
J. DIFFERENTIAL GEOMETRY
32(1990) 605-712

DENDROLOGY OF GROUPS IN LOW Q-RANKS

HENRI GILLET & PETER B. SHALEN

Introduction

The work of Bass and Serre [15] established the study of actions of
groups on simplicial trees as a basic theme in the theory of infinite groups.
From the standpoint of abstract group theory, this "simplicial dendrology"
provides an efficient and elegant context for the classical theory of free
products with amalgamation. From the standpoint of linear group theory,
simplicial trees arise naturally as Tits buildings for rank-1 algebraic groups
(such as SL2) over discretely valued fields.

Actions of groups (by isometries) on R-trees, or more generally on Λ-
trees, where Λ is an ordered abelian group, are natural generalizations of
actions on simplicial trees. (The definition of a Λ-tree is reviewed in § 1
of this paper, following the point of view of [12] and [1]. The simplicial
case is equivalent to the case Λ = Z see [12, p. 430].) The study of such
generalized trees began with Lyndon [8] and Chiswell [3], who took the
abstract group-theoretic point of view. In [8], Lyndon raised the question
of which groups can act freely on R-trees, and how the actions may be
classified.

By "classifying" actions of a group Γ on R-trees we shall mean classi-
fying the (translation) length functions (1.16) that they define on Γ. In
[1] and [4], it is shown that for a suitably nondegenerate action, the length
function contains all the essential information. In this introduction we
shall say that two actions of Γ on R-trees are equivalent if they define
the same length function. An action of a finitely generated group Γ on T
defines the zero length function if and only if some point of T is fixed by
all of Γ we shall call such an action trivial.

The study of generalized trees from the point of view of linear group
theory was initiated independently by Tits, who recognized the role of such
trees as buildings for rank-1 algebraic groups over fields with indiscrete
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valuations. The link between the two points of view was recognized by
Alperin and Moss [2].

In [12] and [9], it was shown that degenerations of homotopy-hyperbolic
structures on a manifold M are closely related to certain representations
of Γ = 7t{(M) in rank-1 algebraic groups over indiscretely valued fields,
and hence to certain actions of Γ on generalized trees. This connection
between dendrology and hyperbolic geometry was further exploited in [13].

The actions of a group Γ on a Λ-tree T that are relevant to the theory
of [12] and [9] are not in general free actions; rather they have the property
that the stabilizer of every nondegenerate segment (1.1) in T is a small
subgroup of Γ, i.e., one that contains no nonabelian free subgroup. In this
introduction we shall call such an action small. According to the theory of
[9], the space DF^Γ) of characters of discrete faithful representations of
Γ in SO(n, 1) has a natural compactification in which the ideal points
are defined by the length functions associated with nontrivial small actions
of Γ on R-trees.

Each of these actions is in fact a completion (1.10) of an action of Γ
on a Λ-tree, where Λ c l is a group whose Q-rank—i.e., the dimension
of the Q-vector space Λ ® z Q—is finite. Indeed, Λ arises as a subgroup
of the value group of a valuation u o n a finite extension F of the func-
tion field R(X), where X is the variety of characters of discrete faithful
representations of Γ in SO(«, 1), and ι;|R = 0. The Q-rank of Λ is
thus at most dimR(Λf), the transcendence degree of F over R.

In this introduction we shall say that an action of Γ on an R-tree T
is defined over a subgroup Λ c R if it is the completion of an action on
some Λ-tree. In this case the length function takes values in Λ. We shall
say that an action has rank < r if it is defined over some Λ c R with
Q-rank < r.

The theory of [9] shows that it is important to be able to classify the
finite-rank small actions of finitely generated groups on R-trees. For exam-
ple, if a given finitely generated Γ admits no nontrivial finite-rank small
action on any R-tree, then DFΛ(Γ) is compact for any n .

A question related to the above questions about free and small actions,
and of interest from the abstract group-theoretical point of view, is to
characterize the groups that admit nontrivial actions on R-trees.

In the simplicial case, i.e., the case of actions defined over Z, answers
to the above questions are accessible. It has long been known (and is
included in the Bass-Serre theory) that a group can act freely on the real
completion of a simplicial tree if and only if it is a free group. The Bass-
Serre theory also answers the questions of which groups admit nontrivial
actions, and which ones admit nontrivial small actions. Let us say that
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a group Γ splits over a subgroup Δ if Γ is either a free product of two
proper subgroups with the amalgamated subgroup Δ, or an HNN group
with associated subgroup Δ. Then a group admits a nontrivial (small)
action on some Z-tree if and only if it splits over some (small) subgroup.
Similarly, the Bass-Serre theory may be used to analyze the different free
(or nontrivial, or small) actions of a given group.

Thus it is both natural and useful to try to develop a structure theory
similar to the Bass-Serre theory for actions on Λ-trees, in particular for
the case where Λ is a subgroup of E with finite Q-rank. In this paper
we develop such a theory for the case where the Q-rank is at most 2. We
show that our theory is strong enough to be applied to all the problems
discussed above. Before discussing our main theorem, we wish to discuss
its consequences with regard to these problems.

We begin with the problem about free actions. We restrict attention
to finitely generated groups; the examples in [2] show that very exotic
infinitely generated groups can admit free actions.

It is easy to show that the class of groups which act freely and without
inversions on R-trees is closed under the formations of free products.
Since a free abelian subgroup of R acts on R (which is itself an R-tree)
by translations, it follows that any free product of finitely generated free
abelian groups acts freely on some R-tree. These are the examples pointed
out in [8]. On the other hand, it is shown in [14] that most surface groups
(i.e., fundamental groups of closed 2-manifolds) admit free actions on
R-trees.

It is an intriguing question whether every finitely generated group Γ
which acts freely and without inversions on an R-tree is a free product
of free abelian groups and surface groups. In [13] it was shown that this
question has an affirmative answer if one adds the hypothesis that Γ is the
fundamental group of a 3-manifold (possibly with boundary). Likewise,
in [10] it was shown that the answer is affirmative if Γ is assumed to be a
free product of two free groups with a cyclic amalgamated subgroup. The
following result gives an affirmative answer in the case where the action
has rank < 2.

Theorem A. Let A be a subgroup ofΈL, and let Γ be a finitely gener-
ated group which acts freely and without inversions (1.16) on some A-tree.
If A has Q-rank 1 then Γ is free. If A has Q-rank 2 then Γ is a free
product of infinite cyclic groups and surface groups.

(The condition that Γ act freely and without inversions on T is equiv-
alent (1.19) to the assumption that the action may be completed to a free
action on an R-tree.)
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This theorem will be proved in two stages in the present paper. The
rank-1 case is included in Proposition 2.2, and the rank-2 case is Proposi-
tion 6.3.

Theorem A leaves open the problem of classifying the rank-1 and rank-
2 free actions of the groups appearing in the conclusion of the theorem.
Two obvious special cases of this question are the cases where Γ is a free
group or a surface group.

If Γ is a free group, the only known free actions of rank < 2 of Γ on
an R-tree T are those which are essentially simplicial, i.e., equivalent to
actions which are topologically conjugate to simplicial actions on simplicial
trees. It is not clear from our structure theorem whether all free actions
of rank < 2 are essentially simplicial; our theorem shows only that they
are direct limits, in the strong sense described later in this introduction, of
essentially simplicial actions. Bestivina and Handel have given examples
of rank-3 actions of free groups that are not essentially simplicial.

On the other hand, in the case of a surface group, we have a complete
description, in terms of Thurston's theory of measured foliations, of all
the length functions defined by free actions—or even by nontrivial small
actions—of rank < 2. Thurston's theory is reviewed in §5, where it is
shown that every measured foliation μ on a surface Σ defines an R-tree
Γ, the dual tree of μ, on which Γ = 7Γj(Σ) acts in a natural way. The
action of Γ on T is always small and nontrivial. (Since any small infinite-
index subgroup of a surface group Γ is cyclic, a nontrivial action of Γ is
small if and only if the stabilizer of every segment is cyclic.)

Theorem B. Let Σ be a closed surface, let Λ be a subgroup of R with
Q-rank < 2, and consider an arbitrary small, nontrivial action ofΓ= π{(Σ)
on a A-tree T. Then the induced action of Γ on the ^-completion of T
is equivalent to its action on the dual tree of some measured foliation on Σ.

This theorem is also proved in two stages in the paper. In the case
where Λ has Q-rank 1, Proposition 2.11 asserts that up to equivalence the
action of Γ on Γ is defined by a system of disjoint simple closed curves
on the surface, which is equivalent to a "rational measured foliation" in
Thurston's sense. Proposition 6.10 is the rank-2 case of Theorem B.

It is a plausible conjecture1 that Theorem B holds without the restriction
to rank < 2, i.e., that every nontrivial small action of τΓj(Σ) on an R-tree
is defined by a measured foliation. In addition to its connection with Lyn-
don's problem, this conjecture is also significant from the point of view of
hyperbolic geometry. A celebrated result of Thurston's is equivalent to the

Note added in proof. R. Skora has recently proved this conjecture.
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assertion that the actions on R-trees that describe the ideal points of the
compactification of the Tiechmϋller space DF 2(Γ), where Γ is a surface
group, are defined by measured foliations. The conjecture would provide
a purely group-theoretical explanation of this, given the general theory of
[12]. (The arguments used in [12] to derive Thurston's result from the
general theory are somewhat indirect; the same is true of the alternative
arguments in [11].) More importantly, the conjecture would provide in-
formation analogous to Thurston's theorem for the compactification of
DFΠ(Γ), where Γ is a surface group and n > 2.

We next turn to the problem of determining which groups admit non-
trivial small actions on Λ-trees. It is conceivable that the answer for Λ = R
is the same as for Λ = Z, i.e., that a group Γ which admits a nontrivial
small action on an R-tree always splits over a small subgroup. In [13], this
conjecture was shown to be true in the case where Γ is the fundamental
group of a 3-manifold; this implies Thurston's result that for any group Γ
which does not split over a small subgroup, DF3(Γ) is compact. As the
following result shows, the conjecture is also true in the the case where
the action has rank < 2, provided that Γ satisfies some additional mild
conditions.

Theorem C. Let Γ be a finitely presented group. Let Λ be a subgroup
of R, and suppose that Γ admits a nontrivial small action on some A-tree.
Furthermore, suppose that either

(i) Λ has Q-rank 1, or
(ii) Λ has Q-rank 2, and every small subgroup of Γ is finitely-generated.

Then Γ splits over a small subgroup.
The rank-1 case is included in Proposition 2.7, and the rank-2 case is

Proposition 6.9.
The assumption that every small subgroup of Γ is finitely generated

is a harmless one for applications to hyperbolic geometry, since it holds
whenever DFΛ(Γ) Φ 0 . On the other hand, the assumption that Γ is
finitely presented is restrictive. It seems quite possible that the theorem
would become false if Γ were assumed only to be finitely generated rather
than finitely presented.

Now consider the problem of characterizing those finitely presented
groups that admit nontrivial actions on R-trees. It is natural to ask whether
the answer for R-trees is the same as for Z-trees: that is, whether every
group that admits a nontrivial action on an R-tree splits over some sub-
group. Theorem D below answers this affirmatively in the rank-1 case, but
gives only a partial answer in the rank-2 case. Let us say that an action
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of a group Γ on a Λ-tree T satisfies the ascending chain condition if for
every nested sequence Iχ D I2 D of segments of T with a common
midpoint, the corresponding sequence of stabilizers Gχ c G2 c C Γ is
eventually constant, i.e., Gt = Gi+{ for all sufficiently large /.

Theorem D. Let Λ be a subgroup ofΈL, and let Γ be a finitely gener-
ated group which admits a nontrivial action on some A-tree T. Suppose
that either

(i) Λ has Q-rank 1, or
(ii) Λ has Q-rank 2 and the action ofYon T satisfies the ascending

chain condition.

Then Γ splits over some subgroup.
The rank-1 case of this result is again included in Proposition 2.7; the

rank-2 case is Proposition 6.8.
The above results are derived from a general structure theorem for ac-

tions of rank < 2. The structure theorem is stated and proved in two
parts: the rank-1 case is Theorem 2.1 and the rank-2 case is Theorem 6.2.
Theorem 2.1 asserts that an arbitrary action of rank 1 is a direct limit, in a
very strong sense (see §1) of simplicial actions. This implies, for example,
that if / is the length functions defined by a rank-1 action of a finitely pre-
sented group Γ, then there exists a sequence (/f-)/>o °f Z-valued length
functions defined by simplicial actions, and a sequence (fl,-)^ of positive
integers, such that for any given g e Γ we have l(g) = li(g)/ni for all
sufficiently large /.

The rank-2 version of the structure theorem applies to rank-2 actions
satisfying the ascending chain condition explained above. It asserts that
such an action is a direct limit, in the same strong sense, of actions de-
fined in a concrete geometric way. These geometrically defined actions are
a common generalization of simplicial actions on the actions defined by
measured foliations on surfaces. They arise from "measured foliations",
in a suitably generalized sense, on spaces that we call "singular surfaces":
these are simplicial complexes in which each 1-simplex is incident either
to exactly two 2-simplices or to none.

The main technique that we use in the proofs of the structure theorems
is to associate complexes with trees. Given a Λ-tree Γ, where Λ is a
subgroup of E, we construct for each rank- n free abelian subgroup L
of Λ a simplicial /ί-complex X(L). The vertices of X(L) are the points
of T, and a 1-simplex is defined by a pair of points whose distance is a
unimodular element of L (i.e., an element of some basis of L). A 2-
simplex is determined by a triple {x, y, z} , where y lies on the segment
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joining x to z, and where the distances d{x,y) and d(y, z) form a
basis of L.

If Λ has Q-rank n we may write it as a monotone union of rank- n
free abelian groups Lt. The corresponding complexes X{ = X(L.) form a
direct system of ^-complexes. In the case n = 1 we obtain a direct system
of simplicial trees X. from the X. by a universal covering construction.
We can interpret X. as an L-tree, and the direct system consisting of the
Xi converges strongly to T.

When Λ has Q-rank 2, we show that any subcomplex Y of X. satis-
fying suitable finiteness condition can be mapped in a natural way into a
Γz-invariant singular surface Σc Xr The metric on T induces a natural
measured foliation on Σ. By varying / and Y c Xέ we obtain a direct
system of singular surfaces with measured foliations; these give rise to the
"geometrically defined trees" that were mentioned in the above discussion
of the structure theorem.

The assumption that Λ has Q-rank 2 is used in two important ways in
the above argument. First, it is an easy consequence of the definition of
the Xi that for any 1-simplex τ in X. there are exactly two 2-simplices
of which τ is the "longest" edge; here the "length" of a 1-simplex is the
distance between the two points of T that define it. This property of the
Xi is the starting point for the construction that "replaces" the subcomplex
Y of X. by the singular surface Σ. For n > 2, there is no natural way
to construct complexes X. having this property.

The second way in which the restriction n = 2 is used is in the proof
that the trees associated with the Σ. converge strongly to T this depends
on showing (9.15) that the fundamental groups of the complexes Xi (with
any consistent choice of base points) converge to the trivial group. The
proof of the latter fact uses the classical theory of continued fractions,
which deals with the structure of rank-2 free abelian subgroups of R, and
does not have a straightforward generalization to higher rank.

In any case it is not clear what the correct generalization of the structure
theorem to rank > 2 would be. Indeed, if Theorem 2.1 went through
without change when Λ had Q-rank > 2, the proof of 6.3 would show
that every finitely generated group that acts freely on a Λ-tree was a free
product of cyclic groups and surface groups. But this is false when Λ
has Q-rank > 2. Indeed, Λ may itself be regarded as a Λ-tree, and any
finitely generated subgroup of Λ acts freely on Λ by translations; but a
free abelian group of rank > 2 is not a free product of cyclic groups and
surface groups. (A free abelian group of rank 2 is the fundamental group
of a 2-torus.)
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In § 1 we introduce a category of trees and study the notion of a strong
direct limit. In §2 we state the structure theorem for the rank-1 case and
show that it implies Theorems A, B, C and D in this case. §§3 and 4 are
devoted to laying the foundations for a theory of complexes associated
with trees; §4 concludes with the proof of the structure theorem for the
rank-1 case.

In §5 we define singular surfaces and measured foliations, and construct
the tree associated with a measured foliation. §6 contains the statement of
the structure theorem for the rank-2 case and the proof that it implies the
rank-2 versions of Theorems A, B, C and D. §§7-10 are preparation for the
proof of the rank-2 structure theorem, which is given in § 11. §7 shows how
certain maps from singular surfaces to trees define measured foliations; §8
contains a crucial result on rank-2 free abelian subgroups of E, which
is a slight refinement of a standard theorem on continued fractions; §9
contains the basic properties of the complexes Xi in the rank-2 case; and
§10 gives the argument for replacing a subcomplex Y of X. be a singular
surface with a natural measured foliation.

We are indebted to J. Wood for providing us with the proof of a crucial
special case of Lemma 2.3; to A. O. L. Atkin for pointing out Theorem
175 of [6]; and to H. Masur and S. Kerckhoff for their patience in explain-
ing the theory of measured foliations to us. We have also profited from
conversations with J. Baldwin, H. Bass, M. Culler, G. Mess, J. Morgan, L.
Mosher, M. Ronan, J. Smillie and K. Vogtmann.

1. Strong convergence

1.1. Let Λ be any ordered abelian group. Recall from [12] that a Λ-
metric space is a set X with a distance function d: XxX -> A satisfying
the usual formal axioms for a metric space.

Let X and X1 be Λ-metric spaces. A map of sets f\X—*X' will
be called an isometric embedding if it preserves distances (and is therefore
injective). If / is bijective it will be called an isometry.

Let X be a Λ-metric space. Recall from [12] that a {closed) segment
in X is a subset which is isometric to a (possibly degenerate) closed in-
terval in Λ. A segment has two well-defined endpoints, or one endpoint
if it is degenerate. Recall that a A-tree is a nonempty Λ-metric space T
satisfying the following axioms.

(Tl) For any two points x, y e X there is a unique closed segment
with endpoints x and y.
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(T2) If two segments σ, a c T have a common endpoint x, then
σ Γ\σ' is a segment having x as one endpoint.

(T3) If the segments σ a intersect precisely in the common endpoint
x, then σ u σ is a segment.

If X is an arbitrary Λ-metric space with distance function d, and if
x and y are points of X, we shall denote by [x, y] = [x, y ] χ the set of
all points z e l satisfying d{x, z) + d(z, y) = d(x, y). If A: and y are
points of a Λ-tree T, one checks immediately that [x, y] is the unique
segment with endpoints x and y .

1.2. The following characterization of Λ-trees will be useful in §5.
Proposition. Let T be a A-metric space. Let 0 be a set of segments

in T such that the following conditions hold.

(1) For any two points x, y e T, there is a unique segment S(x, y)
which belongs to (5 and has endpoints x and y.

(2) For any three points x, y, z e T we have S(x, y) n S(x, z) =
S(x, w) for some w eT.

(3) If x, y, z eT satisfy S{x, y) n S(x, z) = {x}, then S(x, y) u
S(x,z)=S(y,z).

Then T is a A-tree and S{x, y) = [x, y] for all x, J G Γ . (TAMS every
segment in T belongs to <δ.)

If A = R, then condition (2) may be replaced by the following condition.
(2R) £Very subsegment of a segment in (5 belongs to (5.
Proof. To prove the first assertion we need only show that if 0 satisfies

(l)-(3) then S(x, y) = [x, y] for all x, y e Γ it will then follow from
the definition that T is a Λ-tree. By condition (1) we have S(x, y) c
[x, y] . Now consider any point z G [ c, y] . By (2) we have S(x, z) Π
5(z, y) = 5(z, w) for some w e T. It follows from (3) that S(x, y) =
S(JC, iϋ)u5(ίi;, y) . In particular w e S(x, y) . By (1) we have d(x, y) =
d{x ,w) + d{w, y) . \ϊ w Φ z it then follows that d(jc, y) < rf(x, z) +
d(z, y), contradicting the assumption that Z G [ X J ] . Hence w = z and
therefore z e S(x, y) . This shows that [x, y] = 5(x, y), and the first
assertion is proved.

Now suppose that Λ = R and that ® satisfies (1) and (2R). We shall
complete the proof of the proposition by showing that (5 satisfies (2) as
well. Let x, y and z be points of T. Then / = S(x, y) Π S(x, z) is a
compact subset of S(x,y) containing x. If u and v are any two points
of / , then by (1) and (2R) we have S(u ,v)cJ,so that / is connected.
Hence / is a segment having x as an endpoint; by (2R) we have J e S,
and (2) is established.



614 HENRI GILLET & P. B. SHALEN

1.3. It will be convenient to work with a somewhat more general
class of Λ-metric spaces than Λ-trees. These spaces will turn out to be
canonically isometric to subsets of Λ-trees (see 1.10 and 1.14).

A Λ-metric space T is called a A-pretree if it satisfies the following
axioms.

(PT1) For any two points x, y e T, the set [x, y] is isometric to a
subset of an interval in Λ.

(PT2) For any three points x, y, z e T we have [x, y]Π[x, z] = [x, w]
for some w eT.

(PT3) If x , y, z e T satisfy [x,y]n[x,z] = {*}, then [ x , y ] u

It follows from (PT1) that for any x, y e T there is an isometry of
[x, y] onto a subset of an interval / c Λ mapping x and y onto the
endpoints of / . We call [JC , y] the presegment with endpoints x and y.

It is not hard to show that (PT1) is redundant, i.e., that it follows from
(PT2) and (PT3). We shall not need this fact.

It is easy to show that the intersection of two presegments in a pretree
is either the empty set or a presegment.

Any Λ-tree is a Λ-pretree. If Λo is a subgroup of Λ, then any Λo-
pretree, and in particular any Λ0-tree, is clearly a Λ-pretree.

Let T be a Λ-pretree and let T' be a subset of T. We may regard Tf

as a Λ-metric space. If T1 is itself a Λ-pretree we call it a subpretree of
T.

1.4. Proposition. Let T' be a subset of a A-pretree T. Then the
following conditions are equivalent.

(i) T' is a subpretree of T.
(ii) For any three points x, y, z eT', we have [x, y]τ n [x, z]τ =

[x, w]τ for some w eTf.

Proof Note that for any x, y eTf we have [x, y]τ n Γ ' = [x, y]r .
It follows that any subset Tf of T satisfies axiom (PT1). Now suppose
that (ii) holds. Then for any x, y, z eT' there is a point w eT' such
that [x, y]τ Π [x, z]τ = [x, w]τ hence

[χ,y]τ>n[χ, z]τ, = [x ,y] r n[x, z]τnτ' = [x, w]τnτ' = [x, w]r.

This establishes (PT2). If [x, y]τ< Π [x, z]r = {x} , then, defining w as
in the argument just given, we have [x, w] r/ = {x} and hence w = x.
Therefore [x, y]τΓ\[x, z]τ = {x} . Since Γ is a Λ-pretree it follows that
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[x, y]τ U [x, z]τ = [y, z ] . Hence

[x, y]r U [x, z]τ, = ([x, y]τ U [*, z]τ) nf = [y, z]r.

This establishes (PT3) and completes the proof that (ii) => (i).
Conversely, suppose that (i) holds, and let x, y, z be points of T1.

Set a = d(x, y) + d(x, z) - d(y, z ) . The pretree axioms, applied to T,
show that [x, y]τ n [JC , z ] Γ = [x, w ] r , where w is a point of T such
that 2d(x,w) = α. Similarly, by applying the pretree axioms to Γ',
we obtain a point w e T* such that [x, ;μ]Γ/ n [x, z] Γ , = [x, w]Γ, and
2ί/(x, w') - a . Since in particular w and w' lie in [x, z]τ , which can
be isometrically identified with a subset of an interval in Λ in such a way
that x is an endpoint, it follows that w = w'. Hence (i) =4> (ii). q.e.d.

The following two simple facts about pretrees will be needed later in
this section.

1.5. Proposition. Let S be a subset of a A-pretree T, and let xχ and
x2 be points of T. Suppose that each x. lies in a presegment σi whose
endpoints are in S. Then [xχ, x2] is contained in a presegment whose
endpoints are in S.

Proof Let y. and zz denote the endpoints of σi. It follows eas-
ily from the axioms for a Λ-pretree that at least one of the presegments
[Xj,yj] and [xχ,zχ] meets [xχ, x2] only in the endpoint xχ. After
changing notation if necessary we may assume that [xχ, yχ] Π [xx, x2] =
{xχ} . Similarly we may assume that [x2, y2] Π [xx, x2] = {x2} . The Λ-
pretree axoms now imply that [yχ, y2] = [yx, xx] U [xx, x2] U [JC2 , y 2 ] . In
particular [xx, x2]c[yx, y2]. But yx and >>2 belong to S. q.e.d.

1.6. Proposition. Let σ and σ be presegments in a A-pretree T
such that σ ί l ( j ' / 0 Then σ n σ is a presegment. If the endpoints of σ
and σ' lie in a subpretree T1 of T, then the endpoints of σ Πσf also lie
in T .

Proof Set σ = [xχ, x2] and σ' = [yχ, y2]. Choose a point z eσΠσf.
For / = 1, 2, set σi = [x7, z] and σ\ = [<y/, z ] . Then σ Π σ' is the union
of the four sets σi n σ |, each of which—according to axiom (PT2)—is
a presegment contained in σ and having z as an endpoint. Using the
isometric identification of a with an interval in Λ, we conclude that
σ C\σ' is a presegment.

Now let w be an endpoint of σ Π σ . Then σ n σ' is contained either
in [Xj, w]τ or in [tu , x2]τ. After changing notation if necessary we
may assume that σ Πσf c [xχ, w]τ . Similarly we may assume that σ Π
a c [yx, w]τ. The pretree axioms then imply that [xχ, y2] n [x t, x2] =
[Xj, w]. By 1.3 it now follows that if the x( and yi lie in a subpretree
T' of Γ then w also lies in Γ.



616 HENRI GILLET & P. B. SHALEN

1.7. Let T and T' be Λ-pretrees. A map of sets / : T -• Tf will
be called a morphism from T to T' if each presegment in T can be
written as a finite union of presegments [x0, x{], , [*„__!, xn] in such
a way that f\[xi_{, x j : [ x ^ , x(] -• Γ' is an isometric embedding of Λ-
metric spaces for / = 1, , n . (We may suppose the x. to be chosen
so that [xi_ι, JCJ Π [*,., JC/+1] = {Xj} .) With this definition of morphism,
Λ-pretrees form a category. A map between two Λ-trees will be called a
morphism of Λ-trees if it is a morphism of Λ-pretrees; thus Λ-trees form
a full subcategory of the category of Λ-pretrees.

Note that our notion of morphism differs from the one used in [1],
where morphisms are defined to be isometric embeddings. An isometric
embedding of Λ-pretrees is obviously a morphism in our sense, but not
conversely. On the other hand, a morphism is always a distance-decreasing
map; that is, a morphism f:T-+T' satisfies d(f(x), f{y)) < d(x, y)
for all x, y e T. (Here and elsewhere we write d for the distance
function on a Λ-pretree if it is clear from the context which Λ-pretree is
involved.)

It follows that the isomorphisms in the category of Λ-pretrees are isome-
tries. Hence when we say that a group acts on a Λ-pretree, it will always
be understood that it acts by isometries. The full group of self-isometries
of a Λ-pretree T will be denoted Aut(Γ).

Note that if / : T —• Tf is a morphism of Λ-trees and if σ c T is a
segment such that f\σ is 1-1, then f\σ is an isometric embedding.

1.8. The following characterization of morphisms will be useful in
§7.

Proposition. Let To and Tχ be A-pretrees, and let f:T0^T{ be a
map of sets. Suppose that for any two points x, y e T there exist points
x = xo,- , xn = y such that f\[xi_x, xt] is an isometric embedding for
i = 1, , n. Then f is a morphism of A-pretrees.

Proof We must show that for any x, y e T we may express [x, y]
as a finite union of presegments on which / restricts to an isometric
embedding. We choose x 0 , , xn as in the hypothesis of the proposition
and argue by induction on n. If we set z - xn_{, then the pretree
axioms imply that [x, z] n [z, y] = [z, w] for some w e T, and that
[x > y] = [x > w] U [w, y]. By the induction hypothesis, [x, z] is a finite
union of presegments on which / restricts to an isometric embedding;
hence the same is true of [x, w]. On the other hand, since f\[z, >>] is an
isometric embedding, so is f\[w , y]. The assertion follows.

1.9. In [1], Alperin and Bass study Λ-trees in terms of base points.
Given a Λ-metric space X and a base point xoeX, they define a function
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Λ I x I ^ j Λ by xΛy = \{d(x, xo) + d(y, xo)-d(x,y)). According
to Theorem 3.17 of [1], X is isometric to a subspace of a Λ-tree if and
only if the following conditions hold:

(a) x Λ y € Λ for all x, y e X and
(b) x Λ z > min(x Λ y, y Λ z) for all x, y, z eX.

The proof given in [1] of the necessity of (a) and (b) works equally well
if X is a subspace of a Λ-pretree. In particular, if T is a Λ-pretree, and
if we choose a base point x0 G T and define Λ: T x Γ —• ^Λ as above,
then (a) and (b) hold. It follows that T is isometric to a subspace of a
Λ-tree T. Furthermore, the proof of Theorem 3.17 of [ 1 ] gives an explicit
construction of such a Λ-tree 7 and it follows from the construction that
every point of 7 lies in a segment with endpoints in T. This proves the
following result.

1.10. Proposition. Let T be a A-pretree. Then there exist a A-tree
T and a map j : T -+T such that

(i) j is an isometric embedding of A-metric spaces, and
(ii) every point of T lies in a segment whose endpoints are in j(T).

A pair (T, j) consisting of a Λ-tree and a map having the above prop-
erties will be called a A-completion of T. (We shall say that T is a
Λ-completion when it is clear which map j is involved.)

1.11. Proposition. Let (T, j) be a completion of a A-pretree T.
Then for any A-tree Tf and any morphism ψ.T^T1 of A-pretrees,
there is a unique morphism ~ψ:T —• T1 of A-trees such that ψo j = ψ.

1.12. The proof of 1.11 will be based on the following result.
Lemma. Let (T, j) be a completion of a A-pretree T. Then any

segment in Ύ is contained in a segment whose endpoints are in j(T).
Proof Using the isometry j , we identify T with a Λ-metric subspace

of T . Consider a segment [x{, x2]γ. By the definition of a completion,
each xz lies in a segment σt whose endpoints are in T. We now apply 1.5,
letting T and T play the roles of S and T respectively, to conclude that
[Xj, x2]γ is contained in a segment whose endpoints are in T. q.e.d.

1.13. Proof of 1.11. Using j , we identify T with a Λ-metric sub-
space of T.

Consider an arbitrary point x e T. Note that since T is a completion
of T and ψ is a morphism, there is a segment σ c T, whose endpoints
y and z lie in T, such that x e σ , and such that ψ\σ n T is an isomet-
ric embedding. There is a unique isometry ψσ of σ onto the segment
[ψ(y)> ψ(z)] c T1 which extends y/|σ Γ) T. If ψ7: Γ —• T1 is a mor-
phism extending ^ , then since ψ is distance-decreasing we must have
ψ\σ =ψσ, and hence ^(JC) = ψσ(x). This proves uniqueness.
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To prove existence, we again consider an arbitrary point x e T, and
choose a segment σ as above. We wish to set ψ(x) = ψσ(x). We must
check that ψ is well defined.

For / = 1, 2, let ai be a segment whose endpoints y. and z. lie in
Γ, such that xeσn and such that ψ\σt n Γ is an isometric embedding.
By 1.3, σ3 = σx Π σ2 is a segment whose endpoints j / 3 and z3 lie in
Γ. For 1 < / < 3, there is a unique isometry ψ. of σ. onto the segment
[vθ>, ) > Ψ(zi)] C Γ' which extends ^|<j.nΓ. Clearly ^ i k 3 = Ψ3= Ψ2\

σi
In particular "^(x) = Ψ2(x) > so that "^ is well defined.

If x G Γ we can take the segment σ appearing in the definition of ψ(x)
to be {x} hence ψ\ T = ψ. It remains to show that ψ is a morphism.
To do this, we consider an arbitrary segment σ c Γ. By 1.12, σ is
contained in a segment σ' whose endpoints x , y lie in Γ. Since ^ is
a morphism we may write [x, y]τ = σ ΠT in the form [x0, x{]τ U U

[**-i' x J r ' w h e r e ^o = x ' *« = ^ > K - i ' x /lr n I*/' -^i+ilr = ί x/} f o r

0 < / < n, and y'|[.xJ._1, xt]T is an isometric embedding for 1 < / < n.

Now cr' = [x0, xJyrU U [xn_x 9 xn\ψ and the definition of ~ψ says that
ψ\[xi_ι, xjψ is an isometric embedding for 1 < / < n . This proves that
ψ is a morphism. q.e.d.

1.14. It follows from 1.11 that the completion of a Λ-pretree T is
unique in the sense that if (T{, j{) and (T 2 , j2) are completions then
there is a unique isometry /: T{ —• T2 such that / o j { = j 2 . The Λ-
completion of a Λ-pretree T will be denoted ΛΓ. If T is a Λ0-tree,
where Λo is a subgroup of Λ (cf. 1.3), we may say that ΛΓ is obtained
from T by base change. If one compares 1.11 with Proposition 4.4 of [1],
it is clear that this is consistent with the terminology of [1].

If T is a Λ-pretree, we shall always understand T to be identified
with a subpretree of ΛΓ via the map j . It follows from 1.11 that any
morphism / : Γ —• Tf of Λ-pretrees extends uniquely to a morphism
A/: KT ^ AT'. (Thus T \-> AT is a functor from the category of Λ-
pretrees to the category of Λ-trees.)

1.15. In studying group actions on trees, it will be necessary to con-
sider group actions on objects in various other categories. Furthermore,
it will often be necessary to compare actions of different groups on dif-
ferent objects within a single category. The following terminology will be
convenient.

Let ^ be a category. By an object with symmetry in W we mean a
triple 3? = (X, Γ, p), where X is an object in ^ , Γ is a group and
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p is a left action of Γ on X, i.e., a homomorphism from Γ to the group
of automorphisms of X.

Let SIT = (X, Γ, p) and %?' = (Xf, Γ7, //) be objects with symmetry
in Ψ. A morphism from J^ to j ^ ' is a pair (/, ώ), where ω: Γ —• Γ7

is a homomorphism and / : X —• X1 is a moφhism such that fop(g) =
p'(ω(g)) of for all g e Γ; here o denotes composition in the category
W. If Γ = Γ' and ω is the identity, we shall often say that the map / is
Γ-equivariant.

With the above definition of morphism, the objects with symmetry in &
form a category. For example, we have the category of sets with symmetry,
the category of Λ-trees with symmetry and the category of Λ-pretrees with
symmetry.

1.16. Recall from [12] and [1] that a group Γ is said to act without
inversions on a Λ-tree Γ if whenever a segment [x, y] c T is invariant
under an element g of Γ, either g fixes [x, y] pointwise, or d(x,y)
is divisible by 2 in Λ (in which case g fixes the midpoint of [x, y]).
It is shown in [12] that if Γ acts on Γ without inversions then l(g) =
minχeTd(x, g x) e A exists for every g e Γ. As in [12], we call the
function /: Γ —• Λ the length function defined by the action of Γ on Γ.

1.17. If T = (Γ, Γ, p) is a Λ-pretree with symmetry, it follows
from 1.14 that the action of Γ on T extends uniquely to an action on
ΛΓ, so that we have a Λ-tree with symmetry (AT, Γ, ~p). This Λ-tree
with symmetry will be denoted AT. Clearly & \-^ AT is a functor from
the category of Λ-pretrees with symmetry to the category of Λ-trees with
symmetry.

1.18. If Λo c Λ and if a group Γ acts without inversion on a Λo-
tree T, then it follows from Corollary 6.16 and Lemma 6.15 of [ 1 ] that Γ
acts without inversions on ΛΓ, and that the actions of Γ on T and ΛΓ
define the same length function; in particular, the length function defined
by the action of Γ on ΛΓ takes its values in Λo.

1.19. Suppose that a group Γ acts without inversions on a Λ-tree. It
is clear that Γ acts freely on Γ if and only if the associated length function
is nonzero on every nontrivial element of Γ. Hence it follows from 1.18
that if Λo c Λ, and if a group Γ acts freely and without inversions on a
Λ0-tree Γ, then Γ also acts freely and without inversions on ΛΓ.

1.20. The remainder of this section is devoted to studying certain
direct limits in the category of Λ-pretrees or of Λ-pretrees with symmetry.

Consider a direct system (Γ^ f..) in the category of Λ-pretrees. (Such
a system is understood to be indexed by some nonempty filtered ordered
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set. Of course the f.. are understood to be morphisms.) We shall write
di to denote the distance function on T{.

The direct system (7̂ . fu) will be said to converge strongly if for every
index i and for all x, y e T., there exists some k > i such that for every
j > k, the map fkj\fik([x, y]) is an isometric embedding of fik([x, y])
into Tj. Note that this implies in particular that for any x, y G T
the sequence (d^f^x), ^7(> ;)))7>/ is eventually constant, i.e., that there
exists some k > i such that for all j > k we have d^f^x), f^iy)) =

1.21. Assuming that the direct system (T( ftj) converges strongly, let
T denote the direct limit of (7) f..) in the category of sets, and for each
index / let f{: Tt —• T denote the canonical map. We define a function
d: T x T -+ Λ as follows. Given x, y e T we may write x = f^x.)
and y = f^i) for some positive integer / and some x , yt £ Tt. Strong
convergence implies that {d^f^x^, fij{yi)))j>i is eventually constant.
We define d(x,y) to be the value of d^f^x^ f^y^) for large j .
This definition is at once seen to be independent of the choices of /, xi

and y..

Since the T{ are Λ-metric spaces, it is immediately clear that the set T
becomes a Λ-metric space if we take d as the distance function. Further-
more, since the /].. are distance-decreasing (1.7), the f( are clearly also
distance-decreasing.

1.22. Proposition. The K-metric space T is a A-pretree, and the
maps f. are morphisms in the category of A-pretrees.

Proof. We first show that T is isometric to a subspace of a Λ-tree.
This will be proved using the result of Alperin and Bass discussed in 1.9.
Thus we choose a base point x0 e T, and define A: T x T —>^Λby
x Ay = \(d(x, x0) + d(y, x0) - d(x, y)). We must show that Λ satisfies
conditions (a) and (b) of 1.9. To prove (b), consider three points x, y,
z G T. It follows from the definition of the metric on T that there exist an
index / and points xOi, x., y., z. G Tt which are mapped by f. to x0 ,
x , y and z respectively, and such that fj\{xOi, xt, yz, zt} is an isometric
embedding. The base point xi0 e Ti defines a function Λz: T x T. -• ̂ Λ
satisfying (b). Hence we have

x Λ z = jί/.Λz(.> min(xz. Λ y., y. Λ z.) = min(jc Λ y, y Λ z).

This shows that Γ satisfies (b). The same method establishes (a).
Thus we may identify T isometrically with a subspace of a Λ-tree T.

According to 1.4, in order to show that T is a Λ-pretree, we need only



DENDROLOGY OF GROUPS IN LOW Q-RANKS 621

prove that if x, y and z are points of T and if [x, y]γ n [x, z ]^ =
[x, w]^ for some w eT, then w e T. To prove this, we first note that
by the pretree axioms we have d(x, w) = \{d{x, y) + a?(;c, z) - d(y, z)).
On the other hand, by the definition of the metric on T, there exist an
index / and points xi, y., z. G 7̂ . which are mapped by f.to JC , y and
z respectively, and such that J]\{xi9 yi9 zf.} is an isometric embedding.
We have [xt, yf ] Π [x,, z j = [^, i^] for some wi e Tt. The pretree
axioms give

d{xt, W;) = \(d(xi, yt) + rf(xf., zf.) - ^ ( ^ , z,.)) = d(x, tι;).

Since the morphisms ft- are necessarily distance-decreasing, the defi-
nition of the metric on T implies that the map f. is distance-decreasing.
Since d(x,y) = d(xnyi)9 it follows that ft embeds [x^y^ isometri-
cally in [x, y]τ c [x, y]γ. But we have w e [xt, yt], w e [x, y] and
d{xi,wi) = d{x,w). Therefore f^w^ = w,so that in particular w eT.

This completes the proof that T is a Λ-pretree.
To prove that ft is a morphism for each index i, we consider an arbi-

trary presegment σ c Tχ,. By the definition of strong convergence there is
an index k > i such that for every j > k, the map fkj\fik{σ) is an isomet-
ric embedding. By the definition of the metric on T, the map fk\fik(σ)
is an isometric embedding. Since fik is a morphism, we may write σ as
a finite union of presegments each of which is isometrically embedded in
Tk by fik . Hence f{ embeds each of these presegments isometrically in
T. This shows that f. is a morphism. q.e.d.

The Λ-pretree T given by 1.22 will be called the limit of the strongly
convergent system (Γz ftj).

1.23. Remark. It is easy to show that T is the direct limit of (Γf f..)
in the category of Λ-pretrees. However, a direct system of Λ-pretrees may
well have a direct limit without being strongly convergent. For example,
for each positive real number r with 0 < r < 1, let Tr denote the R-tree

with d(xr, zr) = d(yr, zr) = r and rf(zΓ, wr) = 1 - r. Whenever 0 <
s < r < 1, there is a unique morphism frs: Tr —• Ts mapping xr, yr

and zr to xs, ys and zs respectively. Hence {Tr\ frs) is a direct system
of R-trees; it is easily seen that the unit interval in R, regarded as an
R-tree, is a direct limit of this system. However, the system clearly does
not converge strongly.
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1.24. The following characterization of a strongly convergent system
of Λ-pretrees and of its limit will be useful.

Proposition. Let (T.9 f.j) be a direct system in the category of A-
pretrees. Let T be a A-pretree, and for each index i let ft \Ti —• T
be a morphism of A-pretrees. Suppose that the following conditions hold:

(i) fi = fj° fij whenever i<j;
(ϋ) T = {Jifi(Ti);

(iii) given any index i and any two points x, y e Γ , there exists some
j > i such that d(fu{y)) = diftx), ft{y)).

Then the direct system (T , f^) converges strongly, and its limit is iso-
metric to T. Furthermore, the isometric identification of T with the limit
of the Ti may be made in such a way that the f. are the canonical mor-
phisms of the Tt to their limit.

Proof Observe that since a morphism of Λ-pretrees is distance-decreas-
ing, hypothesis (iii) implies:

(iii7) given any index i and any two points x, y eTr we have

for all sufficiently large > i

To prove that {Ti, f.j) converges strongly, we consider an arbitrary index

/ and an arbitrary presegment [x, y] c T{. Since f. is a morphism we

may write [x, y] = [x, y]τ in the form [xQ, x{] U U [xn_x, xn], where

x0 = x, xn = y, [xr_{,'xr] Π [xr,xr+ι] = {xr} for 0 < r < n, and

fi\[χ

r-\ > xλ ^S a n isometric embedding for 1 < r < n . By (iii)' there is

an index k > i such that for all nonnegative integers r, s < n we have
rf(4W»4W) = <t(fi(χr)>fi(χ

s))' W e c l a i m t h a t f 0 Γ e v e ry Jz k,
the map fkj\fik([x, y]) is an isometric embedding; this will prove strong
convergence.

Set S = {fik(Xι), -" , fik(xn)} - Then according to our choice of k,
the map fk\S is an isometric embedding of S in T. On the other hand,
note that since fi\[xr_ι, xr] is an isometric embedding for 1 < r < n,
and since fk is distance-decreasing, fik\[χ

r_{,
 χ

r] is also an isometric
embedding for 1 < r < n .

Let uχ and u2 be any two points of fik([x 9 y]). For m = 1, 2,
set um = fik{wm), where wm e [x, y]. Then each wm lies in one of
the presegments [xr_{, xr], 1 < r < n. Since fik\[xr_γ, xr] is an iso-
metric embedding it follows that each u{ lies in one of the presegments
L//fcC*r_i)> fik(xr)] Thus each u( lies in a presegment with endpoints
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in S. Hence by 1.5, it follows that [u{, u2] is contained in a preseg-
ment σ with endpoints in S. Since fk\S is an isometric embedding,
and since fk is distance-decreasing, it follows that fk\σ is an isomet-
ric embedding. In particular d(fk(u{), fk(u2)) = d(u{,u2). Finally,
for any j > k, since fkJ and f. are distance-decreasing, we must have
d(fkM0 > Λ/M2) = ^( w i > "2) τ h i s s h o w s t h a t fkj\fik^x > y]) i s a n i s°-
metric embedding, and completes the proof of strong convergence.

Next note that for any given index i, it follows from hypothesis (iii)
that two points of T. have the same image under f. if and only if they
have the same image under f.j for some j > i. This, together with
hypothesis (i) and (ii), allows us to identify T with the direct limit of
the Ti in the category of sets, in such a way that the f. are the canonical
maps of the Tt to their direct limit. Hypothesis (iii) now shows that the
given metric on T. coincides with the metric on the set-theoretic direct
limit constructed in 1.21. Thus T is the limit of the strongly convergent
system (T.9 f u ) . q.e.d.

1.25. Now consider a direct system (.27; /.j), in the category of Λ-
pretrees with symmetry, where .97 = (T(, Γ\, p.) and /tj = (f j , ωtj). We
shall say that such a sequence converges strongly if the underlying direct
system (Γ / 5 f..) of Λ-pretrees converges strongly. Let T denote the limit
of this strongly convergent system, and let Γ denote the direct limit of
the direct system (Γ/ 5 ω / ;) of groups. For each index /, let f : Tt —• T
denote the canonical morphism, and let ω z : Γj; —• Γ denote the natural
homomorphism. Then there is a unique action p of Γ on T such that
(f , ωέ) is a morphism from ^ to ZΓ = (Γ, Γ, p) for each /. We call
!Γ the limit of the given strongly convergent system (.97; /r).

1.26. The following characterization of a strongly convergent system
of Λ-pretrees with symmetry, and of its limit, is an immediate conse-
quence of Proposition 1.24.

Proposition. Let (.97; /^.) be a direct system in the category of A-
pretrees with symmetry, where .97 = (T., Γn p.) and /t - (fij9 co.j).
Let !7~ = (T, Γ, p) be a A-pretree with symmetry, and for each index i
let f. = (f., ωf.): .97 —• <Γ be a morphism of A-pretrees with symmetry.
Suppose that the following conditions hold.

W /i=/j°/ij whenever i<j.

(a) uy;(η)
(iii) Given any i > 1 and any two points x, y e Tr there exists some

j > i such that d(fμ(x), fu(y)) = d(ft(x), f.[y)).
(iv) The ωt induce an isomorphism of lim Yi onto Γ.
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Then the system ( ^ /Λ converges strongly, and its limit is isomorphic
to 9~. Furthermore, the isomorphic identification of ZΓ with the limit of
the 3Γ may be made in such a way that the ft are the canonical morphisms
of the ^ to their limit.

1.27. If («9p /ήj) is a direct system in the category of Λ-pretrees
with symmetry, then by 1.17 we have system {A9-; A/tj) in the category
of Λ-trees with symmetry.

Proposition. If ( ^ /..) converges strongly, then (Λ^; A/tj) also con-
verges strongly, and its limit is isomorphic to the A-completion of the limit

j

Proof Let us write %= (T(, Γz, Pi) and /.. = (f.., ω l 7 ) .
Let SΓ = (7\ Γ, p) denote the limit of the system (β[\ /..), and for

each / let /{ = (f.9 ω z): ^ -* F denote the natural moφhism. We
shall prove the proposition by showing that conditions (i)-(iv) of 1.26 are
satisfied when ( ^ /..), f and /. are replaced by (A9Γ; Λ/^ ), Λ ^
and A/r Conditions (i) and (iv) are clear. To check (ii) we consider
a point x e AT. Let [>̂ , z ] Λ Γ be a segment having endpoints in T
and containing x . By the definition of the metric on T there exist an
index / and points yi9 zz e T. such that f(y.) = y, f(zi) = z and
ί/(y, z) = d(yi, zf.). Hence the morphism Aft restricts to an isometry of
\yt, z f .]Λ Γ onto [y, z ] Λ Γ . In particular, x e f^AT^ . This proves (ii).

To prove (iii) we consider an index / and two points x, y e ΛΓz .
By 1.12 there is a segment σ in ΛΓz which contains [x, y] and has its
endpoints in Γz. By the definition of strong convergence and the defi-
nition of the metric on T, there is an index j > i such that
is an isometric embedding. In particular we have d{fij{x),fij{y)) =

d
1.28. We conclude this section with a simple result on length func-

tions. Let I b e a set and let l{, l2, . . . be a sequence of real-valued
functions on X. We shall say that lχ, l2, . . . converges strongly if for
each x e X the sequence lx(x), I2{x), . . . is eventually constant. A
strongly convergent sequence (/z ) has a limit function /: X —• R, which
can be defined for each x eX by l(x) = l.{x) for sufficiently large /.

Proposition. Let T be a group, and let [β\\ f^) be a strongly conver-
gent direct system of A-trees with symmetry, where ^ = (T.,Γ, pt) and
/ij = (fjj, 1). Let ZΓ = (T, Γ, p) denote the limit of the system. Suppose
that Γ acts without inversions on each Γz. Then Γ also acts without inver-
sions on T, and the length functions defined by the ^ converge strongly
to the length function defined by J~.
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Proof. Let /. = (f., 1): T. -• T denote the canonical morphism.

To show that Γ acts without inversions on T, we must show that if x

and y are points of T such that γ x = y and γ y = x for some y e Γ,

then rf(x, y) is divisible by 2 in Λ. For some index i there is a point

xi e T. with f.(χ.) = x. Set x\ = γ2 x(. Then y;.(x/

/) = x. Hence for

large enough j > i we have /..(x.) = /..(x1.) = x., say. Set ^Γ = γ xy

then γ yj. = xy . Since Γ acts without inversions on Γ y, it follows that

d(Xj, yj) is divisible by 2 in Λ. But for large enough j > i we have

d{Xj, y ;) = d(x, y) . This proves that Γ acts without inversions on T.

Now let dt and I. (resp. d and /) denote the distance function and

length function for 9[ (resp. y ) . Let ^ G Γ be given. Since the yj.

and y].. are distance-decreasing it is clear from the definition of the length

functions that /f.(g) > l.(g) > l(g) whenever i < j . Now let x be a point

of T such that rf(x, p(g)x) = l(g). For some index m there is a point

y G Γm such that fm(y) = χ. By strong convergence, for some n> m we
h a v e rf(/wll(y)>/WΛW^)) = ^ ^ ( ^ ) . Thus / ( i ) > / n ( g ) . Hence

//(^) = l(g) for all / > n . q.e.d.
1.29. For the rest of this paper, all direct systems will be understood to

be indexed by the natural numbers.

2. The rank-1 case: statement of results

In this section we state the structure theorem (Theorem 2.1) for group
actions on Λ-trees, where Λ is a subgroup of R whose Q-rank is 1. We
also give more formal statements of the rank-1 versions of Theorems A,
B, C and D of the introduction. We prove in this section that the latter
results follow from the structure theorem. Along the way we formulate
a result, Proposition 2.6, which, in the case of a finitely presented group,
gives a partial reinterpretation of the structure theorem in terms of the
Bass-Serre theory of graphs of groups. The proof of the structure theorem
itself will be given in §4.

2.1. Theorem. Let A be a subgroup of R whose Q-rank is 1, and
let ZΓ = (T, Γ, p) be a A-tree with symmetry. Then SΓ is the limit of
a strongly convergent direct system (<9^; /u) in the category of A-pretrees
with symmetry, where each ^=(Tn Γ , ρt) is a K.-tree with symmetry for
some cyclic subgroup Ai of A, and Λf. c Λ;. whenever i <j. Furthermore,
if f. = (f., ω.) denotes the canonical morphism from &[ to Zf, the kernel
of ωt acts freely and without inversions on Tt for each i.

Theorem 2.1 will be proved in §4. For the rest of this section it will be
assumed.
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2.2. The following result is the rank-1 case of Theorem A of the
introduction.

Proposition. Let A be a subgroup of R whose Q-rank is 1. Let Γ
be a finitely generated group which acts freely, without inversions, on some
A-tree. Then Γ is a free group.

Furthermore, T is the limit of a strongly convergent system (Γ / ? f.j)
in the category of A-pretrees, where each T. is a Artree for some infinite
cyclic subgroup A. of A; and there exist free actions without inversions of
Γ on the Tt such that the f.. and the canonical morphisms ft.Ti^T
are Y-equivariant.

2.3. The following group-theoretical lemma is needed to deduce
Proposition 2.2 from Theorem 2.1. It is stated in a general enough form
to be used for other applications later in this section and in §6. We are
grateful to John Wood for pointing out a proof of the lemma in the spe-
cial case where Γ is finitely generated and all the Γz are free, which is the
case needed for the proof of 2.2. The proof given below in case (ii) was
suggested by Wood's argument.

Lemma. Let (Γz , ω^) be a direct system in the category of groups. Set
Γ = lim Γz . Suppose that either

(i) Γ is finitely presented, or
(ii) Γ is finitely generated, and there exist an integer n > 1 and a field

K such that for each i, every finitely generated subgroup of Y\ is
isomorphic to a subgroup of Gl.n(K).

Then for every sufficiently large index i, there is a subgroup Γ* of Γ.
such that the canonical homomorphism ω z : Γz —• Γ maps Γ* isomorphi-
cally onto Y.

Proof Since Γ is finitely generated, there is some index / such that
ωι is surjective. We may assume that / = 1. There is a finitely generated
subgroup Y] of Γ ; such that ωz(Γ*) = Γ. After replacing each Γz by
ω/ z(Γ*), we may assume that the Γf. are finitely generated and that the
ωtj are all surjective. Under this assumption we shall prove the lemma by
showing that ωt is an isomorphism for all sufficiently large /.

We fix a homomorphism A of a finitely generated free group F onto
Yι. For each /, let R( denote the kernel of ωuoh: F ->Γr Likewise, let
R denote the kernel of ω^h: F -• Γ. Then i?z c Rj whenever / < j ,
and R = \JiRι.

Suppose that (i) holds. Since Γ « F/R is finitely presented, the normal
subgroup R of F is the normal closure of a finite set of elements of F.
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Hence for sufficiently large / we must have Ri = R. Then ω{ is an
isomorphism.

Now suppose that (ii) holds. Since we are now in the case where the Γf.
are finitely generated, this means that each Γz is isomorphic to a subgroup
of GLn{K). Let us write r for the rank of the free group F . Fixing a
basis for F establishes a bijective correspondence between the set of all
representations of F in GLn(K) and the Cartesian power GLn{K)r. We
regard the latter set as a subset of the affine space Mn(K)r and endow
it with the Zariski topology. For each index /, let V( denote the set of
all points of GLn(K)r that correspond to representations whose kernels
contain R.. Then V. is a closed subset of GLn(K), and V( D V. for

By the Hubert Basis Theorem, there is an index m such that V. = Vm

for all i > m. This means that whenever the kernel of a representation of
F contains Rm it must actually contain Rt for all i > m. But according
to condition (ii), for each / there is a representation pt of F whose kernel
is precisely Rt. Hence we must have Rt = Rm for all i > m. This means
that for i > m we have R = R.9 so that ω ; is an isomorphism, q.e.d.

2.4. Proof of Proposition 2.2. Let {β[\ /tj) be the direct system, and
A c Λ the subgroups, given by Theorem 2.1. We write ^= (Ti9 Γ., p.)
and /.. = (f.., ωu). For each index /, let /. = (f.,ωi):&:^&' be
the canonical moφhism. Since Λ/ is a cyclic subgroups of Λ, we can
identify T with the 0-skeleton of a simplicial tree Kt, and the action of
Γ on Tt is the restriction of a simplicial action.

The morphism /{ is in particular a morphism of sets with symmetry.
Since Γ acts freely on T, it follows that any element of Γz that fixes a
point of Tt lies in the kernel of ωt. But by 2.1, the kernel of ω( acts
freely on Γz. Therefore the action of Γz on Tt is free.

If τ is any 1-simplex of Kt, the endpoints of τ constitute a segment
in Γ. whose length is the positive generator of Λ . It follows from the
definition (1.7) of a morphism of Λ-pretrees that ft embeds such a seg-
ment isometrically in T. Hence if an element g of Γf. leaves τ invariant
then ω.(g) must leave a segment in T invariant. Since Γ acts freely and
without inversions on T this implies that g e kerω z . Since kerωz acts
freely and without inversions on Γz, we have g = 1. This shows that Γz

acts without inversions on Ki in the sense of [15].

Since Γ. acts freely and without inversions on a simplicial tree, it is
a free group (see [15, Chapter I, Theorem 4]). On the other hand, by
the definition of the limit of a strongly convergent system of trees with
symmetry, Γ is the direct limit of the directed system of groups (Γ., ω^).
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It follows from [15, Chapter I, Example 1.5.3] that a finitely generated
free group is isomorphic to a subgroup of GL2(C). Hence we can apply
2.3 to conclude that Γ is isomorphic to a subgroup of one of the Γ. and
is therefore itself a free group.

To prove the last assertion of the proposition, note that by 2.3 there
exists, for every sufficiently large /, say for i > m , a subgroup Γ* of Yt

such that ωt maps Γ* isomorphically onto Γ. Restricting the action of
Γ; gives an action of Γ* on T{, which we can then push forward via the
isomorphism ω^Γ* to define an action of Γ on Tt. Since the /t and
/ij are morphisms of sets with symmetry, ft and f.j are Γ-equivariant,
in terms of the pushed-forward actions, for m < i < j .

2.5. The next result, Proposition 2.6, will be used in deducing the
rank-1 case of Theorems B, C, and D of the introduction from Theorem
2.1. The statement of the result involves the notion of a graph of groups.
Recall from [15] that a graph of groups & is a connected 1-dimensional
CW-complex G in which each cell c is labelled with a group &(c), and
for each oriented edge e with terminal vertex v, a homomorphism is
specified from &(e) to &{v). In [15] a group πx(&) is associated with
&, the fundamental group of the graph of groups &. For each cell c
of G, the group &(c) is identified isomorphically with a subgroup of
nx(&)\ this identification is canonical modulo inner automorphisms of
πχ{3/). Thus a cell of G determines a conjugacy class of subgroups of
nx(&). We shall call a subgroup of π{(&) a vertex group (or edge group)
if it is in the conjugacy class of subgroups determined by some vertex (or
edge) of G.

2.6. Proposition. Let Λ be a subgroup of 'R whose Q-rank is 1. Let
Γ be a finitely presented group which acts without inversions on a A-tree
T. Then Γ can be identified isomorphically with the fundamental group
of a graph of groups in such a way that

(i) each vertex group in Γ is contained in the stabilizer of some point
in T, and

(ii) each edge group in Γ is contained in the stabilizer of a nondegen-
erate arc in T.

Furthermore, T is the limit of a strongly convergent system (Tn / / ; )
in the category of K-pretrees, where each Tt is a K{-tree for some infinite
cyclic subgroup Λf. of Λ and there exist actions without inversions of Γ
on the T. such that the f.j and the canonical morphisms f.: Ti —• T are
T-equivariant.
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Proof. Let ( ^ /(j) be the direct system, and A. c Λ the subgroups,
given by Theorem 2.1. We write &: = (TrΓ.,p.) and /.. = (f.j9 ω / y ) .
For each index /, let /( = (^., ω.): .97-> ^ be the canonical morphism.
By the definition of the limit of a strongly convergent system of Λ-pretrees
with symmetry, Γ is the direct limit of the system of groups (Γ. ,ωr).
Since Γ is finitely presented, we can apply 2.3 to obtain a subgroup Γ*
of Γf., for all sufficiently large i, say i > m, such that ωt maps Γ*
isomorphically onto Γ. As in the last step of the proof of 2.2 we can then
conclude that there are actions of Γ on the T{ for i > m such that f.
and f.j are Γ-equivariant for m < i < j . This proves the last assertion
of the proposition.

To prove the other assertions we use the Bass-Serre theory [15]. As
in the proof of 2.2, we regard Tm as the 0-skeleton of a simplicial tree
Km . Then Γ acts without inversions on the barycentric subdivision K*m

of Km. According to [15, Chapter I, Theorem 13] we can identify Γ
isomorphically with the fundamental group of a graph of groups *§ in
such a way that each vertex group in Γ is the stabilizer of some vertex of
K*m, and each edge group in Γ is the stabilizer of an edge in K*m . We
claim that conditions (i) and (ii) of the statement of Proposition 2.6 then
hold.

Consider any vertex group &(v) c Γ. Since &(υ) fixes a vertex of
K^, it either fixes a vertex of Km or leaves an edge of Km invariant.
If &(v) fixes a vertex of Km, i.e., a point x e Tm, then since f. is
Γ-equivariant, &{v) is contained in the stabilizer of fm(x) G Γ. Now
suppose that &(v) leaves invariant an edge of Km with endpoints x, y e
Tm . Then the set {fm(x), fjy)} , and hence the segment [fm(x), fm(y)],
are invariant under &{y). Since Γ acts without inversions on T, some
point of [fm(x)9 fm(y)] must be fixed by &(v). This establishes condition

(i).
Now consider an edge group 2?(e). Since 3?(e) fixes an edge of K*m ,

it must fix (pointwise) some edge of Km with endpoints x, y eTm. The
distance in Tm between x and y is the positive generator of the infinite
cyclic group Λm . Hence by the definition of a morphism of trees, fm

maps [x,y]c Tm isometrically onto [fm(x)9 fmiy)] c T. It follows that
the latter segment is nondegenerate and, by the Γ-equivariance of fm , is
fixed by &(e). This establishes condition (ii). q.e.d.

2.7. The next result combines the rank-1 cases of Theorems C and
D of the introduction. Recall from the introduction that a group Γ is
said to split over a subgroup Δ if Γ is either a free product of two proper
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subgroups with amalgamated subgroup Δ, or an HNN extension with as-
sociated subgroup Δ.

Proposition. Let Λ be a subgroup ofR whose Q-rank is 1. Suppose
that a finitely presented group Γ admits a nontrivial action, without inver-
sions, on a A-tree T. Then Γ splits over some subgroup. If in addition
the stabilizer of every nondegenerate segment of T is a small subgroup of
Γ, then Γ splits over a small subgroup.

2.8. The proof of 2.7 is based on the following lemma.
Lemma. Let & be a graph of groups. Suppose that πx(S?) is finitely

generated and that every vertex group in πx(&) is a proper subgroup. Then
there is some edge e of & such that nxφ) splits over &(e).

Proof. Since Γ = πx(S?) is finitely generated, there is a finite subgraph
&0 of the graph of groups j / 7 such that πχ(&0) maps isomorphically onto
πx{3?). Among all finite subgraphs with this property, we may suppose
«̂ 0 to have been chosen to have the smallest possible number of vertices.
If the underlying graph Go of ^ 0 is nonsimply connected then it has a
nonseparating edge e. It follows from the definition of πχ(&0) that Γ
is a HNN group with 3?{e) as amalgamated subgroup. If Go is simply
connected it has an endpoint v . Since the vertex groups in πx(2?) are
proper subgroups we have &(v) Φ Γ and hence {v} Φ Go. Thus v
is incident to a unique edge e of G o , and the graph G{ obtained by
removing v and e from Go is nonempty and connected. If 2?λ is the
graph of groups corresponding to Gχ, the definition of π{(&0) implies
that Γ = πχ(&χ) *g{e) &{v). But πx(&x) Φ Γ by the minimality of ^ 0 .
Thus Γ is a nontrivial free product with amalgamation, the amalgamated
subgroup being &(e). q.e.d.

2.9. Proof of 2.7. If Γ admits a nontrivial action on Λ-tree T, where
the Q-rank of Λ is 1, then according to 2.6, Γ may be identified with
πx{3?), where 9 is a graph of groups, in such a way that (i) every vertex
group is a proper subgroup of Γ and (ii) every edge group is contained
in the stabilizer of a nondegenerate segment in T. The conclusion now
follows from Lemma 2.8. q.e.d.

2.10. The final result of this section, Proposition 2.11, includes the
rank-1 case of Theorem B of the introduction. However, it will be stated in
elementary form, without reference to the theory of measured foliations.

Let F be a closed (piecewise-linear or smooth) surface. If C c F is
a closed 1-manifold whose components are two-sided, homotopically non-
trivial simple closed curves, then C determines a function lc: πx(F) ->
N, which assigns to any element γ of πχ(F) the geometric intersection
number with C of the homotopy class of closed curves corresponding to
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the conjugacy class of y. According to [12, Proposition ΠI.2.3] lc is the
length function for a nontrivial action of πχ{F) on a Z-tree.

2.11. Proposition. Let A be a subgroup ofΈ whose Q-rankis 1. Let
F be a closed surface and set Γ=πχ(F). Suppose that Γ acts on a A-tree
T in such a way that the stabilizer of every nondegenerate segment in T
is a cyclic subgroup of Γ. Then the length function defined by the action
has the form I = λ lc, where λ is a positive element of A, C c F is
some compact two-sided l-manifold whose components are homotopically
nontrivial, " " denotes multiplication of real numbers.

2.12. The proof of 2.11 depends on the following lemma. Let us define
a geometric length function on πχ(F) to be a function of the form lc,
where C c F is some compact two-sided l-manifold whose components
are homotopically nontrivial.

Lemma. Let Γ be the fundamental group of a closed surface. Then
there exists a finite set Φ of a conjugacy classes in Γ such that any two
geometric length functions which agree on Φ are equal.

Proof. The lemma asserts that there exist closed curves σχ, , σN in
F such that if C and C' are any two compact two-sided 1-manifolds in
F without homotopically trivial components, and the geometric intersec-
tion numbers I(C, σt) and I(C', σ() are equal for all /, then I(C, σ) =
I(C', σ) for every closed curve σ in F . This follows from results proved
in [5]. (In [5, Expose 6, §IV.5 and Appendix], it is shown that there are
simple closed curves σχ, , σN such that any two measured foliations
μ and μ which satisfy I(μ, σz) = l(μ , σt) for and / are equivalent via
Whitehead moves; this implies that they satisfy I(μ, σ) = I(μ', σ) for
every σ . To deduce our assertion we need only apply the latter result to
the measured foliations associated to C and C' by the construction of
[5, Expose 5, §111.1]. These arguments can easily be translated into an ele-
mentary proof of the lemma not referring to measured foliations.) q.e.d.

2.13. Proof 0/2.11. Let (Γ,; ftj) be the direct system, and Λz. c Λ
the subgroups, given by Theorem 2.1. We may write Λz = λ(Z for some
λι > 0. We can identify T. with the O-skeleton of a simplicial tree Kt

so that the action of Γ on Tt is the restriction of a simplicial action.
Since the natural morphisms f.: T{ -> T are Γ-equivariant, the stabilizer
in Γ of each edge in Kt is cyclic. It therefore follows from [12, Theorem
IΠ.2.6] that the length function l{ defined by the action of Γ on Tt has
the form λ. l\, where l\ is a geometric length function.

Let Φ be the finite set given by 2.12. According to 1.28, the l{ converge
strongly to the length function / defined by the action of Γ on T. In
particular there is a natural number m such that / m |Φ = /Z|Φ = /|Φ for
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all i > m. If we write λ. = ajbi with a(, i G N , then the geometric
length functions bibji = aibj\ and bibjm = aj)^ agree on Φ and
are therefore equal. Hence /z = lm for all i>m. By strong convergence

it follows that l = lm=λm ΐm.

3. Complexes associated to trees

The proof of Theorem 2.1, which all be given in §4, is an illustration of
the principal method of this paper: one studies group actions on a Λ-tree
T, where Λ is a subgroup of R, by associating a simplicial complex to
T in a natural way. Groups that act on T then act in a natural way on
the associated complex. In this section we shall give a general discussion
of complexes associated with trees.

3.1. We begin by fixing some conventions involving topological spaces,
simplicial complexes, paths and homotopies that will be used for the rest
of the paper. Recall that a path y in a topological space X is a map of
the unit interval into X. The image of the map will be called the sup-
port of γ and will be denoted |y|. Homotopy of paths will always mean
fixed-endpoint homotopy; in particular, the assertion that two paths are
homotopic includes the assertion that they have the same endpoints. A
path which is a 1-1 map is called a parametrized arc. The inverse y of
a path y is defined by γ(t) = γ(l - t). If yχ, , yn are paths with
yχ{\) = y/+1(0) for 1 < i < n , their composition, denoted yx * * yn , is
the path γ defined by γ\[(i - l)/n, i/n] = yt o h{, where h{ is the unique
orientation-preserving affine map of [(/ - l)/n, i/n] onto [0, 1].

If T is an R-tree, it follows from Proposition II. 1.13 of [12] that the
image of a parametrized arc γ: [0, 1] —• T is a segment [x, y] c T.
For this reason a parametrized arc in an R-tree will often be called a
parametrized segment, or—when the support σ is named explicitly—a
parametrization of σ.

It will be necessary to distinguish between abstract and geometric sim-
plicial complexes. The main reason for being careful about the distinction
is that we will often be considering nonsimplicial maps between geometric
simplicial complexes.

Recall that a geometric simplicial complex is a cell complex in which
each (closed) cell has the structure of an affine simplex in a Euclidean
space, and the inclusion map of a face into a cell is always an affine map.
A geometric simplicial complex will be regarded as a topological space,
with the usual weak topology.
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On the other hand, an abstract simplicial complex is defined by a set,
the set of vertices, having a distinguished class of finite subsets called
simplices, such that every subset of a simplex is a simplex. The geomet-
ric realization of an abstract simplicial complex is a geometric simplicial
complex in the above sense, and conversely.

In an abstract simplicial complex, an /t-simplex whose vertices are
x\' " ' ' xn+\ *s by definition {xχ, , xn+ι} . In a geometric simplicial
complex, an ^-simplex whose vertices are x{, , xn+ι will be denoted
Δ ( * i > > * Λ + i )

If X is an abstract or geometric simplicial complex and / is a nonneg-
ative integer, we shall write skf.(Λf) for the /-skeleton of X.

A simplicial complex—whether abstract or geometric—is not assumed
to be locally finite.

The term "complex", when unmodified, will mean "geometric simplicial
complex".

3.2. There is a familiar category in which the objects are complexes
and the morphisms are simplicial maps. An object with symmetry in this
category will be called a complex with simplicial symmetry.

Let (X, Γ, p) be a complex with simplicial symmetry. We shall say
that X infinite mod Γ if there are only finitely many orbits for the action
of Γ on the set of simplices of Y.

For our purposes it will often be necessary to consider categories in
which more general maps appear as morphisms.

Let X and X1 be geometric simplicial complexes. Let k be an integer
> 0. By a k-tame map from X to X1 we shall mean a continuous map
/ : X —• X1 such that for every closed simplex Δ and X whose dimension
is at most k, /(Δ) is a subcomplex of X with dim /(Δ) < dimΔ. In
particular a /c-tame map carries sk^X) into sk.(X') for every i < k.

A fc-tame map is fc'-tame for any k < k. A map is 0-tame if and only
if it is continuous and takes vertices to vertices. A simplicial map is in
particular /c-tame for every k.

Let X be a geometric simplicial complex. For k = 0 or 1, we shall say
that a path γ: [0, 1] -> X is k-tame if it is a fc-tame map of simplicial
complexes, where [0, 1] is triangulated with two 0-simplices and a single
1-simplex.

A path is 0-tame if and only if its endpoints are vertices of X. A
parametrized arc γ is 1-tame if and only if it is 0-tame and has support
contained in skj(JΓ).

For every k there is a k-tame category of (geometric) simplicial com-
plexes in which the morphisms are all /c-tame maps.
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3.3. By 1.15 we also have a k-tame category of complexes with sym-
metry. For any k, we may regard complexes with simplicial symmetry
as forming a full subcategory of the fc-tame category of complexes with
symmetry, the k-tame category of complexes with simplicial symmetry. It
is this category that will be most important for our purposes. Explicitly,
an object in this category is a triple (X, Γ, p) consisting of a complex
and an action of a group by simplicial automorphisms; on the other hand,
a morphism (/, ω): (X, Γ, p) -> (Xf, Γ7, p) is a morphism of sets with
symmetry such that / is a Λ -tame map.

Let X be a complex and let v be a base vertex of X. The universal
cover of X with respect to v will be defined to be the set X of homo-
topy classes of paths with initial point υ . If X is connected, this is the
standard definition of the universal cover; in general, it gives the universal
cover (in the standard sense) of the connected component of X containing
υ . In any event we shall always regard X as a geometric complex, with
the unique triangulation for which the covering projection p: X —> X is a
simplicial map. Furthermore, X will always be understood to be equipped
with the standard base vertex ϋ which is the homotopy class of the con-
stant path at v.

Now let 8? = (X, Γ, p) be a complex with simplicial symmetry and let
υ be a base vertex for X. Let Γo denote the stabilizer in Γ of the con-
nected component of X containing υ . Let X denote the universal cover
of X with respect to υ , and let p: X —• X be the covering projection.
We shall say that a simplicial automorphism h of X covers an element
J E Γ 0 if we have p(h(x)) = g-p(x) for every point x e X. Let Γ denote
the set of all ordered pairs of the form (g, h), where g is an element
of Γo and h is a simplicial automorphism of X covering g. Then Γ is
a group under the composition law (g, h) o {g , h1) = (gg , hh'), and a
natural action of f on X is defined by setting (g, h) x = h(x). Thus
we have a complex with simplicial symmetry %? = (X, f, p), which we
call the universal cover of Jf with respect to t;.

3.4. We define a homomorphism θ: f —> Γ by setting θ(g, h) = g e
Γo c Γ. By elementary covering space theory, the image of θ is all of
Γ o . Its kernel is the group of covering transformations of X. Note also
that /ι — (p, θ): Jf —• JΓ is a simplicial morphism of complexes with
symmetry; we shall call it the covering projection.

3.5. For / = 1, 2, let Sf{ = (X., Γz, p9) be a complex with symmetry

and let υ. e Xt be a base vertex. Let %?t = (Xi9 fi9 pt) denote the

universal cover of ^ with respect to vt, let ϋέ denote the base vertex of
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j ^ , and let /ι : Sft —• ^ denote the corresponding covering projection. A

/c-tame morphism /: ^ -> ̂  will be said to cover a λ -tame morphism

/\Sfχ-^Sf2 if we have / z 2 ° / ~ = / 0 / * i

It follows easily from the lifting criterion of elementary covering space

theory that if / = (/, ω): Sfχ —> %?2 is a /c-tame morphism such that

f(v{) = v2 , then there exists a unique fc-tame morphism , / = (/, ώ): J^

—• J ^ which covers / and satisfies /(δj) = v2 .
3.6. We now turn to the discussion of complexes associated with

trees. Let Γ be a Λ-tree, where Λ is a subgroup of R. Then RΓ is
an R-tree; in particular it is an R-metric space, and will be understood to
be endowed with the usual metric topology. Recall (1.14) that we regard
Γ as a subset of RΓ. Any segment in RT has the structure of an affine
simplex of dimension < 1.

By a geometric T-complex we mean a pair (X, φ), where X is a sim-
plicial complex and φ: X —• RT is a continuous map such that

(i) φ(skQ(X)) c T, and
(ii) for each positive-dimensional closed simplex Δ of J , the set φ(A)

is a nondegenerate segment, and φ restricts to an affine map of Δ
onto φ(A).

The segment φ(A) will be called the support of Δ and will be denoted
|Δ|. Note that its endpoints lie in Γ. We define the length of the simplex
Δ to be the length of |Δ|. The length of any simplex is a positive element
of Λ.

We shall often say that X is a Γ-complex when it is understood which
map φ is involved.

An abstract T-complex is a pair (X, Φ), where X is an abstract sim-
plicial complex and Φ is a map of the set of vertices of X to the tree T
such that for each simplex 3) of X the map restricts to a 1-1 map of 2)
into a segment of T. If Σ) is a simplex of the abstract Γ-complex X, the
smallest segment of RT containing Φ(S) is called the support of Ί) and
is denoted | D | . Its endpoints belong to Φ{3f).

Let (3t, Φ) be an abstract Γ-complex, and let X denote the geometric

realization of X. For any closed simplex Δ of X, the set of vertices of

Δ is identified with a simplex Σ) of X. The map Φ|Σ) extends uniquely

to an affine map φA: A —> |Σ)|, which we may regard as a map of Δ into

RΓ. If Δ' is a face of Δ, it is clear that φA\A* = φA . Hence we can define

a continuous map φ: X -• RΓ by setting φ\A = φA for every simplex Δ
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of X. Clearly (X, φ) is a geometric Γ-complex; we call it the geometric
realization of (X, Φ).

The term " Γ-complex", when unmodified, will mean "geometric Γ-
complex".

Let (X,φ) and (X1, φ1) be Γ-complexes. By a T-map from X to
X' we mean a 0-tame map / : X -> ΛΓ' such that φ' o J = φ. Note that
for any /c > 0 there is a k-tame category of T-complexes, in which the
objects are Γ-complexes and the morphisms are the /c-tame Γ-maps.

If (X, φ) is an abstract or geometric Γ-complex such that φ maps the
sko(ΛQ bijectively onto Γ, then we shall often identify sko(ΛQ with Γ.
We shall say that the Γ-complex (X, φ) is natural if 0 maps sko(ΛQ
bijectively onto Γ and the action of Aut(Γ) on Γ extends to an action
on X. This extended action, which is then clearly unique, will be called
the natural action of Aut(Γ) on X. The geometric realization of a natural
abstract Γ-complex is a natural geometric Γ-complex.

Note that if (X, φ) is a natural geometric Γ-complex, then the map
φ: X —• RΓ is Aut(Γ)-equivariant, where Aut(Γ) is understood to act in
the natural way on RΓ (see 1.17).

Note also that if (X, φ) is a natural geometric Γ-complex then any
1-simplex of X is mapped homeomorphically onto its support by φ.

Let (X, φ) and (X', φ') be two natural geometric Γ-complexes. Since
φ and φ' map sko(ΛQ and sko(Λr/) bijectively onto Γ, there is a unique
Γ-map from the sko(X) to sko(Λf'). Hence any two 0-tame Γ-maps from
X to X1 agree on sko(Λf).

3.7. Let (X, 0) be a geometric Γ-complex, and let y: [0, 1] —•
RΓ be a parametrized segment. By a lift of y to I we mean a path
γ:[0> I]-* X such that φoγ = γ. Of course any lift of a parametrized
segment in RΓ is a parametrized arc in X. For k = 0 or 1, a lift of y
will be called /c-tame if it is a /c-tame path in X. Since 0 maps vertices
of X to points of Γ, a necessary condition for a parametrized segment
to have a 0-tame lift is that its endpoints lie in Γ.

If the geometric Γ-complex (X, φ) is natural then any two 0-tame lifts
of a given parametrized segment must have the same endpoints.

If y is a /c-tame lift of y then the inverse of y is a A:-tame lift of the
inverse of y. Similarly, if y and / are parametrized segments such that
the composition γ *γf is defined, then for any /c-tame lifts γ and γ of
y and y', the composition γ*γf is defined and is a /c-tame lift of γ*γ'.

3.8. Let (X, φ) and (X', <f>) be geometric Γ-complexes, let y be a
/c-tame lift to X of a parametrized segment y in RΓ, and let / : X -> X1

be a /c-tame Γ-map. Then / o y is clearly a Z>tame lift of y Xo X1.
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3.9. The following notions will be important in §9. Let γ be a
parametrized segment in RΓ, and let γ, γ be 1-tame lifts of γ to X.
A T-homotopy from γ to y is a homotopy Ξ: [0, 1] x [0, 1] —• X,
constant on 0 and 1, such that Ξo = γ, Ξx = γ', and Ξf is a lift of y for
every t e [0, 1]. The Γ-homotopy Ξ will be called tame if its image is a
subcomplex of X. If there exists a tame Γ-homotopy from γ to y; we
shall say that γ and j>' are tamely T-homotopic. Tame Γ-homotopy is
plainly an equivalence relation among 1-tame lifts of γ .

3.10. We shall now show how to associate a natural 1-dimensional
Γ-complex with any free abelian subgroup of Λ.

Let L be a free abelian group of finite rank. Recall that an element
a of I is called unimodular if it is an element of some basis of L.
Equivalently, a is unimodular if and only if it cannot be written in the
form na0 with a0 G L and n > 1.

If L is a free abelian subgroup of Λ, we define a 1-dimensional abstract
Γ-complex (il, Ψ) = (il(L), ΨL) as follows. The vertices of it are the
points of Γ. A 1-simplex is a two-element subset {x, y} of Γ such that
d(x 9y) is a unimodular element of L. The map Ψ is the identity map
of Γ. One checks immediately that (11, Ψ) is a natural Γ-complex.

The geometric realization of (il(L), ΨL) will be denoted (U, ψ) =
(U(L), ψL). Note that the length of any 1-simplex of U is a positive
unimodular element of L.

3.11. Let γ: [0, 1] —> RΓ be a parametrized segment with endpoints
in Γ. There is a simple way of cataloguing all 1-tame lifts of γ to U.
Identifying Γ with sko(ί7), we may regard x = y(0) and y = y(l) as
vertices of U. Let γ be a 1-tame lift of γ, and let 0 = a0 < aχ <
... < an = 1 be the points of [0, 1] that are mapped to vertices of U by
γ. Set x. = γ{at) for / = 0, • , n , so that x0 = JC and xn = y. Then
Δ ( * , _i j xi) i s a 1-simplex of il for / = 1, , n hence a. = d(xi_ι, x.)
is a positive unimodular element of L. Since γ is a homeomorphism
of [0, 1] onto the segment [x, y], we have d{x9 y) = ax + -- + an.
Thus any 1-tame lift of γ determines an ordered partition of d(x,y)
into positive unimodular elements of L. This is at once seen to define a
bijective correspondence between 1-tame lifts of γ and ordered partitions
of d(x, y) into positive unimodular elements of L.

In particular, a parametrized segment γ in EΓ admits a 1-tame lift to
U if and only if the endpoints x and y of y lie in Γ and d(x,y) is
an element of L.

If d(x, y) does belong to L, there is a unique way to write d(x, y)
in the form na, where a is unimodular and n is a nonnegative integer.
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The 1-tame lift γ corresponding to the partition d(x,y) = α + + α
will be called the standard lift of y to U(L).

If L is free abelian of rank 1, there is only one way to write an element
of L as a sum of positive unimodular elements. Hence a parametrized
segment in RΓ can have only the standard lift to U.

3.12. Now let L and l! be free abelian subgroups of Λ with Lc L'.
We shall define a canonical 1-tame Γ-map H = HL L,\ U(L) —• U(Lf).

Identifying the O-skeletons of U(L) and U(L') with Γ, we define H
to be the identity on sko(C/(L)). If τ is any 1-simplex of U(L), fix a
homeomorphism j : [0, 1] -> τ . Then γ = ψ o j is a. parametrized
segment whose endpoints x = γ(0) and y = γ(l) lie in Γ. We have
rf(x,y) e L c Lf. Hence there is a standard lift γ of y to U{L').
Define //τ = yoy" 1 . Since γ is a 1-tame lift of γ, we have ψoHτ = ^ | τ ,
and //τ fixes the endpoints of τ . It is clear that Hτ is independent of
the choice of the homeomorphism j . Hence we can extend the identity
map of sko((7(L)) to a 1-tame Γ-map H: (C/(L) -> *7(Z/) by setting
H\τ = Hτ for every 1-simplex τ of C/(L).

Since the definition of H is canonical, it is clear that H is Aut(Γ)-
equivariant with respect to the natural actions of Aut(Γ) on U(L) and
U(L').

3.13. Let F = (Γ, Γ, p) be a Λ-tree with symmetry, where Λ is
a subgroup of R. We define a (geometric) £Γ-complex to be a quintuple
Jf = (X,Γ0, p0, φ, ω), where (JΓ, Γ o, /?0) is a complex with simpli-
cial symmetry, φ: X -> T is a map that makes (X, φ) a geometric T-
complex, and ω: Γo —> Γ is a group homomorphism that makes (φ, ω)
a morphism of sets with symmetry.

For / = 0, 1, let ^ = (ΛΓ , Γ / ? />., 0., ω.) be a ^-complex. A 3r-
mαp from J ^ to ^ is a 0-tame moφhism of complexes with symmetry
f = (/, /c): (XQ9 Γ o, /?0) -H. (ΛΓj, Γj, /?j) such that / is a Γ-map and
ω{oκ = ωQ. (In particular it follows that (φ{, ωχ) o (/, K) = {φQ, ω 0).)

For any fixed SΓ, and for any k > 0, we have a k-tαme category of
^-complexes in which the morphisms are all λ -tame ^-maps.

3.14. Suppose that we are given a group Λ c R, a Λ-tree with
symmetry F = (Γ, Γ, p) and a natural Γ-complex (X, φ). There is a
unique action ^ of Γ on I that makes φ a Γ-equivariant map. Thus
(X, Γ, ~p, 0, 1) is a ^-complex.

If (Λf0, φ0) and (Λfj, 0j) are two natural Γ-complexes and / : XQ —•
Xj is an Aut(Γ)-equivariant Γ-map, then (/, 1) is a ^ - m a p between
the corresponding ^-complexes.
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3.15. Let F be any Λ-tree with symmetry, let 8? = (X 9 ΓQ9 p0,

φ, ω) be an arbitrary ^-complex, and let v be a base vertex of X. Let

(X, Γ o, p0) denote the universal cover of the complex with symmetry

(X, Γ o, pQ), let β denote the base vertex of X, and let (p, 0) denote

the covering projection. If we set φ = φop and ώ = ωo θ, then J*7 =

(X, f 0 , y50, </>0, ώ) is a .T'-complex. It is called the universal cover of 8?

with respect to υ .

Now for / = 0, 1 let ^ = (X., Γz, p., 0., ωz ) be a ^-complex and let

vt be a base vertex in X.. Let </: Sf^-* %?{ be a λ -tame ^ - m a p such that

^{VQ) = v{. Let j ^ = ( ^ , Γz, pt, φt, ώf.) denote the universal cover

of J^ with respect to υ.. By 3.5, there is a unique base-point-preserving

Λ>tame morphism of complexes with symmetry ^ \ (XQ9TQ9 p0)

—• (Xj, f j , pχ) which covers β'. It follows from the definitions f is a

; it is said to be induced by </.

4. Proof of the structure theorem in the rank-1 case

In this section we shall give the proof of Theorem 2.1. The method
of proof is to write the value group as a monotone union of rank-1 free
abelian subgroups L(, and to use the construction of 3.10 to define a direct
system (2^.,^.) of 1-dimensional ^-complexes corresponding to the L .
One then replaces the system (2^., βttλ by a direct system of 1-connected
1-dimensional ^-complexes and 1-tame maps via the universal covering
construction of 3.15, and interprets the 1-skeletons of the latter complexes
as L-trees; this gives the directed system of pretrees with symmetry &[
appearing in the statement of 2.1.

Much of the relevant material on direct systems of ^-complexes will
be needed again in § 11 to prove the analogue of 2.1 in the case where Λ
has Q-rank 2. In order to avoid extensive repetition, we shall discuss this
material in a form that is general enough to cover both the rank-1 and
rank-2 cases. The study of direct systems of ^-complexes will occupy
most of the present section.

4.1. Let (Xn J.j) be any direct system (see 1.29) in the 0-tame cat-
egory of geometric simplicial complexes, and let vt be a base vertex in
Xi for each /. We shall say that the vt are consistent if / / ; (vl ) = v.
whenever i < j . If the X{ are nonempty, it is obvious that consistent
vase vertices exist for the system.

4.2. Let Λ be a subgroup of R which is exhibited as a monotone union
\J?=ι Lt, where each L is a free abelian subgroup of Λ and L{ c Li+ι.
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(The inclusions need not be proper.) Let T be a Λ-tree. By 3.10, for each

i > 1, we have a Γ-complex Ui = U{Lt), and by 3.12, for \ < i < j

we have a 1-tame Γ-map H.. = HL L:Ui^Uj. Thus we have a direct

system (Ui, //,..) in the 0-tame category of geometric simplicial complexes.

Let us choose consistent base vertices for the Ui. In terms of these base

vertices we can form the direct limit lim πn(t/ ) for any n > 0. For

n > 1, we have &„(!/,-) = 0 for all / since the Ui are 1-dimensional.

Thus the interesting cases are n = 0 and 1.
4.3. Proposition. We have lim ^ ( t / ) = 0.

Proof. We must show that for any / > 1 and any vertices x, y of
Un there is some j > i such that Hij(x) and Hij{y) are in the same
connected component of U •. We can regard x and y as points of T.
Let y be a parametrization of the segment [x, y] c MΓ. Choose y > /
so that d(x, y) e Lj . Then the standard lift of 7 to CΛ is an arc joining
Hu(x) to H^y) in £/.. q.e.d.

In general, lim π^C/ ) need not be 0. However, we shall see (4.5) that
it is 0 when the Q-rank of Λ is 1 (in which case L( has rank 1 for large
/). This is a key step in the proof of Theorem 2.1. We shall prove it as
an application of a more general result which will be used again in §9.

4.4. Consider the following general situation. Let Λ be a subgroup
of R, let T be a Λ-tree, and let ((X , φ.)\ Jtj) be a direct system in
the 0-tame category of Γ-complexes. Let us fix consistent base vertices
for the X.. The following result gives a general criterion for triviality of

lim π, (*,.).
Proposition. Suppose that the direct system ((Xi 9 φ t ) \ Jtj) satisfies the

following conditions:

(1) Every arc in RT with endpoints in T admits a tame lift to some

xr

(2) Given any i > 1, any arc y in T, and any two tame lifts y and
y of y to Xt, the paths /. o γ and J.. o y are homotopic in X.
for some j > i.

Then we have lim nχ {Xt) = 0.

Proof Suppose that (1) and (2) hold. Then we shall prove the following
assertion:

(4.4.1). Let / > 1 be given, and let γ: [0, 1] —• X be a path whose
endpoints are vertices of Xt. Then for some j > i (and hence for all
sufficiently large j , see 3.8), the path Jij o γ is homotopic in Xj either to
a constant or to a l-tame lift of some parametrized segment in RT.
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It follows from (4.4.1) that if γ is a closed loop γ based at a vertex
of Xi then Jij(γ) is homotopic to a constant. Hence proving (4.4.1) will
complete the proof of the proposition

Any path between two vertices in a complex is homotopic either to a
constant or to a path of the form γχ * * yr, where r > 0, and where
each γp, 1 < p < r, is an affine homeomorphism of a closed interval onto
a 1-simplex in X.. Hence it is enough to prove (4.4.1) for paths of the
latter form. For such paths we shall proceed by induction on r.

If r = 1 then γ is an affine homeomorphism of an interval onto a
1-simplex τ in X. By the definition of a Γ-complex, φ maps τ home-
omorphically onto a segment in RΓ; thus γ is itself a 1-tame lift of a
parametrized segment in R Γ .

Now suppose that r > 1. Then the induction hypothesis implies that
γ has the form ζ * ε, where for sufficiently large /: each of the paths
Jik o ζ and Jik o ε is homotopic in ^ to a constant or to a 1-tame lift of
a parametrized segment in R Γ . We may assume that Jik o ζ and Jik o ε
are homotopic to 1-tame lifts ώ and ή of parametrized segments ω and
η in RΓ. Thus Jik{y) is homotopic to ώ * ή. Let x and y denote,
respectively, the initial point of ω and the terminal point of η. The
terminal point of ω, which is also the initial point of η, will be denoted
by u.

Since Γ is a tree, we have [x9u]Γ\[y9u] = [z9 u] for some z e T.
We have [x, z] n [z, y] = {z} , and hence [x, z] u [z, y] = [x, y] . Let us
consider the case where x, y, u and z are all distinct. We can regard
ω as a reparametrization of ω t * ω2 , where ω t is a parametrization of
the segment [x, z] c RΓ, and ω 2 is a parametrization of the segment
[z, w]. Likewise, 7/ is a reparametrization of η{ * η2, where ^ is a
parametrization of the segment [u, z] and ω 2 is a parametrization of the
segment [ x , y ] . Since ω 2 and ηx are homeomorphisms of [0, 1] onto
the segment [u, z ] , the path T/J is a reparametrization of the inverse of

Since [x, z]Π[z, y] = {z} and [x, z]U[z, y] = [x, y], the path ωx*η2

is a parametrization of the segment [x, y]. By hypothesis (1) and 3.8, for
sufficiently large k the parametrized segments ω and r\{ admit 1-tame
lifts ώ{ and //7 to Λ^ . By 3.7 we may take ήχ to be a reparametrization
of the inverse of ώ2. In particular, ώ 2 * ήx is homotopic to a constant.

Now by 3.7, the parametrized segment ω has a 1-tame lift which is
a reparametrization of ώj * ώ 2 and is therefore homotopic to ώχ * ώ 2 .
Hypothesis (2) then implies that for large enough j > k, the paths /^-(ώ)
and Jk .(ώj * ώ2) are homotopic. Similarly, for large enough the paths
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Jkj(ή) and JkΛήι * ή2) are homotopic. Hence J^iy) is homotopic to
Jkj((oι * ώ 2 * ήχ * ή2), and therefore to Jkj{o){ * >/2). But by 3.8 the latter
path is a 1-tame of the parametrized segment ωχ * η2.

This completes the induction in the case where x, y, z and w are all
distinct. The other cases are handled by exactly the same method and are
slightly simpler.

4.5. Corollary. Let A be a subgroup of R whose Q-rank is 1. Let us
write A as a monotone union ( J ^ Lt, where each Li is infinite cyclic and
Lt c L / + 1 . Then with the conventions of 4.2, we have lim π^CΛ) = 0.

Proof If a parametrized segment γ in RΓ has endpoints x, y eT,
then d(x, y) e A and hence d(x, y) e Li for some /. Hence by 3.11, γ
admits a 1-tame lift to Ui. Since Lt is free abelian of rank 1, it follows
from 3.11 that the lift of γ is unique. The result therefore follows from
Proposition 4.4.

4.6. Now let us consider a Λ-tree with symmetry <T = (T,Γ, p),
where Λ is a subgroup of R, and a direct system (i^ ^ ) in the 0-
tame category of ^-complexes. Let ^ = (X., Γi, p., φ{, ωz) and f{. =
(Ju, K(j). We shall say that {βf{\ /^ is abundant if it satisfies the fol-
lowing conditions.

(i) For every point x e T there exist an index / and a vertex v of
Xi such that φ.(v) = x.

(ii) Given an index /, a parametrized segment γ in RΓ, and two
vertices v0 and vχ of ^ such that φj(vt) = y(ί) for ί = 0, 1,
there exist an index j > i and a 0-tame lift γ of y to X. such

that HO = Jij(vt) for / = 0, 1.
(iii) The natural map from lim Γ̂  to Γ induced by the ωt is an

isomorphism.

4.7. In order to motivate the above definition, let us consider a group
Λ c R which is given in the form \J^X L{, where each Lt is a free abelian
subgroup of Λ and Lt c L whenever i < j . Let F = (T, Γ, p) be

any Λ-tree with symmetry. Let us write (Un ψι) for the Γ-complex

{UiL;), ψLi). As in 4.2, setting Hij = HL L , we have a direct system

{Ui9H..) of Γ-complexes and 1-tame maps. Since the Ui are natural T-

complexes, and since the H^ are Aut(Γ)-equivariant, according to 3.14

we have a ^-complex ψ. = (Ui9Γ, p{,Ψ{Λ) for each /, and a 1-tame

morphism ^ . = (Hι.., 1): ^ : ^ % of ^-complexes whenever i < j .

Thus we have a direct system ( ^ ^ . ) in the 1-tame category of ΣΓ-

complexes.
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Proposition. The direct system (2^.;^.) is abundant.
Proof. Since the £/ are natural, each ψ. maps sko(£/ ) bijectively to

Γ; in particular, condition (i) of 4.6 holds. That condition (ii) holds is
immediate from the proof of 4.3. Condition (iii) is trivial in this case
since we have Γ = Γ and ωi = κtj = 1 for all / and j . q.e.d.

A key step in the proof of Theorem 2.1 will be to show that the universal
cover of the ^-complexes in a certain abundant direct system again form
an abundant direct system. This will follow from Proposition 4.8 below,
which will also be used in § 11.

4.8. Let Λ be a subgroup of R, let y be a Λ-tree with symme-
try, and let (j??, X ) be a direct system in the /c-tame category of 9~-
complexes for some k > 0^ Suppose that we are given consistent base ver-
tices vέ for the 8?{. Let Sft denote the universal cover of Sft with respect
to υt. By 3.15, the /^ induce A:-tame Γ-maps f\.\ J?-+ %?., so that we

have a direct system ( ^ , ̂ . ) in the &-tame category of ^-complexes.
We shall call it the universal cover of the direct system (8?., ft.) with
respect to the vt.

Proposition. Let Λ be a subgroup of R, let & = (T, Γ, p) be a Λ-
tree with symmetry, and let (j??, ^Γ.) be an abundant direct system in the
0-tame category of ^-complexes. Let X. denote the underlying (geomet-
ric) simplicial complex of Sft, and let v. G Xi be consistent base vertices.
Suppose that for n = 0, 1, we have lim πn{Xi ,v.) = 0. Then the univer-
sal cover of (3?i9 ^ . ) with respect to the v is an abundant direct system.

Proof. Let ^ = (*., Γ / ? p.9 φ}9 ωt) and f.. = (/ / 7,κ z .). Let V.
denote the component of X. containing vt.

To check condition (i) of 4.6, consider an arbitrary point x € T. Since
(J^, ^j) is abundant, there exist an index / and a vertex υ of Xι such
that φt{v) = x. Since lim πQ(Xi, υt) = 0, there is an index i > I such

that v G Vij. If v is a vertex of Xt such that p.(ϋ) = v , then φt{v) = x.
This proves (i).

Next we verify (ii). We are given an index /, a parametrized segment

γ in JRΓ, and two vertices ϋQ and ϋ{ of X. such that ^ /(β ί) = γ(t) for

ί = 0, 1. Set ^ = 0 / ( ί ί ) . Since ( ^ , ^ ) is abundant, there exist an

index fc > / and a 0-tame lift γ of y to ^ such that γ(t) = Jik{vt)

for t = 0, 1. Since lim πo(Λff., v,-) = 0, there is an index kf > k such

that φk'(γ{[0, 1])) c Vk,. Hence we may assume k to be chosen so that
Φk(y([θ,i]))cvk.
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Now let γ0 be a lift of γ to Xk such that yo(O) = v0 . Set v[ = γo(l).

Then ΰ[ and ϋ{ are in the same fiber in the covering space Xk of Vk .

Since lim πx{Xi9 vt) = 0, there is an index j > k such that Jkj(v[) =

JkAvχ). The path γ = Jkj(y0) is a 0-tame lift of γ to X- such that
y(0 = J^) for ί = 0, 1. This establishes (ii).

To prove (iii) we first show that the natural map ω: lim Γz —• Γ is
surjective. Consider an arbitrary element geΓ. Since ( ^ , J ^ ) is abun-
dant, there is an index / such that g = ω^g^ for some gι in Γι. Since
lim πQ(Xi, vt) = 0, there is an index k > I such that gk = klk(gi) belongs
to the stabilizer Gt of V{ in Γ;/. Since by 3.4 the natural homomorphism
θ{\ T{ —> Γι has image G{, it follows that g e co^T^ this shows that ω
is surjective.

It remains to prove that ω is injective. Consider an index / and an
element g of f z such that ω f (g) = 1. Set g = θ (g) e Gi. Since
(%?i><fij) is abundant, there is an index k > i such that κik(g) = 1.
Hence κik(g) is a covering transformation in the covering space Xk of
Vk . Since lim πι(Xi, v.) = 0 it follows that κij(g) = 1 for some j > k.
Thus ω is injective. q.e.d.

4.9. Proof of Theorem 2.1. We are given a Λ-tree with symmetry
ZΓ = (T, Γ, />), where Λ c R has Q-rank 1. Let us write Λ as a union
U°!j L., where each Lt is an infinite cyclic subgroup of Λ and L{ c Li+ι.
We shall denote the positive unimodular element of Lt by λ(. Using the
Lt we can define, as in 4.7, a direct system ( ^ ^ ) in the 1-tame cate-
gory of ^-complexes, where ^ . = (£/., Γ, />., ^ , 1) and ^ = (Hij, 1).
Recall that this system is indexed by the positive integers, that the Ui are
1-dimensional, and that the system is abundant by Proposition 4.7.

As we observed in (4.1), we can choose consistent base vertices υt in

the Ui. In terms of the υt we can form the universal cover ( ^ ^ . ) of

( ^ βfΛ, which is again a direct system in the 1-tame category of &~-
complexes. Let us write ^ = (ϋn f z , p., ψi, ώt) and ^ = (H^, ώf •).

According to the definitions, (Ui, Γz, ^z) is the universal covering space
of (Ui , Γ, /?z), where V{ is the component of £/ containing the vertex
vf.. For each / we let ^ z = (p., 0.): (C/z, f z , pt) -• (C/z , Γ, /?z) denote the
covering projection. Note that since the group homomorphism underlying
each tftj is the identity, we have ώz = θi.

By 4.3 and 4.5 we have limi_^ooπn(Ui) = 0 for n = 0, 1. Hence by

4.8, the direct system (g? ^'.) is abundant.
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The Ui are 1-connected 1-complexes. Hence each T. = sko([/.) is a Z-
tree under the standard metric in which the distance between two vertices
v an w is 1 if and only if ϋ and w are joined by an edge. Multiplying
this standard metric by λ., we obtain a metric di that makes T. an L.-
tree. The action ρt of f. on Ui restricts to an action on T.. Thus
&l= (Tn Γi, p.) is an L7-tree with symmetry.

Since ψ.: Ui -> RT maps sko(i7/) into T, the map ψ. restricts to
a map f.\ Tt —> T for each /. Likewise, since the H{. are 1-tame and
hence 0-tame, H.. restricts to a map /J..: 7]. —• Γ ; .

It follows from the definition of a 7̂~-map that (^ώ,) and (//, , ω Γ )
are morphisms of complexes with symmetry. Hence /. = (f., ωt) and
/ij = (f j , ώf..) are morphisms of sets with symmetry.

We claim that f. is a moφhism of Λ-pretrees, so that /{ is a morphism
of Λ-pretrees with symmetry. Since 7) is defined from the 1-connected
1-complex Ui, this amounts to saying that if two vertices ϋ and w are
joined by an edge in Un then d(ψ (ϋ), ψ^w)) = λr But if ϋ and w
are joined by an edge, the vertices v = p.(ϋ) and w = p^w) in £/.
are joined by an edge in Ui. By the definition of Ui this means that
d{Ψi{v), Ψι(w)) = d{ψi{v), ψ^w)) is a u n i m o d u l a r e l e m e n t o f L . 9 so
that d(ψi(v), ψjiw)) = λ.. This proves the claim.

We claim that the maps ftj: Tt —• T. are also moφhisms of Λ-pretrees,
so that the / = (f.., ώ / ;) are morphisms of Λ-pretrees with symmetry.
To prove this it is enough to show that if two vertices ϋ and w are joined
by an edge in Ui, then the distance in T. between /^(v) and ftAw) is
λ.. Let us write λt = nλ., where n is a positive integer. We must show
that the unique simplicial arc in LΛ joining Htj{v) to H^w) consists of
exactly n closed 1-simplices.

Let τ denote the closed edge in Ui joining ϋ to w. Set v = pf.(ίl),

ty = p.(w), and τ = p.(ϊ). It follows from the definition (3.12) of H{.

that Hr(τ) is the image of the standard lift to V• of a parametrization

of the segment [v, w] c R7\ Hence Hu(τ) is a simplicial arc in Ui

consisting of exactly n closed 1-simplices. It follows that //^-(τ) is a

simplicial arc in ΪJi consisting of exactly n closed 1-simplices. This proves

the claim.

We now have a direct system {J[\ /u) of Λ-pretrees with symmetry,

and we have morphisms /.: 5Γ -• F. We shall prove the first assertion

of Theorem 2.1 by showing that (5Γ; /^) converges strongly and that its

limit can be identified isomorphically with SΓ in such a way that the /{
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are the canonical morphisms. To do this we must check that conditions

(i)-(iv) of 1.26 are satisfied.

Condition (i) holds since ^ . is a y-map for 1 < / < j . The verifica-

tion of conditions (ii)-(iv) uses the fact that the direct system ( ^ <#?.) is

abundant. Indeed, conditions (ii) and (iv) of 1.26 follow respectively from

conditions (i) and (iii) of Definition 4.6. In order to check condition (iii)

of 1.26 we must consider an integer / > 1 and two points ΰ0, ϋ{ e T{,

which we may regard as vertices of ΪJi. For t = 0, 1, set vt = pt{v^

and xt = </>,(#,) = Φι(vt). Let γ be a parametrized segment in RΓ with

γ(ή = xt.

By condition (ii) of 4.6, there exist an index j > i and a 0-tame lift

γ of γ to ϋj such that y(t) = Hu{vt) = fu{vt) for t = 0, 1. The path

pi o γ is a 0-tame lift of γ to £/.. By 3.11, it must be the standard lift.

Hence the arc pz(7([0, 1])) c C/ is made up of n closed simplices, where

n is the nonnegative integer defined by d(x,y) = nλ.. Therefore the arc

γ{[0, 1]) c ϋj is also made up of n closed simplices. By the definition

of the metric in Tj this means that d{fu{ϋ0), f^-iv^) = nλj = d(x, y).

This establishes condition (iii) of 1.26 and proves the first assertion of

Theorem 2.1.

To prove the second assertion of the theorem, we recall that ώi = θi,

and that by 3.4, the kernel of θi is the group of covering transformations

of £/ . Thus kerώz acts freely on ϋt and hence on R Γ .

5. Measured foliations

It was recognized by the authors of [14] that Thurston's theory of mea-
sured foliations on surfaces gives a natural class of group actions on E-
trees. As we explained in the introduction, the actions arising from mea-
sured foliations will play a central role in the structure theorem for group
actions on Λ-trees where Λ c l and Q-rank 2.

It will be necessary to rework some of the material developed in [14].
One reason is that the presentation in [14] is not in terms of measured
foliations, which for our purposes are the natural objects, but in terms of
measured geodesic laminations; these objects are in a sense equivalent to
measured foliations, but the equivalence is nontrivial. A second reason for
reworking the material in [14] is that we need it in a more general context:
our foliations are defined not on 2-manifolds but on spaces that we call
"singular surfaces", which are locally Euclidean of dimension at most 2
except at isolated points. We begin with a discussion of such spaces; for
convenience we shall take them to be triangulated.
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5.1. If δ is an /-simplex in a geometric simplicial complex Y, we
define the valence if ί (in y ) to be the (cardinal) number of (/ + 1)-
simplicesin Y of which δ is a face. The valence will be denoted valy(<5).
Since our simplicial complexes are not assumed to be locally finite, valy (δ)
may be a finite or infinite cardinal. A simplex δ is said to be isolated (in
Y) if val y(ί) = 0, and free (in Y) if valy(<J) = 1.

A geometric simplicial complex Σ will be called a {triangulated) singu-
lar surface if Σ has dimension at most 2 and if every 1-simplex of Σ has
valence 0 or 2.

If Σ is a singular surface, then the link of an arbitrary vertex of Σ is a
complex of dimension < 1 in which every 0-simplex has valence 0 or 2.
Hence the components of the link of a vertex are points and combinatorial
1-manifolds. The link may have infinitely many components, and the 1-
manifold components may include complexes homeomorphic to either R
or Sι.

Thus a singular surface Σ is locally Euclidean of dimension of most 2
at all points except vertices.

If the link of every vertex of Σ is Sι (so that Σ is locally Euclidean
of dimension 2) we call Σ a (triangulated) surface. If the link of every
vertex is homeomorphic to either Sι or R we call Σ a (triangulated)
surface with points at infinity.

If Σ is a surface with points at infinity, and if we let E denote the set of
points at infinity of Σ—i.e., vertices of Σ whose links are homeomorphic

o

to R—then Σ = Σ-E is a 1-connected 2-manifold; we call it the interior
of Σ.

5.2. Let x be a point of singular surface Σ. Let S denote the closed
star of x, i.e., the union of all the closed simplices of Σ containing x.
By a local branch of Σ at x we shall mean the closure of a connected
component of S - x .

If x is a vertex of Σ, we may identify S with the cone over the link of
x. Hence in this case each local branch of Σ is identified with the cone
over a connected component of the link of x . Thus a local branch at any
vertex x is either a closed arc with x as an endpoint, a closed disk with
x as an interior point, or a homeomorphic copy of {0} U (D2ΠH2) c R 2,
where D2 is the closed unit disk and H2 is the open upper half-plane.
(The latter set is the cone over R here x corresponds to 0.)

If x is not a vertex, there is only one local branch at x, namely the
closed star of x itself. This unique local branch is PL homeomorphic to
a closed disk, with x an interior point.
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In any case, the closed star of a point x is the union of all local branches
at x, and any two local branches intersect precisely at x.

5.3. Now suppose that the singular surface Σ is 1-connected. We
define a global branch of Σ to be a subcomplex which is the closure of a
connected component of Σ - sko(Σ). (Thus Σ is the union of its global
branches, unless it consists of a single vertex.) It follows from the 1-
connectedness of Σ that the global branches are 1-connected, and that
any two global branches meet in a single point. The 1-connectedness of
Σ also implies that for any vertex x of Σ and any global branch 38
containing x, the link of x in 38 is connected. It follows that the link of
x in 38 is a connected component of the link of x in Σ, and therefore
that the star of x in 38 is a local branch of x in Σ.

Hence every global branch of a 1 -connected singular surface is either a
closed 1-simplex or a 1-connected surface with points at infinity.

5.4. For future reference we insert a few remarks here about groups
acting on surfaces with points at infinity.

Let Σ be a 1-connected triangulated surface with points at infinity and
suppose that a group Γ admits an effective simplicial action on Σ such
that Σ is finite mod Γ. Then Γ is clearly finitely generated. The interior
o

Σ of Σ is clearly Γ-invariant. It is easy to show that the action of Γ on
o o

Σ must be properly discontinuous, in the sense that each point of Σ has a
neighborhood V such that gV n V = 0 for all but finitely many g e Γ.

o

If x is a vertex belonging to Σ, so that the link of x is a triangulated
1-sphere L, then the stabilizer Γ^ acts faithfully and simplicially on L,
and is therefore a finite cyclic or finite dihedral group. Similarly, if x is
a vertex in E, then Γ^ acts faithfully and simplicially on a triangulated
real line L; and L is finite moάYχ since Σ is finite modΓ. Thus Yχ

is an infinite cyclic or infinite dihedral group.
By a planar discontinuous group we shall mean a pair (Γ, &>), where

Γ is a group, SP is a (possibly empty) family of cyclic and dihedral sub-
groups of Γ which is closed under conjugation, and Γ admits an effective
simplicial action on some 1-connected surface with points at infinity such
that & is the set of all subgroups of Γ that are stabilizers of simplices.
We shall often omit & from the notation and say that Γ is a planar dis-
continuous group. The finite subgroups in ίP are called elliptic subgroups
of Γ the infinite subgroups in & are parabolic subgroups.

For a classification of planar discontinuous groups, see Chapter 4 of
[17].
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We now turn to the discussion of measured foliations on singular sur-
faces. Our definitions are straightforward generalizations of those given
in [5] for the case of (nonsingular) surfaces except that we work in the
piecewise-linear (PL) category.

5.5. Let I be a topological space. By a decomposition of X we
mean a collection of nonempty, pairwise disjoint subsets whose union is
X. If J ? is a decomposition of X, every subset Z of X has an induced
decomposition consisting of the path components of intersection of Z with
the sets in &.

Let Zj and Z 2 be polyhedra in simplicial complexes Xχ and X2 thus
Zz is a subcomplex in some subdivision of X.. Let Jz^ be a decomposition
of Z;. We shall say that Sfχ and 3*2 are piecewise-linearly homeomorphic
if there is a PL homeomorphism of Zχ onto Z 2 carrying the elements of
S?x onto those of Sf2.

Let Z be a polyhedron in a simplicial complex. A decomposition of
Z will be called a product decomposition if it is PL homeomorphic to the
decomposition of some product complex AxB by the sets Ax{b} for be
B. The spaces A and B, which are determined up to homeomorphism
by the decomposition, will be called the divisor and quotient of the product
decomposition. The projection q = qz: Z -> B is determined modulo PL
homeomorphisms of B.

5.6. Let R be a connected combinatorial 1-manifold and let C de-
note the cone over R. Let K be a discrete subset of R such that every
component of R - K is relatively compact. Suppose that K has cardi-
nality k > 2; note that k is finite if R « S 1 and A: = No if i? « R.
The cone over K is a subcomplex P of C . If Z) is the closure of any
component of C - P then D is PL homeomorphic to a closed disk, and
DnP is a closed arc; thus D has a product decomposition <5^ in which
ΰ Π P is a single element, and the quotient is an arc. There is a unique
decomposition J ? of C which induces the decomposition 3*D on Z> for
each component D of C - P. This decomposition Jz? = <5̂  is uniquely
determined by k up to PL homeomorphism.

Let x be a point of a polyhedron Z . A decomposition of Z will be
called a standard k-prong decomposition centered at x if it is PL homeo-
morphic to S*k , under a PL homeomorphism that maps x onto the cone
point in o2£ (c.f. figure, next page).

Note that a standard 2-prong decomposition is simply a product decom-
position in which the divisor and quotient are arcs.

A decomposition of Z will be called a standard decomposition centered
at x if either (i) it is standard /c-prong decomposition centered at x for
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some k > 2, or (ii) Z is a closed arc and the elements of the decompo-
sition are points.

5.7. Let Σ be a singular surface. A decomposition & of Σ will be
called a foliation with nondegenerate singularities, or more briefly a folia-
tion, if for every point x e β and every local branch β at x, there is a
neighborhood Z of x in β whose induced decomposition is a standard
decomposition centered at x . We call Z a standard neighborhood. (Our
standard neighborhoods generalize the domaines de cartes of [5, Expose
5].) If P denotes the element of the induced decomposition of Z con-
taining x, the closures of the components of Z - P are called sectors in
the standard neighborhood Z of x . The induced decomposition of each
sector is a product decomposition. The components of P - {x} are called
prongs. (Thus if dim/? = 1, there are no prongs.)

A point of Σ will be called regular (with respect to &") if it has a neigh-
borhood in Σ whose induced decomposition is a product decomposition;
otherwise it will be called singular. The singular points form a discrete
closed subset of Σ.

5.8. If & is a foliation of a singular surface Σ, an element of the
decomposition & will be called a leaf. On the other hand, an element of
the induced decomposition of the set of regular points of Σ will be called
a classical leaf. In the case where Σ is a surface, our notion of classical
leaf corresponds to the notion of "leaf used in [5].

5.9. Let & be a foliation of a singular surface Σ. A path γ in Σ is
said to be monotonic {with respect to £F) if |y| is contained in a subset Z
of Σ whose induced decomposition is a product decomposition Z = AxB
and qz o γ is a monotonic map of [0, 1] into B (in the sense that the
inverse image of every point in B is a connected subset of [0, 1]). If
qz°y is one-to-one we shall say that γ is strictly monotonic.

A path γ in Σ is piecewise monotone if some reparametrization of γ
is a composition of finitely many monotonic paths. An arc A c Σ is
piecewise monotonic if a parametrization of A is piecewise-monotonic.
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5.10. Now let D be a compact subset of Σ whose induced decom-
position is a product decomposition with quotient B, and let η be a PL
homeomorphism of B onto a closed interval in R. Then there is a non-
negative real-valued function μη on the set of all monotonic paths in D
which assigns to each monotonic path γ the Euclidean length of the in-
terval η(qD(\γ\)). A function on the set of monotonic paths in D will be
called a standard transverse measure in D if it has the form μ for some
PL homeomorphism η.

Suppose now that & is a foliation (with nondegenerate singularities)
of the singular surface Σ and that μ is a function that assigns a nonneg-
ative number μ(γ) e Λ to each path which is piecewise-monotonic with
respect to SF. The pair (F, μ) is called a measured foliation of Σ if the
following conditions hold:

(i) μ is additive under composition of piecewise-monotonic paths;
and

(ii) for every point x e Σ and every local branch β at x , there exist
a standard neighborhood Z of x in β such that for each sector
D of Z , the restriction of μ to the set of monotonic paths in D
is a standard transverse measure.

Let (JF, μ) be a measured foliation on Σ. Then a path γ in Σ is
contained in a leaf of & if and only if μ(y) is defined and equal to
0. For this reason we shall generally suppress & from the notation and
denote the measured foliation by μ.

It is clear that the measure of a piecewise-monotonic path with respect
to a measured foliation is invariant under reparametrization. In particular,
a piecewise-monotonic arc A has a well-defined measure μ(A).

5.11. It is often convenient to define a measured foliation on a sin-

gular surface Σ by local data. Suppose that for every point x of Σ and

every local branch β at x we are given a neighborhood Uβ of x in β, a

standard decomposition ^ of Uβ, and a standard measure μD on each

sector D of Un. Suppose that for any two points x, x , any two local

branches /? and /?' at x and x' and any two sectors D and Z>' in Uβ

and t/«/, the following compatibility conditions hold:

(i) ^ and ^ induce the same decomposition of flίlfl', and

(ii) for any monotonic path y in ΰ n ΰ ' we have μD{γ) = μD>{y).

Then there is a unique measured foliation of Σ which induces the decom-
positions ^ and the measures μD for all β and D.
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5.12. By a measured foliated singular surface we shall mean a pair
(Σ, μ), where Σ is a singular surface and μ is a measured foliation. In
particular we have the notion of a measured foliated surface, and of a
measured foliated surface with points at infinity.

In arguments involving measured foliated surfaces we shall often quote
results from [5]. This is legitimate because the arguments given in [5]
for the smooth category are equally easy to interpret in the PL category.
(Alternatively, one could show that every PL measured foliated surface
can be smoothed.)

5.13. Let (Σ, μ) be a measured foliated singular surface. Two
piecewise-monotonic paths y and γ in Σ will be said to be equivalent if
(i) μ[y) = μ(/) and (ii) for any leaf L of (Σ, μ) we have Ln \γ\ Φ 0 if
and only if L Π \y'\ Φ 0 .

5.14. Let (Σ, μ) be a measured foliated singular surface, and let
γ: [0, 1] —> Σ be a path. We shall say that γ is taut if y~l(L) is a
connected subset of [0, 1] for every leaf L of (Σ, μ). It is easy to see
that any taut path is piecewise monotonic.

5.15. Our next result, Lemma 5.16, gives a local characterization of
taut paths up to equivalence; it depends on the following definition, which
generalizes the one given in [5, Expose 5].

Let γ be a path in the measured foliated singular surface (Σ, μ). We
shall say that γ is quasi-transverse if it has a reparametrization γx*--*yn9

where each yi is either a strictly monotonic path or a parametrized arc
in a leaf, and for each / < n there exists an ε > 0 such that one of the
following alternatives holds:

(i) ^([1 - ε, 1]) and y/+1([0, ε]) lie in distinct local branches at
y f.(l);or

(ii) there is a standard neighborhood Z of yz(l) in a two-dimensional
local branch of Σ such that

(a) ^ ( [ 1 - ε , 1]) and y/+1([0,ε]) are interior to different sectors
of Z or

(b) one of y.([l - ε, 1]) and 7/+1([0, ε]) lies in a prong of Z
and the other is interior to a sector not containing that prong.

It is obvious that any quasi-transverse arc is piecewise monotonic.
5.16. Lemma. A piecewise-monotonic path in a 1-connected measured

foliated singular surface (Σ, μ) is taut if and only if it is equivalent to a
quasi-transverse arc.

Proof Let us say that a piecewise-monotonic path is in standard po-
sition if it is PL and has the form y = ^ * * ^ 9 where each γ( is
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either a strictly monotonic arc or an arc whose interior is contained in a
classical leaf. The integer n will be called the complexity of γ . Given any
piecewise-monotonic path, we can obtain an equivalent path in standard
position by approximation and reparametrization. On the other hand, it
follows from the definitions that a taut path which is in standard posi-
tion, and has minimal complexity among all paths in its equivalence class,
is a quasi-transverse arc. Hence any taut path is equivalent to a quasi-
transverse arc.

To prove the converse, it suffices to show that every quasi-transverse arc
γ is taut. If γ is not taut then there exist a subarc β of γ , a leaf L, and an
arc a c L having the same endpoints as β , such that |y|n|α| = β{{0, 1}).
Since Σ is a 1-connected singular surface, the PL simple closed curve
|α| U \β\ bounds a disk ΰ c Σ .

Let E be the disk obtained by doubling D along \β\. (Thus E is
the union of two copies of D, with the two copies of \β\ identified.)
Then E has a natural decomposition: it is the unique decomposition
that induces on each copy of D the decomposition that is induced by the
foliation of Σ. Likewise, the 2-sphere S obtained by doubling E along
its boundary has a natural decomposition. Since |α| is contained in a leaf
and β is quasi-transverse, the natural decomposition of F is a foliation
with nondegenerate singularities. But it follows from [5, Expose 5, §1.6]
that no such foliation exists on a 2-sphere. (This argument is a slight
generalization of the one given on p. 77 of [5], where |α| is assumed to
be contained in a classical leaf.)

5.17. Lemma. In a 1 -connected measured foliated singular surface, ev-
ery quasi-transverse path is an arc.

Proof Let y be a quasi-transverse path in (Σ, μ). It is clear from the
definition that the map γ: [0, 1] -• Σ is locally one-to-one. Hence if γ is
not an arc there is a subpath / of γ which is a simple loop; that is, we
have /(0) = / ( I ) , but y|(0, 1) is one-to-one. Now we argue as in the
proof of 5.16: the 1-sphere |y| must bound a disk D c Σ ; doubling D
along its boundary we obtain a 2-sphere whose natural decomposition is a
foliation, and again we have a contradiction to [5, Expose 5, §1.6]

5.18. Proposition. Let Lo and L{ be leaves in a I-connected mea-
sured foliated singular surface ( Σ , μ ) . Let y and y be taut paths with
γ(i), /(/) e Lz for i = 0, 1. Then γ and / are equivalent.

Proof According to 5.16 we may assume that y and y are quasi-

transverse arcs. Let us first consider the case in which |y| n | / | = 0 . For

/ = 0, 1, let oίi be an arc in Li joining γ(i) to / ( / ) . The PL 1-sphere

|cκj| U |y| U |QΪ2| U ly'l must bound a disk R c Σ doubling R along | y |U |/ |
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gives an annulus A, and doubling A along its boundary gives a torus T.
The natural decomposition of T is a foliation with nondegenerate singu-
larities. By [5, Expose 5, §1.6], T has no singularities. Hence the natural
decomposition of A is a foliation in which the boundary curves are leaves;
according to [5, Expose 6, §1.1], this is a product decomposition. There-
fore the induced decomposition of R is also a product decomposition; it
follows at once that γ and γ are equivalent in this case.

Now let us replace the assumption |y| Π | / | = 0 by the weaker assump-
tion that |y| and | / | have disjoint interiors. For / = 0, 1, the endpoints
γ(i) and /(/) have neighborhoods in |y| and | / | which are respectively
contained in sectors Di and D\ in local branches of Σ. If Do φ Df

0 then
γ * / is a quasi-transverse path; by 5.16 and 5.17 it is taut. Since γ * /
has its endpoints in the leaf Lχ, it must be entirely supported in Lχ

hence γ and / are supported in Lχ and are therefore equivalent. Thus
we may assume that Do = D'o similarly we may assume that Dχ = D[.
This allows us to approximate γ and γ by equivalent quasi-transverse
arcs which are disjoint from each other, thus reducing the argument in
this case to the case already proved.

Finally we turn to the general case where y and γ are arbitrary quasi-
transverse arcs. We may assume that |y| and | / | meet in finitely many
subarcs; hence after reparametrization we may write γ = γx * * γn and
/ = γ[ * -•• * γ'n, where for each / the arcs \γ.\ and | / | either have
disjoint interiors or are equal. By the case already proved, γi and y\ are
equivalent. Hence γ and y are equivalent.

5.19. A measured foliated singular surface (Σ, μ) will be called com-
plete if for every piecewise-monotonic path γ in Σ there is a taut path γ0

such that μ(γ0) < μ(y) and γo(i) = γ(i) for / = 0, 1. (By 5.16, we may
take γ0 to be a quasi-transverse PL arc.)

Now consider a measured foliated singular surface (Σ, μ) which is 1-
connected and complete. Let L and Lf be leaves of (Σ, μ). By com-
pleteness, there exists a taut path joining a point of L to a point of L1.
By 5.18 any two such paths have the same length. We define the distance
between the leaves L and l! to be the length of a taut path joining a
point of I to a point of l! .

It follows from 5.18 and the definition of completeness that the distance
between L and L1 is the minimum length of any piecewise-monotonic
path joining a point of L to a point of l! .

It is therefore clear that with this definition of distance the set T = Tμ

of leaves of (Σ, μ) is a metric space. We call T the leaf space of (Σ, μ).
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There is a natural continuous map χ = χ: Σ —• T which maps each point
to the leaf containing it.

5.20. Theorem. Let (Σ,μ) be a measured foliated singular surface
which is complete and I-connected. Then T = Tμ is an R-tree. If γ
is a taut path in Σ with endpoints u and v, then χ o γ is a (weakly)
monotone map of [0, 1] onto the segment [χμ(u), χμ(υ)]τ. Furthermore,
if V is any nonempty subset of Σ containing all the singular points of μ,
then T0 = χμ(V) is an R-pretree.

Proof Set χ = χμ . Let 0 denote the set of all subsets of T of the
form χ(\y\) where γ is a taut path in Σ. We shall show that every set in
(5 is a segment and that <S satisfies conditions (1), (2R) and (3) of 1.2.
This will prove that T is an R-tree.

Let γ be any taut path in Σ. We define a map / : [0, 1] -• R by
f{t) = l(γ\[0, t]). The definition of the distance function on T shows that
\f(s) - f{t)\ = d(χ(s), χ(ή) for any s, t e [0, 1]. Hence there is a well-
defined isometric embedding / of χ(\γ\) into R given by f(χ{γ{t))) =
f(t). Thus χ(\γ\) is a segment. This shows that the sets in 6 are seg-
ments.

To check condition (1) of 1.2, we consider two points x, y e T. By
completeness there is a segment in 0 having x and y as endpoints. It
follows from 5.18 that such a segment is unique. This establishes condition

(1).
Condition (2R) follows from the observation that a subpath of a taut

path is taut.
To prove (3) we consider three points x, y, z eT such that S(x, y)Π

S(y, z) = {y} . Thus if we write x = χ(u), y = χ(υ) and z = χ(w), and
if γ and ζ are taut paths joining u to v and v to w respectively, then
the only leaf meeting both \γ\ and |ζ | is the leaf containing v . It therefore
follows directly from the definition of tautness (5.14) that γ * ζ is taut.
Hence S(x, z) = χ(\γ * CD = S(x, y) U S(y, z), and (iii) is established.

This completes the proof that T is an R-tree. It also follows from this
proof that if γ is a taut path in Σ with endpoints u and v , then χμ o γ
is a monotonic map of [0, 1] onto [χμ{u), χμ{v)]τ.

To prove the last assertion of the proposition, we must show that if x0 ,
xχ, x2 and y are points of T such that [x0, xχ] Π [x0, x2] = [x0, y],
and if the x. belong to χμ(V), then y e χμ(V). Set x. = χμ{y.), where
υ. e V. By completeness, there are quasi-transverse arcs γ. joining υ0 to
v\ for i = 1, 2. We have ^(lyj) = [x0, x z ]; hence χ^γ^)) = y for
some /z e [0, 1].
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Assume that y <£ Xμ{V) Then we have 0 < tι < 1 for / = 1, 2, and
the leaf containing the γ.(t.) contains no singular points of the foliation.
Hence if a is an arc in this leaf having the yJ.(ίJ.) as endpoints, a has a
neighborhood Z in Σ whose induced decomposition is a product decom-
position. Hence for some ε > 0,the ^K^ - ε , t.+e) are strictly monotone
in Z . It follows that y is an interior point of [x0 9x{]n[xQ9 x2] this is
a contradiction, q.e.d.

5.21. A foliation & of a singular surface Σ will be called tarae if
no simplex of Σ is contained in a leaf, and if for every 2-simplex δ of
Σ, the decomposition of int δ induced by ^ is a product decomposition
in which the elements form a parallel family of open line segments in the
affine structure of δ . In particular, if & is tame then every singular point
of μ is a vertex of Σ. A leaf of a tame foliated singular surface will be
called 0-tame if it contains at least one vertex.

Now let Λ be a subgroup of R. By a A-foliated singular surface we shall
mean a measured foliated singular surface (Σ, μ) such that the underlying
foliation of μ is tame, and such that for any taut path γ in Σ whose
endpoints are vertices, we have μ(γ) e Λ. Note that the notion of an R-
foliated singular surface is slightly stronger than the notion of a measured
foliated singular surface, since tameness is built into the definition.

5.22. If (Σ, μ) is a Λ-foliated singular surface which is 1-connected
and complete, then it follows from 5.20 and 5.21 that TQ = χμ(skQ(Σ)) is
a Λ-pretree. We shall call To the preleaf space of (Σ, μ).

The tree T is an R-completion of TQ. Indeed, it follows from the
definition of a tame foliation that every point lies on a monotone arc
which is contained in a simplex and has its endpoints at vertices. Hence
by 5.16 and 5.20, every point of T lies in a segment whose endpoints are
in Γ o .

5.23. Suppose that (Σ 0 ,μ) and (Σl9μι) are Λ-foliated singular
surfaces. By a morphism from (Σ o, μ0) to (Σj, μχ) we will mean a 0-
tame map W: Σo —• Σ{ with the property that every taut path γ in Σo

may be reparametrized as a composition yx * * γn , where

(i) yf.(l) lies in a 0-tame leaf for / = 1, , n - 1, and
(ii) each path W o γ. (1 < / < n) is taut in Σj and has the same

length as γ..

This defines the category of A-foliated singular surfaces.
If (Σ, μ) is any Λ-foliated singular surface, we denote by Aut(Σ, μ)

the group of automorphisms of (Σ, μ) in the category of Λ-foliated singu-
lar surfaces. An element of Aut(Σ, μ) is a 0-tame self-homeomorphism
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of Σ which maps each piecewise-monotonic path in Σ to a piecewise-
monotonic path of the same length. In particular an automorphism maps
leaves to leaves. We denote by Aut5(Σ, μ) the subgroup of Aut(Σ, μ)
consisting of those automorphisms which are simplicial self-homeomor-
phisms of Σ.

By 1.15, we have a category of A-foliated singular surfaces with sym-
metry. An object in the latter category is a quadruple S? = (Σ, μ, Γ, p)
consisting of a Λ-foliated complex and an action of a group by automor-
phisms. If Γ acts by simplicial automorphisms, i.e., if p(Γ) c A u t 5 ^ , /),
we call S? a A-foliated singular surface with simplicial symmetry. We re-
gard such objects as forming a full subcategory of the category of measured
foliated complexes with symmetry (cf. 3.3).

5.24. Proposition. Let ( Σ 0 , μ 0 ) and (Σχ,μχ) be A-foliated singular

surfaces which are complete and 1-connected. Let Γz denote the preleaf

space of (Σi, L z ) , and set χt = χμ : Σz —> Tt. Let W: Σ o —> ΣX be a 0-

tame map. Then W is a morphism from ( Σ o , μ 0) to (Σχ,μχ) if and only

if there is a morphism of A-pretrees f:T0^Tχ such that the diagram

commutes. Furthermore, if W is a morphism then f is uniquely deter-

mined by W.

Proof First suppose that W is a morphism. If γ is a path in a leaf

of Σo then the definition of morphism implies that W o γ is a piecewise-

monotonic path of length 0 in Σj thus W maps each leaf of Σo into a

leaf of Σ j . Hence there is a (unique) map of sets / : RΓ0 -> RT{ such

that the diagram

w

commutes. Since the morphism W is by definition 0-tame, it maps
sko(Σo) into sko(Σ1) hence J restricts to a map / : T0^T{.
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To prove that / is a morphism of Λ-pretrees, we consider any non-
degenerate presegment [x, y] c Γo. We may write x = χo(υ) and
y = χo(w) for some vertices v and w of Σ o . By completeness, there
is a taut path γ joining v to w. We may take γ to have the form
7\*'"*Yn9 where the γ. satisfy conditions (i) and (ii) of 5.23. The seg-
ment [JC, y] = χo(\γ\) is the union of the subsegments σi = ^ ( ly j ) . If ζ
is any subpath of \γ.\ then W o ζ is taut, and since W is a morphism,
HP o f has the same length as ζ. Hence f\σi is an isometry for each /.
This shows that / is a morphism. _ _

A similar argument shows that / is a morphism of R-trees. Since /
extends / it follows that / = R/. The proves the existence of a morphism
/ making the diagram in the statement of the proposition commute. The
uniqueness of / is clear.

Conversely, suppose that there is a morphism / such that the diagram
in the statement of the proposition commutes. Let γ be any taut path in
Σ o . Then χo°y is a monotonic map of [0, 1] onto a segment [x, y]RT .
Since / is a morphism of Λ-pretrees, we may write [JC , y]VT as a union of
subsegments [x._{, x.] for / = 1, , n , where x0 = x, xn = y, x. e To

for 0 < i < n , and y|[jc/_1, xt] is an isometric embedding for 1 < / < n .
Furthermore we may choose the xt so that [xi_ι, x(] Π [xt, xi+ι] = {xt}
for 0 < / < n . Let us reparametrize y in the form γ{ * * γn so that
χo(γ.(l)) = x. for i = 1, , n . Then the γ. are at once seen to satisfy
conditions (i) and (ii) of 5.23. Hence W is a morphism. q.e.d.

The morphism / given by the above proposition will be said to be
induced by W.

5.25. A Λ-foliated singular surface with simplicial symmetry, S? =
(Σ, μ, Γ, p), will be said to be uniform if Σ is finite mod Γ.

Proposition. Any uniform l-connected R-foliated singular surface with
symmetry is complete.

5.26. The main step in proving 5.25 is the

Lemma. Let 5? = (Σ, μ, Γ, p) be a uniform, l-connected R-foliated
singular surface with points at infinity. Let x, y and z be points of Σ,
and suppose that there exist piecewise-linear quasi-transverse arcs a and
β joining z to x and to y respectively. Then there is a piecewise-linear
quasi-transverse arc γ joining x to y, with μ(γ) < μ(a) + μ(β).

Proof of Lemma. The proof is based on the results on [5]. The first
step is to show that the measured foliated singular surface (Σ, μ) has
a good atlas. We define the notion of a good atlas as in [5, Expose 5],
using standard neighborhoods in place of domaines de cartes (cf. 5.7).
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It is observed on pp. 73-74 of [5] that every compact measured foliated
surface has a good atlas; we shall produce a good atlas on (Σ, μ) by lifting
one from an appropriate compact quotient surface.

We may assume that the action of Γ on Σ is effective. Thus we may
regard Γ as a planar discontinuous group. It follows from Theorem 4.10.1
of [17] that Γ is residually finite and has a torsion-free subgroup Γo of

finite index. The subgroup Γo acts freely on the interior Σ (see 5.4). Set

E = Σ-Σ.

We assert that Γo has a finite-index subgroup Γ{ such that for every
x e E there are at least two orbits for the action of the stabilizer Γ^ n Γ{

on the set of prongs in a standard N0-prong neighborhood of x. Indeed,
let S be a finite complete set of orbit representatives for the action of
Γo on £ . For each x e S we choose two distinct prongs Pχ and Pχ

in a standard neighborhood Zχ. The infinite cyclic or dihedral group
Γχ contains only finitely many elements that map Pχ to Pχ . Hence by
residual finiteness there is a normal subgroup Γj of Γo such that for any
x eS and any γ e Γ{ n Tχ we have γ PχφP'χ. It is clear that Yχ has
the asserted property.

The first barycentric subdivision of Σ induces a triangulation of the
quotient set Σ/Γ{. Since the action of Γ{ on Σ' is free, Σ/Γj is a
compact triangulated surface. The foliation of Σ induces a decomposition
of Σ/Γj we claim that this is a foliation of Σ/Γ{. Indeed, any point of
Σ' has the form p(x), where X G Σ ' U S . If x e Σf then the induced
decomposition of a small neighborhood of p(x) is PL homeomorphic
to the induced decomposition of a small neighborhood of x . On the
other hand, if x e S, the defining property of Γ{ implies that some
neighborhood of p(x) has a standard fc-prong decomposition for some
k > 2. Thus the decomposition of Σ/Γχ is indeed a foliation.

It is clear that the transverse measure μ induces a transverse measure
μ on the induced foliation of Σ/Γ{. According to [5], (Σ/Γ{, μ) has a
good atlas. Clearly (Σ, μ) inherits one.

Now suppose that we have points x, y and z, and arcs a and β,
satisfying the hypotheses of the lemma. If a * β is quasi-transverse there
is nothing to prove; thus we assume that it is not. Similarly we assume
that x φy. After passing to subarcs of a and β, we may assume that
\«\n\β\ = {z}.

We may also assume that z is a regular point of (Σ, μ). Indeed, since
a*β is not quasi-transverse, there are neighborhoods of z in \a\ and \β\
which lie in the same sector ΰ of a standard neighborhood of z in Σ. If
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zχ is an interior point of D sufficiently close to z , then there are quasi-
transverse PL arcs a{ and βχ joining zχ to x and to y respectively, and
such that μ(aχ) < μ(a) and μ(βx) < μ(β). Replacing z, a and β by
Zj, aχ and β{, we reduce the argument to the case where z is regular.

Given that z is regular and that |α|n|/?| = {z},we may perturb a and
β slightly to obtain parametrized arcs a and β' which are equivalent to
a and β respectively, and which satisfy \a\ Π \β'\ = 0 . In particular,
a (I) and β'{\) are distinct but lie on the same leaf.

Let A denote the largest subarc of \a\ which has a (I) asanendpoint
and has only regular points of (Σ, μ) in its interior. Let a denote the
unique PL homeomorphism of [0, μ{A)] onto A such that α"(0) = z and
μ(α"([0, t])) = t for every t. Let B and β" be defined similarly. Then
a" and β" are transverse to the foliation in the sense of [5]. Since (Σ, μ)
has a good atlas, the proof of the "stability lemma" of [5, p. 80], shows
that there exist a number t0 e [0, min(μ(A), μ{B))] and an immersion
H: [0, l ]x[0, to]-+Σ such that (i) //(0, t) = a"(t) and //(I , t) = β'\t)
for every t e [0, 1], (ii) //([0, 1] x {t}) is contained in a leaf (cf. 5.8) of
(Σ, μ) for every t e [0, 1], and (iii) either t0 = min(μ(c/'), μ{β")), or
the arc γt joining a"(t0) and β"{t0) in LQ contains a singular point. It

is now easy to check that a"([t0, l])Ui/([0, l]x {to})Uβ"([t0, 1]) is the
support of a PL quasi-transverse arc from x to y .

5.27. Proof of 5.25. Let J ^ = (Σ, μ, Γ, /?) be a uniform, 1-connected
R-foliated singular surface with symmetry. We must show that if r is a
real number, and if x and y are points of Σ which are joined by some
piecewise-monotonic path of length < r, then there is a taut path of length
< r joining x to y.

Any piecewise-monotonic path joining x and y may be written in the
form ζ = ζ{ * * ζn , where each ζ. is a path in a global branch ^ of Σ.
Among all such paths having length < r, suppose that ζ has been chosen
so as to minimize the integer n . Then 3§i φ &i+χ for / = 1, , n - 1.
By 5.3, each ^ z is either an arc or a 1-connected surface with points at
infinity; and the definition of tautness implies that if yt is a path in 3Si

which has the same endpoints as ζt and is taut with respect to μ\9Si, then
γ = yχ * .. * γn is taut with respect to μ . Hence, without loss of generality,
we may assume that Σ is an arc or a surface with points at infinity. When
Σ is an arc the result is trivial.

Now suppose that Σ is a surface with points at infinity. A piecewise-
monotonic path joining x to y and having length < r may be written in
the form ζ = ηχ * * ηn , where each r\i is taut. We argue by induction
on n to show that x and y may be joined by a taut path of length < r.
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For n = 1 this is trivial, and the induction step follows immediately from
5.26. q.e.d.

5.28. Suppose that ^ = (Σ, μ, Γ, p) is a uniform, 1-connected
Λ-foliated singular surface with symmetry. Then according to 5.25 and
5.19-5.20, the leaf space T of (Σ, μ) is defined and is an M-tree. It
is also clear that Γ admits a natural action (by isometries) on T. This
gives an M-tree with symmetry y = (Γ, Γ, ~ρ) which we call the leaf
space of S?. The map χμ: Σ -+ T is Γ-equivariant. The preleaf space
TQ c T is clearly Γ-invariant; hence we have a Λ-pretree with symmetry
^ = (TQ, Γ, ~pQ). We call it the preleaf space of J?7.

5.29. Suppose for / = 0, 1 that ^ is a Λ-foliated singular surface
with simplicial symmetry which is uniform and 1-connected. Let 5F de-
note the preleaf space of ^ . It follows from 5.24 that any morphism
W = (W, ω): Ĉ Q —• c5̂  induces a morphism of pretrees with symmetry

5.30. Proposition. L ^ ^ = (Γ, Γ, /?) fe the leaf space of a uniform
{'Connected A-foliated surface with simplicial symmetry. Then no point of
T is fixed by Γ.

Proof Let S? = (Σ, μ, Γ, p) be the given Λ-foliated surface with
symmetry. Since S? is uniform, Γ has a finite generating set S. By
Theorem 4.10.1 of [5], the planar discontinuous group Γ has a torsion-
free finite-index subgroup Γ o , and Γo acts freely on Σ. The quotient
set Σ = Σ/Γo has the structure of a closed PL surface, and μ induces a
measured foliation ~μ on Σ.

If Γ fixes a point of T then some leaf L in Σ is invariant under Γ.
Let x be a point of L. Let γχ, , γn be generators for Γ, and let K
be a compact connected subpolyhedron of L containing γ{ x, ,γn-x.
Then the image Έ of K in Σ carries π ^ Σ ) . Hence for any component
C of Σ-Λ^, there is a PL map of the disk D2 onto C which maps intD 2

homeomorphically onto C. Since the boundary of C is contained in a
leaf of Σ, we can pull back the foliation of Σ to D2 and use the doubling
argument from the proof of 5.16 to obtain a contradiction, q.e.d.

5.31. Now let us consider a measured foliation (J^, μ) on a compact
surface F . The universal cover F of F inherits a measured foliation μ
thus if p is the inclusion of the covering group Γ « π{(F) in Aut(Σ, μ) ,
then 5? = (Σ, μ, Γ, p) is a uniform, 1-connected M-foliated singular
surface with symmetry. Its leaf space is an R-tree T on which Γ acts in
a natural way; by 5.30, the action is nontrivial. We call T the dual tree
of the measured foliation μ.
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The stabilizer of any segment in T is a cyclic subgroup of Γ thus the
action of Γ on T is "small" in the sense of the introduction. (Indeed, the
stabilizer of any segment is contained in the stabilizer of some nonsingular
leaf of F the latter group is easily seen to be cyclic.)

Let v be a base point in F, and let x and υ denote the images
of v in T and Σ respectively. For any g e Γ, the definition of the
distance on T implies that d(x, g -x) = minμ(a), where a ranges over
all based loops representing the element of nx(L9v) corresponding to g.
Hence the length function determined by the action of Γ on T is given
by l(g) = minμ(α), where a ranges over all closed curves in the free
homotopy class σ corresponding to the conjugacy class of g. Thus in the
terminology of [5], l(g) is the geometric intersection number /(^~, μ\σ).
We call / the length function determined by μ and denote it lμ . (When
μ is defined by the construction of [5, Expose 5, §111] from a compact
two-sided 1-manifold C c F with no homotopically trivial components,
we have / = lc in the notation of 2.10.)

5.32. We conclude this section with a few remarks about groups that
act on measured foliated surfaces, or on measured foliated surfaces with
points at infinity.

For most planar discontinuous groups Γ, it follows from the classifi-
cation in [17] that Γ splits (2.7) over a cyclic or dihedral subgroup. The
exceptional cases arise when Γ has a presentation of the form

(i) {a,b:aι = bm = (ab)n = I) or

(ii) (x, y, z: x2 = y2 = z2 = (xy)1 = (yz)m = 1).

(Groups of type (i) are triangle groups if /, m, n > 1 otherwise they
are finite cyclic groups. Groups of type (ii) contain groups of type (i) as
subgroups of index 2.)

On the other hand, a group of type (i) or (ii) does not split at all; this
is a consequence of [15, Chapter I, Theorem 13] and the following result.

Proposition. Let Γ be a group which admits a presentation of the form
(i) or (ii). Let Λ be any ordered abelian group and let Γ act without
inversions on a A-tree T. Then Γ has a fixed point in T.

Proof First suppose that Γ has a presentation of the form (i). Then
it follows from Theorem II.2.3 of [12] that each of the elements α, b
and ab has a fixed point in T. Hence by the proof of [12, Proposition
II.2.15], there is a point of T that is fixed by all of Γ. Now suppose that
Γ has a presentation of the form (ii). Then some subgroup Y1 of index 2
in Γ has a presentation of the form (i). Hence Γ' has a fixed point x in
T. It follows that Γ has a fixed point as well, q.e.d.
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We shall call a planar discontinuous group Γ splittable if it does not
have a presentation of the form (i) or (ii).

5.33. The following result can be proved by a direct geometric argu-
ment, but it is interesting as well as convenient to derive it from Proposi-
tion 5.32.

Proposition. Let (Σ,μ) be a nondegenerate, I-connected Λ-foliated
singular surface with points at infinity. Let Γ be a group that acts on
(Σ, μ) by automorphisms, and suppose that Σ is finite modΓ. Then Γ is
a splittable planar discontinuous group.

Proof By definition Γ is a planar discontinuous group.
o o

Recall from 5.4 that Σ is a 1-connected surface. If Σ Φ Σ, then Γ
o

acts on Σ with a noncompact fundamental domain; it follows from the
classification given in [17] that Γ is splittable in this case.

o

Now suppose that Σ = Σ, so that Σ is a surface. By 5.30, Γ admits
an action on an R-tree T such that no point of T is fixed by Γ. Hence
by 5.32, Γ is splittable.

6. The rank-2 case: statements of results

In this section we state the structure theorem (Theorem 6.2) for certain
group actions on Λ-trees in the case where Λ c l has Q-rank 2. This
theorem was explained informally in the introduction. We also give formal
statements of Theorems A, B, C and D of the introduction for the
rank-2 case, a simplified version of the structure theorem in the finitely
presented case (6.4), and a partial reinterpretation (6.5) of the structure
theorem in terms of graphs of groups analogous to 2.6. In this section we
show that the latter results follow from the structure theorem; the theorem
itself will be proved in § 11.

6.1. As we indicated in the introduction, the structure theorem applies
to a countable Λ-tree T and an action of a group Γ on T that satisfies
the following condition:

Ascending Chain Condition for segment stabilizers. Let

[χo,yo]D[χι,yι]D -

be a monotone decreasing sequence of segments in T. Suppose that the seg-
ments all have the same midpoint in RΓ, orequivalently that d(xn xM) =
d(yi, yM) far all i. Suppose also that l i m ^ ^ d(xi, yt) = 0. Then there
exists an m>0 such that ΓΓr v, = ΓΓr v , for all i>m.
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6.2. Theorem. Let A be a subgroup of R whose Q-rank is 2, and let
ZΓ = (7\ Γ, p) be a countable A-gree with symmetry. Suppose that the
action of T on T satisfies the Ascending Chain Condition 6.1. Then ZΓ
is the limit of a strongly convergent direct system (^: /^) in the category
of A-pretrees with symmetry, indexed by the positive integers, where each
&l is the preleaf space (5.28) of a l-connected, uniform L ̂ foliated singular
surface with symmetry S?. for some rank-2 free abelian subgroup L{ of
A. Furthermore, we have L{ c L. whenever i < j and the morphisms
/u are induced (5.25) by morphisms φ.. = {Wij, ω l 7 ) : ̂  -> ̂  of A-
foliated singular surfaces with symmetry. Finally, for each i, the kernel of
the canonical homomorphism ω : Γf. —• Γ acts freely on Σ|..

In the above statement it is understood (see 1.29) that the direct system
(«9Γ; f.j) is indexed by the natural numbers. The theorem would remain
true if T were not assumed to be countable, except that the direct sys-
tem would in general be indexed by some filtered preordered set. This
generalization would require only minor changes in the proof.

For the remainder of this section, Theorem 6.2 will be assumed.
6.3. The following result is the rank-2 case of Theorem A of the

introduction.
Proposition. Let A be a subgroup of R whose Q-rank is 2. Let Γ

be a finitely generated group which acts freely, without inversions, on some
A-tree T. Then Γ is a free product of infinite cyclic groups and surface
groups.

Furthermore, T is the limit of a strongly convergent system (T^f^) in
the category of A-pretrees, where each Tt is the leaf space of a complete,
l-connected, A-foliated singular surface (Σ / 5 μ.); there exist free actions
without inversions of Γ on the T. such that f.. and the canonical mor-
phisms ft: Tt —> T are Y-equivariant. The actions of Γ on the T are
induced by free actions by simplicial automorphisms on the (Σ /, μ.), and
the Σz are finite modΓ. Finally, each μt takes its values in a rank-lfree
abelian subgroup Lt of A, so that T. is an Lrpretree.

Proof. Since Γ and Λ are countable, T has some countable, Γ-
invariant subset which is a Λ-tree. Hence we may assume that T is
countable.

Since Γ acts freely and without inversions on T, it acts freely on EΓ
by 1.18. Also, since the action of Γ on T is free, the Ascending Chain
Condition 6.1 trivially holds.

Let (.9Γ, /..) be the direct system given by Theorem 6.2; set ^ =
(Γz., I\, Pi) and /.. = (f.., ωu). Let ^ = (Σ /, μ., Γ,., Pi) be the sin-
gular surfaces with symmetry given by 6.2. For / = 1,2,. . . there is
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a canonical morphism /{ = (f., ω,.): ^ -> F of Λ-pretrees with sym-
metry. By 1.17 there is a corresponding morphism ΈL/ : R ^ - > RT of
R-trees with symmetry. Since χ( = χμ : Σf. -> RΓz. is ΓΓequivariant, it
follows that 4{ = (R/J. o /f., ω f) is a morphism of sets with symmetry.
Since the action of Γ on RΓ is free it follows that any element of Γ.
that fixes a point of Σf. lies in the kernel of ωt. But by 6.2, the kernel of
ωi acts freely on Σf.. Therefore the action of Γi on Σf. is free.

Any subgroup of Γf. acts freely and simplicially on the singular surface
Σ and is therefore isomorphic to the fundamental group of a singular
surface. Hence any subgroup of Γf. is a free product of infinite cyclic
groups and surface groups.

It follows for example from Theorem 1 of [ 16] that a finitely generated
free product of surface groups and infinite cyclic groups is isomorphic to
a subgroup of GL2(C). Thus every finitely generated subgroup of Γf. is
isomorphic to a subgroup of GL2(C).

By the definition of the limit of a strongly convergent system, Γ is the
direct limit of the direct system of groups (Γf., ω f..). Hence we can apply
Lemma 2.3 to conclude that Γ is isomorphic to a subgroup of one of
the Γt and is therefore itself a free product of surface groups and infinite
cyclic groups.

The last assertion of the proposition is proved in the same way as the
last assertion of 2.2.

6.4. The following result is a simplified version of the structure the-
orem in the case where Γ is finitely presented.

Proposition. Let A be a subgroup of Έ, whose Q-rankisl, and let Γ be
a finitely presented group that acts on a A-tree T. Suppose that the action of
Γ on T satisfies the Ascending Chain Condition 6.1. Then T is the limit of
a strongly convergent system (Tt, f.j) in the category of A-pretrees, where
each T. is the leaf space of a complete, l-connected, A-foliated singular
surface (Σf., μt) there exist actions ofT on the Tt such that the f.. and
the canonical morphisms f{: T. —> T are Y-equivariant. The actions of
Γ on the T. are induced by actions by simplicial automorphisms on the
(Σ., μ,), and the Σi are finite modΓ. Finally, each μi takes its values in
a rank-lfree abelian subgroup Λz of A, so that Ti is a Afpretree.

Proof As in the proof of 6.3, we may assume that T is countable.
Let ( ^ /tj) be the direct system given by Theorem 6.2. Let us write

j ; = (3Γ ! T*!pt) and /i{ = (fu,, ω l 7 ) . By the definition of the limit
of a strongly convergent direct system, Γ is the direct limit of the direct
system of groups (Γ., ω.j). Since Γ is finitely presented, we can apply 2.3
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to show that for all sufficiently large /, say for i > m, there is a subgroup
Γ* of some Γ. such that the natural homomorphism ω.: Γ. —• Γ maps
Γ* isomoφhically onto Γ. As in the last step of the proof of 2.2 we
can then conclude that there is an action of Γ on Tm such that fm is
Γ-equivariant. The result follows at once, q.e.d.

6.5. The next result is the analogue of 2.6 for the rank-2 case.
Proposition. Let Λ be a subgroup of R whose Q-rank is 2, and let Γ

be a finitely presented group that acts without inversions on a A-tree T.
Suppose that the action ofY on T satisfies the Ascending Chain Condition
6.1. Then Γ can be identified isomorphically with the fundamental group
of a graph of groups & whose vertex set can be expressed as a disjoint union
V{UV2 in such a way that the following conditions hold.

(i) For each v e V{ the vertex group S?(v) is contained in the stabilizer
of a point in T.

(ii) For each v e V2 there is an exact sequence

where Qv is a splittable planar discontinuous group, and Nv is a
subgroup ofT which fixes some nondegenerate segment in T.

(iii) For each edge eof& whose endpoints are both in Vχ, the edge
group &(e) fixes some nondegenerate segment in T.

(iv) For each edge eof§ that has at least one endpoint v in V2, we

have &(e) C p~x(Z), where Z c Qv is an elliptic or parabolic
subgroup.

6.6. The proof of 6.5 uses the following general construction.
Let Σ be any 1-connected singular surface. We can associate to Σ an

abstract simplicial complex K of dimension < 1 in the following way.
The vertex set of K is a disjoint union 511S', where S is a set in 1-1
correspondence with the set of global branches of X, and S' is in 1-1
correspondence with the set of all vertices of X which lie in at least two
distinct global branches of X. A 1-simplex oΐ K is a pair {v , w} , where
υ e S, w eS', and the vertex of X corresponding to w lies in the global
branch corresponding to v .

Since X is 1-connected it is easy to show that K is also 1-connected;
that is, K is a simplicial tree.

6.7. Proof of Proposition 6.5. It follows from 6.4 that Γ acts by auto-
morphisms on a simply connected Λ-foliated singular surface (Σ, μ) so
that Σ is finite mod Γ, and that there is a Γ-equivariant morphism / of
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Λ-pretrees from the preleaf space To of (Σ, μ) to T. Set χ = χ : Σ -•
RΓ 0 . Since / and χ are Γ-equivariant, so is A: = R / o χ : Σ —• R Γ . By
definition we have *(sko(Σ)) = To hence £(sko(Σ)) c T.

Let K be the simplicial tree associated to Σ be the construction of 6.6.
In the notation of 6.6, the vertex set of K is a disjoint union SU S'. An
element of the set S corresponds by definition to a global branch SB of
Σ. By 5.3, each global branch is either an isolated 1-simplex or a surface
with points at infinity. We write S = S{ II S2, where every vertex in S{

corresponds to an isolated 1-simplex and every vertex in S2 corresponds
to a surface with points at infinity.

The simplicial action of Γ on Σ induces a simplicial action on K.
Moreover, the sets S and S' are invariant under Γ in view of the def-
inition of the 1-simplices of AT, it follows that Γ acts on K without
inversions in the sense of [15]. Hence by [15, Chapter I, Theorem 13],
there is a natural isomorphic identification of Γ with the fundamental
group of a graph of groups & whose underlying graph is G = K/T. For
each cell c of G, the subgroup &(c) of Γ, which is defined up to con-
jugacy, is the stabilizer of a simplex of K which maps to c under the
projection p: K —• G.

The vertex set of K is SIIS' = (S{ IIS') I I S 2 . Hence the vertex set
of G is the disjoint union of Vx =p(Sι US') and V2 = p(S2). We claim
that conditions (i)-(iv) of the statement of Proposition 6.5 hold with these
choices of V{ and V2 .

Given υ e Vχ, we have either v e pis') or v e piSx). If v e piS')
then &iv) is the stabilizer of a vertex s e S'. By the definition of S' this
means that 3?iv) is the stabilizer of a vertex x of Σ. Since k: Σ—>RΓ is
Γ-equivariant, G(v) is contained in the stabilizer of /c( c) but k{x) e T
since k(Σ°) c T. This proves (i) in the case v e piS').

Now suppose that v e piS{). Then &is) is the stabilizer of an isolated
1-simplex τ of Σ. Let x and y denote the endpoints of τ . Since k
is Γ-equivariant, the set {k{x), k{y)} is invariant under &is). We have
fc(x), kiy) e T since fc(Σ°) c Γ, and the segment [fc(x), fc(y)] c Γ
must be invariant under &is). Since Γ acts on T without inversions it
follows that Gis) has a fixed point in T. This completes the proof of (i).

To prove (ii) we must consider a vertex v e V2 = piS2). The group
&iv) is the stabilizer of a global branch 3S of Σ which is a surface with
points at infinity. Since Σ is simply connected, so is 3&. Clearly &
is invariant under &iv). Let Nυ denote the normal subgroup of &iv)
consisting of elements that fix^ (pointwise). Then Qv = &(v)/Nv acts
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effectively on 38. Hence we may regard Qv as a planar discontinuous
group (5.4); the elliptic and parabolic subgroups of Qυ are the stabilizers
of simplices of 33. Since the Λ-foliation μ\3β is invariant under the
action of Qv on 38, it follows from 5.33 that Qv is splittable.

By definition, Nυ fixes 33 and hence fixes χ(&) CRT'. Since χ{38)
contains a nondegenerate segment, and since / is a morphism of Λ-
pretrees, f(χ(3B)) also contains a nondegenerate segment, which is again
fixed by Nυ . This proves (ii).

To prove (iii) we must consider an edge e of & whose endpoints are
both in Vγ = p(Sf US{). Thus e = p(e), where e is an edge of K whose
endpoints are in S' U S[. The definition of the complex K implies that
one endpoint of e, say v, must lie in S', and the other, say v , must
lie in Sx. Thus ϋ corresponds to a vertex w of Σ and v corresponds
to an isolated edge τ of Σ. Furthermore, w must be an endpoint of τ .
The edge group S?(e) is conjugate to the subgroup of Γ consisting of all
elements that fix w and leave τ invariant; this is the same as the subgroup
consisting of all elements that fix τ pointwise. Since / is a morphism of
Λ-pretrees, R/(τ) contains a nondegenerate segment [x, y] c T. Since /
is Γ-equivariant, 2?(e) is conjugate to a subgroup of Γ that fixes [x, y].
This proves (iii).

Similarly, if an edge e of & has at least one endpoint v in V2, then
v = p(ϋ), where ϋ corresponds to a global branch 38 of Σ which is
a singular surface. Furthermore, the other endpoint of e has the form
p(u), where u corresponds to a vertex w of 38 and after a conjugation
we may take &{e) to be the subgroup of Γ consisting of all elements that
fix w and leave 38 invariant. Hence in the notation of the proof of (ii)
we have &{e) c P~X{&), where Z is the stabilizer of w in Qv . This
proves (iv). q.e.d.

6.8. We next turn to the rank-2 version of Theorem D of the intro-
duction.

Proposition. Let Λ be a subgroup ofR whose Q-rank is 2. Suppose
that a finitely presented group Γ admits a nontrivial action, without in-
versions, on a K-tree, and that the action satisfies the Ascending Chain
Condition 6.1. Then Γ splits over some subgroup.

Proof. By 6.5, we can identify Γ with the fundamental group of a
graph of groups 9 in such a way that each vertex group is either con-
tained in the stabilizer of a point of T or admits a homomorphism onto
a splittable planar discontinuous group. If all the vertex groups are proper
subgroups, it follows from 2.8 that Γ splits. If one of the vertex groups is



DENDROLOGY OF GROUPS IN LOW Q-RANKS 669

equal to Γ, then Γ either has a fixed point in T—a contradiction to the
hypothesis that the action is nontrivial—or admits a homomorphism onto
a splittable planar discontinuous group Q. In the latter case, Q splits by
the discussion in 5.32, and hence so does Γ. q.e.d.

6.9. The following result is the rank-2 case of Theorem C of the
introduction.

Proposition. Let A be a subgroup of R whose Q-rank is 2. Let T be a
finitely presented group with the property that every small subgroup of Γ is
finitely generated. Suppose that Γ admits a nontrivial action, without inver-
sions, on a A-tree T and that the stabilizer of every nondegenerate segment
in T is a small subgroup ofY. Then Γ splits over a small subgroup.

Proof First note that the action of Γ on T satisfies the Ascending
Chain Condition 6.1; for a monotone union of small subgroups of Γ is
small and hence finitely generated by the hypothesis.

Let us apply Proposition 6.5 to the action of Γ on T. Thus we identify
Γ with the fundamental group of a graph of groups with vertex set V{ II V2

in such a way that conditions (i)-(iv) of 6.5 hold.
We claim that the edge groups in Γ = πx(S?) are all small subgroups.

If e is an edge whose endpoints both belong to Vχ, then by (iii), 9{e)
is contained in the stabilizer of a nondegenerate segment in T and is
therefore small by hypothesis. If at least one of the endpoints of e, say
v , belongs to V2, then by (iv), 3?(e) is an extension of a cyclic or dihedral
group by the group Nυ . By (ii), Λ^ fixes a nondegenerate segment and is
therefore small. Hence &(e) is small in this case as well.

If the vertex groups in πx(β?) are all proper, the conclusion of the
proposition now follows from 2.8. If one of the vertex groups &{v) is
equal to Γ, then since the action of Γ on T is nontrivial we must have
v eV2. Thus Γ admits a homomorphism onto a splittable planar discon-
tinuous group Qυ . As we observed above, the kernel Nυ is small. By the
discussion in 5.32, Qυ splits over a small subgroup. Now Γ inherits a
splitting from Qv and the group over which Γ splits is an extension of
a small group by the small group Nv and is therefore small, q.e.d.

Finally, here is the rank-2 case of Theorem B of the introduction.
6.10. Proposition. Let F be a compact surface without boundary, let

A be a subgroup of R whose Q-rank is at most 2, and let π{(F) act on a
A-tree T in such a way that the stabilizer of every nondegenerate segment
in T is a cyclic subgroup of A. Then the length function defined by the
action has the form I for some measured foliation μ on F.

6.11. The proof of 6.10 will use both 6.2 and the following general

fact.
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Proposition. Let F be a compact surface without boundary and let
S? = (Σ, μ, Γ, p) be a uniform, I-connected measured foliated singular
surface with symmetry, where Γ = πχ(F). Let ίΓ = (T, Γ, /?) denote the
leaf of S?, and suppose that the stabilizer of every nondegenerate segment
in T is a cyclic subgroup of A. Then the length function defined by ^
has the form I for some measured foliation μ on F.

6.12. Proof that 6.2 and 6.11 imply 6.10. The action of Γ on T sat-
isfies the Ascending Chain Condition 6.1, since any ascending chain of
cyclic subgroups in the surface group Γ must terminate. Thus the action
satisfies the hypothesis of 6.2; let (Γz, f..) be the strongly convergent sys-
tem given by 6.2. Let / and lt denote the length function defined by the
actions of Γ on T and Tt respectively. It follows from 6.11 that lt is the
length function associated to some measured foliation μz on F. Since Γ
acts nontrivially on T, the function / is not identically zero. By 1.28, the
/; converge strongly to /.

Recall from 5.31 that l{ assigns to each g E Γ the intersection num-
bers I(μi, σ), where a is the homotopy class of curves corresponding
to the conjugacy class of g. It follows from [5, Expose 6, §IV.5 and Ap-
pendix], that there are a finite number of simple closed curves σχ, , σN

of Γ such that any two measured foliations μ and μ which satisfy
/(μ, Oj) = I(μ , σ.) for / = 1, ••• , n are equivalent via Whitehead
moves [5, Expose 5]; this implies that μ and μ satisfy I(μ, σ) = I(μ , σ)
for every closed curve a in Σ. Hence if / and /' are positive integers
such that lt and l.t agree on elements gχ, , gN of Γ whose conjugacy
classes correspond to σχ, 9 σN, then /z = l{». Since the /z converge
strongly to /, it follows that l{ - I for some /. q.e.d.

The rest of this section is devoted to the proof of 6.11.
The proof will involve the notion of a measured foliation of a (PL) sur-

face with boundary. This may be defined as in [5], except that as usual we
take the coordinate charts to be PL rather than smooth. The definition of
a taut path (5.14) goes through without change for the case of a measured
foliated surface with boundary.

6.13. Let (Σ o , μQ) be a measured foliated surface with boundary and
let (Σj, μχ) be a measured foliated singular surface. By a taut map from
(Σ o , μ0) to (Σj, μx) we shall mean a continuous map W: Σo —• Σχ which
maps each leaf in Σo into a leaf in Σχ, and such that for every taut path
γ in Σ o , the path W o γ is also taut and has the same length as y.

6.14. For the rest of this section, the hypotheses of 6.11 will be un-
derstood to hold. Let K be the simplicial tree associated to Σ by the
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construction of 6.6. In the notation of 6.6, the vertex set of A: is a dis-
joint union SΊIS* .

By [1] or [4], K has a minimal Γ-invariant subtree Ko . Let Σo denote
the union of all global branches of Σ corresponding to vertices in K0Γ\S.
Then To = χμ(Σ0) is a Γ-invariant subtree of T by [1] or [4], the actions
of Γ on T and TQ define the same length function. Hence we may
assume that K is already minimal.

As in the proof of 6.5, we write S = S{ IIS2 , where every vertex in S{

corresponds to an isolated 1-simplex and every vertex in *S2 corresponds
to a surface with points at infinity. It follows from the proof of 6.5 and
6.9 that the stabilizers of the edges in K are small subgroups of Γ since
Γ is a surface group, and since the edge stabilizers have infinite index in
Γ, they are in fact cyclic.

It now follows from [12, Theorem ΠI.2.6] that the action of Γ on the
simplicial tree K is " F-geometric". This means that there is a compact
two-sided 1-manifold C c ί 1 , with no homotopically trivial components,
such that if C denotes the preimage of C in the universal cover F of
F, then the vertices of K are in 1-1 correspondence with the components
of F - C, the edges of K are in 1-1 correspondence with the components
of C, and an edge is incident to a vertex if and only if the corresponding
component of C is contained in the closure of the corresponding compo-
nent ofF-C. The action of Γ on T is induced by its natural action
on F . In particular, the stabilizer of every edge of K is an infinite cyclic
subgroup of Γ.

For each edge e of K, we let Ce denote the corresponding component

of C. For every vertex v of K, we let Rv denote the closure of the

corresponding component of F - C. Note that each Rv is 1-connected

and that its boundary components are homeomorphic to R. We set Fo =

\JυeS Rv . For each v e S, we let 3SV denote the global branch of Σ

corresponding to v . For each w e Sf, we let Xw denote the vertex of Σ

corresponding to w.
6.15. For each v e S, the stabilizer Γυ is also the stabilizer of 38v .
Lemma. For each vertex v e S2, the group Tv is noncyclic and torsion-

free, and the action of Tv on 3§υ is effective.
Proof Let Q denote the normal subgroup of Tv consisting of all ele-

ments that fix 38V (pointwise). Then Γυ/Q acts effectively on &v . Since
& is uniform, 38 is finite modΓ; hence it follows from 5.33 that Tυ/Q
is a splittable planar discontinuous group. In particular it is noncyclic.
Hence Γυ is noncyclic.



672 HENRI GILLET & P. B. SHALEN

Since Γ^ is a subgroup of Γ = π{{F), it is itself the fundamental group

of a surface. Any surface except RP2 has a torsion-free fundamental

group. Since Γ^ is noncyclic, it must be torsion-free.
To show that Γv acts effectively on 3SV we must show that Q = {1} .

Assume that Q φ {1}. Note that Q fixes lμ{βv). In particular, Q
fixes a nondegenerate segment in T and is therefore cyclic. But Γυ is
the fundamental group of a surface; since it contains a nontrivial cyclic
normal subgroup, Γv must itself be either cyclic or free abelian of rank 2.
Hence Tv/Q is cyclic. This is a contradiction.

o

6.16. Lemma. For any v e S2 the action of Tv on the interior 38 v
o

of 3SV is free. Furthermore, 3$ v is contractible.
Proof It follows from 6.15 that Γ^ is torsion-free and acts effectively

o

on 38 v . But any effective, properly discontinuous action of a torsion-free
group on a surface is free.

It also follows from 6.15 that Γ^ is infinite. Since Γ^ acts properly
o o

discontinuously on 3S'v it follows that 38 v is noncompact. But any non-
compact, 1-connected surface is contractible.

6.17. Lemma. Suppose that v e S2 and w eSf are joined by an edge
in K. Then xw is a point at infinity in 38v .

Proof By 6.15, Γv acts effectively and simplicially on 38v hence it
o

acts properly discontinuously on SS\ . But the stabilizer of the point xw

in Γv is Γv n Γ^ , which is the stabilizer of an edge in K and is therefore
o

infinite cyclic according to 6.14. Therefore xw £ 3%v .

6.18. Lemma. There exist a Y-invariant measured foliation ϋQ on Fo

and a Γ-equivariant taut map / : (FQ9 u0) —• (Σ, μ). Furthermore, for

every v e S we have f(Rυ) = 38v, and if e is any edge of K with

endpoints v eS and w eS', then fv(Ce) = {xw}.
Proof We shall show that for every v e S there exist a Γ^-invariant

measured foliation vv of Rv and a Γ^-equivariant taut map fυ: (Rυ , vv)
—• {βυ , μ\£Bυ) such that if e is any edge of K having v as one endpoint,
and if w e Sf denotes the other endpoint of e , then fυ(Ce) = {xv} . This
will imply the lemma; for if S* is a complete set of orbit representatives
for the action of Γ on S we may then define / and ϋ0 by setting f\Rv =
fυ and ί>0\Rυ = vv for each υ e S* and extending Γ-equivariantly. The
Γv-equivariance of fv and vv guarantees that these extensions are well
defined.
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To define fv we first consider the case where v e Sx. Then 3SV is
an arc with endpoints xΊΠ and xm , where the w. are vertices in Sf

the edges incident to v are e0 and e{, where ez = {v, i^.}. Hence
the boundary components of Rυ are Co and C t , where Ct = Ce . Thus
Rυ/Tv is a compact surface with boundary whose universal cover, Rv , has
exactly two boundary components; hence Rυ/Tυ is PL homeomorphic to
an annulus or a Mobius band. It follows that Rυ admits a trivial fibration
over [0,1] which is invariant under the infinite cyclic covering group Γy

and has fiber R. We may take the projection p: Rv —• [0, 1] to map Cl-
to / for / = 0, 1.

If Rv/Tv is an annulus then each fiber in Rv is Γ^-invariant. Hence
if h: [0, 1] —• 3SV is any PL homeomoφhism such that Λ(Cf) = xw for
/ = 0, 1, then fv = h op is Γv-equivariant. Furthermore, since fv is
a trivial fibration of Rυ over 3SV , it is clear that there is a Γ^-invariant
measured foliation ( ^ , ι/υ) that makes / taut: the leaves of <§v are the
fibers of fv , and vv is defined by vv(γ) = μ(fυ o y) for any piecewise-
monotone path γ.

If Rυ/Tv is a Mobius band, and if g is a generator of Γv, we may
choose the fibration p so that p(g - x) = 1 - p(x) for every x e Rυ . In
particular g interchanges the two boundary components of Rv . Hence
g interchanges e0 and eχ, and therefore also interchanges xw and xw .

Hence there is a PL homeomoφhism h: [0, 1] —• ^ such that A(Cf.) =

X w ; for i = 0, 1, and such that A(l - t) = g A(0 for every t e [0, 1].
We again set fυ = h o p once again, ^ is a trivial fibration and is Γ-
equivariant, and we proceed as in the case of an annulus.

Now consider the case υ e S2. Since the action of Γ^ on Ry is free
and properly discontinuous, there is a Γυ -invariant boundary collar H in
Rv . We set R'υ = Rυ-H. Let M denote the link of v in K. For each
w e M, we write e(ιt ) for the 1-simplex {v , w} , and ϋ ^ denotes the
component of H containing Cei^w) we set Yw= HWΠ R'v . Thus R'υ is a

surface with boundary, and the Yw are the components of dR'v .
If tί; is any vertex in M, then by 6.17, x^ is a point at infinity in 3βv .

We choose a standard neighborhood Zw of xw in ̂  , and let Xw denote
the frontier of Zw in 3SV . Since Γ^ acts simplicially on 3S^ , and acts

o

freely on &'v , we may choose the Zw fovweM so that Z = \JweP Zw

is Γ-invariant, and so that when w φ w' we have either Zw = Zw, or

ZwnZw,=0. Weset &{, = (&?υ-Z)n&υ clearly 3S[ isa Γ^-invariant
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surface with boundary, and the Xw are its boundary components. The
action of Γυ on 3S'V is free and properly discontinuous.

Now let M* be a complete set of orbit representatives for the action
of Γ^ on M . For each w e M*, the infinite cyclic group Γe,w* =
Γy Π Γ^ acts freely and properly discontinuously on each of the connected
1-manifolds Yw and Xw . Hence there is a Γ , ^-equivariant PL homeo-

morphism hw: Yw —• Xw . Define a Γ^-equivariant map hd: dRf

y —• d3S'v
by setting hd\Yw = hw for each w e M* and extending equivariantly.
For each w e M we have /^(I^) c Xw .

Since Γv acts freely and properly discontinuously on Rr

υ , and since

3§'v is contractible by 6.16, we may extend hd to a Γv-equivariant PL

map h: R'υ —• 3§'v . Consider the induced map h: Rv —̂  38v , where Rυ =

R'v/Γv and ^ v = 3§'vjYv . Since the action of Γv on ^ v is also properly
discontinuous, and is free by 6.16, it follows from covering space theory
that h induces an isomorphism of fundamental groups. By construction,
h is boundary-preserving, i.e., h{dR^υ) c d&υ -

It follows from Theorem 13.1 of [7] that if a boundary-preserving map
between surfaces with boundary induces an isomorphism of fundamental
groups, and if the domain surface is compact and has noncyclic funda-
mental group, then the map is homotopic, through a family of boundary-
preserving maps, to a PL homeomorphism. Since Rυ may be identified
with a subsurface of F bounded by certain components of C, it is com-
pact; and by 6.15, πι(R/

y) = Γυ is noncyclic. Hence h is homotopic by a
boundary-preserving homotopy to a PL homeomorphism h : H'v —> 3S'v .

By the covering homotopy property for covering spaces, h is covered by a
Γυ-equivariant PL homeomorphism h': R!v-> 3S[ such that hd(Yw) = Xw

for each w e M.
We wish to extend h! to a map fυ: Rυ —• 3SV . For this purpose we

consider an arbitrary vertex w in M*, and fix a generator gw of Γ , *.
Let A be an arc which is a fundamental domain for the action of Γ , ,
on Y^ . We may suppose A to be chosen so that its endpoints belong
to prongs in Zw . Then A is the intersection of Zw with unions of n
sectors, where n is some positive integer.

We identify Hw via a PL homeomorphism with the product R x [0, 1]
so that R x { 0 } = Ce{w) and R x {1} = Yw , and so that gw\Hw is the
translation (s, t) ι-> (s + «, ί ) . We make this identification in such a way
that for 1 < / < n we have h\[i- 1, /]) x {1}) = DiΓ\Xw for some sector
Zλ in Z .
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Let P. denote the prong in Zw containing h'(i9 1). Note that Zλ is
a PL disk whose boundary consists of the arcs P._ χ, P. and D( n X .
Hence we may extend h'\Yw to a Γ^^-equivariant continuous map fw

from Hw = R x [0, 1] to Zw , which maps R x {0} to {xw}, maps
{/}x[0, 1] by a PL homeomorphism onto P., and maps ( / - I , ί )x(0, 1)
homeomoφhically onto int Di, for each / e Z .

For each / e Z, the map fv defines a decomposition of [/-1, i] x [0, 1]
whose elements are the preimages of the elements of the decomposition
of Z)/ induced by the underlying foliation of μ. While fυ cannot be
PL, it follows from the construction that the induced decomposition of
[/ - 1, /] x [0, 1] is a product decomposition in the topological category.
Hence after precomposing fv with a Γ , ^-equivariant self-homeomor-
phism of Hw , we may assume that the decomposition of [/ - 1, /] x [0, 1]
defined by fv is a PL product decomposition.

Now define a map fH:H^Z by setting fH\Hw= fw for each w e M
and extending Γv-equivariantly. We define fv: Rυ —> 3SV to agree with
h1 on R!υ and with fH on H. It is now straightforward to verify that
the preimages under fv of the leaves of μ\9Sv form a (PL) foliation &
of Rv . The diagram depicts S? in the neighborhood of a component of
dR .

ϊ
It is also straightforward to show that for each path γ in Rυ which

is piecewise-monotonic with respect to &, the path fυ o γ is piecewise-
monotonic; and that the function vv defined by vv{γ) = μ(fv oγ) is a
transverse measure for 9. Thus / : (Rv , i/υ) —> (Σ, μ) is taut, q.e.d.

6.19. Let ϋ0 be the foliation, and / the map, given by the preceding
lemma. Since i>0 is Γ-invariant it induces a measured foliation v0 on
the surface Fo = FQ/T. We regard the surface-with-boundary FQ as a
subsurface of F whose boundary is C . It follows from the proof of
the lemma that every component of C is a union of classical leaves and
singular points of the foliation ύQ. Thus C is an invariant set of uQ in
the sense of [5].

As in [5, Expose 5, §111.1], using the measured foliation u0 on Fo,
we can obtain a measured foliation v on F by elargissement. Recall
that v is constructed by using a surjective (PL) immersion j : Fo —• F
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which maps dF0 onto a spine 0 of F - F o , maps the interior of Fo

homeomorphically onto F - 0 , and is the identity outside a boundary
collar in FQ. One defines a measured foliation on F - 0 by pushing
I/Q| intF 0 forward via the homeomorphism j \ intF0 this pushed-forward
measured foliation admits a unique extension to F, which we denote by
v.

Since j is homotopic to the inclusion map Fo —• F , the covering ho-

motopy property for covering spaces gives a Γ-equivariant map j : FQ-+ F

covering j . Furthermore, j ' i n t = j | i n t F 0 is a homeomorphism of intF 0

onto F - S?, where G denotes the preimage of 0 in F .

We define a map JF: F -> Σ as follows. We set W | F - 0 = / o Q ' ^ ) " 1 .

To define W\<&, note that each component of F = F o contains a unique

component of ©, and that any component of F - F o has the form Rw

for some w e Sf. We let δ ^ denote the component of 0 contained in

Rw , and define W\β by setting H^(©^) = {xw} .
The properties of / stated in Lemma 6.18 imply that W is continuous.

It is clear that W is Γ-equivariant. The continuity of W implies that
Woj = f, since Wo] and / obviously agree on the dense subset F - 0
of F.

6.20. Lemma. The map W is a taut map from ( F , v) to (Σ, μ).
/Voo/ Since Wo] = f: (F o , ί?0) -• (Σ, //) is taut, it is clear that W

maps leaves into leaves. We must show that if γ is any taut path in F then
Woγ is taut and has the same length as γ . By 5.16 we may assume that y
is quasi-transverse. After reparametrization we may further assume that γ
has the form γχ *• *γn, where each yf. is a path supported in the closure of
some component of F - 0 . Thus for each / we have \yt\ c ]{Rt), where
i?z = iί^ for some vi E S. Among all reparametrizations of this type we
choose one for which n has the smallest possible value; this guarantees
that vi Φ υi+ι for 1 < / < n .

Since / is a taut map from (F o , z>0) to (Σ, μ), it follows from the
definition of v that W\](Rv): (](RV), i>\](Rv)) -+(Σ,μ) is taut for every
υ £ S. Taking υ = υi we conclude that for each /, the path Woγ. is taut
and has the same length as γ.. In particular, Woγ is piecewise-monotonic
and has the same length as γ.

It remains to show that W o γ is taut. Set χ = χμ: Σ —• RT. We must
show that ^ = ^ 0 ^ 0 7 is a monotonic map of [0, 1] onto a segment in
R Γ . We have δ = δι*'-*δn, where δi = χ oW oγ.. For each /, since
each W o γ. is taut, δt is a monotonic map of [0, 1] onto a segment in
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R7\ Since RT is an R-tree, we need only show that |<J.| n \δi+ι\ = ίf (l)
for 1 < / < n .

Note that for I < i < n, the path W o γ. is supported in the global
branch 38. = ^ of Σ, so that |<JZ | c ^ . For 1 < / < n, we have
υi φ vM and therefore 38i Φ 38M . The point z = W(yi{\)) lies in
both 38. and ^ . + 1 . Since Σ is 1-connected, we must have 3B.n3Bi+x =
{z}, and any path in Σ that meets both 38{ and 38M must contain
z . Hence any leaf of μ that meets 38t and 38M must contain z; thus
χ{β^ n χ ( ^ + 1 ) - {z} . In particular we have |<S.| n \δi+ι\ = {z}, as
required, q.e.d.

Proofof6.il, concluded. Let T1 denote the dual tree of v . Since W
is taut, it maps each leaf in F into a leaf in Σ hence there is a unique
map / of the leaf space T1 of (F, v) into the leaf space RT of (Σ, μ)
such that i o χ, = χμ o W. The definition of a taut map implies that i
is an isometric embedding of R-trees. Since W is Γ-equivariant, so is
i. In particular, the minimal Γ-invariant subtrees of RT and T' are Γ-
equivariantly isometric. Hence the actions of Γ on RΓ and on T1 define
the same length function, q.e.d.

Proposition 6.10 has a relative version (cf. [12, III. 1.6]) for the case
where Γ is the fundamental group of a surface with boundary. We leave
the details to the reader.

7. Γ-complexes as foliated objects

In §5 we showed how a Λ-foliated singular surface can define a Λ-
tree. In this section we shall show that if T is a Λ-tree then certain
Γ-complexes can be regarded as Λ-foliated singular surfaces.

7.1. Let X be a complex, and let / be a function that assigns a
positive real number to each 1-simplex of X. We shall call / a length
system for X if for every 2-simplex δ, the edges of δ can be labelled τ ,
τ ' , and τ" in such a way that l(τ) = l(τ') + l(τ"). The edge τ , which is
uniquely determined by / and δ , is called the long edge of δ .

Let / be a length system on a complex X. Let Δ be any simplex of X.
There is an affine map / : Δ -+ R which maps each edge τ of Δ onto an
interval of length l(τ) such a map will be called an I-decomposing function
on Δ. An /-decomposing function is unique up to composition with an
isometry of R. In particular, the sets f~ι(s) for s e /(Δ) constitute a
decomposition of Δ which is independent of the choice of /-decomposing
function / we call it the decomposition of A defined by I.
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7.2. Now let us consider a length system / on a singular surface Σ.
If β is a 2-dimensional local branch at a vertex υ of Σ, we define the
order of β to the cardinality of the set of all 2-simplices δ c β such
that x is not incident to the longest edge of β. We shall say that / is
nondegenerate if the following conditions hold for every vertex υ of Σ:

(i) each 2-dimensional local branch at v has order at least 2; and
(ii) each noncompact 2-dimensional local branch at v has infinite or-

der.

7.3. Proposition. Let I be a nondegenerate length system on a singu-
lar surface Σ. Then there is a unique 0-tame measured foliation (& 9 μ)
on Σ such that for each simplex AofΣ,

(i) the decomposition of A induced by & is the decomposition defined
by I, and

(ii) the length μ(y) of any monotonic path γ in A is the length of the
interval /( |y |), where f is an I-decomposing function on A.

Proof We shall describe the measured foliation (F, μ) by local data
as in 5.11. For every point x of Σ and every local branch β at x we
must define a neighborhood Uβ of x in β, a standard decomposition
^β of Uβ , and a standard measure μD on each sector D of Uβ.

If β is 1-dimensional then it consists of a single 1-simplex τ ; in this
case we set Un = τ . An /-decomposing function on τ is a homeomor-
phism of τ onto an interval in R, and hence defines a standard measure
on τ .

If x is an interior point of a 2-simplex δ of Σ then the decompo-
sition of δ defined by / induces a product decomposition ^ of some
neighborhood Uβ of x in δ. Furthermore, an /-decomposing function
on δ induces a homeomorphism of the quotient of this product decom-
position onto an interval in R, and hence defines a standard measure on
each sector of Uβ .

Now suppose that x is an interior point of a 1-simplex τ which has
valence 2 in Σ. Let δ{ and δ2 denote the 2-simplices incident to τ , let
f( be /-decomposing functions on the δt such that fχ\τ = f2\τ, and define
a map / : δx U δ2 -• R by f\δi = ft. Then the fibers of / constitute a
decomposition of δχ u δ2, which induces a product decomposition & of
some neighborhood Uβ of x in δ. Again, / induces a homeomorphism
of the quotient of this product decomposition onto an interval in R, and
hence defines a standard measure on each of the two sectors of U».

Finally, suppose that x is a vertex of Σ. For each 2-simplex δ in
>S, let fδ be an /-decomposing function on δ such that fδ{x) = 0 and
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fδ{δ) c [0, oo). Then there is a map / : β -> R such that f\δ = fδ for
each 2-simplex δ in β.

If (5 c β is a 2-simplex whose longest edge is incident to JC, then
f^l(0) = {x} on the other hand, if the longest edge τ of δ is not
incident to x , then yj" * (0) is a line segment having one endpoint at x
and the other in the interior of τ . Hence, if we regard β as the cone over
a component L of the link of x, then f~ι (0) is the cone over a discrete
subset K of L; the number of points in K is the order k of β with
respect to /. By condition (i) of 7.2 we have k > 2 by condition (ii),
each component of L - K is relatively compact.

For each component E of β - f~ι(0), we choose a number ε £ > 0

such that each 1-simplex contained in E has length < ε. We set DE =

~Enf~l([0, ε]). We define Uβ to be the union of the DE as E ranges

over the components of β - f~ι{0). The fibers of f\Uβ constitute a
decomposition of Uβ. It is easily seen that for each component E of

β - f~\θ), the decomposition ^ induces a product decomposition of
DE. Hence ^ is a standard fc-prong decomposition of (7^, and the
sets DE are the sectors of Uβ. Furthermore, for each sector DE of
Uβ , the map / induces a homeomorphism of the quotient of the product
decomposition of DE onto an interval in R, and hence defines a standard
measure on DE.

The compatibility conditions of 5.11 are straightforward to verify; thus
we have defined a measured foliation (^, μ). It is immediate from the
construction that [^, μ) is tame and satisfies conditions (i) and (ii) of
the proposition. The uniqueness assertion is also clear, q.e.d.

7.4. Proposition. Let Σ be a singular surface, let Λ be a subgroup
of R, let I be a nondegenerate length system for Σ taking values in Λ,
and let μ denote the measured foliation defined by I. Then (Σ, μ) is a
A-foliated singular surface.

Proof We must show that for any taut path γ in Σ whose endpoints
are vertices we have μ(γ) e A. By 5.16 we may assume that γ is a
piecewise-linear quasi-transverse arc. We may assume that γ has the form
γ = yχ * .. * γn , where each y. is a monotonic arc in a 2-simplex δt of Σ
having its endpoints in the boundary of δi, and its interior in the interior
of δt. We argue by induction on the integer n .

If n = 1 then μ(γ) = /(τ), where τ is the edge of δ{ with endpoints
y(0) and y(l). Hence in this case we have μ(γ) € A. If n > 1, and
if there is some j with 1 < j < n such that ^(1) is a vertex, then the
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induction hypothesis implies that μ(γ{ * * y.) and μ(7j+ϊ * * 7n) both
belong to Λ hence their sum μ{yx * * γn) also belongs to Λ.

Now suppose that n > 1 and that none of the points y ^ l ) , ••• , yΛ_j (1)
is a vertex. We may write δ{ = A(x, y, z) , where x = γχ(0). Then γγ(l)
is interior to one of the edges A(x, y), A(x, z), A(y, z). If y(l) is
interior to A(x, y) or A(x , z) then y{ * y2 is equivalent to a monotonic
path / in δ2 and we have μ(y) = μ(y' * y3 * * yπ) € Λ.

Now suppose that y(l) is interior to A(y, z) . By symmetry we may
assume that the long edge of δ{ is either A(x, y) or Δ(y, z) .

If Δ(x, y) is the long edge of δ{, then yj is equivalent to γ[ * γ",
where yj is a parametrization of Δ(JC , z), and y" is a parametrization of
the subarc of Δ(y, z) having endpoints z and y ^ l ) . We have μ(γ[) =
l(A(y, z)) G Λ. On the other hand, it is clear in this case that γ" * * γn is
taut; using the induction hypothesis we can conclude that μ(γ" * * γn) G
Λ. Hence μ(γ) G Λ.

If A(y, z) is the long edge of δ{, then x belongs to a nondegenerate
element λ of the decomposition of δχ furthermore, λ is a line segment
having x as one endpoint. The other endpoint w of λ is an interior
point w of A(y, z), which divides Δ(y, z) into two subarcs A and B ,
where Λ has endpoints y and w, and B has endpoints z and w. The
point δχ (1) lies in either ^ or ΰ . By symmetry we may assume that
^ ( l ) G ^ .

Let y be a parametrized path in A(y, z) having initial point z and
terminal point w . Then the path γ * y2 * * yπ is taut, and the induction
hypothesis implies that μ(y') + μ(y2 * * yπ) G Λ. On the other hand we
have μ(γ')-μ(γ{) = l(A(x, Z ) ) G Λ , s o that μ(γ) = μ(γι)+μ(γ2*'"*γn) e
Λ. q.e.d.

7.5. Let T be a Λ-tree, and let (X, φ) be a Γ-complex of dimension
< 2. For each 1-simplex τ of X let us write /(τ) for the length of τ in
the sense of 3.6.

Let δ be any closed 2-simplex of X. The definition of a geometric
Γ-complex implies that φ\δ is an affine map of δ onto the segment \δ\ c
RΓ, and that 0 maps two of the vertices of δ, say JC and z, to the
endpoints of \δ\, and the third, say y, to an interior point. The edges of
δ are τ = Δ(x, z), τ t = Δ(x, y) and τ 2 = A(y, z) . Their lengths and
supports satisfy /(τ) = l(τx) + /(τ2) and |τ| = IτJ U |τ 2 | = |<?|. It follows
that / is a Λ-valued length system. We call / the natural length function
for the Γ-complex X.

Let δ be a 2-simplex of X. According to 7.1, the length system /
defines a decomposition of δ. This decomposition is readily described
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in terms of Γ: the map φ: X -• RΓ restricts to a map of δ onto the
segment \δ\ c RΓ, and the elements of the decomposition are the fibers
over points in \δ\.

It follows that the decomposition of X determined by / also has a sim-
ple description in terms of the tree Γ: the elements of the decomposition
are the connected components of the fibres of the map φ: X —> R Γ .

If γ is a parametrization of a segment [x, y] c RΓ, and if γ is a
piecewise-monotonic lift of γ to X, then we have l(γ) = d(x, y).

7.6. Proposition. Lei T be a A-tree and let (Σ, φ) be a T-complex
which is a 1-connected singular surface. Suppose that the natural length
system for Σ is nondegenerate and hence defines a K-foliation μ on Σ.
Suppose also that (Σ, μ) is complete. Let Γo denote the preleaf space
of (Σ, μ) and set χ = χμ\ sko(Σ). Then there is a unique morphism of
A-pretrees f: T0^T such that foχ = φ.

Proof By 7.5, φ maps each leaf of (Σ, /) to a point of R Γ . Since,
by the definition of a Γ-map, / maps vertices of Σ to points of Γ, each
0-tame leaf of (Σ, /) is mapped to a point of Γ. Thus there is a unique
map of sets / : To^> T such that foχ = φ.

To show that / is a morphism of Λ-pretrees we consider two arbitrary
points x, y e Γo. We may write x = χ(v) and y = χ(w), where v and
w are vertices of Σo . We may join υ to w by a path γ = y{*- *γn , where
each γ is a parametrization of a 1-simplex x- of Σ o . It follows from
5.16 that γ. is a taut path in Σ o hence /(τ •) is a parametrized segment
in RΓ0 . Since the endpoints of τ. are vertices, the endpoints of χ(Tj) lie
in Γo thus σ = χ(τ.)nTQ is a presegment in Γo . Furthermore, it follows
from the definition of the metric on the leaf space RΓ0 that f\χ{Tj) is
an isometric embedding of t(τ ) in RΓ for each j . In particular f\a.
is an isometric embedding of σ in Γ. By 1.8 it now follows that / is a
morphism. q.e.d.

7.7. Remark. It is easy to show that / maps Γo isometrically onto a
subpretree of Γ if and only if the fibers of φ are all connected. In general
this need not be the case.

7.8. Now let ZΓ be a Λ-tree with symmetry and let 5? be a «7"-
complex which is a uniform, 1-connected singular surface with symmetry.
Suppose that the natural length system of 5? is nondegenerate, so that
S? is a Λ-foliated singular surface with symmetry, and let ^ denote its
preleaf space (5.28).

Then 7.6 gives a natural morphism / \ ̂  —• y of Λ-pretrees with
symmetry. We call / the natural morphism from ^ to 3Γ.
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Proposition. Let T be a A-tree, and let Σo and Σ{ be T-complexes
which are singular surfaces. Suppose that the natural length systems for the
Σ; are nondegenerate, so that each Σt has a natural A-foliation μi. Then
any T-map from ΣQ to Σ{ is a morphism between the K-foliated singular
surfaces (Σ o , μ0) and (Σ{, μχ). Furthermore, if T( denotes the leaf space
of (Σ / 5 μ.), if f: To —• Tχ denotes the morphism induced by W and if
f.: T(-+ T denotes the natural morphism, then we have f{of = fQ.

Proof Let / : Σo -> Σ{ be a Γ-map. Let φt: Σz -> RT be the map
defining the structure of a Γ-complex on Σf.. Then / maps the fibers
of φ0 into fibers of φx hence by 7.5 it maps the leaves of (Σ o , μ0) into
leaves of (Σ{, μχ). Thus if T{ denotes the preleaf space of (Σ |., μt), and
if we set /. = χμ , there is a map of sets / : RT0 -• RT{ making the
diagram

commute. It is clear from 7.6 that R/j o / = R/o, where f.\ Ti -+ T
denotes the natural moφhism.

Since W is 0-tame, / restricts to a map / : Γo —• Γj. We claim that
/ is a morphism.

Consider any two points x, y E TQ. We may write x = χQ(v) and
y = χo(w), where v and w are vertices of Σo . We may join v to w by
a path γ = γχ * * γn , where each γ. is a parametrization of a 1-simplex
τj of Σo . It follows from 5.16 that y. is a taut path in Σo hence X0{TJ)

is a parametrized segment in RT0 . Since the endpoints of τ- are vertices,
the endpoints of t(τ ) lie in Γo. According to 1.8, in order to show
that / is a morphism, it is enough to show that / | / ( τ •) is an isometric
embedding of #(τ ) in RTχ for each j . This amounts to showing that
W o γ is a taut path.

Since Σo is a Γ-complex, φ0 maps τ. homeomorphically onto a seg-
ment in RT. In particular, W\δ. is 1-1. Hence Woy. is a parametrized
arc which meets each leaf of (Σj, μλ) in at most one point. It now follows
from the definitions that Woy. is taut. This shows that / is a morphism.

A similar argument shows that / is a morphism. Since / extends /
it follows that f — Rf. Hence by the above commutative diagram and
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5.24, W is a morphism and / is the morphism of Λ-pretrees induced by
W. Finally, since R/| o / = E ^ , we have fχ o / = fQ .

8. Continued fractions

8.1. Let L be a rank-two free abelian subgroup of R. A basis of L
(as a free abelian group) is called positive if both its elements are positive
in R. Let 95 = 95 (L) denote the set of all unordered positive bases of L.
If B is any element of 3B , we may write 5 uniquely in the form {a, /?} ,
where a> β. We shall often indicate this by writing B = {a > β} .

If J? = {α > β} e 3S, then B1 = {a - β, β) is again an element of
^ of course we may have a- β < β or a - β > β . In any case, Bf is
uniquely determined by B we shall call 2?' the successor of 5 .

We define a partial order on the set 95 by writing B1 < B if there exists
a finite sequence B = BQ, B{9 -- , Bn= B' of elements of 95 such that
Bi is the successor of B._χ for / = 1, , n . Reflexivity and transitivity
are obvious; antisymmetry follows from the observation that if B > B1

then the greater element of B is greater than either element of B'.

8.2. The main purpose of this section is to prove the following slight
refinement of a standard result [6, Theorem 175] on continued fractions,
which will be needed in §9.

Proposition. Given any B, B1 e 95, there exists B" G 95 such that
B" < B and B" < B1.

8.3. Our proof of 8.2 will be self-contained and elementary. Lemmas
8.4-8.6 below are needed for the proof.

Since Λ c R, any ordered basis {a, β} of Λ determines a vector

v = («)eR2.
For any integer n we shall let Q(n) denote the matrix (n

χ

 ι

0) e GL2(Z).
If B = {a > β} is any element of 3S , there is a unique positive integer

n such that 0 < a - nβ < β . If we set a = β and β' = a- nβ, then
we have B1 = {a > β'} e 3£, and it is clear from the definition of the
partial order on SB that B1 < B . We call B' the canonical descendant of
B. The vectors v = (a

β) and v = (£/) satisfy v = Q(n) v .

On the other hand, if Bf = {a > /?'} e & is given, and if n is any

positive integer, and if we set v = (a

β>) and v = (£) = Q(n) v , then it

is clear that B = {a > β} e 32 and that Bf is the canonical descendant

of B.
8.4. The following result is somewhat more subtle.

Lemma. Let B = {a > β} e 3§ and B' = {a > β'} e 3B be given.

Set v = («) and v = (^), and suppose that v = Q{n) v' for some neZ.

Then n > 0, and hence v is the canonical descendant of v .
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Proof. S e t t i n g x = a / β a n d x = a/β', w e h a v e x = n + ( l / x ) .
Since x and x are > 1 we must have n > 0. q.e.d.

The next two lemmas are elementary facts about GL2(Z), and do not
involve the order structure of Λ.

8.5. Lemma. Let M = (a

c

b

d) bean element of GL2(Z) such that c >
d > 0. Then M may be written in the form Q(n{) Q(nk), where k is a
nonnegative integer, nχ, , nk are integers, and ni > 0 for \ < i <k.

Proof. We argue by induction on the positive integer d. We first con-
sider the case d = 1. Since detM = ±1 we have a = be ± 1. If
a = be + 1 then M = Q(b) Q{c), and if a - be = - 1 then M =
Q(b - 1) β( l ) Q(c - 1). Furthermore, we have c > 1 by hypothesis.
Thus the lemma is verified in this case.

Now suppose that d > 1. Let us write c = nd + r, where n is a
positive integer and 0 < r < d. Then M = M' - Q(n), where Mf is the
matrix (b

d

 a~r

nb). By the induction hypothesis we may write M' in the
form Q{nχ) Q{nk>), where n{ > 0 for 1 < / < k'. We thus obtain the
conclusion by setting k = kf + 1 and nk = n . q.e.d.

8.6. Lemma. Let M be any element of GL2(Z), and let (n^^Q be
a sequence of (strictly) positive integers. For each i > 0 set Mi = M
Q(n{) (?(/?,), and write

1 U dj

Then we have either c{ > d. > 0 for all sufficiently large i, or c{ < d{ < 0
for all sufficiently large i.

Proof. For each / we have cM = nicϊ + di and di+ι = cϊ. It follows
that if for a given / the integers cz and dt are both positive, then c/ + 1 >
di+ι - 0. Likewise, if cz and rff. are both negative, then c/ + 1 < d/+1 < 0.
Hence to prove the lemma we need only show that for some / the integers
ct and dt are both positive or both negative.

We first consider the case that for some / we have d{ = 0. Since M\ e
GL2(Z) it follows that cz = ± 1 . Since ni > 0, the integers c/ + 1 = nici

and di+{ = ct are either both positive or both negative.
Next suppose that for some / we have cι. = 0. Then di+ι = 0, and

hence by the argument just given, c / + 2 and di+2 are both positive or both
negative.

Thus we may assume that cι Φ 0 Φ di for every /. Hence x. = ci/di

is always a nonzero rational number. We must show that xt > 0 for some
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For each / we have xi+ι = ni + x~x. If for some / we have |jcf.| > 1,
then xi+ι > ni - 1 > 0 since xi+ι Φ 0 we must have JC/+1 > 0, and we
are done. It remains to consider the case that |jc.| < 1 for every /. In this
case we have \ct\ < \dt\ = |c/_11 for every / > 1. This means that (1^1)^
is a strictly monotone decreasing sequence of positive integers. Hence this
case cannot occur.

8.7. Proof of"8.2. Let us write B = {γ > δ} and Bf = {a > β} . Set
v = (£) and w = (I) eR2 . Since B and Bf are both bases for Λ, there
is a matrix M G GL2(Z) such that M w = v .

We recursively define a sequence Bo, Bχ, . . . of elements of 3S by
setting BQ = B, and defining 5 / + 1 to be the canonical descendant of Bt.
Thus Bt < B for every / > 0. We write Bt = {γt> St} .

For each / > 0 we set w( = (J) G R 2 . Thus wQ = w , and according

to 8.3, for each / > 0 there is a positive integer ni+ι such that wi =

Q(ni+ι) wi+ι. Hence for each i we have v = M w = Mi - wt, where

Let us write

Then by 8.6 we have either ci > d{ > 0 for all sufficiently large /, or
c{ < d{ < 0 for all sufficiently large /. Since M{ -w. = υ9 and since υ
and wt have positive entries, the alternative ct < dt < 0 cannot occur.
Thus we may fix an index / such that cι > dt > 0. We shall complete the
proof of 8.2 by showing that B( < B .

Set P = Mr By 8.5 we may write P = Q{n\) -Q{nk), where the

ni are integers and n2, , π^ are positive. For / = 0, , k we set

M\ = Q{n\) - - Q{n\), so that M'o is the identity and M'k = P. Since

M\ G GL2(Z), there is a unique vector

"!•©
such that v = M\ W\. Thus w'o = v, and ^ = Q ( Λ + 1 ) w'i+ι for

0 < / < k. Since v = Mt wι = P - W^^Q have wf

k = wι, i.e., y£ = y;

and ^ = ί 7 . In particular we have 0 < δ'k < y'k .

For 0 < i < k, we have a basis ^ = {γ., δ[} of Λ . Since w\ =

Q(n'i+\) ' w'i+\ > a n d s i n c e π/+i > 0 for 1 < / < fc, it follows from 8.3,

using induction on k - i, that 0 < δ[ < γ. for I <i <k, and that B'M
is the canonical descendant of B\ whenever I < i < k .
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On the other hand, by the hypothesis of the proposition, Bf

Q = Bf is
also a positive basis, and y0 = a > β = δ'o. Hence by Lemma 8.4 we
have nχ > 0, and B[ is the canonical descendant of Bf

Q. It follows that
B'k<Bf

0 = Bf, as required.

8.8. We conclude this brief section with an easy lemma that will also
be needed in §9.

Lemma. Let L be a rank-2 free abelian subgroup of R. Let a be a
positive unimodular element of L. Then there is a unique element β of L
such that (i) 0 < β < a/2 and (ii) a and β form a basis of L.

Proof If β0 is an element of L such that a and β0 form a basis,
then any β for which a and β form a basis has the form εβ0 + na for
some n eZ and ε = ± 1 . There is a unique way of choosing n and ε so
that 0 < εβ0 + na < a/2.

9. A natural Γ-complex for the rank-2 case

In this section Λ will denote a subgroup of R, and Γ will denote a
Λ-tree. From 9.15 onward it will be assumed that Λ has Q-rank 2.

9.1. Let L be a rank-2 free abelian subgroup of Λ. We shall associate
to L a natural abstract Γ-complex (3.6) which we denote (X(L), Φ L ) .

The complex X(L) will have dimension at most 2, and its 1-skeleton
will be the complex U(L) defined in 3.10. Thus a vertex of X is a point
of Γ, and a 1-simplex is a two-element subset {x, y} of Γ such that
d(x, y) is a unimodular element of L.

It remains to define the 2-simplices of X(L). A three-element subset of
T is called a 2-simplex if it has the form {x, y, z} , where (i) y e [ x , z ]
and (ii) the distances d(x, y) and d(y, z) form a basis of L. (It follows
that d{x, y) and d{x, z) also form a basis of L, as do d{x, z) and
d(y, z). In particular, {x, y}, { c, z} and {y, z} are 1-simplices. Thus
X(L) is indeed an abstract simplicial complex.)

We define ΦL to be the identity map of T. It is clear that (X(L), ΦL)
is a natural abstract Γ-complex. Thus the geometric realization of
(X(L), ΦL) is a natural geometric Γ-complex (X{L), φL).

Recall that by 7.5, X(L) has a natural length system /, and / defines
a decomposition of each closed 2-simplex of X{L). By the definition of
X(L), the function / takes its values in L.

9.2. The complex X(L) has the following fundamental property.
Proposition. For any l-simplex τ of X(L), there are exactly two 2-

simplices of which τ is the longest edge.
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Proof. Let τ be the 1-simplex A(x, z), let a = d(x, z) be the length
of τ , and let h denote the unique isometry of [0,α] c A onto the
segment [x, y]c T which maps 0 to x and a to y. A 2-simplex δ has
τ as its longest edge if and only if δ = A(x, y, z), where (i) y e [x, z]
and (ii) α and rf(x, y) form a basis of L. The only possible choices of
y are h(β) and Λ(α - β), where /? is given by Lemma 8.8. q.e.d.

Note that the assumption that L has rank 2 is crucial in the above
proof.

In §10, Proposition 9.2 will be the starting point for a construction
for producing subcomplexes of the complexes X(L), for free abelian sub-
groups L of Λ, that are singular surfaces. The singular surfaces appearing
in the statement of Theorem 6.2 will be constructed as covering spaces of
these singular surfaces in the complexes X(L).

The main goal of this section is to develop analogues of 3.12, 4.3 and
4.5 for the complex X(L). These results depend on a number-theoretic
investigation of homotopies between 1-tame lifts to X(L) of parametrized
segments in T.

In 9.3-9.10, L will denote a fixed rank-2 abelian subgroup of Λ. We
shall write (X, φ) = (X(L), φL).

9.3. Let γ be a parametrized segment in RT. Since U = skj (X),
a 1-tame lift of y to X is the same thing as a 1-tame lift of γ to U.
In particular, it follows from 3.11 that γ admits a 1-tame lift to X if
and only if the endpoints x and y of γ belong to T and d(x, y) e L.
On the other hand, homotopy (or Γ-homotopy) of 1-tame lifts in I is a
weaker notion than homotopy (or Γ-homotopy) in U.

Proposition. Any two l-tame lifts of γ to X are tamely T-homotopic
(3.9) in X.

9.4. The next four lemmas are needed for the proof of Proposition
9.3. In these lemmas it is understood that L is a rank-two free abelian
subgroup of Λ.

Let δ = Δ(JC , y, z) be a 2-simplex of X whose longest edge is A(x, z) .
The definition of X implies that φ maps each of the topological intervals
Δ(JC, z) and Δ(JC, y) LJΔ(y, z) homeomorphically onto [x, z]. Hence a
parametrized segment in T joining x to z admits exactly two 1-tame
lifts to X whose images are contained in the boundary of δ .

9.5. Lemma. Let δ = A(x, y, z) be a 2-simplex of X whose longest
edge is A(x, z). Let γ be a parametrized segment in T joining x to z.
Then the two tame lifts of γ whose images are contained in the boundary
of δ are tamely T-homotopic.
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Proof. Set a = d(x,y) and β = d(y, z). Then the edges τ =
A(x, z), τ = Δ(x, y) and τ" = A(y, z) oϊ δ have respectively lengths
a, β , and α + β .

Write y for the lift of 7 with image τ , and y' for the lift with image
T ' U T " . If t G [0, 1] is given, γ(t) is the unique point of τ which is
mapped by φ to γ(t). Likewise, )>'(/) is the unique point of τ U τ"
which is mapped by φ to y(ί). Thus γ{t) and y'(ί) are the endpoints of
a line segment λt in the decomposition of δ defined by /.

We define a homotopy Ξ: [0, 1] x [0, 1] -• δ as follows. For each t e
[0, 1] we define Ξ\{t} x [0, 1] to be the unique affine map of {t} x [0, 1]
onto λt that maps (t, 0) to γ{t) and (t, 1) to γ(t). We have Ξo = γ,
Ξj = γ , and φoΞt = γ for all te[0, 1]. Furthermore, Ξ([0, 1] x [0, 1])
is the closed simplex δ, a subcomplex of X(L). q.e.d.

9.6. As in §8, we denote the partially ordered set of all positive bases
of L by B(L).

Let γ be a parametrized segment in E Γ , with endpoints x and y.
Recall that γ admits a 1-tame lift to U—or, equivalently, a 1-tame lift
to X—if and only if x, y eT and d{x, y) e L . If these conditions do
hold, then by 3.11, the lifts of γ are in 1 -1 correspondence with the ordered
partitions of d(x, y) into positive unimodular elements of L. Recall how
the correspondence is defined: if γ is a lift of γ , let 0 = a0 < < an = 1
be the points of [0, 1] that are mapped by y to vertices of X. Set
xi — f(ai) a n d ai = d{xi_ι, xt). Then d(x, y) = a{ + + an is the
partition corresponding to γ .

If the terms in the partition corresponding to a given lift y of y are
all elements of a fixed basis B e 03(L), we shall say that γ is defined in
terms of B.

9.7. Lemma. Lei 7 6e an parametrized segment in T, let γ be a
tame lift of γ to X which is defined in terms of a basis B e 35 (L), and
let Bf be an element of 33(L) such that B1 < B. Then γ is tamely
T-homotopic to a subdivision of [x, y] defined in terms of Bf.

Proof It is enough to prove the lemma in the case where B1 is the
successor (8.1) of B. Write B = {a, β} where a > β\ thus Bf =
{a-β,β}.

Define a{ and x{ as in 9.6. Then ai = d(xi_χ,xi) e B for 1 <
i < n. We need only show that, for / = 1, , n, the lift γ\[ai_ι, at]
of y|[fl, _i > β/] is tamely Γ-homotopic to a lift of y|[α /_|, at] defined in
terms of B'.

If d(xi_[, x.) = β , then y|[α/_1, at] is itself defined in terms of B1.

Now suppose that d{xi_χ,xi) = a. Let x denote the unique point
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of RΓ such that d(χ._x, x) = β and d(x , xt) = a - β. By defini-

tion, δ = Δ(xi_χ, x , x.) is a 2-simplex of X. Hence by Lemma 9.5,

ylK_i > 0, ] is tamely Γ-homotopic to the lift of y|[^/-_1, a(] whose im-

age is Δ(x/_1, x') u Δ(x ;, x.). But this lift corresponds to the partition

a = β + (a - β) and is therefore defined in terms of Bf.

9.8. Let γ be a parametrized segment in Γ with endpoints x and
y, and let γ be a 1-tame lift of y to X. Let rf(x, y) = aχ + + an

be the ordered partition corresponding to γ. A basis B e 58 (L) will be
called a raes A for the lift y if there exist Bχ, , l?rt e 58 (L) such that
α. e Bi and 5 < fi. for / = 1, , n . It follows from 8.2 that every
1-tame lift has a mesh.

Lemma. Let γ be a tame lift to X of a parametrized segment γ in
T. If B is a mesh for γ then γ is tamely T-homotopic to some tame lift
of γ which is defined in terms of B.

Proof Define a{ and xt as in 9.6. It is enough to prove that for 1 <
/ < n , the lift y|[^/_1, at] is tamely Γ-homotopic to a lift of y l ^ . j , at]
defined in terms of B . Choose Bi e 95(L) such that at = d(xi_{, x.) e B{

and B < Br In particular the lift y|[<2/-_1, at] is defined in terms of Bt.
Hence it follows from 9.7 that y|[̂ /̂ i» a\\ i s tamely Γ-homotopic to a
lift defined in terms of B .

9.9. Lemma. Let γ be a parametrized segment in T, and let γ and
y be two lifts of γ defined in terms of the same basis B e*B(L). Then γ
and γ are tamely T-homotopic.

Proof As in 9.6, let 0 = a0 < < an = 1 be the points of [0, 1] that
are mapped by γ to vertices of X. Set xt = y{a^ and at = d(xi_ι, x.).
Similarly, let 0 = b0 < < bn> = 1 be the points of [0, 1] that are
mapped by γ to vertices of X\ set y{ = y'(6z) and βt = d(yi_x, yt).
Then the a and β. belong to B, and d(x, y) = aχ + h an = βχ +

Since B is a basis we must have n = n and β. - α π ( y ) for 1 < j < n ,
where π is some permutation of {1, •••,«}. In proving that y and
γ are tamely Γ-homotopic, we may assume that π is a transposition of
the form (k, k + \) with 1 < k < n, since transpositions of this form
generate the symmetric group on n letters. In this case, for / φ k we have
a{ = b{ and x. = y., and we need only prove that the lifts γ\[ai_χ, ai+χ]
and γ\[ai_χ,ai+x] of γ\[ai_x, ai+ι] are tamely Γ-homotopic.

If αz = α / + 1 , then xk = yk, and the two lifts coincide. If ai

φ ai+χ then B = {anai+ι}9 and therefore Δ{xk_l9 xk, xk+ι) and
Δ ( J C ^ _ 1 5 ^ , ^ + 1 ) are 2-simplices of X. Thus by 9.5, the lifts y\[ai_x ,ai+ι]
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and γ\[ai_ι, ai+ι] are both tamely Γ-homotopic to the lift of γ whose
image is Δ{xk_{, xk+ι).

9.10. Proof of Proposition 9.3. Let γ and γ be two 1-tame lifts of γ .
It follows from 8.2 that γ and γ have a common mesh B. Hence by 9.8,
they are tamely Γ-homotopic to 1-tame lifts γχ and y[ defined in terms
of B. By 9.9, the paths γ{ and γ[ are tamely Γ-homotopic. q.e.d.

9.11. In the above discussion, L has been a fixed rank-two free
abelian subgroup of Λ. Now let L and l! be rank-two free abelian
subgroups of Λ with L c Lf. Recall from 3.12 that there is a canonical
Γ-map H = HL L, from U(L) = skχ(X{L)) to U(L') = skx(X{L')), and
that H is Aut(Γ)-equivariant.

Proposition. The map HL L, may be extended to a 2-tame Aut(Γ)-

equivariant T-map J: X(L) -+ X(L').
The next two lemmas are needed for the proof of this proposition. We

shall write H = HL L,.

9.12. Lemma. Let δ be a closed 2-simplex of X(L). The map H\dδ

may be extended to a continuous map J : δ —> X(L ) such that φ o J =

φL\δ, and such that Jδ{δ) is a subcomplex of X(L').
Proof. By definition, δ has the form Δ(JC , y, z), where y G [x, z ] .

The longest edge of δ is τ = Δ(x, z) the others are τ = A(x, y) and
τ" = Δ(y, z ) . Let γ be any homeomorphism of [0, 1] onto |τ| =
[x, z]RT. Then γ has a unique 1-tame lift ^ to X(L) whose image
is τ , and a unique 1-tame lift γ2 whose image is τ U τ" . Since H is a
1-tame Γ-map, Hoyχ and //oy 2 are 1-tame lifts of γ to X(Lf).

By Proposition 9.3 there is a tame Γ-homotopy Ω from γ to γ . We
shall use Ω to construct the map Jδ .

For any t e [0, 1], the points yχ(t) and γ2(t) are the endpoints of a
line segment A, in the decomposition of δ defined by /. There is a unique
affine map /,: [0, 1] -> λ, such that It(0) = γ{(t) and 7,(1) = γ2(t). Note
that It is an affine isomorphism for t Φ 0, 1.

For any point p € <J, there is a unique ί = t(p) e [01, ] such that p e
λt. For p Φ x , z we have ί(/?) ^ 0, 1. For all p e J we define Jδ(p) =
Ω{t{p)9 I^p)(p)) Since the Γ-homotopy Ω is by definition constant on

0 and 1, the map Jδ is well defined. The definition of a Γ-homotopy

also implies that φL o Jδ = φL\δ. Furthermore, Jδ agrees with H on

dδ since Ωo = γ and Ω{ = γ . Since Ω is a tame homotopy, Jδ(δ) is a

subcomplex of X{L'). q.e.d.
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Note that one could conclude immediately from Lemma 9.12 that HL L>
extends to a 2-tame Γ-map from X(L) to X(Lf). However, property
(iii) is not immediate because the construction of Jδ in the proof of
Lemma 9.12 is not canonical. (Indeed, the proof of 9.3 does not provide
a canonical homotopy Ω.) The next lemma will allow us to deal with this
point.

9.13. Lemma. Let g e Aut(Γ) be given, and let δ be a 2-simplex of
X(L) which is invariant under g. Then g fixes each point of δ.

Proof Let δ = A(x, y, z), where A(x, z) is the longest edge. Clearly
Δ(JC , z) must be invariant under g, and hence g y = y . If g were to
interchange x and z, we would have d(x, y) = d(y, z) this is impos-
sible, since d(x, y) and d(y, z) form a basis of L by the definition of
X(L).

9.14. Proof of Proposition 9.11. We choose a set Σ of orbit represen-
tatives for the action of Aut(Γ) on the set of 2-simplices of X. (Thus
each 2-simplex has the form g δ for a unique δ e Σ and for some—
not necessarily unique—g € Aut(Γ).) For each J G Σ , using Lemma
9.12, we fix a map Jδ: δ —• X{Lf), agreeing with H on dδ, such that

φL o Jδ = φL\δ , and such that Jδ{δ) is a subcomplex of X(L').
In order to extend H to a map / : X(L) —• X(l!), we note that any

point of X{L) — U(L) can be written in the form g p, where p is an
interior point of some δ EΣ and g is an element of Aut(T). We wish
to define J(g - p) = g Jδ(p). We must check that / is well defined.

Suppose that we are given elements g, g of Aut(Γ) and interior
points p , p of δ , δf e Σ, such that gp = g p . Then g δ = g' δ',
and hence ί = ($'. Lemma 9.13 implies that g and g' agree on J .
Hence p = p . On the other hand, since φL o J = φL\δ, we have

φL\jδ{δ)) = 0L(<ϊ) = | ί | . Thus the subcomplex / ( £ ) of X(Z/) is a
f

union of closed simplices of X(Lf) whose supports are contained in \δ\.
In particular, g and g' agree on the vertices of these simplices, and
therefore agree on Jδ(δ). Hence g Jδ(p) = g Jδ{p) = g Jδ ip) - This
shows that / is well defined. It is clear that / is a Γ-map. Since H is
1-tame and since Jδ(δ) is a subcomplex of X{Lf) for each δ e Σ, the
map / is 2-tame. q.e.d.

9.15. Now let us suppose that the Q-rank of Λ is 2. Then we can
write Λ = |J~i L

t , where Lz is a rank-2 free abelian subgroup of Λ
and L{ c L / + 1 . (The inclusions need not be proper.) We fix such a
sequence (L.), and for each / > 1 we set {X{, φ.) = {X(Lt), φLi). Using
Proposition 9.11, we fix an Aut(Γ)-equivariant Γ-map Jii+ι: Xt —• Xi+ι.
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If / < j are positive integers we set Jtj = Jj_{ }; o o J. i+ι: X. —> X..
Thus we have a direct system ((X., φ.) /f..) of natural Γ-complexes and
2-tame Aut(Γ)-equivariant Γ-maps. We choose consistent base vertices
for this system (see 4.1); we can then form the direct limit lim πn(Xj) for
any N > 0.

Theorem. For n = 0, 1, we have lim n^X^ = 0.

Proof. For n = 0 the result follows from 4.3, since Ui = skz(Xz). For
n = 1 we shall apply Proposition 4.4. To check condition (1) of 4.4, note
that if γ is a parametrized segment in RΓ whose endpoints x and y
lie in Γ, then d(x, y) e Λ and hence rf(x, y) e Lt for some / thus
γ admits a 1-tame lift to X.. Condition (2) of 4.4 holds by virtue of
Proposition 9.3.

10. Edge-shortening

In this section we consider a Λ-tree T, where Λ is a subgroup of R,
a group Γ acting on T by isometries, and a rank-2 free abelian subgroup
I of Λ. For any subset S of T, we denote the stabilizer of S in Γ by
Γ^ . We shall suppose that the action of Γ on T satisfies the Ascending
Chain Condition 6.1.

As in §9, we consider the geometric Γ-complex (X, φ) = (X{L), φL).
Recall that X is a natural Γ-complex, so that in particular Γ acts in a
natural way on X and φ is Γ-equivariant.

If Y is any subcomplex of X, then (Y, φ\Y) is a geometric Γ-complex.
In general when a subcomplex Y of X is given we shall refer to Y as
a geometric Γ-complex, the map φ\Y being understood. In particular, if
Y and Yf are subcomplexes of X, it makes sense to speak of a Γ-map
from Y to Ϋ.

As in §9, we shall denote by / the natural L-valued length system on the
2-dimensional geometric Γ-complex X. If Y is any subcomplex of X
then (Y, φ\Y) is also a geometric Γ-complex. Its natural length system
is the restriction of / to the set of 1-simplices of Y we denote it l\Y.

10.1. Proposition. Let Y be a Y-invariant subcomplex of X which is
finite mod Γ. Then there exists a Γ-equivariant T-map 0 : Y —• X such
that

(i) ©I skj(y) is homotopic rel sko(7) to the inclusion map sk^Y) -•

X\
(ii) Σ = <δ(Y) is a singular surface; and

(iii) the L-valued length system l\Σ is nondegenerate (7'.2).
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To interpret condition (i) note that since X is natural, any 0-tame T-
map from Y to X must fix every vertex of Y.

The proof of this proposition will be given at the end of this section.
Lemmas 10.3—10.9 involve the basic constructions used in the proof.

10.2. Let Y be any subcomplex Y of X which is Γ-invariant and
finite modΓ, and which has dimension < 2. We shall write ^(Y) for
the set of all 1-simplices of Y which are nonisolated, i.e., which are of
strictly positive valence in Y. The number of Γ-orbits in &(Y) will be
denoted n(Y). Thus n(Y) > 0 if and only if Y has dimension 2.

The elements of &{Y) in a given orbit all have the same length. In
particular, if Y is 2-dimensional, then &(Y) contains an element of max-
imal length; that is, there is some ω e 0?(Y) such that l(ω) > /(τ) for all
τ e έ?(y). The set of all elements of maximal length in 2>(Y), which is
a finite union of Γ-orbits, will be denoted &*(Y).

10.3. Lemma. Let Y be a Γ-invariant 2-dimensional subcomplex of
X which is finite modΓ. Then every l-simplex in &*(Y) has valence 1
or 2 in Y.

Proof. Let ω be a l-simplex in %*{Y). Since ω e &(Y) we have
valy(ω) > 0. On the other hand, since ω has maximal length among the
1-simplices in &(Y)9 any 2-simplex of Y having ω as an edge has ω as
its longest edge. By 9.2 this means that val r(ω) < 2. q.e.d.

For c = 1, 2, we shall write &*(Y) for the set of all elements of &*(Y)
that have valence c in Y. Thus &*(Y) = £*(Y) U %*{Y).

Given a Γ-invariant subcomplex Y of X, finite modΓ, and a 1-
simplex ω e ^ * ( F ) , w e shall see that there is a canonical Γ-equivariant
Γ-map of Y into X determined by ω. Proposition 10.1 will be proved
by composing maps of this canonical type. The construction of the canon-
ical map depends on whether ω has valence 1 or 2. The case of valence
1 is relatively easy. It is contained in the following "Collapsing Lemma".

10.4. Let Z be a subcomplex of a Γ-complex Y. By a T-deforma-
tion retraction of Y onto Z we mean a retraction c: Y —• Z which is
also a Γ-map, and such that c, regarded as a map of Y into itself, is
homotopic to the identity. Now let Y be a Γ-invariant subcomplex of
X, and let Z be a subcomplex of Y. We say that Z is an equivariant
T-deformation retract of Y if there exists a Γ-equivariant Γ-deformation
retraction of Y onto Z . (Any equivariant Γ-retract of Y is in particular
itself Γ-invariant.)

Collapsing Lemma. Let Y be a Γ-invariant 2-dimensional subcomplex
of X, and let ω be a I -simplex in £*{Y). Then there exists an equivariant
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T-deformation retract Z of Y, such that (i) Z contains all the vertices of
Y, and (ii) g(Z) c %{Y) - Γ ω. In particular we have n{Z) < n(Y).

Proof For each closed 2-simplex δ of X we shall define a natural
continuous map Kδ: δ —• δ. Let τ denote the long edge of δ , and let τ
and τ" denote the other two edges. Any point p e δ lies in a unique line
segment λ in the decomposition of δ defined by /. We define K (p) to
be the unique endpoint of λ that lies in τ u τ" .

Since the closed simplex δ is a subcomplex of X, it may be regarded
as a geometric Γ-complex; and Kδ is then a Γ-map. Note that Kδ is a
retraction of <5 onto T U T " .

We construct a map c: Γ —• 7 as follows. On sko(Γ) we define c to
be the identity. Now let τ be any 1-simplex of Y. If τ is in the orbit of
ω then r e ^ f Γ ) ; thus τ is an edge of a unique 2-simplex (5, and is in
fact the longest edge of δ. We define c to agree with Kδ on τ . If τ is
not in the orbit of ω we define c to be the identity on τ . In either case
c restricts to the identity on 9 τ .

It remains to extend c to the 2-simplices of Y . Let δ be any 2-simplex
of Y. Let τ denote the longest edge of δ, and let τ and τ" denote its
other two edges. Then τ and τ" are not in i?*(Y)9 and hence are not
in the orbit of ω. As for τ , it may or may not be in the orbit of ω.

If τ is in the orbit of ω we define c\δ to be Kδ. Since Kδ is a
retraction of δ onto τ U τ " , it is clear that this definition of c agrees
with the earlier one on dδ . If τ is not in the orbit of ω we define c to
be the identity on δ . Again this agrees with the earlier definition on dδ .
Thus c is well defined on Y.

Since Kδ: δ -> δ is a Γ-map for each 2-simplex δ, one sees that c is
a Γ-map. It is clear that c is a Γ-equivariant deformation retraction of
Y onto Z , where Z is a subcomplex of 7 having properties (i) and (ii)
in the statement of the lemma, q.e.d.

10.5. Now let Y be a Γ-invariant 2-dimensional subcomplex of X,
and let ω be a 1-simplex in %^(Y). We shall describe here a Γ-invariant
subcomplex Z of I , determined by 7 , I and ω via a process we
call "edge-shortening". Lemma 10.9 below will provide a Γ-equivariant
Γ-map of Y onto Z .

According to 9.2, there are exactly two 2-simplices of X, say δ0 and
δχ, of which ω is the longest edge. Since ω e <§^*(y), both δ0 and
(5j must be simplices of Y, and they must be the only 2-simplices of Y
having ω as an edge.

Let x and z denote the vertices of ω. Then δ0 = A(x ,y0, z) and
δχ = A(x, y{, z) for some vertices y0 and j j . We may regard x, yQ ,
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y{ and z as points of T. Set a = d(x, z), and let h denote the unique
isometry of [0, a] Π Λ onto [x, y] which maps 0 to x and a to y.
According to the proof of 9.2, there exists β e A, with 0 < β < α/2,
such that {a, β} is a basis for Λ, and the points y0 and yχ are h(β)
and h(a-β) in some order. After relabelling δ0 and ^ if necessary, we
may assume that yQ = A(/?) and that ^j = h(a - β).

In the tree T we have y0 e [x, y j . Furthermore, </(*, yQ) = β and
o , y{) = (a - β) - β = a - 2β . Since {α, /?} is a basis for Λ, so is

{β, a- 2β} . Hence the definition of X implies that p_ = A(x, yQ9y{)
is a 2-simplex of X. Similarly, /?+ = Δ(yQ 9yl9 z) is a 2-simplex of X.
The 2-simplices /?_ and p+ have the common edge ψ = A(y0 9yχ). The
1-simplex ψ may or may not lie in the complex Y. However, the other
edges of p_ and p+ do lie in Y.

Since δ0 and 5j are the only 2-simplices of Y having ω as an edge,
the only 2-simplices having an edge in the orbit Γ ω are those in the orbits
Γδ0 and Γδι. Hence deleting the simplices in the set Γ ω u Γ ίQUΓ Jj
from Y gives a subcomplex W. Note that W contains all the 1-simplices
of Y that have length < a. Clearly W is Γ-invariant.

Now consider the set of 2-simplices Γ p_ u Γ p+ . All the edges of the
simplices in this set either belong to the orbit Γ ψ, or are 1-simplices of
Y which have length < a and are therefore in the subcomplex W. Hence
we can form a new subcomplex Z of X by adjoining to Y the simplices
of the set Γ ψ u Γ p_ u Γ p+ . Again, Z is clearly Γ-invariant.

The complex Z is said to be obtained from Y via the edge-shortening
determined by ω. The 1-simplex ψ is called the short edge replacing the
long edge ω. As we have mentioned, ψ may or may not belong to &(Y).

10.6. Note that f ( Z ) = (&(Y) - Γ ω ) u Γ ^ . Hence we have
n(Z) < n(Y), and the inequality is strict if and only if ψ e %(Y).

Note that we have l(ψ) = l(w) - 2l(χ) for some χ e &(Y). (In fact
we have χ = A(x, y0), where x and y0 are defined as in 10.5.)

Note also that by the construction, the segment \ψ\ is a subsegment of
|ω| which has the same midpoint in T as | ω | .

The following three lemmas express further properties of the edge-
shortening operation. In these lemmas, it is understood that Y is a Γ-
invariant 2-dimensional subcomplex of X, and that ω e ^(Y)- Fur-
thermore, Z denotes the subcomplex of X obtained from Y via the
edge-shortening determined by ω, and ψ denotes the short edge replac-
ing the long edge ω.

10.7. Lemma. For every l-simplex τ of Z that is not in the Y-orbit
of ψ we have valz(τ) < val y(τ).
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Proof. We use the notation of 10.5.

Let 3Y (resp. 3!z ) denote the set of all 2-simplices of Y (resp. Z )
that have τ as an edge. Thus valz(τ) and valy(τ) are the cardinalities
of 2γ and 2Z .

Consider first the case where the length of τ is not equal to β or
a - β. In this case τ is not in the orbit of any of the 1-simplices
A(x, yQ), A{yQ, z), A(x ,yχ) or A{yχ, z) . By hypothesis it is not in the
orbit of ψ = Δ(y0, y{). Hence by the definition of edge-shortening we
have 3Z = 2γ in this case, and hence valz(τ) = val y (τ).

Next consider the case /(τ) = β . In this case we shall see that valz(τ) <
valy(τ) by defining a surjective map &\ 3$γ -+ 3Z .

Let δ be any 2-simplex in 3γ . If δ £ Γ ^ u Γ ^ , we set &(δ) = δ .
Now suppose that δ e Γ δ0 U Γ δx . We wish to set &{δ) = g ρ_ if
δ = g δ0 with g e Γ, and &{δ) = g p+ if δ = g - δ{ with ^ e Γ. It
is necessary to check that ^ ( ί ) is well defined; a priori, the definition of
&(δ) depends on the choice of g, and—since δ0 and δx may happen to
lie in the same Γ-orbit—on the choice of / as well.

To show that &{δ) is independent of the choice of g, we must show
that if an element of Γ which leaves δ0 (resp. δ{) invariant also leaves
p_ (resp. p+ ) invariant. But if g e Γ leaves δ0 invariant then the
segment [x, z] = \δo\ C T must be pointwise fixed by g. In particular,
[•*> y j = \P-\ c T must be pointwise fixed by g, and hence g must
leave p_ invariant. Similarly, if g leaves δλ invariant then it leaves p+

invariant.

To show that &{δ) is independent of the choice of /, we must show that
if g is an element of Γ such that gδ0 = δχ, then gp_ = p+ . If gδ0 =
δχ, then g must leave the segment [x, z] = \δo\ = \δ{ \ invariant and map
y0 to yχ. Since y0 Φ yχ, the automorphism g cannot fix the endpoints
of [x, z] it must therefore interchange x and z. Thus g induces an
involution of [x, z ] , and since g y0 = yχ it follows that g yχ = g yQ.
Hence g transforms p_ = A(x, y0, yχ) onto Δ(z, y{, y0) = p+ .

Thus 3?{δ) is well defined for all δ e Sγ. Furthermore, we have
&{δ) € 3fz . This is obvious if <5 ^ Γ δ0 U y δχ, since in this case
2?(δ) = δ. If δ = g - δ0 for some # € Γ, then by definition we have
&(δ) = g P_ - Now since τ has length β, and since A(x, yQ) is the
only edge of δ0 = Δ(x 9y0, z) whose length is β, we must have τ = g -
A{x, yp). Hence τ is an edge of gΆ(x, y 0, yχ) = &(δ), i.e., &(δ) G ̂ z .
A precisely similar argument shows that if δ = g -δQ for some g e Γ then
&{δ) e 3JZ.
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To see that &\ 2γ —• 2Z is surjective, let δ be any 2-simplex in 3Z .
If δ £ Γ p_ u Γ p+, then clearly δ e 3fγ and 5 £ Γ ί o u Γ i Γ

By the definition of 9 we have δ = &{8) e ^ ( ^ r ) . If δ = g p_ for
some ? G Γ , then since /(τ) = /?, and since A(x, y0) is the only edge
of p_ = A(x ,yo,yx) whose length is β , we must have τ = g- A(x, y 0 ) .
Hence the 2-simplex δ' = g δ0 belongs to 2γ . By the definition of &
we have δ = S?(δ')e &{βΎ). A precisely similar argument shows that if
δ = g - p+ for some g eΓ then δ e ^{βγ). Thus ^ is surjective.

This proves that valz(τ) < valy(τ) in the case where /(τ) = β . In the
remaining case, where l(τ) = a - β , we define a surjection <§\3Jγ-*3z

as follows. Let δe2γ be given. If δ £ Γ ^ u Γ ^ , we set &(δ) = δ.
If δ = g δ0 for some g e Γ we set ^(5) = g /?+. If δ = g ^
we set 9(δ) = g p_ . The proof that ^ is a well-defined surjection
from ^ y to «^z is precisely parallel to the previous argument for the
case /(τ) = β . q.e.d.

10.8. Lemma. Suppose that Γ ^ = Γ | ω | and that n{Z) = n(Y). Then

ψ has valence 2 in Z .
Proof. We use the notation of 10.5. The 2-simplices p_ and p+ are

distinct and both have ψ as an edge. To prove the lemma we must show
that p_ and p+ are the only 2-simplices in Z having ψ as an edge.

Let p be any 2-simplex in Z having ψ as an edge. Either p is a
2-simplex of Y or it is in the orbit of p_ or p+. If p is a 2-simplex
of Y then we have ^ e &{Y). But by 10.6 this implies n(Z) < n{Y),
in contradiction to the hypothesis of the lemma. Hence p must lie in the
orbit of p_ or p+ . By symmetry we may assume that p is in the orbit
of p_ , so that p = g p_ for some g eΓ. Since ψ is the unique edge
of p_ having length a - 2β , we must have g - ψ = ψ . Thus ? G Γ ^ ,
and by hypothesis we therefore have g e Γ^ . Thus g either fixes |ω|
pointwise or interchanges the endpoints of | ω | .

Suppose that g fixes |ω| pointwise. Since |ω| = [x, z] D [x, y{] =
\p_\, it follows that g fixes \p_\ pointwise. Hence p = g p_ = p_.

Now suppose that g interchanges the endpoints of \ω\ = [x, z ] . Thus
g x = z and g z = x . Since rf(x, y0) = β = rf(z ,yx) we must have
<?-y0 = ̂ i and ^-y x = y0. Hence g transforms ρ_ = A(x,yo,yx) onto
p+ = Δ(z, yχ, y 0 ) , so that in this case p = p+. q.e.d.

10.9. Lemma. There exists a T-equivariant T-map <δω: Y -• Z .
Furthermore, ©ω |sk 1(Γ) is homotopic rel sko(7) to the inclusion map
sk{(Y)->X.

Proof. We use the notation of 10.5. The map <8ω will be constructed
by extending the inclusion map W -• Z to a map of Y into Z . This map
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will be defined so as to be simplicial with respect to appropriate simplicial
subdivisions of Y and Z .

For each 1-simplex τ of X we shall write mτ for the midpoint of τ .

We define a subdivision Y1 of the complex Y as follows. The vertices
of Y' are the vertices of Y and the points mτ for τ e Γ ω. Every
simplex of W is a simplex of Yf. Each 1-simplex τ e Γ ω is subdivided
at mτ into two 1-simplices of Yf. If ί is a 2-simplex in Γ ίj u Γ ί 2,
and if τ e Γ ω is the longest edge of δ, then the segment in δ joining
τ to the opposite vertex subdivides δ into two 2-simplices of Y1.

Similarly we can define a subdivision Z' of Z . The vertices of Z ' are
the vertices of Z and the points mτ for T G Γ ^ . Every simplex of W
is a simplex of Z ' . Each 1-simplex τ e Γ ψ is subdivided at raτ into
two 1-simplices of Z ' . If δ is a 2-simplex in Γ <5j UΓ (J2 , and if τ e Γ ω
is the unique edge of δ having length a-2β, then the long segment in
δ joining τ to the opposite vertex subdivides δ into two 2-simplices of
Ϋ.

We define a map <S0: sko(y') —> sko(Z') as follows. For any vertex
υ of Y we set ®0(v) = i;. For any vertex υ of Y1 which is not a
vertex of Y, we may write v = # mω for some g e Γ. We wish to
define ®0(^) = g mψ . In order to show that <S0 is well defined, we must
check that if an element g of Γ fixes mω then it fixes mψ. But if g
fixes mω, then since Γ acts simplicially on X, the 1-simplex ω must
be invariant under g. Hence |ω| = [x,z] c Γ is invariant under g.
Thus 1̂ 1 = [yo> ^il* which is a subsegment of [x, z] having the same
midpoint as [x, z], must also be invariant under g. Since X is a natural
Γ-complex it follows that ψ is invariant under g hence g fixes m^ .
Thus 0 O is well defined.

It is clear from the definition that <S0 is Γ-equivariant.
We claim that <S0 can be extended in a unique way to a simplicial map

<&ω: y ; —• Z ' . In order to show this we must show that for any simplex Δ
of Y', the vertices of Δ are mapped by <S0 to the vertices of a simplex of
Z . If Δ is a simplex of W this is obvious. Thus we may assume that Δ
is in the Γ-orbit of one of the simplices of Y1 contained in δ0 or δχ. By
the equivariance of *S0 we may in fact assume that Δ is itself contained
in δi for / = 0 or 1. Hence Δ is a face of either δ~ = Δ(JC, yn mω)
or ^ + = {z, yι , mω} . But then 0O maps the vertices of Δ into either
{x, yχ , mψ} or {z, yiΓ, mψ} by definition, each of the latter sets spans a
2-simplex of Z'.
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The map &ω is clearly Γ-equivariant. It is also clear that Sω\W is
the identity; in particular, ©ω fixes the vertices of Y, so that we may
regard it as a 0-tame map from Y to Z . To show that <5ω is a Γ-map,
it suffices—in view of equivariance—to show that for / = 0, 1, the maps
φ o eω and φ agree on δi = δ~ U δ* for / = 0, 1. To see this, note that
0o®J<$~ and φ\δ~ are affine maps of δ~ into [x, z] that respectively
map x, yz and mω to x, yz and m, where m denotes the midpoint of
[x, z]. Hence 0 o β J £ Γ = 0|ίΓ . Similarly we have φ o 0 J<J+ = 0|ί+ .

Finally, we must show that <8J sk^y) is homotopic rel sko(7) to the
inclusion map skχ(Y) -> X. Since <5ω is Γ-equivariant and agrees with
the identity on W, this amounts to showing that <5ω|ω is homotopic rel
the endpoints of ω to the inclusion of ω in X. But ω and <Sω(ω) are
both contained in the subcomplex 5 = ί0 u δχ U /?_ U p+ of X . The
complex 5 is isomorphic to the boundary of a 3-simplex and is therefore
simply connected; thus any two paths in B having the same endpoints are
homotopic. q.e.d.

For the remainder of this section the hypothesis of Proposition 10.1 will
be understood to hold. Thus we are given a Γ-invariant subcomplex Y of
X which is finite mod Γ.

10.10 Lemma. There exist a sequence (Yι)i>0 of T-invariant subcom-
plexes of X, all finite modΓ, and a sequence (0^. Yi —• I ^ + 1 ) / > 0 of Γ-
equivariant T-maps, such that

(i) Γ o ^ '
(ii) β-lskjί^.) is homotopic rel sk^Y .̂) to the inclusion map skj(Y)) -•

X\
(iii) n(Y.) = n{YM) for all sufficiently large i and
(iv) for all sufficiently large i, either Yt has dimension at most 1, or

Yi+ι is obtained from Yi via the edge-shortening determined by
some ίOG^fy,.).

Proof We define the Yt and 0 recursively. We set Yo = Y. Now
suppose that / > 0 and that Y. has been defined and is a Γ-invariant
subcomplex of X, finite modΓ. Then either Y( has dimension at most
1 or &*{Y) φ φ. If d i m ^ < 1 we set Yi+ι = Yi and define 0Z to
be the identity map. Otherwise, we choose a 1-simplex ωz e ̂ *

If ωi e £?*{Yj), then according to the Collapsing Lemma 10.4, there
exists an equivariant Γ-deformation retract Γ/+1 of Yt, such that Yi+ι

contains all the vertices of Yi, and n{Yi+x) < /i(l^). We take St to be a
Γ-equivariant Γ-deformation retraction of Y onto Yi+ι .
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If ω. e ^2^Yi)> w e d e f i n e Yi+\ t 0 b e t h e subcomplex of X obtained
from Y. via the edge-shortening determined by ωi. According to Lemma
10.9, there exists a 0-tame Γ-equivariant Γ-map <ΰ. of Y onto Yi+ι.
Furthermore, β-lsk^.) is homotopic rel sk^Y,.) to the inclusion map

This completes the construction of the Γ-invariant subcomplexes Yέ,
finite modΓ, and the Γ-equivariant Γ-maps βJ.. Conditions (i) and (ii)
of the lemma are immediate from the construction. If one of the Yt, say
Y , has dimension at most 1, it follows from the construction that for all

0

i > /0 we have Yi = Y , and hence (iii) and (iv) hold.
Now suppose that all the Y( are 2-dimensional. By the construction

of the Y. it follows that for each /, either n(YM) < Λ(1^ )> or Yi+χ

is obtained from Y. via the edge-shortening determined by some ωt e
^2*(y/) Using 10.6 we conclude that n(YM) < n(y;.) for all i > i0.
Hence for sufficiently large /, say for i > iQ9 we must have n(Yi+ι) =
n(Yi). In particular, for all / > /0, the complex Yi+χ is obtained from
Y via the edge-shortening determined by a 1-simplex ωi € ̂ (Y^). Thus
conditions (iii) and (iv) hold in this case as well.

10.11. For the rest of this section we fix a sequence of subcomplexes
Yt, and a sequence of maps 0Z , having the properties stated in Lemma
10.10. In order to prove Proposition 10.1, it is sufficient to prove that for
some / > 0, the complex Y. is a singular surface and the length system
l\Yi is nondegenerate.

A complex of dimension < 1 is obviously a singular surface. Further-
more, any length system on such a complex is automatically nondegener-
ate. Hence we may assume that all the Y. are 2-dimensional. According
to condition (iv) of 10.10, this means that for all sufficiently large / , the
complex YM is obtained from Yt via the edge-shortening determined by
some 1-simplex in ^*(3^ ) . After passing to a subsequence we may assume
that this is the case for all / > 1. Likewise, by virtue of condition (iii),
we may assume that n{Yέ) has a constant value n for all / > 1.

Let us fix representatives τ{, τ 2 , , τn of the n distinct Γ-orbits of
1-simplicesin ^{Y{). In terms of the indexed family (τ{9 τ 2 , ••• , τn) we
shall define recursively, for i > 1, an indexed family (τu:, τ2i, ,τni)
of representatives of the n distinct Γ-orbits of 1-simplices in ί?(Yj.).

For j = 1, , n, we set τjχ = Xj. Now suppose that i > 1 and
that the τji have been defined. Since the Xj. form a complete system
of representatives of the Γ-orbits of 1-simplices of Y., one of them, say
ωi = τj{i), /' ^s a v a l e n c e ~ 2 maximal nonisolated 1-simplex of Y., such that
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Yi+ι is obtained from Yt via the edge-shortening determined by ω . . Let
ψi+ι denote the short edge in Yi+{ replacing the long edge τji (see 10.5).

We set τ Λ < . M + 1 = ψ.+x, and τjM = τ y > | . for j φ j(i). The defini-
tion of edge-shortening implies that every Γ-orbit of 1-simplices of Yi+χ

contains one of the simplices τ 1 ) / + 1 , ••• , τn i+{. Since n(YM) = n it
follows that Tj / + 1 , , τn / + 1 represent distinct Γ-orbits.

For / > 1 and 1 < j < n we set ljΊ = /(τ -,.). In particular we have

)
m

10.12. Lemma. For each j with 1 < j < n, we have l i m ^ ^ / z = 0,
Furthermore, for each j there are infinitely many i > 1 for which j(i) = j .
For all such values of i, the 1-simplex τji has valence 2 in Y..

Proof Let / > 1 be given. For all j Φ j(i), it follows from the
finition of the τ. . that τ . / + 1 = τ . . , a

other hand, according to 10.6, we have

definition of the τ.. that τ. / + 1 = τ. . , and hence that / / + 1 = /... On the
di 106 h

(!) lm,M = lJd),i " 2If(i),i f 0 Γ s o m e j'W * JW

In particular, it follows that

(2) lj / + 1 < lj. whenever i > 1 and 1 < j < n .

Equality holds unless j = j(i).
For each / > 1 let us set ̂  = min1<I.<π/.J. and J?. = maxι<i<nljr

Then it follows from (1) that

Let us also observe that since ωf G ̂ (Y^ , we have

(4) '*/)./=•*/•

If we set Sj = X)"=, /y ί, then (2) and (3) imply that

(5) SM < S, - 2mv

Since S{ > 0 for all /, it follows form (5) that m,i•—• 0 as / -• oc.
This means that for some j we have ljΊ — 0̂ as i —> oc. After reindexing
Tj, ••• , τΛ if necessary we may assume that /lf. —> 0 as / —• oo. In
particular there are infinitely many values of / > 1 for which l{ / + 1 < lu.
For any such / it follows from (2) that ;(/) = 1, and hence from (4) that
lu=Jtr

Thus Jΐi takes arbitrarily small values as i -+ oo. On the other hand, it
follows from (2) that Jt. decreases monotonically. Hence l i m ^ ^ J?t =
0. This means that for each j we have ljt —• 0 as / —• oo. This is the
first assertion of the lemma.
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In particular, given any j with 1 < j < n, there are infinitely many
values of / > 1 for which I. / + 1 < ljt. For any such / it follows from (2)
that j(i) = j , which by the definition of j(i) implies that τji has valence
2 in Yi. This is the second assertion of the Lemma, q.e.d.

10.13. Lemma. For each j with 1 < j < n and each i > 1, the
segment \τ / + 1 | c T is a subsegment of | T 7 | having the same midpoint

*s\*ji\'

Proof. If j Φ j(i) then τ. = τ / + 1 and the assertion is trivial. If
j = j(i), then since Yi+ι is obtained from Yt via the edge-shortening
determined by τ , and τ / + 1 is the short edge replacing the long edge
Tj., the assertion follows from 10.6. q.e.d.

10.14. Lemma. For each j with 1 < j < n there is an integer iQ > 1

such that Γτ is independent of i for i > i0. Furthermore, for all i > i0,

the valence of τ. / + 1 in Yi+{ is less than or equal to the valence of τji in

Proof Given j , consider the sequence Iτ J , |τ 2 | , . . . of segments
of T. According to Lemma 10.13 this is a monotone decreasing sequence
of segments all having the same midpoint in RT. According to Lemma
10.12, the lengths of these segments tend to 0. Thus the Ascending Chain
Condition 6.1 asserts that there is a positive integer i0 such that Γ. , is
independent of / for / > i0.

Now let / > iQ be given. We must show that valy (τ. / + 1) < valy (τ ; . ) .

If j Φ j(i) then τ. / + 1 is not in the orbit of ψi+ι hence it follows from

Lemma 10.7 that valy (τ / + 1) < valy (τ. f.). On the other hand, suppose

that j = j(i). Then since n(Yλ = n'= n(YM) and Γ,_ , = Γ,_ ,, it

follows from Lemma 10.8 that valy (τ / + 1) = 2 = valy (τ..).

10.15. According to Lemma 10.14, we may assume after replacing
the sequence (1^) be a subsequence that, for every j with 1 < j < n , the
group Γ|T i is independent of / for / > 1, and valy (τ. / + 1) < valy (τ..)
whenever / > 1.

10.16. Lemma. For all sufficiently large i, the complex Yt is a sin-
gular surface.

Proof Since each Γ-orbit in &{Y;) contains one of the τji, the com-
plex Y. is a singular surface if and only if τji has valence 2 in Y( for
j = 1, , n . Thus we need only show that for each j with 1 < j < n ,
the 1-simplex τji has valence 2 in Yi for all sufficiently large /.

Let j be given. For each / > 1, let cz denote the valence of τji in Yi.
By 10.15 we have c/ + 1 < c( for all /. On the other hand, by Lemma 10.12,
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we have ct = 2 for infinitely many i. Hence cz = 2 for all sufficiently
large /.

10.17. According to Lemma 10.16, we may assume, after replacing
the sequence (Y.) by a subsequence, that Y. is a singular surface for all
/ > 1. In order to complete the proof of Proposition 10.1 it is enough
to show that l\Yχ is nondegenerate. The following elementary fact about
complexes will be useful.

10.18. Lemma. Let a group Γ act simplicially on a complex K. Sup-
pose that K is finite modΓ. Let x be any vertex of K. Then the link of
x in K is finite modulo the stabilizer Γχ of x in Γ.

Proof Define a based simplex of K to be a pair (Δ, y), where Δ is
a simplex of K and y is a vertex of Δ. Since K is finite modΓ, and
since a simplex has only finitely many vertices, there are only finitely many
Γ-orbits of based simplices in K. On the other hand, two based simplices
with base vertex x lie in the same Γ-orbit only if they lie in the same
Γ^ orbit. Hence there are only finitely many Γ^-orbits of based simplices
with the vertex x. The conclusion follows, q.e.d.

10.19. To show that l\Yχ is nondegenerate we must verify conditions
(i) and (ii) of 7.2. It follows from 10.18 that every local branch β is finite
modulo its stabilizer; this immediately implies (ii). It remains to verify
(i): that the order of l\Yχ in any 2-dimensional local branch of Y{ is at
least 2.

In the following lemmas, 10.20-10.26, x will denote a vertex of Yχ

and βx will denote a 2-dimensional local branch at x. Recall that βx is
a subcomplex of the star of x, and is the cone over a component Bx of the
link of x. Since Y{ is a singular surface, Bχ is homeomorphic to either
Sx or R. We shall write o for the order of l\Y. in βχ. Lemma 10.22
will assert that o Φ \, and Lemma 10.26 will imply that o Φ 0. When
these have been proved, the proof of Proposition 10.1 will be complete.

10.20. Lemma. If Bχ is homeomorphic to R then o is either 0 or

v
Proof Let Γχ denote the subgroup of Γ consisting of all elements

which fix x and leave Bχ invariant. It follows from 10.18 that Bχ is
finite modΓj. Hence if Bχ is homeomorphic to R then each vertex of
Bχ must have an infinite orbit under Γ j . The assertion follows, q.e.d.

Since X is natural, we may identify sko(Z) with T. We define an
equivalence relation = on the set of vertices of Bχ by writing y = y if
and only if [x, y]τ Π [x, y']τ Φ {x} . It follows from the tree axioms that
this is indeed an equivalence relation.
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10.21. Lemma. Let τ be a 1-simplex of Bχ, and let y and y' denote
the endpoints of τ. Then yψy if and only if τ is the longest edge of the
2-simplex δ = A(x, y, y).

Proof Suppose that τ is the longest edge of δ . Then it follows from
the definition of the complex X that xe\y,y], hence [x, y] n [x, y] =
{x}, so that y ψy . Now suppose that τ is not the longest edge of δ
by symmetry we may suppose that A(x, y) is the longest edge of δ. By
the definition of X we have y e [x, y]. Hence [x, / ] c [x, y], so that

y = y'
10.22. Lemma. We cannot have o = 1.
Proof If Bχ is homeomorphic to R this follows from Lemma 10.20.

Now suppose that Bχ is homeomorphic to Sx . Then the valence c of x
in /?j is finite. Let the vertices of B{ be labelled yr, where r ranges over
the integers mod c, in such a way that yr and y5 are the endpoints of a
1-simplex of Bχ if and only i f r - j = ± l . I f o = l , there is a unique r,
say r - 0, such that the longest edge of A(x9yr,yr+l) does not contain
x . It then follows from Lemma 10.21 that yr = yr+ι if and only if r φ 0.
Thus we have yχ = y2 = = yc_1 = y0 ψ yx, an absurdity, q.e.d.

We now turn to the proof that o φQ. Recall from 10.11 that for each
/ > 1, we obtain Yi+χ from Y. by the edge-shortening determined by the
1-simplex ωt. In particular, the subcomplexes YQ9 Yχ, . . . of X all have
the same 0-skeleton. Thus x is a vertex of Y for any / > 1.

In the following lemmas, 10.23-10.26, / will denote an arbitrary integer
> 1, and β will denote an arbitrary local branch of Y. at x. We shall
denote the order of x in β by o^β). Lemma 10.26 will assert that
o^β) φ 0 if we take / = 1 and β = βx it will follow that o φ 0.

We shall denote by £,•(/?) the set of all integers j with 1 < j < n such
that the Γ-orbit of τJi in Yt contains a 1-simplex in β having x as an
endpoint. We shall write m^β) for the cardinality of the set S^β).

10.23 Lemma. Suppose that o^β) = 0 and that j(i) £ S.QS). Then
β is contained in Yi+X and is in fact a local branch of Yi+X at x. Fur-
thermore, we have mi+χ(β) = mz(/?) and oi+χ(β) = 0.

Proof The local branch β is the cone over a component B of the link
of x in Yt. If τ is any 1-simplex in B, there is a unique 2-simplex δ
in β having τ as an edge. Since o^β) = 0, the long edge of δ cannot
be τ in particular, τ £ ^*(1^ ), and so τ cannot be in the orbit of ωi.
Thus B contains no 1-simplices in the orbit of ω{. On the other hand,
by hypothesis we have j(i) £ S^β), which means that no 1-simplex in
β having x as an endpoint belongs to the orbit of ω z . In short, no 1-
simplex in β belongs to the orbit of ωr Since Yi+ι is obtained from Y{
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by the edge-shortening determined by ωi, it now follows that βi+ι c Y.

Hence B is contained in the link L of x in Y.+ι. Let B1 denote the
component of L containing B. Since Y. and YM are singular surfaces,
each of the complexes B and B1 is a connected combinatorial 1-manifold.
Since B c Bf we must have B — B1. This shows that β is a local branch
of YM .

It now follows from the definitions that mi+ι(β) = m^β) and oi+ι(β)
= 0.

10.24. Lemma. Suppose that ot{β) = 0 and that j(i) e S^β). Then

there is a local branch β' of Yi+ι at x such that oi+x(β') = 0 and

mM{fi')<m^).
Proof. The local branch β is the cone over a component B of the link

of x in Yέ. As in the proof of 10.23, the hypothesis ot{β) = 0 implies
that B contains no 1-simplices in the orbit of ω z . On the other hand,
the hypothesis that j(i) e St(fi) means that for some vertex y of B, the
1-simplex A(x, y) is in the orbit of ωf..

Let Q denote the set of all vertices y of B such that A(x, y) is in
the orbit of ωi. Then for any y e Q, we have A(x, y) e ^*(3^ ), and
we may regard Yi+ι as being obtained from Y( via the edge-shortening
determined by A(x, y). The link of y in B consists of two vertices z
and w , and the star of y in B is the arc A^ = Δ(y, z) U Δ(y, w). The
2-simplices of Y( incident to Δ(JC, y) are Δ(x, y, z) and Δ(x, y, it;).
Hence A(x, z) and Δ(x ,w) are strictly shorter than Λ(JC , y), so that the
endpoints z and u> of Λ do not belong to Q, and the definition of edge-
shortening implies that Δ(JC, z, w) is a simplex of Yi+ι. In particular,
e = Δ(z, it;) is a 1-simplex in the link of x in Yi+{. For each y e Q
we fix a homeomorphism h of ̂ 4 onto ^ which fixes the endpoints of

Ay

If Δ(u, υ) is a 1-simplex in B-\JyeQ Ay , then no edge of A(x 9u,υ) is
in the orbit of ω z hence by the definition of edge-shortening, Δ(JC ,u,υ)
is a simplex of Yi+ι, and thus Δ(u,υ) lies in the link of x in Yi+χ .

We define a map h of B into the link of x in 7 / + 1 by setting h\Ay = hy

for every y e Q, and defining A to be the identity outside \JyeQ Ay . (To

see that A is well defined we must know that Ay nA * =0 for any distinct

elements y and y of Q this follows from the above observation that

for any y e Q, the endpoints z and w of Λy lie outside Q.)

We shall show that h is a homeomorphism of 5 onto a component i?'

of the link of x in F / + 1 , and that the conclusions of the lemma hold for

the local branch β' corresponding to Bf.
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We must first show that A is 1-1. To prove this, it is enough to show (i)

that h{Ay) is disjoint from B - (\JyeQmtAy) for every y e Q, and (ii)

that h(intA)nh(intAy,) = 0 for any distinct elements y and y of Q.

To prove (i), note that h(A ) = e is, by construction, the edge replacing

the long edge Δ(JC , y) in the edge-shortening. Hence by 10.11, ey is in the

Γ-orbit of ψi+ι . On the other hand, each 1-simplex of B - ( I J ^ i n t A^)

is the Γ-orbit of τ. / + 1 for some j φ j(i), and by 10.11, the orbits of
τ i i+i > """ ' τn i+i a r e distinct. This proves (i).

To prove (ii), we must show that the 1-simplices e and ey> are dis-

tinct when y, yf e Q are distinct. We may write A(x, y) = g ωt and

A(x, y) = g1 - ωt for some g, g' eΓ. Then we have ey = g ψi+ι and

ey* = S ' Ψi+Ϊ. Thus ^ = eyt would imply £ ~ V e Γ ^ + | by 10.15 this

would in turn imply g~x g G Γ, ,, and hence Δ(JC , y) = A(x, y). This

is impossible if y Φ y1. Thus (ii) is proved, and the map h has been
shown to be 1-1.

In particular h(B) is a 1-manifold (without boundary). It is clear from
the definition of A that h(B) is a subcomplex of the link of x in Yi+χ .
Since Yi+{ is a singular surface it follows that Bf = h{B) is a connected
component of the link of x in Yi+{. Thus 5 ' determines a local branch
/?' of Yi+ι at x . We must verify the conclusions of the lemma with this
choice of β'.

To show that oi+χ(β') = 0, we must show that for any 1-simplex
Δ(z, w) of B', the longest edge of A(x, z,w) is Δ(JC, z) or Δ(JC, w)
and not Δ(z, w). By the definition of 5 ' , either Δ(z, w) is a 1-simplex
of B, or Δ(z 9w) = e for some y e Q. If Δ(z, w) is a 1-simplex of B,
then since of.(/ί) = 0, the longest edge of A(x, z,w) cannot be A(z,w).
Now suppose that Δ(z, w) = e for some y e Q. Then we may denote
the lengths of Δ(x, y), Δ(JC , z) and Δ(JC , w) respectively by a, b and
a-b\ and after possibly changing notation so as to reverse the roles of
z and w, we may assume that b < 2a. Then the length of Δ(z, w) is
a - 2b < a - b. Hence Δ(z, w) is not the longest edge of A(x, z, w).

It remains to show that mM(β') < mi+χ{β). It follows from the defi-
nition of B' that for any 1-simplex T in I having x as an endpoint, τ
lies in β' if and only if it lies in β and is not in the orbit of ωt. Thus
we have SM(β') = S^β) - {j(i)}, and hence mM(β') = mM(β) - 1.

10.25. Lemma. Suppose that o^β) = 0. Then there exist an integer
i > i and a local branch β' of Y., at x such that o^β') = 0 and
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Proof. According to Lemma 10.12, for any j with 1 < j < n, there

exists some /' > / such that j{ί - 1) = j . In particular, since S^β) is

nonempty, there exists some /' > / such that j(ϊ - 1) e S^β).

Let us choose the least value of /' > / such that j(if - 1) € S^β). Then

by /' - / - 1 applications of Lemma 10.23, β is contained in Y.t_χ and

is in fact a local branch of 7//_1 at x . Furthermore, we have mif_χ(β) =

^i-ι(β) and oif_ι{β) = 0. Lemma 10.24 now shows that there is a local

branch βf of Y., at x such that o^β') = 0 and m^β') < m,_{(β) =
m^β).

10.26. Lemma. We cannot have o^β) = 0.

Proof. If θj(β) = 0, then 10.25 gives an /' > / and a local branch βf

of Y., such that o^β') = 0 and m.,{β') < m.(β). Applying 10.25 again

we get an integer /" > /' and a local branch β" of Y.n with o^^β") = 0

and m.,, (βf/) < m^ (β'). Continuing in this way we get a strictly decreasing

sequence m^β), mz/(/?'), m^^β"), . . . of positive integers. This cannot

be. q.e.d.
10.27. The proof of Proposition 10.1 is now complete, by virtue of

the remarks in 10.19.

11. Proof of the structure theorem in the rank-2 case

This section is devoted to the proof of Theorem 6.2. Throughout the

section, Λ will denote a subgroup of R whose Q-rank is 2, and !Γ =

(Γ, Γ, p) will denote a countable Λ-tree with symmetry. We write Λ as

a union (J^j Li, where each Li is a rank-2 free abelian subgroup of Λ

and L. c L. whenever i < j .

11.1. Lemma. There exist a direct system ( ^ , W^) in the 0-tame

category of ^-complexes, with ^ - ( Σ J . , Γ, p., ϋ., 1) and W.. = {Wij9 1),

and compatible base vertices υ G Σ(, for which the following conditions

hold

(i) Each Σ; is a singular surface and is finite modΓ.
(ii) The natural length system /• for the T-complex Σ( takes its values

in Lr

(iii) The length system l{ is nondegenerate.
(iv) (^,aPT.) is abundant.
(v) For n = 0, 1 we have lim πn(Σi, υ() = 0.

Proof As in 9.15, we can use the Li to construct a direct system

n φ()\ Jr) of natural Γ-complexes and 2-tame Aut(Γ)-equivariant
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Γ-maps. This gives a direct system (J^, /^ in the 2-tame category of
y-complexes, where ^ = (*., Γ, p., φ.9 1) and f^ = {Jij9 1). Since
the 1-skeleton of X. is [/. = C/(L ), it follows from 4.7 that (J^, ^ . ) is
abundant.

We choose consistent base vertices vt for the Λ̂  . By Theorem 9.15 we
have lim πn(Xi, v.) = 0 for n = 0, 1.

Since Γ is countable, each Xt consists of countably many simplices.
Hence we may write X. = Um=i ^im > w h e r e each Z / m is a nonempty finite
subcomplex of X., and Z / m c Zz m+{ for every ra > 1. We choose the
Zim so that vt G Z π for all /.

For the purpose of this proof we define a simplicial path in X. to be a
path of the form γ = ζ{ * * ζn , where each ζ. is an affine isomorphism
of [0, 1] onto a closed 1-simplex in X.. If y(0) = y(l) = υ we call 7 a
simplicial loop based at vt.

Since Xt contains only countably many simplices, it contains only
countably many simplicial loops based at vt. We index these as γn ,
y ί 2 , . . . .

We shall recursively define Γ-invariant subcomplexes Σ. of the X.
which are singular surfaces and are finite mod Γ, and Γ-equivariant maps
Wt.: Σf. —• Σ for i < j . Let / > 1 be given. Suppose that for every
j such that 1 < j < i we have defined a Γ-invariant singular surface
Σj c Xj which is finite mod Γ. Suppose also that for all j , k such that
1 < j < k < i we have defined a Γ-equivariant map Wjk: σ —• Σ^ . Let
us fix a finite subcomplex Aff. of Xt with the following properties:

(a) vteM.\
(b) JJΊ(ZJΊ) C M. for every j<i;
(c) if j and m are positive integers < i - 1, such that |y m | c

Σ. and such that W. t_x o γ is null-homotopic in X(_{ , then
«̂ _i i ° ^ z_! ° 7jm has support contained in Mi and is null-
homotopic in Mi.

Now let Yt be a Γ-invariant subcomplex of Xt which contains Mf and
is finite modΓ. If i > 1, we take Yt to contain / z l / (Σ / _ 1 ) . By 10.1
there exists a Γ-equivariant Γ-map 0 j f: 1̂ . —• Zz such that Σz = β^y)) is
a singular surface. Furthermore, Θjsk^l^) is homotopic relsko(7/) to
the inclusion map skj(y^) —• Xt and the natural Lz-length system /z for
the Γ-complex Σz c Xi is nondegenerate.

We define Wu to be the identity map on Σ z . If / > 1 we set Wi_ι f. =
β f o ( ^ 1 ( ί | Σ M ) : Σ,..! - Σz , and for j < i - 1 we set WjΊ = wjxi o
Ŵ  z_ j . This completes the recursive definition of the Σz and the Wi..
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For each i we set vi = φ.\Σ.. Since Σi is a Γ-invariant subcomplex of X.,
we have a ^-complex ^ = (Σf., Γ, ρt, a., 1) for each i. It follows from
the construction that the W.. are 0-tame Γ-equivariant Γ-maps and that
we have Wjk o W.. = Wih for i<j<k. Hence, setting 3^. = ( ^ . . , 1 ) ,
we have a direct system (S*, Wi}) in the category of ^"-complexes. Since
the β / fix the vertices yz , the maps J.. and W.. agree on the vertices of
Σf.. In particular the v. are consistent base vertices for the Σz .

Note that for any i > 1, since ©Jsk^Γ^) is homotopic relsko(l^.)
to the inclusion map s k ^ ) -• Xi9 the map 0.: Yt -• X. induces the
same homomorphism from πι(Yi, i;,.) to πχ{Xt, vt) as the inclusion map.
Hence J._{ . and W._{ induce the same homomorphism from
nι{Σi_ι, v.Jx) to π{(Xi9 v(). It follows that J.. and W.. induce the
same homomoφhism from 7Γ1(ΣJ., υ.) to π{(Xj, vβ whenever i < j .

By construction, (S*; 3^.) satisfies conditions (i)-(iii) of the lemma.
We shall complete the proof of the lemma by showing that it satisfies
conditions (iv) and (v) as well: that is, that (S*, WΛ is abundant and
that lim πn(Σ., v.) = 0 for n = 0, 1.

To show that (<5 ;̂ 3^.) is abundant we must check conditions (i)—
(iii) of 4.6. To check 4.6(i) we consider an arbitrary point x € T. Since
(J^; J?A is abundant, there exist an index j and a vertex w e X. such
that φj(w) = x . For some / > 7 we have w e Z. f.. Hence v = Jjt{w) E
Λ/z c F z . Since ©z fixes the vertices of Yi we have i; G Σ . Now
ϋ .(v) = φAυ) = x, and 4.6(i) is established.

To check 4.6(ii) we consider a positive integer /, a parametrized seg-
ment γ in T, and two vertices υQ and υx of X. such that 0z(^r) = y{t)
for ί = 0, 1. Since ( ^ ^ . ) is abundant, there exist an integer A: > /
and a 0-tame lift y0 of γ to Λ^ such that γQ(t) = Jik(vt) for t = 0,
1. For some j > k we have |j>0| c Z^ y , so that 1/^ o yo| c Y-. Now
γ = (g. o Jk. o γ0 is a 0-tame lift of γ to X.. Furthermore, since ΰk fixes
the vertices of Yk we have yo(ί) = / / ; (^) for ί = 0, 1. This proves
4.6(ii).

Condition 4.6(iii) is trivial in this case since the map ωi: Γj,—• Γ is the
identity for every 1. Hence (S*.; Wtj) is abundant.

To prove that lim π o (Σ z , v.) = 0 we must show that for any / and any
vertex v of Σ z , there is an integer j > i such that Jij{v) = Wik(v) and
Jr(υi) = W^Vi) lie in the same connected component of Σj. To show
this, we note that since lim πo(Xi, vt) = 0, there is an integer k > i such
that Jik{v) and J^iv^ are in the same component of Xi. Hence there
exists some j > k such that Jik(v) and /^(v.) are in the same component
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of Z, . Therefore J^v) and / / ;(^ z) are in the same component of Y..
Since 0 ; fixes the vertices of Y it follows that J^v) and J^iv^ are in
the same component of Σj , as required.

It remains to prove that lim πχ(Σi9 υ.) = 0. We must show that if
γ is a simplicial loop in Σ., based at υ., then W{. o γ is homotopically
trivial in Σ. for some j > i. We have 7 = yim for some m. Since
lim n{(Xr vt) = 0, there exists j > 1 4- max(z, m) such that Ji _ι o
γ is homotopically trivial in X.. Since Jtj and Wtj induce the same
homomorphism from n{(Ln v.) to πχ(X., vβ , it follows that Wt ._χ o
γ = Wi j _ χ o γim is homotopically trivial in X._χ. By property (c) of
the set Mj this implies that J _x • o Wχ J._ι o γ has support contained
in Mj, and is homotopically trivial in Mj and therefore in Yj. Hence
W.j o y = <&j o / o ^ . o 7 is homotopically trivial in Σ = β. ίϊ}),
as required.

11.2 Lemma. There exist a direct system (5* W^) in the 0-tame cat-

egory of F-complexes, with &. = (Σ.,Γ,., βt, δf., ωf.) αwrf ^ = (ΐ^ 7 , ω 0 ) ,

α«rf compatible base points υ. e Σ. yί?r wΛ/cA the following conditions hold.

(i) £βcA Σ is a l-connected singular surface and is finite modΓ^ .

(ii) The natural length system lt for the T-complex Σz takes its values
in Lr

(iii) The length system ϊt is nondegenerate.

(iv) (î f ^J) is abundant

Proof. Let ( ^ W^) be the direct system given by Lemma 11.1. De-

fine (c f̂; a^.) to be the universal cover (4.8) of ( ^ W..). The Σ/ are

of course l-connected. By Proposition 4.8, ( J ^ ; ! ^ ) is abundant. The

other asserted properties of («5*J; 3)^.) follow immediately from the cor-
responding properties of ( ^ 3^".). q.e.d.

11.3. Proof of Theorem 6.2. Let (<5^; 3 ^ ) be the direct system given

by 11.2. For each /, since /z is nondegenerate, it defines an ^-foliation μt

on the singular surface Σ . . Thus for each /, we have a simply connected,

uniform Lz-foliated singular surface with symmetry (Σ., μi, Γ., p.). Let

#i=(Tn Γz., p.) denote the preleaf space of (Σz , μ., Γ, , pt). By 5.28,

9[ is an Lz-pretree with symmetry; in particular it is a Λ-pretree with

symmetry.

According to 7.8, the Γ-map W(j is a morphism of Λ-foliated singular

surfaces for all i < j . Hence ψ:.: (Σ., μ., Γ., β.) -+ (Σ., fij, Γ ; , p.)
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is a morphism of Lz-foliated singular surfaces with symmetry. It follows
from 5.29 that W\. induces a morphism /{. = (f.., ωtj): ^ - > 9^ of trees
with symmetry. Thus we have a direct system («9Γ; /.) in the category of
Λ-pretrees with symmetry.

For each positive integer i, it follows from 7.6 that there is a natural
morphism /{ = (f.9 ω^: <9^ —• <T. Furthermore, the kernel of ω is
the group of covering transformations of Σ. and therefore acts freely on
Σ z . Thus to complete the proof of Theorem 6.2 we need only show that
(.97; /tj) converges strongly and that its limit can be identified isomorphi-
cally with !Γ is such a way that the /{ are the canonical morphisms. To
do this we must check that conditions (i)-(iv) of 1.26 are satisfied.

Condition 1.26(i) follows from 7.8. The verification of conditions (ii)-
(iv) of 1.26 uses the fact that the direct system (<5 ;̂ W^) is abundant.
Indeed, condition (iv) of 1.26 follows immediately from condition (iii) of
Definition 4.6. Condition 1.26(ii) follows from 4.6(i) since, by definition,
Γ is the image of the sk^Σ;) under the natural map χ : Σz —• Γz.

In order to check condition (iii) of 1.26 we must consider an integer
/ > 1 and two points x0, x{ e Ti. Set yt = /]•(#,) for t = 0, 1. Let γ
be a parametrized segment in T with γ(t) = yt for t = 0, 1. Choose
vertices vQyv{ of Σ. such that xt = Xj{vt). Then o^υ^ — yt. By
Condition (ii) of 4.6, there exist an index j > i a 0-tame lift y. of γ to

Σj such that γ(t) = W..{υt) for t = 0, 1.

Since Vj maps each leaf of (Σ., fij) to a point of T, and since ΰjoγ = γ

is a parametrized segment in Γ, it follows that the arc |y.| meets each

leaf of (Σ., μλ in at most a single point. In particular, y is taut. Hence

7j = Xj°ϊ is a parametrized segment in RTj joining /^-(XQ) to ^ 7 (x 0 )

But fj o y. - y is a parametrized segment in T joining y0 to yχ. Thus

fj\\Vj\ is 1-1 and is therefore an isometric embedding by 1.7. Hence

d(fu(x0), fij(X) 1)) = rf(y-^o) > .//OΌ))' a s squired.
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