graph which is J-complex for some J € Js.
Thus the map,

fd, : (Dl7 8D1) — (R47 T2)7

(4.7) (2, y) = (2,y,0(2,y),

is minimal with image a J-holomorphic curve. Let D denote the unit
disc in R? centered at the origin. Consider D; with the conformal
structure determined by the metric induced by fy. Let ¢ : D — D; be
a conformal diffeomorphism.

Lemma 4.2. The map
Fy=fyo0¢:(D,0D) — (R, T?

s J—holomorphic.

357
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Proof. Left to the reader. q.e.d.

The maps fy and Fy have some interesting and useful properties.

Proposition 4.3. If fy is the minimal map in (4.7), and one of
the domains D;, @ = 1,2, is strictly convez, then area(fy) < A where
A depends on the geometry of 9Dy and 0Dy, but is independent of fy.

Proof. This follows from the isoperimetric inequality for minimal
discs in R™ and Theorem ?? q.e.d.

Let r; be a defining function for D;, 1 = 1,2. That is, suppose
(4.8) D; = {(s,t) € R?: ri(s,t) < 0},
and Vr; # 0 along dD;. Consider the hessian of r;, Hess(r;), on D;. Let

o; denote the minimum value of the eigenvalues of Hess(r;) on D;.

Definition 4.1. We say the pair (rq,r3) is pseudoconver if:
(49) o1+ o9 > 0.

Definition 4.2. We say the pair (Dq, D3) is pseudoconvez if the
domains admit a pair of pseudoconvex defining functions.

Proposition 4.4. Let x; denote the curvature of dD; in R%. The
pair (Dy, D3) is pseudoconvex if and only if

min K1 + min kg > 0.
oD, 9D,

Proof. Left to the reader. q.e.d.

We justify the use of the term pseudoconvez as follows: Let (Dy, Ds)
be a pair of domains with defining functions (ry,r2). Set

r:R*5 R,

4.10
( ) r(x1, Y1, 22, ¥2) = ri(e, y1) + ra(ze, yo).

Proposition 4.5. If (r1,r2) is pseudoconvez, then for every J € Jy
the function r is strictly J-pseudoconvex in an open neighborhood of the
domain Dy x Dy C R%.

Proof. Recall the complex structures Ji, k = 1,2, 3, and the descrip-
tion of the space of all orthogonal complex structures 7 on R* given in
Remark (3.3). A unitary frame of the .J + i-eigenspace is given by,



MINIMAL LAGRANGIAN DIFFEOMORPHISMS 359

S 5, -0
J2 {%(8_951_2%)7 %(a—yﬁ'la—m)}v
Js A5 (a +img), ey +ing))

Let J = ayJo+asJs € Jo be a complex structure where as?4a3? = 1.
A straightforward computation shows that a unitary frame of the J +:-
eigenspace is given by,

_ 1 aJ . aJ
56 = 73l + ’“38x2 tazg5;)s

_ 1 aJ
35 _T(ay —|—u128 —|-26138y)

r is a strictly J-pseudoconvex function if

2

o°r
4.11 ——— vy > 0 for (v,v 0,0).
a3 e v () # (0,0)
We have,

Z Z 82r1yz7 +Z 82r2yz7
=Y ——— iy ——— VT,
(4.12) 3&3& T &0, T &0,

1
>= (o1 4 o2) (J1]* + |2]?),

[\

where the o; denote the minimum value of the eigenvalues of Hess(r;)
on D;. The result follows. q.e.d.

Suppose that the pair (Dq, D3) is pseudoconvex with pseudoconvex
defining functions (rq,r3). Suppose further that ¢ : Dy — Dy is a min-
imal lagrangian diffeomorphism with minimal map fy; : (Dy,90D;) —
(R*, T?). Using Proposition 4.5 we have that r = r; + ry is strictly
J—pseudoconvex near Dy X Dy. By perturbing r, if necessary, outside
a neighborhood of Dy x Dy we can suppose without loss of generality
that »=1(0) is a smooth compact strictly J—pseudoconvex hypersurface
containing 7% = dDy x dD, and bounding a .J—pseudoconvex domain
W C R*. Moreover we can suppose that Vr|,, is everywhere nonzero
and outward pointing.

As above, let D be the unit disc in R? centered at the origin. The
next proposition and its corollary use the pseudoconvexity of r.
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Proposition 4.6. If h : (D,0D) — (W,T?) is a J-holomorphic
map and h € CY(D), then the image of the interior of D lies in the
interior of W and, for every x € 0D,

dh

(Vr - 5)($) >0,

where 3% (z) is the normal derivative of h at z.

Proof. Follows from the J-pseudoconvexity of  and the Hopf bound-
ary point lemma. q.e.d.

Corollary 4.7. If h : (D,0D) — (W, T?) is a J-holomorphic map
in CY(D), then the boundary curve of h lies in the set of totally real
points of T?.

Proof. Let € OD. Suppose that h(z) is a complex tangent point,
ie., Tha (T?) is a complex line. Since h.(T,D) is a complex line and
ha(T:D) and Ty, (T?) intersect in the real line h.(T,(9D)), they must
coincide. Hence 2%(z) is tangent to 72 C W, contradicting the previ-

ous proposition. q.e.d.

The corollary applied to the J-holomorphic map I, shows that the
boundary trace of fy (or ¢) misses the J-complex tangent points on 72.
The next theorem is a refined version of Proposition 4.6.

Theorem 4.8. Suppose that (Dy, D3) is pseudoconver with pseu-
doconver defining functions (ri,r3). Let 1 : Dy — Dy be a minimal
lagrangian diffeomorphism. Set fy, = id x ¢ : D1 — R* and r = r1 +ra.
Then there is a constant ¢ > 0 depending on (Dy, D), but independent
of 1, such that at any point on 3Dy :

Vr-%20>0,
81/1

where % denotes the normal derivative on 0D;.

Proof. Suppose that § is chosen (as in (4.2)) such that the equa-
tions for the minimal lagrangian diffeomorphism 1 become the Monge-
Ampere equation for the convex function w on Dy. Set

1=, Tog=1Y.
Then w satisfies:

(4.13) Wy = U, Wy, =0,
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(414) Wy Wepzs — (w9011’2)2 =1

For brevity of notation write w,, = w;, Wy, = Wij, etc. Set,

(w') = (wi;) "

Differentiating (4.14) with respect to z; we get,
]
Consider the function R on Dy given by,

(4.16) R =ri(zy,22) + ro(u, v).

For any a € (0,00) consider R — ary on D; and compute
w7 (R — ary):

E w R — ary);

- Zw ro(wy, we) + (1 — a)ry(zy, 2))ij

7]

(417) = Z wzy 7‘2 ij + 1 - a) (rl)ij)
= Zw det 7‘2 2])(7‘2) —I_ (1 - a) (7‘1)2']‘).

The second equality follows from (4.15). The eigenvalues of the matrix

det((r2)ij) (r2)"

are the same as those of the matrix (ry);; = Hess(rz). Because the pair
(ri,r2) is pseudoconvex, there is some a > 0 such that both eigenvalues
of the matrix,

det((r2)ij)(r2)” + (1 — a)(ry)i;

are positive. Since w¥ is positive definite, it follows from (4.17) that

(4.18) Zw —ary);; > 0.
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Clearly, R — ary = 0 on dDy. Thus by the Hopf maximum principle at
any point of 9Dy,

8R >a87‘1 >e>0
oy o — '

From (??) we have R = ro fy. The result follows. q.e.d.

(4.19)

Suppose that ¢ : Dy — D5 is a minimal lagrangian diffeomorphism.
Then ¢~ : Dy — Dy is also. Let p € 8Dy, q = (p) € dDs.

Lemma 4.9. If |%(p)| > 1, then |8§py;1 (¢)] < 1 and conversely,

where % is the normal derivative along 0D;.

Proof. Choose euclidean coordinates (z,y) such that at p € 9Dy,

= unit normal to 9Dy,

= unit tangent to 9D;.

&lo 8l

At g € dD; choose euclidean coordinates (u,v) such that,

= unit normal to 9D,

SENE

= unit tangent to 9D;.

With respect to these coordinates o (z,y) = (u,v) satisfies (??). In
particular,

(4.20) Uply — UyVy = 1.

(Equivalently, ¥~ (u,v) = (x,y) satisfies ,,4, — 7,5, = 1.) The bound-
ary condition implies,

(4.21) uy(p) = 0.

Using (?7?b) it follows that,

(4.22) vy(p) = 0.

(Equivalently, y,(¢) = 0.) Thus combining (??) and (??) gives,
(4.23) uz(p)uy(p) = 1.
(

Equivalently, z,(¢)y.(¢) = 1.) Since ¢ and ~! are inverses their Ja-
cobian matrices satisfy:

v (L )w=( ) o= (5w
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Using (?7?) and (??) we have,

aa_i (1) = - (1,0)(9) = (e, 22) (0) = (1:(0),0)

T () = 50 ) = (u(0).0) = (5,0),0).

Hence, by (?7),

szl

(1.25) NGl = 1.

The result follows. q.e.d.
Consider the maps fy, =id x ¥ : D; — R* and

fomr=v7 xid: Dy — RY

Clearly they have the same graphs. Moreover,

af
5 “’P = 1+| |2

af_1 g1

|8¢ |2 — |¢ |2_|_1
vy

Hence if ¢ = 1(p) then, by the lemma,

dfy

. ml
(4.26) it 5

(p)]* > 2 then | (@) <2,

and conversely. Therefore we have:

Proposition 4.10. Let (p,q) € 9Dy x 0Dy with ¢ = ¥(p). Let
0(p, q) be the angle between the planes T(p7q)(T2) and

(f) Lp(D1) = (fp=1) Ty (D).

Then
8(p,q) > & >0,

where & depends on |Vr| and the geometry of dD; but is independent of
¥ and the point (p,q).
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Proof. By Theorem 4.8 we have at (p, q) € T2,

V — —Vr. —L>
| T‘|| 8]/1 | cos p r 8]/1 c,

where p is the angle between Vr and %. We can suppose that

dfy

. . . 9f,—1
since otherwise we consider —%—(q) . Thus,
2

c
cos p>———>0
NG

This implies that the angle p satisfies,
T

0<p<=—4,
SP<y

where § > 0 depends on ¢ and |Vr|. Since Vr is normal to T, ,(1?),
the angle between Ty, y(T?) and fy T,(Dy)is > 6. q.e.d.

Theorem 4.11. Let (D, D3) be a pseudoconvex pair and let 1) :
Dy — Dy be a minimal lagrangian diffeomorphism smooth up to the
boundary. Let J € Jy denote the complex structure such that graph (1)
1s J-holomorphic. Then the distance between the boundary trace of ¥
onT? = 0Dy x 0Dy and the J-complex tangent points on T? is bounded
away from zero by a constant depending on |Vr| and the geometry of

0Dy and 0Dy but independent of ¥ and J.

Proof. Fix J € Jy and consider the set of minimal lagrangian dif-
feomorphisms:

S;=A{v: Dy — Dy :graph(¢)is J — holomorphic}.

Suppose the boundary traces of diffeomorphisms @) € Sy are not bounded
away from the complex tangent points of .J. Then there is a sequence
{,} of maps in §; with boundary trace approaching a JJ-complex tan-
gent point, * € T2. In particular on each boundary trace there is a
point z, € T? with x, — 2. Denote the tangent space to graph(¢) at
z, by P,,. For each v, the 2-plane P, intersects the 2-plane T, (T?)
in a real line L, . Since P, is a J-complex line,

(4.27) Py, = Ly, A JL,.
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Because z is a J-complex tangent point, as z, — x the distance be-
tween Ty, (T?) and L, A JLy, goes to zero. Hence, by (??), T, (T?%)
becomes arbitrarily close to P,,. This contradicts Proposition ??. Thus
the boundary traces of diffeomorphisms % € S; are bounded away
from the J-complex tangent points on 72 by a bound depending on
J, |VT‘|7 8D1 and 8D2

Now repeat this argument for each J € Jy. Since Jy is compact the
result follows. q.e.d.

5. Existence: the continuity method

In this section we prove:

Theorem 5.1. Let (D1, D3) be a pseudoconvex pair of domains
with smooth boundaries, satisfying area(Dy) = area(Dz). Then there
1s an area-preserving diffeomorphism 1 : D1 — Dy, smooth up to the
boundary with graph a minimal surface in R* = C?.

Corollary 5.2. Let (D1, D3) be a pseudoconvex pair of domains
with smooth boundaries, satisfying area(D1) = area(D3). Then there is
a smooth solution of the second boundary value problem for the Monge-
Ampére equation. That is, there is a smooth function w satisfying,

WagWyy — (wxy)2 =1
such that the gradient of w, Vw, defines a diffeomorphism
(Dl7 8D1) — (D27 8D2)

The proof of the theorem uses the continuity method as follows:
Since (D1, D3) is a pseudoconvex pair, at least one of the domains is
strictly convex. Without loss of generality we can suppose that Dy
is strictly convex with strictly convex defining function ry. Let Dy(¢),
0 <t <1 beasmooth (in ¢) family of domains in R? with smooth
boundary and with defining functions ry(¢), 0 <¢ <1, satisfying the
following:

(i) Foreach ¢,the pair (D1, Dy(t)) is pseudoconvex and area (Dy(t)) =
area (Dq).

(ii) For each t, the functions ry(t) vary smoothly in ¢ and the pair
(r1,r2(t)) is pseudoconvex.
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(111) DQ(O) = D1 and Dg(l) = DQ.

For each t we seek an area-preserving diffeomorphism 1, : Dy — Ds(?)
smooth up to the boundary whose graph is a minimal surface. The 1)
are minimal lagrangian diffeomorphisms. Clearly, when ¢ = 0 we can
take ®9 = 2d. The continuity method requires we show that the set of
t, such that #; exists, is both open and closed. This shown, it follows
that vy : Dy — D5 exists and this proves the theorem.

Openness. Openness follows immediately from the “inverse func-
tion theorem” Corollary 77.

Closedness. We show that the set of ¢, for which there exists a
minimal lagrangian diffeomorphism ¢ : D1 — Dj(t) (smooth up to the
boundary), is closed. To do this we suppose that for each ¢ < ¢y there
is a minimal lagrangian diffeomorphism 1, : D1 — Dy(t) depending
continuously on t. We must show that there is a minimal lagrangian
diffeomorphism 0, : D1 — Ds(to).

For each ¢, the v; determine smooth maps f; = id X 1y

(5.1) fi: D - R*xR*~R™

The f; are minimal lagrangian maps. Recall that Proposition 4.3 shows
that there is a constant A(¢) depending only on the geometry of the
domains Dy and Dy (t) such that for each area(f;) < A(t). Setting A =
SUPg<i<y A(t), we have for all ¢

(5.2) area(f;) < A.

Let,

(5.3) r(z,y,u,v) =r(z,y) + r2(t) (u, v),
(5.4) T2(t) = 0Dy x ODa(t).

Then, for each ¢, r; is strictly J—pseudoconvex in a neighborhood of
T%(t) for all J € Jo. As in §4 we can, by perturbing, assume that,
for each t, ry is strictly J—pseudoconvex and that rt_l(O) is a strictly
J—pseudoconvex hypersurface containing T2(t).

The maps f;, defined in (5.1), are minimal lagrangian maps, and so
there is an orthogonal complex structure, J; € Jy, such that image(fi)
is a Jy—holomorphic curve. The boundary trace of f; coincides with the
boundary trace of ;. Hence by Theorem 4.11, for each ¢, the distance
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between the boundary trace of f; and the J; complex tangent points
of T?(t) is bounded away from zero by a constant depending only on
ri, 0D1 and dD;(t). Using the compactness of [0, 1] we can assume this
constant to be independent of t. We now conformally reparameterize
each map f; to construct J;—holomorphic maps from D, the unit disc
centered at the origin into R%,

Fy 2 (D,0D) — (RY,T2(t)).

By choosing an appropriate conformal reparameterization we can sup-
pose that for each ¢ :

(*) re(F(0)) < 1.

Since the image of F} is the same as the image of f;, the distance between
the boundary trace of F; and the J;-complex tangent points of T2(t) is
bounded away from zero by a constant independent of F; and ¢. Since
the reparameterization is conformal,

area(Fy) = area( fi).
Hence,
(5.5) area(Fy) < A.

For each ¢, the complex structure J; is an element in Jy. Thus we can
choose a subsequence of the {t} that we denote {t,} such that the
Jy, converge smoothly to an orthogonal complex structure Jy, € Jo.
Consider the sequence, {F}_ }, of J; -holomorphic maps.

Theorem 5.3. For any k > 1, there is a subsequence of {I,}
(which we still denote {Fy.}) which converges in C*(D) to a Jy,—holo-
morphic map

Fy, 0 (D,0D) = (R, T?(to)).

The boundary of Fy, is a smooth (1,1) curve on the torus

Tz(to) = 8D1 X 8D2(t0)

Proof. Since the boundary trace of the maps Fy lie in the totally
real points of the surface T?(t,), the maps satisfy elliptic boundary
conditions. Further, since the boundary trace are uniformly bounded
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away from the complex tangent points, the boundary conditions are
uniformly elliptic. Hence we have the standard uniform boundary esti-
mates for J—holomorphic maps as in Floer [?]. In the interior we have
the standard interior elliptic estimates for J—holomorphic maps as in
[?] or [?]. The condition (%) insures that the reparameterization group
is compact. Combining these estimates with the uniform area bound
(5.5) it follows that a subsequence of the maps Fy converges in C'* to
a Ji, holomorphic map Fy, up to “bubbling” (see for example [?]).

We next show that there is no bubbling. Interior bubbling gives
nontrivial J,, holomorphic 2-spheres in R%. This is clearly impossible.
Hence in the interior the convergence is C'*. Recall that the boundary
trace of the holomorphic maps F; are uniformly bounded away from
the complex tangent points of the surface T?(f,). These surfaces lie in
the strictly .J; —pseudoconvex hypersurfaces ril(O). Bedford-Gaveau
[?] derive uniform Lipshitz estimates on the maps at the boundary in
this setting. (Actually in their setting the complex structure and pseu-
doconvex hypersurface are fixed but their argument works here without
change. See Eliashberg [?] for a concise account of these estimates.)
Such uniform Lipshitz estimates imply that bubbling at the boundary
cannot occur. Hence at the boundary the convergence is C'*. The result
follows. q.e.d.

Proposition 5.4. Sy = image(Fy,) is a smooth embedded disc in
R* that meets the torus T*(tg) smoothly. Moreover, it is a minimal
lagrangian surface.

Proof. For each t, the hypersurface rt_l(O) = JW; contains a 2-plane
distribution, denoted p;, consisting of the Ji-complex lines. The inter-
section of p; with the surface T2(¢) defines on T?(t) an orientable line
field, called the characteristic line field, with singularities at the com-
plex tangent points of T2(¢). The boundaries of .J;-holomorphic discs
are transversal to the characteristic line field. Using the strict pseudo-
convexity of dW; and the fact that the boundaries of the holomorphic
discs are bounded away from the complex tangent points, it follows that
the angle between the boundary curve of a holomorphic disc and the
characteristic line field is uniformly bounded away from zero (see [?]
for more details). Hence the limit of the embedded boundary curves
is embedded, and the limit holomorphic map, £, is nonsingular along
the boundary, @D, of its domain.

By Theorem 5.3 we have a family {F; : 0 < ¢ < tg} of Ji-holomorphic
maps depending continuously on ¢. For each ¢ we let Sing(F}) denote
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the number of singularities of F; in D counted according to multiplicity.
(An ordinary double point contributes one to this number.) The above
argument shows that F}, is nonsingular near the boundary. All other
maps of the family are nonsingular near the boundary by hypothesis.
From the adjunction formula (see McDuff [?] for more details) it thus
follows that if 0 < ¢{,ts < tg, then

Sing(£%,) = Sing(Fy,).
Since for ¢t < g, the maps F; are nonsingular, we have,
Sing(FtO) =0.

Therefore, Fy, is nonsingular.
The last statement of the proposition follows since Sy is a J-holo-
morphic curve for J € Jy. q.ed.

Let S; C R* denote the graph of 1y and let
m:R* - RZ
(T1, 91,22, 52) = (21, 41),

denote the projection.

Lemma 5.5. The Jacobian of the diffeomorphism T, St —
Dy, computed with respect to the induced metric on St, equals 1/+/2.

Proof. Consider the diffeomorphism,

(771)_1 :Dl — St,
(,y) = (2,9,u,0),
Under d(m;71), we have
2]

Jyz?

2] — 2 9 o2
3y =Y = Iy +uy31’2 +Uy3y2'

o o o
(5.6) 7 % = g e + 0

Let g = g¢;; be the metric on Sy induced from the euclidean metric on
R*. Then,

g11 = 1‘|’ux2‘|’vx27
J12 = Uply + Vpy,
g = 1+ uy2 + vyz.

369
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Using (4.1)(a) it is easy to show that det g = 2. Let,

(5)-+(3)

be an orthonormal frame on S;, where A is a 2 X 2 nonsingular matrix.
This implies,

(5.8) XAY =det A1 XAY.
Hence from (5.6) we have,
(5.9) det(d(m ™)) =det AL

From (5.7) it follows that, Id = AgA’. Thus using det g =2,

1
(5.10) det A7l=(det ¢)2= V2.
Combining (5.9) and (5.10) we conclude det(d (1, )) :%. q.e.d.
Theorem 5.6. Sy is the graph of a diffeomorphism

¢t0 : D1 — D2 (to)

Proof. The surface S; is also the image of the maps f; and F}. Since
the maps Fy, converge in C* to Fy, it follows from the lemma that,
using the induced metric on Sy, we have,

det(d(my |, ) :%.

In particular, Tilg, So — Dy is a local diffeomorphism and hence a
global diffeomorphism.
A similar argument shows that the projection,

m:R* — RZ
(9617917902792) — (962792)7

restricted to Sp is a diffeomorphism Sy — Da(to). Set,

thy, = mg 0 (771|SO)_1

q.e.d.

The graph of 9y, is the surface Sy and therefore is both minimal and
lagrangian. This completes the proof of “ closedness ” and the proof of
Theorem 5.1.
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6. Uniqueness

Let ¥ = (u,v) : D1 — D3 be a minimal lagrangian diffeomorphism.
Then (u,v) satisfy the equations:

UpUy — UyVp = 1,
(6.1) sin(7f3)(uy —vy) = —cos(mf)(uy + vy),
ro(u,v) =0 if ri(z,y) =0,

where 3 is a constant. We have already remarked at the beginning of §4
that by defining the lagrangian angle using different parallel unit (2, 0)
forms, any value of 3 in (6.1) can be obtained. This is the observation
made to produce a solution of the second boundary value problem for
the Monge-Ampere equation. Note however that the value of 3 remains
unchanged if both the (,y) coordinates on the domain R? and the (u, v)
coordinates on the target R? are rotated the same amount. Thus, up
to such diagonal rotations of coordinates, given a minimal lagrangian
diffeomorphism there is a unique choice of # such that the diffeomor-
phism is the gradient of a function. Of course if the domains are not
connected or simply connected there is in general no such choice.

Brenier [?] proves the existence and uniqueness of a weak solution
of the second boundary value problem under very general conditions
on the domain that are, in particular, satisfied when the domains have
smooth boundary. Hence we have:

Theorem 6.1. If Dy and Dy are connected, simply connected do-
mains with smooth boundary and equal area, then there is at most one
minimal lagrangian diffeomorphism Dy — Dy up to diagonal rotations.

References

[1] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued func-

tions, Comm. Pure Appl. Math. 44 (1991) 375-417.

[2] R. Bryant, Minimal lagrangian submanifolds of Kdhler- Einstein manifolds, Lecture

Notes in Math. Vol. 1255, Springer, New York, 1987, 1-12.

[3] E.Bedford & B. Gaveau, Envelopes of holomorphy of certain 2-spheres in C2, Amer.

J. Math. 105 (1983) 975-1009.

[4] L. Caffarelli, The regularity of mappings with a convex potential, J. Amer. Math.

Soc. 5 (1992) 99-104.

371



372 JON G. WOLFSON

[5]

, Boundary regularity of maps with convex potentials , Comm. Pure Appl.
Math. 45 (1992) 1141-1151.

[6] P.Dazard, Sur la géométrie des sous-fibrés et des feuilletages lagrangiens, Ann. Sci.

Ecole Norm. Sup.(4), 14 (1981) 465-480.

[7] B. Dacorogna, & J. Moser, On a partial differential equation involving the Jacobian

determinant, Ann. Inst. H. Poincaré 7 (1990) 1-26.

[8] P.Delanoé, Classical solvability in dimension two of the second boundary-value prob-

lem associated with the Monge-Ampére operator, Ann.Inst. H. Poincaré 8 (1991)
443-457.

[9] Y. Eliashberg, Three lectures on symplectic topology, Proc. Conference on Differen-

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

tial Geom. Cala Gonne, 1988.

A. Floer, The unregularized gradient flow of the symplectic action, Comm. Pure
Appl. Math. 41 (1988) 775-813.

M. Gromov, Pseudo-holomorphic curves in symplectic manifolds, Invent. Math.
82 (1985) 307-347.

R. Harvey, & H. B. Lawson, Calibrated geometries, Acta. Math. 148 (1982)
47-157.

E. Hopf, A remark on linear elliptic differential equations of second order, Proc.
Amer. Math. Soc. 3 (1952) 791-793.

L.. Hormander, The analysis of linear partial differential operators I1l, Springer,
Berlin, 1985.

F. Labourie, Surfaces convexes dans l'espace hyperbolique et CP'— structures, J.
London Math. Soc. 45 (1992) 549-565.

Y.-1. Lee, Lagrangian minimal surfaces in Kdhler-Finstein surfaces of negative
scalar curvature, Preprint.

D. McDuff, The local behavior of holomorphic curves in almost complex 4-manifolds,
J. Differential Geom. 34 (1991) 143-164.

T. Parker & J. Wolfson, Pseudo-holomorphic maps and bubble trees, J. Geom.
Anal. 3 (1993) 63-98.

A. V. Pogorelov, Monge-Ampére equations of elliptic type, P. Noordhoff, Gronin-
gen, 1964.

R. Schoen, The role of harmonic mappings in rigidity and deformation problems,
Complex geometry, Proc. Osaka Internat. conference, Marcel Dekker, New York,
1993.

W. Wendland, FElliptic systems in the plane, Pitman, London, 1978.

J. Wolfson, unpublished, 1985.



MINIMAL LAGRANGIAN DIFFEOMORPHISMS 373

[23] , Gromouv’s compactness of pseudo-holomorphic curves and symplectic ge-

ometry, J. Differential Geom. 28 (1988) 383-405.

MicHIGAN STATE UNIVERSITY



