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FLOW OF NONCONVEX HYPERSURFACES
INTO SPHERES

CLAUS GERHARDT

0. Introduction

The flow of surfaces by functions of their principal curvatures has been
intensively studied. It started with the work of Brakke [1], who used the
formalism of geometric measure theory; a more classical approach had
been chosen by Huisken, who looked at the so-called inward flow in [5].
The outward flow of surfaces (this term will be explained in the sequel)
is scaling invariant and therefore more natural than the inward flow, pro-
ducing more general results so far. Huisken [6] and Urbas [8] proved that
the outward flow of convex surfaces by suitable functions of their principal
curvatures converges to spheres. The convexity assumption is essential in
their work.

In this paper we would like to present a different method for proving
the convergence of star-shaped surfaces into spheres via the outward flow.

Let f be a symmetric, positive function homogeneous of degree one
being defined on an open cone I' of R" with vertex in the origin, which
contains the positive diagonal, i.e., all n-tuples of the form

(0.1) (A, -, A), LER,.
Assume that
(0.2) fec®®ncim)
is monotone, i.e.,
(0.3) ¢_9_f_i>0’ i=1,---,n, inT,
oA
concave
8 f
0.4 — <0,
04) aA' 0N
and that
(0.5) f=0 onoll
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We also use the normalization convention

(0.6) f, -, )=n.

Then we shall prove the following theorem.

Theorem 0.1. Let M, be a compact, star-shaped C? **_hypersurface of
R™! | which is given as an embedding

(0.7) x,: S" - R"!

whose principal curvatures are contained in I'. Then the evolution equation
(0.8) x=f"v, x(0)=x,

on S" xR . » Where v is the outward unit normal of the surface x(t) and

f is evaluated at the principal curvatures of x(t), has a unique solution of
class C*'®. The rescaled surfaces

(0.9) x=e""x

converge exponentially fast to a uniquely determined sphere of radius I
which is estimated by

|M0| l/n
(0.10) <|S”| <Tps
where |M,| and |S"| denote the n-dimensional measures of the corre-

sponding surfaces. The lower bound is obtained iff f is equal to the mean
curvature function during the evolution process.

1. A reformulation of the problem

Let the surface M(t) be represented as a graph over S”, i.e., the em-
bedding vector x = (x*) now has the components

(1.1) X" =u(x,t), xi=xi(t),

where the (x') are local coordinates of S”, and the notation u = u(x, ?)
is slightly ambiguous. In other words, we have introduced polar coordi-
nates. _

Furthermore, let & = (¢') be a local coordinate system of M(¢). Then

(1.2) u=ux@),?,

the outward unit normal in (x, #) has the form

(1.3) v=(,)=v"'(-Du, 1),
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where
ou
(1.4) Diu = 5——’ .
(1.5) v=(+u|Duf)? = (1 +u 6" DuDu)'"?,

(0; j) being the metric of S” in the coordinates (xi). The euclidean
metric now has the form

(1.6) ds’ =dr’ +r’c, dx' dx’.

As usual we denote by (aij ) the inverse of (o, j) , and we agree to raise
and lower indices only with respect to this metric.
The evolution equation (0.8) now yields

d

(1.7) Eu:f_lv_l, xi=—f_lv_lDiu‘u_2,
from which we deduce

0 v
(18) Eu— ?.

We prefer to interpret this as an equation on S”" x R .+ » L.€., to overlook
the time-dependence of (x'), and rewrite it in more convenient notation
as
v

(1.9) u—7=0, u(0) = u,.

Furthermore, let M(I') be the class of all real (n x n)-matrices the
eigenvalues of which belong to I'. Then, there is a natural way to define
a function F on M(I'):

(1.10) F(a") = f(",

where the (li) are the eigenvalues of (aij ). It has been shown in [2] that
the conditions (0.3) and (0.4) on f now take the form

(1.11) T Pyl is positive definite,
and

8°F . : .
(1.12) F = ————— is negative semidefinite.

ij,rs aaijaars
If we evaluate f at the principal curvatures of a surface M, then we
can define F = F(h, ;) asa function of the second fundamental form in
any fixed coordinate system. But, if we use the covariant tensor notation
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of the second fundamental form, then we also have to take the metric (g;;)
of the surface into account.
It is better to consider the mixed tensor
i ik
(1.13) hy ="My,

the eigenvalues of which are precisely the principal curvatures.
For a graph M over S" the metric has the components

(1.14) gl.j=u,.uj+u20ij=u2(al.j+(o,-¢j),
where

(1.15) o =logu;

the inverse is

(1.16) gij = u_z(a'j - (oi(oj/vz),
where v can be expressed as

(1.17) v =(1+|Dg)* "2

The second fundamental form is given as
u
(1-18) h,’j=5’(aij+¢i¢j_¢ij),

where all derivatives are covariant derivatives with respect to the metric
(g ;) of the sphere.

For the mixed tensor h} we obtain

j 1 ’ ik ik, 2
(1.19) By = ——{8,+[-0" + 0" 1v10, ).
It is not difficult to see that the symmetric tensor
2 L gk s Lk
(1.20) hij = %{a,.khj + ajkhi }

has the same eigenvalues (with respect to g, ;) as the mixed tensor (1.19),
where

(1.21) 0,;=0,;+0,0;
Let us now define
~ U -
(1.22) hij=1—)-hu

and use the homogeneity of F . Then we conclude from (1.9)

(1.23) 9 - =0, 9(0) = ¢,.
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This is a nonlinear parabolic equation on S”" xR . » Where the nonlinearity

F only depends on D¢ and D2¢. Therefore, we deduce the existence
of a solution on a maximal time interval (0, 7) with 7 > 0. Uniform
estimates for ¢, ¢, and D¢ on this time interval are now simple conse-
quences of the maximum principal, although the equation is not yet known
to be uniformly elliptic.

2. First order estimates

Let us first proof the following simple lemma.
Lemma 2.1. Ifwe regard F(h;;) as a function depending on D¢ and
D2(o, then

(2.1) a’ =-0F/dp,,

is positive definite.
Proof. First we remark that 0F /0¢, ; is a contravariant tensor, so that
the notation a” is justified. The positivity follows from (1.11), since

7 -2

(2-2) hij=’U (O','j+¢,'¢j_(p,'j)’
oh 2 qij

(2.3) s =y~
6¢U rs

and consequently

(2.4) _OF __OF Ok, _ g
a(pij ahr: a(pij
where
ij OF
25 F J = —=.
(2.5) %

ij
Lemma 2.2. Let Q; = S" x (0, T). Then the following estimate is
valid in Q:

(2.6) ignf(ﬂo <¢—t/n< SUp ¢o-

Proof. We only prove the upper estimate. Let 4 be a small parameter
whose sign will be chosen later, and consider the function

2.7) ¢ =(p—t/n)e".
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If the supremum of ¢ in the cylinder Qx for 0 < T < T is attained at
a point (x,, ¢;) with 0 < ¢, < T , then we have at this point

(2.8) D=0, D¢<0,
(2.9) ¢ >0.

Hence, from (1.23) and the positivity of (FU ) we deduce

it i
e e
S>S—— 4+ ——A0 > A0

(2.10) 0> F+ n AP > A,
in view of (2.8),
(2.11) F(h;) > F(o,;) =n.

Now, we have to consider two cases separately. First let us assume, that
(2.12) sup ¢, > 0.

Sll

Then we choose A < 0, and deduce

(2.13) Sup ¢ = sup ¢,,.
% s
Thus by letting A tend to zero, the estimate is proved because of the
arbitrariness of T .
If supg. ¢, is negative, then we choose A positive and deduce that on
any cylinder Qx, where

(2.14) supg <0,
o7
we have
(2.15) sup@ < supg, <O0.
~ s"

T
A simple continuity argument then leads to the final result.
To derive estimates for ¢ , we differentiate (1.23) with respect to ¢ and
obtain

(2.16) ¢+—F—2{—a”Dij¢+a’D,.¢} =0,
where
, OF
(2.17) a =_——.
9¢;

The maximum principle, modified as in the proof of Lemma 2.2, then
yields
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Lemma 2.3. Let ¢ be a solution of (1.23) on Q.. Then

(2.18) ig"f(/"(o) < ¢ <supg(0).
SII
Finally, let us estimate

(2.19) w = 1|Dg|’.
By differentiating (1.23) with respect to the operator
(2.20) D*yD,
we obtain

1, i . ;
(2.21) W+ F{—a”Dk(Diqu))Dkq) +a'Dw} =0.

If we apply the rule for interchanging derivatives
(2.22) Vi =Pu; t R O
and use the fact that on S”

(2.23) R,k = OmiTik = Ok 0>
we deduce
. 1 i j 2 ij jj k
W+ F{—a”D,.Djw +|Dg|°a; —a”’D,pD;p +a"D,D, 9D, D" ¢} = 0.
Hence, we have proved

Lemma 2.4. Let ¢ be a solution of (1.23) on Q.. Then
(2.24) Dol < sup|De["

As an immediate corollary we obtain -

Lemma 2.5. Let F" be uniformly elliptic. Then the a'’ are uniformly
elliptic, and |D¢7|2 decays exponentially, or more precisely, there exists a
positive constant A, independent of T, such that the estimate

(2.25) le%“s?mD%f

is valid on Q. 3

Proof. The uniform ellipticity of the a" follows immediately from
(2.4). Let u be the smallest eigenvalue of the a" , and consider the func-
tion
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with some positive constant 4. Then w satisfies the inequality
.1 . N 2, .

(2.27) w+F{—a"Dijw+(u—lF Y} <0,

and hence the result provided

(2.28) A<u-F2

Let us finish this section with a comparison lemma:

Lemma 2.6. Let ¢ and ¢ be two solutions of the initial value problem
(1.22) with initial values ¢, and ¢ respectively. Then they satisfy the
estimate

(2.29) i;x"f((po @) <9p-9¢< s;lnp((po 2]

in their common domain of definition.
The proof of the lemma is a modification of the proof of Lemma 2.1
and is omitted.

3. Second order estimates

So far we have not yet used the concavity of F. We shall need it to
derive a priori estimates for the second fundamental form of the surfaces.

For this purpose it is also convenient to consider the original equation
(0.8), which we shall write now in the form
(3.1) x=F"'v,
and deal directly with the geometric quantities of the surfaces.

Let us first derive the evolution equations for the normal, the metric,
and the second fundamental form.

Lemma 3.1. The normal vector v satisfies the evolution equation

(3.2) v=F’6F=F 'D"Fx,.

In this section we use the notation g,; for the induced metric on the
surfaces M(t), covariant differentiation is always understood with respect
to it, and the same observation applies for raising or lowering indices.

Proof of Lemma 3.1. The proof is identical to that of the corresponding
result in [5, Lemmaea 3.3].

Lemma 3.2. The metric g; i satisfies the equation

(3.3) ; = 2

g,’j = Fh

i

Proof- Compare the proof of [5, Lemma 3.2].
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From this we deduce immediately
Lemma 3.3. The volume element /g satisfies

(3.4 4=,

where H is the mean curvature.
Before we establish the evolution equation for 4, ;» some preliminary
remarks are in order. We recall the Gauss formula

(3.5) X =hv,

the Weingarten equations

(3.6) v, =hx,,

the Codazzi equations

(3.7) Pijoe =R >
and the Gauss equations

(3.8) Rijiy = hjhy = hyhj,

connecting the Riemann curvature tensor of hypersurfaces with its second
fundamental form. We also indicate with a comma the start of covariant
differentiation if the notation would become ambiguous otherwise.

We finally observe that by using the Codazzi and the Gauss equations,
and the rule for interchanging the orders of derivatives, the following re-
lation holds:

(39) h hir,js + ersjhik + Rkisjhkr
+ (s, — by + (B hy — By bR,

ks""rj kj'rs ks""ij

hir,sj =

=h,

ij,rs

rs,ij =

From the Gauss formula we deduce

(3.10) h = (x

ij V)’

ij>
where we can use ordinary derivatives instead of covariant derivatives,
and hence

(3.11) h=((F~

1 .
V)i V) = {x;, D).
The last term is zero because of (3.2), and therefore
hy=FF°h,  —2F F"h_ F"h,

+F2F™"p h F ', v).

rs,i"im,j

(3.12)
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We obtain, from the Weingarten equations,
k
(3.13) v = h
and, from (3.9),

k

FFCh, =F 'F°h,  +F F h hih, —F 'hh
314) + I:—ZF”hkshfhij — F 2 F"hhy b
=F 2 F®h,  + F 2 F h i, — F by by
+ F2F" (hy sy b — hhy B,

where we have used the homogeneity of F :
ij
(3.15) F=F' h,.j.

Combining these relations we deduce

Lemma 3.4. The second fundamental form satisfies the evolution equa-
tion
+F2F"h hh, + F2F™ "k

ks"'r ij rs,i""lm, j

S+ FT2F"(h, b b —h_h, K.

rs,j ks"rj'ti sikr'tj

hi; = F_ZF”h,.j,,s

(3.16)
~2F°F"h, F"h

_For later purposes we need the evolution equation for the mixed tensor
h; (no summation).

At first we notice that
d, i d, ki ki kij
e =& ) =& hy+ g hy
. 2 -
=~y + & by

If we choose coordinates such that at a fixed point g, =J,, , we deduce

b= = b+ FE"

; +F 2 F"h, h*h
(3.18)

ii,rs ks"r "tii

+F2F " b, ~2FF"h F"h

rs,i'tlm,i rs,i
since the last term in (3.16) vanishes. Taking the concavity of F into
account we conclude
i 2 ki =2 rsqi =2 rs ki
(3.19) h; < —Fh,.hk+F F"h; ,+F "F h hh,
~2F°F"h, F"h,,

at a point where g, =d,, .
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We shall now derive the evolution equation for the crucial term that
controls the star-shapedness of a surface.
Lemma 3.5. Let ¢ = (x,v)”". Then we have

(3.20) 9=F 'F’y, —20"" FF’9p,9 —F F’h _h'p.

Before proving the lemma let us remark that ¢ is always well defined
since

(3.21) o=Ix""v,

where v is the quantity defined in (1.17).
Proof of Lemma 3.5. We deduce from (3.2) that

(3.22) 9=—0 F ' o’ FF°h* | (x,, x),
and from (3.13) that
2 - k 2,k
(3.23) 0, =—0'h +20"' 0.0 +0ohh -0 b, (x.,X),

hence the result in view of (3.15).
We want to derive a priori estimates for the second fundamental form
of the rescaled surfaces

(3.24) g=x-e"
so let us remark that the right-hand side of the evolution equation (3.18)

or (3.20) is a scaling invariant, i.e., the rescaled quantity itf or ¢ satisfies
the same equation with the additional term

b

(3.25) L}
or
(3.26) =9

on the right-hand side.
Let ¥ be defined by

(3.27) g = sup{h, &'¢ 1 g, &' =1},
Then we are able to prove

Lemma 3.6. Let the evolution equation for the surfaces M be defined
in the maximal time interval (0, T). Then the a priori estimate

(3.28) yo < sup ¥(0)¢(0)

0

isvalidin (0, T).



310 CLAUS GERHARDT

Proof. As before, let 0 < T < T be arbitrary and look at the point
X, = X(t,) where

(3.29) sup sup ¢
0<i<T M(1)

is attained. ‘At this point i can be expressed as
L w i
(3.30) v=hnn
with a certain unit vector 7. We may now choose a Riemannian normal
coordinate system (¢') such that at X, we have

(3.31) (n')=(0,0,---,1),
(3.32) g, =9,
In this coordinate system the surfaces M (2) are locally described as X =

X(¢, 1), where we may assume that X, = X(0, ¢,).
If we now define

(3.33) w=hn'n |gn'n
forall (¢, ) in a neighbourhood of (0, #,), then we have for ¢ =1,

wn

(3.34) w=h,,
(3.35) w=h".

n
Furthermore, w - ¢ attains its maximum for ¢ less than T in 0, ).
If we assume that ¢ is positive, then in view of the maximum prin-
ciple from (3.19), (3.20), (3.25), and (3.26) we conclude that at X, the
inequality
2 sn2. 23in.
(3.36) 0< %) ¢+ ~h,0
is valid, where we also have used the fact that il: and ¢ are nonnegative,
and hence
(3.37) n-h) <F.
Obviously, 71: is the largest principal curvature of M (t,) at X,, ie.,
we have
(3.38) H<F.
On the other hand, the opposite inequality
(3.39) F<H
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is always valid due to the concavity of F and our normalization (compare
[8, Lemma 3.3]). Thus, we have a contradiction unless X, is an umbilic.
But, by using the same trick as in the proof of Lemma 2.2, we can also
overcome this obstacle, and prove the assertion.

Let us summarize what we have proved so far. From the results in §2 we
know that |X| and (X, v) and bounded from below and above by positive
constants independent of ¢. Lemma 3.6 then yields an upper bound for
largest principal curvature of M (¢). Moreover, the estimate (3.39) shows
that all principal curvatures have to be bounded independently of .

The principal curvatures of M(¢) therefore stay in a compact subset of
T'. But because of the assumption (0.5) and the results of Lemmas 2.3
and 2.4 we conclude that they even stay in a compact subset of I" from
which we deduce the important inform{[jon.

Lemma 3.7. During the evolution of M (t) the nonlinear operator F (711. ;)
is uniformly elliptic.

4. Convergence to a sphere

Let us now return to the setting and notation described in §§1 and 2.
We shall assume that F is concave, so that during the evolution process
71,. ; or, equivalently, ¢, ; are uniformly bounded and F (izl. j) is uniformly
elliptic.

Applying the known a priori estimates for a uniformly parabolic equa-
tion of the kind

(4.1) ¢—1/F =0,

we first obtain, in addition to the estimates derived before,

Lemma 4.1. ¢ and D¢ are Hélder continuous in S" x (0, T). The
Hélder norm is bounded independently of T .

Proof. Differentiating (4.1) with respect to ¢ and x* gives a system of
(n+1) linear uniformly parabolic equations to which we apply the results
in [7, Theorem 4.3.4].

Using now the concavity of F and the trick of increasing the number
of independent variables we obtain uniform a priori estimates for D2¢ in
c*(Qr).

Theorem 4.2. The second derivatives of ¢ are uniformly bounded in
CO'“(QT) , where the estimate only depends on ||, ,, n, and the elliptic-
ity constants of F, but not on T and the second derivatives of F .

For a proof we refer to [7, §5.5].
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We therefore know that the M (t) viewed as graphs over S" are C 2@
surfaces with uniform bounds. If we would know that the original embed-
ding X%(¢) remains an embedding in the limit ¢ — 7, we could deduce
that 7 = o00.

The only thing that could go wrong is that

(4.2) g, =%,

could degenerate, i.e., its eigenvalues could approach zero or tend to infin-
ity. But this cannot happen, since in view of Lemma 3.3

(4.3) 4VeE=(HIF-1)Vz,
where
(4.4) 0< H/F — 1 < const.

Moreover, from (3.3) and the boundedness of the principal curvatures it
follows that

s . o—um 2.2 ~2/n 2, .
(4.5) 8 =8&,e —;gij—;_—hije —EgijSC-gij,

and hence that
t

(46) gij(t) < gu(O) ' ec- s
while (4.3) yields

(4.7) \/E(T)=\/H0—)exp{/0t(H/F—l)}.

Thus, no degeneracy can develop in finite time.
Let us define
(4.8) it =ue” """

The family #(¢) is uniformly bounded in C 2’“(S") , and D#i decays ex-
ponentially fast. Using the well-known interpolation theorems we deduce
that the second derivatives of # decay exponentially fast. The rescaled
second fundamental form uh; therefore satisfies the estimate

i i —B-t
(4.9) luh,—d;|<c-e

with some g > 0, which furthermore yields
(4.10) 0<H/F-1<c-e”

with some different constant c.
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We can now prove the final assertions of Theorem 0.1. First, we note
that |M(¢)| is a Cauchy sequence if ¢ tends to infinity, since in view of
(4.7) we have

(4.11) |M(0)| - |M()|

- /S [exp {/OI(H/F - 1)} — exp {/Ot(H/F - 1)}] 2(0).

From this we conclude that M (¢) converges exponentially fast to a
sphere with a uniquely determined radius r., for subsequences always
converge to spheres S," and their radius is given by

(4.12) 18" = lim | M(2)).

Suppose now that F = H. Then from (4.3) we derive
(4.13) ry = |M,)/1S".

To prove the sharp estimate
(4.14) ry < re

with strict inequality unless H = F for the surfaces, we integrate (4.7) to
obtain

@1s) (o) - 1m0 = [ [exo{ [“air -1} -1) vED),

hence the result.
Finally, let us prove that even in the limit X remains an embedding.
We use the evolution equation for the metric, and write it in the form
. 2 5 2
4.16 g. . = = “h.. ——=g. ..
( ) glj F(h”) hlj n g’]

Let K be the largest principal curvature of M and set u=|x|-%. Then

N 2u 2.
4.17 o<y ——F_ __Zls.
(4.17) 8 < {F(I)”CI Ty 7 } 8ij

The terms in the braces converge exponentially fast to zero, thus we obtain
an upper estimate for the eigenvalues of g, ;- Hence the relation (4.7)
shows that the smallest eigenvalue cannot tend to zero.
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