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ISOPARAMETRIC SUBMANIFOLDS AND THEIR
HOMOGENEOUS STRUCTURES

CARLOS OLMOS

0. Introduction

In [4] it was proved that given a submanifold of Euclidean space the
representation on the normal space of the holonomy group of the normal
connection is an s-representation (i.e., equivalent to the isotropy repre-
sentation of a semisimple symmetric space). This result has important
consequences for the isoparametric problem. For instance, it was used in
[2] to give a geomeric characterization of the manifolds which are focal to
the isoparametric submanifolds. The purpose of this article is to study in
some detail how the homogeneity of isoparametric submanifolds is related
to the precise knowledge of the normal holonomy groups of focal mani-
folds. As a consequence of this we will give a simple and geometric proof,
without using Tits buildings, of the remarkable result of Thorbergsson.

Theorem (Thorbergsson [9]). Every irreducible isoparametric submani-
fold of a Euclidean space of rank at least 3 is an orbit of an s-representation.

Let M be an irreducible isoparametric submanifold of rank > 3 of the
Euclidean space. Then, due to the Homogeneous Slice Theorem (see [2]),
there are abundantly many submanifolds of M which are homogeneous
and isoparametric, namely, those obtained as the fibers of focalization.
The problem is how to glue all this information together in order to con-
clude that M is homogeneous. We use, for this purpose, the techniques
developed in [5] together with the results in [4]. Namely, we construct
a canonical metric connection in TM such that the second fundamental
form is parallel with respect to this connection and the usual connection
in the normal bundle. The difference tensor between the Riemannian con-
nection and the new one is also parallel. Then, by the main result in [5],
M is an orbit. The method of constructing this connection is by gluing

together the canonical connections of the submanifolds of A given by
slices.
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It should be remarked that our proof is independent of the homology
and tightness of isoparametric submanifolds (see [3]). This information
can now be derived from the well-known results for orbits and those for
isoparametric hypersurfaces of the sphere.

We hope that the ideas in this paper will be useful to establish the
homogeneity of higher rank (rank > 2) isoparametric submanifolds of
Hilbert spaces (cf. [7]).

1. Notation and preliminaries

The general references for this section are [6], [7], and [2]. Let M” bea
compact irreducible isoparametric submanifold of R” with rank > 3. Let
OWREEIN 8 be the principal normals, and E,, --- , E A be the respective
eigendistributions of the shape operator 4 (i.e., TM =E, &---0E B and
A, X; = (n;, )X, if X, lieson E;). Let, for 1 <,/ < g, L;; be the
(parallel) vector subbundle of the normal bundle v (M) generated by n,
and n;. Choose, for 1 < i, j < g, a parallel f,.j € C*°(M, v(M)) such
that (§;;, m,) =1 if and only if n, lieson L. Let, for pe M, S,;(p)
be the leaf through p of the autoparallel distribution ker(Aéij —1Id) on
M. Then S, j.(p) is totally geodesic in M . Moreover, it is a compact
full isoparametric submanifold of V,:(p) =p + ker(Aéij —-1d)(p)® L;;(p)
with curvature normals {nk| s, M lieson L;;}. It is homogeneous due
to the Homogeneous Slice Theorem of [2] (this theorem has already been
used by Thorbergsson in [9]). The rank of S,;(p) is 2if i # j, and
1 if i = j. In the last case S;(p) = S;;(p) is a round sphere centered
at p+r(p)=p+ |n,.|_2 -n;. In general, there exists a (unique) parallel
ri; € C®(M, v(M)) lying on L;; such that S,;(p) is contained in the
sphere of Vij(p) with center at p + r,.j(p) and radius |r;;(p)]. (In the
following when two subscripts are equal we shall often omit one of them.)
If M" = M, is a parallel manifold to M, where { € C™(M, v(M)) is
parallel, then 7; = (1-(¢, ni))_lni and = rij—h,.j(é) , where hij is the
orthogonal projection to L; ;- From this fact it is easy to see that we may
assume, perhaps by considering a parallel manifold, that ker(Arij -1d) =
ker(Aiu_ —1d) . In the next sections we shall often assume this.

Let now N be a compact submanifold with constant principal curva-
tures in RY. If p € N and ¢ = (p, ép) € u(N)p then Holé(N) is
defined to be the subset of v(N) obtained by Vl-paral]el displacement
of ¢ along piecewise differentiable curves starting at p. We have that
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Hole(N ) L N is a fiber bundle over N with standard fiber <I>p - &, where
n((q,v)) = q and ®, denotes the normal holonomy group of N at p.

There is a natural map i: Holé(N) — RY defined by i((g,v))=qg+v.
The set N, = i(Hol,(N)) is always a compact submanifold with constant
principal curvatures. If 1 is not an eigenvalue of the shape operator A ¢
of N, then i is an immersion (actually, it is an imbedding). If, in addi-
tion, <I>p - ¢ is a principal orbit, then N; is isoparametric. When, from
the context, there is no possible confusion we shall often identify & with
& .
? The following result can be easily derived from [2].

Theorem 1.1 (see [2]). Let § be the parallel singular foliation of RY -
{0} induced by a compact irreducible isoparametric submanifold. Let M ,
Neg, pe M, and choose q € N such that £ = q—p be normalto M at
p. Then N = M, (and hence q—p is normalto N at q and N_,=M).

The proof of the following result in a more general context will be
included in the Appendix.

Theorem 1.2. Let N be a submanifold with constant principal curva-
tures of RY, let pe N, and let & € v(N), be such that 1 is not an
eigenvalue of the shape operator A of N. Let ® and ® be the normal
holonomy groups of N and N, at p and p +¢& respectively. Then d is
the image of the representation of the isotropy subgroup @, of ® at & on
the normal space, in v(N), of ®-& at &.

2. Homogeneous structures on submanifolds

Let M" be a submanifold of the Euclidean space. A homogeneous
structure on M (cf. [10]) is a connection V in the bundle TM & v(M)
such that:

(i) TM and v(M) are parallel subbundles of TM & v(M),
(ii) V is a metric connection,
(iii) the second fundamental form of M is V-parallel,
(iv) D =VeV"'-V is V-parallel, where V is the induced Levi-Civita
connection on M .

We shall not deal here with such a general situation which turns out
to be equivalent to the fact that M be an open part of an extrinsically
homogeneous submanifold of the Euclidean space. We shall only consider
normal homogeneous structures. This means that V = V@ V" where V°
is a metric connection on TM such that D = V—V° is V°-parallel. With
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this terminology the main result in [5] can be stated as follows.

Theorem 2 [5]. A compact full submanifold of the Euclidean space ad-
mits a normal homogeneous structure if and only if it is an orbit of an
s-representation.

Let us recall that an s-representation is a representation which is orthog-
onally equivalent to the isotropy representation of a semisimple symmetric
space.

Let (G, K) be a simply connected semisimple symmetric pair of rank 2
and let g = f®p be the associated Cartan decomposition of the Lie algebra
g of G. Denote the Ad-action of K on p by a dot. Let v € p and let
M = K.v be a principal orbit. Then M is an isoparametric submanifold
of p. Let n,,---, n, be the curvature normals, and E,, -, Eg be
the associated eigendistributions of the shape operator 4 of M. Let
¢ € C®°(M,v(M)) be parallel such that M, is focal and not trivial.
Then Mf = K.u, where u =v +¢(v) and K, C K, (isotropy subgroups
at v and u). .

2.1. We keep the assumptions of §2. As in [5] we have canonical
connections V¢ and V' on M and M, respectively. Observe that, since
the second fundamental form of M is V‘-parallel, the distributions E,
are VC-parallel. Let X belong to the orthogonal complement, in f, of the
Lie algebra §, of K, such that y(¢) = exp(t.X).v be a V¢-geodesic in
§.(v), where E; is different from E; = ker(4, —Id). Let w € E;(v).
Then exp(2.X),, (w) is V¢-parallel along y(¢). It is easy to see that J(¢) =
exp(t.X).u isa V'-geodesic in M, and that exp(z.X),, (w) is V*-parallel
along 7(t) (see [5]). This will be used in §3.

2.2. We keep the assumptions of §2. Let, for i=1,--- , g,

K = ({k|vi(v): k € K and k.S,(v) = S;(v)}),,

where (), denotes the connected component of the identity.
We may assume, as in §1, that E; = ker(4, —1d), where r, = |ni|_2-ni .
Let u; =v +r;(v); then

K'=K':= ({ky ) k € K, Do

It is clear that the left-hand side is contained on the right-hand side. The
other inclusion is a consequence of the Homogeneous Slice Theorem and
the fact that K’ is the restricted normal holonomy group of Mu,. at u,,
if it is full (see [1]). If M, is not full, then it is a factor of M and the
equality is clear. ‘



ISOPARAMETRIC SUBMANIFOLDS 229

The representation of K’ on V, ;(v) is an s-representation (see [1]).
Associated to this representation we can construct, as in [5], a canonical
connection V' on S, /(v). Then V' coincides with the connection induced
by V¢ in the autoparallel submanifold S;(v). (To see this notice that the
decomposition of [5] coincides with that given in [1, §2] in terms of the
eigenspaces of adz(X ), where X belongs to a Cartan subalgebra of p).

Remark. The results in this whole section are also true for rank > 2.

3. The proof of the theorem of Thorbergsson

Let M be as in §1. Then we have the submersions M iy Yy . » wWhere
u

nij(u) =u+ rij(u) (1<i,j<g). Observe that (ni_jl(nij(u)))u =5;;(u).
Suppose now that i # j. Then we have, for all ¢ € M, that r, ks is
constant on S;(q) , because r; (q) r;(q) is orthogonal to V (q). Then it
defines, locally, a parallel normal vector field to A, . Let us call it 7, T

defined in an appropriate neighborhood U of =, (p) p +r;(p) where p
is a fixed point in M . By Theorem 1.1 we have that M,), woy=M, -
i i\ iy

There is also a submersion s — p, ;(8) =5+1,,(s) defined from U onto
an open subset of M, .
ij

. . ;i
Let now y be a short horizontal curve in M , with respectto M = M,
ij

starting at p. Then y is also horizontal with respect to M il M, . Thus
p,.jo(nioy) =m;;0y,and w0y is horizontal with respect to U % p;(U).
Let, for g € M, V;j be the canonical connection on S,.j(q) induced
by the restricted normal holonomy group of M, at =, j(q) . (By [4] this
ij
group acts as an s-representation.) Let

D} =v-vV]:TS,(q) xT,S,;(9) - T,S,;(q),
where V is the Levi-Civita connection on M. (Recall that §;:(q) is

totally geodesic in M .) Then D;j (X, ) is skew-symmetric. Let now
X, YeT M, X =%% X, Y =3%Y, where X,, ¥, € E,(q)
(h=1,---, g). Define the C* tensor D on M by

=Y D] (x,
i,j

Notice that i = j is allowed in the above sum. -
Lemma3.1. If X,Y €T,S,(q), then D,(X,Y)=D](X,Y).
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Proof We may assume that i =1, j =2, and that T,S,(q)=E\(9)®
@®E(q) (1<r<g). Write X=X, +-+X,, Y=Y +---+7Y,
where X, , Y, € E;(q), 1 <k <r. Then

D,(X,Y)= ZD'“X,(,Y)+ZD L Y)
k#s

where D:; = Dflt .

If k #s, then S, (q) = S,,(q) and D;” = D;z. Thus we must only
show that D;(Xt, Y)= D;z(Xt, Y,). We may assume that ¢ = 1. Let
®'? be the restricted normal holonomy group of Mr12 at m,(¢q). Then,

by §2.2, the induced canonical connection on S,(g), as an autoparallel
submanifold of §,,(g), is determined by the image of the representation,

on’ u(<D'22) , of the isotropy subgroup <I>;2 , where z =r (q)—r,(q). But
Theorem 1.2 implies that this is the restricted normal holonomy group of
M, at m,(g). Since S(q) is a totally geodesic submanifold of S,,(q),
we get that D,(X,, ¥,)=D,*(X,, Y,).

Now it is clear that D (X, ) is a skew-symmetric endomorphism of
T, M. Let us define V¢ = V- D. Then V° is a metric connection on
M.

Lemma 3.2. V‘a =0, where a is the second fundamental form of M .

Proof. Leti,je{l,---,g}, i#j. By Lemma3.l, S, (q) isa V-
autoparallel submanifold of M. Moreover, E; is V -parallel in S,(q).
This is due to the fact that the second fundamental form of S, (q) is

VC-parallel. Thus ijX, lies on E; if X; lies on E; and X; f 11es on
E - Since i, j are arbitrary we conclude that the eigendistributions are
VC-parallel, so that V’a =0.

Lemma 3.3. V°D=0.

Proof If X, Y, Z€T,S;(q),then (V{D,)(Y, Z) = (ViD.)(Y, Z)
= 0, where the last equality is due to [5]. Let thus i # j and k& be such
that E, (q) is not included in T,S;i(q). Let 7,:[0,1] - M bea V-
geodesic in S, (q) with y,(0) = g. Let X, € E,(q) and let X, ;(2) be its
V¢-parallel transport along 7 (2) . This can be camed out in Sk,( ). Let
us consider Skl(q) (Sk,) Then, by §2.1, Xi(t) is V*-parallel along
m; 07, (2) in (Ski(q)) . It is clear that X, ;(2) s also Vl-parallel along

m; oy (t) in M, . It is not hard to see that X.(¢ ;(2) is also V~-parallel
along po(mo yk)(t) = 7;; 0 7(7) in M (s1m11ar to the case of an
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isoparametric submanifold and a focal manifold in [2, §2]). This argument
can be repeated for all X € E,(q) such that E,(q) C T (S;;(q)) . Thus for

X € T,(S;;(9)), X(t) is V°-parallel along 7.() in M if and only if it is
Vl-parallel along ;o 7(t) in M_ . Let p =y,(1) and let t* be the
ij
Vl-parallel transport along ;i © Vi Then 7+ maps Sij(q) ‘into Sl.j(p)
and r;L(Dq) =D,. This is due to the Homogeneous Slice Theorem in [2]
and the fact that ‘t;L sends the normal holonomy group of M, at g to

the corresponding normal holonomy group at p. If X, Y eUTqSi j(q) ,
then

T(X), TN (Y)) =1 D,(X,Y)=1"D,(X,Y),

D,(t°(X), T°(Y)) =D, (z
where 7° denotes the V‘-parallel displacement along y, . This implies
that D is VC-parallel.

Remark. The same methods apply to show the homogeneity of irre-
ducible isoparametric submanifolds of higher rank in spaces of constant
(negative) curvature.

Appendix

Let N, M be differentiable manifolds and let N 5 M be a submer-
sion. Let # be a horizontal distribution with respect to the vertical one,
ie, TN = # & ker(n,). Suppose that any piecewise C 'curve in M
has a (unique) horizontal lifting to N with any given basepoint. This is
the case where N is compact, or N and M are Riemannian, with N
complete and the following condition holds: there exists ¢ > 0 such that
| X|| < c.llm (X)| forall X € x(N) which are horizontal.

Given c: [0, 1] = N piecewise differentiable and s € [0, 1] we denote
by ¢ the unique horizontal curve in N such that # o ¢ = moc and
¢(s) =c(s). Let f,:[0, 1]1x[0, 1] — N be defined by f.(s, t) =¢(). If
(895 %,) €10, 11 x [0, 1], then f (s,, ) is a horizontal curve and f ( , Z,)
is a vertical one. We have also that f (¢, ¢) = ¢(?).

Lemma. Let N, M be as above and let E — N be a vector bundle
over N with a connection V . Suppose thatif X, Y € x(N) are horizontal
and vertical (with respect to #) respectively, then the curvature tensor
RV(X ,Y)=0. Let c:[0,1] — N be a piecewise differentiable curve.
Then there exists a vertical curve y (lying in n_'(n(c(l))) in N such that
T, =T,07;, where t denotes the V-parallel transport.
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Proof. Let f(s,t) = ¢(t) be as before. Let y = f( , 1). Then y is
vertical. Since

DYDY DYDY _ v <6f 6f) 0
at s 9ds ot at’ ds ’
we have T, =T,07T -
Let f: M — R" be an immersion. Let
v(M)={(qg,w):qeM,weR", andw L £,(T,M)}

be the normal bundle over M induced by f and let i: v(M) — RY be
defined by i((¢, w)) = f(q) +w. Let & = (p, v) € v(M) and suppose
that ilﬂolc( M) is an immersion, e.g., that M is compact and v is small.

Here Hol,(M ) 5 M denotes the holonomy subbundle (with respect to
Vl) of v(M) through ¢, where n((q, w)) =g (cf. [2]). Let & be the
normal vector field to Hol,(M) defined by {(v) = i(y) — f(n(y)). Then
& is parallel with respect to the normal connection. The proof of this is
similar to that given in [2] when v is a principal vector for the normal
holonomy group action. Put on Hol,(M) the metric induced by i and
let Z be the distribution on Hol,(M) defined by # = ker(n*)l. Then
ker(r,) = ker(Id —4;) , where A is the shape operator of Hol,(M). Since
& is parallel, A §y) commutes with all the shape operators at y € Holc(M )
because of Rl(w ,z)é = 0 and the Ricci identity. Thus all the shape
operators at y leave invariant ker(Id —Aé(y)) and hence leave invariant
Z’;, . Using again the Ricci identity, we get that RL(X ,Y)=0if X €
Z’ Y € ker(n,),. By the lemma, if c: [0, 1] — Hol.(M) is piecewise
dlﬁ'erentlable then there exist piecewise dlﬁ‘erentlable curves y and c0
in Hol (M) with y vertical and ¢, horizontal such that r = r 0Ty
where 7 denotes the V= -parallel transport.

Remark. (a) i,(T;(Hol(M))) = f*(TpM) ® i,(T®.¢) and hence
pr,(v(@),) = pr,(v(Hol,(M)),) , where pr,((q, w)) = w, and v(®.8),
has to be seen as the subspace of v(M ), Which is orthogonal to DL at
.

(b) Let ¢(¢) be a horizontal curve in Holé(M) and let (c(¢), X(¢)) be
a V'L-parallel normal vector field to Hol,(M) along c(f). Let 4 be the
shape operator of Hol,(M). Then

d
ZX(O) = i,(= A€ (1) € f(TyopM):

c b
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This equality is due to the fact that the shape operators of Holf(M ) pre-
serve the horizontal foliation. Thus (mo y(t), X(¢)) is a v -parallel nor-
mal vector field to M along 7o p(?).

(c) Let B(t) be a vertical curve in Hol,(M) starting at ¢ and let
(B(), Y(2)) bea v~ -parallel normal vector field to Hol, (M) along B(1).
Then (B(¢), Y(2)) isa V™ -parallel normal vector field to ®.¢ along B(t).

We have the following:

Theorem. Let f: M — RY be an immersion, let & = ,¢,), and
let Hol,(M) % M be the holonomy subbundle at & of the normal bundle
v(M) 5 M. Suppose that i: Hol, (M) — RY is an immersion, where
i((g,w)) = f(q) +w. Let ® and ® be the normal holonomy groups
of M and Holé(M) at p and & respectively. By means of pr,, identify
v(®.L), with v(Hol,(M)), . Then ® is the image of the representation on
v(®.Q), of the isotropy subgroup D, of ® ar {.

Proof. Let c:[0,1]—Hol,(M) be piecewise differentiable with ¢(0)=
& = ¢(1). Then from the previous facts it follows that T;L = r;L o ‘L';; ,
where y is a vertical curve and ¢, is a horizontal one. By part (c) of the
Remark and by [5] there exists g € ® such that ‘c},l = 8@

On the other hand, part (b) of the Remark implies
L1 5
Te, = Thlw(Hol (M), = Sv(@2), >

o)

where h = mol,=moc isaclosed curve in M and g = ‘C;" € ®. Clearly,
g8.k =& since & extends to a parallel normal vector field & to Holé(M ).
Thus & ¢ {gw@'é)c: ged}.

Let now g € (Df and let r: [0, 1] - M be a curve in M such that
‘t':' = g. Let 7 be the horizontal lifting of r to Hol, (M) with 7#(0) =¢.
Then #(t) = (r(t), &(t)) is V' -parallel along r(r). Since g.£ = &, and

#(0) = #(1), from part (b) of the Remark it follows that

1 _ iR _
T T U@, = S,

so that ® > {8h0s,: 8 €D}
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