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L"2-CURVATURE PINCHING

L. ZHIYONG GAO

The famous sphere theroem states that a complete, simply connected
1/4-pinched manifold is homeomorphic to the standard sphere [2], [22],
[26]. It is also known that the homeomorphism theorem can be sharpened
to a diffeomorphism theorem, if a more restrictive pinching condition is
imposed [12], [27], [28], [20].

On the other hand, Gromov proved the negative pinching theorem pro-
vide the pinching constant also depending on the diameter of the manifold
[14], [17].

In this paper we prove pinching theorems for L™ _curvature bounded
Riemannian manifolds. We denote the norm of the curvature tensor
Rm(g) of the metric g by |Rm(g)|. Our main results may now be
stated as follows.

Theorem A. For any iy > 0, H > 0, and integer n > 4, there ex-
ists a constant p = u(H, iy, n) > 0, such that if (M, g) is a complete
Riemannian manifold with diam M =n > 4, and

(a) Ric(g) > -Hg,

(b) inj(g) > iy,

(c)

max [ [Rm(g)"dg < H,
xXEM B, (x)
(d)

2
ikt — (881 — 88 dg < 1,
1315’}/31_0()()|R(g)uk1 (8 8j1 — 8u8j)l g < 1

then M is homotopic to a Riemannian manifold M of positive constant
sectional curvature, in particular, M is compact. Furthermore, M is cov-
ered by a topological sphere.

Theorem B. Foreach H >0, iy >0, d >0, and integer n > 4, there
exists a small constant u = u(H, iy, d, n) >0, such that if (M, g) isa

Received May 15, 1988 and, in revised form, December 19, 1988. The author’s research
was supported in part by National Science Foundation Grant DMS-87-03345 and the Alfred

P. Sloan Foundation.



714 L. ZHIYONG GAO

compact Riemannian manifold with dimM = n > 4, and
(a) Ric(g) 2 -Hg,
(b) inj(g) > iy >0,

(c)
max Rm(g)|"*dg < H,
xeM~/B,.0(x)| (8)l""dg
(d)
2
o — A8 8 — 848 <
max [, o RO~ A8y~ 8ug)l dg < b,

0

where A= —1 or 0.

(e) diam(g) <d,
then M is homotopic to a manifold with constant sectional curvature A =
-1 or 0.

Using the results of Kervaire and Milnor in [21], we have

Corollary C. If (M, g) isasin Theorem A, andif n <6, then M is
covered by a diffeomorphism sphere.

If inj(M, g) > i, > 0, we can consider the metric on a geodesic ball
Bio(x) in polar coordinate {r, 6} on Bio(x),

g=dr+g(r),

where g(r) are metrics on the sphere S = {x € R", |x| = 1}.
As a consequence of the proof, we have the following interesting result
(see §2).

Theorem D. Let (M, g) be a complete Riemannian manifold with
dimM =n > 2, such that

(a) Ric(g) > -Hg,

(b) inj(g) 2 i, >0,
and for any x € M,

(c)
| IRmg)"dg <K

o ()
Then there exist constants

C,=C/(H,K,i,,n) >0, C,=C,(H,K,i,,n) >0,
and a diffeomorphism ¢: S"™' — S, such that
0<e 97do* < ¢ g(r) < e db*,

where d6® is the standard metric on S"”".
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For the proofs of the main theorems it is worth noticing that there is
no evolution equation method available as in the case of

/ |Rm|p/2_<_K<oo, p>n.
M

as given in 36. Instead, we develop a series of estimates on the metric
which are based on integral bounds on curvature, but are not consequences
of the Rauch comparison theorem. L™? curvature pinching is much more
interesting and far more difficult than L? /2 curvature pinching, p > n.
The difficulty is caused by the facts that the power n/2 of L"? curvature
pinching is the same as the critical power of Sobolev inequality and that
the L"*-norm of curvature is a scale invariant.

Remark 0.1. In some sense, the bound on the scale invariant L2
norm of curvature is necessary. In fact, M. Gromov pointed out that
any compact manifold M carries Riemannian metrics of volume 1 with
LP-norm of curvature as small as you like for p < n/2.

Remark 0.2. The constant u(H, i,, n) is not estimated explicitly here,
although an estimation may be possible, but would be very complicated.
We use a noneffective argument.

The proofs of the theorems will be given in the remaining sections which
are organized as follows.

1. First order estimate on geodesic balls.

2. Zero order estimate on geodesic balls.

3. The diameter estimate of small geodesic sphere.
4. L"’.curvature pinching estimates.

5. L"-curvature pinching theorems.

6. Miscellaneous results.

In §1, we first prove a metric comparison result of concentrated geodesic
spheres by using the lower bounds of Ricci curvature and injectivity radius.
We then use it to derive the L” estimate of the second fundamental form
of small geodesic spheres. Thus, combined with the Gauss equations, this
result implies an estimate on the L"*-norm of curvature tensor of (n—1)-
dimensional geodesic spheres with controlled radius.

In §2, we study the geodesic spheres with L"?-norm of curvature bound-
ed. We are able to use the evolution equation [19] to deform the metrics
on such spheres. Since the exponent n/2 of the L"?-norm of curva-
ture is greater than the critical exponent (n — 1)/2 of the scale invariant
L" Y2 _norm of curvature of geodesic spheres, the evolution equation is
well behaved. Here, the lower bound of the injectivity radius is used to
obtain a Sobolev inequality on small geodesic balls ([7], [6] and [5]), which
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then implies a weaker but more suitable version of the Sobolev inequality
on geodesic spheres.

In §3, we use the precompactness theorem of Gromov to give a diameter
estimate of small geodesic spheres, which is needed in §2 to estimate the
metric of the geodesic sphere of fixed radius.

In §4, we estimate the second fundamental form of small geodesic
spheres. We do this by bounding the L? distance of the second fundamen-
tal form and b(r)g(r) of the geodesic sphere with metric g(r) and radius
r by using integral estimate on Jacobi fields (see §4 for the definition of
b(r)). This is used to estimate the L'-norm of scalar curvature free part
of curvature tensor. Due to the nature of L? estimates, the estimates are
somewhat complicated.

In §5, we prove the theorems by contradiction. We start with a sequence
of Riemannian manifolds with the bounds as in Theorems A and B. We
show that the geodesic spheres of fixed radius converge to the standard
geodesic sphere of space form of the same radius, and the metric tensor
converges to the standard metric tensor of space form in L"*-norm. These
are used to show that the limit manifold is a space form. We then prove
that many manifolds of the given sequence are homotopic to the limit
manifold; this part of the argument is taken from [18].

We refer to [13], [4], [17], [19], and [20] for basic tools and results in
Riemannian geometry, which will be used freely.

1. First order estimate on geodesic balls

Let us consider an n-dimensional (n > 4) compact Riemannian mani-
fold M with metric g, and denote by Rm(g) and Ric(g) the Riemann
curvature tensor and Ricci curvature tensor of the metric g respectively.
We denote the injectivity radius of g by inj(g). Throughout this section
we shall make the following hypothesis.

Assumption 1.1. There exist constants H >0 and I, > 0, such that

(a) Ric(g)>-Hg.
(b) inj(g) > iy >0, iy < 7/2.

We fix a point x, € M. Let B,(x,) = {x e M:d(x,, x) < p} be
the geodesic ball of M at X, with radius p < i;; here d is the in-
duced distance function on M . We consider any geodesic polar coordinate
{r, xt x"“l} on Bp(xo). By identifying Bp(xo) with the Euclidean
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ball B, = {veR"; |v| < p}, we have

(1.2) g=dr +3g,;(r, x)dx'dx’,

1 8° ki O
(1.3) Rirrj=§6 38, 4Zg E 1k6r 8>
where f(x) = d(x, x;), and {x s, x! } is any coordinate on the
unit sphere S"' ={v e R", |v| = 1} .3) implies that

d 11o |

(1.4 R,,——Ejln\/?—zla—gg,
where

VEdw = ,/det(g,.j)abc1 AAdx"

for the standard-volume form dw of S, = S" ' cR", and

_ ij kil O 0
_Zg & 57858

It is an interesting and important fact that aﬁ; g;; can be estimated by
the constants in Assumption 1.1. The next few paragraphs are devoted to
the proof of such estimates.

Proposition 1.5. For p < }i,, we have

,
0

Proof. Taking ¢ to be a piecewise smooth function of r with ¢(p) =
0, noting that

3_8‘2
Brg

2
578 dr < C|(H, n)p.

. 20
}1_{13 e Iny/g=0,
using (1.4), and integrating by parts, we have

p
/r2¢2R"dr=—% r¢—1ngdr— /
0

1 (70 2
_-2-057(r¢) lngdr——/ dr

(1.6) o ,
=§/0 (2r¢ +2r ¢¢)Elngdr
p 2
—21‘- | r2¢2 E)a_rg dr.
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The Cauchy inequality gives

2

0
<(n-— —_
<(n-1)|5

—1In
5y D&
and, therefore,

P p
/r2¢2R”dr§/ {r¢2\/n—ll—a;g
0 0
1

4

n-—1

—g}a’r

Applying the Cauchy inequality 2ab < ed® + %bz to the first and second
terms on the right-hand side, we obtain

d r.

g

(1.7)
2,20 2
/ ¢R dr52/ <—r¢ (n—=1)+er¢ Eg
1 2 2
+—8-(n—1) —g)dr
1 (7?2200 |
—Zor¢ 5; dr
1 P 5 a18 |? (n=1) [? 2,2 2
S_(Z_8>/(,r¢ Eg dr + %% /0(r¢ +¢7)dr
and hence
2
dr

e <%_£)/Op 2,2| 0
n

Taking ¢ = 1/8 and ¢ = p —r in (1.8), we get

/”rz(p_r)z 0
0

? 2.2
/rqSRrr.
0

2
dr < 32(n - 1)/"(r2 +(p-nddr

5;8

+H/ p—rYdr

< C(H, n)p’)

and, therefore,
2 2

2 2|0 1 (7?2 2| @

—_ < — - —_ <=
/0 "\ar dr_(IZZ)2/0 r(p-r) 578 dr Cl(H n)p.
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This completes the proof of Proposition 1.5.
Proposition 1.9. For r < i,, we have

Z| < Cy(H, iy, n).

Proof. Using (1.4) again, and integrating by parts, we have
(1.10)

1 26
/()rR dr_—i Py —Ingdr - 4/ a—’;g

= 126ln + = /Zr lng——/

Combining (1.10) and Proposition 1.5 with the Cauchy mequahty yields

2\ 1/2
) 7
0

, 5 1/2
_ 2|0 1/2
3Hr + - C (H, n)r+ ((n 1)/0 "5 , dr) r

< C(H, iy, myr+Vn—1C(H, n)'/*r < C,(H , iy, n)r,

which is just Proposition 1.9.

Remark. One should note that Proposition 1.9 does not imply that
|%\/§| < C. In the case of bounded sectional curvature, the Rauch com-
parison theorem gives that |Z,/g| < C.

As a consequence of Proposition 1.5, we can compare the induced met-
rics g(r) = Xg,;(r, x)dx'dx’ on the geodesic spheres S,(xg) = {x € M,
d(x, x,) =r} for r < }i,.

Proposition 1.11.  There exists a constant C,(H , n) >0, such that

dr

dr

2| 0
or

29 ) 1 r
r'—=In/g<H | rdr+-C/(H,nr+ r
or 0 4 0

e"Cs’z/’lg(rl) <g(r) < e il g(r)
for 0<r <r,< 3.
Proof.  From Proposition 1.5 it follows that
, ) 1/2
(1.12) / r dr) r </
0

for r < }i,. Taking a fixed vector v = (v;) € TS|, and letting A(r) =
g(r)(v, v) = Zg;(r, x)v'v’, we have

0
Eh

0

ar

dr < (/ r 9
0

or

<
lc’)rg

6rg”v v’
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which gives
’ — Inh(r

)< |54,

Thus, combining this with (1.12), we obtain
9 Inh

h(rz) S/’z 2 dr<—/

In r2)
h(r,)
< c‘/”2 C,(H, n)r
l

g‘ dr

1
and hence
e—C r/r < h(l’z)
= h(r) =
Since v is any vector of T'S|, this implies Proposition 1.11.

Proposition 1.11 gives the ratio estimate of the metrics g(r) on S (x;) .
Our first main goal is to estimate g(r). To this end, we need to control
the L"?-norm of the Riemann curvature tensor Rm(r) = Rm(g(r)) of
g(r) on S (x,). The next few paragraphs are devoted to such estimates.

We make the following hypothesis.

Assumption 1.13. Let p = i, > 0. There exists a constant K > 0,
such that for any x, € M

/ |IRm|"*dg <K.
B, (x,)

< Cs’z/’l.

Theorem 1.14.  For any p < iy/4, there exists r, >0 such that p/2 <
r,<p, and
/ |§m(rp)|;/2 dg < C4_1-
S, (%) "
for a constant C,= C,(H, K, iy, n) > 0.
Remark 1.14(a). In general, for any 0 < 7 < i,/4, we have

/ Rmn(g)
Bi0/4(x0)_Bl(x0)

First we recall a well-known volume estimate of Bishop [3].

Lemma 1.15. For r < iy, there is a constant C; = C(H, i, n), such
that /g < Cyr" ™'

We start with several lemmas.

Lemma 1.16. Given a geodesic y with length | < i;/2, and a Jacobi
field Y on y, such that Y(y(0)) =0 and (Y (y(l)), y(I)) =0, we have

C 2
Y () < S Y (5(ry)]
for 0<r <r,<I, and C3 in Proposition 1.11.

V2dg < C(H,K, iy, n,F).
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Proof. Since / < iy/2 and y is a minimal geodesic, we take x, = y(0)
and choose the polar geodesic coordinate {r, x! s, x""l} on B(x,)
such that 6?/6xl =Y(y(1)) at y(I). Thus 8/8x"' =Y on y, and Propo-
sition 1.11 implies the lemma.

Lemma 1.17. Given a geodesic y with length | < i, /4 and a Jacobi
vector field Y on y such that Y(y(0)) =0 and (Y(y(])), y'(1)) =0, there
exists a constant C, = C((H , iy, n) >0, such that

Y (@)l < GlY ()

for 0<t <.
Proof. Let 7 be an extension of y defined as follows:
_ (1), 0<t<l,
0 =1 ,
exPy(o)(tV 0)), -I1<t<g0.

Then 7 has length 2/ < i,/2, and 7 is a minimal geodesic. There exists
a unique Jacobi vector field ¥ along 7, such that Y(7(/)) = Y(y(/)), and
Y(3(=1)) = 0. Applying Lemma 1.16 to Y and Y in turn, we obtain

(1.18) T < ST W) =Y pu)) fort>0,

(1.19) Y () < Sy (p()]* for £ > 1)2.

On the other hand, letting Z =Y — Y on y, we have (Z, y') =0, and
Z(y()=0. Applying Lemma 1.16 again gives

1Z((0)] < SZ(p(0)} = ST ()] fort < 1/2.
Combining this with (1.18) and (1.19), we deduce
1Y (p(0)| < [TO)] +|1Z(0)] £ 26* Y (2(1)| fort < 1/2,
1Y (r(0)| < €Y (p(1))| for ¢ > 1/2.

We finish the proof of Lemma 1.17 by taking C = 2¢°%

Lemma 1.20. There exists a constant C4 = C((H , iy, n) > 0, such
that for each p < iy/4, we have

Ap(xo)—

Proof. Let B be the second fundamental form of §,(x,). Then we

h
ave 5 P P _li
ox 9x0) = 26750

n/2 C
dg+—=2
) dg e

or

dg<C/ |Rm(g

B, (x)
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and |% ,g|2 = 4|B|2 is independent of the choice of coordinate {xi}. For
a fixed point y € S p(xo) , we choose a coordinate {x'} on S p(xo) , such

that 5 5
<_, _> "y
ax' ax’ ”

at y. Let us denote a/ax" by Y, on Bp(xo). Then Y, is a Jacobi
vector field along the geodesic y(r) = {r, y} € B,(x,), and we have Y +
R(Y;, T)T =0, where T = 7'(r) is the tangent vector field of y. We take
the parallel vector fields E; and E; along 7, such that E;(p) = Y,(p) and
E.(p/2) = Y,(p/2). Thus by Lemma 1.17, |Y,(r)| < C,, and |E,(p)| <
Cs, |E;| < Cg for r < p. Defining the vector field 4, on y by

v =2, _P-Ng p
(121) 4N =Y~ ToBEE N - TP Er),  f<r<p,

we then have
4,1 <3Cs,  A(p/2)=0, A(p)=0,
Al +R(Y,, T)T =0.
We now integrate by parts,

14 P
/ A" dr =/ (A, A) A dr,
p/2 p/2
which gives, in consequence of equation Ai.' +R(Y,, T)T =0,
P p
-2
/m |4} dr = ~ /m(Aj.’, ANA" " dr
p
(=2 [ A, A, Ay ar
P

1 n—2

p
=+/ (R(Y,, T)T, A)A4)"dr
p/2

p
+(n-2) / (A, A4 R, T)T, A)dr
p/2

1 n-2

2 [* ’n—2 2 [*
<3¢ |Rm||4;|" “dr+ (n-2)3C, |[Rm||4;|" “dr
6 /2 i 6 )2 i

p
< C(H, iy, n)/ |Rm ||4|"*dr.
p/2

Then the Holder inequality implies

. P n2 Wn gy A
/ A dr < C / |Rm "2 dr / A" dr ,
p/2 p/2 p/2
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that is,
n ’ n/2

/ i dr<c [ |Rm["dr,
p/2 p/2

or
n-l .p P

(1.22) Z/ |A;|"drsc/ |Rm|"dr.
i=1 Y P/2 p/2

Using (1.21), we have
A=Y —EE + 2E
p p

which combines with (1.22) to imply
(1.23) Z/ Y/|"dr < = +C/ |Rm " dr.

We now consider

1
4Zg” Y YN, Y,

which, together with |Y,.| < G, gives

o | il jl
aré Sczg’ j|Y||Yk|

Note that g; j(p) =0, ;jatye S p(xo) . Applying Proposition 1.11, we then

have |g"/(r)] < C on y for p/2 <r< p, and hence

2
<cY Y1,

9
8rg

which clearly implies that

n
S C(H, iy, m) ) IT;I"

This with the help of (1.23) yields

p n p
/ 9 dr<C(H, iy, n) L,,+/ |IRm|"?dr].
p12 107 P Jop2

7.8
We now note that |Z¢|" and |[Rm|" are independent of the choice of
{xi} on §,(x,) . For any such {x;} we have by Proposition 1.11,

C(H, iy, n)"'V&(p) < V&) < C(H, iy, n)VE(p)

9
c’)rg
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on y(r), p/2 <r < p. This implies

/p
Integrating over S p(xo) , we then obtain

/B (xo)‘Bp/z(xo)

»

1o} 1 ’ n
- "Vgdr<c (—n\/?(p) + / |Rm| /2\/§dr> :
4 p/2

ar

n
dg < C—I,T/ dg+C [ |Rm|"dg.
P JS (x))

B, (x,)

Using Lemma 1.15, we have
/ 2.
B, (x0)—B,5(xp)
We take p = i,/4; then

or
(1.24)/ 18" dg < Cy(H, iy, n +C/ |Rm [ dg.
B, 14(x0)—B; 5(X,)

B, 1a(x0)

dg < —+c/ |Rm[" dg.
xo

For any p < %io, applying (1.24) to the metric g’ = 2 g, where 7 =
4p/i,, and noting that Ric(g') > —Hg; inj(g) > i,, by the scale invari-
ance of (1.24), we then ﬁnally obtain

I 5=,
B, (x))— B, (%))

10 2 io

" li
dg

Br

<C,+C, |IRm(g')["*dg’

10/4 (xo)

=C, +_(,—"6/B - |Rm(g)|"* dg.
0

Now we are ready to prove Theorem 1.14.
Proof of Theorem 1.14. From Lemma 1.20, we have

(1.25) dgdr<C(H, K, iy, n).

p/2J)S

Let us recall the Gauss formula on S, (x,),

- 1 /0 0 0 0
Rijur =Ryt 3 (ar 8ikgy 81~ argjkmgﬂ)

which, together with (1.25), implies that

(1.26) / /|Rm )2 dgdr<C/ /|Rm|/ dgdr+C.
p/2
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(1.26) means that there exists an r,>0 with p/2 < r, < p, such that

/ Rm(r,)|"*dg < CL.
5, (xo) "
This completes the proof of Theorem 1.14.

Remark 1.14(a) follows from above; the only change is that we have to

replace every constant by a constant which also depends on 7.

2. Zero order estimate on geodesic balls

In this section we state and prove the central estimates of the paper, a
compactness estimate of the metric g on geodesic balls.

Let (M, g) be a Riemannian manifold as in §1.

Theorem 2.1. For any p < i,/4, there exist r, > 0 as in Theorem
1.14, a constant C, = C,(H, K, iy, n) > 0 and a smooth Riemannian
metric h(r p) on the geodesic sphere Sr,, (xo)» such that

C;'a(r,) <r(r,) < Cy2(r)
and |Rm(h)| < C,.
First, let us recall a well-known result ([7], [6], [5]).

Theorem 2.2. If p < iy/2, then there is a constant Cg = Cg(n) > 0
such that for any f € C(°,’°(Up(x0)), we have

(n=1)/n

-1
(/ A )) <C, / V/ldg,
B,(x,) B,(x,)

where Up(xo) ={xeM,d(x, x,) < p} is an open geodesic ball of g .
Using Theorem 2.2 and the Holder inequality, and replacing f in The-

orem 2.2 by a power |f|>""1/"=2 of |f|, we can prove the following.
Theorem 2.3. For p <iy/2 and f € C§°(Up(x0)), we have

(n-2)/n 2
_ -1
[ oarerag) < (2823
B, (x,) n

Let us now consider the metric g(r) on S,(x,), and define a new metric
h(r) on S (x,) by

[ vrtae.
B, (x,)

h(r) = ;Egm.

We need to prove a Sobolev inequality for the metric A(r) on S,(x,).
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To start, from Proposition 1.11, we have
2
(2.4 e (1) i) < hiry < €
2
for 0<r, <r,<iy/2.

Theorem 2.5. For 0 < r < iy/4, there exists a constant Cy = Cy(H , iy, n)
>0, such that, forany 0 <1 <r and f€ C™(S,(x,)), we have

(n—=2)/n
1 2n/(n—2) / 2, l/ 2
—_— d <C Vil dg + = dg|.
27 (/S,(XO)IfI g) < 9<s,| fldg 7 S’f g

Proof. We take a cut-off function ¢: [r, r /] — [0, 1], such that ¢(r) =
0, ¢(r+1)=0, ¢(t)=1 for r+1/4<t<r+3l/4,and ¢ is linear on
[r,r+1/4] and [r+3//4,r+1]. We have

el =161 7.

We can consider ¢f as a function on B »(%o) with support in B,_,(x,) —
U,(x,) . Applying Theorem 2.3 to ¢/, we obtain

rl NN (n=2)/n rl X
( [ [ et ag dz) <c[" [ 1venidzd
r S,(x) r S,(xg)

r+l 5 1 r+l 2
<cC / / |Vf|gdgdt+E/ / frdgarh.
r S,(xq) r S,(xg)

Since / < r and all the metrics g(¢) for t € [r, r + [] are equivalent by
Proposition 1.11, we can replace the metrics g(z) for ¢t € [r,r + ] by
g(r). Thus we have

1 (n=2)/n
(ilc / lflz"/‘"‘”dg)
S,(xg)
o (n=2)in
s(/ / |¢f|2"/‘""2’dgdt)
r S,(xo)

<cC (1/ \Vidg + ;/ fzdg) ,
5, 5,5

which clearly implies Theorem 2.5.
We identify S,(x,) with S, C R", and consider g(r) and h(r) to be
metrics on S, . From Theorem 2.5, we obtain
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Corollary 2.6. For 0<r<iy/4, 0<I<r,and f € C™(S,), we have

(n—=2)/2
1 2n/(n=2) ;1 / 2,5 1 / 2,
— dh <C, VI"dh+ — :
Ln (/s, d ) B 9{ sll 7l % s,f s

here L=1/r and 0 < L<1.
For the metric A(r) on S, from Theorem 1.1.4, we also obtain
Corollary 2.7. For any p < i,/4, there exists r, 2 0, such that p <
r<2p and

(2.8) /S |Rm(k(r,)"* dh(r,) < C,.

We now use the evolution equation of Hamilton [19] to deform the
metric h(rp) . We fix p <i,/4 for the next few paragraphs, and consider
the evolution equation

(2.9) g—th(t) = —2Ric(h),
where £(0) = A(r,) . From [19], we have
Theorem 2.10. The evolution equation
9
ot
has a unique solution on a maximal time interval 0 <t <t < co. If
T <, then maxg |IRm(h)| > 00 as t - T.
We shall estimate the T for l_z(rp) from below by a constant which
depends only on H, K, i;, and n, and estimate the uniform norm of

Rm(A). We start with the following.
Theorem 2.11. There exist

T=T(H,K,iy,n) >0 and C,y=C,o(H, K, iy, n) >0,

such that (2.9) has a solution on [0, T], and for t€[0,T], 0<L<1,
f€C™(S,), we have the following:
(a)

h,; = —2Ric(h),,

ij =

/S |Rm(h)|" dh < 2C,,

(b)

(n—2)/n
1 2n/(n—-2) 2 1 2
P/—"'(/s,m dh) 52@{/Sllw| dh+P/Slfdh},
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(©)

2/n C
n}alem(h)lh(t) e l/n (/ | Rm(h)| n/2dh) < rl_lIO/n(C4)2/n.

Proof. Note that (a) and (b) are satisfied at t = 0. We take n > 0 to
be the maximal number such that (2.9) has a solution on [0, 7), and (a),
(b) hold on [0, 7). We may assume that n < 1. First we prove

Lemma 2.12. (c) is satisfied on [0, n).

Proof. Letting 7[0, 1), we have

) .
5-h(t) = ~2Ric(h),

which is invariant under the transformation ¢ — 1z and & () =
(1/7)h,;(tt) = hj;(t) . Thus we obtain

9, o
Eh (2) = =2Ric(h)

for ', and this equation has a solution on [0, 1]. For this metric 4, we
have

(a,)

/S |Rm(K)|"* dh' =" /S |Rm(h)["2dh’ < 2C,<"

(b))

2n " 2 4 T 2 4t
Lz,,,(/ = dh) S2C9{/SI|Vf| dh+P/Slf dh}

forany 0<L <1 and fe C™(S,). Let L=L/z"/>. Then L can take
any value on (0, 1], and (b, ) can be rewritten as
(b,)

(n=2)/n
%/,, (/ |f|2n/(n—2)dhl) <2¢, {/ |Vf|2dh/+_-l—2/ fzdh/}.
L S S L s,

From [18] it follows that

2)/2

(2.13) %llez <AlRm[? - 2|YRm 2 + C(n)|Rm .
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For p > 1, by integrating and using (2.13), we obtain
(2.14)

0 2p ]
at/sl |Rm|™ dh
<2 [ |Rm[*""(ARm, Rm)dh'+ Cp [ |Rm[*" ¥
s, s,
2(p-1) 2 g1
S—ZP/ |Rm | IVRm| dh' —4p(p — 1)
Sl
x/ |Rm|2(p—2)<va,Rm)zdh'+cp/ Ileszdh'
S, s,
<- (—(p— l) +E>/ ]VllepIzdhl+Cp/ IRm|2p+ldh,,
p " plls s
so that

(2.15) 3/ |Rm|2”dh'+/ |V|Rm|p|2dh§Cp/ |Rm 2+ dh'.
at Sl Sl Sl
Similarly, for any nonnegative function ¢ of ¢, we have

9 (¢/ |Rm|2”dh’) +¢/ |V|Rm |p|*| dH’
ot \” /s, s,

(2.16) .
<cps [ |Rm|2”“dh'+(d—¢) [ 1Rm an'
s, t s,

Now we use the standard Di Geogi-Nash-Moser iteration. We take ¢(t) =
1 for t > 8", ¢(t) =0 for t <J, and ¢ is linear on [d, d']. For such
¢, we obtain

' d 1

=|Z0l< ———.

(2.17) ¢ ’dt¢‘ <@ =9
For each p > 1, we take L small, such that

1 2
o7 = 4cyc(n)p(2¢,) my 4cg > 1.
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Applying (b, ) and (2.16) yields

9 ¢/ |Rm [ dh’ +1¢/ V|Rm [P dh’
ot \°Js, 2% s,

1 1 (n=2)/n
+ §¢— —2/n (/ |Rm |2np/(n—2) dh)
(QC,L™) \Us

SCpqS/ |Rm|2”+‘dh’+l:12./ |Rm [ dK
s, 27 s,

(2.18) + ¢/ |Rm|? dF'.
sl

Let x = n/(n—2) > 1. By the Holder inequality we have
9 ¢/ |Rm X dh' | + 1¢/ V|Rm "2 dh’
at \? s, 2
1/k
+é (/ |Rm|2””dh') 1
s, 4c,’"

, 1k , 2n
¢(/|Rm|’"‘dh’) </|Rm|”/ dh')
%i/lR 2"dh+———/1R 1 d

which implies

% <¢/|Rm|2p dh') + l¢/|V|Rm PR dR + ¢ (/|Rm|2"")mc

<—/|Rm|2”dh+ /|R g

so that
1/x
2 (¢/|Rm|2"dh’> +é (/|Rm|2”"dh’) +1¢/|V|Rm|"|2dh’
<C(H, K, io,n)p"/IRm|2pdh +———/|R » g
Let

H,(9) =/6] (/S |Rm [ dh') dt,
1
1)2,,((5)=/ls (/S |V|Rm|"|dh') dt
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_ 2p ’
M,,(6) = Jrgtasxl «/S. |Rm|™ dh'.
From (2.18) by integrating from J to 1, we obtain
1

(2.19) M,y,(8") < Cp" 57— Hy, (9),
: n 1
(2.20) D,,(8) < Cp" 57— H, (9).

Lemma 2.21. For k =(n+2)/n>1,
H,, (3) < CM,,(8)"" (H,,(8) + D,,(5)).

2pk
Proof. By the Holder inequality,

H

2e(0) = /,sl </s [Rm dh’) = /51 ( / | Rm 47" dh’)
s (fimmma)” (fmara)”
_sz(é)z/n /51 (/IRmIZ‘"‘ dh')l/x_

Taking L=1 in (b , ), and applying (b, ) to the right-hand side of (2.22),
we obtain y
n
H,,.(9) < CM,,(9) (H,,(9) + D,,(9)).

Using (2.19), (2.20), and Lemma 2.21, we then have
1 \F .
Hyel@) < O™ (5) 00
Hence, for g=2p > 1,
! . Kn 1 o K
(2.23) H (6)<C(H,K, iy, n)yq <m) H (9)".

Let g, =k"q,, 6,,=3-%2"",8,—0,,_ =27+ ‘andlet d(q, 6) =
H,(8)"/?. Then (2.23) implies that

(D( S )< Clll/qm( )Kn/qm(2M+l)K/qm(D(q ) )

9> Om m—1°“m—1
_l_ mRn ('"+|)f

< Co7 (g,) 0" (R)w" (2) 0" D(q,,_,, 3, )
<CHET ()BT ()R ZF ()8 Z W (g, 5,

S CIZ(H’ Ka 105 na qo)d)(qo, O)‘
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Letting m — oo, and taking limits, we obtain

D(00, ) < C,P(gy, 0).
Taking g, =n/2 and C,; = C,(H, K, i;, n) yields

1 2/n
" — n/2 !
s w5 ([ [ o)

Consequently

1 2/n
(2.24) néalem(h')|(l)§Cl3(A /Sl|Rm|"/2dh) :

Now from (a | ) it follows that

1
//lRm|"/2dh'§2C4rl/2.
0 Js,

Combining this with (2.24) gives

rr}galem(h')Kl) < Cp2C M < ()P,

Changing back to the metric %, we therefore obtain the estimate (c).

To finish the proof of Theorem 2.11, we need only show that there exists
C,=CLH,K,i,,n)>0,suchthat n > C, > 0. To this end, we
consider the evolution equation for #,

0 .
5_th = —2Ric(h).
We have [18] as in (2.15),
2/|Rm|"/2dh +/‘V|Rm|"/4
ot
Hence, by the Holder inequality,

ﬁ/-]len/zdh+/'V|Rm|"/4
a1
l/K' 2
< C(/Ile""/zdh) (1Rm/"2an)™".

Using (a) and (b), by taking 1/L*" = 2C,C(n)(2C,)*", we obtain

2
dh < C(n)/|Rm|"/2+'dh.

2
dh

ad 2 .
E/;Rmr'/ dh < C\y(H, K, iy, n)/lle"/zdh.
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Integrating gives
/ |Rm "% dh < " / |Rm(h)| dh < C,e5'
and therefore, if # < (C,;)"'In2, then
(a,) /|Rm|"/2 dh <3C, <2C,.

We now shall improve the constant in (b). For any fixed f € C°°(Sl) , We
have

> (/ V1] dh+—/f dh)

=/ 2Ric(VS, Vf)dh+—L—2/f2(—R(h))dh+/|Vf|2(—R)dh

< 6max | Ric(h) (/ /] dh+—/ 7 dh)

Using (c), we obtain

(/ v/) dh+—/f dh)_ e (/ V] dh+—/fdh)

and therefore, by integration,

(2.25) /|Vf| dh+—/fdh

<t (/ V] dh+L—/f2dh)

n—2

(2.26) (/S |f|"l—"7dh) > ¢~ "Cie! (/S |f|ff'fdh) o

Combining (2.25) and (2.26) with Corollary 2.6, for ¢ < (2n C, ln 3)", we
then obtain

L T 3c -
(2.27) zz—/;(/SIm dh) <l [/|f|dh+ /fdh]

Now, if .
. 1 3 [(n3) _
ngmm{a;lni,( > Ci =Cy,,

t=0
Similarly,




734 L. ZHIYONG GAO

then (c) implies that | Rm(#)| is bounded when ¢ — . By Theorem 2.10,
(2.9) has a solution on [0, 7] for some 7 > 7, and (2.26) and (2.27) imply
that (a) and (b) are true on [0, 77]. Therefore n cannot be maximal. This
contradiction proves that n > C,, > 0, and we can take

T=TH,K,iy,n) =C,>0.

This finishes the proof of Theorem 2.11.
Proof of Theorem 2.1. We take h(rp) = h(T) as in Theorem 2.11.
Then Theorem 2.11(c) implies that

C 2
|Rm(h)| < C, for C, ><m)(cﬂ" > 0.

We now prove that g(rp) and r;h(rp) are equivalent. Recalling that
h(r,) = g(rp)/rf, and h(0) = h(r,), we have from Theorem 2.11(c),

C(H,K, iy, n)

|Ric(h)] £ ===,

and hence for any vector v € T'S,

i} .
| 3240, )| < 2ARicIA©, ) < (=7 ) hw, v)
Integrating both sides gives
h(T)(v, v) 1/n
In <nCT
h(0)(v, v)

nCT'/"

Since v is arbitrary, by taking C, =e we have

C; 'h(r,) <h < Ch(r,),
which clearly implies that

C;'2(r) <roh(r,) < C,g(r).

This finishes the proof of Theorem 2.1.

We need to estimate &(r,) ; by Theorem 2.1, we need only to estimate
h(rp) . We like to use the Gromov Convergence Theorem ([11], [16], [25]);
for this, we have to control the volume and diameter of A(r p). For the
volume, we have the results of Croke [7].

Theorem 2.28. For r < i)/2, there exists a constant C,; = Cj,(n),
such that

Vol(g(r)) = Vol(S,(x,)) > C,,r" "

Combining this with Theorem 2.1, we obtain the following.
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Corollary 2.29. Forp< %‘1 , there exists a constant C\g= C;(H ,K , i, n)
> 0 such that
Vol(h(r,)) 2 Cj3 > 0.
For the estimate of diameter, we have

Theorem 2.30. There exists a constant C,y = C,o(H, iy, n) >0, such
that for r < iy/2, we have

diam(g(r)) < Cyr.

We shall postpone the proof of Theorem 2.30 to the next section. For
now, we assume Theorem 2.30. Then from Theorem 2.1, Corollary 2.29,
and Theorem 2.30, we obtain

(2.31) |Rm(h(r,)| < C;, Vol(h(r,)) > Cig >0, diam(h(r,)) < C,s.

We now can use the Gromov Compactness Theorem ([11], [25]) to es-
timate A(r p) , and so g(rp). These, together with Proposition 1.11 and
Lemma 1.16, clearly imply Theorem D.

3. The diameter estimate of small geodesic sphere

In this section we will prove Theorem 2.30. Most of the proofs are
straightforward, but for completeness we write them here. The main ref-
erences of this section are [14]-[16]. We start with some lemmas.

We define the set of Riemannian manifolds

M (iy, H, n)={(M, g)|inj(g) > i,, Ric(g) > -Hg, dimM = n}.

Lemma 3.1. Let (M,, g;) € #(iy, H, n), and take x, € M, a point
in M, for each i. Then there exists a compact metric space X such that
H,. = Bg{" (x;) € X with D = 4i, and the distance functions on compact
subspace H,. induced from X and the distance function of (M,, g;) are
the same [14], [15].

Lemma 3.2. There exist a compact subspace M° of X, and a subse-
quence of {M,} (say {M}), such that M, converges to M % in Hausdorff
distance, which is denoted by M, H.oMm in x.

By passing to a subsequence if necessary, we may assume that x;, —
X, € M°in X.

Lemma 3.3. Let B,.O(xo) ={xe M, dx, X,) < iy}. Then for any
two points x, y € B, (x,), there exists a minimal geodesic y from x to y

1

in M,ie, L(y)=d(x,y).
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Proof. By [16], we need only to prove that for any ¢ > 0, there is a
point ze M 0 , such that

max{d(x, z),d(y, 2)} < 1 d(x, y) + 4e.

Since M, A, M°, for any ¢ > 0 we have M° C UM, = {x €

X,d(x, Hl.) < ¢} for large i, and there exist X, y € H,. for large i,

such that d(x, X) < ¢ and d(y, y) < ¢. The triangle inequality implies
d(x,y)<d(x,p)+2e, dx,y)<d(x,y)+2e.

Since M, is a length space, clearly d(x, y) < 2i;, and there exists z € H;‘

such that

max{d(x, 2z),d(y, 2)} < td(x,p)+e<id(x,y) +2e.

y,
We also have M, C UE(MO) for large i, which implies that there is a
z € M° such that d(z, z) < &, and that
dix,z)<d(x,z)+2 < $d(x,y)+4e,
dy,z)<d(y, 2)+2e< id(x,y)+4e.
This completes the proof of Lemma 3.3.
Lemma 3.4. For r <i,/2, we have

B.(x,) 25 B (x,),

where B (x;) and B (x,) are geodesic balls in M, and M°, respectively.
Proof. For ¢ > 0, we have B, (x,) C UE(HI.) for large i. For any
Yo € B,(x,) , there exists y € 717,. , such that D(y,, y) < ¢, and hence

d(y, x;) <dy,y,) +d (g, x5) +d(xy, x;)
<e+r+e<r+2e
for large /. This implies that y € B, ,.(x,). Since M, is a length space,

there is a y € B,(x;), such that d(y, y) < 2¢, and therefore, d(y,, y) <
3¢ and B (x;) C U, (B,(x;)) .

Now for any y € B,(x;), since M c Ug(_M-,.) for large i, there exists
ajy, € M°, such that dy,y, <é&,and

d(7y> Xo) Sd(xg, X;) +d(x;, y) +d(y, y) Se+r+e<r+2e

for large i, which implies that y, € B, ,(x,). If y, ¢ B,(x;), then
d(x,,¥,) > r, and by Lemma 3.3, there is a y, € B,(x,), such that
d(yy,¥,) < 2¢, and d(y,y,) < 3e. If 3, € B,(x,), we take y, = 3,
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and d(y, y,) < ¢, and hence y € U,,(B,(x,)) for large i, and B.(x;) C
U,,(B,(x,)) . This proves that B, (x;) A, B,(x,) -

Lemma 3.5. Let S,(x;)={xeM,, d(x,x)=r} and S,(x,) = {x €
M°,d(x, x)) =r}, for r < iy/2. Then

S.(x) 28 (x) in X.

Proof. (1) We shall show that for any ¢ > 0,
S,(xy) C Uy, (S,(x;))-
Taking any y, € S,(x,), we have d(y,, x,) = r. Lemma 3.4 implies

that B,(x,) C U,(B,(x;)) for large i, so there is a y € B,(x;) such that
d(y,,¥) <&, and hence
r=d(xy, ¥y) <d(xy, x;) +d(x;, y) +d(y, yy) < 2e+d(x;, y)

for large i. This gives d(x;,y) > r — 2¢, and d(x;,y) < r. Since
r < inj(M,), there exists a y € S,(x;), such that d(y, y) < 2¢, and hence
d(y,, ¥) < 3e. Consequently, S,(x;) C U,,(S,(x,)).

(2) We now are going to show that S (x;) C U,,(S,(x,)) for large i.
We start with the following.

(a) For any y € B,(x,) and d(x;,y) > r — 26, there exists a y, €
S,(x,) , such that d(y, y,) <26 . In fact, for any y € B,(x,) and ¢ >0,
there is a z € B,(x,) for large i, such that d(y, z) < ¢, and therefore

r_25 Sd(x()’y) Sd(x09 Z)+d(Z, y)

<d(xy, x;) +d(x;, 2)+d(y, 2)

<2 +d(x;, z)
for large i. This implies that r — 26 — 2¢ < d(x;, z) <r < i,/2, so that
there isa z, € S,(x,), such that d(z, z,) < 26 + 2¢. For such z,, there
exists a J; € B,(x,) such that d(z,, y;) < &¢. We may assume that y; —
Yo € B,(x,) as € —0,and z, —» z as ¢ — 0. Then d(z,, )78) < ¢ implies
that y, = z, and since x; — x,, we have d(x;, Z) = limd(x,, 2)¢) =r,
and hence d(x,,y,) =1, y, € S,(x,) . We have

dy,yy) <d(y,z)+d(z,2)< 8+1in3a’(z, z,) <e+20+ 2.
E—
Letting ¢ — 0, we then obtain d(y, y,) <2J.
(b) Forany y € S,(x;), d(y, x;) = r, for large i, thereisa y, € B,(x,)
with d(y, y,) <&, such that
r=d(x;,y) <d(x;, xp) +d(x,, Vo) +d(Fy, ¥)
<2e+d(xy, ¥y)
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for large . This implies that d(x,, y,) > r — 2¢, and that d(x,, y;) <
r < iy. By (a), there exists a y, € S,(x,), such that d(y,, y,) < 2¢, and
hence
dy,y,) <d(y, 3, +d(¥,, y,) < 3e.

Consequently, S,(x;) C U,,(S,(x,)). This finishes the proof of Lemma
3.5.

Lemma 3.6. S (x,) is connected for r < i,/2.

Proof. Since S,(x;) is connected and compact, so is S,(x,) .

Define PC; = {a|al[t;, ¢;,,] is a minimal curve with length < J in
M°, and a(t) €S,(x,), 0=t,<t,<---<t,,, =1, ais C’in M°}.

Lemma3.7. Forany 6 >0 and x,y € S,(x,), thereexistsan o € PC;
such that o(0)=x, a(l)=y.

Proof. Let us fix x, and let

A = {a(l)|a € PCy, a(0) = x}.

By Lemma 3.3, A4 is open and closed in S,(x,), and hence 4 = §,(x;).
Theorem 3.8. For r < iy/4, thereis aconstant Cy, = C,(H ,K ,ij,n,r)
>0, such that diam(S,(x,)) < Cyg.
Proof. Taking & = r/8, we then have for any a € PC;,

0
ac UM (x,) c M°,
Let y;, z; € S: = §,(x;), such that
diam(S;) = d(y;, z) = inf {L(7)[7(0) =¥, (1) = 2}

Since X is compact, and S: A, S, =8 ,(x,) in X, we may assume that
yi—Yy,z;—zand y,z€S,.

Lemma 3.7 implies that there exists an o € PCj such that L(a) < oo,
a(0) =y and «(l) = z. Thus we have a: [0, 1] — M° and 0 = ty <
t, < -+ <t,,, =1 such that al[tj, L] is minimal in B, (x,) and
a(t;) € S,(x,). By Lemma 3.5, there exists an &, € S, such that for
small ¢ < & and i large, d(a(t;),a)) <& & =y, and &,,, = z;.

Therefore
<2+d<2<r/2,
which implies that there is a minimal geodesic B; , from d; to dj. 41 10

M, such that ' .
B; C Uys(S;) C By (x,).



L"*.CURVATURE PINCHING 739

Let B’ = U;"zo Bj’ Then B(0) =y;, B(1) = z;, and B' is a piecewise
continuous minimal geodesic in A, . Thus

m
(3.9) Zd aj,,) < 2me + L(a) < oo.
Jj=0

Now note that B} C B, (x;) - B, 5(x,) C M. From Proposition 1.11, we
have _
g=g=dr+ g,(r, x)dx'dx' on B, (x),

(3.10) e*g(r) < g(r) <e*“g(r)
for r/2<r <r,<2r. Let ,B ( ) = (r(t), x(t)). Then r(¢ )= r(t D=r.
Define B;(t) = (r, x(t)) to be the radial projection of B S,(x;).
Then from ( .10) it follows that
i L | d Lin | d
L(B) =/ del 2/ 9wl dr
! R LA P 1 r(1)

1; dt> &’ L().

t.

— Jj+1
>e 2C’/
7

Taking g8’ = U;"zoﬂ':, where B’ is a C’-piecewise C' curve in S:,
and L(B') < e?SL(B’), we have B'(0) = y; and B(1) = z;. By (3.9),
we obtain _

L(B") < €S @2me + L(a)) < .
Consequently _
diam(S) < e*%(2me + L(a)) < 0o
for large i. This completes the proof of Theorem 3.8.
Proof of Theorem 2.30. First we claim that

(3.11) diam (g,. (’2‘2)) < C(H, iy, n).
If (3.11) is false, then there exists a sequence
{(Ml‘a gl)} C‘/Z(H, iO) n),

such that diam(g,(i,/4)) — oo, and thus diam(Si /) — 00 But by Theo-

[}
rem 3.8, there exists a subsequence of {(M,, g, } (say {(M;, g;)}) such

that dlam(Sl.0 / 4s) < C,, . This contradiction proves (3.11).
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Let g{ = (1/12)gi for any r <ij/4 and t=4r/i,. Then since <1,
we have
Ric(g ) > - Hg mj(g ) > iy,

that is, (M, g;) €#(H, iy, n). Applying (3.11) to (M, g{) , we obtain

diam (g,f <%°>) < C(H, iy, n)

diam(g,(r)) < C(H , iy, m) .

0

which implies
Hence the theorem is proved.

4. L’-curvature pinching estimates

Let M be a compact Riemannian manifold with metric g as in the
above sections, and assume that

Ric(g) > -Hg, inj(g) > i, >0,

/2
max Rm(g) " dg > K,
xo€M~/Bv (%) ' l

(4.1)

where H > 0. In this section, we make the following additional hypothe-
sis.
Assumption 4.2. Let

Tm =T = Riju — D881 — 8u8k)
with A=1, 0, or —1, and assume that

max/ |Tm|2dg§,u
X EM Jp. (%)

for a small u > 0.
As in earlier sections, we consider the metric g in polar geodesic coor-
dinates on the geodesic ball Bio(xo) ,

g=dr+ Z g;(r, x)dx'dx’.

Let g(¢) be the induced metric on the geodesic sphere S,(x,) - Denote the

(o]

scalar curvature free curvature tensor of g(r) by Rm( ) = Rm(g(r)),
and the second fundamental form of §,(x,) by B Y)=(V,Y,0/0r)
for X, Y vector fields on S, (x,).
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The main theorem of this section is:

Theorem 4.3. Let a(u) = u'/"*V. Then for any x, € M and p =
io/4, thereis an x € B,(x,) C M, such that

/ Rm(g)|dg < o(w)'*C(H, K , iy, n).
B,(x)=B, ,(x)

Remark 4.3(a). Similarly, if 0 < 7 < i,/4, there existsan x € B_(x,) C
M such that

9 _ 1/2 . _
/ IRm(g)ldg < o(w)*C(H, K, iy, n, P).
By /4(X)=B,(x)

We start with several lemmas.

Lemma 4.4. Let y be a geodesic of length | < n/2, and J a vector

field along y, such that J(y(0)) =0 and J(y(I))=0. Thenfor A=1,0,
or —1, we have

! [ !
/|J|2dt$/ |J'|2dt—A/ P dt.
0 0 0

Proof. Since the Dirichlet eigenvalue problem of the Laplace operator
—dz/a’t2 on [0, /] has the first eigenvalue (7t/1)2 >4, we have

] , / ) l 5 i ) l 5
[ Wie-a 1t za [1ap-a [ 10f 2 [
0 0 0 0 0

Lemma 4.5. Let y and J be as in Lemma 4.4. Then

! / I}
/IJ'|2dt§2(/ |J'|2dt—A/ |J|2dt).
0 0 0

Proof. We have

! ! / !
/|J’|2dt=/ |J'|2dt—A/ |J|2dt+A/ P dt
0 0 0 0

! 1,2 ! 2
52(/ ¥4 dt—A/ 1| dt).
0 0

Lemma 4.6. Let y be a geodesic of length | < iy/4 < n/2, and Y
a Jacobi field along y such that Y(y(0)) = 0, |[Y(y([))| =1, and Y
is perpendicular to y. Let E be the parallel vector field along y with
E(y(l)) = Y(y()), and define
Y — (sint/sin/)E ifA=1,
A= Y- (t/DE ifA=0,
Y — (sinht/sinhl)E ifA=—1.
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4
2
/ A dt < c20/|:rm|.
0 Y

Proof We have Y" + R(Y, ')y’ = 0, which can be rewritten as
Y’ +AY = —(R(Y, ¥)y — AY),

Then

so that
A" +AA=Y +AY = —(R(Y, )y’ — AY).
Noting that (R(Y, ')y’ —AY) <|T, ||Y]|, we deduce
(4.7) |4" + A4 <|T, ||Y].
Since |Y (/)| =1, Lemma 1.17 implies that |Y| < C,(H, i,, n) so that
|4 < Y|+ |E| < Co + 1.
Combining this with (4.7) gives

/|A' A/ 42 = / (A" + A4, A)dt
0

5/0 T, | 171141 < (C, + 1)2/|T,,,|.
7

Thus using Lemmas 4.4 and 4.5, we thus prove Lemma 4.6.
Lemma 48. Let y,Y, and A be as in Lemma 4.6, and assume
iy/100 <1 < i,/4. Then

APy )<c21/|T|

for a constant C,, = C,,(H, K, iy, n) > 0.

Proof. Let y be a function on y, such that w(¢) =0 for ¢t < [/8,
w(t)=1for t>71/8, 0<w<1,and |¥'|<10/I.

Integrating by parts yields

1 )
vA =/o I(WA')'I‘I”=/0 lwA" +y' 4| dt

)
s/l— (R(Y,y)y—AY|+—/|A|dt

10
[+ pars [ 11,1

By the Holder inequallty and Lemma 4.6, we obtain

1wy < (7)1 ( / AP+ |A|2) R ( /y lr,,f) !
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so that
AT (1) < 21/|T,,,12.
Y

Remark 4.8(a). By taking y = 1 on [F, i,/4] in the proof, we can
show that, for any 0 < 7 < {,/4, we have
<
r<r£1£a17:/4|A| (y(r) <C(H,K, iy, n,F) /|T |~

Lemma 4.9. For each x € M, let y be the geodesic in M, and y(0) =
X with the length | of y satisfying i,/8 <1< i,/4. Then at y(I),

1B - b()gl (1) < Cy / T,
7

for a constant ¢, = c,,(H, K, iy, n) >0, where
—cos!//sin/ ifA=1,
by=¢ -1/ ifA=0,
—coshl/sinhl ifA=-1,
and B and g are the second fundamental form and induced metric on
S,(x), respectively.

Proof. Let X,Y be vector fields on S,(x), such that | X(y(/))] = 1
and |Y(y(]))] =1, and let E, E be parallel vector fields on y, with
E(y(D)) = X(y(])) and E(y(l)) =Y(y(])). We can extend X, Y to vector
fields on B,(x), such that X', Y are Jacobi fields on each radial geodesic
from x. Then clearly, we have

B(X, Y)(»()) = —(V, X, Y)(¥()).
From Lemma 4.8, it follows that

IBLX, Y) - b()(X, Y)P(() = |(X, ¥) + bUNE , V)E(G(D)
= (X' +b)E), V) < c2,|Y|/|Tm|2
Y

< C6C21/y|Tm|2.
Since this holds for any such vector field X, Y on S;(x), clearly this
implies that
B - b2l (1) < Cy [ 1T,
which finishes the proof of Lemma 4.9. 7

We now define a function f on M x M N {(x,y):d(x,y) < iy/2}.
For each (x,y) € M x M with d(x, y) < i;/2, there exists a unique
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geodesic y from x to y in M with length 2/, and / < iy/4, 7(0) =
?(2l) = y. Let B (I) and g, (/) be the second fundamental form and
induced metric on S;(x), respectively. Then we define

f(x,y)=B,() - b()g, (DI (D).

Lemma 4.10. Let x, € M, and for small 1 > 6 >0, By(x,) ={x €
M:d(xy, x) <d}. Then there exists aconstant C,y; = C,5(H, K, iy, n) >
0, such that for i,/8 <[ <i,/4, we have

J

( S(x, y)dgx(y)) dg(x) < Cyyu.
5 (%) Sy ()

Proof. Let Q =U,cp Sy (x) C M. We consider the distance func-
tion d on Bs(x)) x M. Smce 21 <iy/2, 2l is a regular value of 4,

Y =d7'(2D) = Uyep, () (X > Sy(%))

is a smooth submanifold of M x M with dimX = 2n — 1. Let us denote
the (2n — 1)-dimensional Haussdorff measure of M x M by dv. We use
the coarea formula [8] to compute [ f; f(x, y)dv . On the one hand, we

have
/ / fx, y)dv = / ( 10x, y)dgx<y>) dg(x).
B, (x,) Sy(x)

On the other hand for each y € Q, we set Q = Bs(x,) NS, (y) ={x €
B;(x,), d(x,y)=2l}. Then Q, C S, (»), and

//Zf(x,y)duz/n( ny(x,y)dgy(x)> dg(y)

< /Q ( R y)dgy(x)) dg(y).

Now for each y € Q and x € §,,(y), we denote the geodesic from x to
y(I) by 7, 1i.e., 7(t) =y(t) for t </. Using Lemma 4.9, we obtain

S ) dg )< Cy [ ([ 1TmP) dgy 0

Sy (¥) Sy () ?

where f7 |Tm| is considered as a function of x and y with d(x,y) =
2/, and hence

2/
fx,y)dg, 0 <C,, | (/

Sz/()’)

\Tm| (2] - 1)) dg ()) dt.

Sz/()’)
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From Proposition 1.11, we have dg (y(2/ - 1)) > C(Y, iy, n)dg,(x),
X € S,,(y) , which implies

/ fx,)dg,(x) < C(H, K, iy, n)/ Tmfdg
S, () B,,(y)—B,(»)

<C(H,K, i, n)/ \Tmdg < Cp.
By ()

Combining this with (4.11), we obtain

// f(x,y)dv < CuVol(Q).
z

Note that Q C B;_,,(x,) C B¢5+i0(x0) and Ric > —H . From Lemma 1.15,
it then follows that

/ ( | e, y)dgx(m) dg(x) < Cpyp.
B;(x,) S(%)
Lemma 4.12. For i,/8<[<i,/4, 1 >6 >0, we have

N
/Bé(xo) </S,(x) |B.(I) - b(D)g, ()] dgx(y)) dg(x) < Cpu

Jor a constant C,, = C,,(H, K, iy, n) > 0.
Proof. From Lemma 4.10, it follows that

J

(/ |B.(]) —b(l)gx(l)lzdgx(y)) dg(x) < Cpu.
J(X()) Sy (x)

By Proposition 1.11, the metrics g (/) and g, (2/) on S,(x) and S,;(x)
respectively are equivalent. We thus obtain Lemma 4.12.

Remark 4.12(a). If we replace 4.8 by 4.8(a) in the proof above, we can

show that for any 0 <7 < i,/4,

max B.(r) = b(r)z.(r)]* dg dg(x
/195(x0> (rSrSW /s,(x)l () = b(NZ,(P) gx(y)) ¢(x)
< C(H, K, iy, n, 7).

We now can prove Theorem 4.3.

Proof of Theorem 4.3. For J > 0 small, by Theorem 2.28 we obtain
Vol(B;(x,)) > C(H , iy, n)6" . Then Lemma 4.12 implies that there is an
X € By(x,), such that

[ 1B - bW, (O de < CH, K iy, mufs”.

S,(x)
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1/(n+1

Taking 6" =4 >0, and o(u) =4 ) =5 >0, we have

@13 [ 1B ()~ b0z dg < Col), forxeB,(xy),

and limu_’0 o(u)=0.
Now let us recall the Gauss formula on S(x),

R(8);jx; = R(8);ji + (ByBj — By Bj)-
We will estimate

[ IRm(e) = 8+ b0 82, - 242,012

1(x)

First, noting that g(a/axi , 6/8xj) =8,;=8; and g(9/0r, a/ax") =0,

we have

|R(g),'jk1 - A(gikgjl - gjlgjk)l S |Tm| on Sr(x) ’
and hence

(4.14) / oo o R~ ME 2,80l dg <.
Secondly, (4.13) implies that
/ JBADPdg S CUH K i),
so that
[ BB~ b0 2 8
-/ BB b, + b (B~ bDZ, )| 8

e [ BI|B - b(l)gldg+C [ |B—b()gldg.
5,(x) 5,(x)

By the Holder inequality, we thus obtain
2_ _
/ |Bikle—b(l) g,'kgj1|dg
S,(x)

!

1/2
<C(H,K, iy, n) ( / |B - b(l)gﬁdg) < Co(n)'”,
S/(X)

and hence

/S( )|(B,.kBj,—B,.,Bjk)—b(l)z(gikgj,—gi,gjk)ldg <C(H,K, iO’ n)o(u)
) (x

1/2
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Combining this with the Holder inequality and (4.14) yields

IR(Z), 11 — (A +b(1)*)(8,8,1 — 848,)| dg
(4.15) /Bp(x)_ 8, 200 jkl &t — 8i&i )l
<Cow)'*+cu'® <CH, K, iy, ma(w)"?

for 4 < 1.If R denotes the scalar curvature of g(r), then
/ [P = (n = D)(n - 2)(&+b(r) )] dg < Co(w)'".
B,(x)=B,,(x)
Combining this with (4.15), we thus obtain

[
(4.16) IRm(g)|dg
B,(x)=B,5(x)

\/BP(X)-—BPH(X)

<C(H,K, iy, na(u)",

R(2);j —

which completes the proof of Theorem 4.3.
As a corollary of Theorem 4.3, we have
Corollary 4.17. For the metric g on M, if
(a) Ric(g) > -Hg,
(b) inj(g) 2 i, >0,

(c)
max |le"/2ngH,
xXEM Bio(x)

(d)
max |Tm|2dg5#5 1,
XEM Jp (x)

‘0

747

R S
m(gikgﬂ“gﬂg_;‘k) dg

then there exist a a(u) > 0, lim,_,o(x) = 0, and a constant C,5 =
C,s(H, iy, n) > 0, such that for any x, € M and p = iy/4, there is an

x € B,(x,) € M, and an r,>0, p/2§rp§p,and

/ IR m(g)dg < Cpso(u).
S (x)

Proof. First (c) and Lemma 1.15 imply that
max [ |Rm(e)"*dg < CUH . iy, ),
B, (x)

xXEM
io
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so that K < C(H, iy, n). Theorem 2.28 yields that Vol(Bp - B,,/z) >
C(H, iy, n) > 0. These and Theorem 4.3 thus immediately prove Corol-
lary 4.17. Remark 4.3(a) follows from Remark 4.8(a) above.

5. L"*-curvature pinching theorems

In this section we shall prove the main theorems of this paper. We refer
to the L"/*-curvature pinching theorems.

Theorem 5.1. For each H >0 and 0 < iy, < n/2, there exists a small
u = u(H, iy, n) >0 which depends only on H, iy, and n, such that if
(M, g) is a complete Riemannian manifold with dimM =n > 4, and

(a) Ric(g) > -Hg,

(b) inj(g) = iy,

(c)

max |Rm(g)|"/2dg <H,
XEM Bio(x)
(d)
Eg«"} /B,- ” |R(g),'jk1 - (gikgjl - g,~1gjk)|2 dg<u,
then M is homotopic to a Riemannian manifold M with positive con-
stant sectional curvature, in particular, M is compact. Furthermore, M is
covered by a homeomorphism sphere.

Theorem 5.2. For each H >0, d >0, and 0> iy < n/2, there exists
asmall p=u(H, iy, n,d) >0 which depends only on H, iy, n and d,
such that if (M, g) is a compact Riemannian manifold with dimM =
n>4,and

(a) Ric(g) > -Hg,

(b) inj(g) > iy > 0,

(c)

max / |Rm(g)"*dg < H,
XEM Bio(x)

(d)

2

o —Ag. 9. — g0 <

?le%‘/lgio(x) IR(8), 1 — A&k 8 — 885 dg < i,
(e) diam(g) <d,

then M is homotopic to a manifold with constant sectional curvature A =

-1 or 0.
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We shall prove Theorems 5.1 and 5.2 together. Condition (c) can be
rewritten as
(5.3) max Tml*dg < u.

max B.-O(X)l "dg < u

We first start with the following.

Theorem 5.4. Let (M, , g,) be a sequence of Riemannian manifolds,
such that

(a) Ric(g,) =2 ~Hg,,

(b) inj(g,) > i >0,

(c)

n/2

max IRm(gk)l dgk <H,
x)

XEM Jp (
io
(d)

2
max Tm(g)| dg, <Lt=u,.
xXEM B‘.o(x)| ( k)l k x ’uk

Then there is a subsequence of (M, , g.) which converges to a complete
Riemannian manifold M of constant sectional curvature A in Haussdorff
distance.

Proof. We take a point x, € M, , for each k. Then the precompact-
ness theorem of Gromov [16] implies that there exists a subsequence of
(M, , g.) (for simplicity, say this subsequence is (M, , g, )) which con-
verges to a length space M . We claim that M is a Riemannian manifold
of constant curvature A. Let us denote the (n — 1)-dimensional standard
Euclidean unit sphere by S, .

Let

(M, x,) 2 (M, x).
We denote the ball of radius r in M, at x, by B (x,), and the sphere
of radius r in M, at x, by S(x,). Similarly, we have the ball B,(x)
and sphere S,(X) in M . For any large D > 0, there is a compact metric
space X, such that B,(x,) is a subspace of X with induced metric,
and also B, (x) C X. We have x, — X in X . From §3, for r < iy/2

y€M,and d(x, y <D, we have S (%,) A, S,(¥) in X for a sequence
X, €Bpy(x,),and X, -y in X.
Let d6° denote the standard metric of constant sectional curvature on
S,,and o,
sin“rdé@ ifA=1,
g(r)=s(r)’do* ={ r*d6> ifA=0,
sinh’rd6* if A=-1.
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Lemmas5.5. For ye M andany 0 <7< iy/4, there exists a y, € M,
with d(%,,y,) < a(1/k), such that for each r € [F, iy/4], and for g, =
dr’ + g, (r) on Bio/4(yk) there is a diffeomorphism ¢, : S| — S, such that
(¢, may depend on r)

658 (r) — &(P)lypy = 0 0n S,

First we need the following.

Sublemma 5.6. There exists y, € M, with d(X,,y,) < o(1/k) such
that for any r € [F, iy/4] and any 6 > 0, thereisan r, >0, r <r, <
or +r, and a diffeomorphism ¢,: S, — S, for each k, such that

|¢;gk(rk —h fg(r

hs = (l/rc‘;)a’@2 Jor some k; > 0.
Proof. Let us recall from Theorem 1.14, Remark 1.14(a) for any x €
M, , and from Theorem 4.3, Remark 4.3(a) respectively:

ig/4 e | —
/f /Sx |IRm(g,)|""dg)kdr < C(H, iy, n,F);

[, 18
S, (yk

iy/4
/_ /S(y)IRm(gk)-(A+b(r)2)(§,~,gj,—gi,gjk)|dgkdr
r\Yk
< C(H’ iO’ n, r)a(uk)_

Since y, — y in X, we also have S (y,) — S,(7) in X foreach r <i;/4.
Now taking r € [F, i,/4] and 6 > 0 small, we have

dgk dr< C(H, iy, n, F)o(y,),

or

O+1)r n)2
1 [ [ IRmg)"dg dr < C(H. iy, n, 1),
r S, ()
6+1)r
(5.8)(a / / |Rm(gk|dgkdr<C(H iy, n, Fa(1/k),
S(.Vk
(+1)r
/ /S IRm(&,) - (8+5(07) (848, ~ 82,0 A2 1
Vi)

<C(H, iy, n,r)a(1/k).
Note that (5.8)(a) is a consequence of (5.8)(b).

(5.8)(b
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We define the subsets A’l‘ and A'Z‘ of [r, (6 +1)r] by

k g g J 2
) ={p€[r,(6+1)r], |Rm(gk)[n/2dngC(H,lo’ n,r)_a_} )
Sp(yk) 4

Alz( ={p € [ra (6 + l)r]: S o) |Rm(gk) - (4 + b(p)z)(g,'jgﬂ - gjlgjh)ldgk
» Yk

54C(H,i0,n,r)"(;fk)}.

Then from (5.7) and (5.8), it follows that for each k,
m(A) > L6r and m(45) > Lér,

where m(A’l‘) is the Lebesgue measure of A'l‘. These clearly imply that
there exists an r, € Allc nA;‘ , for each k, such that r <r, < (6 +1)r and

(5.9) | IRm) " dg, < CWH, iy n, 7,0,
Sk(yk)

c10@ [ |Rmg)|dg < CWH. in.r.00 (1)
S, %) k

/  IRm(g,) — 8+ b(5") 88y~ T2 8,
'k k

(5.10)(b) 1
SC(H, iO’ n,f,é)a (E)

Notation. We shall write S(k) = ka (v,) (also identify S(k) with S),
and simply write S as S, = S(k). For r < i,/2, we also identify S,(y,)

with S.
We now consider the evolution equation on Srk V) =S:

(5.11) %hk = —2Ric(h,)

such that h, (0) = g,(r,). We apply Theorem 2.11 to g, (r,), and note
from (5.9) and Theorem 5.4(c) that there existsa T = T(H , iy, n, 7, 6) >
0 such that (5.11) has a solution on [0, T], and

C H, is n’ f
mglem(hk)Kt) < _;Wl
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From [19] and [20] it is a straightforward but long calculation to show

0|9
(5.12) E‘Rm ‘<A’R ‘+C(n)‘R k)] IR, ().
Then for each fixed 7, 0 <t < T, and all £ we have
)
o [ |Ruthe)| iy < cn /‘R O IRl dh,
CH,i,,n,F,d)
< = | |Ry(hy)|

Integrating both side yields

| Rutno] am@ < et g, n, v [ | R (80 da.
Combining this with (5. 10) and noting that »n > 4, we obtain
(5.13) /|R dhyk(z) < C(H, iy, n, 7, 8)7"a(1/k)"".
From §2, we also have
(5.14) Vol(h, (1)) > C(H, iy, n,7) >0 fort 52(52,
diam(h, (1)) < C(H, iy, n) fort <4

Since |R,,(h,(7/2))] < C/rl_l/" , using a smoothing theorem in [1] we
find

r))‘ C(n) < C(H, ly> 1, F,0)

VR, (h, (1)] < max|R,, (h (3))] == < m=y

For each fixed 0 < 7 < min{7T, J 2} , by the Gromov Convergence Theo-
rem ([15], [25]), a subsequence of (S(k), A, (7)) converges to a C? Rie-
mannian manifold (S, A(t)) ; we still call this subsequence (S(k), A, (7)).

(5.13) implies that l% m(k(t)) =0, and hence 4(7) is a constant curvature
metric on S.
From §2 again, we have

(5.15) 12(r) = b (Dlyey < C(H i, m, 7, 8)T"

Recalling the Gromov Convergence Theorem ([11], [25]), we see that there
exists a diffeomorphism ¢,: S — S for each k, such that ¢th(r) con-

verges to a constant curvature metric A(z) on S in C 2-topology, so that
for large k,

(5.16) |68, (r,) — h(z)| < C(H, iy, n, F, 6)7'"
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From (5.14), the constant curvature K(7) of A(t) on S satisfies
0<C(H, iy, n,F)<K(t)<C(H, iy, n,F) fort<s
which shows that there exists a subsequence {7,} such that 7, — 0,

2
the sectional curvature K(t,) — k;, and h(t,) <, hs, where h; is a

constant curvature metric on S with K(h;) = k5. Then (5.16) implies
that

(5.17) 168 (70) = byl — 0,
and that ¢, (g,(r,) converges uniformly to 4; on S.

We also have 0 < C(H,iy,,n,F) <k; < C(H, iy, n,r) and h; =
(1/xy) d6”* . This completes the proof of Sublemma 5.6.

We may take a subsequence {J,} of {d}, such that §, — 0 and x; —
Kk > 0. We have

0<C(H, iy, n,F)d* <hy< C(H, iy, n, F)do".

Sublemma 5.18. There exists a subsequence of {¢,g,(r)} and h(r) =

(1/x)d 6%, such that for this subsequence

|¢;gk(r) - h(r)lh(r) -0 onS,

i.e., such a subsequence converges uniformly to h(r) on S.
Proof. Note that A; — h uniformly on §'. For any given & > 0, we
have for a small J, >0,

For simplicity, we rewrite g,(r) as ¢; 8, (r), consider that ¢, is fixed,
and use ¢, to define a new polar coordinate on S(k), i.e., we compose

¢, with x’s of polar coordinate {r, xi}. Then in the new coordinate,
¢, 8,(s) changes to g, (s) for all s < i;/2. From Proposition 1.11, we
dr<C(H, iy, n),

have ,
iy /4 2
/ r
0 g

14
a’rsl/kr2
& rJr

P 2

or

which implies

A
r

9
ar Sk
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We also take J, > 0 small such that
CH, iy, n,Flr,— rll/2 <éeg,
and fix such J,. For k large, from (5.17) we have
18(r) = hy |y < ClEi(r) — by |y, <e.

This implies that |g, (r,) — A, < 2¢ for large k, and that the g, (r,) are
equivalent to A~ for large k, so that

e ) ] O _
/’ EgkhdrsC(H,lo,n,r)/r Egkgk dr
<Clr, - rll/2 <ée
and therefore .
|8 () — gk(r)lh < /r k ba_rgk i <&

From this and (5.19), one has
|gk(r) - h’h < 3e,

which proves Sublemma 5.18.
Remark 5.18(a). For each r € [F, i)/4], we have

0< C(H, iy, n,F)d6" <h(r)< C(H, iy, n, F)d6’.
Sublemma 5.20. We can choose ¢,(r), such that

S(r)? )
h(r) = h
(r) ( S ) 1)

Jor reflr, iy/4] and p=i,/8.
Proof. Now we take p = i,/8; then

|¢;gk(p) - h(p)lh(p) -0,

where each ¢, depends on g,(p). For each k, we use ¢, to define a
polar coordinate on B, p(yk) , and write g, (r) as ¢;gk(r) forall r <i,/4.
First we have

0<C(H, iy, n,Fdo" < g(r)<C(H, iy, n,F)do’

Secondly, from Lemma 4.12 and Remark 4.12(a), noting that B, (r) =
—-12g,(r), we obtain

max /
F<r<iy/4 S,(n)

) ? . 1
5781+ 260)8,)| d8 < CUH. io,m, 1o ().
k
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(Clearly, we can choose y, , such that this and (5.8) are satisfied.) From
this it follows that

[Yr(yk)

where d6 is the volume element of (S, d ()2) . Now let

2
h(r) = 8, (1) - (S") )h<p>,

2

2 8(r) + 2b(Z, (1)

d0<C(H,i,,n,F)o (l) ,

46 k

S(p)*
where )
sinr ifA=1,
S(ry=<r ifA=0,
sinhAr if A= —1.
We have
0 ([ —2f"b(rdr _ 2 ffbmdr (O _
o7 (e h(r)) =e 578k +2b(r)g, |-
If we now integrate over r € [F, i;/4], we then obtain
_ P i0/4 a
e 2f! b(r)d’hk(r) - hk(p)l < C/ Egk(r) +2b(r)g,(r)| dr
r

dr) ,

2
dr.

io/4
SC(/° 0

Egk + 2b(r)gk
2 iy/4
< c/

By integrating over S, , we deduce

J

and thus

that is,

- " b(rydr 0 _ _
'e 2 eeryd h(r) — b (p) 578 +2b(1g,

~2 [? b(r)dr 2 /4 10 2
e 21700y 1y by (p) degc/r /;)Egk-er(r)gk d9dr

. _ 1
< C(H, iy, n. 1o ()

/ | (1)l q2 d6 < C / Ik(p)* 46 + Co (%) .
§ S
Noting that |k, (p)| = |8,(p) — h(p)| — 0, we then obtain

(5.19)(a) /S|hk(r)|2d0 -0
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and for each r € [F, i)/4], g, (r) converges to (S(r)Z/S(p)Z)h(p) almost
everywhere. On the other hand, g, (r) converges uniformly to A(r) (up
to diffeomorphisms). We have

S 2
Vol(h(r)) = Vol ((S((;))z) h(p)) .

This clearly implies
S(r)z)
h = h ,
(r) ((S(p)2 (»)

and proves Sublemma 5.20.

Sublemma 5.21.  h(r) = S(r)*d6” for r € [F, iy/4].

Proof. All we need is to show that for one r € [F, i,/4], h(r) =
S(r)?de*.

To this end, we consider the evolution equation again:

0 .
6—’"hk =-2 RlC(hk) s

where 4, (0) = g,(r,), and where we take r = i,/8 and r, asin Sublemma
5.6 for 6 = 1. We have

|68 (r) — hy| = 0.
Now recalling (5.10)(b), we find

J
If we denote the scalar curvature of 4, by R(h,), we have
5.22 /Rh 0 1= Din=2) dhO<Ca(>
(5.22) g (7 )(0) Sy (0) X
We also have from (5.10)(a) and Theorem 2.11,

dg, < C(H, iy, n, 7)o (%)

R(g,(r)) - (n—1)(n - 2) (ﬁ)
k

/lR 2 dhyk < C(H, iy, n, )

for 0<t<T=T(H, iy, n,Tr.
Note that

2 R(hy) = AR(h,) + 2| Ric(hy)I",

and that 5
E/R(h,()arhk - /(21 Ric(hy)> - R(h,)%) dh,
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9
2 / R(hy)dh,

which implies that

/R(hk)dh)k - /R(gk)(rk) <C(H, iy, n, Ph.

Combining this with (5.22) gives

Then

<C(H,iy,n,F),

'/R(h )(2 2)Vl(g( )SC(H,io,n,f)t+Ca(%>.

s(rk) |
Passing to a subsequence if necessary, we may assume that r, — R,,
Iy/8 < ry < iy/4. Noting that
| Vol(g,(r,) = Vol(h,)| < C(H , iy, n, P)''",

we then have

| R an, - Q’-"—S—'()r%‘ﬁ Vol(h,)

Taking a subsequence, and then letting kK — oo, keeping in mind that such
a subsequence converges to 4, in C 2-topology, we obtain

/R(hl)dh, =D =2) yoyp,)

s(rk)

<ct'"+Co (%) .

< ct'lm,

We observe that 4 — 1 is a constant sectional curvature metric on S, and
h (1) = (1/K,(1)) )d6*, so that
|
2
s(ry)

Letting 1 — 0, we have 4, (f) — s(r0)2 d6*. As in the proof of Sublemma
5.6, this implies that

< ct',

Kl(t)—

|65 8, (ry) — S(ry)> d6%| -0,

and therefore A(r)) = s(ro)z d6* . Hence Sublemma 5.21 is proved.

Now we are ready to prove Lemma 5.5.

Proof of Lemma 5.5. From Sublemma 5.6 through Sublemma 5.21,
there exists a subsequence of {g,} which converges to g(r) = h(r) =
s(r)2 de® forall r € [, iy/4]. We can apply this to any subsequence
of a subsequence of {g,}, which all have the same limit. This clearly
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implies that the sequence {g,} itself converges to g(r) = s(r)2 de* for
each r € [F, iy/4], ie,

(5.23) 1618,(r) = &N,y =0 on S,

which proves Lemma 5.5.

Since we can take any 7 (0 <7 < i,/4), as an immediate consequence,
we have the following.

Corollary 5.24. For any y € M, we have

S.(7) = (S,, g(r) = (S, , s(r)* d6%),

0<r<iy/4.

Estimate (5.19)(a) also gives the following.

Corollary 5.25. Let y € M, and y, € M, as above. For a proper
choice of polar coordinate on Bio (¥,)» we have

[ 18- 85 d2() 0

uniformly for r € [F, iy/4]. In particular g,(r) converges to g(r) almost
everywhere for each r € [F, i,/4].

Proof. Corollary 5.25 follows from (5.19)(a) and Sublemma 5.21.

Corollary 5.24 says that any metric sphere S, () of M forO0<r< iy/4
is the Euclidean sphere (S,, g(r)), which almost implies that B,.0 /4()7)
is isometric to (B, ,(0), g), where B (0) = {x € R", |x| < r} and
g = ar’ + s(r)2 de*, ie., B,.O /407) is isometric to the geodesic ball of
radius iy/4 in the constant sectional curvature space form. The next few
paragraphs are devoted to the proof of this fact.

Lemma 5.26. Let y € M and y, € M, be as above. Let ¢,: S, — S,
be as in Lemma 5.5 for each fixed r € [F, i,/4]. Then we have

|68 (r) = &(Mlgy = 0 onS,.
If d denotes the distance function of (S,, g(r)), then for any p, q € S,

d(6,(p), $,(@) = d(p,q) and d(¢; ), ¢; (@) —d®,q).
Here we agree to take the proper polar coordinate on B,.0 (Vi) » such that

|8(P) — &(P)lg,) =0 on S, p=1iy/8.
Proof. From Corollary 5.25,

(5.27) /S 12,(1) - g dg(r) — 0
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uniformly for r € [F, i,/4]. Note that

0<C(H, iy, n)g(p) < &(p) <C(H, iy, n)g(p).
This and Proposition 1.11 imply

(5.28) 0<C(H, iy, n,F)df* < g (r) < C(H, iy, n,r)d6".
From this, we have
(5.29) \D,| + D¢, '| < C(H, iy, n, )
where D¢, is the tangential map of ¢, , the pointwise norm |D¢,| is
taken with respect to any one of de*, g(r) or g (r).
Now (5.27), (5.28), and (5.29) imply
[ 1¢ia() - 2017 dz()
* _ 2 * _
<c /S 6180 - 62 dg(r)+ C [ 168,() — 2 de(r)
<C(H,ig,n. 1 [ 18,1 -8 dg +C [ | - dja, ) de.

and therefore

(5.30) / 16.8(r) — g(r) dg(r)
S
Similarly
/ 167" 2(r) - g(r)*dg(r)
<cC / |¢k‘* (P dg(r)+C / 12,(r) — g(r)*dg
<C(H, iy n,7) /S|g " - 6.2, dg+C/S|gk(r)—gk(r>|2dg
and thus
(5.31) /| 60") g(r) - g(r)[>dg — 0.

Clearly, Lemma 5.26 will follow from the following.
Sublemma 5.32. Let ¢,: S, — S, be a diffeomorphism, such that

/|¢kg (dg—->0 ons,,

\D§, | +|De;'| < C(H, iy, n,F).
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0
If ¢, <= ¢ on S,, then for any p, q €S, , we have

d(¢(p), d(q)) <d(p, 9).

Proof. Let h, = d),:g(r). Then A, converges to g(r) almost every-
where on S, .

Let y be the minimal geodesic from p to g in (S, g(r)). We have
the formula for the length L(y) of y:

L(y)=d(p, 9).

Given & > 0, we take two totally geodesic discs D and D’ in the sphere
(S, g(r)) through p and g with center p and ¢ and the same radius < ¢,
which are perpendicular to y . It is obvious that there are parallel geodesics
connecting each point of D to the corresponding point of D'. These
geodesics define a cylinder £ in S, with axis y. Clearly, Vol(Z) > 0,
and h, — g(r) almost everywhere on X, and the Fubini Theorem implies
that there is a parallel geodesic ' in X, such that h, — g(r), almost
everywhere on y . In fact, we have

// |hk—g|n/2—’0~
14

Note that
Ly)<L(y)+e<d(p,q)+e.

Now h; — g(r) on y' implies that for large k,
L()<Lp) +e<d(p,q)+2e,
where L, (y) is the length of 7’ in (S|, /,), and hence

L(¢.(v") <d(p, q) +2e,

d($(7'(0)), (' (1) <d(p, q) +2e.

Since d(p, y'(0) <& and d(q, y'(1)) < &, we have
d($(p), 6, (0) < Ce,  d($,(a), $,(¥' (1)) < Ce.

Therefore, the triangle inequality gives

d(¢,(p), 9,(2)) <d(p, q) + 2¢ + 2Ce.
Letting k — oo, we thus obtain

d(¢(p), #(9)) <d(p, q) + 2¢ + 2Ce.

Since ¢ is arbitrary and C is independent of ¢, this proves Sublemma
5.32.
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Now we can finish the proof of Lemma 5.26. We apply Sublemma 5.32
to any subsequence of {¢,} and {¢;l}.

For if ¢ is a limit of any subsequence of {¢, } , then ¢_1 is also a limit
of a subsequence of {¢;1} . We have

d(¢(p), #(q)) <d(p, q),
dp,q)=d(¢” ' ¢(), ¢ '6(q)) <d(¢(p), $()).

Hence

d(p, q) =d(¢(p), #(q)).

Since all of them have the same limit d(p, q), this clearly implies Lemma
5.26.

Remark 5.33. If d(r) denotes the distance function for g(r), then we
clearly have

d(r)(¢,(p), ¢,(q)) — d(r)(p,q) forall0<r<iy/4

(since g(r) are constant multiples of each other). Note that ¢, depends
on re([r, iy/4].

Corollary 5.34. For a fixed r € [F, i,/4], let d, denote the distance
JSunction of (S, g.(r)). Then forany p,q €S,

klg{.locfk(p, q)=d(p, q).

Proof. First we have |¢;gk(r) - g(r)|g — 0 on §, and hence
|8, (r) — ¢;l*g(r)|g — 0 on S, . Therefore,

ld,(p,q)—dp,q)|<|d.(p, q) d(¢; ' (p), ¢¢ (@)

+1d(¢; (), ¢¢ ' (@) —d(p, q)| = 0,

which finishes the proof of Corollary 5.34.

Now we want to prove a similar fact for the metrics g, = d r+ &(r)
on B, /4(yk) Bz;(yk)

Lemma 5.35. If d, and d denote the distance function of g, and g =

dr’ +g(r), then forany p, q € B,0/4(yk) B,,(y,)=Q, and d(p, q) < T,
Jlim di(p, q)=d(p, 9).
First, for any ¢,: S — S as above and r € [F, i)/4], we have

|63 8 (r) = 8(Nly,) — O onS,.
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We define diffeomorphisms y, (r): Q, — Q. by (), p) =
(t, ¢, (r)); here we identify Q, with [2F, i,/4] x S, and r is considered
as a fixed number. It is easy to see that from Lemma 5.26 we obtain

Sublemma 5.36. For p,q€Q,,

lim d(y ' (@), v

(r(g)=4d, 9)-
Sublemma 5.37. For p,q€Q, and d(p,q) <TF,
d(p, q) <infLimd,(p, q).

Proof. First we have

i0/4 2 P
/ ’
0

2
Egk drSC(H’ ioan)a

and hence for r, r, € [F, 0,/4],

dr
& ()

SC(H,iO’naf)(/lrz

<C(H, iy, n,F)|r, - rll/z.

9
5r Sk

~ - 1 [
|8, (ry) — gk(r)lgk(r) < ;‘/r r

0

or

) 2/2
dr) Ir,—r|'"?

This implies that for ¢, : S — S as above,

* _ * _ . _ 1/2
1638 (ry) — 838 (M)l gy < C(H, g, m, P)Ir, — 1|2,

Given any ¢ > 0, for large k we have
and therefore
* _ 1/2
1622 (r)) = 8Ny < &+ Clr, "2,
Taking |r, - r|1/2 < &, we thus obtain
Wi (r)g, — gl <&+ Ce
on [r, e+ r1x S. Dividing [F, iy/4] to finite number intervals 7 =r, <
ry<---<r, =1i,/4, with rg=n= 82, we have
|Wk(r[)*gk - glg <é+ C(H5 ioa n, f)s
on [r;, r, 1xScCQ,.
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Sublemma 5.38. Forany § < 0 there exists N > 0, such thatif k > N,
then

[y, (0 ), v, (1 (@) —d(p, 9)| <SC(H, iy, n, F)
forall p,q,€Q,.
Proof. Letting a’k(p ,q) = d(a//k(r)'l(p) , c//k(r)"'(q)) and noting that
\Dy, |+ Dy, | < C(H, iy, n,7),
we have
\d*p,q)-d"0', d) < CH, iy, n, Pldp, p)+d(q, ).

This implies that for each ( q) € Q X Qk , there exists a small neigh-
borhood O(p, q) ={(p', q"),d(,p')+d(q, q') <} such that

@', d)-d“w, a)l < Cs,

@', ¢')-dp, q)| <.
The family of open sets {O, } covers Q, xQ, , and then there is a finite
covering {O(p;, q;), i=1,2,---,1} of Q xQ, . Taking N large, such
that for each (p,, g,), we have Sublemma 5.36,

d*(p;, q,) - d(p,, )| <8 fork>N.

Thus for any (p, q) € ﬁk X ﬁk , there is a (p;, q,), such that (p,q) €
O(p;, 4,) and

|dk(p,q)—dk(pi,qi)|<C5, ld(p,q)—d(p;, q;,)| <9,
which implies that for kK > N,
ld*(p, q)—d(p, q)| < C6 < C(H, iy, n, F)é.

We now return to the proof of Sublemma 5.37. Taking J = ¢ and N (r)
large, for k > N, we have

(v, (N~ (0), v, (N (@) —dw, | < CH , iy, n, PE’.
We take N = max{N(r,)}; then for k > N,
(v, (r) " ()W, (r) "' (@) —d(p, @) < CE

for all (p, q).
We now take a kK > N such that

d (p, q) <infLimd,(p, q) +e¢,
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and Sublemma 5.38 is satisfied for all r,. We now fix sucha k> N, and

let y be a curve from p to ¢q in BI.0 /4(yk) such that
L.(y)<d.(p,q)+e<infLimd, (p, q) + 2¢,

where L,(y) is the length of y in (Q,, g). Let p; be the intersection
of y with {r,} xS c Q, (if they have more than one intersection, take

p; be one of them). Then dk(p,. s Diy1) 2 ¢ and

Idk(pi D) — A0, P )l S Cedi (D5 Diyy) s
that is,
(5.39) d(p;. p;,1) < 4“0, p,,)) + Ced (D, 1,
By Sublemma 5.38, we have

|gk - y/k(r[)_l*glg < C(H: ioa n, 7)6,
which implies that
-1 - .
(5.40) d(p;, 00 2 AW (r) ™ (0), W (r) ' (0,,) — Cedi (b, i)
: k

> d (pi s pi+l) - Ce dk(p,' > pi+1)'

Therefore,
N dw,, p) <Y d W, p,) +CeY . d ;. p,,)
<> d"w;. py) + CeY d ;. p,)
<L (y)+Ce) dp;, p;,)
<infLim d,(p, q) + 2¢ + Ce(infLim d,(p, q)),
and hence
d(p, q) <infLim d, (p, q) + 2¢ + Ce(infLim 4, (p, q)).

Since ¢ > 0 is arbitrary, we have d(p, q) < infLim d, (p, q), which
proves Sublemma 5.37.
Lemma 541. For p,qeQ,,
Suplim d,(p, q) < d(p, q),
and thus
lim d,(p, q)=d(p, q).

Proof. The proof is similar to that of Sublemma 5.32. Let y be the
minimal curve from p to g in M, such that

L(y)=4d(p, q).
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Note that g, — g almost everywhere. We can find a nearby parallel
geodesic 7' of y in Q, , such that for any preassigned & > 0

L)<L(y)+e, dp,7y(0)<e, dg,7(1)>e,

and g, — g almost everywhere on 7. Thus L, (') — L(y') and for
large k,

d.(y'(0), ¥'(1) < L(?) < L(Y) +e,
d(p,q) <LG)+3e < L(y) +4e <d(p, q) + 4e.
Since ¢ > 0 is preassigned, we have

suplim d,(p, q) <d(p, 9).

Now we are ready to prove tEe_: main lemma of this section.
Lemma 542. Forany y e M, B.0/4(}7) is isomegric to (B[0/4(0), g),

1

where B, ,(0) = {x € R";|x| < iy/4} and g = dr’ + s(r)*d&’, ie,
(B,.0 /4(0) , &) Is the geodesic ball of radius i,/4 in the constant sectional
curvature space form.

We start with the foliowing Lemma of [16]. We write it in the form
that we need, so that the easy proof is also provided.

Sublemma 5.43. Let {X,, i =1,2,...} and X be compact metric
spaces with

sup{diam(X,), diam X} < D.

If for each ¢ > 0, there exists a 2¢e-net of X which is the limit of a
sequence of a 4e-net N; C X, in Lipschitz distance, i.e., there exists a

2¢-net {xp}pep C X and 4e-net N, = {y;}pep C X, such that

Xoooi i
av(y,,,)

¥ -0 asi— o0,
d”(x,, x,)

sup [In

p,q€P

then X, A x.
Proof. Let Z, = X UX,, and define the metric d on Z; such that d
is the same with d* on X and with d* on X,,and for x€ X, y € X,

. X X, i
(5.44) d(x,y) = infld"(x, x,) + 40, )]+

We need to show that d is a metric on Z; for large i. Note that ¢ >0
is a preassigned number.

(a) d(x, y(<d(x,x")+d(x',y) or d(x,y) <d(x,y)+d(',y) for
x,x'eX and y,)' € X, . This is clear from (5.44).
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(b) d(x, x") <d(x,y)+d(y,x') or d(y,y') <d(y, x)+d(x,y) for
x,x €X and y,y €X,.
Proof. We take i large, such that

d*(x , x iy, ,y 1
max{ sup _X_(_p_q)_, sup _7_(2}’_‘1) =1+’7i51+<m>8,
p.qeP d i(y+p,yq) p.qeP d (xp,xq)

and write d(x, x') <d(x, x,) +d(x,, x,) +d(x,, x'), so we have

' 1 i /
dix, X <dlx,x) + (14 55 ) dj v +dlx,, %)

<d(x,x,)+d(y,, y)+dy,y) +d(x,, x) +e.

This implies
d(x,x)<d(x,y)+d, x').

Similarly, we have
D(y,y)<d(y,x)+d(x,y"),
0 (Z;, d) is a metric space. Clearly, we have dgi(X , X;) < 5¢; that is,
H

X,—X.

Proof of Lemma 5.42. Let X = (Bi0/4(0) - %27(x), g) and X, =

o .

(B, sV, ) = B (), &) We claim that X, Hox.

By Lemma 5.42, we identify X, with (€(7), g, ), where Q(F) = Bio /4(0)
_B »(0)={x€R", 2F <|x| < iy/4}. Let {x,},cp be a maximal subset
of X, such that d(xp , xq) >¢. Then {xp} is a 2e-net of X . We know

that {yl’; = X,},cp is @ 4e-net of X, for large k by Lemma 5.41. We
also have ¥
d”(x,, x,)

n-5
a’(y,,y,)

By Sublemma 5.43, we obtain d, (X, X, ) < 5¢, which implies that X, A,
X . On the other hand, from §3 it follows that

sup {1 —0 ask — oo.

p,q

X, =5 (B, ,4() — B = 2r(y)).

Therefore, Bio /4(J7) - %2,(37) = (Q(F), g). Since F can be any positive
number, we thus have

Bio/4(}7) - {17} = (B,'O/4(0) - {0} , &)
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Now clearly we can extend the metric on Bio /4(J7) —{y} to Bi0 /4(7), and
we finally obtain

Di0/4(37) = (Bi0/4(0) > 8)s

which proves Lemma 5.42.
We are now ready to return to the proof of Theorem 5.4. We have the
limit M ; foreach y € M, B,.0 /4(37) is isometric to the geodesic ball of

the space form. This implies that M is a Riemannian manifold of con-
stant sectional curvature A, since any distance preserving map of any two
Riemannian manifolds is a smooth isometry [23]. This proves Theorem
5.4.

Corollary 5.45. Let (M, , g,) be as in Theorem 5.4 and A= 1. Then

suplimdiam(M, ) < «.

Proof. For any subsequence of (M, , g, ),we can find a subsequence
which converges to a Riemannian manifold M of constant sectional cur-
vature 1, and this implies that diam(M) < =, and therefore that the
diameters of such a subsequence are uniformly bounded. This clearly
proves Corollary 5.45.

Remark 5.46. From Corollary 5.45 we may assume that the diameters
of (M, g,) are uniformly bounded.

We are finally ready to prove Theorems 5.1 and 5.2.

Proof of Theorem 5.1 and 5.2. 1If the theorems are false, then we have a
sequence of manifolds (M, , g,), which satisfy the conditions of Theorem
5.4, and for each k, M, is not homotopic to a manifold of constant
sectional curvature A. From Corollary 5.45, in either case, we assume
that

Supdiam(M, , g,) < d < co.

By Theorem 5.4, we know that (M, , g,) A, (M, g) (passing to a subse-
quence if necessary), where (M, g) is a Riemannian manifold with con-

stant sectional curvature A. From the proofs above, we have inj(M) >
iy/4. The rest of the proof is very similar to [18]; since inj(M,;) > i, and

M, M, M, the proof is much easier.

First we imbed all M| to a compact metric space X , with metric d, as
in §3 such that the distance function d, of M, is the same as the induced
distance from X . Then M, converges to a subset G of X in Haussdorff
distance (passing to a subsequence if necessary), and G is isometric to
M ; we can identify M with G.
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Given ¢ > 0 small, we take a minimal e-net {pi} of M,i=1,2,---,
N, ie.,

(i) The open balls B(p;,¢), i=1,2,---, N, cover M.

(ii) The open balls B(p;, ¢/2), i=1,2,---, N, are disjoint.

Since M has constant sectional curvature A = 1, 0, or —1, the fol-
lowing lemma is well known ([18], [16]).

Lemma 5.47. There is a constant N, depending only on n and d,
so that any minimal e-net p,,--- , py in M has the property: For any
y €M, the ball B(x, ¢) intersects at most N, of the balls B(p,,¢), - ,
B(py,¢€).

We now take a sequence {pf} foreach i=1,2,---, N, so that pf €
M, c X, and d(p,].‘, p;) — 0 as k — oo. Since UB(p;, &) = M, clearly
thereisa 0 < J < ¢, such that |JB(p,, ¢ —J) = M . We take k large, so
that

dy (M, M) <8/2, i

(5.48) McC Usp(M;) C X, M, CU; (M) C X,

At p)<é/a, i=1,2,-- N
Then it is easy to see that
k
UB®; . &) =M,.

As above, we may assume that d(p,, pj) > ¢/2, and no pair of {p,;}
satisfies d(p;, p j) = ¢ by shrinking the balls a little bit if necessary. Then
by taking k even larger, we have

B(pf,s/2)nB(pf,s/2)=®, i#j,i,j=1,2,---,N.

Now note that d(p,, p;)) <e if and only if B(p;e) N B(p;,e) =D. By
taking k large enough, we have

d(pf , pf) <e ifandonlyif d(p;,p;)<e,
d(pj.( , pf) >¢ ifandonlyif d(p,,p;)>e.

This implies that the minimal ¢-net {p,'.‘ , i=1,2,---, N} of M, has
the same intersection pattern as {p,} of M, for large k,ie.,

B(P;i, €) ﬂB(P“pf, e)#9@ ifandonlyif B(p,,e)NB(p;,e) # 2.

As in [18], we define the _notion of center of mass.
Let g€ M = M, or M, and consider a continuous map f: 7T — M,
where T is a topological space and d(f(?), q) < i,/4 forall t€ T. The
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map Cf(t, s) = y,(s), where y,(s) is the unique minimal geodesic from
f(t) to ¢, induces a continuous map

(5.49) fiTxI—M,(t,s)—C(t,s),

which we interpret as an extension of f to the CT, mapping the cone
point to q .

We construct a center of mass for an order set of points (p,, p,, --- , p,,)
with weights (45, 4,,---,4,), 0<4,<1, 24, =1.
Lemma 5.50. Let em < iy/4. If d(p;,p;) <&, i,j=0,1,---, m.

Then a center of mass, ¢ = C
ing properties is defined

(09.7, 2 ,pm)(}*m Ays o0y A,,) with the follow-

(i) C depends continuously on (4, A,
(i) Cop gy py o 5 4 =0 1m)
=C(po"'=ﬁi”" ,Pm)(x’.” ’}“i"“ ’lm)’
(iii) d(p;,,c)<me, i=0,1,--- , m.
Proof. The proof is by induction on m. For fixed (p,, - -, p,,), we

will view C as a map from the standard m-simplies A" C R™! into
M. For m =1, c(4,, 4,) = (1 — 4;), where y is the unique minimal
A" c R™ into M. For m=1, C(4y,> 4,) =7(1 = 4,), where y is the
unique minimal geodesic from p, to p, . The induction step is completed
by identifying A™ with the cone CA™' and appealing to (5.49).

We now first take ¢ > 0 small such that ¢N < i;/100. Then we take
the minimal e-net of M as above so that

d(p;,p;)>¢/2 and d(p;,p)#¢ forallp, #p,,

and take a minimal &-net {pf} of M, as above for k sufficiently large,

so that {B(pf(, e)}, i=1,---, N, has the same intersection pattern as
{B(p;, &)}

Let (lf) be a partition of unity subordinate to the covering {B(pf‘ , €)}
of M, . For x € M, let iy < i, <--- < be the indices i for which
Af(x) # 0. Note that s + 1 < N; by Lemma 5.47, and use Lemma 5.50
to define F: M, — M by

Fx)=Cp .y,
Then F: M, — M is continuous.

Similarly, we can define G: M — M, by choosing a partition of unity
(u;) for the cover {B(p,, &)} of M . By symmetry, it is sufficient to show
that G- F is homotopic to the identity map Ide of M, .
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Let us consider again x € M, and suppose 4,(x) # 0. From Lemma
5.50, we have d(p;, F(x)) < N, and hence d(p;, p;) < ¢+ N;&¢ where
u;(F(x)) # 0. Similarly, d(p}, G(F(x))) < N,z and by (5.48), d(p} , p})

< d(pf, p,)+dp;,p;) +dp;, pf) < 2e + N,e. This together with the
triangle inequality yields

d(x, G(F(x))) <d(x, p}) +d(p} , py) +d(p}, G(F(x)))
<e+2+Ne+ Ne<4N+1le<iy/4

Then we can connect x with G(F(x)) by the unique minimal geodesic
in M, to construct a homotopy of G- F and Id,, , which shows that
G- F is homotopic to Id M, - This contradiction proves the homotopy part
of the theorems. For the case A = 1, we can apply the above results to
the universal cover M of M, which satisfies the hypothesis of Theorem
5.1. Then clearly M with the pull-back metric also satisfies the assump-
tion of Theorem 5.1, and hence is homotopic to a Riemannian manifold
of constant positive sectional curvature. This implies that M is homo-
topic to S"; by the solution of Poincaré conjectures ([29], [9]), M is
homeomorphic to S” . Hence Theorems 5.1 and 5.2 are proved.

6. Miscellaneous results
In this section we study the problems with the curvature bound
I |Rm|("+2)/ 2dg < C < oo for an n-manifold M , but with a little more
work, every result in this section can be proved for the general curvature
bound f[,,|R, | dg < C for p > n. Using the exact same proof of
Theorem 2.11, we can prove the following.
Theorem 6.1. Let (M, g) be a compact Riemannian n-manifold which
satisfies
(i)
/ IR,|"Pdg <K, <o,
m

(ii) for any small 0 < L <1 and f € C*(M), we have the weak
Sobolev inequality

1 2n+1)/(n—1)
TR (/M | /1 dg

<k |[ wfidag+ 2 [ flds).

>(n—l)/(n+l)
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Then the evolution equation
15} .
—h =-2Ric(h
37 (h)

on M for h(0) = g has a solution on [0, T], where T =T(K,, K,, n) >
0 depends only on K|, K, and n, and we have for 1€ [0, T],

(K,, K,, n)

max | Rm(4)|(7) < EVICN)

As an easy consequence of Theorem 6.1, we have the following.

Theorem 6.2. There is a constant u = w(K,, H,d,V, n) >0 which
depends only on K|, H,d,V and n, such that if (M, G) is a Rieman-
nian manifold of dimM = n, and

(1) Ric(g) > -Hg,
(i) fIRm(g)" " dg <K,

(iii) diam(g) <d, Vol(g)>V >0,
(iv)(a) [y |Ric(g) = (R/n)gldg <u, or
(iv)(b) [fps IR juy — R(8 8 — 848&i)/In(n—1)]|dg <,
then M admits an Einstein metric or a constant sectional curvature metric.

Proof. We consider the manifold M x S' with a product metric g.
Then Ric(g) > —H and diam(M x S') < max{d, 1}, Vol(M xS') >V
The following Sobolev inequality follows from a combination of the results
in [6] and [23]:

2m =1y )V 2 )
(/ P ) SC(H,d,V)(/ e [ lf)
MxS MxX MxS

for each f€ C®(M x S').

As in the proof of Theorem 2.3, we take f € C*°(M), and for any 0 <
L <1 and a cut-off function ¢: S = [0, 1]/{0, 1} — [0, 1], ¢(0) =0,
¢(t)=0for t > L, ¢(t/) =1 for L/4<t<3L/4, and ¢ is linear on
[0, L/4] and [3L/4, L]. As in the proof of Theorem 2.3, we have

1 2(n+1)/(n—1)
L2+ (/M 11 dg
<cur.av)([ viag+ S [ £as).
M L Jm

We now consider the evolution equation

0 .
Ehij =-2 RlC(h)ij

)(n—l)/(n+l)
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on M, with A(0) = g. Using Theorem 6.1, we see that there exists
T=TH,K,,d,V,n)>0,such that s exists for € [0, T] and

C(H,K,,d,V,n)

(6.3) max |[Rm(h)|(1) <

1= 1/(n+D)
As before, for case (iv)(a), we have

é] O o 0,

37 Ric| <A|Ric|+ C|Rm||Ric|,

where Ric = Ric—(R/n)h . This implies
9
51

Roic(h)’ dh<CH,K,,d,V,n)u

and for A(T),
mﬁz}lem(h(T))l <C(H,K,d,V, n).

(6.3) yields
0<C(H,K,,d,V,ng<h(t)<C(H,K,,d,V,h n)g,
and hence
diam(h(T)) < Cd, Vol(h(T)) > CV > 0.

As in §5, a smoothing theorem of Bemelmanns, Oo and Ruh [1] also

gives
IVRm(A(T))| < C(H,K,,d,V,n).

If Theorem 6.2 is false, there exists a sequence of Riemannian manifolds
(M, , g,) which satisfy (i)—(iv) for u = 1/k, and M, does not admit any
Einstein metric.

By the Gromov Convergence Theorem, (M, , h,(T)) (passing to a sub-

sequence if necessary) converges to (M, h) in C 2-topology, and we have
Ric(h) = (R/n)h,

which shows that / is an Einstein metric on M . This contradiction proves
Theorem 6.2, since M is diffeomorphic to M for k large.

Similarly, we can prove case (b).

Remark 6.4. We canreplace R by A=1,0 or —1 in (iv) of Theorem
6.2. Then M admits an Einstein metric or a constant sectional curvature
metric with R = n(n — 1)A. The proof is similar to that of Sublemma
5.21.

Remark 6.5. This section serves as a contrast with the case
[, |IRm|"*dg <K.
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