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A SPHERE THEOREM WITH A PINCHING
CONSTANT BELOW 1
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Dedicated to M. Berger

Abstract

In this article we establish a topological sphere theorem for compact, simply
connected, odd dimensional manifolds M™ with pinched sectional curvature.
The pinching constant §,q4 that appears in our hypotheses is < %, explicit,
and independent of the dimension. Furthermore, in the even dimensional

case we can find a pinching constant fev < % which guarantees that the

integral cohomology groups of M™ coincide up to torsion groups of odd
order with the cohomology groups of a sphere or a projective space.

Both results are reduced by means of the diameter sphere theorem of Grove
and Shiohama to proving Berger’s horse shoe conjecture under a suitable
condition on the diameter. The geometric arguments rely on refined Jacobi
field estimates, which might be useful in other contexts as well.

Introduction

Berger’s rigidity theorem provides a classification of all compact, sim-
ply connected manifolds M™ which carry a Riemannian metric with pos-
itive, weakly -pinched sectional curvature [6]. This result has already
been known in 1961. Then it has taken more than twenty years before
the tools have been available to analyze weaker pinching conditions.

In fact, the pinching below—4 theorem for even dimensional manifolds
[10] obtained by Berger in 1983 has been the first major application of
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Gromov’s compactness theorem [18, 30]. The hypothesis about the par-
ity of the dimension has been necessary, since at the time an appropriate
lower bound for the injectivity radius was not available for odd dimen-
sional, compact, simply connected manifolds with sectional curvature
pinched below ;. In [1] we have established such an estimate, and, as a
first application, we have extended Berger’s result correspondingly.

Both results, Berger’s pinching below—i theorem for even dimensional
manifolds and the sphere theorem for odd dimensional manifolds in
(1], are based on Gromov’s compactness theorem and on limiting argu-
ments. Therefore the pinching constants in these results are inherently
inexplicit, and they depend on the dimension.

However, the sphere theorem for odd dimensional manifolds can be
improved substantially.

Theorem A. There ezists a constant d,qq € (0, i) such that any odd
dimensional, compact, simply connected Riemannian manifold M™ with
doada —pinched sectional curvature is homeomorphic to the sphere S™.

We emphasize that the constant d,qq is independent of the dimension
and explicit. In fact, our proof works for d,qq = %(1—{—6‘)@)‘2 where
€oaa = 107%. It is an interesting question whether similar techniques
can be used to improve Berger’s pinching below—; theorem as well. We
have the following partial result on the cohomology level:

Theorem B. There ezists a constant d, € (0, ) such that for any
even dimensional, compact, simply connected Riemannian manifold M™
with 6ey—pinched sectional curvature the cohomology rings H*(M™; R)
with coefficients R € {Q,Z,} are isomorphic to the corresponding co-
homology rings of one of the compact, rank one, symmetric spaces S™,
CP™/2, HP™/*, CaP?, or the rings H*(M™; R) are truncated polynomial
rings generated by an element of degree 8.

Again the constant d., is explicit and independent of the dimension.
In fact, our proof works for e, = (1+€ey) ™2 where €e, = 57155

Recall that H*(CaP?* R) = R[¢R]/(¢3) where degér = 8. How-
ever, we cannot exclude the possibility that H*(M™; R) = R[¢g]/(€R)
where deg £z = 8 and m > 2. For instance, we cannot apply J. Adem’s
result [3, Theorem 2.2], since we do not have enough control on the
cohomology ring of M™ with coefficients Zj.

The proofs of Theorems A and B do not rely on Gromov’s compact-
ness theorem at all. They are rather based on direct comparison meth-
ods and on some results from algebraic topology. In fact, the geometric
arguments for Theorems A and B are essentially the same, whereas the
topological arguments reflect the substantial difference between the even
and the odd dimensional case.
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The main ideas will be explained in more detail in the next section.
There we shall also describe the organisation of the paper. We proceed
discussing the context of Theorems A and B.

In low dimensions much stronger results are known. By the Gauf—
Bonnet theorem any compact, simply connected 2-manifold with pos-
itive sectional curvature is diffeomorphic to the sphere. For compact,
simply connected 3-manifolds we refer to the work of Hamilton.

Theorem 1.1. (R.S. Hamilton 1982 [21]) Let (M3, g) be a compact,
connected 3-manifold with Ricci curvature ric > 0 everywhere. Then g
can be deformed in the class of metrics with ric > 0 into a metric with
constant sectional curvature.

It follows that any compact, simply connected 3-manifold (M3, go)
with positive Ricci curvature is diffeomorphic to the sphere. The 4-
dimensional case has been studied by Seaman.

Theorem 1.2. (W. Seaman 1989 [33]) Let M* be a 4-dimensional,
compact, oriented, connected Riemannian manifold without boundary.
If the sectional curvature Kj; of M* satisfies

= < Ku
1+ 3v1+25/4.5-1/2

then M* is homeomorphic to S* or CP2.

We do not know the optimal value of the pinching constant in Theo-
rems A and B above. Ezamples of compact, simply connected manifolds
M™ other than spheres and projective spaces that have strictly positive
sectional curvature are scarce.

As shown by Berger (7], the only other normally homogeneous exam-
ples are the spaces M” = Sp(2)/SU(2) and M3 = SU(5)/(Sp(2) x S?).
Their pinching constants d,, := min K)s/ max K), are 3%, and %, re-
spectively [14, 22]. Further homogeneous, odd dimensional examples are
the Aloff~Wallach spaces M}, = SU(3)/S} ; where the integers k,[ label
the various embeddings of S! into the maximal torus T? C SU(3). It has
been computed in [23] that the pinching constant of the left-invariant
metric defined in [4] approaches ;1% as ¥ — 1. Bérard Bergery has
shown that there do not exist any other odd dimensional, homogeneous
spaces of positive curvature [5].

The even dimensional, homogeneous spaces with Kj; > 0 have been
classified by Wallach [36]. Besides the spheres and the projective spaces
there are just the three flag manifolds M® = SU(3)/T?, M!? =
Sp(3)/(SU(2) x SU(2) x SU(2)), and M?* = F,/Spin(8). As shown
in [38], the pinching constant for the Wallach spaces M¢, M'? and M?*
are all equal to . This value is optimal in the class of homogeneous

. 64°
metrics.

0.188 ~ <1

)
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In addition, there is one 6-dimensional inhomogeneous orbit space
and there is an infinite family of 7-dimensional inhomogeneous orbit
spaces [15, 16]. These examples are constructed as quotients of SU(3) by
a twosided T?-action or by an infinite family of twosided S!-actions, re-
spectively. They resemble the Aloff-Wallach examples in many respects.
Recently, extending Eschenburg’s construction, Bazaikin [37] has ob-
tained an infinite family S \U(5)/(Sp(2) x S') of 13-dimensional
double quotients which are related to the Berger example M'® men-
tioned above. Yet, the twosided actions that lead to spaces of positive
curvature are not completely classified.

In view of these facts the pinching constant in Theorem A must be
strictly greater than ;—7, and the pinching constant in Theorem B must
be greater than 4.

2. Main ideas

Optimal injectivity radius estimates have already been an essential
ingredient in the proof of the classical sphere theorem due to Klingen-
berg [25]. They are also crucial for our main results. The pinching
condition that is required for these estimates depends in a significant
way on the parity of the dimension. Currently the best results are the
following two theorems.

Theorem 2.1. (W. Klingenberg [24]) Let M™ be a compact, simply
connected, even dimensional Riemannian manifold of positive sectional
curvature. Then its injectivity radius inj M™ is controlled in terms of
its conjugate radius conj M™

injM™ = conj M™ > w/vVmax Ky

Theorem 2.2. (c.f. Theorem 1.1in [1]) There ezists a constant d;n; €
%, i) such that the injectivity radius inj M™ and the conjugate radius
conj M™ of any compact, simply connected Riemannian manifold M™

with &;n;—pinched sectional curvature coincide:

injM™ = conj M"™ > w/vVmax Ky

Recall that the latter theorem holds for 8 = 3(1+ €in;)~2 where
Einj = 107%. Pinching constants d;,; < % are obstructed by the Berger
metrics on odd dimensional spheres. Notice that the same lower bound
for inj M™ has been established by Klingenberg in [25] under the stronger
hypothesis that the sectional curvature of M™ is strictly i—pinched, and
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it is this result that has played a major role in the proof of the classical
sphere theorem.

Since the injectivity radius provides a lower bound for the diameter
of the manifold, the classical sphere theorem follows when combining
the preceding injectivity radius estimates with the following diameter
sphere theorem.

Theorem 2.3. (K. Grove, K. Shiohama [20]) Let M™ be a complete
Riemannian manifold with sectional curvature Ky > 0 > 0 and diame-
ter diam M™ > W Then M™ is homeomorphic to the sphere S™.

In our context the diameter sphere theorem and the injectivity radius
estimate do not fit together that well. Nevertheless, Theorems 2.1-2.3
provide a considerable reduction; it turns out that it is sufficient to
prove the following version of the horse shoe conjecture discussed by
Berger in 1962 [8].

Theorem 2.4. (Horse Shoe Inequality) There exists a constant
6 € (0, ;) such that for any complete Riemannian manifold M™ with

0< Ky <1 and wSian"SdiamM"Sﬁg

the following holds: for any py € M™ and any v € S*' C T, M the
distance of the antipodal points exp, (—mv) and exp,, (mv) is bounded
by m:

dist ;. (exp,, (—7v) , exp,, (7v)) < 7

In fact, the constant ¢ in this theorem is explicit and independent
of the dimension. Our proof even shows that the horse shoe inequality
holds for § = 3(1+ €)~2 where € = ;i

It should be pointed out that a horse shoe inequality has already
been established in the work of Durumeric [12, Lemma 6]. However, his
version of the inequality is only valid for manifolds which are not simply
connected; the basic idea of his proof is to analyze the geometry of the
Dirichlet cells in the universal covering of M™.

The major work in this paper, which will be carried out in §4 and §5,
is to prove Theorem 2.4. We have to develop an entirely new approach,
in order to cover simply connected manifolds as well. It has already been
known to Berger that the preceding theorem imposes strong restrictions
on the topology of M™. In particular, he already knew how to deduce
Theorems A and B. The main steps are as follows:

Corollary 2.5. (c.f. Proposition 2 in [8]) Let § € (0,}) be the
constant from Theorem 2.4. Then any compact Riemannian manifold
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M™ with

0<Ky<1 and wSian"Sdia,mM"Sﬁg

admits a continuous, piecewise smooth map f: RP® — M™ of degree 1.

Here deg f denotes the standard integral mapping degree, if M™ is
odd dimensional and orientable. Otherwise deg f has to be understood
as the Z,-mapping degree.

The next two results are of purely algebraic topological nature. The
first of these theorems goes back to Samelson [32], whereas the second
one can be extracted from [9, p. 135ff].

Theorem 2.6. Let M™ be a simply connected, compact, odd dimen-
sional manifold. Suppose that there exists a continuous map f: RP* —
M™ with degy f = 1. Then M™ is a homology sphere.

Theorem 2.7. Let M™ be a simply connected, compact, even dimen-
sional manifold. Suppose that there ezists a continuous map f: RP* —
M™ with degg, f = 1. Furthermore, let R € {Q,Z,}. Then

H*(M"; R) = R[¢r]/(§R™)

where m > 1 and &g is a homogeneous element of degree degép = .
Moreover, degég € {2,4,8} for m > 2.

The fake projective spaces discovered by Eells and Kuiper [13] show
that in the even dimensional case it would not be sufficient to recover
the integral cohomology rings to recognize the manifold M™ up to home-
omorphism, and the assertion of Theorem 2.7 is even weaker. The the-
orem determines the integral cohomology ring H*(M™;Z) only up to
the Serre class of torsion groups of odd order. This ambiguity reflects
the fact that we can only work with the modulo 2 mapping degree of
f. The corresponding freedom for the homeomorphism type of M™" is
illustrated in Examples 3.6.

In the presence of the preceding results Theorems A and B can be
established as follows:

Proof of Theorem A. By Theorem 1.1 it is sufficient to consider
manifolds M™ of dimension n > 5. We define 6,44 as the maximum
of the constants &;,; and ¢ from Theorems 2.2 and 2.4. For ease of
exposition we scale the metric on M™ such that d,q4 < Ky < 1.

Because of the diameter sphere theorem of Grove and Shiohama we
only need to consider manifolds with diam M™ < m/(2Vd,44). By The-
orem 2.2 inj M™ > w, and thus it follows from Corollary 2.5 that there
exists a continuous, piecewise smooth map f: RP* — M" of degree
deg, f = 1. With Theorem 2.6 we conclude that the manifold M" is a
homology sphere. Since by hypothesis M™ is simply connected, Smale’s
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solution of the Poincaré conjecture in dimensions n > 5 can be applied
[28, p. 109]. q.e.d.

Proof of Theorem B. The argument is very similar to the preceding
proof. Since the injectivity radius can be estimated by means of The-
orem 2.1 rather than Theorem 2.2, we can define 4., as the constant §
from Theorem 2.4. As above, we obtain a continuous, piecewise smooth
map f: RP" —» M™.

In the present case, however, we only know that degz, f = 1. This is
still sufficient to apply Theorem 2.7, and Theorem B follows since the
truncated polynomial rings R[¢g]/(¢Rt") are precisely the cohomology
rings of S”, CP™/2, or HIP™/*, if the degree of the generator is n, 2, or 4,
respectively. q.e.d.

The paper is organized as follows: for convenience we provide com-
plete proofs for Corollary 2.5 and Theorems 2.6 and 2.7. These argu-
ments will be given in §3.

The actual work, however, will be to establish Theorem 2.4. The
proof of this theorem turns out to be surprisingly involved. Most of the
arguments are contained in §4; however, the new technical tools that
are required are developed in §5.

The basic idea for the proof of Theorem 2.4 is quite simple though.
The diameter of M™ is an upper bound for the distance of the points
exp,, (—3(1+¢.)7v) and exp, (;(1+¢0.)mv) for any number g, > 0. Our
goal is to derive from this inequality an upper bound for the distance
d(exp,, (—7mv) ,exp, 7v) that is smaller than the injectivity radius of
M™. For this purpose we shall consider a ruled surface ¥ with a conical
singularity at po. The construction and the basic properties of ¥ will be
explained in §4. It then turns out that we need refined estimates that
relate the lengths of various circles of latitude in a ruled surface with a
conical singularity like X.

These estimates, however, do not follow from standard Jacobi field
estimates. They rather comprise a new tool in comparison geometry,
which may be useful in other contexts as well and which will be devel-
oped in §5. The results are summarized in Theorem 5.4. The proofs
involve bounds for the angular velocity® of Jacobi fields, which are de-
rived by means of the Riccati comparison theorems. It seems that there
is no simple argument which is based on the maximum principle instead.

The new estimates are used to establish Proposition 4.5, which is the
crucial step in the proof of Theorem 2.4. In this context, it also becomes
clear for which parameters the new inequalities provide a significant gain
over the standard Jacobi field estimates.

lc.f. Proposition 5.12.
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In the appendix the comparison functions that have been introduced
in order to state Theorem 5.4 are analyzed in more detail. Formally,
these results are neither required for the proof of the theorem itself nor
for the proof of the horse shoe theorem. However, they provide a better
understanding of the theorem and of the way in which it is used in the
proof of Theorem 2.4. In particular, Proposition A.6 justifies Figure 2
on page 237, and Corollary A.7 provides some background information
concerning the numerical computations in the proof of Proposition 4.5.
Moreover, the results in the appendix may be useful for other applica-
tions of Theorem 5.4.

3. Arguments from topology

The purpose of this section is to prove Corollary 2.5 and Theorems 2.6
and 2.7. We begin with the construction of the map f: RP® —» M™,

Proof of Corollary 2.5. We fix some point py € M™. Then for any
unit vector v € S*~! C T,, M™ it is asserted by Theorem 2.4 that

dist s (exp,, (—7v) ,exp, (7v)) < 7 < injM™

and hence there exists a unique minimizing geodesic ¢, : [-7, 7] & M™
from the point c,(—7) := exp, (—7v) to c,(m) := exp,, (7v). Evidently,
the geodesics c, depend differentiably on the unit vector v € S*~! C
TpoM™. Thus we can define a continuous, piecewise differentiable map
f: B(0,27) C Tp,,M™ - M™ by means of

= exp,, (w) for0<|wl < =,
flw) :=
cﬁr(27r —|w|) for 7 < |w| < 27 .

By construction f(w) = cu/jw|(0) = C—w/u|(0) = f(—w) for any w €
S(0,2m) C Tp,,M", and therefore f factors over a map f: RP® =
B(0,27)/. — M™ which is still continuous and piecewise smooth.

It remains to verify that this map f has degree 1 provided that
the orientations are chosen appropriately. Since the mapping degree
can be computed locally, it is sufficient to show that the preimage
f~Y(po) consists of precisely one point. By construction d(po,c,(—)) =
d(po, ¢,(m)) = , and thus the triangle inequality shows that d(po, c,(t))
> im > 0 for any ¢ € [—,n] and any v € S"~'. Hence f(w) # po for
any w in the annulus B(0,27)\B(0,7), and the proof is complete as
injM™ > 7. q.e.d.

The proofs of Theorems 2.6 and 2.7 make repeated use of the Poincaré
duality theorem, the universal coefficient theorem, and the Steenrod
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squares. For this material we refer to the books by Dold [11] and Spanier
[35]. In the proof of Theorem 2.7 we shall also employ J.F. Adams’s
results on secondary cohomology operations and the Hopf invariant one
problem [2].

The first issue is to understand the structure of the cohomology ring
H*(M™; Z,). For this purpose we analyze the map f*: H*(M™;Z,) —
H*(RP™;Z,). As usual, w denotes the generator of H'(RP";Z,).

Proposition 3.1. Let f: RP® — M™ be a continuous map into some
compact, connected manifold M™, and let £ := inf{k > 0 | H*(f;Z,) #
0}. Suppose that degy, f = 1. Then

(i) f*: H*(M™;Z,;) —» H*(RP"; Z,) is injective,
(i) im f* = Zofw!]/(w™) C H* (RP; Z,),

(iii) £ divides the dimension n of the manifold, and

(iv) £=mn or £ is a power of 2.

Proof. i) Let =, € H¥(M™;Z,;). The Poincaré duality theorem
implies that there exists an element y,_, € H" *(M™";Z,) such that
Zx UyYn—r, = (ur where () stands for the generator of H*(M™;Z,). Note
that
H™(RP";Z,) is generated by w". Thus

@) U M (yor) = f*(Cu) = degg,(f)-w™ # 0

and hence f*(z;) # 0.

ii) and iii) Since f"({x) = deggz,(f)-w™ = w™, it follows that Poincaré
duality holds for the subalgebra im f* C H*(RP";Z;) = Zy[w]/(w™*).
More concretely,

weimfr & wteimf*
Hence im f*¥ = 0 for n—¢ < k < n. Finally, we observe that for kK < n—¢
the multiplication by w’ defines an injective map im f¥ — im f*+¢,
iv) We assume that £ # n. Thus (iii) implies that n > 2¢. This

case can be analyzed with the help of the Steenrod squares Sq'. Since
wt € im f*, it follows directly from the axioms for Sq* that

WU (14w)! = (Sq¢'w)’ = Sq*(w') € im f*

Using (ii) we conclude that (f‘) =0 mod 2 for 0 < p < £, hence the
claim. q.e.d.

Corollary 3.2. Let M™ be a compact, simply connected mani-
fold. Suppose that there is a continuous map f: RP* — M™ of de-
gree degg, f = 1. Then

H*(M"; Zy) = Z,[¢]/(€™")
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where m > 1 and where £ is homogeneous element of degree degé =
2 > 1. Furthermore, deg{ = n if n is odd.

Proof.  Using Proposition 3.1, we find ¢ € H(M™;Z,) such that
f{€) = w’ The case £ = 1 is ruled out, since H'(M™Z,) =
Hom(m,(M™),Z;) =0. q.e.d.

Substantial information about H*(M™;Z) can be recovered from the
very special structure of H*(M™; Z,), using just the universal coefficient
theorem and the Poincaré duality theorem.

Proposition 3.3. Let M™ be a compact, connected manifold. Sup-
pose that its cohomology H*(M™;Z,) is a truncated polynomial ring
generated by a homogeneous element & of degree degé > 1. Then

(i) the natural homomorphisms H*(M™;Z) — H*(M™;Z,) are sur-
jective,
(ii) the groups H*(M™;Z) do not have any 2-torsion, and

(iii) rkz H¥(M™;Z) = dimg, H*(M™; Z,).

Remark 3.4. Consider two primitive elements z; € H™ (M™;Z), 1 =
1,2, of infinite order such that m; + ms < n. Then their cup product
z, Uz, € H™*™2(M™; Z) is again an element of infinite order. It is an
odd multiple of a primitive element.

Proof of Proposition 3.3. Since degé > 1, H*(M™;Z,) = 0 and thus
M" is orientable. Hence H*(M™;Z) = Z and H"(M™,Z) = Z. 1t is
therefore sufficient to prove statements (i)-(iii) for 0 < k < n.

The first step is to establish (i)—(iii) for any k such that H*(M™;Z,) =
0. Note that in this case statement (i) is trivial. By the universal co-
efficient theorem there exists an injective homomorphism H*(M™;Z) ®
Z, — H¥(M™;Z,). Hence H*(M™;Z) ® Z, = 0, and we obtain (ii) and
(iii) as well.

It remains to handle the case that H*(M";Z,) # 0 for some k.
By hypothesis H*(M™;Z,) = Z,[€]/(¢™*') for some m, and degé >
1. Hence k and n are multiples of degé. This in turn implies that
Hr—k+1(M™;Z,) = 0. By Poincaré duality the torsion subgroup of
H*(M™; Z) is isomorphic to the torsion subgroup of H"~*+!(M™; Z), and
by the preceding step we already know that the 2-torsion of
Hn—k+1(M™; Z) vanishes. Thus the proof of (ii) is complete. In par-
ticular, Tor (H**'(M™;Z),Z,) = 0. Hence the map H*(M™Z) ® Z, —
H*(M™;Z,) that appears in the universal coefficient theorem is an iso-
morphism, and statements (i) and (iii) follow using (ii). g.e.d.

Proof of Theorem 2.6. The manifold M™ is simply connected. We
shall see that M™ is in addition a homology sphere. Hence the theorem
follows from Smale’s solution of the Poincaré conjecture in dimensions
n > 5 [28, p. 109], [34].
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We have to show that H*(M™;Z) =0 for 0 < k < n. Let us assume
the converse. Suppose that there exists some z;, € H*(M™;Z),0 < k <
n, and some prime field F such that z, ® 1 € H¥(M™; Z) ® F is different
from zero.

Then on one hand f#(zx) = 0. In fact, Corollary 3.2 and Proposi-
tion 3.3 show that z; is a torsion element and that ord z; is odd. But
H*(RP"; Z,) does not contain any torsion element of odd order.

On the other hand the following argument shows that f%(zx) # 0.
To begin with we observe that

fz({m) = degz(f) - Cren = Cren

where (y € H"(M";Z) and (gp~ € H"(RP";Z) denote the generators
that represent the given orientations. By the universal coefficient the-
orem the corresponding generators of H*(M™;F) and H"(RP";F) are
the elements

(m ®1 € H*(M™;Z)®F Cc H*(M™;F)
(re~®1 € H*(RP™;Z)® F C H"(RP"; F)

For the same reason H*(M";Z) ® F embeds into H*(M™;F). Thus
by Poincaré duality there exists some y5_, € H" *(M™;F) such that
(zx ®1)UyE_, = (ur ® 1. Applying f;, we conclude that

(fé‘(xk)®1)UfF"°(y5_k) = fg(($k®1)uy5—k)
= fr(u®1) = f7((mM)®1 = (rp-®1 # 0

and hence f5(z;) # 0.

Proof of Theorem 2.7. We begin with the case that R = Z,. By
Corollary 3.2 H*(M™;Z,) is a truncated polynomial ring generated by
some homogeneous element ¢z, of degree deg{z, > 1. It remains to
improve the restrictions for the degree of this generator if m > 2. As
explained in [29, page 134], the claim follows from J. F. Adams’s work on
secondary cohomology operations and the Hopf invariant one problem
(2].

For coefficients in R = Q the claimed structure of the cohomology ring
follows from the result for Z,—coefficients by means of Proposition 3.3.
q.e.d.

Remarks 3.5. a) All compact, simply connected manifolds M™ have
the same integral cohomology groups in degrees 0, 1, n—1, and n:

H(M™Z)=17, H'M™Z)=H"'(M"“Z)=0,
and H"(M™Z)~Z.
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Furthermore, H2(M™";Z) is always torsionfree.

b) The integral cohomology ring of a compact, simply connected 4-
manifold is determined by the second Betti number and by the inter-
section form. Theorem B asserts that this Betti number is < 1, and
thus the classification result due to Freedman [17] implies that M* is
homeomorphic to S* or CP?.

c) Seaman’s proof is based on Freedman'’s classification, too. How-
ever, Bochner techniques are used to establish the upper bound for the
second Betti number.

Yet, the conclusion of Theorem B is the best possible result in dimen-
sions n > 6.

Example 3.6. (communicated to us by M. Kreck) i) Let 2 < k < 2,
and let £ > 1. Then there exists a compact, simply connected manifold
St with

Z ifge{0,n},
H(SpZ) =42, ifqe{k,n—k+1},
0 otherwise .

ii) Consider a finite number of manifolds S, , asin (i) where 2 < k; <
2,¢ > 1, and £; = 1(2). Then the connected sum M" of a compact,
simply connected manifold V" like S*, CP"/2, HP"*, or CaP? with
the S¢. ,. is simply connected, and the projection M™ — V" induces
isomorphisms

H*(V%Q) S H'(M™Q) and H*(V™Zg) > H*(M™Z,)
But H*(M™;Z) ¢ H*(V™; Z).

Construction of the Manifolds St ,. Consider the cell complex X ,
obtained by attaching a k-dimensional cell e* to the sphere S¥~! by
means of a map of degree £. We may view X, as the (k—2)-fold
suspension of X,,. By hypothesis n > k+3, and thus there exists a
PL-embedding ¢} ,: X, — R*. Let Y;", C R" be a small tube around
tp (X, ;) with smooth boundary 9Y}*,. The compact manifold S¢, is
then obtained as the double of Y}", along its boundary.

Computation of m (S¢,) and H*(S},;Z) By construction the image
of . , is a deformation retract of Y}",, and therefore

m(Yey) = (kim(Xee) = 0

Here the second equality sign makes use of the assumption that £ > 2.
Since dY}", is connected, the Seifert-van Kampen theorem is applicable,
and hence the double of Y}", is simply connected.
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Observe that I?k_l(Xk,l;Z) = Z,. The other reduced homology
groups of X, vanish. Since .} ,(X; ,) is a deformation retract of Y;7,
and of Y;?,\0Y},, we can compute H*(Y,;;Z) and H*(Y}",,9Y,";;Z)
from the universal coefficient theorem and the Alexander duality theo-
rem, respectively. The nontrivial groups are

Z ifq=0,
Zt lfq=k,

Z ifq=n,
Z, ifg=n—k+1.

Ho(Yp,) - { HO (Y, 01 = {

By excision H*(S¢,,Y}%,) 3 H (Y2, 0Y,). Since k < 3, there are
short exact sequences

hence the claim.

4. The geometric setup for Theorem 2.4

The purpose of this section is to prove Theorem 2.4 up to some es-
timates for ruled surfaces that will be provided in the two subsequent
subsections. The argument will be given as a sequence of lemmas and
propositions.

Throughout the entire section we suppose that M™ is a complete Rie-
mannian manifold with 0 < § < K)y <1 and 7 < injM" < diam M" <
775 Clearly, these assumptions imply that § < %. We find it more con-
venient to write § = y7i7 and think of ¢ € [0,00) as the independent
variable.

It will be necessary to impose stronger and stronger bounds for ¢ as
we proceed.

Configuration (Horse shoe). Let po € M™ and v € S*! C T, M,
and consider the points p; := exp, (—7v) and p; := exp, (7v).

In order to prove Theorem 2.4, we have to show that dp (p1,p2) < 7.

Construction.  Suppose that 0 < ¢ < :. We define a number
0 € (0, 1) by means of the equation sin(1g. ) = sin(1e'/?x) ' -sin(}en),
and introduce the points

(14 o.)mv)
(14 o.)mv)

q; :=exp,, (-

g = exppo(

N N

Furthermore, we consider a minimizing geodesic ¢*: [0,1] — M™ joining
c*(0) := ¢§ to (1) := ¢5.
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q;

FIGURE 1. Configuration of the Horse Shoe

The geometric setup described so far is depicted in Figure 1. In this
Figure we have also indicated some circles of latitude that will be con-
structed later using the estimates from Lemmas 4.1-4.3 in combination
with Assumption 4.4.

By hypothesis L(c®) = dy»(¢5,4¢5) < diam M™ < ©(1 + €). Further
information about the geodesic ¢ is provided in the following three
lemmas.

Lemma 4.1. Let 0 <e < %, and consider the horse shoe p;pops and
the geodesic ¢ constructed above. Then dum(po,c(t)) > 3(1 - 32e'/®)m
for any t € [0,1].

In particular, the geodesic ¢*: [0,1] — M™ does not intersect the
metric ball B(po, 57) if 0 < € < &, and it does not intersect the ball

B(po, 3557) provided that 0 < & < 5455

Lemma 4.2, Let 0 < e < é, and consider the horse shoe ppop2 and

the geodesic ¢ constructed above. Suppose that d(p,,p;) > 7. Then the
angles

of =4( F (B)le=o, 7 €xPpo (—=70)|r= 3 (14001

05 =3~ Dlemr 5 Py 7)oy v

can be bounded from below by means of the inequalities:

cosaf < V2-sin(3:) sin(%ll—‘fj)—l fori=1,2.
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Lemma 4.3. Let 0 < ¢ < 31;, and consider the horse shoe p,pop.
and the geodesic ¢® constructed above. Suppose that d(p,,p2) > w. Then
d(po, ¢ (t)) < 3x for all t € [0,1].

Proof of Lemma 4.1. Since Ky <1 and inj M™ > =, it is standard
to define a weak contraction ®: M™ — S" as follows: we fix a point
Po € S™ and a linear isometry I: T, M™ — T;,S™, and set

B(p) == expg, ol oexp,!(p) if d(p,po) <,
R ) otherwise ;

here —p, denotes the antipodal point of 5, € S™.

Clearly, the points ¢ := ®(qf), po = ®(po), and G := ®(g5) lie on
a great circle and d(po, ) = d(Po, @) = ;(1 + o.)m. Moreover, the
geodesic ¢ maps to a curve ¢ : [0,1] = S™ such that L(¢°) < L(c¢f) <
7(1 + €) and d(po, ¢ (t)) = d(po, c*(t)) for all t € [0,1]. Hence

(1)
d(po,c*(t)) > inf{d(po,q) | 7€ S", d(q,q) +d(q,3) <7(1+¢)}

for all t € [0,1]. The infimum on the right hand side is actually a
minimum, which is achieved at some point § € S™ such that d(¢°, ;) =
d(¢,q;) = 3(1 +€)m. The great circle through p, and ¢ intersects
the great circle through ¢, p,, and & orthogonally, and by the Law of
Cosines we obtain

cos(3(1 +€)m) = cos(3(1+ g.)) - cosd(po,q°)
or equivalently:

) _ sin(Lem)
sm(%w —d(po,q_e)) = W
9 ¥e

Thus d(fo,q°) = (1 — 1¢'/%)m, and the lemma follows with inequal-
ity (1).

Proof of Lemma 4.2. By symmetry it is sufficient to establish the
lower bound for the angle of. Recall that Ky > 6 = g7 We con-

sider a comparison triangle pop, P, in the sphere S? of constant curvature
0 such that

d(ﬁo,ﬁl) = d(Po,Pl) =7,

d(Po,P2) = d(po,p2) = 7,
d(Py,p2) = © < d(p1,p2) -
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On the edge pop, we consider the point g5 := exp,, (1(1+0.)- -exp;.} (72))-
The Toponogov triangle comparison theorem yields

d(p, ,q3) > d(p,,3)

In order to compute the right hand side, we introduce the mid point m
on PP, and apply the Law of Cosines to the triangles p,mp, and p,mgs,
which have angles 7 at the vertex m. We obtain

c0s (542 (1, 45)) < o8 (5 APy 35))

cos (55 4(P1 ™)) - cos(555 A, G5))
-1

= cos(ﬁ) 003(2(115)) -cos(4(’;?;€))

< V2.sin(2-£)

- 2 14¢

(2)

The next step is to apply Toponogov’s theorem to the triangle p,q{q;.
Using the Law of Cosines we conclude that

cos(aj)
cos( 5747y 4(P1, 45)) — cos(5s APy, 4f)) - cos(5a sy @l 45))
s 4r,40)) - S8y 4G 5))
V2 sin(§ %) — cos(§352) - cos(5hy L(<?))
sin(Z 18 o) - Sm(z(1+e) L(c))

The bounds for ¢ imply that 0 < v2 sin(§3%;) < cos(§5%), and thus
the right hand side is a monotonically increasing function of L(cf). The
lemma follows, since this length is bounded by 7 (1 + ¢).

Proof of Lemma 4.3. We consider the hinges pyg5c* (t) if ¢t € [0, 1] and
pogict (t) if t € [3,1]. In either case Lemma 4.2 provides lower bounds for
the exterior angles of of the hinge, and applying Toponogov’s theorem
with the sphere S? of constant curvature é as the model space, we obtain
the inequality

4

cos(m d(po, c*(t)) > cos(=i=2t=1D) - cos (% Ltee)

> 71= cos(;—’%"j)
sm(am)sm(;ﬁ?) - sin(F )
> Lo cos(Zlfeed) — e sin(zem)
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Since by deﬁnition 0. depends monotonically on €, it is easy to compute

that o, < 12, and thus we conclude that

> 1 cos(0.m) — 1 sin(}e.m) — 33 sin(Zen)
> 0.498 —0.033 — 0.030 = 0.435
> 0.400 > cos (2 -27)

c0s (557127 4(Po, € (£))

Lemmas 4.1 and 4.3 suggest that we prove Theorem 2.4 indirectly.
For this purpose we impose the following inequality:

Assumption 4.4. Suppose that d(p;,p;) > 7 for the horse shoe
constructed above.

Construction (continued). Suppose in addition that 0 < e < ;.
Then it follows from Lemmas 4.1 and 4.3 that the geodesic c¢*: [0,1] —
M™ can be lifted under exp,, to a curve

°:[0,1] = B(0,3m)\B(0, L) C T,,M"

716

The corresponding unit vector field 9¢(t) := |¢°(t)|~! ¢°(¢) defines a dif-
ferentiable map

v°: [0,7] x [0,1] - M"
(r,t)  —exp, (r-°(4))

Notice that the geodesic ¢® lifts under v¢ to the graph of the function
7€: ¢t — |é(t)]. More precisely, c*(t) = y*(7¢(¢),t) for all t € [0,1].
In fact, ¥°|o,x)x[0,1) describes an immersed ruled surface with a conical
singularity at po.

By construction 9°(0) = —v and 9°(1) = v, and thus the total angle
at po is bounded from below by :

(@ v = [ 13 0ld 2 7

(3)

For any r € [0,7] we denote by £¢(r) the length of the corresponding
circle of latitude:

(5) e(r) = A | 2~%(r,t)| dt

Since 0 < § < Kjr < 1, the standard Jacobi field estimates reveal that
these length are related to the total angle ¢f as follows:

(6) @5 -sin(r) < E(r) < ¢f-snslr)

where sng(r) := J= - sin(vdr) as usual.
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Proposition 4.5. Let 0 < e < 2,71%. Suppose that Assumption 4.4
holds, and consider the ruled surface ¢ constructed above. Then there
is a uniform lower bound for the length £5(Zxm) = (14 a.) 7 - sin(35™)
gwen in terms of the inequality a. > 5505-

Proof. By construction the total angle ¢f of the ruled surface
v¢: [0,m] x [0,1] = M™ and the length #¢(7) of the small circle seg-

ment at radius m are bounded from below as follows:
Yo > and ££(m) > d(pr,p2) 27

Now the idea is to apply Theorem 5.4 with A := § < 1 A =1,

4
ry = -152%71' , and 7, := m. Using the monotonicity properties from
Lemma 5.3(iv), we conclude that

(7) ee(rl) Z q’flf‘z(ﬂ”’r;67 1) =TT ."prlf‘z(l;&’ 1) )

where 9, ,, and ¥, ,, are the comparison functions introduced via equa-
tions (20)-(23) in the next section. For clarity, we have extended the
argument lists of these functions by the curvature bounds d and 1. It re-
mains to evaluate the function h(8) := sin(r;) 4, (1;46,1). We have
to show that h(d) > 1 + g3¥5 = 1.001625 for 4_0:1“? <6< i Our
plan is to compute h(%) explicitly and thereafter to proceed using the
continuity and monotonicity of h.

When computing h(}), the parameters in equations (20)-(22) are
A= and A =1, and the function @ simplifies as follows:

(®) @(ro,r) = cos’(3ro) — 2sin’(3ro) - (1 — Sary)

Observe that sin(3r)~!sin(3ro) lies in [sin(37¢),1] for 0 < 7o < 7 <
m. It has been shown in Lemma 5.1(i) that @ > 0 on [0, 7] x (0,n].
Furthermore, the expression for the function § defined in (21) turns
into

sin(r) ifr<mr,

_ _ Jsin(3(r+mo))

(9) glro,r) = + cos(ro) sin(3(r—rp)) ifro<randn=2,
2sin(Lr) - w(ro,r)!/? ifro<randn>2.

By Lemma 5.2(iv) the equation (7, m) = 1 has a unique solution 7, in
(0, 7). With the preceding expressions for w and § we may rewrite this
equation as follows:

(10) {1=2cos3(§fo) ifn=2,

1 = cos?(Lf,) — 2(1—sin(1f,)) - sin’(37) ifn>2.
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The solution 7y can be characterized by means of the equation

1) cos(370) = y5 ifn=2,
sin(37o) = 7 +sin(57) ifn>2,

and thus 7, < 0.4163047 if n = 2, and 7, < 04705487 if n >
2. In either case we have 7y < r; = 2>m. Using formula (22) and
Lemma 5.2(iv), we conclude that 1/1,1,,(1 6 1) = §(fo, 71 ; 6,1) > sin(ry),
provided that 4 is sufficiently close to . With the help of equations (8)
and (9) it is easy to compute that h( ) > 1.020616 if n = 2, and
h(}) > 1.001663 if n > 2.

By Proposition 5.5 the map d — h(d) is nondecreasing, and a nu-
merical computation based on the original definition of %,,,, via equa-

tions (20)-(22) reveals that for o := 535; We have:
h( 1 ) 1.020612 > 1.001625 ifn=2,
4(1+e0)*7 = 11,001 661 > 1.001625 ifn > 2.

The interesting feature of the preceding proposition is the factor 1+
a. in the expression on the right hand side. By our next result this
little gain turns out to be a significant improvement over the standard
estimate (6). For this purpose we consider for any radius r, € (0, 37)
and any angle ¢, > 0 the spherical ribbon

(12) 2(7’1, ¢0) = ([Tl ) %ﬂ-] X [07 ¢0] ’ g) ’

where g := dr? + sin(r)2dy? is the standard metric of constant curva-
ture 1.

Proposxtlon 4.6.(A Weak Contraction) Let 0 < € < & and 0 <
r < 3m. Set ¢° :=sin(r,)"! - £5(ry), and consider the ruled surface ¥
and the spherzcal ribbon X(ry,°). Then there exists a diffeomorphism
®: [0,1] — [0, ] such that the map

id x®°: ([ry,37] x [0,1], (v)"g) = ([r1,37] x [0,&°] , §)

1s nonezpanding.
Proof. The pull-back metric (y¢)*g is given by dr? + |Y (r,9)|? d¥?
where Y (r,9) := £ °(r,¥). Hence it is sufficient to show that

(13) sin(r)™ - |Y (r,9)| > |Z®°(9)|

for all (r,9) € [ry, iw] [0,1]. It follows from the definition of £°(r,)

that the expression ®¢(¢) : fo sin(r;) Y (r1,t)| dt yields a bijective,
differentiable map ®¢: [0, 1] — [0, $¢] such that inequality (13) holds on

{r1} x [0,1].
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By Lemmas 4 1 and 4.3 the geodesic ¢ lies in the annulus
B(po, 37)\B(po, 157), and thus its lift & cannot be radial. In particular,
the vectors & () and & (¥9) are linearly independent for all 9 € [0,1],
and the map ®¢ defined above is a diffeomorphism.

Finally, we apply the infinitesimal version of the Rauch comparison
theorem to conclude that the left hand side of (13) is a nondecreasing
function of r.

Corollary 4.7. Let 0 <€ < 57555 000, and suppose that Assumption 4.4
holds. Then the length of the geodesic ¢® is bounded from below as fol-
lows:

L(c) > 1+ 235 v2—e®)m > n(l+e)

Proof of Theorem 2.4. The preceding corollary states that
m(l4+¢€) < L(c°) < d(g5,¢;) < diamM"

for 0 < € < 37455 » Which is the required contradiction because of the
given upper bound for the diameter of M™.

Proof of Corollary 4.7. We set ry := $%m and ¢° := sin(ry) ™ -£(ry).
By Proposition 4.5 ¢ = (1 + a.)7 with a, > 8(1)30. We consider the
spherical ribbon ¥(r;,$¢) introduced in (12). Combining the current
bound for ¢ with Lemmas 4.1 and 4.3, we see that the geodesic c° is
contained in the annulus B(po, 37)\B(po,71). Notice that the points
¢ == (3(1+ ¢.)7,0) and §, := (3(1 + o), ") are the images under
id x®¢ of the end points (v¢)~1(c*(0)) and (v¢)~!(c°(1)). Hence Propo-
sition 4.6 asserts that L(c®) > disty(r,,z)(q1 ,d2)-

Replacing a curve c: t — (r(t),o(t)) € X(r;,$°) connecting the
points §; and g, by the curve t — (max{r(t),7—r(t)}, ¢(t)), we con-
clude that

(14) L(Ce) 2 diStE(rl,w)(‘il a‘j2) = diStE(%,,q,e)(‘il a62)

Thus the basic step in the proof of the corollary is to determine a
minimizing curve c: [0,1] — L(37,$°) from §; to g. Since ¢° > , the
ribbon L(37, ¢°) does not contain a segment of a great circle connecting
¢ and .. Hence c|(,;) meets the boundary of the ribbon.

The only nonconvex piece of this boundary is the arc that lies on the
small circle {r = 37}. Moreover, the radial projection of X(3, ¢*) onto
this arc is a weak contraction. We conclude that any minimizing curve
¢ from §; to g, consists of three arcs ¢, %, Z;%,, and Z,¢,. The arc Z,%Z,
lies on the small circle {r = 3}, and ¢, and Z,G. are segments of
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great circles which touch the small circle tangentially. In particular, ¢
is uniquely determined, and L(§;Z;) = L(Z:4s)-

It remains to estimate the length L(c) = 2 L(§;%,) + L(%, %) from be-
low. Notice that the great circle through Z, and @, intersects the equator
{r = i7} in some point (3, —£,) at an angle of #. We consider the
triangle with vertices (1m,—&), (37,0), and G = (1(1 + g.)7,0). Ob-
serve that the segment from (%ﬂ', 0) to ¢, has length %ggr. Let 51 be the
length of the segment from G, to (3, —&o). An elementary calculation
based on the Laws of Sines and Cosines shows that

(15)  sin(é) = tan(3e.m) and sin(§;) = V2. sin(30.m)

where g, is the number that appears in the definition of the pomts qi
and ¢5. Clearly, L(G:%,) = 37 — ¢,. Furthermore, #, = Gm, 3m— &),
&y = (3m,¢*—3m+), and thus L(%,3,) = %(955—”""250) = %(%"‘*‘2&)-

Hence

L(cf)

v

diStE(%,,,q-,e)(iil a‘jZ)
= 7+ Jsa.m — (26 — V24)
> (1+ 1500 V2 - 52/3) 7r

Here we have used Proposition 4.5 and the equations in (15), in order
to control the terms ¢° —7 and 2§1 V2§ 2 &, respectively.

5. Estimates for ruled surfaces with a conical singularity

The estimates to be presented in this section provide a new tool that
might be useful in other contexts as well. So we find it appropriate
to work with a generic Riemannian manifold M™ and just assume that
its sectional curvature K), is bounded from above and below, i.e., A <
Ky < A. We shall consider ruled surfaces in M™ which are given as
differentiable maps

(16) v: [0,72] x [0,1] - M™"

such that each curve v4 = v(.,) is a normal geodesic emanating from
some fixed point p € M™", i.e.,

QJIQ

%'ZEO, |%}|El, and 7(0,9) = po
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In general, r, can be any positive number. However, if A > 0, we
suppose that r, < # For any r € (0,72] we consider the length

(17) or) = /0 |22(r, 9)| dp

of the corresponding small circle arc. By the infinitesimal version of
the Rauch comparison theorem the functions r — sny(r)~ |52 (r,9)|
are nonincreasing, and thus £(r;) > :’:—"g%lﬂ( ry) for 0 < r; < 7y. The
preceding lower bound for £(r,) can be improved by means of the total
angle

1
(18) 0y = /0 |2 21(0,9)| do
at the conical singularity p, as follows:
(19) £(r;) > max{epp - snp(ry), %:((:—3 -£(rg)}

We are mainly interested in the case that g - snp(rz) < £(r3) <
©o - sny(r2). This condition means in particular that A < A, and the
right hand side of (19), when considered as a function of r;, has a corner
at some point r, € (0,73). The principal goal in this section is to improve
inequality (19) for all r; in some interval (r,7;) C (0,7;) containing ..

To begin with, we introduce geometrically better adapted comparison
functions. For this purpose we restrict to the case A < A and consider
the real analytic maps w: [0,7;] x (0,72] = R given by

(20) (ro,r) 1= A0 5. gy (Gatro) coalro)) . [ smale) g

sn3 (7o) snx(ro) sna(ro) o sn3 (o)

Notice that the determinant factor has a zero of third order at ry = 0,

and thus w(0,7) =1 for all » € (0,7,]. In fact, w — 1 as A = A.
Lemma 5.1. Let A < A and r, > 0. Suppose that ry < \/L/—\ if A>0.

Then the function w introduced in (20) has the following properties:

(i) the expression sny(r)w(ro,T) extends as a real analytic function
to the closure [0,73] % [0,72] of the domain of w, and

lim sn,(r)w(ro,m) = 2-det (:2?%:3 zg:g:::;) =0

(ii) w is nonnegative, and w(ry,r) = 0 if and only if A > 0 and
To=T= \/LK;
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(iii) of A > 0 and r, = 7= then the first couple of terms in the
Taylor expansion

@(ro,r) = Y @ (ro—J5)" (r = Z5)"
are given by agy = @10 = G2 = azgp = 0 and a,; = 0 for all
u > 0, whereas ay and ag, are positive. More precisely, aso =
i(A=Xaog, and ag; = sny*(Jx).
The proof of this lemma will be given in §5.1. With the help of w
we can now introduce a continuous map ¥: [0,7;] x [0,72] — [0,00) by
means of

sny (1) fr<ry,

sny (o) cny(r—ro)
+cnp(re)sny(r—m9) fro<randn=2,

sny(r) - w(ro,T)/? ifro<randn>2.

(21) g(ro,7) :=

Set Z; := {(0,0), (r2,m3)} if A > 0 and r; = =, and Z; := {(0,0)} oth-
erwise. Notice that the restriction of § to [0, 7;] x [0,72]\Z; is piecewise
analytic.
Lemma 5.2. Let A < A and r; > 0. Suppose that r, < % if A> 0.
Then the function § defined in (21) has the following properties:
(i) the function §: [0,73) X [0,75] = [0, 00) is of class C**,
(il) 5ZF(ro,) <0 if 0<mo <7 <1y,
6;‘2037(7'0,7') =0 ifro=0o0rry=r,
(iii) 259(0,r) = —(A=N)snx(r) for 0 <1<,
(iv) for any r € (0,75] the restriction of §(.,r) to the interval [0,r)
is a surjective, strictly decreasing, real analytic map y,: [0,7] 3
[sna(r) ,snx(r)].
The proof of this result is also postponed to §5.1. The lemma im-
plies in particular that for A < A and any r, € (0,7;] there exists a

unique, surjective, nondecreasing C'*'-map %,,,,: [sna(72),sn,(r2)] —
[sna(r1),snx(r1)] such that

(22) "pﬂrz o g( ,7‘2) = g( ’rl)

The complete setup for the definition of 9, ., is shown in Figure 2.
Observe that 1),,,, maps the subinterval [snj(r2),§(r1,72)] to the

single point snp(r;), whereas 4] . >0 on the subinterval

(g(r1,72) ,sn(r2)]. The restriction of t,,,, to the punctured inter-

val [snp(r2),snx(r2)]\{#(r1,72)} is real analytic, and 9}, (snr(r2)) =
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FIGURE 2. On the Map %,,,,: The picture shows the

qualitative properties of the functions sn,, sn,, and

#y, for fixed parameters 0.186A < A < 1A and for

various values of ro. The graphs of the functions ¥,

are schematic; they are justified by Proposition A.6.

Note, however, that in reality 7o € (0.45274,372) and
™

fo € (0.47074, 375) where 75 := . For further details
we refer to Corollary A.7.

237
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:2—*%:—‘2 In the limit r, — r, the functions %,,,, converge to the identity
map.

Next we define the comparison functions ¥,,,,: [0,00) x [0,00) —
[0,00) that will replace the right hand side of (19). We suppose that

A< A and 0 <r; <7y, where r, < 7—1fA>0 and set:

(23)
a-snp(ry)  if p < a-sny(rg),

Uriry(@,m) =S a9, (2) if a-snp(r) <n < a-sny(rg),
%-n if a-sny(ry) <7n.
The strict inequality in the condition on the middle line implies that
in this case @ > 0 and A < A, and thus the term a - ¥, ,,(a"!7) is
well-defined. In the case A = A the definition of ¥, ,, actually reduces
to the first and third line. Since ¥,,,(sny(r2)) = sna(ry), it is clear that
¥,,r, is continuous.
Lemma 5.3. Let)\<Aand0<7‘1 <7y, whererz_—"— if A>0.
Then the function ¥, ,,: [0,00) x [0,00) — [0, 00) mtroduced in (23) has
the following properties:

(i) ¥,,,, is linear on each line through the origin,
(i) ¥, ., is continuously differentiable except at (a,n) = (0,0),
(iii) ¥, s weakly convez,
(iv) ¥, ., is nondecreasing with respect to both variables,
(V) Urnra(oyn) = max{a-sna(ry), 2200 g} for all (o).

This lemma, will also be established in §5.1, where the basic analytical
properties of the functions w, g, ¥, and ¥, ,, are investigated in
detail. Notice that — despite of the significant difference in the explicit
expression for § in (21) — the essential qualitative properties of the
functions g, ¥, r,, and ¥, ,, are independent of the dimension n of the
Riemannian manifold.

Theorem 5.4. Let M™ be a complete Riemannian manifold with
AL Ky <A, and let 0 < r; <7y, where 19 < # if A > 0. Consider
a ruled surface «y: [0,73] x [0,1] = M™ generated by normal geodesics
Y9 = ¥(.,9) emanating from a fized point po € M™. Then the lengths
£(ry), €(rz) and the total angle ¢, introduced in (17) and (18) obey the
following inequality:

2r1) > U, py (0, 2(r2))
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In the proof of Proposition 4.5 it has already become apparent in
which sense this theorem is a substantial improvement over inequal-
ity (19). Of course, Theorem 5.4 is the integrated version of a corre-
sponding estimate for Jacobi fields which we shall state in Theorem 5.6.
Although these two theorems provide subtle curvature controlled esti-
mates, they are by nature not comparison theorems in the strong sense.
In particular, in dimensions n > 2 there are except for trivial cases no
appropriate model spaces on which the estimates turn out to be sharp.
This will be explained further in the addendum to Theorem 5.4.

Nevertheless, the comparison functions ¥, ,, show the geometrically
expected monotonicity with respect to the curvature bounds A and A.

Proposition 5.5. Let 0 < r, < r,. Then the functions ¥,,,, in-
troduced via equations (20)—-(23) are nondecreasing with respect to the
parameter A and nonincreasing with respect to A, as long as A < A <
ry 2 w2,

This proposition will be established in the appendix.

Theorem 5.6. Let M™ be a complete Riemannian manifold with
A< Kjy <A, and let 0 < 7, <1y, where 5 < ﬁ if A > 0. Consider
a geodesic 7: [0,73]) — M™ parametrized by arc length and a normal
Jacobi field Y: [0,72] = TM along v with initial value Y (0) = 0. Then
the following inequality holds:

Y (r)l 2 Cr,r, (I5:Y 0], 1Y (r2)])

We consider this result as a mixed Jacobi field estimate, since the
initial value Y (0) = 0 is augmented by two additional pieces of informa-
tion, knowledge of the absolute value of the initial derivative 5-Y (0) and
knowledge of the absolute value |Y (r3)| at a second boundary point 7,
in order to obtain a refined lower bound for the absolute value |Y (r,)|
at some intermediate point r;.

Addendum to Theorem 5.6. Consider the case n > 2, and sup-
pose that 11 < ry. Then ¥, ., (I5£Y (0)],|Y (r2)]) = Y (r1)| if and only
if the restriction of the Jacobi field Y to the interval [0,73] is of the
form sny -W or snp -W where W is a parallel vector field along ~.

The proof of Theorem 5.6 is given in §§5.1-5.3. The cases n = 2
and n > 2 are substantially different, since for surfaces the Jacobi field
equation reduces to a scalar differential equation of second order rather
than to a system of second order differential equations. The analytical

aspects of the argument are contained in Proposition 5.10, whereas the
geometric ingredients are covered by Proposition 5.12. The Addendum
follows immediately from the equality discussion in Remark 5.14.
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Proof of Theorem 5.4. Consider the geodesics vy which generate
the ruled surface v and apply Theorem 5.6 to the normal Jacobi fields
Yy := %}(. ,¥) along these geodesics to obtain the inequality

lYﬁ(rla'ﬁ)I 2 \I,Txrn ('%Yﬂ(o,ﬂ)la ,Yl9("'2a'(9)|)

By Lemma 5.3(iii) the function ¥,,,, : [0, 00) x [0, 00) — [0, 00) is weakly
convex. Hence we can apply Jensen’s inequality to conclude that

1
() 2 [ Cnn(ZYo0,9), [Yo(ra,0)]) o

1 1

ryro / 1 2,(0,9)| ¥, / [Yo(ra, 9)] d)
0 0

= \1’7'11‘2(900’8(7‘2))

5.1. Basic analytical properties of the comparison functions

The purpose of this subsection is to establish the basic analytical
properties of all four functions w, ¥, ¥,,,,, and ¥, ,,. In particular,
we want to prove Lemmas 5.1-5.3. In the next subsection we shall
characterize the maps §,, := §(ro,.) by means of differential equations of
second order, and in §5.3 we shall use these differential equations to link
the geometrical properties of the ruled surface v: [0,72] % [0,1] = M™"
to the comparison functions ¥, ,,.

Proof of Lemma 5.1. i) First we observe that the terms sny?(ro)
snj (ro) and D(r) := det( ﬁ::f:ﬁ; :::((:3))) on the right hand side of equa-
tion (20) are bounded, real analytic functions on the interval [0,7,].
Moreover, D(0) = 0. Since D'(r9) = (A —X)sny(ro)sns(ry) for any
ro € [0,72], we see that D is a positive, strictly increasing function
on the interval [0,r;] with a zero of third order at ro = 0. Note that
D"(0) = 2(A-)).

In order to understand the integral I(ro,r) := [ sny*(o) sna (o) deo,
we make use of the fact that sny>(p) (sny(0)—sna(0)) is a positive, even,
real analytic function on [—r;,7,]. In particular, the expression

AV

A

I(ro,r) = [ on3*(0) - (sma(e)-sma(e) de
To
defines a real analytic function on the closed square [0, 73] x [0, ;] which
vanishes on the diagonal {r, = r}. Furthermore, I(r,7) = cty(ro) —
cta(r) — I(ro, 7).
The properties of the functions D and I established above imply that
the expression sny (r)w(ry, ) extends analytically to the closed square,
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and an easy computation shows that
lim sny (r)w(re,7) = lim —2D(ro) sny(r) - (cta(ro) —cta(r))
= 2D(ro)

iil) We continue to denote the determinant and the integral in the
expression for w by D and I, and compute the partial derivatives of w:

(24) arow(ro,r) = —2(A—X)sny(ro) sna(ro) - I(ro,7)
(25) grw(ro,r) = —2D(ro) - sny3(r) sna(r)

Clearly, 2w < 0 on the entire domain [0,r;] X (0,r;]. Recall that

the function I(r,7) = cta(ro) — cta(r) — I(ro,r) is real analytic on
[0, ’I'2] X [0, 'I‘2]. Hence

(26) Zw(0,r)=0 if0<r<r,
(27) a—?;w(ro,r) <0 if 0 < To <T S Te .

Since w(0,7) = 1 and w(r,r) = sny*(r)sni(r) for any 0 < r < ry,
we conclude that 0 < @w(r,r) < W(re,7) < W(ro,m9) < 1 provided that
O0<ro<r<m,.

iii) Equation (25) asserts that Zw(ro,7)|,_,/yx = 0 for 0 <o <7y,
and thus all the coefficients a,; vanish. The other five coefficients are
obtained by differentiating equations (24) and (25) a few more times.

Proof of Lemma 5.2. i) Recall that the restriction of § to [0,7;] X
[0,72)\2; is piecewise analytic. Its partial derivatives are given by

(28)

0 ifr<rg,
2=§(ro,T) = ¢ —(A—X) snp(ro) sy (r—ro) ifro<randn=2,
sny (r)w(rg, )" 1/? %a—row(ro, r) ifro<randn>2,
and
(29)
'an(r) ifr<m,
cny (o) cny (r—1o) ifro<r
Z §(ro,m) = { —Asnp(ro) sy (r—ro) andn=2,
cny (r)w(re, r)'/? ifro<r
|+ 80, (r)@(ro,7) /% 1 Zib(ro,r) andn>2.
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If n = 2, it is evident that the preceding expressions are consistent
along the diagonal {r, = r}, and thus § is a C*"'~function on the closed
square [0,72] x [0, 73].

If n > 2, it follows from equations (24) and (25) that the preceding
expressions are still consistent along the diagonal. In this case, however,
the consistency in (28) and (29) only implies that the restriction of g
to [0,72] x [0,72]\Z; is locally of class C*!. It remains to analyze the
behavior of  in a neighborhood of Z;.

In order to investigate the regularity of § in a neighborhood of the
point (0,0), we need to show that the second derivatives of § are uni-
formly bounded on a sufficiently small triangle Ay(¢) := {0 < rp <
r < (}. For this purpose we employ Lemma 5.1(i) to write §(ro,7)? =
sny(r)2w(ro,7) as 2rD(rg) + r2h(ry,r), where h is a suitable, real an-
alytic function on the closed square [0,7;] x [0,7;]. Since w(0,7) =1
for 0 < r < 7y, we conclude that h(0,0) = 1. If { > 0 is sufficiently

small, it follows that |a,() > 3. Therefore the quotients T %f% ,

%’—‘;)Lg , and %0'—‘;% are uniformly bounded on the triangle Ay(¢), and an
elementary computation yields:

02 7 — £ (D" 4 rdhy_r2 (D | r 0h)?2

5,‘-33/— g(D +2'3_rg) g(g+zg ro)

2 ~ _ D | r(8h , r 8h r (D' r 8h\(D 4 r 72 8h
8r08ry - g +y(8ro+28r03r) g\g +2y ro)(y+gh+2ﬁ r)
8 & 12 (poh r9%h _ rdhodh 8h r2Ddh _ D?
a7z Y = 373(h8r+h’28r2 4 0r r+D8r2)+3g7217 T 73

As explained before all terms on the right hand sides are uniformly
bounded on the triangle Ay (¢), and thus we are finished, unless A > 0
and r, = &

IfA>0and r, = 7% We use a similar argument to analyze the
behavior of § in a neighborhood of the point (r5,73). In this case we
refer to Lemma 5.1(iii) to conclude that

w(?ﬁ{ _t0$\/LK—t) = tého(to)+t2h(to,t) )

where hy and h are real analytic functions on the closed interval [0, 2]
and the closed rectangle [0, 5] x [0, 27,] , respectively. Moreover, ho(0) =
aqo > 0 and h(0,0) = agy > 0. A similar argument as in the preceding
case shows that the second derivatives of the square root of 3 ho(to) +
t2h(to, t) are uniformly bounded on a sufficiently small triangle A, (¢) :=
{0<t<ty<(}

ii) For (ro,7) ¢ Z5 the assertion follows directly from (24) and (26)-
(28). For (ro,r) € Z; we can then refer to the established continuity of

P

3o I
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iii) If n = 2, we merely need to differentiate equation (28) once more.
In the case n > 2 we differentiate (28) and simplifying the resulting ex-
pression with the help of (26), we see that 2 y(O r) =sn(r) 3 p'w(o T)
for 0 < r < r,. In order to evaluate the right—ha,nd side, we differentiate
equation (24) once more. Thus we obtain

Z1(r0,7) = 2(A—X) 505 (ro)su o)
—2(A—A) (cn,\ (’I‘o) snA(rg)—i-Sn)\(To) cnp (7'0)) : I(TO, 7‘)

Since I(ro,r) = cta(ro) — cta(r) — I(ro,r) where I is a real analytic
function on the closed square, we eventually conclude that al:gm(o, r) =
—2(A=)) for 0 <7 < ry.

iv) The regularity of the partial maps g,: [0,7] — [sna(7),sny(r)]
follows directly from formula (21), unlessn > 2, A >0, and r =7, =
75+ In the latter case we have to refer in addition to Lemma 5.1(iii)
in order to establish the analyticity of §, on the entire domain [0, 7]
and not just on [0,7). By assertion (ii) the partial maps y, are strictly
decreasing. Thus for any r € (0,7;] the range of g, is the interval
[-(r) ,§-(0)] = [sna(r) ,snx(r)].

Lemma 5.7. Let A < A and 0 <1 <73 where r, < 7= if A>0.
Then the C**—function ¥, ,,: [snp(r2),snx(rz)] = [sna(r1),snp(1)] in-
troduced in (22) has the following properties:

() ¥,y (sna(r2) =0 and 4}, (snx(r2)) = 22

sny(rz2) ’
(ii) %rir, s convez and strictly convez on [y(ry,T2),snx(r2)] ,

(i) Yryra(n) > max{sna(ry) , 222 1} for 7 € [sna(ra) ,sna(rs)] -

sny (72

Proof. i) Both values are computed from Lemma 5.2(ii) and 5.2(iii)
by means of the chain rule.

ii) By Lemma 5.2(iv) the function %, ,, is of class C*'! and its restric-
tion to the interval [snj(r2),9(r1,72)] is constant. Thus it is sufficient
to verify that 1 . (n ) > 0 for all € (§(r1,72),80x(r2)) = {H(r0,72) |
0 <79 < ry}. Since o 2.4(.,m3) < 0on (0,r), it is equivalent to show
that

(30) 5%;(¢i~1r2°?3(’"0,7‘2)) = (¢£’,rz°ﬂ(7"0ar2))'3%,?7(7”0,7‘2) <0

for any 7o € (0,7,).
In order to compute the term ;. ., o §(ro,72), we differentiate equa-
tion (22) with respect to ro. By the chain rule 3 2g(ro,m1) = (¥h,r,

g(ro,72)) * aroy("'OvT2) and combining this identity with formulas (24)
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and (28), we conclude that

0 (r3—ro) ifn=2,
(1) Y, 08(re,r2) =9 .00 I3
Tir2 sna(r))  [a(ro,ra) . I(ro,r1) ifn>2
sny(rz2) w(ro,r1) I(ro,r2) )
'

where I(ro,7) = [, sn;>(g)sna(o) do as before. Since ¥}, o §(ro,72)
> 0, it is now sufficient to verify that

hrl"z(ro) = ﬁ;(ln°'¢ilr,°g(ro,7'2)) <0

for any ro € (0,7,).

If n = 2, we observe that h,,,,(ro) = ctx(rz—ro) — ctr(r1—7o), which
is indeed strictly negative. The case n > 2, however, requires a slightly
more elaborate computation. Equations (24) and (31) reveal that

) I(r )
Brura(ro) = —(A=X)-sma(ro) sma(ro) - (50252 — Feed)

—505°(ro) 81(r0) - (Frory ~ Trorm))

We want to show that the right hand side is strictly negative for 0 <
ro < r1 < ry. For this purpose we may consider the two terms in
parentheses separately. In fact, it follows directly from the definitions
that

I(ro,r2) __ I(ro,m1) _ Sn;z(‘l‘o) sn?\(ro) . I(r1,r2) >0

ﬂ)(ro,rz) 15(1‘0,7‘1) ﬁ(ro,rl) ﬂ)(ro,rz) !

1 _ 1 _ I(r1,r2)
I(ro,m1) I(ro,r2) —  I(ro,m1)I(ro,r2) >0

iii) Since vy, ., (sna(r2)) = sna(ry) and 9, ,,(snx(rz)) = sny(ry), the
assertion follows directly from (i) and (ii).

Proof of Lemma 5.3. 1) By equation (23) it is evident that ¥, ., is
positively homogeneous of degree 1.

ii) Combine the fact that 1,,,, is of class C'' with Lemma 5.7(i) to
conclude that U, .. |(1}x[0,00) i @ C*'—function. Because of Property (i)
we conclude that ¥, ,, € C'((0,00) x [0,00)). By definition the re-
striction of V..., to the cone {asny(r;) < n} is linear, and thus ¥,,,, is
smooth in a neighborhood (0, 00) x {0} as well.

iii) The function ¥, ,, is linear on the cones {n < af(r1,72)} and
{asny(r:) < n}. Thus it is sufficient to verify that ¥, ., is weakly con-
vex on the open cone C := {(a,n) | ag(r1,72) < n < asny(ry)}. Clearly,
VU, ., lc is real analytic, and it is straightforward to compute that

2

hess\p"l’"?'(a”’) = al_3 ;‘Iﬂ‘z(g) ' (—;’7] az)
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for all (o, ) € C. It has been shown in Lemma 5.7(ii) that ! _ (a~'n) >

T17T2

0 on C. Observe that R - (a,n) C ker(hess¥,,,,|am), and thus
hess ¥, ,.|(a,n) = 0.

iv) It is evident from the definition of ¥, ,, in (23) that 5‘%\1171,2 (0,0) =
0 for any a > 0, and similarly %—\11,1,2(0, 1) = 0 for any n > 0. Hence
the monotonicity of the function ¥, ., with respect to both variables is
a consequence of the convexity established in (iii).2

v) This estimate is an immediate consequence of Lemma, 5.7(iii).

5.2. Differential equations for § and basic comparison results

In this subsection we explain the analytical properties of the function
7 that are necessary for establishing the link to the geometry of the ruled
surface v: [0,7;] x [0,1] = (M™",g). The issue of the whole discussion
is to prepare the proof of Theorem 5.6 at the end of §5.3. Notice that
in the case A = A the theorem merely summarizes the standard Jacobi
field estimates. It improves on inequality (19) only for A < A. Hence we
shall exclude the constant curvature case for the subsequent discussion.

Note that the functions §,, = §(ro,.) are of class C*'. In fact they
are smooth unless r = ry. Evidently for any o € (0,72), the restriction
of gr, to the interval (0,79) is a solution of the differential equation
2.2+ A -z =0 with initial data §(0) = 0 and 2g(0) = 1.

Our first goal is to characterize the restriction of §,, to (ro,72) C
(0,72) by means of a linear differential equation. Recall that r, < %
if A > 0, and consider the differential operator L,: C*((ro,72)) —
C°((ro,72)) given by

g%z+)\z ifn=2,
(32) Lo(2) = &5 2+ (cta—cty) 22
+ (A —cty-(cty—cty))z ifn>2.

Notice that cty—ct, is a real analytic function on [0,7;) with a simple
zero at 7 = 0.

Lemma 5.8. Let A < A and r, > 0. Suppose in addition that
rs < ¢ if A > 0. Then the kernel of the differential operators L,
introduced in (32) consists of the functions

a; sny (1) + ag cny(r) ifn=2,
Zarea(r) 1= sny(r) - (a; + a2/ ’ sny*(0)sna(0)do) if n>2,

20f course, the monotonicity of ¥,,,, with respect to the variable 7 is also
a direct consequence of the monotonicity of the function ¥, ,.
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where a; and ay are the constants of integration.
In particular, for any rq € [0,7,) the function §,, = §(ro,.) introduced
in (21) solves the differential equations

%'gm +Ag,, =0 on (0,79) ,
(33) Ly(gr,) =0 on (rg,7g) ifn=2,
Ln(5592) =0 on (ro,m3) ifn>2.

Proof of the Lemma. 1t is straightforward to verify that L,(z4,4,) =
0. In the case n > 2 it saves some work to observe that the general
solution z,,,, is obtained from the special solution z; o = sn, by means
of the standard Wronskian trick.

Lemma 5.9.(Maximum Principle) Let A < A and r, > 0. Sup-
pose in addition that T, < % if A > 0, and consider the differen-
tial operators L, introduced in (32). Furthermore, let ro € (0,72) and
let z € C%[ro,72]) N C*((ro,72)) such that z(ro) > 0, 2(rz) > 0 and
L,(z) <0 on (ro,r2). Then z > 0 on the entire interval [ro,Ts].

Proof. Notice that the function sn, is a solution of the linear dif-
ferential equation L,(2) = 0 on (ry,72), and sny > 0 on the closed
interval [rg, r,]. Hence the lemma follows as explained at the beginning
of Section 2 in [31, Chap. 1].

Our main application is the following comparison result in terms of
the functions v,,,, introduced in (22), which in turn is crucial for our
proof of Theorem 5.6 in §5.3.

Proposition 5.10. Let A < A and r, > 0, and suppose that ro < ﬁ
if A > 0. Furthermore, let y € C°([0,75]) N C%((0,72)) such that sny <
y < sny. Consider the differential operators L, introduced in (32), and
suppose that Ly(y) < 0 if n = 2 and Ln(559*) < 0 if n > 2. Then
Brirs 0 y(r2) < y(r1) for any 14 € (0,7s].

Proof. Since y(rs) € [sna(r2),sny(r2)], it follows from Lemma 5.2(iv)
that there exists a unique ry € [0,72] such that §,,(r2) = y(r2). By
definition v,,,, © §r,(T2)) = ¥r,(r1), and thus we have to show that
Tro (1) < y(r) for r € (0,73). Observe that g,,(r) = snp(r) for 0 < r < ry,
and thus it remains to verify that g,.,(r) < y(r) for ro < r < 7.

If n = 2 we finish the proof by applying the maximum principle from
Lemma 5.9 to the function 2z := y — gy,.

If n > 2 we observe that y > 0 and §,, > 0 on [ro, 73], and therefore
it is sufficient to show that
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on (rg,ry). Clearly, 2(ro) > 0 and 2(r;) = 0, and thus we can again
apply the maximum principle from Lemma 5.9 to finish the proof.

The following observation proves to be useful for some arguments in
the appendix:

Remark 5.11. Lemma 5.9 and Proposition 5.10 remain valid for the
functions z and y that are merely continuous, provided that we work
with upper barriers in order to make sense of the differential inequal-
ities. In particular, if we are dealing with functions z € C°([rp,72]) N
C*((ro,72)) and y € C°([0,72])NC*((0, 4)) that are piecewise of class C?,
it is sufficient to verify the differential inequalities at those points r in
the open interval where the second derivatives are continuous.

To conclude this subsection we observe that the linear differential
equations of second order for the functions §,, given in (33) can be
transformed into differential equations of Riccati type for the functions

= — =10 = .
Ure = Yry 3rYro-

(34)

—A—a2, on (0,7o) ,
Ly, = -A— a2, on (ro,r3) ifn=2,
=X —ctycty + (ctrt+cty)d,, — 242, on (ro,r) if n>2.
Notice that the functions @,, are the partial maps of a piecewise analytic,
locally Lipschitz continuous function @: [0,75) % (0,72] — R. The dif-
ferential inequalities corresponding to (34) will appear naturally in the
discussion of the geometry of the ruled surface 7: [0,72] x[0,1] = M™ in
Proposition 5.12. Further applications of the differential equations (34)
can be found in the appendix.
5.3. Mixed Jacobi field estimates

The purpose of this subsection is to prove Theorem 5.6. We assume
that (M™,g) is a Riemannian manifold with A < Kj; < A. As in the
theorem it will be sufficient to consider just a single normal geodesic
7v: [0,73] = M™ rather than the entire family (ys)o<s<1 that constitutes
the ruled surface. Recall that we are assuming r, < —’—’K if A > 0.

We consider a normal Jacobi field Y along v which has initial data
Y(0) =0 and | Y (0)| = 1. Up to a constant factor these are precisely
the data that arise from the ruled surface. The Rauch comparison
theorem asserts that sny < |Y| < sn,. Therefore y := |Y| is a strictly
positive and hence smooth function on (0,7;), which extends as a C'-
function to the closed interval [0,7,]. Its initial data are y(0) = 0 and
2y(0) = |ZY(0)| = L.

The unit vector field E := %Y along v|(o,,) extends continuously to
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the closed interval [0,7,], and E(0) = &Y (0). The essential ingredient
in the proof of Theorem 5.6 1s a bound for the angular velocity |5 E|
of the unit vector field E 1 & 5. Notice that in the 2-dimensional case
E is a parallel vector field along y. However, for higher dimensional
manifolds |5-E| may be nontrivial. This difference in the qualitative
behavior of E is the cause for having two distinct comparison functions
¥, r, in the cases n =2 and n > 2.

Proposition 5.12. Let M™ be a complete Riemannian manifold with
A< Ky <A, and let y: [0,75] & M™ be a geodesic parametrized by arc
length. Consider a normal Jacobi field Y : [0,7‘2] — TM along v such
that Y(0) = 0 and |LY| = 1. Suppose that r, < Z= if A > 0. Then

on (0,72) the functions y :=|Y|, u := ; a—ry, and the unit vector field

E = iY obey the following inequalities:

|6rE|2 < i— (Ct,\—Ct/\)2 - (‘U - %(Ct)‘+CtA))2

35 -
(35) = —ctycty + (ctatcty)u —u?

-\ —u? ifn=2,
(36) —A-u® < Zu < {-A—ctycty

+ (Ct)\+CtA) u — 2u? 'Lf n>2.

Remarks 5.13. i) Since the left hand side of (35) is nonnegative, we
recover the inequality cty, < u < cty, which is just another way of stat-
ing the infinitesimal version of the Rauch comparison theorem. In the
2-dimensional case the function u can be interpreted as the curvature
of concentric spheres around (0), and formula (36) is just the stan-
dard inequality that appears in the comparison theorem for the second
fundamental forms.

ii) Formula (36) consists of the differential inequalities corresponding

to the Riccati equations in (34). Thus the functions @,, = ﬁ%gro
introduced before are comparison functions for u = %a%y.

iii) The right hand side in (35) vanishes for %, = cty, and therefore
this particular function solves both differential equations,

%u = -\ —u? and a%“ = —)X —cty cty +(ctrtcty)u — 2u?
Since g = o 87' sny, we see that 2, o = sn, € ker L,, where L,, denotes

the linear differential operator introduced in (32).
Addendum to Proposition 5.12. Let n > 2 and r, € (0,73).
Then the following statements are equivalent:

(i) The norm of 5 E|,, coincides with the upper bound given by (35).
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(ii) There exist parallel vector fields E) and E, along vy such that
on [0,7,] the following holds:
o the Jacobi field Y is of the form sny -E) + sny -E,, and
e R(E\, %)% = \E and R(Ex, )3 = A E,.
(iii) In formula (35) equality holds on the entzre interval (0,7,].

The Addendum has strong implications for the equality discussion
n (36). Inspecting the final step in the proof of the latter inequality,
we obtain

Remark 5.14. In addition to the assumptions of Proposition 5.12 we
suppose that n > 2 and A < A, and let , € (0,72). Then the upper
bound for Zu given in (36) is sharp at ry, if and only if the Jacobi
field Y'|(o,,,) is of the form sn, -E, where FE is a parallel unit vector field
along 7.

Proof of Proposition 5.12. In order to establish the bound for I%EI
we consider a local distance function d,, to the point p, := 7(0) along the
geodesic . Thus A|, := Hess d,, |(r) represents the second fundamental
form of the sphere of radius r around p, along . Because of the initial
condition Y (0) = 0 the following differential equations hold:

=Y =AY and ZA+A*+R(,2)F=0
The standard comparison argument for the Riccati equation shows
(37) ctp-P<A<cty-P ,

where P = 1d — ( )—”1 denotes the orthogonal projector onto the nor-
mal bundle of 7. leferentlatmg the identity F = —Y we obtain

(XY —uY) = A-E—uE
and hence
(38)  ZE+ (u—j(ctatcta)) - E = (A= j(ctatcta)P) - E

Because of (37) the right hand side is bounded by 1 (ctx—cts). Moreover,
the fields E and ?.'YTE are always perpendicular, and hence inequality (35)
follows by taking the norm on both sides of (38).

For the proof of inequality (36) we observe that

2w = |ZY +(Y, 5&Y)
= |(Zy)E+y ZE|’ - (R(Y, )% ,Y)

[
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Recall that E and %E are perpendicular. Thus we conclude that

2
Zu+2u® = #%(yz) = u? + | ZE|" - Ku(span{E, })

Hence

(39) 0 = Zu+u®+ Ky(span{E, 2}) — | =E |

and the inequalities in (36) follow observing the hypothesis A < Kj < A,
the bound on |3 E| in the case n > 2, and the fact that ;- F vanishes
for n = 2. q.e.d.

For a geometric interpretation of formula (39) we think of v as one
of the geodesics 74, 0 < ¥ < 1, of an immersed ruled surface £ with a
conical singularity. Its second fundamental form is

2y(ZE) drdd + (L2)" d9®

and by the Gauss equations the intrinsic curvature Ky of the surface
turns out to be

Ky = Ky(span{E, 2}) — | ZE|

Comparing terms, (39) can be rewritten as % u + u? + Ky, which is
the usual Riccati equation for the curvature u of concentric spheres
around v(0) in X. Of course, this interpretation provides an independent
approach to equation (39).
Proof of the Addendum to Proposition 5.12.
(i) = (ii): Analyzing the step from (38) to inequality (35), we deduce
from (i) that
|(A - %(Ct)"f'CtA)P) . E||r=1‘1 = %(ct,\(rl)—ct/\(rl))

Thus E(r;) can be decomposed as E(r;) = Ex(r1) + Ex(r1), where E)
and FE, are parallel vector fields along v such that

Alr, - Ex(r1) = cta(ri)-BEx(r1)

Alr, - Bx(r1) = cta(r)-Ea(r)

The equality discussion for the Riccati comparison argument leading
to (37) reveals that on the entire interval (0,7;] we have

A- E,\ = Ct,\'E)‘ and R(E,\,%})%} =\ E)\ ,
A-E)y=cty-E, and R(EA,%})%} = AE,.
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(ii) = (iii): Clearly, any Jacobi field Y of the form sn, -E) + sn, -Ej
satisfies

|&Y — (ctatcta) - Y| = L(cta—cta)-|Y]
We conclude that

|(A— 3(ctrtcta)P) - E| = L(ctx—cta)

for E = %Y, and thus (iii) follows with the help of formula (38).
(iif) = (1): Evident.
Proof of Theorem 5.6. The Rauch comparison theorems assert that
Y (r1)| > max{l%Y(Oﬂ -snp(r) ::i(:;) Y (r2)|}

Comparing the right hand side to the definition of ¥, ., in (23), we see
that it is sufficient to consider the case where A < A and

0 < |£Y(0)|-snp(r2) < |Y(re)| < |ZY(0)]snx(rz)

In the remaining case we employ the homogeneity of ¥, ,, as stated
in Lemma 5.3(i) to scale the Jacobi field Y. Hence it is sufficient to
consider normal Jacobi fields Y with Y(0) = 0 and |32Y (0)| = 1 and
prove that

(40) y(rl) 2 Yryry °y(7‘2)

where y := |Y|. By Proposition 5.12 we see that on the interval (0,7;)
the function u := %%y obeys the following differential inequality of
Riccati type:

s <{—)\—u2 ifn=2,

=-U
or —X —ctycty + (ctatctp)u—2u? ifn>2.

Since y > 0, this differential inequality transforms into the differential
inequalities Ly(y) < 0 if n = 2 and L,(5-9%) < 0 if n > 2, where L,
denotes the linear differential operators® introduced in (32). Now we
can apply Proposition 5.10 to conclude that inequality (40) holds.

3In the case n > 2 the coefficient 2 in front of the u?-term is respon51ble for
obtaining a linear differential equation in y? rather than y. The factor - has
been introduced, in order to avoid additional singularities in the dlﬂerentlal
operator L, corresponding to higher order zeroes of special solutions.
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Appendix A. Further analytical properties
of the comparison functions

Strictly speaking, Theorem 5.4 is not a comparison theorem, since in
dimensions n > 2 there are no appropriate model spaces except for triv-
ial cases. The theorem rather provides curvature controlled estimates in
terms of some functions ¥,,,, defined via equations (20)-(23). In this
appendix we want to show that the analytical properties of the compar-
ison functions nevertheless tie in nicely with the standard comparison
results for Jacobi fields.

Our first issue is to discuss how the functions ¥, ,, depend on the cur-
vature bounds A and A. Whenever necessary, we shall indicate this de-
pendence by adding the parameters A and A to the argument lists of the
functions under con31derat10n We shall also use the notation 'w"A (r) :=

('I'o,’l" A A) yro ( ) = y('l"o,'f‘ ’\ A)‘) a'nd ¢r1rz(n) ¢7‘11‘2(7’ ’\7A)
Similarly, we shall write L) and L;‘l’\ if n > 2, in order to indicate the
parameters used in the definition of the differential operators in (32).

Remark A.1. Let n = 2 and 0 < 7y < 7. Then it is not hard to

verify that

~(A=3) -5}
L)‘(yro) = {_(A_X) g,\A

provided that A < A < A < ry2n?

Lemma A.2. Let0<r0<r2 and A< A< A <A <r;*n? Then
for n > 2 the functions yr0 introduced in (21) satisfy the differential
inequalities

(i) LA (@) <0 on (0,m0) U (ro,m2) ,

(ii) L;\zA(L(?];\J\)z) <0 on (0,79) U (ro,72)

sny

0 on(0,r),

<
S 0 on (TO,T2) )

Combining the remark and the preceding lemma with Proposition 5.10,
we obtain the monotonicity properties of the functions rm introduced

in (22).

Corollary A.3. Let 0 <7, <7y and let A\ <A <A < A < r;in%
Then for any neE [SnA(Tg) ,sn(r3)] the following inequalities hold:

(l) r1r2 (7’) r1r2 (7)) ’
(i) )R (m) < YAA ()

Proof of Lemma A.2. i) A straightforward computation yields:

smy LI (@) = S (@) - (etateta) - 2(@N?)

(41) .
+2(A + ety cty) - (321)?
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On the interval (0,79) we have §)}* = sn,, and hence
snj -Lf\IA( - (y,0 )?) = —2(A=X)-sn2 < 0
On the interval (ry,7,) we employ the differential equation from (33)
and the definition of 7} in terms of w}* from (21) to conclude that
sng Lo (2 (@2)) = sng LN (@) — sma-La (25 500)?)
= — (cts—cty) - 3 (@n")?)

+2cty (ctz—cty) - (F22)% — 2(A=1) - (g1)?

—AA
To

—2 (ctz—cty)(cta—cta) - TN — 2(A=N) - @2P)
< 2snf -(ct;—ct,) (DM (ro) - sny® snp —(cta—cta) - B)M)

In order to see that the expression on the right hand side is nonpositive,
we recall that the map o — D> (r,) is strictly increasing. Furthermore,
according to inequality (27) the map ro — w}*(r) is strictly decreasing
for 0 < ro < r. Since WYA(r)|ro=r = s (r)~ sn,\(r)z, we indeed obtain
the inequality

DM (ro)- S48 — (cta(r) ~cta(r)) - @3 (r)

= snj-(—(cts—cty) Zw

snj (r
< DM(r) - 248 — (cta(r)—cta(r) - 21T = 0

for 0 <ro <r <.
ii) In this case the computation reveals that on the interval (0, 7o) we
have

sma LM )) = smy LA (s snd)

= —2(A- X+ (ct,\—ctA)(ctA—ct;\)) sn} <0

On the interval (19, 7;), however, we observe that —— m (GM)? = sny WA,
and thus we obtain the identity:
A A\2) AR —AA
ar Ln (ar (52.)7) = oy La" (snaw7y)

8% =AA

= W, + (3cty—ctz) - 6er

Again we employ the differential equation from (32). This time we
conclude that

;,%LQA%(@?:)Z)'=$L$“(S (17,0)) = LM (s @7)%)

1
ny
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where we have used inequality (25) to determine the sign.

Proof of Corollary A.3. By continuity it is sufficient to handle the
case where 7 lies in the open interval (sny(72),sny(r2)). In this context
Lemma 5.2(iv) asserts that the equation (79,7 ;A\, A) = n has a unique
solution 7y € (0,72). It follows directly from the definition in (22) that

?1122 (n) = g(f'()? Tl ; A’ A)

Clearly, sn; < sny < 72* < sn, < sng, and by Remark A.1 and
Lemma A.2 we can apply the comparison result from Proposition 5.10
as extended* in Remark 5.11 to deduce (i) and (ii).

Proof of Proposition 5.5. Because of the homogeneity property from
Lemma 5.3(i) it is sufficient to consider the restriction of the map ¥, .,
to the ray {1} x [0,00). According to Lemma 5.3(iv) this restriction
is a nondecreasing function of 7. Hence we only need to establish the
monotonicity with respect to the curvature bounds in the three cases
0 <7 <snp(rz), sna(ry) < n < sny(ry), and sny(ry) < n, respectively.

Notice that sns(r;) is independent of A and strictly decreasing with
respect to A. Similarly, the quotient iZ—:g—;% is independent of A and
strictly increasing with respect to A. Hence in the cases 0 < 1 < sn (r2)
and sny(r;) < 7n the assertion follows directly from the definition of
U, in (23).

In the remaining case the monotonicity with respect to A as well as
A follows from Corollary A.3.

Our next issue is to understand the relationship between Theorem 5.4
and the infinitesimal version of the Rauch comparison theorem. For
this purpose we shall discuss how the functions ¥,,,., depend on the
parameter 7, i.e., we shall analyze the qualitative properties of the
maps 71 — §ro(71)-

Lemma A.4. Let A < A and v, > 0. Suppose in addition that
rs < = if A > 0. Then the logarithmic derivative @ := %%y has the
following properties:

(1) %ﬁ(ro,r) <0 for0<ry<r<ry,

(ii) for any r € (0,73) the restriction of the function a(.,r) to the
interval [0,7] is a surjective, strictly decreasing, real analytic
map 4,: [0,7]3 [cta(r),cta(r)],

4Since 17:‘01‘ € C?((0,79) U (fo,72)), it is actually possible to avoid this ex-
tension. However, additional arguments are necessary in order to analyze how
the point 7y depends on A and A.
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(iii) the functions @, depend smoothly on the parameter M\
€ (—o0,A). More precisely, %ﬁro(f‘o) = 0 and %ﬁ,o <0
for 0 <rg <7<,

Remarks A.5. i) The second assertion of the lemma implies that
cta(r) < & Ino g, (r) < cta(r) for0<r<ry.

These bounds for Z (Ino,,) coincide with the upper and lower bounds
for the logarlthmlc derivative of the norm of the Jacobi field Y as stated
in the infinitesimal version of the Rauch comparison theorem.

ii) In case n > 2 and r, = 75> A > 0, the second assertion in the
lemma does not extend to hold for » = r,. From equations (21) and
(25) we rather deduce the identity

rli)rgﬂ(ro,r) = cta(rz) —11_)(7‘0,7”2)_1/2%%U_)(TO,T)L:m = cta(rz)
provided that 0 < ry < 7r;. In fact, r = ry is a regular singular
point of the Riccati equation for @,, = u(rg,.), and the assignment
o + lim,_,,, i, (r) defines a bijection [0,73) — [ct}(r2),00). Thus the
properties of 4 at r = rp differ significantly from the properties of §
established in Lemma 5.2(iv).

ili) Of course, assertion (iii) of the lemma implies a corresponding
inequality for the sign of 3 Ay"A In fact, when combining this inequality
with Lemma 5.2(ii), we obtain a second proof for Corollary A.3(i).

Proof of the Lemma. i) Differentiating the Riccati equation in (34)
with respect to the variable ro, we obtain the following linear differential
equation of first order for 3 u(ro, J):

2 (0q )= —20r, oy Tir, ifn=2,
orBra o) = _ (4, —cta—cta) i, ifn>2,

provided that r € (rg,r;). Since its coefficients are locally bounded, we
conclude that ou(ro, .) does not change its sign on (r,7;). If n = 2,
we dlﬂerentlate equation (21) and conclude that

lim iu(ro,r) = (%_O;y‘__Lﬁy_Qu

im 5 =—(A-X) <0

It requires only slightly more effort to establish the corresponding in-
equality in the case n > 2. Equation (21) yields that @(ro,r) = cty(r) +
w(ro,r)"! 2 Law(re,r) on the triangle {ro < r}, and with the help of

2 dr
formula (24) we see that
d _1(1 d%w 1 0w 0w — (A —
lim 535(ro,7) = 3 (3 arobr — 7 Bvg 00 jrmro = ~(AA) <0
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ii) By assertion (i) it is sufficient to observe that @(r,7) = cta(r) and
@(0,7) = cta(r), in order to determine the ranges of the maps 4,.

iii) Since i, (o) = cta(ro), it is clear that Z@,,(ro) = 0. Hence it
follows from the differential equation (34) that the function ,, depends
smoothly on the parameter A, and it is straightforward to compute that

~1 - 2y, Ly, ifn=2,
2 (& iir,) = ¢ =1+ (i, —cty) 2 cty

— (4a,, —cty—cty) %ﬂro ifn>2.

Since a% cty < 0 and @,,—cty > 0 by assertion (ii), we see that in either
case the right hand side of the preceding differential equation for %ﬂro
consists of a term, which is < —1, and a term, which is linear in z5,.
Therefore Gronwall’s lemma applies. q.e.d.

With these preparations we can now understand the critical points
of the comparison functions g,,, which in turn helps in understanding
Figure 2 on page 24. If A < 0, it follows directly from Remark A.5(i)
that the functions §,, do not have any critical points in [0, 00). If A > 0,
it is sufficient to consider the case that ry = Tr Clearly, the functions
Uro: [0,75] = [0,00) still do not have any critical points in the interval
[07 %7'2)-

Proposition A.6. Let A >0, A <A, and r, = J=. Suppose that
n > 2. Then the functions §,, defined in (21) have at most two critical
points. More precisely, there are the following four cases:

(i) If A < X < A, then each function §,, has precisely one crit-
ical point in the interval (0,73), which is a nondegenerate local
MATIMuUm.

(ii) If A= 3A, then each function §,, has a critical point at r = r,.
In fact, there ezists a number 7y € (0, 372) such that

(a) for ro € [0,7o] the function §,, is strictly increasing with
Ur, > 0 on [0,73), and its critical point at T = 5 is non-
degenerate unless 1y = 7y,

(b) for ro € (o,72] the function §,, has precisely two critical
points, a nondegenerate local mazimum in [%7'2,7'2) and a
nondegenerate local minimum at v = r,.

(iii) If 0 < XA < ;A, then there ezist 7y € (0,372] and r° € [372,72)
such that

(a) for ro € [0,79) the function ¥, is strictly increasing with
7, >0,

(b) for ro = 7o the function g, remains to be strictly increas-
ing, but there is a degenerate critical point at r = r°,
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(c) for ro € (To,72) the function §,, has precisely two critical
points, a nondegenerate local mazimum in (%rz,rc) and a
nondegenerate local minimum in (r°,7;).

(iv) If A <0, then the following holds:

(a) for ro € [0, 372) the function §,, is strictly increasing with
7, >0,

(b) for ro = 3ry the function §,, remains to be strictly in-
creasing, but there is a critical point at r = %rz,

(c) for ro € (572,72) the function §,, has precisely two critical
points, a nondegenerate local mazimum at r = %7'2 and a
nondegenerate local minimum in (ro, 7).

It seems to be an intriguing fact that for A > 0 and n > 2 the qualita-
tive appearance of the comparison functions g,, changes significantly at
A= i—A. These changes, however, do not occur if n = 2. Furthermore,
we like to point out that for n > 2 the nondegenerate local minimum of
Jr, that appears as the parameter r, gets larger than 7, persists as long
as 7o < r2. If n =2 and A < 0, the functions ¥,, also exhibit a nonde-
generate local minimum as o gets larger than 7r,, but this minimum
leaves the interval [0,7;] long before r, gets close to rs.

Corollary A.7. Let n > 2 and A > 0, and suppose that r, = %

=
Then for 0 < X < ;A the following holds:

(i) the number 7o = sup{ro € [0,73] | 4, > O} introduced in
Proposition A.6 is a strictly decreasing function of the param-
eter A, which is in fact a bijection (0,3A] 5 [74/4, Lr,) with
7A/4 ~ 0.452 731y,

(ii) the equation §** (73, ;) = = has a unigue solution 7y € (7o, T3).

This solution is a strictly decreasing function of the parameter
A, which maps (0, A] into the interval [FM*,ry) where P4 ~
0.470547 7, < iry). The value iy is attained at X ~ 0.185048 A.

Proof of Proposition A.6 i) The bounds from Lemma A.4(ii) imply

that that for any ro € [0,72] all the zeroes of 4,, = ﬂ—io- 2 4,, lie in
the interval [372, 73] C [372,72] where r5 = - Since Ly lr=r, <

ctx(ry) < 0, it is sufficient to show that 2@,, < 0 at all the zeroes of
the function ,, itself.

In view of the Riccati equation in (34) we only need to verify that
the expression cny(r)cna(r) + Asny(r)sna(r) is strictly positive for
T € [ry, i3] C [372,m2]. By differentiation it is easy to see that on
this particular interval the preceding expression is a strictly decreasing
function of r. Moreover, its value at r = %1"3 is strictly positive.
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ii) In this case all relevant expressions can be computed explicitly:

(42)  @(ro,r) = end(dro) — 2Asnd (bro) - (1 2aldrely
and thus
2 (5o (r)?) = 4enp(3r) - [(cnd (3ro) — 2Asn} (3ro)) sma(3)

+A sni(%ro)]

for o < r < ry. The factor an(%r) vanishes at r = r,, which establishes
the critical point of §,, at this particular boundary point.> Any other
critical point of §,, in (ro,72) corresponds to a zero of the factor in
square brackets, and thus it is straightforward to compute that the
assertion holds, provided that 7, € (0, %rz) is the solution of the equation

sin(%\/K 7o) = 1 — 2sin {5 ~ 0.652704. Here the right hand side comes
as the root of the cubic 1 — 3z% + z3 which lies in (0,1).

iii) and iv) As in (i) our starting point is the observation that a critical
point of §,, corresponds to a zero of u,,, whereas a degenerate critical
point of §,, corresponds to a common zero of 4,, and its derivative.
Hence by (34) a degenerate critical point of §,, can only occur at a zero
of the map r — cny(r) cnp(r) + Asny(r) sna(r). This map is strictly
decreasing on [0,7,], and thus it is easy to verify that it has a unique
zero ¢ € (0,7;). Clearly, any critical point of §,, that lies between
max{rg,7°} and 7, is a nondegenerate local minimum, and any critical
point between 0 and max{ry,7°} is a nondegenerate local maximum.
Moreover, Remark A.5(ii) implies that ; (2) = ct(r2) - §r,(r2) > 0 for
0 S To < T2.

If A > 0, we actually find that r° € (372,72), and thus cts(r®) <
0 < cty(r®). Hence by Lemma A.4(ii) there exists a unique number
7o € (0,7°) such that @, (r°) = 0. The preceding discussion shows that
for these particular numbers 7y and r° we indeed get statements (a)—(c)
in assertion (iii). In particular, §;, is strictly increasing on [0,7¢), and
therefore 7 € (0, 372) C (0,7°) as claimed.

If on the other hand A < 0, we find that r¢ € (0, r;], and thus
assertion (iv) follows immediately from the preceding discussion.

Proof of Corollary A.7 i) The monotonicity of 7, with respect to A
is a direct consequence of Lemma A.4(iii). The proof of assertion (ii) in
Proposition A.6 reveals that sin(2vVA7}/4) =1 - 2sinﬁ ~ 0.652704.
Similarly, the proof of assertion (iii) implies that r° — 37, as A — 0,
and by Lemma A.4(iii) we conclude that 7o — Z7,.

5This critical point could also have been established referring to Re-
mark A.5(ii), since under the current hypotheses cty(r2) = 0.
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ii) Note that sny(r;) < # < sny(ry). Therefore existence and
umqueness of a solution 7} € [0, ;) follow directly from Lemma, 5.2(iv).
Since - = snA(2r2) Propos1t10nA 6(iii) yields that max snj < max gz
and hence 7y < 7). The monotonicity of 73 with respect to A is an im-
mediate consequence of Corollary A.3(i). Equation (42) showss that
the number sin(3 \/K 74/%) is a root of the cubic 823 — 122% + 3. Thus
sin(2 \//_&r(’,\/‘*) = ; +sinf ~ 0.673648 < 12 = sin(17), and hence

74/ #* < 1"2 as clalmed Flnally, a numerlcal computatlon reveals that
-r2 = 7y for A ~ 0.185048 A

b
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