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GLOBAL ASYMPTOTIC LIMIT OF SOLUTIONS OF
THE CAHN-HILLIARD EQUATION

XINFU CHEN

Abstract

We study the asymptotic limit, as € N\ 0, of solutions of the Cahn-Hilliard
equation
u§ = A(—eAuf + e f(uf))

under the assumption that the initial energy
E VU (-, 02 + LF(us(-
S (519w .0 + 2P, 0]

is bounded independent of . Here f = F’, and F is a smooth function
taking its global minimum 0 only at © = 1. We show that there is a
subsequence of {u®}o<c<1 converging to a weak solution of an appropriately
defined limit Cahn-Hilliard problem. We also show that, in the case of radial
symmetry, all the interfaces of the limit have multiplicity one for almost all
time t > 0, regardless of initial energy distributions.

1. Introduction

In this paper, we shall study the asymptotic limit, as € ~\, 0, of the
solutions of the Cahn—Hilliard equation

ui (2, t) = Avf(z, 1), (z,1) € 2 x (0, 00),
(1.1) v¢ = —eAuf +e‘1f( ), (z,t) € Qx[0,00),
' %u :E)% =0, (z,t) € 90 x [0, 00),
u®(z,0) = ug(z), z € .
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SOLUTIONS OF THE CAHN-HILLIARD EQUATION

Here € is a bounded smooth domain in RN (N > 2) , and f(u) is the
derivative of a potential F satisfying

(a) F € C3(R), F(+1) = 0, and F(u) > 0

for all u # =+1;
(1.2) #

(b) F' = f and for some p > 2 and ¢y > 0,
f'(u) > colulP=? if ju| > 1 — co.

For the initial data ug, we assume

(1.3)
1
sup [ (FIVus(@) + ZF(ui(a))do < & < oo,
oieg Q €
— ug(x) =mg € (—1, 1) Ve e (0, ]-]
12| Jo

Note that (1.1) differs from the usual Cahn-Hilliard equation (see
[20]) only in the scaling of time so that ¢ here represents t/¢ in the usual
formulation. Equation (1.1) is widely accepted as a good model to de-
scribe the complicated phase separation (in the original time scale) and
coarsening (in our current time scale) phenomena in a melted alloy that
is quenched to a temperature at which only two different concentration
phases can exist stably. Here v® is the chemical potential, and u® is a
scaled concentration where u® = +1 represents the two stable concentra-
tions. The parameter ¢ is the “interaction length” which is very small.
The Neumann boundary conditions reflect the conservation of mass and
insulation from the outside. For more physical background, derivation,
and discussion of the Cahn-Hilliard equation and related equations, see
(7], 8], [9], [18], [19], [20], [34], [39], [52] and the references therein.

The Cahn-Hilliard equation (1.1) is a mass preserved and a gradient
flow with the energy functional

1
(1.4) EE(t) == / ef(uf)dz, €°(uf):= -;—|Vu5|2 + —s-F(us)
Q
In fact, one can direct verify the following identities: for all £ > 0,

d . /
. = 1) =0, —55 Vot
(1.5) = Qu(,t) 0 Vv

The evolution of the concentration undergoes two stages called phase
separation and phase coarsening, respectively. During the first stage,
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the alloy becomes a fine-grained mixture of two different phases, each of
which corresponds to a stable concentration configuration. This stage
usually takes a relative short time during which the nucleation, spinodal
decomposition, and formation of the phases can be observed. In terms
of equation (1.1), the solution u® quickly approximates the value 1 in
one region Q] and the value —1 in another region {; whereas the
remaining region I'; = Q\ (Q;" Uﬂt_ ) is a thin region, usually considered
as a hypersurface called interface. At the end of the first stage, one can
formally show that the energy £°(t) defined in (1.4) is proportional to
the total area of the interface.

When the phase regions are formed, the evolution of the concen-
tration enters into the second stage during which the phase regions are
coarsened, the originally fine—grained structure becomes less fine, and
the geometric shapes of the phase regions become simpler and simpler,
eventually tending to regions of minimum surface area. In terms of the
Cahn-Hilliard equation (1.1), this phenomenon corresponds to the be-
havior of the solution that the interface moves and eventually tends to
a surface having minimum surface area (whereas its enclosed region has
a fixed volume).

It was formally derived by Pego [53] that, as € N\, 0, the function v®
tends to a limit v, which, together with a free boundary

I'= UOStST(Pt X {t}),

solves the following free boundary problem:

Av =0 in Q\Ty, t€[0,T],
(1.6) a%v = on 99, t € [0,T)
' v =0k on Ty, te€[0,T],
V =3[, on Iy, t€[0,T].
Here

(1.7) o= /_11 \/—%——?)ds,

x and V are, respectively, the mean curvature and the normal velocity
of the interface I'y, n is the unit outward normal to either dQ or I';,
[Zv]r, = vt — £v~ and v* and v~ are respectively the restriction
of v on Q} and Q;, the exterior and interior of Ty in . Also u® — +1
in QF for all ¢ € [0, 7). Under the assumption that (1.6) has a smooth
classical solution, rigorous justification of this Pego’s result was recently
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carried out by Alikakos, Bates and the author in [1], using asymptotic
expansions and spectral analysis. Using energy methods, Stoth [61]
recently obtained a global (in time) convergence result for the case of
three-dimensional radial symmetry and Dirichlet boundary conditions.

The main purpose of this paper is to formulate a weak solution to
the free boundary problem (1.6) and to show that the solutions of (1.1)
approach, as € N\, 0, to weak solutions of (1.6).

For completeness, we continue to discuss the dynamics of (1.1) after
the second stage, though it is not the concern of this paper. Notice
that equilibria of (1.6) are either a single sphere or spheres of same radii
lying in 2 or intersecting €2 orthogonally. In case when the equilibrium
is a sphere or spheres of same radii lying in €2, there may not be a
corresponding equilibrium of the Cahn-Hilliard equation (1.1). In fact,
Alikakos and Fusco [2, and the reference therein] showed that if the
“interface” of the solution of (1.1) is close to a single sphere lying in 2,
then the interface will move superslowly (with a speed of order O(e™¢))
toward the closest point on 0Q. (Bronsard and Hilhorst[11] proved a
similar result in the one-dimensional case). They referred such kind
of solutions as “bubbles”. After a super long time, the bubble will
touch the boundary 9. At this moment, the bubble will quickly col-
lapse to a “half” bubble orthogonally attached to 92. We believe that
this collapse process will take O(e) time (in the time scale as (1.1)),
though its detailed dynamics is totally unclear. Once the half bubble
is formed, it will move along the boundary finding a final destination
which minimizes its surface area (in 2). Here we say a final destination
since it corresponds to a local minimizer of the energy functional £¢(-).
For related results, see Kohn and Sternberg [47]. Here we would like
to point out that the motion of a half bubble is again described by the
free boundary problem (1.6) with the extra constraint that the interface
I'; intersects 02 orthogonally, though rigorous verification is still under
way.

Problem (1.6) is often referred as the Mullins—Sekerka problem.
In studying solidification/liquidation of materials of zero specific heat,
Mullins and Sekerka [50] first studied the linear stability of a special
radially symmetric solution of (1.6) in IR® and showed that the spheri-
cal shape (of the interface) is stable when the radius of the interface is
small, and otherwise unstable.

Problem (1.6) is also called (two phase) Hele-Shaw problem since
if one replaces v by a constant in one of the region enclosed by T,
it becomes the (one phase) Hele-Shaw problem (with surface tension)
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arising from the study of the pressure of immiscible fluid in the air [35].

Concerning the existence of smooth solutions of the free boundary
problem (1.6), recently the author [23] established the local (in time)
existence of a solution in the two-dimensional case and, when the initial
curve is nearly circular, the global existence and long time behavior of
the solution. Very recently, Hong, Yi and the author [26] established
the local existence of a unique smooth solution to (1.6) in any space
dimension. We would like to mention that it was Duchon and Robert
[33] who first established the local existence of the one phase Hele-
Shaw problem in the setting that the initial curves are given by a graph
y = f(z) € HY2(IR!). In case f is sufficiently flat, they also established
the global existence and long time behavior. An extension of their result
to the case where the initial curves are small analytic perturbations of
a circle was recently carried out by Constantine and Pugh [30].

Another gradient flow for the same energy functional £(-) in (1.4)
is the Allen—-Cahn equation

uf = Au — 5_2f(u5),

which originally was introduced by Allen and Cahn [4] to describe the
motion of antiphase boundaries. It was formally derived that, as € \, 0,
the zero level set of u® approaches a surface which moves with a normal
velocity V equal to the mean curvature x of the surface; see, Allen
and Cahn [4], Fife[39], Rubinstein, Sternberg, and Keller[54]. Rigorous
justification of this limit has been successfully carried out in recent years.
The one-dimensional case was extensively examined by Fife & Hsiao [41],
Carr & Pego [21], [22], Fusco & Hale [41], Fusco [43], Bronsard & Kohn
[12], etc. The radial symmetric case was shown by Bronsard & Kohn [13]
whereas the general case was proven by de Mottoni & Schatzman [31],
[32], Chen [25], Chen & Elliott [27], Nochetto, Paolini, & Verdi [51] and
others, under the assumption that classical solutions of V = k exist.
Finally, it was Evans, Soner & Souganidis [36] who first established
a global result: for all time ¢ > 0, the limit of the zero level set of
the solution of the Allen—-Cahn equation is contained in the generalized
solution of the motion by mean curvature flow established in [29], [37],
[57]. More recently, Ilmanen [46] showed that this limit is actually one of
the Brakke’s motion by mean curvature solution [10], which is a subset
of the unique generalized solution of the mean curvature flow established
in [29], [37]. More recently, Soner established more delicate result [58]
with more general initial data [59]. Related results for area preserved
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Allen-Cahn equation can be found in [14, and the reference therein],
[28].

Though both the Allen-Cahn equation and the Cahn-Hilliard equa-
tion are gradient flows of the same energy functional, their dynamics
are pretty different since the former does not preserve the mass. Many
celebrated PDE tools such as the maximum and comparison principles
can be used for the former but not for the latter, thereby causing intrin-
sic difficulties in studying the Cahn-Hilliard equation. Nevertheless,
some of the tools such as the energy method [12], [13], [46], [57] and
the varifold approach [46] are shared by both equations (up to certain
degree).

Another dynamics related to the energy functional £%(-) in (1.4) is
the phase field system:

eloful — Auf) + 71 f(uf) = o5 T, Ty — AT® = —tu;,

which models the solidification process. Here of, of, ¢¢, and c® are
non-negative parameters, 7° is the temperature and u° is a phase order
parameter with u® ~ —1 and u® ~ 1 corresponding to solid and liquid
phases respectively. Notice that if o = ¢® = 0 and 0° = ¢¢ = 1, the
phase field system becomes the Cahn-Hilliard equation, and if a® = 1
and o¢ = 0, it becomes the Allen-Cahn equation. Convergence results
for various situations of the non-negative parameters af, o€, ¢¢, and c®
were formally derived by Caginalp and others [15, and the references
therein|, {16]. All Caginalp’s formal asymptotic limits (which include
the Allen—-Cahn and the Cahn-Hilliard limits) were recently rigorously
verified, under the assumption that the corresponding limit problems
have unique local smooth solutions, by Caginalp and the author [17],
by using a method similar to that used in [1] and a spectral estimate in
[24]. More recently, Soner[60] studied the global (in time) behavior of
the phase field system for the case o = 0 = ¢ = 1 and £ = /F(u®).
He showed that a subsequence of {(u®,T*)}.¢(,1 converges to an ap-
propriately defined weak solution of the Mullins-Sekerka problem with
kinetic undercooling. Here we shall use some of his varifold approaches.

This paper is organized as follows: In Section 2, we shall recall
several definitions from geometric measure theory. Then we define a
weak solution of the limit Cahn-Hilliard equation which can be regarded
as a generalized solution to (1.6). Also, we state our main result. In
Section 3 we establish certain e-independent estimates for the solution
of (1.1). These estimates allow us to draw convergent subsequences of
{(uf,v%)}. With the help of a key result, Theorem 3.6, we show that
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the limit is a weak solution to the limit Cahn-Hilliard problem. Section
4 is devoted to the proof of Theorem 3.6 which concerns with the upper
bound of the discrepancy measure £¢(uf)dzdt where

(L8) £(u) = [SIVel? - ZF(w)].

It is displayed in a general context so that it may be used for other
similar problems such as the Allen-Cahn equation, phase-field systems,
etc. Finally in Section 5, we study the radially symmetric case, which
provides more complete result than that in [61) and explains certain
important features of the Cahn-Hilliard dynamics.

In the rest of this paper, £¢(-), €f(uf), o, and £°(u®) are defined as
n (1.4), (1.7), and (1.8).

2. Preliminary

2.1. Basic notation.

In the sequel, B(z, R) denotes a ball centered at z with radius R in
RN, Br = B(0, R), and B, is a ball in RV ! centered at the origin 0'.
Also, S¥—1 is the unit sphere in R", and 7 a generic element in SV 1.
If n = (n!,--- ,nN), we denote by n ® n the matrix (ninj)NxN. We
use I to denote the identity matrix (d;;)Nxn. For any N x N matrices
A = (a;j) and B = (b;;), A: B := trace(ATB) = Y._, ai;bi;.

By C§*(D) we denote the space of m-th differentiable functions with
compact support in D where D can be open or closed. Note that if D
is compact, then CJ*(D) = C™(D). We use 1 to denote a generic
test function in CJ*(D), and Y a generic vector valued test function
in CJ*(D;IRY). The action of a functional on a test function will be
denoted by (,-).

We assume that  is a smooth bounded open domain in RY (N > 2).
The inner product in L?(2) will be denoted by (-, -) and the usual LI(£2)
norm by || - ||g,0. We denote by xg the characteristic function of a set
E.

For reader’s convenience, we recall several definitions from geometric
measure theory [38], [55].

Radon measure. Let D be either an open or a closed domain. If L
is a bounded linear functional on Cy(D) satisfying (L, ) > 0 whenever
1 > 0, the measure u generated by

u(A) = sup (L,y) for all A open in D
PeCo(A),l¥|<1
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is called a Radon measure on D. We use (u,%) (¥ € Co(D)) to denote
the value [}, vdu (= (L,%)), and use spt(u) to denote the support of .
If {u?} is a sequence of (Radon) measures on D, we say p/ — u
as (Radon) measure on D if as j — oo, (u/,9) — (u,9) for every
P € Co(D). _
If 1 is a Radon measure on Q x [0, T for every T > 0, we also call
p a Radon measure on € x [0, c0).

BV functions. Let u € L!(f). If the distributional gradient Du
defined by

(Du,Y) := (u,—div¥) VY e CH(;RN)

can be extended as a bounded linear functional over Co(Q;IR"), then we
say that u is a function of bounded variation, denoted by u € BV (2).
If u € BV(Q), we use D;u to denote the measure generated by the
functional (u, —1z;) on Co(€2). We denote by |Du| the Radon measure
generated by

|Du|(A) = sup / udivy, V A open C .
YeCo(4;RV),|V|<1/4

One can show [38] that D;u is absolutely continuous with respect to
| Dul, and there exists a | Du|-measurable unit vector valued function 7
such that Du = J|Dul|, |Dul-a.e. .

BV set. Let E be a set in Q. If xg € BV(Q), then we say E
is a BV set, or a set of finite perimeter. We denote Dxg = Vg|DxE|.
Clearly, in case F is smooth, 7y is the unit inward normal of E on 0F.

Varifold. Let P = S¥~!/{#,—i} be the set of unit normals
of unoriented N — 1 planes in RN. A varifold (or, more precisely, an
(N — 1)-varifold) V is a Radon measure on Q2 x P. If V is a varifold,
the mass measure ||V|| is a Radon measure on 2 defined by

Wi = [ avep.

First variation of a varifold. Let V be a varifold. Its first
variation 8V is a linear functional on C3(Q;IR") defined by

6V, V) = / / VY@ (1-p®p)dV(z.p)

VY € C}(;RY).
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Mean curvature vector. Let V be a varifold. If there is a
|[V'||-measurable vector valued function H such that

VI = (I AP = [ (Pa)- A@)dViE)

VY € CL(Q;RYN), then we say that H is the mean curvature vector of
V.

2.2. Definition of a weak solution.
Definition 2.1. A triple (E,v,V) is called a weak solution to the
limit of the Cahn-Hilliard equation if the following holds:
1. E = Ug>o(E; x {t}) is a subset of Q X [0,00) and
xE € C([0,00); L' (22)) N L*®([0, 00); BV (Q));
2. v EL ([0, 00); H'(Q)),
ie,v € L2((0, T); HY(Q)) for every T > 0;

3. V = V(z,p,t) is a Radon measure on  x P x (0,00) and for
almost every t € (0, oo) Vvt = V( ,-,t) is a varifold on 2, and there

exist a Radon measure u! on Q, u! measurable functions ct, - - - , cly, and
pt-measurable P valued functions p, - - - ,pl; such that
(2.1) 0<c<1(i=1,---,N), N ct>1,

N ptept=1 ut-a.e.,

(2.3) //Qx (z,p)dV*(z,p)
- Z / 2)(3, p!(z))dp (x)

Vi € Co(2 x P);

4. For every T > 0, almost every ¢t € (0,00), and almost every
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T € (0,t)

T
et [ [ [~ 2xewe+ 9ovi] = [ 2mui,0
vy € G5( x [0, 7)),
(2.5) ~ (Dxmi, v7) = (x5, div(w?)) = %wvt,?)
VY € G} RY),

t
@O W@+ [ [ 9 <w@.

Before explaining our definition, first we introduce our main result.
2.3. Main result.

Theorem 2.1. Assume that (1.2) and (1.3) hold. Let (uf,v%), € €
(0,1), be the solution of (1.1). Then there exists a sequence {ex}5>,
such that e N\, 0 as k — oo, and the following holds:

1. There ezists E C Q2% [0,00) such that u®* — —1+2xg a.e. in
Q x (0,00) and in CY°([0,T]; L*(Q)) for any T > 0;

2. There exists v € L2 ([0,00); H'(Q)) such that

loc
v* — v weakly in L?((0,T); H*(Q)) for all T > 0;
3. There exist a Radon measure p and measures g5, 3,j = 1,--- , N,
on Q x [0,00) such that for every T > 0,
ek (u*)drdt — du(z,t) as a Radon measure on Q x [0,T] ,
(2.7) B
Exugiugt dzdt — dpij(z,t) as measure on Q2 x [0,T],
i,j=1,---N.
4. There exists a Radon measure V on Q@ x P x (0,00) such that

(E,v,V) is a weak solution of Definition 2.1., du'(z)dt = du(z,t) (u*
as in (2.4) and p as in (2.7)), and

/0 "oV Ty dt = /0 ’ /Q V¥ [duta, 01— (dpig(a,t) ]
(2.8) VY € C}(Q x [0, T); IRN).

Observe from (2.8) that for V to be a varifold, one needs to show
that (%i) ~NxN < 1. This will be our main task of Section 4.

In case of radially symmetry, we can identify the varifold V" and the
value of v on OFE;.
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Theorem 2.2. Assume that (1.2) and (1.3) hold, that Q = B,
and that ug is radially symmetric. Then with the same notation as in
Theorem 2.1.,

du =20|DxE,|dzdt as Radon measure on Q x [0, 00),
(d#ij)NxN =€, ® €,du, as Radon measure on Q2 x [0, 00),

dV(z,t,p) =20|DxE,|dzdtds dp
as Radon measure on Q x [0,00) x P,
o(N-1)
|z

-

v(z,t) =— ér-Ug, on spt(|Dxg,|) fora.e t>0

where €, = ]%[

{€,—-¢€}€e P.
2.4. Remarks on the definition of weak solutions.
Assume that (E,v,V) is a weak solution of Definition 2.1.
1. Observe that (2.4) implies

and dg, is the Dirac measure concentrated at

<2XE> =Av in @ x (0,00) (in distribution sense),
t

(2.9)
%v =0 on 9N x[0,00) (in distribution sense),

lim E; = Ej.
tg‘l(l)t 0

Hence, (2.4) is a weak formulation of all the equations in (1.6) except
the third one.

2. Since xg € C([0,00); L*(R)), every E; is uniquely defined. Also,
by (2.9), we have (xg); € L2((0,00); H~1(92)), which implies xg €
C'/3([0,00); L*(R2)) by the assumption xg € L*®([0,00); BV ()) and
the Sobolev imbedding (cf. [48]).

3. The definition of V in (2.4) can be written as

dV*(z,p) = BJL;cH(x)0,(a)du’ (z)dp.
From (2.2), it follows that

dV*|i(z) = Zici(e)du' () > dp'(z),
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so that from (2.2), the function

__dVi@)

20|DxE,|(z)dz
is ||V'!|| measurable, m € [1,00) for |Dxg,|-a.e, and m € [1,00) U {0}
for ||[V||-a.e.

Now suppose that we have

|Dxe.|(B(z,r) N Q) _
PN-1

(2.10)

sup
z€N,r>0

< 00.

Then by Theorem 7.1 of [60], we know that (Dxg,,vY) is a bounded
linear functional over Co(€%;R"), namely, v is | Dx, | measurable. Since
m = oo for “|V¢|\ |Dxg,|” ae., 2 is |V*|| measurable, and therefore
we can write (2.5) as, for a.e. ¢t >0,

~(@V4,7) = (IV'l, =75, - ¥) V¥ € CHARY).
Hence, by the definition of the mean curvature vector,
v - —
(2.11) — VB = oHyt L — a.e.,

where H vt is the mean curvature vector of V!. (Note that this implies
Hy: =0, “|[VY|\ |DxE,|" a.e.)
If we further assume that

u|(B(z, 7))

lim sup N1 >0 pt—ae.,

™0 r
then, by the Allard theorem [3] or a less general theorem of Almgren [5],
V't is rectifiable (cf. [3], [5], [38] for deﬁnition). From the expression of
Vtin (2.4) it thus follows that ¢! = 1,¢c3 =--- = cny =0, ||V} = pt, and
p_l is the unit normal to the unorlented tangent plane of ut. In addition,
Hy: = HIDXE | for |DxE,| a.e. where HlDXE | is the mean curvature
vector of |DXE¢| (In case OF; is smooth, it is the mean curvature

vector of the hypersurface F;. ) Hence, from (2.11) it follows
v

2.12 — = D -a.e.
(212) 2ok |Dxslae,

where k = Jg,-H |Dxg,| S the “generalized” mean curvature of “spt(|DxE,|)”-
Thus, if m =1 for p-a.e., i.e, if

(2.13) pu = 20|DxEg,|, p-a.e. in x (0,00),
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then (2.12) is a weak formulation of the third equation in (1.6).

In conclusion, if we have (2.13), then Definition 2.1 is an acceptable
weak formulation of (1.6).

4. Generally, we cannot show (2.13) for the limit of the solutions
of the Cahn-Hilliard equation, except for the case of radially symmetry
as shown in Theorem 2.2.. In fact, equation y = 20|DxEg,| may not
hold for every (z,t). For example, by adding phantom interfaces in
the initial data (namely, oscillations on u§ such that 2|Dxg,|(Q2) =
| D limg~ 0 u|(2) < limeg |[Dug|(€2)), we can easily construct examples
such that u®(Q) > 20|Dxg,|(). Also, it may be possible that at some
later time, m > 1 at certain lower dimensional set contained in spt(u).
Hence, we can regard allowing m > 1 as a special property which helps
us to extend the classical solutions of (1.6) beyond the time where the
topological changes occur.

5. On the other hand, m defined in (2.10) has to satisfy certain con-
straints, since otherwise, there would be too many weak solutions. For
example, given smooth I'y and any constant m > 1, if we let (v™,['™)
be the unique (local) solution of (1.6) with o replaced by o™ := om,
then one can easily check that if we define E[" to be the set enclosed by
'™, and define V™ by (V™) := 20mHN 1| T 5'71“2" where HN 1[I
is the (N — 1)-dimensional Hausdorff measure restricted to I';*, then
(E™,v™, V™) will satisfy all the conditions to be a (local) weak solu-
tion, except the inequality (2.6).

Hence we impose (2.6) an an “entropy” condition to confine m. Here
we provide the following example as our reasoning: Suppose that m > 1
is space independent, that

Uselo,r)(sPt(| DxE.|) % {t})

and Usejo,7) (spt(ut) x {t}) are smooth space-time hypersurfaces, and
that m = 1 when ¢t = 0 (i.e., u%(Q) = 20|Dxg,|(2) ). Then one can
easily calculate

d
Gioxel@ =- [ W
¢ spt(IDxx,|)

1 ov
- 2 fpaonny "3
20m Jspt(|Dxg,l) -ON

1 2
——zam/Q|V'v| .
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Hence, comparing it with (2.6), we deduce that 20|Dxg,|(R2) > ut(Q)
where equality is possible only if m = 1, p-a.e.. Since we know that
pt(Q) > 20|Dxg,|(Q) for ae. t > 0, we must have m = 1 and
20| DxE¢|(Q) = pt(R) = pt(Q) for a.e. ¢t > 0. One notices that this
argument works also for arbitrary function m > 1 if we know that
kY > 0 on OFE;. One can check that the condition KV > 0 on OF; al-
ways holds for radial symmetric smooth weak solutions. Therefore, we
know that in the case of radial symmetry, a smooth weak solution of
Definition 2.1 is a solution of (1.6).

However, we do not know in general if the condition (2.6) is sufficient
to guarantee that a smooth weak solution of Definition 2.1 is actually
a classical solution of (1.6). If (2.6) is not sufficient, then we need
additional “entropy” conditions to confine m.

6. Clearly, a local (in time) classical solution of (1.6) is a local (in
time) weak solution of Definition 2.1., if we define E! to be the region
enclosed by T'; and define V! by V= 20HN~1|I;6

g,

3. Convergence

In this section we shall show that the family {(u®, v®)}o<e<1 is weakly

compact in some functional spaces so that we can draw convergent sub-
sequences.

In the sequel, all positive constants independent of € will be denoted
by the same letter C.
3.1. Basic estimates.

The following estimates are a direct consequence of (1.5) and the
properties of F' in (1.2):

Lemma 3.1. For every ¢ € (0,1] and every t,7 > 0,

55(t)+/:/n|Vv€|2=5€(T),

/00/ |Vve|? < &,

0 Q

o [ = mo

/ [uf[P < C(1 + &) (p as in (1.2)(b)),
Q

/Q(|u6| —1)? < Ceé,.
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3.2. Compactness of {u}occ<i1.
To show the compactness of {uf}, it is convenient to introduce a
function w® defined by

w®(z,t) = W(u(z,t)), (z,t) € Q x [0,00),

where
W(u) = /u \/2F~'(s)ds, F(u) := min{F(u),1 + |u|*}, u€R.
-1
Observe that
/ﬂleE(-,t)l - /Q 2 (u) |Vt < /neE(uf) —£(1), Ve ,o0).

Also by the properties of F', there are positive constants ¢; and cz such
that

cilur — ug|® <|W(uy) — W(ug)| < calur — ug|(1 + |u| + |uzl),
(3.1) Yui,uz € R.

Lemma 3.2. There exists a positive constant C which is indepen-
dent of € such that

1wl oo ((0,00)w11 () + 1w ll c1/8(j0,00);21 () + I14° llc1/78([0,00);22(02)) < C-

Proof. The idea to show the continuity of u® or w® in ¢ is to use
the equation uf = Av®. For this purpose, let p be any fixed mollifier;
namely,

peC®MN), 0<p<1inRN, p=0inRV\B, /]RNp=1.
For any small > 0, we define
up(z,t) = /B p(y)uf(z — ny,t)dy, z€N,t>0.
1
Here we have assumed that «® has been extended to
{z ¢ Q|dist(z,2) < no}
by

u(s +nn(s),t) =u(s —nn(s),t), s€8ne(0,m],t20,
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where 7 is a small positive number, and n(s) is the unit outward normal
to 0N at s € Of2.

By the properties of mollifiers, for any n € (0,79) and every ¢ > 0
we have

IVuz (5 )l <Co~Hlue ()20 < Cn7t,

(3.2)

/Q i, — Pz < /Q /B )1z = 1) = "z, 1) s
(3.3) <er /Q /B (W) (@ — ny, £) — ¥ (2, )| dyde
(34) <Cnlvu(,lha < Cn, (by 31)-

For any 0 < 7 < t < 00, by using u®(z,t)—uf(z,7) = f: u(z,s)ds =
f: Avé(z, s)ds, we can calculate

/Q(u;(z, t) — up(z, 7)) (v (z,t) — v (z,7))dz
__ / t / Ve (3, 8) (Vi (2, £) — Vil (z, 7)) dads
T JQ
32( I fa |VUE|2) 1/2(’»‘ — 7)1 sup,eo o) IVUS (-1 8) 2,0

<Cnl(t-1)/?

by the estimates on Vv® in Lemma 3.1and Vug in (3.2). This estimate,
together with the estimate for [|u; — u®||2,0 in (3.4) then yields

(3.5) A}ﬁ@n—muﬁmmscm+f%p¢wa
<c@-n)'*,

if we take n = min{no, (t — 7)1/4}.

Finally, using the second inequality in (3.1) we obtain

/ |w®(z,t) — w(z, 7)|dz

" <co|lu(-,t)
()l (19072 + -, Ollo + () )
<C(t-T)Y8.

277
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This completes the proof of the lemma.

Lemma 3.3. Let {¢;}52, be any sequence satisfying € 0 as j —
00. Then there ezist a subsequence {e;.} of {€;}, a non-increasing
function E(t), and a set E C Q x [0,00) such that as k — oo,

ECik (t) — E(t) for all t >0,
w®ik (z,t) = 20xEg a.e. in Q x (0,00)
and in C/°([0,T); L*(Q)) for all T > 0,
uk(z,t) > —14+2xg a.e. in Q x (0,00)
and in CY°([0,T); L*(Q)) for all T > 0.

In addition, there ezists C > 0 such that E; := {z ; (z,t) € E}
satisfies the following:

1. For any 0 <7 <t<oo, [glxe, — xE| < C|t — |1/4;
2. For any t € [0,00), |Ey| = |Eo| = 25™|Q);

3. xg € L*([0,00); BV(2)) and for every t >0,

Proof. 'The convergence of £%k (t) follows from the monotonicity of
the function £4(t).

Since bounded set in Wb!(Q) is precompact in L9(Q2) for any
q €1, Nl_l—), from the estimate on w® in Lemma 3.2. we immediately
conclude that there exist a subsequence {¢;,} of {€;} and a function
w(z,t) such that as k — oo,

wik (z,t) - w(z,t) ae. in Q x (0,00)
and in C/°([0,T]; L*(R)) for all T > 0.

Let u(z,t) be the function defined by the relation w(z,t) = W (u(z,t)).
Then in view of (3.1), we see that u** — u a.e. in Q x (0,00). Conse-
quently, by the estimate for u¢, we know that u* — u in C'/9([0,TY;
L?(Q)). Furthermore, by the estimate for (|uf| — 1)? in Lemma 3.1
we have |u| = 1, that is, there is a set E C Q x [0,00) such that
u = —1 4+ 2xg. This also implies that w = 20xEg.
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Using the time estimate for u® in (3.6), we obtain, for all
0<7<t< o0,

1 , .
[ e =xl = [ xe, = xml = Jim g [ 0 - P
Q Q k—oo 4 Q
< Clt — 7|4,
Also, since the average of u®(-,t) is mg for every ¢ and every t, we
have |Ey| = 1+—2’"Q|Q| Finally since |Dw®(-,t)|(R2) < £4(t), by the lower
semicontinuity of the BV norm, |Dxg,|(Q) = %lDwKﬂ) < %S(t).
This completes the proof of the lemma.

3.3. Weak compactness of {v°}o<e<i.
The following estimate depends only on the elliptic equation

(3.6) of = —eAuf + e f(uf),

and the assumptions [, ef(u®) < & and [yu = mo|Q| with mo €
(_1,1)'

Lemma 3.4. There ezist a large positive constant C and a small
positive constant g9 such that for every e € (0, &)

0° (5 Dl () < CE°(E) + IVO°(H D)llz0) Vi € [0,00).

Proof. By the Sobolev imbedding, it suffices to estimate the average
0¢(t) of v¢(-,t) over Q. For simplicity, in the sequel, we shall suppress
the ¢ variable.

Let Y (z) € C*($;IRY) be any function. Multiplying the equation
(3.6) by Y - Vuf and integrating over {2 we obtain

/ Y - Vuso =/ Y - Vuf(—eAuf + 71 f(uf))
Q Q
(3.7) =— / DY : (ee(ue) I-eVuf ® Vue)
Q
-l-/ ee(us)l—}-ﬁan.
N
Integration by parts for the left-hand side yields

/Y-Vu6 5=/ uevef"'-fiag—/?-Vveue
(9] N Q

- /(v‘ — )t divY ——T)e/ udivY.
Q Q
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Hence, for any smooth 1 with a%lb = 0 on 012, substituting
Y= V1 gives the formula
3. 8)

T A¢ue{/[D2¢ u6)l — eVUE ® Vuf) — uf Vg - Vo
— Ay — o)}

Now we choose 1. Let n be a small positive constant to be deter-
mined, and let u; be defined as in the previous subsection. Denote by
Uy the average of u; over 2. We define ¢ to be the unique solution to

—Ay =up — i, in £,
1/) =0 on 09, /1/) 0.

Observe from the definition of u,, that we have

(@ —ny)l - 1|dy

zeN
<1+ Cnp~V2||(juf| — 1)|lg,0 < 14 Ce/2y~N/2,

4 loor <1 + sup / o(4)
B(0,1)

Similarly, we can show that
lullcry < Cn7t (1 + ' /2p~N/2),
so that by an elliptic estimate,
I¥llc2(@) < Cllwgllorey < Cnt (L + /2~ NP2,

Therefore, the numerator in (3.9) can be estimated from above by

/ [D% : (e(u)] — eVE ® Vuuf) — uf Ve - Vo — uf Ap(v® — u‘e)]
Q

< Cllllcxm [£°1) + Iw%llaall Vo lag + I la.0llv® — llaa]
< O M1+ €M7 N2)(E5(2) + || Vofla,)-

Using the definition of 1, we can calculate the denominator in (3.9) by

/A¢u —-/(u -,

—uf)u — g2
/Q(u,, )+/Q( — 1) +1Q)(1 - )
+ |0 @ - 7).
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Recall that 4€ = myg € (~1,1), [, [u? — 1] < CvF,
|an — @] < Cllup — v’llz,0 < Cy.
We then have
/A¢u > |Q|(1 — md) — C(Ve + 7).
Therefore, from (3.9) we deduce that

-1 1/2-N/2)(ge €
|,v_s| < C'I) (1 +e )(5 (t) + ”V'U "2,Q)

- IQI(l—mo) C(Ve + )

Taking n small but independent of €, we then obtain the assertion of
the lemma.

Corollary 3.5. There exist positive constants C and €9 such that
for all € € (0,g0] and all T > 0,

T+1 0
/T e

Consequently, for every subsequence {e;}32, satisfying e, N O as

j — oo, there ezist a subsequence {¢j, } and a functionv € L2 ([0, 00), H!())
such that as k — oo,

vk — v weakly in L?((0,T), H*(Q)) VT > 0.

o0
/ /IVU|2 < &.
0 Q

3.4. An upper bound for the discrepancy measure £°(u®)dz.

To obtain a weak solution, here we state a theorem concerning the
upper bound of the discrepancy measure £°(u®)dz defined in (1.8). Its
proof will be given in the next section.

To state our theorem, for every € € (0,1] we define

Moreover,

K. = {(u,v) € H2(Q) x LA(Q) | —eAu+ef(u) =v
(3.9) in Q, %u =0 on 39}.

Also, we denote by w the positive part of w, namely, max{w, 0}.
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Theorem 3.6. There exist a positive constant g € (0,1] and con-
tinuous, non-increasing, and positive functions Mi(n) and Mg(n) de-
fined on (0, 170] such that for every n € (0,79], every € € (0, —1(177], and
every (uf,v®) € K¢, we have

/Q (§€(u€))+dx < U/QGE(ue)dw N EMz(n)/Qvez.

3.5. Convergence: Proof of Theorem 2.1.

With all the previous preparation, we can now prove Theorem 2.1.

Let {ug(-)}ee(o, be a family of initial data satisfying (1.3). Let
(u®,v®) be the solution of (1.1) with initial data u§. By the previous
estimates, we can draw a subsequence {ex}%2,, such that as k — oo,
€k \y 0 and the first three assertions of Theorem 2.1 hold.

Since W (u®*) — 20xg and |[DW (uf)| < ef(uf) for every ¢ and
every (z,t), by the lower semicontinuity of the BV norms, we have
|DxE,|dzdt < dp.

Sending k& to oo in the differential equation Avk = (u*)y = (14+uk),
and using the convergence of u®* and v®*, we obtain the identity (2.4).
Moreover, for any Y € C([0, T}; C(;RY), integrating (3.7) (with € =
k) from t = 0 to t = T and sending k — oo yield

(3.11)
T —
/ /2XEd1v (v¥) dzdt = / /DY: (Idp—(duij)NxN).
0 Q

To finish the proof of Theorem 2.1, it remains to construct V.
To do this, we first study the measure u(-,t). Notice that for any
0<7<T< o0,

(3.12)

/TT/ﬁdu(m,s hm/ / Ek)dsdt=[te(s)ds

One then can show that, for a.e. ¢t € (0,00), there exists a Radon
measure ,u( ) on Q such that for any g € C(f2), as function of ¢,
Ja9(2) ) is measurable in ¢t € (0,00), and for any 0 < 7 <t < 00

/Tt/ﬁg(x)dﬂ(z,s) = /Tt/ﬁy(x)d,u’ds.

(3.10)



SOLUTIONS OF THE CAHN—HILLIARD EQUATION 283

Therefore, in the sense of Radon measure,
du(z,t) = du'(z)dt.

By (3.12), we have u*(Q) = £(t) for a.e. t € (0,00). Consequently, for
a.e. t € (0,00) and a.e. 7 € (0,1),

p(@) = £() = Jim £%(s) = lim {%(r) - / t /Q Vot 2}

=£(r) - lim / t / | Vv |2
<&( / J oot = wri@ - / [ oot

Next, we study the relation between p;; and p. Observe that for
any Y, Z € C( x [0,T); RN),

T . o T o .
/ /YT' (skVue"®Vu5’°) -ZS/ /|Y| | Z |e* (u*)
0 Q 0 Q
T — —
+ [ [Pz,
0 JQ

Using Theorem 3.6, we know that as k — oo the limit of the second
term on the right-hand side is non—positive. Hence, by sending k — oo
we obtain

T
(3.13) / L7 () o 25 [ P12

Therefore, in the sense of measure |dp;;(z,t)| < du. Consequently, there
exist y—measurable functions v;;(z,t) such that

dpij(z,t) = vij(z, t)du(z, t) p—ae. (z,t) € Qx[0,00).
Clearly, by the definition of p;; and (3.13), we have
. . < —ae. 0) .
0< (V,J)NxN (VJ,(x,t))NxN <1, p—ae (z,t) € x[0,00)
Thus, we can write

(uij) NxN 2 1Al @ T; [ — a.e.
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where A;, 7 = 1,--- | N, are y—measurable functions, and 7/;,1 = 1,--- , N,
are u measurable unit vectors, and they satisfy
(3.14) 0<XA<1(i=1,---,N),

SEN<LEN Bed=1, p-ae

It then follows from equation (3.11) that for a.e. ¢ € (0,00) and every
Y (z) € C(%RY),

N
Z/XEtdnv /DY I ZA,ztu,zt ®V,)du( )
=1

/DY Zc [I Ui(z,t) @ vi(z, t)]du( ),

where
1

(@) = M, t) + 71 (1 - (e, ).

Clearly, for a.e. t > 0,0 < ct <1and YN, ¢t > 1 for pt-a.e. Now define
pt = {i(z,t), —Vi(z,t)} € P and V* as in (2.4). Then V defined by
dV (z,t,p) = dV?(z,p)dt satisfies the fourth assertion of Theorem 2.1.
This completes the proof of Theorem 2.1.

Remark 3.1. If one can show that V! is rectifiable, then for

VY| — —a.e.,V®(-) := V(z,t,-) is the Dirac measure supported on
the normal of the unoriented tangent plane of ||[V?!||. It thus follows
that ¢f = l,cg =...=cly =0, ||V|-ae.. Consequently, \; =1 and
A2 = -+ = Ay = 0, p-a.e.. The definition of A; hence implies that

€5 (u )]dwdt — 0 as Radon measure on Q x (0, 00).

4. The elliptic equation —cAuf + 71 f(uf) = v°.

This whole section is devoted to proving Theorem 3.6. We first study
the blow—up problem.
4.1. The equation AU = f(U).

Lemma 4.1. Assume that U € HL_(IR") satisfies the equation
(4.1) AU = f(U) in RV,
Then U € C3(RN), -1<U <1 inR", and
(4.2) VU (z)? < 2F(U(z)) VzeRN.
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Moreover, if the equality in (4.2) holds at some point in RN, then the
equality holds in all RN, and U either is trivial or is a planer wave;
namely, either U is a constant function being 1 or —1, or there exist
zo € RY and a unit vector € € SN~ such that

Uz) = q((z—20)-8), zeR",
where q(-) is the unique solution to the ODE
(4.3) G=1f(@), q0)=0,  g(doo) ==l

Lemma 4.2. The assertion of Lemma 4.1. remains true if
U e HL (RN"! x [0,00)) satisfies

AU = f(U) in RN x (0,00),
%U=O on RN~ x {0}.

Proof of Lemma 4.2. The assertion follows immediately from Lemma
4.1. if we extend U into RN evenly.

Proof of Lemma 4.1. We shall prove the lemma in three steps.

Step 1. First we show that U is bounded. Let ¢(-) € C*°(IR") be
a cut-off function; namely,

0<¢<lin RY, (=1in By, (=0 in RV\B,.

For1 (Ilc = 172}2 and any fixed zo € RY, multiplying (4.1) by ¢*¥(z—2z)U(z)
yields

0= / CFU(-AU + f(U))
- / [C"IVUF + YU F(U) + k¢HlUvU - vc]
> [ [M9UP + (FU(©) - 5¢HVUP - 6¢HUP - CEpIVEE],

where § can be any small positive constant. Since Uf(U) > ¢1|UP —c2
for all U € IR, by taking § = ¢;/2 it follows from the last inequality that

/ CFIVUP +UP) < Cle, c2,p, 1V¢ 1),

so that, for any zo € RN, |U|| H(B(z0,1/2)) < C where C depends only
on cy, ¢y and p. Consequently, by elliptic regularity theory (cf. [40]), we
have

U € C3(RN) N L®(RN).
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Since f'(s) > ¢y whenever |s| > 1, by comparing the function U with the

auxiliary functions (1 + ;€° 1+|“”(2) for fixed small § and §; € (0, 00),
one can show that |U| < 1.

Step 2. Next, we prove (4.2). In fact, L. Modica had proved in
[49] that any C3(IR") bounded solution of (4.1) satisfies (4.2). Here for
reader’s convenience, we provide a self-contained proof.

We define, for every small positive constant 4,

1
Ws = 5|VUJ* = F(U) - G5(U),

where u
Gs(u) := 6[1 +/1 exp ( -2 2%55 i‘; d§) ds].
One can directly calculate

AW; =D*U : D?U + VU - V(AU)
(4.4) = (f +G4AU — (f' + G5")|VU[*
=D*U : D*U - f(f + G§') — 2G5" (W5 + F + Gj)

by substituting the relation AU = f(U) and |VU|? = 2(W;s + F + Gj).
From the definition of W, VW; = DU - VU — (f + G§')VU which
implies that

|VU|2D?U : DU >|D?U - VU|? = |VW; + (f + G5')VU|?

>2(f + G§')VU - VW; + (f + G§')?|VU|2.

It then follows from (4.4) that, when |VU| > 0,

2(f + Gs")VU
VU2
(4.5) >(f +G5')? = (f + G4 f — 2G5"(F + Gs)
=(G5I)2 + [Gs' f — 2G5" (F + G4')]

>(G4')?,

AWs— - VWs +2G5"W;

where in the last equality, we have used the fact that

If1+0
F+4¢

since G5 > ¢ and G4’ > 0 whenever U € [-1,1].

Gs'f — 2G5"(F + G5) = G5’ [f + (F + G,;)] >0,
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We are now ready to show that suppy W5 < 0. In fact if
n := suppny Ws > 0, then there exists zg such that w(zo) > %n. Con-
sequently, for any positive integer k, there exists yx € B(zo, k) which
attains the maximum of the function wy := W5 + $n¢(25%2) in RN,
Hence, at yx, wr > n, Vwg = 0, D?>w; < 0. This translates, via the
definition of wy, that at yg:

|VU|? > 2W;5 = 2wy, — n¢ > 7,
1

|VWs| = §n|VCI < Cn/k,

AWs < 2nAC < Cn/k

But this contradicts (4.5) since as k¥ — oo, the left-hand side is
< O(1/k) (noting that G5" < 0) whereas the right-hand side is

1
> (@) 2 expl-2 [ 1 %%

Therefore, we must have supp v W5 < 0, which, by the definition of
W5, implies that

) > 0.

1
§|VU|2_<_F+G,;§F+35 in RV,

Sending § — 0 we thus obtain (4.2).
Step 3. Now we show the second assertion of the lemma. Assume
that equality in (4.2) holds at some point in IR and that U # =+1.

Then the function Wy := ]%E — F(u) attains its maximum. However,
the same calculation as before but with § = 0 shows that W; cannot
attain a local maximum unless Wy is a constant. Hence, we must have
Wo = 0 in R". Consequently, |VU|? = 2F(U) in IR2.

Since we assumed that U # +1, by maximum principle, U(z) €
(-1,1) for all z € R"N. Noting that q(-) is monotonic, there exists
a unique function z such that U(z) = q(z(z)). It then follows from
the identity [VU|? = 2F(U) that |Vz| = 1 in RY; namely z is a dis-
tance function. Furthermore, substituting U = ¢(z) into the equation
AU = f(U) yields Az = 0 in R". Since z grows at most linearly, the
properties of harmonic functions then imply that z is a linear function.
This completes the proof.

Remark 4.1. A parabolic version of Lemma 4.1 was first obtained
by Ilmanen [46] in studying the Allen-Cahn equation Uy = AU — f(U)
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in RN x (0,00). Assuming that U(,0) € (—1,1) and writing U(z,t) =
q(z(z,t)), Ilmanen [46] showed that |Vz| < 1 provided that |Vz(:,0)| <
1. Later, Soner [58] extended Ilmanen’s result by dropping the crucial
condition |Vz(:,0)] < 1. Since in both their papers they studied the
function z, they need the technical assumption (¢”/q’)’ < 0, which is
equivalent to the condition

(4.6) f2>2Ff  vue(-1,1).

Now suppose we are studying equation (4.1) in a bounded domain. From
our proof we can see that Wy = |Vu|? — 2F(u) satisfies the maximum
principle (but not minimum principle); namely, if W; obtains an interior
maximum, then Wj is a constant function. This conclusion is regardless
of the condition (4.6) and does not need the assumption |U| < 1. On
the other hand, with the assumption (4.6) and |U| < 1, one can show
that the function Wy := %’25 — 1 satisfies the maximum principle;

namely, Wy cannot attain an interior non-negative maximum unless it
is a constant function. Clearly when F(U) is small inside the domain

but large on the boundary, controlling Wy maybe more useful than
controlling Wy.

4.2. The equation —AU + f(U) =V.
Lemma 4.3. Let ) be a domain given by
Q:={(z',zn) € Br;zn > Y(2')},
where R > 2 and Y’ satisfies
47 Y(0)<0, VuY(0)=0, |DiYlcom,) <R
Also, let (U, V) € H2(Q) x L2() be any pair of functions satisfying

(4.8) —~AU+fU)=V in Q,
4.9) %U =0 on {(z',zn) € Br:zn =Y (2')},
(4.10) Vg ppne < B

Then for every n > 0, there exists a large positive constant R(n) which
is independent of U, V, and Y such that if R > R(n), then

[ (vvp-2r@) <o [ [vor+ @)+ Fo)+v?

By N anfl

(4.11) + / |VU|2.

{xeB1nQ; |U|>1-7}
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Proof. We need to distinguish the case where U is close to trivial
functions 1 or —1 from the the case where U is far from trivial. For this
purpose, we define

W={zeBinQ; UI<1-n}

Denote by 2* the number 7\,21:\'5 if N > 2 and any number, say 7, if

N =2. Shet m = 2£-. We consider two separate cases: (i) |Q;| < 7™
and (ii) |©;] > ™.
(i) First we consider the case where |2;| < n™. Note that

A 2-2%
VU, 0, <=2 |VUl,. g,

(4.12) SClIVU|l g1 (,ne2)

by Sobolev’s imbedding and the assumption on the measure of ;. On
the other hand, a basic elliptic estimate (cf. [40]) shows that

IVU 118,06y SC[IAUlly g0 + VUl 0]
<C[IVlly m0t + £ s,y + VUl 00

It then follows from (4.12) that

IVUllp6, < Cn[IVlym0e + 1l py00 + 19Ul py00)

Consequently,

/ VU < Cn? / V2124 vUR)+ / ‘ IVUP,
Binf) BN {zeB1NQY; [U|>1-n}

and the assertion of the lemma follows. We remark that in this case, we
need only R(7n) > 2 and do not need the assumption that ||V||2’ Bpn@ 18
small.

(ii) Next we consider the case || > n™. We show the assertion
of the lemma by a contradiction argument. If the assertion were not
true, then there exists a sequence {(U7, V7, ¥ )}32, such that for each
j > 2, (U, VI, Q) satisfies (4.7)-(4.10) with R = j, but (4.11) is not
true for (U7, V7). Of course, we have, for each j > 2, [(¥| := |{z €
BN ; [UF| <1—n}| >9™

Using the same technique as in Step 1 in the proof of Lemma 4.1,
we can show that for any fixed r > 0, if j > r+2, then "Uj"H?(B,nm) +
| fll2,B.nqs is bounded with a bound depending only on r.
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Let Y7 be the function in (4.7) for Q. We consider two separate
cases: (a) liminf;_,co Y7(0) = —o0; (b) d := liminf;_,o ¥7(0) > —oo0.

In case (a) , we can select a subsequence {;*} from {;} and a function
U € H2 (RY) such that as k — oo,

loc
yd* (z') — —oouniformly in any compact subset of RV ~1,

vi* —0 in L%(B,), Vr>0,

U"* — U in H%(B,) and ae. in B;, Vr>0,
f(U*) — f(U) in LIY(B,) and ae. in B, Vr>0,q€][l,2),
F(U') — F(U) in LY(B,), Vr>0.

In addition, U satisfies
~AU+f(U)=0 in RV,
It then follows from Lemma 4.1 that

lim (|VUJ"‘|2 - 2F(UJ"°))+ = /B (|VU|2 —2F(U))*

k—o00 B

(4.13) =0.

On the other hand, the assumption that |}/ k| > n™ will make the right-
hand side of (4.11) uniformly (in 5*) positive. In fact, since U * 5 U ae.
and Y7*(0) - —oo, we must also have |{z € By ; [U| < 1—n}| > n™
Consequently,

lim 7 /B 1 (|VUjk|2 +F(UJ"°)) = /B , n[lVU|2 +F(U)]

k—o00

4.14 >yl min  F(s).
(414 21 e, gy F )

But the last inequality and (4.13) imply that (4.11) must hold for ui*
with large enough k. Hence, we obtain a contradiction, which shows
that the assertion of the lemma holds.

The case (b) is similar. We can obtain a subsequence (Ujk,ij)
which converges to (U,d). The function U satisfies —AU + f(U) = 0
in {z; zy > d} and %U(z’,d) =0 for all z' € RN~!. Following the
same argument as in case (a) and using Lemma 4.2 instead of Lemma
4.1 we derive the same conclusion. This completes the proof of the
lemma.
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4.3. Control of the bulk energy.

If we call the region where |u¢| > 1—o0(1) as the bulk region, and call
the region where |u®| < 1 — o(1) as the interfacial region, the following
lemma shows that the bulk energy is small, comparing to the interfacial
energy.

Lemma 4.4. There exist positive constants Cy and ng such that for
every n € [0,m9], every € € (0,1], and every (u®,v®) € K¢,

/ [ef ) + &7 £2u)]
{z€Q; |uf|21-n}
(4.15)

< Con | Vuf|? + Coe/ vl
{ze€N;|us|<1-n} Q

Proof. Let cg be as in (1.2)(b). For any n € [0, co/2], we define g(u)
such that g(u) = f(u) if |[u| > 1 -7, g(u) =0 if ju| < 1 — ¢, and g(u)
is linear in the remaining part. Clearly, 0 < g2 < fg for all u. From the
identity

[ vtow) = [ [=edur +e7 )] o)
= [ feg'@)vuc + e fwgtu],
Q

we have, since | fo v'9(u?)| < fol§0°2 + £0%] < Jalgv™? + %o fo),
/ [ef'(uE)|Vu€|2 + _1_f2(ue)]
n{lul>1-n} 2e

(4.16) Sg/v€2—/ g’ (uf)|Vus|2.
Q Qn{|u|<1-n}

Since |f(£(1 — n))| = O(n), one has ¢'(u) = O(n) when |u| < 1—n.
Also since f' > co|lu[P~2 when |u| > 1 — ¢y, F(u) < Cf%(u) whenever
|u| > 1 — cp. The assertion of the lemma thus follows from (4.16).

4.4. Proof of Theorem 3.6.

Let n > 0 be any fixed small positive constant and R = R(n) be as
in Lemma 4.3. Assume that ¢ € (0, R™?] is arbitrarily fixed.

Let {z;};cs be a maximal collection of points in  such that

inf |z — x5 > €.
1’16‘7?1’#]
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Set BY = B(z,e)NQ. Clearly, Ujc7B’ = £, and there exists a constant
C(N) depending only on the space dimension N such that

Z XB(z;,2€) < C(N)
JET

(4.17) and Y XB(s;,re) < C(N)RY
JET
for all z € Q.
For each j € J, we define
Ul(y) = u(zj+ey), Viy) =ev’(zj+ey), ¥ ={yl|z;+eyeq}.
It is easy to check that
(4.18) —AU7 + f(UT) =V  in BRNQ.

Notice that for each j € J, 89 is isomorphic to the surface obtained
by magnifying Q by a factor of €, so that either Q7 N By is empty
or OO N Br can be represented, after a rotation, as a graph yy =
Y7 (y1,--+ ,yn-1) with Y7(0') <0, D, Y?(0') = 0, and

I1D3Y llcoy) < C(I092]|c2)e>.

Hence, by further assuming €1/2C(||09|c2) < 1, one sees that (after a
rotation) Y7 satisfies (4.7).
We decompose J into two disjoint sets A and B defined by

. N_yoo—
A:={j € T ; IIv¥|l2,p(a;,ren0 < €7 'R},
. N_1p-
Bi=J\A={j €J; 1v°ll2,B(z;,Re)n2 > €* 'R'}.
First we consider the case where j € A. In this case, we have
1Vll2,8zn05 = €™l ll2,B(z;,Re)n0 < R

It then follows from Lemma 4.3. that
. N+
/ (|VUJ|2 - 2F(UJ))
BN
<o [ (VU + @)+ £2(09) + (V)
BonQY

+ / |VU7|2.
Bin{yes¥;|Ui|>1-n}
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Transferring back to u® and v* we obtain

+ / e|Vul|2.
B(z; 26)n{z€slu|21-n)

Summing up j € A and using (4.18) yields
+
> [ (@) <c@n [ (¢ + e 2 w) +eo)
jeA’ B Q

+ C(N) £|Vut|?
{zeQ:|uc|>1-n}

SC’n/ ef (uf) +C€/ v&2
Q Q

where in the second inequality, we have used Lemma 4.4 and the fact
that f2(u) < CF(u) when |u| < 1.

Next we consider the case where j € B := J \ A. By a local elliptic
estimate, we have

[ o< [ (54 vE+ o)
1

<sc+C | (VIR + P09 xqusey)-
BN
Transferring this estimate into (uf,v®) and adding up j € B, we then
obtain
) / |Vl <Ce™t S |BY| + CO(N)e /
jEB jEB
(4.19) + CC(N)e! / f?
{z€Q;luc|>1}
Y 1B+ Ce [ o,
JjEB

where in the second inequality, we have used Lemma 4.4 with n = 0
to control the integral involving f2. Finally, since for every j € B,
JB(z; Reynn v€2 > R~2¢N-2 > ¢~2R~2|BJ|/| B, | where | By | is the volume
of the unit ball, follows that

Sipl<epiRy [

v*? < €?|B1|R*C(N)R" / v?
jeB jeB ' Bl@s.Re @

293
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by (4.18). Substituting the last estimate into (4.19) we obtain

Z/ e|Vue)? < CC(N)[1+RN+2]E/
Q

JjeB
Combining the estimates for the case 7 € A and the case j € B

yields
/Q(ff(uf))+ < Cﬂ/ﬂef(uf) +€M(77)/Q'U€2

Renaming Cn as n we thus completes the proof of Theorem 3.6.

5. Case of radial symmetry.

In this section we shall restrict our attention to the case of radial
symmetry. Hence, we assume that {2 = B;. We denote by S; the sphere
of radius r in RY and by wy the area of unit sphere S;. For convenience,
we shall not distinguish functions of z € B; from functions of r € [0,1).
We do distinguish, however, the integrals of dz from that of dr, due to
the consideration of singularities at the origin.

5.1. Equal partition of energy.

In the previous section, we have shown that the discrepancy measure
&¢(uf)dzdt is non—positive in the limit. In this section we shall show
that, in the case of radial symmetry, the limit is actually zero, as the
following theorem proclaims.

Theorem 5.1. Assume that {(u®,v%)}cc(0,1) @5 a family of radially
symmetric solutions of (1.1) with initial data satisfying (1.8). Then

lim / /
e\0
Proof. Since (uf,v®) is radially symmetric, £°(uf) = uf? — 1 F(uf)

and

(5.1)
N-1
—euy, — e(r—)uﬁ + é—f(us) =%, re€(0,1),te€ (0,00).

66

Multiplying this equation by rV—!

obtain

ué and integrating over (0,7), we

/r f'N_zeE(uE)df' + v (fe(ue) + 'veue)
A N_-1

r ~
(5.2) —/0 7:N—2( Ev® Nr_lvfue)df=0.
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Integrating this identity from r = 1/2 to r = 1 then yields
1/2 1
/ V28 (4)di <C / V1168 (u) [ dr
0 1/2

(5.3) +C / (PN 2|0t uf| + AN Holuf|)dR

<0 [ e
+C(|Ir2 Ellz,nllr"” “v¥ll2,0 + lu®ll2allvfll2,0)-

Since ||[r=1/2vf||gq < ||| 11 () and

Ir2u o0 < C + Cllr ' Fo) Y2 < € + Cellres(we) 12,

it then follows from (5.3) that

1
/0 rN_zee(ue)dr < CME(t), ME(t) =1+ ||v€||31(9) + ellvellip(m.

As a consequence, this estimate implies that

(5.4) / ¢ (uf)dz < COME(t), V€ (0,1),
Bs

and that, via (5.2),

(5.5) sup ‘T‘N_l (fs(ue) + vsue) < CME(t).
0<r<1

Hence, for any small § and 7,

</ e (u)dz
BsU{|u¢|>1-n}

+ / [lve11 = ) + 1 -Nome()].
an{r>3,juls1-n)

The last integral can be controlled by
C5(=M/2 pre (t) (measure{[uf] < 1 —n})/2 < C(6,n)VeME(t)

€ €

/n““

Hence, using (5.4) to control the energy in B; and using Lemma 4.4 to
control the energy in {|u¢| > 1 — n} we then obtain

J

< Cif6+n-+e+CEn)VE M),

£ (u)
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where C) is independent of €,7,d and ¢t. The assertion of the theorem
thus follows by integrating the last estimate in (0,7") and sending first
€ to 0 and then § and 7 to 0.

Corollary 5.2. Let {sj}]?‘;l be any sequence of positive numbers
converging to 0. Also let (ui,v%) be the radially symmetric solution
of (1.1) with initial data satisfying (1.8). Assume that as j — oo,
€fi (ufi)dzdt converges as Radon measure, to du(z,t). Then, for any

¥(,t) € Co([0,00); C()),

(o ]
/ / «pdu_ lim / / £j|Vui |*pdzdt
Ooo Q 0
= lim / / — F(u®)4dzdt
Jj—o0 Jo 96]'

o0
= lim / / (VW (u)|[dzdt,
Q

J—o0 0

where W (u) = [* \/2F(s)ds.

5.2. No interfaces piling up.

The lower semicontinuity of the BV norm states that if w/ — w in
LY(R), then |Dw|(R) < liminf; 00 |Dw?|(2). We only have inequality
because certain oscillations of w’ may not be carried out to the limit
function w.

In our case, there are possibilities leading to the discrepancy between
the limit of the measure lim |DW (u¢)|(f?) and the measure of the limit
|DW (lim u€)|(2) = 20|DxEg,|(2). One possibility is caused by the pres-
ence of phantom interfaces. That is, even if u = limu® = —1 a.e. near
Sr so that |DW (u)|(Sy) = 0, for a sequence of ¢, u* may go up and down
(several times) near an o(1) neighborhood of S,. This instance up and
down (known as phantom interfaces) produces energy which is carried
to the limit of the measure, but not to the measure of the limit. Even
if u does have a jump across S, so that |DW (u)|(S;) = 20|S;y|, still u®
can have arbitrary odd number of jumps (visually, interfaces piling up)
so that (lim |DW (uf)|)(Sy) = (2m + 1)|S;|, where m is a non-negative
integer. Another possibility is that u® is uniformly away from +1 by
a distance of order O(+1/€) so that %F(ue )dzdt could carry non-trivial
measure to the limit in the set where |DW| = 0. The second possibility,
of course, has been ruled out by Lemma 4.4 for almost all time. Now
in this subsection, under the assumption of radial symmetry, we shall
rule out the first possibility; namely, there are no phantom or piling up
of interfaces for almost all time.
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Theorem 5.3. Assume that {(uef,v”'i)};?‘;l are radially symmetric
solutions of (1.1) with initial data satisfying (1.8) and that as j — oo,
€ \v 0, €% (u%i)dzdt — du(z,t) as Radon measure on Q x [0,T), and
usi = —1+ 2xg in CY((0,T); L*(Q)) for any T > 0. Then for any
% € Co(@ x [0,00)),

| [wduzn =20 [~ [ wiDxslasdt.

Clearly, Theorem 2.2. follows from Theorem 5.3 and the third remark
in Subsection 2.4.

To prove Theorem 5.3, we need the following lemma which is a purely
elliptic result; namely, it deals with functions of r that satisfy (5.1).

Lemma 5.4. For every small positive constant 8, there exist a small
positive constant £9(d) and a large positive constant C(8) such that for
every € € (0,e0(0)], if functions u®(r) and vé(r) satisfy (5.1), and

(56) e <57 [ s <y
1

then the following holds:

1. If (a,b) C (4,1] is an open interval where |u| < 1—C(6)/, then
u® s strictly monotonic in (a,b) and |b — a| < C(d)e|Ineg|.

2. Define A® = {r € [26,1 — 26]| ; u®(r) = 0}. Then

1-26
/ rN=1ef (u)dr — C(8) Ve
2

)

<20 Z V-1

TEA®
1-20+C(d)e| Ine|
< /

rN=1ef (uf)dr + C(6)Ve.
20—C(0)e| Ineg|

3. For any r € A%,

¥ (r) + sgn(u(r)) ﬂf_l‘)l < C(6)e'B,

4. If 11 and ro are two different elements in A%, then

1

o] > ——.
=72l G
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Proof of Lemma 5.4. From the estimate (5.5), it follows
1168 (€ (r)) | oo (8,1)) < C(6),

which implies, in (a, b), |e?u| > 2F(uf) — C(§)e > 0. Moreover, solving
the equation euf = +4/2F(u¢) + O(e) we obtain

b u(b) /1 CVe eds
—a = P —
/ue(a) \/2F(s +0(e l 1+Cyve V2F(s) — Ce

<C(d)e|Ine|.

This proves the first assertion of the lemma.
Note that,

b b
e = [t + o)

=(a+ O(e|lne))"H{|W (u* (b)) — W (u*(a))]
+0(1) (b—a,]

Applying Lemma 4.4 with n = C/e, after a routine calculation, we then
obtain the second assertion of the Lemma.

Now we prove the third assertion. Let r € A® be arbitrary, and
define

Ulp) =u’(r +ep), a=ev'(r), B=¢(N-1)/r.

Then U and P = U, satisfies the ODE system

(5.7)
U' =P
P = f(U)—a—BP+h(p), p€ (—e 4 e/,
where N
—5{[U r+€p)]+(r(r—+sp£TpP}'

Since v, € L?([6/2,1]) and P = eut is bounded in [—e~1/4,e~1/4] with a
bound depending only on d§ and & (by elliptic estimates and the energy
bound for uf), we have

17| oo (—e-174 g-1747) < C ()8,
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Now consider the ODE system
(5.8) U'=P, P =fU)-a-pP

for small parameters o and 8. One can use the phase plane technique
to conclude the following:

1. Let U*(a) be the unique root of f(U) = a near +1. Then
(Ut(a),0) and U~ (a),0) are saddle stationary points of (5.8).

2. There exist positive constants ap and Gy and a C? function c(B)
defined on [—f, B] such that for every 8 € [0, 3], the ODE system
(5.8) has a heteroclinic orbit connecting (U™ (a),0) and (U~ (c),0) if
and only if a = ¢(8) or a@ = ¢(—/). Namely, if we denote respectively by
vE(a, B) and X (a, B) the stable and unstable manifolds of (U*(a),0)
(i.e, trajectory that enters or leaves (U*(«),0)), then v} = v if and
only if @ = ¢(8), and v; = 77 if and only if @ = ¢(—8). In addition,
c(B) = —aB + O(B?) for small 3.

3. If a € [~ap, ] and B € (0, B satisfy the relation

la — c(£8)| > 58,

then for any trajectory of (5.8) with U(0) = 0 and +P(0) > 0, at lest
one of the following is true:

(a) For some t* € (0,C|Inpg|], P(t) does not change sign in (0,t*)
and |U| — oo as t — t*;

(b) For some t, € [-C|Ing|,0), P(t) does not change sign in (t«,0)
and [U| = oo as t \ ts;

(c) U € (U (a) + &B%8,U*(a) — £B/®) either in [0,00) or in
(—00,0]. In the former case the positive half trajectory rotates around
certain points on (U~ (a),U*(a)) x {0} infinitely many times, so that
for some positive constant C' depending only on ay, fo, and f,

jCIn|B|
/ Fu)dp > j
0

for all positive integer j. A similar case happens in the latter case.
The proof is omitted. We refer interested readers to Smoller
[56, Chapter §C §D], or Aronson & Weinberger [6], or Fife & Hsiao
[41].
From the properties of the solution of (5.8), a perturbation argument
then shows that if | — c¢(£6)| > 26%® (the signs + go along with the
signs of P(0)), then (5.7) could not have a solution in (—e /4, /%) such
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that fi/,l;‘, F(U)dp is bounded by &.  Thus, we must have
a = ¢(£B8) + O(B%/®). This yields the third assertion of the lemma.

The last assertion follows from the third one since if r; and ry are
neighboring elements of A¢, then uf(r;) and uf(r2) have different signs
so that

Cllv*ll g ) VIrz = r1| 2[v° (r1) — v®(r2)]

=o(N — 1)(l + l) — O(e'/®).

T1 T2

This completes the proof of the lemma.
Proof of Theorem 5.3. We prove the theorem by a contradiction
argument. Assume the assertion is not true. Since

20|DxE,|dzdt < dp,
there exists T' > 0 such that

T T
/ /du(a:,t) > 20/ /IDXE,|da:dt.
0 Q 0 Q

Also since limg\ f(;‘r f36 dp = 0 (by the estimate (5.4)) and

limg o fOT J B,\B(1—s) 94 = 0 (by the properties of measures), there ex-
ists > 0 such that

T T
/ / du > 2% / / D5, (z)|dedt + (T + 260 + 1).
0 JB;_35\Bas 0 Ja

Consequently, by the definition of du, there exists a large positive integer
J such that for all j > J,

T . T
/ / dut’ (z)dt > 20 / / |DxE,|dzdt + §(T + 2&),
0 JB;_35\Bas 0o Jao

where duf := ef(u®)dz. Recalling that uf(Q) = £°(t) < & for any €
and every ¢, we then have that

measure{t € [0,T)] ; pg’ (Bi-25\B2s) > 20|DxE,|(Q)+6} > 26, Vj > J.
Also note that the set {t € [0,T] ; [[v°|lg1() = 6~ '} has measure
< §? fOT ||v€||§p(9) < 626y < 6. Hence, for each j > J, there must exist
t; € [0,T] such that
(5.9) V9% (-, t)ll2,0 < 677,

ug) (Bi-2s \ Bas) 2 20| Dx,, |(2) + 6.



SOLUTIONS OF THE CAHN-HILLIARD EQUATION 301

We now show that (5.9) is impossible for sufficiently large j.
For each j > J, we define

A ={r € [6,1 -] ; r € spt(|Dxa,, (r)])},
A% ={r € (26,1 — 2] ; u®(r,t;) = 0}.

Clearly, |DXE¢]. () > > cai wnrN~1. Also, by the first inequality in
(5.10) and Lemma 5.4(2), there exists a large integer J; > J such that

0

€ B N-1 .
pg; (Br-2s \ Bas) < 20 E wyr g Vi
reA"s
Hence, by the second inequality in (5.10),
_ - 0 .
(5.10) Z wyrV1 > Z wyrV1 4 s Vi > Ji.

reA%i reAl

Since ufi — —1 4+ 2xg in CV/°([0, T]; L1(R2)),

1
hj := \/€j + sup / |u®9(r,t) +1 —2xg,(r)|[dr 0 as j — oo.
tef0,1) /s

We claim that (5.10) and the definition of h; imply the existence of
Jo > Ji such that

(5.11) rl,rzGI/rllg}frl;érz |11 —ro| < 4hj, Vj > Js.

In fact if A% C U,.cui(r — 2hj,7 + 2h;), since the total number of
elements in A7 is bounded independent of j, then inequality (5.10) and
the assumption A% C U,c4;(r — 2h;j,7 + 2h;) imply that A%/ has more
elements than A7 for sufficiently large j (so that h; is sufficiently small).
Hence, for some r € A7, there are at least two elements of A% in (r —
2hj,r 4+ 2h;), which concludes (5.11). (This corresponds to piling up of
interfaces.)

If the condition A% C U,cai(r — 2hj, + 2h;) does not hold, then
there exists 71 € A7 such that r1 & U,ci(r — 2hj, T + 2h;). Therefore,
XE,; =lor=-1 in the interval (ry — 2hj, 71 + 2h;), so that by Lemma
5.4 (1) and the definition of hj, there must exist r € A% such that
r9 € (r1 —2hj,m1)U(r1,71 4+ 2h;), and (5.11) follows. (This corresponds
to phantom interfaces.)
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However, (5.11) cannot hold for sufficiently large j since Lemma, 5.4.
(4) claims that (recalling the first inequality in (5.10))
i fn—rl > g
min rL—T
r1,79€A%T ;r1#£72 ! 2= C(J)
for all j > J whereas h; — 0 as j — oo. This contradiction shows that
the assertion of the theorem must be true. q.e.d.

Remark 5.1. Though p!(Q) is non-increasing in ¢, our Theorem
5.3 does not imply that |Dyg,|(R) is non-increasing in ¢ since u!(2) =
pt(Q) + pt(09) where pt(82) may not be identically zero for a.e. ¢ > 0.
In fact, besides shrinking the radius of the interface to decrease the
energy, moving an interface toward the boundary of {2 and then making
it disappear also does the job. If the distance from the interface to the
boundary is neither too large (so that it does not move away from the
boundary quickly) nor to small (so that it does not disappear very fast),
then it will stay there for a time interval. For example, let u®(:,0) be
defined by u®(r,0) = 1in [0,1—d,], = —1 in [1 —d, +¢, 1], and linear in
(1 —d.,1—d, +e¢]. If d. is not too small, due to the mass conservation,
we believe that this interface will stay for a time interval [0, 7], and
hence, although in the limit, u* — 1 in © X [0,00) so that u*(Q) = 0,
pt(0Q) = lim&(t) > O for a.e. t € [0,7). Of course, if de is small,
the interface moves toward the boundary 92 and then disappears very
fast so that in the limit, u*(6Q) = 0 for all ¢ > 0. Our analysis in this
section may be extended to show that

pt(09) = m(t)wy for ae. t >0,

where m(t) is a non—negative integer valued non-increasing function.

Remark 5.2. Theorem 5.3 shows that, regardless of the distribu-
tion of the initial energy, for almost every ¢, there are no phantom in-
terfaces (the spheres (2 Nspt(ut)) \ spt(|DxE,)) and all interfaces have
multiplicity one (i.e., 20|Dxg,| = u® on spt(|Dxg,|)). This is a sharp
contrast to the motion by the mean curvature equation as the limit of
the Allen—Cahn equation, where there are phantom interfaces and in-
terfaces of any odd finite integer multiplicity. For example, consider
u®(+,0) defined by u®(r,0) = 1 in [0,1] \ [1/2 — d* —€,1/2 + d° + €],
= —1in [1/2 — d%,1/2 + d] and linear in the rest of the interval
[0,1], where d® is not too small, say, d® = /e. Clearly u®(r,0) — 1
as € = 0. If one takes this u®(r,0) as the initial data for the Cahn-
Hilliard equation, we can conclude that £%(t) — 0 for every ¢t > 0.
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On the other hand, if one takes this as initial data for the Allen—-Cahn
equation, one can show that u* — 1 in C*([0,T); L*(R)) as € — 0, but
e (uf)dz — downrN1§(r —r(t))dr where r(t) is the solution of the mo-
tion by the mean curvature equation r; = —(N — 1)/r with r(0) = 1/2.
That is, the two (phantom) interfaces act as if they did not see each
other.

5.3. Examples of the solutions of the limit problem.

In this subsection, we shall point out a few features of the solution of
the limit problem (1.6) in radially symmetric case. For this purpose, we
shall take for granted that the limits obtained from the solutions of the
Cahn-Hilliard equation are classical solutions of (1.6). (We conjecture
that Theorem 5.3 is sufficient to do this.)

Now assume, as before, that Q = B;. Also assume that for every

t >0, spt(|DxkE,|) = J(t o{rj(t)} where J(t) > 1 is a finite integer and
1>7‘1()>"->7"J(t)>0 Vvt > 0.

We assume that J(t) changes its value only at times when r; — 1, or
Ty¢) = 0, or 7j(t) —rj41(t) = O for some j = 1,---,J(¢) — 1. (This is
equivalent to assume that there is no nucleation of interfaces.)

We assume without loss of generality that o = 1.

A. The ODE systems.

Since v is harmonic in (7;(t),7;4+1(t)), using the interfacial condition
in Theorem 2.2, we have (assuming WLOG that xg, = 0 near r = 1)

(5.12)

( Nr—zl, r € [r1,1],
- 2—-N
i+l N-1 _ (N-1 N1'2NT1}
v(r,t) = < (=1) T ( Tj "j+1)r?;fv =V
re [7']+1,TJ] .7 - 17 7']— 11
| (=17 AL r € [0,74],

where 7; = 7;(t) and J = J(t). Here we understand that if N = 2, then
N should be replaced by Inr.
Hence the weak formulation of (2xg): = Av yields

#5t) = Tri(0) = (1 fun(ry(9) + 0,9) = ve(rs(8) = 0,1)
It then follows that
(5.13)

i5(0) = =i N {95120 + g1} G =1,-,7(0)
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where
(5.14)
it
9j-1/2 = i TTim
0 j=1J(t)+1.
Here again, when N = 2, the quantity 1_‘2T1Nv'_r2TN should be understood
i i1

1
Lemma 5.5. Let J° > 2 be an integer and {7'?}3]20 be real numbers
satisfying 1 > r? > ... > 9 > 0. Let [0,t1) be the mazimal time
interval where (5.13) has a smooth solution with J(t) = J° and r;(0) =
rg, j=1,---,J% Then the following hold:

1. 7j(t) <0 for all j=1,--- ,J(t) and all t € [0,%);
2. t) < oo;

3. minlsjsjo_l infte[o’tl) |7'](t) - "'j+1| > O,'

4. limt/tl T jo (t) =0.

Proof. The first and second assertions of the lemma follow directly
from the ODE equations. In the sequel, we denote ;(¢1) = lim; », 7;(t)
for all j = 1,---,J° Also, we denote ro(t) = 1.

We show the third assertion by a contradiction argument. Assume
that the assertion is not true. Then there exists i € {1,--- ,J—1} such
that 7;_1(¢1) > ri(t1) = ri+1(t1) > 0. We show that this is impossible.
In fact, since r;_; — r; is bounded away from zero in [0, ¢;], subtracting
the equations for r; and r;4; we have

d
dt (er - Tilil) =N(gi+3/2 —9i-1/2)

-1 -1 -1, -1

_ Tiv1 T Tip2 T, tTi

=N(N -2)(N - 1){ 2N _ . 2-N ,2-N _ _2-N
Tiv2 —Tit1 s i-1

Z—C, Vt € [O,tl)

where C is a constant. (Here for i = 1 or s = J° — 1, the second equality
needs obvious modification.) Integrating this inequality from ¢ to ¢; — 6
(6 > 0) and then sending § to 0, we obtain that

r¥(t)—rN, < Cti—t) Vte[ot),
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which implies

t
rN(t) < —/ tlc—sds_) —00

as t — t;, which is impossible. This contradiction shows the third
assertion of the lemma.

The last assertion of the lemma follows from the second and third
assertions. q.e.d.

By Lemma 5.5, we can conclude the following:

1. No interfaces will collide.

2. The only possibility that an interface disappears is by approaching
the origin.

3. If J° =1, then it is an equilibrium.

4. If J° = 2, then there is a finite time t; such at t;, the smaller
interface disappears, and the dynamics reaches an equilibrium.

5. If JO > 2, then there exist tg:= 0 < #; < to < tjo_; < tjo := 00
such that J(t) = J%—i in [t;, t;41) foralli = 0,--- , J®—1; in particular,
the dynamics reaches its equilibrium in the finite time ¢j0_;.

B. Motion of “phantom” interfaces.

Finally, we consider the special cases where there are interfaces that
are very close initially. By abusing the language, we also call them
“phantom” interfaces.

For simplicity and the purpose of illustration, consider the case
where J° = 3, and

r=1/2, r3=1/2-6, r=1/4,
(i.e. Eo(r) =[0,1/4]U[1/2 - §,1/2)),

where § is a very small parameter. Clearly, the first and second inter-
faces are “phantom” interfaces.

From the ODE system (5.13) and the proof of Lemma 5.5, we can
easily show that the quantity r1(t) —r2(t) and r3(t) vary in O(1) magni-
tude, if r9 is away from r3; namely, before r5 catches up r3 in O(6) time,
" the distance between r; and ry is O(§). Hence, the pair of “phantom”
interfaces {r1, 72} move toward the origin with a speed of order O(671),
whereas the “real” interface r3 does not show appreciable movement in
O(9d) time.

After O(J) time, the pair of “phantom” interfaces {ri,r2} get very
close to the “real” interface r3, so that all the three interfaces cluster
near 7 = 1/4. Now by the conservation of the mass, one can show
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that there is a new grouping: the interfaces ro and r3 pair together
as “phantom” interfaces moving toward the origin rapidly, whereas the
interface r; is detached from the cluster, leaving behind as a “real”
interface.

Finally, after another O(4) time, the new pair of “phantom” in-
terfaces {r,r3} disappear successively at the origin, and the system
reaches its equilibrium.

Using a similar analysis, one can study the cases where there are
arbitrarily number of interfaces which form a number of clusters initially.
In this case, one has to use the smallest distance among neighboring
interfaces as a criterion to distinguish “phantom” (cluster) or “real”
interfaces.

For any cluster, if the number of interfaces are odd, then the inter-
face with the largest radii will not move appreciably in a short time,
whereas the remaining even number of interfaces move very fast toward
the origin. In addition, if one groups these remaining even number of in-
terfaces pair by pair, then the distances between these pairs may change
significantly. (Hence, multiple time scales maybe needed.) If a cluster
has even number interfaces, then all of them move towards the origin
very fast, though the relative speeds of different pairs maybe very large.
(Again, in this case multiple time scales are needed.)

When a cluster of interfaces approach an interface or a cluster of
interfaces, if we consider all of them as a single cluster, then it moves
by the way we just described in the preceding paragraph.

Finally, after a very short time, all the “phantom” interfaces are gone
by disappearing at the origin, leaving all “real” interfaces, i.e, interfaces
that are well separated.

Remark 5.3. We believe that the above described motion of “phan-
tom” interfaces is actually the short time dynamics of the phantom
interfaces of the radially symmetric solution u® of the Cahn-Hilliard
equation (1.1) where § can be arbitrarily small, say O(e). That is,
phantom interfaces are not annihilated; they move toward the origin
with a speed proportional to the inverse of their distance, so that they
disappear after o(1) (with respect to €) time. Clearly this kind of mo-
tion of “phantom” interfaces is totally different from its one-dimensional
counterpart, where “phantom” interfaces annihilate each other. Also,
it is different from the Allen-Cahn dynamics where phantom interfaces
can be either annihilated (if their distance is o(¢|ln¢|) or propagate as
regular separate interfaces (if their distance, say, is > ¢|lne|?).
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Remark 5.4. In studying the motion by the mean curvature flow
and its counterpart, the Allen—-Cahn equation, a formula called mono-
tonicity formula (cf. [46]) plays an essential role. In terms of the Allen-
Cahn equation, this monotonicity formula ensures the “finite” propaga-
tion of the energy density e®(u®); namely, the total energy in a ball B,
at any time in any time interval [to,?o + d] is totally controlled by the
energy in a ball By, at time ¢y, where § depends only on r but not on
e. Clearly, from the examples of radial symmetry of the Cahn-Hilliard
equation, this kind of monotonicity formula may not be true since, for
example, if initially (¢ = 0) there are only a pair of “phantom” interfaces
(zero level set of u®) with O(e) distance located near r = 3/4, then in
O(¢) time, it will pass over all the balls of any size; therefore, the energy
in B4 at time ¢ € (0, O(¢)] cannot be controlled by the energy in B/,
at t = 0. The lack of monotonicity formula is the main difficulty for
us to establish a very close relation between the measure 20|DyxE,| and
the measure p in Theorem 2.1.
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