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THE STABLE TOPOLOGY
OF SELF-DUAL MODULI SPACES

CLIFFORD HENRY TAUBES

1. Introduction

Let M be a compact, oriented, Riemannian 4-manifold, and let G be a
compact, simple Lie group. Consider a principal G-bundle, P — M. Let
&/ (P) denote the space of all smooth connections on P and let & (P) denote
the space of smooth automorphisms of P. The group ¥ (P) acts on & (P),
but not always freely. However, Z(P) does act freely on P|, x & (P), with
z € M a fixed point; the quotient &'(P) = (P|, x & (P))/Z (P) defines a
principal & (P)-bundle. The space %' (P) has the weak homotopy type of the
space Mapsp (M, BG) of smooth, based maps from M into BG (the classifying
space for the group G) which pull-back the bundle P.

There exists a set of fiducial connections on P; these being the connections
whose curvature 2-form is self-dual with respect to the Hodge star of the
Riemannian metric (see, e.g., [2] or [13]). This set, m(P), will be nonempty
if the first Pontrjagin number of the associated bundle AdP = P xaqg @
is sufficiently positive (g denotes the Lie algebra of G). If said Pontrjagin
number, p; (Ad P), is negative, then m(P) will be empty.

As m(P) is invariant under the action of & (P), the quotient, M'(P) =
(P|z x m(P))/Z (P) can be taken. Typically, the space I (P) sits in .Z'(P)
as a real algebraic variety. When P and P’ are isomorphic principal bundles,
there are natural identifications of #'(P) and Z'(P’) which identify 9 (P)
and M (P').

Simon Donaldson ([8], [9], [11], [12]) defined from 9V (P) an equivariant ho-
mology class in %’'(P) (under that action of G/Center(G) which is induced
by the action of G on P| ;). Suitably defined, this class is independent of the
original choice of Riemannian metric on M and so depends only on the differ-
ential structure on M. Donaldson proved that there is a well-defined pairing
of 9V (P) with suitable equivariant cocycles in H*(%’(P)). He (and now oth-
ers) have exploited this discovery to build a profound and powerful tool with
which to investigate the differential topology of 4-dimensional manifolds.
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Donaldson’s program indicates that the inclusion map
(1.1) i: M (P) - F'(P)

induces a map of the respective homology and homotopy groups which is well
worth studying.

When M is the 4-sphere with its standard metric, the effect of the map ¢
on homology was first studied by Atiyah and Jones [3] who established that
for G = SU(2), the induced map 7. on homology maps onto the homology of
&' (P) up to a dimension which depends on the Pontrjagin number of Ad P,
and which increases as this Pontrjagin number gets large. Recently, Boyer and
Mann [6] have obtained additional information on the homology of 9 (P) and
the map ¢, for P — S* a principal SU(2)-bundle. Their results were obtained
by defining and studying homology loop sum operations on a countable, dis-
joint union, |J, 9 (P), where P — S* is a principal SU(2)-bundle with
4 - k equaling the first Pontrjagin number of Ad P. Frances Kirwan, using
her technology for studying symplectic quotients [15], and Graham Segal [19],
using techniques from analytic loop groups, have also studied the map 7. for
P — S*% a principal G-bundle.

Still unproved is the eight-year-old conjecture of Atiyah and Jones; that the
map %, is an isomorphism on the respective g-dimensional homotopy groups
for all q less than some g(k) with g(k) increasing with the instanton number
k. However, Boyer and Mann have shown that q(k) < k.

The purpose of this article is to study the map . in the general context
where M is not restricted to be S with its standard metric, and where G is
not restricted to be SU(2). The first result of this study is

Theorem 1. Let M be a compact, connected, oriented, Riemannian 4-
manifold, and let G be a simple, connected Lie group. Fiz an integer ¢ < oo.
Then, there exists m(q) < oo with the following significance: Let P — M be a
principal G-bundle with p;(Ad P) > m(q). Then the inclusion map ¢ of (1.1)
induces an epimorphism on the respective homology and homotopy groups in
all dimensions less than or equal to q.

The principal G-bundles over a compact, oriented 4-manifold are classified
up to isomorphism by two characteristic classes. The first is the Pontrjagin
number, p;(AdP). The second is a class, n(P) € H*(M,n1(G)). When
p1(Ad P) = k and n(P) = n, it is convenient to denote &'(P) by Z’(k,n)
and MV(P) by 9 (k,n) in order to stress the fact that these spaces depend
only on the isomorphism class of P.

In §4, a positive constant ¢(G) (¢(SU(2)) = 4) and natural homotopy equiv-
alences between %’(k,n) and B’'(k + ¢(G),n) are described. (These maps
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are the gluing maps which were introduced in [21] and exploited in [20]; see
also §4 of [22].)

Theorem 2. Let G be a compact, simple Lie group, and let M be a
compact, connected, oriented Riemannian 4-manifold. Let (k,n) be charac-
teristic classes for a principal G-bundle over M for which MM (k,n) is not
empty. There exists j(k) > 0 such that for any j > j(k), W (k + ¢(G) - 7,7m)
18 nonempty, and there exists a map of pairs

T(jv k) (‘@’(k) n)vm(ka 77)) - (‘@’(k + C(G) '.7.’ 77)3 ﬂﬁl(k + C(G) 'j’ 77))

with the following properties:

(1) T(5,k): B'(k,n) = B'(k +c(G) - j,n) is a homotopy equivalence.

(2) If 1 2 j(k) and if jo > j(k+¢c(G) - 71), then T(j2 + j1, k) ts homotopic
to T(j32,k + ¢(G) - j1) o T(j1, k) as maps of pairs

(B (k,m), M (k,m)) — (B'(k +¢(G) - (41 +52),m), PV (k + ¢(G) - (41 + 52), m)-

(3) Let z € mu(FB'(k,n), W (k,n)) or z € H(B'(k,n), M (k,n)). There
exists J(z) > j(k) such that for all 7 > J(2), T(k,7)«(2) =0 in

T+ (B'(k + ¢(G) - 5,m), M (k + ¢(G) - 5,m))

or
H.(Z'(k+c(G) - 5,n), M (k +¢(G) - 5,n))-

When the metric on TM is assumed to be generic in a suitable sense (see
§7), Theorem 2 can be strengthened; the reader is referred to §7. The proofs of
Theorems 1 and 2 are outlined in the next section, and occupy the remainder
of this article.

Theorem 2 can be restated as a topological “stability” assertion. For this
purpose, use the set of maps {T'(k,7)} of Theorem 2 to define the obvious
direct limits of pairs:

(12)  (B(00m), W (00,m)) = dirlim(" (k, ) (k,m)).

Since each T'(k,j) is a homotopy equivalence, the space %&’(co,n) has the
weak homotopy type of any %’ (k,n) with finite k.

Theorem 2*. Let G be a compact, simple Lie group, and let M be a
compact, oriented Riemannian 4-manifold. Let (k,n) be characteristic classes
for a principal G-bundle over M. Using the set of maps {T(k,7)} of Theorem
2, define the direct limit of pairs, (B'(c0,n), M (00,n)). Then, the inclusion
M (00,n) C B'(00,n) induces a weak homotopy equivalence.

A final remark: Assume that M is a complex manifold of real dimension 4
with a Kaehler metric. According to Donaldson [10], the moduli spaces of anti-
self-dual connections on principal U(n) bundles over M, and the moduli spaces
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of holomorphic, and stable, rank-n vector bundles over M are essentially
identical. For Kaehler M, Theorems 1 and 2 describe, via [10], the topology
of the spaces of stable, holomorphic vector bundles over M with first Chern
class zero. For stable, holomorphic bundles with nonzero first Chern class,
construct from the rank-n vector bundle the principal U(n) bundle of frames,
and then apply Theorems 1 and 2 to the moduli space of self-dual connections
on the associated principal PU(n) bundle.

2. Strategy

Both Theorems 1 and 2 are proved via Morse theoretic arguments using
the Yang-Mills functional. Fix a principal G-bundle P — M, and let (k,n)
denote the characteristic classes that classify P. By subtracting a multiple
of p1(Ad P) from the Yang-Mills functional, a function on & (P) is obtained
which assigns to a connection A on P the number

(2.1) a(A) = /M |P_Fal?,

where F4 denotes the curvature of the connection A, a section of the bun-
dle Q2(AdP) = AdP ® A\’T*M. (In general, Q¥(Ad P) denotes AdP ®
/\'c T*M.) The projection, P~ = (1 — %)/2 is defined with the Riemannian
metric’s Hodge x-operator. Thus, P_Fj is a section of P_Q22(Ad P). (Also,
P, = (1+ %)/2).) The norm in (2.1) is defined via the Riemannian metric
and the usual inner product on Ad P which is induced from the Killing form
on g. The integration measure in (2.1) is defined by the Riemannian metric.
The functional a is ¥ (P) equivariant, and so it descends to a functional on
#'(k,n). By construction, a=1(0) = M (k,n), and 0 is achieved by a only
when M (k,n) is nonempty.

Min-max theory for a is described in §2 and in the Appendix of [22]. The
theory concerns homotopy invariant families of compact subsets of &’(k,n),
and more generally, for € > 0, families of compact subsets of &’(k,n) which
are invariant under homotopies of %’(k,n) which map &/(k,n) = {b €
#B'(k,n): a(b) < €} into itself. For example, let z € H,,(%#'(k,n), B, (k,n))
be a relative class. This class can be represented by a singular m-dimensional
chain in %’ (k,n) whose boundary lies in &/ (k,n). The class z defines a fam-
ily F(z) of compact subsets of &’ (k,n) which are invariant rel &/ (k,n): F(z)
is the family of compact singular chains which represent z. For a second ex-
ample, let z € m,(Z'(k,n), B! (k,n)); thus, z is represented by a map of the
unit m-dimensional ball, B", into %' (k,n) which sends the boundary sphere
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S™~1into %/ (k,n). Then,
F(2) = {Image(p): ¢ € C°((B", S™');(®'(k,n), B! (k,n))) and [p] = 2}.

For a given homotopy invariant (rel %/ (k,n)) family §, the min-max pro-
cedure attempts to produce a critical point of the Yang-Mills functional. Such
a critical point may or may not exist; in either case, there is still the “critical
value”, the number

(2.2) az = (}réf3 {ggg a(b)}.

If az > ¢, then no set in § lies in %/ (k,n). If a3 = ¢, it may or may not be
the case that a set in § lies in B/ (k,n) (see [22]).

Let 7 > 0 be an integer, and suppose that T: %' (k,n) — %' (k+ ¢(G)-j,n)
is a homotopy equivalence. Let ¢,¢ > 0 be given, and suppose that T' maps
B! (k,n) into B,(k + ¢(G) - j,n). If § is a homotopy invariant (rel %, (k,n))
family of compact subsets of #'(k,n), then T defines, by push forward,
a homotopy invariant (rel %/ (k,n)) family of compact subsets TF of
ZB'(k + ¢(G) - 7,m). It makes sense here to compare az with arg.

The gluing construction of [20] as described in §4 of [22] provides a fam-
ily of homotopy equivalences, T: Z'(k,n) — B'(k + ¢(G).n). To describe
these homotopy equivalences (see §4 for details), fix a base point ry € M,
and let P(zo) denote the space of maps from [0,1] into M which send 0
to 7o and which maps 1 to M\zo. Let Hom*(SU(2); G) denote the space
of homomorphisms of SU(2) into G which generate 73(G). (Choose one
such homomorphism, pg, which defines a fiducial SU(2) subgroup of G and
serves to identify the space of all such homomorphisms with G/G’, where
G' = {g € G: Ad(9)|su(2) = Identity|sy(2)}.)

The space of homotopy equivalences T': &' (k,n) — B'(k+¢(G),n) under
consideration is parametrized by P(zo) x Hom*(SU(2); G) x (0,1). Loosely
speaking, this parametrization works as follows: Let Fr M denote the principal
SO(4) bundle of orthonormal frames in 7* M. Think of a point f € Fr M|, as
defining a Gaussian coordinate system on a neighborhood of z. Let v € P(z0)
have end point z. The Levi-Civita connection plus a choice of fiducial frame,
fo, for T*M| ., defines, by parallel transport from zy along v, a frame for
T*M| ;, and hence a Gaussian coordinate system on a ball about z. Likewise,
a choice of a point h € P|,, and a connection, A, on P defines a point in
P| ;. By parallel transport out along the radial geodesics through z, this
data defines a trivialization of the bundle P over the coordinate ball which is
centered at z.

On S%, there is a fiducial, centered (in the sense of §3 of [22]) self-dual
orbit [A;] on the principal SU(2) bundle which is defined by the fibration
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87 — S%. A conformal scaling, A € (0,1], and a choice of homomorphism,
p: SU(2) — G, defines a new connection A’ (= A+ A*A;) on a bundle P/ —
M with characteristic classes (k + ¢(G),n). The pair (P’, A’) is canonically
isomorphic to (P, A) on the complement of a ball of radius &(\) about z.
Inside the ball of radius A about z, the connection A’ is canonically isomorphic
to a conformal scaling of the self-dual connection A; from S4.

The construction just outlined associates to each point (v, p,A) € P(zo) x
Hom™*(SU(2); G) x (0, 1] a homotopy equivalence, T[, p, A, from &' (k,n) to
AB'(k+ c(G),n). Since the parameter space P(zo) x Hom*(SU(2); G) x (0,1)
is connected, any pair of these homotopy equivalences are homotopic through
homotopy equivalences.

It follows from calculations in [20] that for any fixed b € &' (k,n),

(2.3) a(T, p, Al (b)) = a(b) + & (A?).

Equation (2.3) implies that arz < az for every homotopy invariant
(rel B! (k,n)) family of compact subsets of &’ (k,n).

The aforementioned calculations also show that for fixed b, it is possible to
choose « and p in such a way that when ) is sufficiently small,

(2.4) a(T{, p, AJ(b)) < a(b).

Unfortunately, there are obstructions to choosing (v, p, A) to vary continuously
over a compact set U C #'(k,n) in such a way that (2.4) will hold for all
points b in U.

Notice, however, that if (2.4) is obeyed for a given (v, p, A) and b € &' (k,n),
then it will hold for all &' in some small neighborhood of b. For a given compact
U, one can find a finite set {(~, pi, \i) }i<n such that for any b € U, there
exist an index ¢ for which (2.4) will hold for (v, p,A) = (7, ps, As). There is
no loss of generality in requiring that the points {v;(1)} C M be distinct, and
that for 7 # 7, (A; + A;) < const - dist(;(1),v;(1))-

Now, allow each A; to be a continuous function on &’ (k,n) with values in
(0,1]. To determine the behavior of the function A;, put (v, p, A) = (7, pi, As)
in (2.3). When the correction term is positive for a given b € %’'(k,n),
require that A;(b) be very small. When the correction term in (2.3) is slightly
negative, make A;(b) relatively large.

By requiring the variation in the functions A;(-) as described above, a ho-
motopy equivalence Ty : &' (k,n) — F'(k+c(G)- N,n) has been constructed
which has the property that the supremum of a on the given compact set U
is strictly greater than said supremum on T'(U).

A constant z < 1 can be derived from the group G and from the properties
of the Riemannian metric on M with the following property: Choose ¢ > 0.
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Let U € %'(k,n) be a compact set. With a little care (see §4 and Propo-
sition 4.2), an integer N < oo and a homotopy equivalence Ty : &' (k,n) —
AB'(k+c(G)-N,n) can be found with the property that Ty maps &/ (k,n) into
By (k +¢(G) - N,n). Also,
(2.5) sup a < z-supa+e.

T(U) U

This last equation has the following implication (Proposition 4.2): Given
e > 0, and a homotopy invariant (rel %/ (k,n)) family of compact subsets
of #'(k,n), 3§, there exists N < oo, and there exists a homotopy
equivalence T: %' (k,n) — &B'(k + c¢(G) - N,n) which maps %/ (k,n) into
By (k + ¢(G) - N,n), and there exists a compact set U € TF which lies in
‘@’.’/e(k + C(G) “N, 77)'

On S* with its standard metric, the facts in the preceding paragraph imply
Theorems 1 and 2. Indeed, the pointwise positivity of a part of the Rieman-
nian curvature tensor (as a section of End(P_ /\2 T™*)) can be used to construct
€0 > 0 (which is independent of k and 7n) together with a strong deformation
retraction of &/ (k,n) onto 9'(k,n). This deformation is a somewhat refined
version of one which is constructed in [22]. (In [22], the ¢ > 0 which defined
the domain of the retraction was not independent of the Pontrjagin class of
the bundle.)

In the general case, there is typically no retraction of all of %/ (k,n) onto
M (k,n) when € > 0. As in [21], the obstruction to constructing such a re-
traction can be thought of, locally, as a vector bundle over &/ (k,n) which
can be identified, over a small open set in %/ (k,n), with the vector bun-
dle whose fiber at [A, h] is spanned by the L2-eigenvectors of the operator
P_da(P-da)*: C®(P-Q%(Ad P)) — C*>°(P-Q?%(Ad P)) with small eigenval-
ues (see §§1-3 of [21]). Indeed, if [A, h] € B/ (k,n), and if [A+a, h] € DV (k,n),
then a € C°(Q2!(Ad P)) must obey the differential equation

(2.6) P_dpa+P_(aNa)+ P_-F4=0.
The obstruction to inverting the operator
P_dy: C®(Q(AdP)) — C®(P-Q?*(Ad P))

are precisely the elements in the kernel of P_d4(P-da)*. Since (2.6) is non-
linear, one finds all eigenvectors with small eigenvalue (small is determined
by the L%-norm of P_F4) to be obstructions.

The local vector bundle structure for these obstructions is a consequence of
the fact that the L2-eigenvalues of P_d4(P-d4)* vary continuously with the
orbit [A, h] (see §5). Thus, if 4 > 0 is not an eigenvalue of P_da(P-da)", then
p is not an eigenvalue of P_da/(P-d/)* for any [A’, h’] which is sufficiently
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close to [A,h]. For each u € (0,1], one can define the open set U(u) =
{[A, h]: wisnot an eigenvalue of P_d4(P-d4)*}. Over each such open set, one
has the finite-dimensional vector bundle, U(u), whose fiber over [A, h] € U(u)
is the span of the eigenvectors of P_da(P-d4)* with eigenvalue less than
w. If p < ¢, then over U(u) N U(u'), there is the natural vector bundle
inclusion p(u, u'): V() — B(u'). For any 0 < p1 < 1, the family of open sets
{4(1)} ue(p1,1) form an open cover of Z'(k,n).

The equations for self-duality naturally define €y, g3 > 0, and, for u €
(p1,1), a section s, of V(u) over U(u) N F/ (k,n). The numbers ¢y and p;
are independent of (k,n). The construction of s, is described in §5. The
set {8, }ue(u,,1) has the property that over U(u) NU(K'), 50 = p(u, u') - 5.
Furthermore, if [A, h] € U(u) NV (k,n), then s,([A, h]) = 0.

From the {s,},e(4,,1), @ smooth homotopy of %’ (k,n) is constructed in §5
which maps %/ (k,n) into %, . (k,n) for fixed z < oo, which fixes I (k, ),
and which homotopes [, (,, 1)5x ' (0) onto 9 (k, n).

The formal codimension of a connected component of s, '(0) N %, (k,n)
is equal to the dimension, for fixed [A,A] in that component, of the span
of the L2-eigenvectors of P_ds(P_d4)* with eigenvalue less than u. This
dimension is bounded a priori, given the group G and the Riemannian metric;
a fact which indicates that the inclusion of s, *(0) N %/, (k,n) into &/ (k,n)
is responsible for more and more of the topology of %, (k,n).

Such an a priori dimension bound is established in the Appendix. There,
operators of the form

V*V + R: C* (Hermitian vector bundle) — C* (Hermitian vector bundle)

are considered when V is a metric compatible connection, and R is a section of
the associated bundle of endomorphisms. The principle result in the Appendix
is a proof of the assertion that the dimension of the span of the L2-eigenvectors
V*V + R with eigenvalue less than some E < oo is bounded a priori by a
function of the Riemannian metric, of £ and of the L2-norm of R. A similar
result was announced by Berard and Besson [4] using a theorem of Cwickel-
Lieb-Rosenbljum [18].

Let b = [A,h] € B (k,n) be an orbit which is not in s,"(0). (One
knows a priori that ||s,(b)||L2 is @(e).) Fix a point (v,p,A) € P(zo) X
Hom*(SU(2); G) x (0,1). As discussed, such a point determines a homotopy
equivalence T(y,p, \]: Z'(k,n) — B'(k + ¢(G),n). For small ), one can
compare s, (T[7, p, A](A, h)) with s,([A, h]). The calculations generalize cal-
culations in [21].

The calculations are tractable for the following reason: For a large open
set of 4 € (u,1), the homotopy equivalence T'[v, p, A] defines an isomorphism,
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which is an isometry to @(A?), between the vector space V()| (4,5 and
the vector space B(u)|7[y,p,r(4,n)- The isomorphism in question is con-
structed by exploiting the two facts. The first is the fact that the orbits
[A, h] and T[v, p, A](A, h) have a canonical identification on the exterior of a
ball of radius A about (1). The second is the fact that the L2-eigenvectors
of P_da(P-d4)* with eigenvalue less than 1 obey (k,n)-independent a pri-
ori estimates when [A, h] € B (k,n). So, a linear map from V()| (4,4 to
B(1)| T(4,0,7](4,n) is obtained by first deforming a given eigenvector (section
of P_Q)2(Ad P)) to be zero near ~(1). Second, identifying the vector bundles
P_Q%(Ad P) and P_-Q%(Ad P') in the complement of ~(1). Finally, project
onto V()| T(y,p,7](4,) With the LZ%-orthogonal projection (see §6).
The calculation yields the identity

(T, 0, (A, 1) = Tl 9, 2] (514, ) + X2 (3, 5[4, )

+ A5/2 ) 6(’7, P, ’\’ [A’ h]))7
where r(v,p;[A,h])* is the adjoint of a linear functional, r(~,p;[A,h]):
B(u)| (a,n) — R which is defined as follows: The choice of a fiducial frame fo
for T*M| ;, identifies P_T*M| 5, with su(2), the Lie algebra of SU(2). Simi-
larly, the choice of h € P|,, identifies Ad P|, with g. A unit length vector
w(p) in P_Q2?(Ad P)| 4, is then defined by the homomorphism p. Parallel
transport of w(p) along ~ via the Levi-Civita connection and the connection
A defines a unit vector in P_Q?(Ad P)| (1). Finally, the linear functional r is
obtained by evaluating an eigenvector at (1) and then contracting with this
unit vector. The A%/2 . ¢() term in (2.7) is a uniformly bounded correction
term.

Let {7, }o=1° be an orthonormal basis for su(2). A linear algebra argument
shows that m-points {p;} € Hom"*(SU(2);G) can be found so that the map
T: (0,00)™ — g ® su(2) which assigns tot=(t1, - ,tm)

(2.8) ZZtJ i * (Ta) ® Ta)

j=la=1

(2.7)

is a surjection from a compact set onto a neighborhood of 0 in g ® su(2).

This last fact, plus the uniform a priori estimates on the eigenvectors which
span U(u), and the uniform bound on their number allow the construction,
from a compact set U C &/ (k,n), of N < oo points {(v;, pi)} and N smooth
functions {\;(:): &’'(k,n) — (0,1)} with the following properties: First, the
endpoints {v;(1)} are distinct, and |X;(-)+A;(-)| < dist(~(1),7;(1)) for 7 # j.
Second, for each b € U and for each u € (u;,1),

N
(2.9) 0=s5,(b) + Z(/\j(b)2 T (V,050)" + X5 (1) - €547, £, A (1), 0)).
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Third, the data {(~;, p, Ai(-))} defines a homotopy equivalence T': &’ (k,n) —
#B'(k+c(G)-N,n) which maps %/ (k,n) into &, (k,n) with z independent
of U and (k,n). These observations are made in §6.

Due to (2.9), the map T sends U into U,¢(,, 1) 5, '(0). This last observa-
tion essentially completes the proofs of Theorems 1 and 2. The final arguments
are given in §7.

The next section provides a short summary of background facts which will
be assumed, and an introduction to the notation which will be used in this
article.

3. Preliminaries

A proper beginning introduces the minimal notation and background mate-
rial which a reasonable reader might require. This section presumes to serve;
the reader is also referred to [22] and to [13].

It is convenient to consider the affine space & (P) of smooth connections
on a principal G-bundle P — M as a dense subset of the affine Banach
manifold, A(P), of L2-connections on P [13]. The gauge group & (P) of
smooth automorphisms of P is a dense subgroup of the Banach Lie group,
®(P), of L% automorphisms of P. The group &(P) contains the pointed L2-
gauge group Bo(P) = {g € &: g(s) = 1}. Suppose that P has characteristic
classes (k,n). Then, as described in [13], B'(k,n) = B'(P) = A(P)/G¢(P) is a
smooth Banach manifold with an L2-Sobolev space for its model. Alternately,
fixing a base point zo € M identifies B’ (k,n) with (A(P) X P|,)/®(P). The
projection m: A(P) — B’(k,n) defines a principal &y (P) bundle.

Let B(k,n) = B(P) = A(P)/S(P) be defined as a topological space with
the quotient topology. It is not quite a Banach manifold; but denote by
R(P) the infinite codimensional set of reducible connections on P and let
A (P) = A(P)\R(P). Then, B! = A'/& is a smooth Banach manifold and
the quotient map 7: A — B defines a smooth principal &/Center &-bundle
over B, and the projection B’(k,n7) — B defines a principal G/Center G
bundle over BF.

In most of this article, the distinction between 2 and &, B’ and %', or
B and & will be irrelevant to the arguments, so the spaces will generally not
be distinguished.

For g € {0,1,--- ,4}, let Q9(Ad P) denote the vector bundle Ad PQ A\? T*.
Fix a smooth connection Ap on P. With A = Ao, one defines the L}-Sobolev
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norm on 9(Ad P) as follows: For a section 9 set

k .
(3.1) ]2, = /M S IvQup,
7=0

where V 4 is the covariant derivative from the connection A on P and from
the given Riemannian metric’s Levi-Civita connection on tensor bundles that
are constructed from the tangent and cotangent bundles of M. In (3.1),
Vg) = V4...V4, a total of j-times. The norm above is defined with the
metric on Ad P which comes from the Killing metric on g and with the metric
on the tensor bundles which is induced by the standard Riemannian metric
on the tangent bundle of M.

Let L?(Q9(Ad P)) denote the Banach space which is obtained by com-
pleting the space of smooth sections of (29(Ad P) in the norm of (3.1). (A
different choice of smooth connection in A(P), or a different choice of met-
ric with which to define the norm in (3.1), will yield the same Banach space
but with an equivalent norm.) Thus, for smooth A, V4: L2(Q¢(Ad P)) —
LZ_,(Q9(Ad P) ® T*M) is a bounded operator. For A € 2(P), this is only
true for k =1,2,3.

The choice of metric on TM also allows for the definition of the formal
L? adjoint of V 4, the operator V% which sends LZ(29(Ad P)  T*M) to
L%_,(99(Ad P)). For A € A(P) such is the case only for k = 1,2,3.

The choice of a smooth connection A € A(P) defines the covariant exterior
derivative d4: L%(Q9(AdP)) — Li_,(Q9*1(AdP)). The fixed metric on
TM allows the definition of the formal L? adjoint of d 4, this is the operator
d%: L3(Q4(Ad P)) — Li_,(Q91(Ad P)). Again, if A € A(P), then such is
the case only for k = 1,2, 3.

The metric on TM defines the self-dual, P,, and anti-self-dual, P_,
projections on Q%(AdP). These decompose Q2?(Ad P) as Py0%(AdP) ®
P_Q%(Ad P).

For a connection A in 2(P), its curvature F4 is in L2(Q%(Ad P)). Thus,
the functional a in (2.1) is finite on B(k,7n), and one can check easily that it
is a smooth functional on %8'(k,7) and on B*(k, ).

In studying the geometry of B’(k,n) or B(k,n), it is convenient to intro-
duce various infinite dimensional vector bundles over B’(k,n) whose fibers
are Banach spaces of sections of Ad P-valued differential forms. Define 07 —
%8'(k,n) to be the vector bundle (A(P) x P|z, x L3((?(Ad P)))/®&(P). One
also defines vector bundles (A(P) x P|,, x L(P+Q%(Ad P)))/G(P) over
B’(k,n). Note that these vector bundles are the pull-backs of the obvious
vector bundles over B (k, 7).
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The vector bundle TP has a convenient fiber metric: Let u = [A, h,v] and
v = [A, h, 9] be a points in VP over [A] in B'(k,n). Then, set

(3.2) (v = /M{mw, Vav) + (4,0)}.

The assignment of b € &* to (-,-), defines a smoothly varying metric and
associated norm (||-||s) on the vector bundle UP. This fact is a straightforward
application of the 4-dimensional Sobolev inclusion L? — L* together with
Kato’s inequality. Recall that Kato’s inequality asserts that for a L2

1,loc”
connection, A, and for an Lfyloc — Ad P valued differential form, %, one has
(3.3) |Vav| > |d|¥|| almost everywhere.

This inequality implies (see (2.14) in [20])

(3:4) I19l1% = IVavlIZ2 + 1972 2 20- (nwu% + sup [1dist (-, z)~* -¢|Iiz) ;

with 2y depending only on the Riemannian metric on TM.

The affine structure of the space of connections induces a smooth map
f:0* — B'(k,n) which is the canonical projection when restricted to the
canonical zero section of U!. This map sends v = [A4, k,¥] to f(v) = [A+, h).

One final piece of notation: An L2-connection on a principal bundle P —
S% is called centered when

(35) [ 671 i) 1@ Falw) -ty =0 € R,

where ®: R* — 5S4\ {south pole} is the inverse to a stereographic projection
(see §3 of [22]).

4. The topology of %B'(k,n) for large k

The main purpose of this section is to analyze how the topology in B'(k’,n)
behaves as k increases; specifically, this section contains the proofs of Propo-
sitions 4.1 and 4.2 below.

Proposition 4.1. Let G be a compact, simple Lie group. Then, there
exists an integer ¢(G) > 0 with the following significance: Let (k,n) € Z X
H?(M;7(G)) be admissible as characteristic classes for a principal G-bundle
over M. Then (k£ c(G),n) is admissible as characteristic classes for a prin-
cipal G-bundle over M, and there is a homotopy equivalence between B’ (k,n)
and B'(k + ¢(G),n). Given a smooth function f: B'(k,n) — (0,00), there is
a homotopy equivalence 6: B'(k,n) — B'(k + ¢(G),n) which has the property
that a(6(b)) < a(b) + f(b) for any b € B'(k,n).
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Since the space of relative homotopy equivalences between (%'(k,n),
B5(k,n)) and (B'(k+c(G),n), B, 5(k +c(G),n)) may not be connected, one
must be careful when identifying the relative topology in (B'(k,n), 85 (k,n))
with that in (B'(k + ¢(G),n), B, s(k + ¢(G),n)). Such an identification can
be made once a homotopy class of homotopy equivalences is specified. Sup-
pose that § is a homotopy invariant family of compact subsets of B’(k,n)
(relBj(k,n)). Let T: B'(k,n) — B'(k + ¢(G),n) be a homotopy equivalence
which maps Bj(k,n) into B/, ;(k + ¢(G),n)). Then no ambiguity arises by
defining T'§ to be that homotopy invariant (rel®’, ;(k + ¢(G),n)) family of
compact subsets of B’(k+¢(G), n) which consists of the compact sets U of the
form ®(1,7(V)), where V € §, and where ®(-,-): [0,1] x B'(k + ¢(G),n) —
B'(k + ¢(G),n) is a continuous homotopy (rel B, s(k + ¢(G),n)).

It will be implicit in this article that any equivalence between B'(k,n)
— B'(k + ¢(G),n) will be chosen from a specific, connected space, ¥, of
homotopy equivalences. Any such equivalence which maps Bj(k,n) into

'..s(k + ¢(G),n)) will be chosen from a connected subspace, T(6,z2 - §), of
homotopy equivalences which is connected as a space of homotopy equiva-
lences which map Bj(k,n) into B, s(k + ¢(G),n)). With this understood,
there is no ambiguity in writing §(1) for 7§ when T € ¥ (or (6,2 - 6)),
and when § is a homotopy invariant family of compact subsets of B'(k,n)
(rel B5(k,n)). A specific, connected set, %o, of homotopy equivalences be-
tween B’(k,n) and B'(k + ¢(G),n) is constructed for the proof of Proposition
4.1; and the space ¥ is the space of all maps from B’(k,7n) to B'(k + ¢(G),n)
which are homotopic to those in Tg.

Proposition 4.2. Let (ko,n) be admissible characteristic classes for a
principal G-bundle over M. Fix € > 0. Let § denote a homotopy invari-
ant family of compact subsets of B'(ko,n) (rel BL(k,n)), and for each inte-
ger j > 0, let F(j) = T;(Tj-1(...T1(3)...)) denote the homotopy equiva-
lent, homotopy invariant family of compact subsets of B (ko + ¢(G) - 7,7m) (rel

% (k+¢(G)-7,m)). Here Ty: B' (ko +¢(G) - (k—1),n) — B'(ko +¢(G) - k,n)
is a homotopy equivalence in T((1+ (k —1)/j) -€, (L +k/j) -€). For each 7,
deﬁne az(j) by (22) Then Az(5+1) < az(y) and lim]-_.oo az(5) <2-e.

Proof of Proposition 4.1. Let Py — M be a principal G-bundle with charac-
teristic classes (k,n). Let Py — S* be a principal SU(2)-bundle with charac-
teristic number k = £4. (In fact, P+ — S* is topologically the Hopf fibration
S7 — S%. Let H denote the quaternion algebra, and think of S as the unit
sphere in HZ. Think of SU(2) as the group of quaternions with norm 1. Then
SU(2) acts freely on S7 by the right or the left action; depending upon one’s
convention, one action gives P, and the other gives P_.) Let ¢: SU(2) = G
be a group homomorphism which generates 73(G). Let P, = P+ x; G. By
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gluing Pg, to Py as specified in §4 of [22] or §6 in [20], one obtains a principal
G-bundle with characteristic class (k + ¢(G),n), where
¢(G)=4x sup (ix0,i%0)g/(0,0)su(2)
o€su(2)
and (-,-)g is the Casimir inner product on g (see [2]). This proves the first
assertion of the proposition.

Let [A; = A4] € B(Py) denote the unique orbit of a centered (in the
sense of (3.5)), self-dual connection on P; or anti-self-dual connection on
P_; here, self-dual is with respect to the standard metric on S%. (See [2]
for a proof of the uniqueness of this orbit.) In a natural way, [A4] defines
an orbit in B(Pg_ ) since there are natural maps of pairs (A(Px),®(P+)) —
(A(Ps4),8(Pgs,)) which commute with the group actions. Choose a point
[A1,h1] in (A(Ps,) X Pg.|s)/®(Pc,) over [A;]. Here, s = south pole.

Let 2o € M be the base point. Fix a frame fo € Fr M|, and a smooth
path ¢ € P(zo) (as defined in §2). Choosing smooth function ¢(-): B'(k,n) —
(0,1/8] and s(-): B'(k,n) — (0, 1] allows the definition of a map

(4.1) 0+ =0(t, S)i: %'(k,?]) — %,(k +¢(G),n).

The map 6 is defined to send [Ag, ho] € B'(k,n) to [A(w), ho], where A(w) is
a connection on a bundle P(w) — M with characteristic classes (k£ ¢(G),n).
Here, w = [[Ao, ko), fo, ¥, $([Ao, ha)), t([Ao, ko)), [A1, ha]].

The bundle P(w) and the connection A(w) are defined as follows: Parallel
transport fy along ¢ using the Levi-Civita connection to define a frame f in
Fr M| ; where z = p(1). The frame f defines a Gaussian coordinate system on
a ball B in M which is centered at z; use this coordinate system to identify the
ball with its image in R4. Parallel transport hq along ¢ using the connection
Ao to define a point h in P|,. Then, parallel transport h along the radial
geodesics through z to define a section @(Ao, ho, ) of P|pg. This section
identifies P| g with B x G.

The inverse to stereographic projection, ®: R* — S4\s, defines a conformal
diffeomorphism. Use this to pull A; back to R* as a self-dual connection on
®*P;, . A positive number, A, defines a conformal diffeomorphism of R* by
pulling back the coordinate functions, y, to A\*y = y/A. For A > 0, A\*®*A; is
a self-dual connection on \*®*FPg, .

Let A = s(Ao, ho) - t(Ao, ho). By parallel transport of h; by the con-
nection A\*®*A; along the radial geodesics through the south pole on S, a
section ¢(Ay,h1,A) of \*®*Pg, | ra\o is defined; and thus, an identification
of \*®*Pg | re\o with R*\0 x G is made.

Let () € C*°([0,00),[0,1]) obey B(r) = 1 if r < 1/2, and B(r) = 0 if
r> 1. For p > 0and y € M, set B,(y) = B(dist(y, z)/p).
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Define (P(w),A(w)) as follows: If dist(z,-) < A/2, identify P(w) with
A*®*Pg, | r+ using the Gaussian coordinate system, and set

(4.2a) A(w;t) = A* D" A;.
If dist(z, ) > A/t, identify P(w) with P and set
(4.2b) A(w,t) = Ao.

If \/2 < dist(z,-) < A\/t, identify P(w) with the trivial product bundle, and
set

(4.2c) A(w,t) =T+ (1—Fsr) (Ao, ho, 0)* Ao+ Br/t - #(A1, b1, A)* A" ®* Ay,

where T is the product connection.

It is a straightforward task to check that the assignment of [Ag, ko] to
[A(w), ho| defines a smooth map from &' (k,n) — B'(k+¢(G),n). However,
the map is continuous from B’(k, ) to B'(k + ¢(G),n) only if the former has
an L2 -topology and the latter has an L2, _;-topology.

By specifying a mollifier, one can smooth the section ¢(Ag, ho, ) over B
but still approximate ¢(Ao, ko, ) to any desired order in the L2 -topology.
The closeness of the approximation can be allowed to depend on [Ag, hg); for
the second assertion of Proposition 4.1, such an [Ag, ho]-dependent smoothing
is required. (See below for an extended discussion on a different approach to
smoothing connections.)

After smoothing ¢(-,), a smooth map is obtained from ®B'(k,n) —
B’ (k + ¢(G),n) when both domain and range have the same L2,-topology.

A slight modification of the arguments in §6 of [20] proves that the com-
positions 64 o #_ and f_ o 0, are both homotopic to the identity. This fact
implies the first assertion of Proposition 4.1.

By choosing the [Ag, ho] dependence of the functions s(-) and ¢(-) and
the mollifier appropriately, one can obtain a homotopy equivalence which
accomplishes the requirements of the second assertion of Proposition 4.1. This
fact is implied by Proposition 6.1 in [20].

The proof of Proposition 4.2 requires finding sets in § which obey a priori
estimates. For this reason, the following digression on smoothing of connec-
tions is required.

A given connection will be smoothed on a ball B(z,r) C M of radius 7 and
center z; the connection is smoothed by smoothing the connection 1-form as
defined with respect to a particular trivialization of the bundle over the ball.
This can be accomplished with a mollifier, as in the proof of Proposition 4.1,
but for the proof of Proposition 4.2 it will be accomplished by replacing the
connection 1-form by the solution of an elliptic, differential equation. The
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elliptic equation will provide the necessary a priori estimates. The equation
in question is the variational equation of a smooth functional on the Hilbert
space H(z,r) = {v € L}(Q(Ad P)| B(z,r)): V| 9B(z,r) =0}

Define the Banach space
K((SIJ,T) = {0, € Lf(T*B(JI,T) xg: IIVFGII%Q;B(z,r) + ”a”%?;B(z,r) e

4.3
(43) and which satisfy dra = 0 and t3(, ,)(*a) = 0}.

Here, I is the product connection. For each a € K (z,r), a smooth functional
on H(z,r) is defined by sending v € H(z,r) to

(4.4 )= [ PPl ol - dvl.

Lemma 4.3. Let M be a compact, Riemannian manifold. There exist
10, € € (0,1] and z < co with the following significance: Let x € M, and let
r <rg. For each a € K.(z,r), define the functional 5,(-) on H(z,r) by (4.4).
This functional has a critical point, vg(a), which is an absolute minimum, and
15 unique in having the following properties:

(1) For all

t €[0,1], |P-Friativollie.pier) < 8altvo) < |P-Frialie;ps,),
and the right-hand inequality is an equality for t € (0,1] if and only if vy = 0.
(2) ”VFUOH%'-’;B(z,r) + ”00”%2;3(1,1‘) < z-||Vsal v=0||%§*;3(z,r)‘
(3) I I1P-Frtatvolliz;pa,r2) < 5I1P-Frtalllepa,r 2y then
IP-Friatvolltz,par) < (1+2-€%) - [IP-Frialll2;p(,n)
— %&IP-Frialllz,5(zr/2)-

(4) The g-valued 1-form a + vo(a) is smooth in the interior of B(z,r), and
for each m > 0, there exists £, < 0o which is independent of A, r, and = and
18 such that when y € B(z,3r/4), then

IVE™ (@ + v(@)|() < &m v 2 llall3;5a.m)-
(5) Wheny € B(z,3r/4), then
|P-Frtatv@)|(¥) + 7 Ve P-Friatu@)|(y) < €0 77 2|P-Fato(a) 2B

(6) The assignment of a 1-form a to vo(a) € L2(Q'(AdP)) defines a
smooth map from K.(z,r) to H(z,r). In addition, of v € G, then
vo(u-a-u™l)=u-vg(a) ul.

Proof of Lemma 4.3. The existence of a unique critical point of s,(-) in
H(z,r) which obeys assertions (1) and (2) is a straightforward application
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of the contraction mapping principle, since one can consider the variational
equation for s,(-) as the following fixed point equation for vg:

(4.5) vo = —(P_diP_dr + drd})5 " Vse| v—o — R(a, vo).

Here (P_dP_dr + drd})y " is the Dirichlet inverse. (See, e.g., the proof of
Proposition 8.2 of [22].)
For the proof of the third assertion, suppose that
||P—Fr+a+00”%,2;B(a:,r/2) < %“P-FF'HZH%Z;B(I,T/Z)'

Expand Frig+v, = Fr+a + dr+avo + vo A vo. Thus,

(P_Frya, P-dria%)L2,B(z,r/2) 2 § |P-Frtalliz,(z.r/2) =7 Ivoll 14, B(zr/2)»

which implies that

IP-dr+avoll2,5(e,r/2) 2 & - 1P-Fr+allle;Bar/2) = 2 100l 14,B(a,r/2)-

This last equation implies that

”P—dr'!'av()“%Z;B(x,r) 2 % : ”P—Fr'i'a"%,z;B(z,r/Z) -z ”UO"%“;B(I,T/Q)'

Meanwhile, the variational equations which vg satisfy imply that

—(P_Fria, P_dr1a%0)12;B(z,r) 2 IP-dr4avolli2,p(z.r) = 2 - V0ll7e,B(zm)-
These last two equations imply that
IP-Friatvolliz,Bz,r) < I1P-Frialliz,ear)
- 1L6 ’ ”P—FF+¢1”%7;B(:£,7/2) tz- II’UO”‘;,“;B(I,r)'

Finally, the preceding equation with assertion (2) yields assertion (3).

The a priori estimates in assertion (4) are standard (see [17, Chapter 6]
and the discussion in §9 of [22]). As for assertion (6), the continuity of the
assignment of vg(a) to a is a consequence of the inverse function theorem
applied to (4.5). (The argument here mimics the proof of Lemma 8.6 of [22].)

For the proof of assertion (5), look at the variational equations which are
satisfied by a’ = a + v(a). Using the Bianchi identity, these can be put in the
following form:

&y o (P-Frya) + drdpa’ =0.

Differentiate this equation to obtain the second order equation
P_dr(driq (P-Fria)) =0.
By commuting derivatives, rewrite the preceding equation as

(46)  ViVR(P_Frie)+R-P_Frye + P_di(la', P-Fria)) = 0.
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In (4.6), R denotes a particular linear combination of the components of
the Riemann curvature of the metric on TM; here, this curvature acts as an
endomorphism of P_ A\® T*M (see Appendix C of [13]).

Using assertion (4) of Lemma 4.3, the estimate in question follows from
(4.6) with the standard techniques in [17, Chapter 6.

To apply Lemma 4.3, recall that Uhlenbeck [23] gives ko > 0 with the
following significance: Let P — M be a principal G-bundle and let [A] € B(P)
be given. For € € (0,x0), suppose that z € M and r > 0 are such that

4.7 a(A;z,r) = / |[F4|? - dvol < .
B(z,r)

There exists a trivialization ¢: B(z,7) X G — P| g(q,r) such that the g-valued
1-form a(A) = p*A — T obeys
(1) dra=0,
(4'8) (2) 2'gB(:r:,r)(*a) = 0’
(3) ”VFG‘”?F;B(Lr) + “a’”%'-’;B(z,r) <z- ”FA”2LZ;B(I,T)‘
Here zg is independent of A, z, and r.

The arguments in the proof of Lemma A.1 in [20] can be used to prove
that the trivialization ¢ is unique up to ¢ — ¢ o u, where u € G acts on
B(z,7) x G as a constant gauge transformation. This last fact implies the
following lemma.

Lemma 4.4. Let M be a compact, oriented Riemannian 4-manifold.
There exist rg > 0 and ¢g > 0, and for each integer m > 0, there exists
&m < 00, and these have the following significance: Let x € M, and let
r € (0,70) and € € (0,¢0). Let P — M be a principal G-bundle, and let
B (P;z,r) = {[A] € B(P): (4.7) holds}. There ezists a smooth, a-decreasing
homotopy ¢,y = ¢: [0,1] x B'(P) — B'(P) which induces a homotopy
@: [0,1] x B(P;z,7r) — B(P;z,r) with the following properties: First, if
[A] & B(P;z,7), then &(t,[A,h]) = [A,h] for all t € [0,1]. Second, for
each (t,[A]) € [0,1] x B(P;z,7), ¢(t,A) = [A +t- B(a(A;z,7)/€) - v(A)],
where a(A;z,r) 1s given by (4.7), and where B(-) € C*((0,00),[0,1]) is iden-
tically 1 on [0,1/2] and vanishes identically on [1,00). Here [A,v(A)] defines
a smooth section of the vector bundle A(P) x¢(py L}(' (Ad P) — B,(P; z,7)
which obeys the following:

(1) The support of v(A) is in B(z,7) and |[v(A)|% < & - IVaall%, gz
where ||Vaalla;B(z,r) 18 the norm of the restriction of Vay to the subspace of
L2(QY(Ad P)) with compact support in B(z,r).

" (2) If"P—Ep(l,A)”%2;3(35’,/2) < %”P‘—FAH%Z;B(IJ/Q) for[A] € Be/2(P;z,7),
then

“P—Flﬁ(lvA)”%?;B(z,r) < (1 +Z'€2) ’ ”P"FAIIiz;B(z,r) - % : ”P—FA"%,z;B(x,r/ﬂ'
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(3) For [A] as above, when y € B(z,3r/4), then |V;'?1),A)F¢(1,A)|(y) <

Em - rmm=2. IlFA”L2;B(a:,r)-
(4) For [A] as above, when y € B(z,3r/4), then

|P_Fy1,4)|(y) + 7 |Vg(1,4) (P-Fp(1,0)|() < &0 - 772 |P-Fy(1,4)l|22;B(2,1)-

Lemma 4.4 is somewhat unsatisfactory vis-a-vis its application to the proof
of Proposition 4.2. The condition for appeal to Lemma 4.4 is a condition on
the L2-norm, over the ball, of the total curvature. The proof of Proposition
4.2 requires a condition on a norm over the ball for only the anti-self-dual
part of the curvature. This problem is circumvented with

Lemma 4.5. There exists ¢ > 0 with the following significance: Let
M be a compact, Riemannian manifold with boundary. Let P — M be a
principal G-bundle; let § > 0 be given, and let U C B(P) be a compact set of
orbits such that ||P_Fa||%2, > 6 for all [A] € U. Fiz e > 0. For anyr >0
sufficiently small, there exists a set of disjoint balls {B(z[j],7) C int(M)}
with the following two properties: (1) For each j, U C B¢(P;zl[j],r); (2) For
each [A] € U,

Y NP-Falizaiiyrz) 2 - |1P-FallZe.
J

Proof of Lemma 4.5. For r much less than the injectivity radius of M,
define a lattice I'(r) C M to be a set of points in int(M) with the following
properties:

(1) For any pair of disjoint points z,y C I'(r), dist(z,y) > 2-r.

(2) Every point in M has distance less than 4 - r from a point in I'(r).

(3) dist(OM,T'(r)) > 2-r.

Construct a lattice I'(r) and let T'(r) = {z[j]}. Observe that the set of balls
{B(z[j];4 - r)} forms an open cover of M.

Next, let f € L#(M) and consider u(z) = ||f||12,8(zr) as a function of
z € M. Observe that u is Lipschitz, and

|du|(z) < ||df|lL2;B(.r)-
Thus, for each j,

I fllL2;B(zls).r/2) 2 20 - 1Sl L2;B(as].ar) — 21 - 7 - |df | L2;B(al5),4r)

with 2p, 2z; independent of f, z and r. Now, sum both sides of this last
equation over the set of points in I'. The result is the following inequality
with constants zg > 0 and 2; < oo:

(4.9) Y W lezBeer2 = 20 1Lz — 217 ldf || L2
J
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Consider the compact set U C 9. The compactness of U insures the
existence of rg > 0 with the property that U C B(P;z,r) for any z € M and
r < rg. The compactness of U also insures the existence of 23 < oo with the
property that [|d|Fal||L2,m < 2z for any [A] € U. Lemma 4.5 follows from
these last observations with (4.9).

Before beginning the proof of Proposition 4.2, it is necessary to digress and
discuss a modification of the construction of the map 64 in (4.1). To begin, let
ko > 0 be the minimal, nonnegative integer for which (kg, n) are admissible as
characteristic classes for a principal G-bundle P — M. The modification to
the map 0 involves replacing the connection A(w) in (4.2) by the connection
A’(w) which differs from A(w) in the ball B(z,4 - A/t) (recall that A =t - 5).
In this ball,

(4.10) A'(w) = A(w) + v(w).

Here, v = v(w) = ﬂ4,\/t-d*A(w)u with u € LZ(P-Q2%(Ad P(w)| B(z,42/t))) Obeys
the following differential equation in B(z,5 - A/t):

P-dp(w) @ )t + P (A () ¥ A Dy ) u)
+ P_FA(w) -(1- Br) - P_F4, =0,

with u =0 on dB(z,5- A/t). The cut-off function 83,(-) is defined after (4.1).

With Ay completely arbitrary, the section u will exist provided that A and
t are appropriate. For the applications below, the constraints on A and ¢
are summarized in Lemma 4.7, below. The existence of u is established by
mimicking the proof of Lemma 5.2, below. Indeed, for an LZ-connection A
on a principal G-bundle over M, and for £ € M and p > 0, define the range
Banach space as the completion of

W(z,p) = {w € L*(P-Q*(Ad P)| p(z.p)):

sup ”diSt(" y)—zw”L‘;B(z,P) < oo}
yEB(z,p)

(4.11)

with metric
(4.12) lwiw = lwllz1;B@e + sup  |dist(-,y) "*wllL1;5(s,p)-
yEB(z,p)

Define the domain Banach space as the completion of
U(A;z,p) = {u€ LN L®(P-O*(Ad P)| p(z,)): =0 an 8B(z,p)}

with the norm
(4.13)

luly = IVaull2;pa, + sup  |Idist(y,) "'V aullL2;p(,p) + sup [u]().
yEB(z,p) B(z,p
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Given w € W(z, p), the solvability of the equation
(4.14) P_da(dyu) + P_(dhiu Adju) +w=0
for u € U(A; z, p) is established by copying the contraction mapping argument
in the proof of Lemma 5.2. The result is summarized in the lemma below; for
the proof, the modification of the proof of Lemma 5.2 is left to the reader.

Lemma 4.6. Let M be a compact, oriented, Riemannian 4-manifold.
There exists po, €0 > 0 and 29 < oo with the following significance: Let G be a
compact Lie group, and let P — M be a principal G-bundle and for x € M and
p € (0,p0), let AW (z.p)) = {A € A(P): |P_Falw (z,0) < €0} let We,(z,p) =
{w e W(z,p): |wlwrp) < co}. For A € AW (z,p)) and for w € W, (z,p),
(4.14) has a unique solution u € U(A: z, p) NL3(P-Q?(Ad P| p(5,45/5))) satis-
fying luly < z0-|w|w (r.p). Furthermore, the assignment of (A, w) € AW (z, p))
X Weo(z,p) to u € L3(P-Q*(Ad P| p(s,4p/5))) defines a smooth, &(P)-
equivariant map.

The application of Lemma 4.6 is to (4.11) where A = A(w) and where
p =4-A/t. In this case, additional conclusions concerning u are derivable.
To state these conclusions, it is necessary to construct from the data w =

[[Ao, ko), fo, ©, 5([Ao, hol), t([Ao, hol), [A1, h1]] an isomorphism
X (@, fo, [Ao, hol, h1): P+Q?(Ad Py|g) — P_Q*(Ad Py ).

To define the isomorphism, observe first that an isomorphism, ¢;: Ad P4 |, —
Ad Py| ; is obtained as follows: Send 0 € Ad Py |s to hg - hl"l -o-hy- hal €
Ad Py| z,, and then parallel transport the result using the connection Ag along
the path ¢ to Ad Py|,. Next, fix the inverse stereographic projection map
®: R* - S%\s. Let w € P A2T*S*|,; by parallel transport using a Eu-
clidean metric on S*\n, w defines a section of Py A?T*S4| g4\, and ®*w
defines a section of P, A2 T*(R*\0). Note that

w'= lim |z|* - P_(d|z] A *(d|z| A w))

is well defined. By parallel transport using the Levi-Civita connection along
© the given fiducial frame fy € Fr M| ;, defines a frame f € Fr M| ;, and thus
a Gaussian coordinate system y; from a ball centered at z to R* which takes
z to 0. Thus, an isomorphism i5: Py A2 T*S4|s — P_ AX2T*S4|, is defined
by sending w to y;w’. Finally, set X (o, fo,[Ao, ho], 1) =11 ® %2.

Lemma 4.7. Let G be a compact Lie group, and let M be a compact,
Riemannian manifold. There exist co(G), constants ro(M,G) € (0,1/8) and
20(M,G) < oo, and, given £, &' < oo, there exists ap € (0,1/8) which are
such that the following s true: Let t € M, and let r < rg. Let P — M be a
principal G-bundle, and let [Ag] € B(P;z,r) and all y € B(z,3r/4) obey

|Fag| ()47 |VagFao|(y) < €772, |P_Fao|(y)+7-|VagP-Fa,l(y) < & -r72.
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Let A > 0 and t > 0 be given such that \/r = a € (0,0p) and t € (o, /o). Let
©: [0,1] — M be a smooth path from zo to z, let fo € FrM|g,,
and let hg € P|g,. Set w = [[Ao,ho], fo,,s = At t,[A1,hi]].  Use
(4.2) to construct the connection A(w). Then, the connection A(w) €
AW (z,4- A/t)) and P_Fp(,) — (1 = Br) - P_-Fa, € Wp,(z,p). Construct
u = u(w) € L(P-Q%(Ad P(w)| p(k,ar/1))) a8 given by Lemma 4.6 and (4.11),
and then construct the connection A'(w,t) as in (4.10). Then

1P-Fasu)llie = 1P~ Fa, 72

= ¢(G) - X* - (P-Fa,(2), X(p, fo, [Ao, hol, h1) - P+ Fa, (s))]
Sz (t+ &1+ 0t + & (148" 0/t).

Proof of Lemma 4.7. The assertion that the constants o, Ry, and rg
of the lemma can be chosen so that (A(w), P-Fy(y) — (1 = B)) - P-Fa,) €
AW (z,4 - A/t)) x W, (z, p) follows from an algebraic calculation using the
explicit formula in (4.4) of [21] for the g-valued 1-form a; = A*¢(A1, h1)* Ay
on R*\0. Use said formula with the expression below for P_Fj4(,, on B(z;r).

P_FA(w) — (1 - ,3)‘) . P—FAO
=P_(dBrjt Aar = Brse- (1= Bxrje) a1 Aar —dfr Aao
(4.15) =B (1=Bx)-aoAao+(1-B)
: ﬁA/t - (ag A a1 + a1 A ag))
+ Bx/t * P-Fria,-

By a straightforward calculation, one obtains the following bounds:
|P—Fpw)lw (z,42/2)
<z (/2 € +a% E40t 2 +t2 411
(4.16) +Int'/? - (a® - £ +2%),
|P-Fa@w) — (1= Bx) - P-Faq|w(z,40/1)
<z-(0? E+at 2+ +t1+|Int|Y2- (o € +22)).
Here, a = A\/r. (4.16) gives the first assertion of the lemma.

It is important for future remarks to observe that given ¢ > 0, the constants
o, Rp and 7o of Lemma 4.7 can be chosen so that the left-hand side of (4.16)
obeys
(4.17) |P—Fa(w)lw(z,ar7¢) + (1 = Br) - P-Faolw(z,4n/t) < €

Consequently, u, as given by Lemma 4.6, obeys

(4.18) [u(w) |y (Aw);z,ar/8) < 20 - €.
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The number € will be restricted by requiring, first of all, that
(4.19) IV aywlize + lwllZz < 20 - lldw)wlzz

whenever w € L?(P-Q?%(Ad P(w))) obeys w =0 on dB(z,r).
To complete the proof of Lemma 4.7, it is necessary to generate the asserted
a priori estimates for u; since

IP-Farw)lliz = (1 = B2) - P-Fa,lli»
(4.20) =2 (=P_Fa,,dBsrss Ndpgu+ Byrse - (1 — Barye) - dau Adju) 2

+ || = dBarje Adiau+ Barye - (1 — Barye) - dau Adiyullis,
the estimates start with
Lemma 4.8. The constants ag, Ry and rg, zg can be chosen as in Lemma
4.7 so0 that under the assumptions of Lemma 4.7,

ldhullre + |lullze < 20-(A-t-(1+82)+ €02 A4+ €2.02 A+€-02 A/t +23).

Proof of Lemma 4.8. Contract both sides of (4.14) with u, then integrate
over B(z,4 - A/t) and then integrate by parts. Lemma 4.6 and (4.16) insure
that the constants in Lemma 4.7 can be chosen so that the first term on
the left-hand side of the resulting equation dominates twice the second term.
Then, Holder’s inequality gives

Idaulls < 2 llullzs - [|P-Fallgs.

This last equation, plus (4.19) and (3.4) and some simple algebra, yields the
lemma.
With the estimate from the preceding lemma, one immediately bounds

(P-Fag,Barse - (1= Barse) - diu A dyu) 2] + [|dBarse A dyul|7s
by
20 - (P +t8 4+ €20t 12464 0B 124+ €2 0t 4110t - 1?)
+20.€/.(a2‘t2+€2‘ae+€4‘a10+€2.a6/t2+a6.r4).

To bound the last term in (4.20), introduce a smooth cut-off function 6(-) €
C*°([0,00),[0,1]) which has support in [1/2,1] and which is identically 1 on
the support of df. Let 64/, be the function on B(z,4- A/t) which sends y to
O(dist(y, z)/(4- A/t)).

Consider that (4.14) and (4.11) imply the following equation for v’ =
04)\/t - Ul

(4.21)

P_d g, (dy,u') + P_(d} u' Adjy u)
(4.22) = P_d}, (dfar/e Au) + P—(dBge A dy,u)
+P_(*(dgr/e Au) Ndy u).
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Using Lemma 4.6 and (4.16), one finds that the constants ag, Ry, 2o and rq of
Lemma 4.7 can be chosen so that (4.22) gives an a priori bound on ||d%u’[|$.
by the expression in (4.21). The arguments are practically the same as those
in the proof of Lemma 3.7 of [20] and they are left to the reader (use (3.4)).

To complete the proof of Lemma 4.7, use integration by parts and Lemma
4.8 to obtain

| = (P-Faq,dBarse Ndyu)rz + (P_Fa,,Bars: - P-dadju) 2|

4.23 +2 ob o 5 5
P <3 Pl v e e S ':—3)
With (4.11) for u, (4.23) and Lemma 4.8 imply that

(4.24)

[(=P_Faqy,dBarss Ndau)rz — (P-Fay, P_Fy(y) — (1= B)) - P_Fy,) 12|

1 t2 5 7 a5
520-6"<a3- e S Sre D

t
o® 2 42 2 6, ¢4 10 2_£ 4 6
+r-t—3+a 4+’ + T +HE 72 +7r%-a .
Equation (4.15) is used to further evaluate (4.24); the contribution to

(P—FAoaP—FA(w) -(1- ﬂ)\) 'P—FAO)L2

from all but the first term on the right-hand side of (4.15) is bounded in
absolute value by

(4.25) 20-& (@ t24+¢-a*+ €2 b+ ¢/t + 1 a8/t?).
Finally, the contribution from the first term on the right-hand side of (4.24)

can be estimated by using Taylor’s theorem with remainder to expand P_F4,
about the point z:
[(P-Fao, P_(dBxs Aay)) 2
(4.26) + ¢(G) - (P-Fa,(z), X (9, fo, [Ao, ko), k1) - P-Fa,(s))|
<z-¢- a3/t.
(4.21) and (4.23)-(4.26) complete the proof of Lemma 4.7.

Proof of Proposition 4.2. The first assertion of the proposition is a con-
sequence of Lemma 4.7. To prove the second assertion of Proposition 4.2,
consider a principal G-bundle P — M and a compact set U C B/(P) which
obeys sup 4 pjev IP-Fall}. = 6 > 0. For & < 6, let U(') = {[A,h] €
U: ||P-F4||2. > 6'}. The proof of the second assertion of Proposition 4.2
begins with

Lemma 4.9. Let e¢g > 0 be as in Lemma 4.4. There exist constants €; €
(0,€0) and 21 > 0 with the following significance: Let P — M be a principal G-
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bundle and let U C B'(P) be a compact set which obeys sup| 4 ey |P-Fall}-
=6 > 0. For r sufficiently small, and less than ro of Lemma 4.7, and
for € < €1, tnvoke Lemma 4.5 for the compact set U(6/4). Since the balls
{B(z[5],r)} are disjoint, apply, for each j, the homotopy ¢(s(;)r) of Lemma
4.4 to the compact set U to construct a new compact set, Uy C B'(P), which
18 homotopic in B'(P) to U. This multiple application of Lemma 4.4 gives a
homotopy ¥: [0,1] x B'(P) — B'(P) and Uy = ¥(1,U). The set Uy has the
following properties:

(1) Ui\U1(6/4) = U\U(6/4).

(2) a(¥(t,[A,h])) < a([A,h]) for all (t,[A,h]) €[0,1] x U.

(3) For all (t,[A,h]) € [0,1] x U, the restriction to M\, B(z[j],r) of
U(t,[A, h]) equals that of [A, h].

(4) The connections whose orbits lie in U1(6/2) obey Lemma 4.4’s a prior:
estimates on each B(z[j],3/4-1).

(5) Let q be as in Lemma 4.5. For [A,h] € U1(6/2), either

Y IP-Fal}s;ppiir) = 19 |1P-Fallie,
3
or-else ||P_Fal2, < (1-2)-6.

Proof of Lemma 4.9. The first four assertions only summarize assertions of
Lemmas 4.4 and 4.5. As for the fifth assertion, suppose that [A’, k'] € U(6/2)
and [A, h] = ¥(1,[A’,h’]). Let T denote the set of centers {z[s]} and let Y’
denote the subset of {z[j]} for which

IP-Fall32.5(zp1.0/2) 2 3IP-FarllZz,(ap)r/2)-
If 32, \P-Fall}2;p(ops1,r/2) < -0 IP-Fallf2, then

Y P-Farll}s,papiirz) < 39 IP-Falz < § ¢ |P-Fa|2a.
TI
Consequently,
Z ”P—FA’“%Z;B(I[]']J/'.’) > % "q- ||P—FA'||%2-
T\’
Then, assertion (3) of Lemma 4.4 asserts that
Y IP-Fall}2,pap)m S (1 +€%)- Y NP-Fall}z.pap)r — 2 IP-Farlz,
T’ T\T’

where z = ¢/2048. Due to assertion (3) of Lemma 4.9, this last equation
means that

|P_Fal2: < (1+€ —2) ||[P-Fall}: <(1—2)-6,

as claimed.
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Choose a base point 9 € M which is disjoint from each B(z[s],r). For
each j, choose a smooth path ¢'[j] from zo to z[j] which does not intersect
B(z[s'],r) unless j' = j. If z € B(z[j],r), specify a path p[z] from zo to z by
first traveling from zo to z[j] along ¢'[s], and then by traveling from z[j] to
z along the unique short, radial geodesic between them.

Use the chosen path to z{s], and the fiducial frame in TM|., to define
an orthonormal frame f; € P_ /\2 T*| 4|, and, by parallel transport with
the Levi-Civita connection along the radial geodesics from z[j], trivialize
P_ N’ T Bafs).r)-

A subdivision of each of the balls B(z[j],r) is required. Let N denote the
number of balls {B(z[j],7)}. Fix r; € (0,r) to be further specified shortly.
Fix 5 and let

U1(6/2;7) = {[A, k] € U1(6/2): |P-FallZ2,5(zfj),3,/4) = 1/(32- N) - q - 6}.
Due to Lemma 4.9, for fixed [A, h] € U1(6/2), either

(4.27) > IP-Falliz,8(p00/2) 2 5 9 IP-FallZa,
7: [Ah)€U1(6/2;7)

or else [|[P-Fy|2; < (1 - 2z)-6. Using Lemma 4.5, and the compact set
U1(6/4,7) C B, construct a set of disjoint balls { B(z[j, k], r1)} C B(z[j],3r/4)
with the property that for any [A, h] € U1(6/2,5),

(4.28) Z |P-Falliz2,8(zph)r) > - 1P-Fall}2;pls),3r/4)
%

A further subdivision of B(z[j, k],71) into m(G) smaller balls { B[y, k, 8] =
B(zlj, k,8),71/m)}g=1,... m is required. The number m(G) is provided by

Lemma 4.10. Let G be a simple, compact Lie group. There exists ¢1(G) >
0, an integer m < oo and m homomorphisms {p[B]: SU(2) — G} which have
the following properties: First, each homomorphism p[8] generates 73(G), so
any pair are conjugate in G. Second, given Y € g®su(2) and an orthonormal
basis {o;}3_, for su(2), there exists 8 such that (Yo, p[6le0i®0s, Y)ggsu(2) <
—¢1(G)-|Y|. Here, p[B]s: su(2) — g is the induced Lie algebra homomorphism,
and (-, *)ggsu(2) 1S the natural inner product.

Proof of Lemma 4.10. Using the fact that G is compact, this follows by a
slight modification of the proof of Proposition 6.2 in [20]; the details are left
to the reader.

For §=1,---,m, fix hg € G so that p[f] is conjugate by hg in G to p[1].
Fix [A1, h1] € B'(Pg+) as described in the proof of Proposition 4.1, and let
[A1,h1]g = [A1, h1 - hg]. Focus attention on one ball, B(z[j, k, 8],71/m), and



THE STABLE TOPOLOGY OF SELF-DUAL MODULI SPACES 189

choose an isometry to identify the 3-dimensional vector space P, /\2 T*S4|
with su(2). This can be done so that

3
(4.29) hg-hi' - PyFa,(s)-hi-h5' =) plBloi ® o,
=1

where {0;} is a basis for su(2).

Let & be as in Lemma 4.4, and choose €; so that €¢; - §g < 1. Let &, &
both equal 1 in Lemma 4.7, and introduce the constant og of that lemma.
Suppose that R > 1 is given, and suppose that there is defined a continuous
map o = a7, k, 8]: Uy — (0, ap).

Let [A, h] € Uy, and set

w = [[A, h], fo, 0lz(J, k,B)],8s=71/(R-m),t =R -, [A1, h1]g].

Next, construct the connection A’(w) of (4.10). According to Lemma 4.7,
(4.30)
IP-Farw)ll2z < IIP-FallZz +¢(G)
-a? - (r}/m® - P_F4(z[j,k, B)),
X(f,hoyh1) - hy-hg-hy' - PyFa,(s) hy-hg'-hit)
+ 20 (R* o* + o + €[5, k, 8] - */R),
where &'(j, k, 8] = 73 /m? - SUpp(a(;.k,g),r1 jm) | P-Fal-
To evaluate (4.30), introduce the number £* = ||P- Fl|L2;B(a[;},3r/4), and
observe that

(4.31) 2112 sup |P_Fa|>¢€ >zt sup |P_Fy,
B(z(y],3r/4) B(z[s],3r/4)

with constants 21,z being independent of r, z[j], the connection A and the
principal G-bundle P. Here, the second inequality is a consequence of Lemma
4.4, and the first inequality is automatic. Due to (4.28) and (4.31) there exists
a constant z4 > 0 which is independent of r, z[j], z[7, k], 71, the connection A
and the principal G-bundle P and which is such that when [A, h] € U;(6/4, 5),
then at least 24 of the balls { B(z[j, k],71)} must have

(4.32) sup |P_F4| >z & /r%
B(z[j,kl,r1)

The number 24 is chosen so that

! 2 2
(4.33) > | P-Fallz2;B(a(jk),r) < 9/2 - 1P-Fallz2;p(ai),3r /4
%

where 3’ means to sum over those indices k for which (4.32) fails to hold.
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Lemma 4.4 asserts that for all r; sufficiently small, the fact that (4.32) holds
for [A, h] € U; and for indices (7, k) implies that for all z € B(z[j, k], 1),
(4.34) |P_Fa|(z) > %24 €)1,

and for any pair {z,y} C B(z[s,k|,71),
(4.35)
r? - |h[z](A,h)"! - P_Fa(z) - h(z](A, k) — h[y](A, k)~ - P_Fa,(y) - hly](A, R)|

<z &y

Here, h(z) € P|; is obtained from hg by parallel transport using the connec-
tion A along the path p[z].

Lemma 4.10 and (4.29)-(4.35) imply that for [A, h] € U; and those indices
(7, k) where (4.34) holds, there exists an index 8 € {1,--- ,m} which is such
that

|P-Farw)llz < |P-Fall}2 —c2-0®- € -r3/(m? - 1?)
+20 (R o + o + (oP/R) - € 1}/ (m? 1),

where ¢ > 0 is a constant which is fixed independently of the data at hand.
Indices (7, k, 3) such that

IP-Farwyll2e < |P-Fal?z — 4 -ca-0®- € -13/(m? - r?)
+20- (R*-o* +0* + (o®/R) - € -1} /(m® - r?))

will be called “good” indices for [A, h]. (In (4.37), 1 - ¢z replaces ¢ in (4.36).)
Choose

(4.38) o? = slj,k,p]- € -r}/(m? - r* - R).

Here s[7,k,8]: Uy — (0,1] is a continuous function which will be determined
shortly. Independent of the data at hand, one can adjust R and r; so that
when (j, k, 8) is a good index for [A, h], then (4.37) implies

(4.39) |P-Far)ll22 < ||P-Fall2> —ca- sls, k, 8] - €% - r{/r%,

(4.36)

(4.37)

where c4 > 0 is a constant which is defined independently of all the data at
hand; it depends just on the Lie group G and the Riemannian manifold M.
If (5, k, B) is not a good index for [A, h], then one has

(4.40) |P-Farw)ll2z < ||P-Fall}2 +cs- s[5, k,8) - €2 -r}/r.

Here, again, the constant ¢4 is independent of the data at hand.

It remains to choose the functions {s[j,k,8]: Uy — (0,1)}. For a given
[A, k] € U; and index (j, k), choose s[j, k, B](A, h) = 1 on the compact set in
U, where (4.36) is satisfied. Choose s[j, k, 3](A, h) <<< 1 on the open set in
U, where (4.37) is not satisfied, and smoothly interpolate between. One can
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leave the precise choice of s, where (4.37) is not obeyed, somewhat arbitrary;
it will be convenient to exploit this freedom in §7 when the behavior of the
self-dual connections under this map under construction is considered.

Now, observe that for any index (7, k, 8), and for any [A, h] € U;.

(4.41) |1 P-Falliz, 5(atse.p,r/m) < 20 €211/

Here 2 is independent of the data at hand. Together, (4.28), (4.33), and
(4.41) imply that for any index j and any [A, k] € U1(6/2,7)

(4.42) > (&2 -r1/r*) 2 @ - | P-Fall}2.5(ap5),3r /)
(k,B): [4.36] is obeyed

with ¢; > 0 being independent of the data at hand. Meanwhile, (4.33) implies

that for any index j and any [A, k] € Uy,

(4.43) D (€2 -r1/r*) < 20 |P_Fall32,5(ap),5r/):
(k.B)
with 2o being independent of the data at hand.

Let J denote the total number of indices {(7,k,3)}. Let (ko,n) denote
the characteristic classes of the bundle P. By gluing, as directed above, at
all of the points {z[j,k, 5]} and for each [A,h] € U;, one obtains a map
©: Uy — B(ko + J - ¢(G),n) which is continuous due to Lemmas 4.4 and 4.6
and which is homotopic to the J-fold composition of the map 6 of (4.2).
Furthermore, Lernma 4.9 plus (4.27), (4.28) and (4.39)-(4.43) imply
(4.44) sup [|P-Foamlliz < (1-2)-6,

[A,hl€U;
where 2z > 0 depends only on the Lie group G and the manifold M. This last
equation proves Proposition 4.2.

5. The topology of B.(ko,n) for small €

Let (ko,n) be admissible characteristic classes for a principal G-bundle
over M. As in Proposition 4.2, fix ¢ > 0 and let § denote a homotopy
invariant family of compact subsets of B/(ko,n) (rel B.(ko,n)), and for each
integer ;7 > 0, let F(;) denote the homotopy equivalent, homotopy invariant
family of compact subsets of B'(ko + 7 - ¢(G),n) (relB5 (ko + 5 - ¢(G),n))
as described in Proposition 4.2. Proposition 4.2 asserts that by taking the
integer j sufficiently large, there will exist U € §(j) for which the supremum
over [A, h] € U of || P_F4||L> will be less than 2-e. The object of this section
is to study the topology of B.(k,n) relative to M'(k,n). In the next two
sections, the large k behavior of this relative topology will be studied.
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This study of the topology of B.(k,n) relative to 9 (k, n) uses for the most
part modified versions of the techniques which were introduced in [20] and in
[21]. The strategy here is to find obstructions to pushing a given compact
set U C B.(k,n) onto M'. The obstruction to pushing a given point onto MV
can be interpreted as the nonvanishing at the point in question of a canonical
section of a particular, local vector bundle. The vector bundle in question
is defined over an open set from an open cover of B/ (k,n). Taken together,
the vector bundles over the various open sets from the open cover do not
make a globally defined vector bundle; rather, they define a virtual bundle
in K-theory. This “bundle” will be called the obstruction bundle; it and the
canonical section are described in this section (see also §3 of [21]). The zero
set of the canonical section is described in §6.

To begin, fix ¢ > 0 and consider a compact set U C B’(k, n) such that the
supremum over [A,h] € U of |P-F4||2 is less than e. Preliminary deforma-
tions of such a U must be made to obtain U’ C *B.(k,n) which obeys a priori
estimates. The following lemma provides the necessary deformation.

Lemma 5.1. Let M be a compact, oriented Riemannian 4-manifold, and
let G be a compact Lie group. There ezists € > 0 and ¢ < oo with the following
significance: Let P — M be a principal G-bundle with characteristic classes
(k,m). As before, let B (k,n) = {b € B'(k,n): |P-FallL2 < €}. Given§ >0,
there exists a smooth, a-decreasing homotopy Hys: [0,1] x BL(k,n) — BL(k,n)
which is constant on I (k,n), and which has the property that when [A1, h1]
denotes Hs(1,[A, h]) for [A, h] € B.(k,n), then

IP-Faylue + sup [dist(-,a) - P-Fa, 1 < < [P-Fallus +.
T

This lemma will be proved shortly.

In the case where M = S* with its standard metric, the homotopy of
Lemma 5.1 is the homotopy in §3 of [20]; it converges as ¢ — oo and provides
a retraction of B.(k,n) onto M'(k,n). This is Proposition 3.1 in [20]. For
the general case, such a retraction may not exist; for example, if the intersec-
tion form on Hz(M) is indefinite. (K. Uhlenbeck [13] established that for a
suitably generic metric on TM, the moduli space 9 (k,n) is a smooth sub-
manifold of B’ (k, n) whenever (k, n) are admissible as characteristic classes for
a principal G-bundle over M. When such is the case, there will be a tubular
neighborhood of 9V (k,n) in B'(k,n) which retracts onto 9V (k,n). However,
the functional a may not be bounded away from zero on the compliment of
such a neighborhood; see Lemma 5.4, below.)

In the case where B.(k,n) does not retract onto 9V (k,n), it is necessary
to generalize certain constructions which were introduced in [21]. These gen-
eralizations occupy the remainder of this section. The strategy which was
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employed in [21] will be used here, essentially unchanged. However, the esti-
mates on which the successful application of that strategy were based must
be refined for application here. Estimates are required which are independent
of the Pontrjagin class of the bundle P. The estimates which are developed
in §3 of [21] do not have this property.

To begin, define, for ¢ > 0, the space

b.(k,n) = {[A,h] € B.(k,n): |P-Fallr2 + sgc{ ||dist(-,z) - P—Fallp: < e} .
T

Lemma 5.1 asserts that ¢g > 0 exists which depends only on G and the Rie-
mannian metric and which is such that B¢ (k, n) retracts onto b;.(k,7n) when
€ < €o. For such ¢, fix 4 > 0, and define the subset U(u) C b.(k,7n) to be the
set of orbits [A] such that u is not an eigenvalue of the unbounded operator
P_d(P-d2) on L?(P-Q%(Ad P)). By standard perturbation arguments [14],
there is a smooth map IT(u)[-] of U(x) into the space of bounded, linear oper-
ators on L?(P-Q%(Ad P)) that sends [A, h] € U(u) to the operator II(u; A) on
L?(P_Q?(Ad P)) which gives the L2-orthogonal projection onto the span of
the eigenvectors of P_d4(P-d%) with eigenvalue less than u. Note that the
dimension of the image of II(y; A) in L2(P-Q?(Ad P)) is bounded a priori by
Proposition A.1.

Fix po € (0,1/2]. Since there may be spectral flow for P_d4(P-d%) as
[A, h] varies through b(k,n), one cannot, in general, guarantee that b (k,n)
can be covered by only one set U(u) for u € (uo,2 - o). However, due to
Proposition A.1, there exists a number ng < oo which depends only on the
Riemannian metric on M, and which is such that the number of eigenvalues
of P_da(P-d?) which lie in (0,2 po) is bounded a priori by ng. This means
that b.(k,n) can be covered by ng + 1 sets {&(u;)} with u; € (po,2 - uo). Let
{¥[po: pi]: U(us) — [0,1]} be a smooth partition of unity for the cover of
b, (k,n) by {U(ui)}-

When [A,h] € bl(k,n), try, as in [21], to define a self-dual orbit
[A + a(A),h] € M (k,n) where a(A) = P_d%v(A), and where v(A) €
L3(P_02(Ad P)) solves the equation

P_da(P_d%v)
(5.1) + 5" Wluo; i) - (1 = (i3 A)) - P_(P-dyv A P-d}yv + F4) =0.

Lemma 5.2. Let M be a compact, oriented, Riemannian 4-manifold, and
let G be a compact Lie group. There exist constants 8o > 0 and 29 € [1,00)
which have the following significance: Let P — M be a principal G-bundle
with characteristic classes (k,n), and let w: (A(P) x P|z,) — B'(k,n) denote
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the canonical projection. For € € (0, €], let (4,h) € 7~ 1b.(k,n). Set po =
20 - €1/4 in (5.1); then this equation has a unique, small solution, v(ug; A) €
L%(P_Q?%(Ad P)). Furthermore, the assignment of v(uo; A) to (A, h) defines
a smooth, &(P)-equivariant map from 7~ !b.(k,n) to LZ(P-Q%(Ad P)).

This lemma will also be proved shortly.

Given € € (0, ¢o], Lemma 5.2 defines a smooth section over b.(k,n) of the
vector bundle B = {[A, h, L3(P_Q2?(Ad P))]: [A, h] € b'(k,n)}. This section,
Su,, sends [A, h] to
(5.2)

Suo ([A, h])

= [A,h,T1(2 - po(e€); A) - P_(P-dyv(po; A) A P-dyv(po; A) + Fa)l.

The zero set of this section defines the moduli space 9V (k,n) of self-dual
connections on P. Indeed, if [A, k] € b.(k,n), then [A + P_d%v(uo; A),h] €
B'(k,n) is self-dual if and only if s,,([4,h]) = 0. Furthermore, the assign-
ment of (¢,[A,h]) € [0,1] x bl(k,n) — [A+t- P_d%v(po; A), h] € B'(k,n)
defines a homotopy of bt ,(k,n) in B'(k,n) which fixes 9 (k,n) and which
deforms s, (-)~1(0) onto 9’ (k,n). Since b'€/2(k,n) is open in B'(k,n), it is a
straightforward matter to extend this homotopy to a homotopy of B'(k,7n).
Thus, Lemma 5.2 has the following corollary:

Lemma 5.3. Let M be a compact, oriented, Riemannian 4-manifold, and
let G be a compact Lie group. There exists constants g > 0, 29 < 0o, and
these have the following significance: Let P — M be a principal G-bundle
with characteristic classes (k,n). For € € (0, €], set po = po(€) = 20 - €*/4 in
(5.1) and (5.2). There is a smooth homotopy ®: [0,1] x B'(k,n) — B'(k,n)
which fizes M (k,n), which maps {1} x b ,(k,n) into b,.c(k,n), and which
maps {1} X (s0(-)(0) N B, (k,m)) onto D (k,1).

This lemma will also be proved shortly.

As previously noted, for a suitably generic metric on TM all of the moduli
spaces M (k,n) are either empty, or smooth manifolds [13]. For such met-
rics, one expects that a tubular neighborhood of a nonempty 9% (k,n) will
retract onto 9 (k,n). To begin the construction of such a tubular neigh-
borhood, observe that the assignment of [A, k] in B'(k,n) to the smallest
eigenvalue, Ey[A], of the operator P_da(P-d4)* defines a continuous map
Ep[-): B'(k,n) — [0,00). For the generic metrics in [13], the assignment of
Eo[A] to [A,h] € M (k,n) defines a smooth map Ep[]: M (k,n) — (0,00).
This fact and the following lemma complete the tubular neighborhood con-
struction.

Lemma 5.4. Let M be a compact, oriented, Riemannian 4-manifold, and
let G be a compact Lie group. There exists a continuous function 2(-): [0, 00) —
[0,00) which maps O to O and which has the following additional property:
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Let P — M be a principal G-bundle with characteristic classes (k,n). Let
N(k,n) = {[A,h] € B'(k,n): |P-FallL2 < z2(Eo|A])}. There is a continuous
retraction of M (k,n) onto M (k,n) which fizes M (k,n).

The remainder of this section contains the proofs of Lemmas 5.1-5.4.

Proof of Lemma 5.1. The proof of this lemma mimics the proof of Proposi-
tion 3.1 of [20]. To begin, let P — M be a principal G-bundle with character-
istic classes (k,7n). Define 2 = {A € A(P): |P-Fal|z2 < €}. For any m >0
and A C 9, there exists a unique u(A4) C L3(P-0?(Ad P)) which solves the
differential equation

(5.3) P_da(P_d%u)+m-u=—P_Fy.

Furthermore, u(A) varies smoothly with A and defines a &(P)-equivariant
map from 2, into L§(P-0?(Ad P)).

Let a(A) = P_d%u(A) € L3(Q!(AdP)). The assignment of 4 € 2 to
a(A) defines a smooth, &(P)-equivariant map. Thus, by push-forward, the
assignment of [A,h] € B'(k,n)e to [A, h,a(A)] € & xg(p) L3(Q*(Ad P)))
defines a smooth vector field on B’(k, 7). The homotopy in question will be
obtained by integrating this vector field.

To study the integral curves of the vector field, above, fix A € 2. Then
standard short-time existence theory provides T'(A) > 0, and a unique, smooth
map ®(-,A): [0,T) — A, which satisfies (0, A) = A, and

0
(5.4) a@(-,A) = a(®(-, A))
(see Theorem 4.1.13 in [1]). The fact that ® is unique implies that ®(-,g-A) =
g-®(-, A) for all g € (P). This short time existence theory provides an open
neighborhood of A, 4l C As which is such that ®(-, A’) is defined on (0, T(A)]
for all A’ € 4; and U is such that the assignment of (¢,4’) € [0,T) x i to
®(t,A’) € As defines a smooth map.

Lemma 5.5. Let M be a compact, oriented Riemannian 4-manifold, and
let G be a compact Lie group. There exists € > 0 and ¢ < co with the following
significance: Let P — M be a principal G-bundle, and let A € A(P). Then,
the curve ®(-, A) of (5.4) has a unigue eztension to a map from [0,00) into
A, which obeys (5.4) for all t € [0,00). Furthermore; ®(-,-) defines a smooth,
&(P)-equivariant map from [0,00) X A — A.

This lemma will be proved shortly.

Given Lemma 5.5, the proof of Lemma 5.1 is completed by observing that
on an interval in [0,00) where ®(-, A) is defined, the curvature of ®(-, A)
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evolves according to
0
(55) EP—F‘I)(.'A) = -P—F®(~,A) - U(A)
This last equation implies that the L2-norm of P_Fg(. 4) is a nonincreasing
function of ¢ € [0,T) which is strictly decreasing unless A is a critical point

of a; indeed,

3]
5:1P-Fac.a) 172

=-2- (P_Fq)(.’A), (P-da(P-da)* + m)_l . P_F@(WA))L2.
Note also that if x € M is fixed, then

(5.6)

g, .. -
a—tlldlst(-,z) 2 ‘P-F(I)(.’A)"Ll

(BT < —|ldist( )72 P_Fa( a)llr —m - dist(-,2) 2 - u(®(, A)) 1o
< —|dist(-,2) ™% - P-Fo(. a)llLt +2-m - [[u(®(-, A))| L1,

where z is a constant which only depends on the Riemannian metric.

Equation (5.3) can be used to estimate the L* norm of u(®(-,A4)). Let
A’ € 2, be given. Via the Weitzenboch formula (cf. Appendix C in [13]) and
an integration by parts,
(5.8) ||VAIUI|%2 +m- |IUI|%2 +(u, W-u)p2+{(u,{P-Far,u})p2 = (u, P-Fp') 2,
where 20- € C*°(End(P_ A? T*)) is a component of the Riemannian curvature
tensor, while, with respect to a local basis for P_ /\2 T*, {P-F4,u} is a
specific linear combination of the commutator of the components of P_Fjy:
and of u (see Appendix C in [13]).

Take m = 4 - supy, |20 - |. Then (5.8) provides ¢ which depends only on
the Riemannian metric on TM and which is such that if € < ¢g, then
(5.9) |[Varu|2z+m-|ul|22 < 2-(P_Far,(P-da/(P-da)*+m)™ - P_Fa/) 2.
With Kato’s inequality and the L? — L* Sobolev space inclusion ((3.4) of
[22]), (5.9) yields the bound
(5.10) "U(AI)”%‘! <z (P_FA', (P__dAl (P_dAI)* + m)“l . P_FA:)Lz,
with z depending only on the Riemannian metric on TM.

Using (5.6) and (5.10), one can integrate (5.7) to conclude that
(5.11) l|dist(-,2) ™2 - P_Fp(t,a)llr < et -||dist(-,z)™2 - P_Fal|1s

. + 2 |P-Fat,4)l L2

A similar argument shows that

(5.12) |P-Fot,a)lles < et - ||IP-Fallps + 2 - | P-Fops,a)ll2-
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Make the homotopy H,(:,-) of Lemma 5.1 send (¢, [A, h]) to
[k, @(In(4 - (||dist(-,z) "% - P-Fallz1 + | P-Fallze +1)/e), A)].

Proof of Lemma 5.5. This mimics the argument which proves Proposition
3.1 of [20]. First of all, the reader can readily check that there exists g > 0
which depends only on the Riemannian metric, and which is such that when
€ < ¢p and when A € 2, then u(A) obeys the conclusions of Lemmas 3.5-3.7
of [20] with constants which depend only on the Riemannian metric.

Now, let x(-): [0,00) — [0,1] be a smooth function which vanishes on
[3/2,00), and which is identically 1 on [0,1]. For z € M and r > 0, let
x|z, 7](-) = x(dist(-,z)/r). For A € 2, suppose that A(-) = ®(-, A) is defined
on [0,T). Analogous to (3.16) in [20], one has (using (5.12)) the bound

(5.13) oelixtz. ) Fagollze) < (4],

where z([A]) depends only on the starting orbit [A] = [A(0)].

When T < oo, this last inequality implies, using a variation of the proof
of Lemma 3.10 in [20], that the sequence of connections {A(t)};—7 is a
Cauchy sequence with respect to the L2-topology on .. The convergence
of {A(t)}s— in stronger norms is obtained in a straightforward way by tak-
ing covariant derivatives of (5.5); the details are omitted (see Lemma 3.11 in
[20] for an example).

Thus, when T' < oo, the map which sends ¢ € [0, T') to (¢, A) has a unique
extension to a continuous map from [0,7] into ™A.. By the local existence
result, the map has a unique extension to [0, T + o) for some o > 0. Standard
arguments yield the remaining assertions of the lemma.

To prove Lemma 5.2, one must exploit the fact that for 4 > 0 and for
any connection A, the operator H4 = P_d4(P-d%) has bounded inverse on
(1-TI(u; A))-L2. Thus, if v solves (5.1), then v solves the fixed point equation

v=—Hz'"(1-T(uo;A))- Z"MHMM} (1= TI(us; A))

- P_(P-d%v A P_dv + Fa).

(5.14)

Equation (5.14) will be analyzed as a fixed point equation on the Banach
space

Uu; A) s{u € (1 - I(uo; A)) - L2(P_0*(Ad P)):

luly = |Vaulz +ulld + s;lg lldist(-,2)~2 - |V au|?||: < oo} .
T
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It is useful to define a second Banach space W to be the completion of
L%(P_Q%(Ad P)) with the norm |w|w = ||wl|L1 +sup,ep ||dist(-, z) 72w 1.
The utility of these spaces is due to

Lemma 5.6. Let M be a compact, oriented, Riemannian 4-manifold,
and let G be a compact Lie group. There exists constants €; > 0 and zp < 00
which have the following significance: Let P — M be a principal G-bundle
with characteristic classes (k,n) and let [A,h] € b, (k,n). For u > 0, Hy'
defines a bounded map from (1 —II(u; A)) - L2(P-Q?(Ad P)) NW to U(u; A)
and |Hy'wly < zo-p~t - Jwlw.

Proof of Lemma 5.6. First, suppose that w is smooth, and in (1—-II(g; A4))-
L?(P_Q%(AdP)), then standard arguments provide a unique u €
L%(P_0?(Ad P)) which satisfies

(5.15) P_ds(P_du) = w.

Contract both sides of this equation with u and integrate over M to derive
the bound

(5.16) lullZe < p7" - llulloo - llwll:-
The Weitzenboch formula (see Appendix C of [13]) implies that
(5.17) 2-d*dlul® + |Vaul® + (u, - u) + (u, {P-Far,u}) = (u,w).

Integrate both sides of the preceding equation over M. Using (3.4), one finds
€0 > 0 and zp < oo which depend only on the Riemannian metric of M and
which are such that when € < ¢, then

(5.18) IVaulZz <z0-u™" - llulloo - flwlLr.

Next, fix £ € M and let G(-,z) € C°(M\{z}) denote the Green’s function
for d*d with pole at x. There exists rg > 0 which depends only on the metric
on M and is such that 1 - dist(y,z)~2 < G(y,z) < 2 - dist(y, )~ whenever
dist(y, ) < ro.

Multiplying both sides of (5.17) by G(:,z), and then integrate the result
over M. The following bound is obtained:

|ul?(z) + ||dist(y, 2) 7> - |V aul?|| s

<zo- (W lulloo - wllzr + llullZs - IP-Falw + l[ulloo - [wlw)-
Here 29 < oo depends only on the Riemannian metric. Take the supremum
over z In M of the number on the left-hand side of (5.19). One obtains

constants g > 0 and zg < oo which only depend on the Riemannian metric
and which are such that when ¢ < ¢,

(5.19)

lullZ, + sup lldist(-,2)™% - [Vaul®llzr < z0-p7" -l
T
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With (5.18), this last equation yields the lemma for smooth w. The general
case is established by taking limits.

The application of Lemma 5.6 to the fixed point equation (5.14), requires
the following additional result:

Lemma 5.7. Let M be a compact, oriented, Riemannian 4-manifold,
and let G be a compact Lie group. There exist constants €; > 0 and 29 < 00
which have the following significance: Let P — M be a principal G-bundle
with characteristic class (k,n) and let [A,h] € b, (k,n). For ug > 0, and
u € C®(P_Q?(Ad P)), let

T(uo; A)(u) = Hy' - (1 - T(uo; A Zd}[ﬂo,uz] (1-T(us; A))

-P_(P_djuAn P_dAu).

Then the assignment of u to T[uo; A](u) extends to define a smooth map
T(uo; A](-): U(uo; A) — U(uo; A) which obeys |T[uo; A(u)|lv < z0-ug " - |ulf.

Proof of Lemma 5.7. Let w € L%(P-Q%(Ad P)) be an eigenvector of Hy4
with eigenvalue u(w) < 2 - po and with unit L2-norm. Then it follows from
Lemma 5.6 and (3.4) in [20] that

(5.20) wly < 20 - (1+ po)?.
Now, for smooth u and ', write

(1 — (o A Zw[uo,m (ui; A)) - P_(P-dju A P_d}yu')
(5.21) = P_(P_dyu A P_dyu') - ) _w,

: <wj,Z¢[H0§ﬂi]" (1 = T(us; A)) - P-(P-dju A P_dyu'), ,,

where the sum is over an orthonormal basis {w;} for the span of the image of
TI(2 - po; A). Then, (5.20) and (5.21) imply that

(1~ TH(w)[4)) - P (P-dyu A P_dyu)lw
<20 N(wA)- (14+ ) - uly - 'lo.

In this last equation, N(u;A) is the dimension of the span of the image of
II(u; A); this number is bounded a priori in Proposition A.1 by a constant
which depends only on u and the Riemannian metric.

Lemma. 5.7 follows immediately from (5.22) and Lemma 5.6.

To analyze (5.14) as a fixed point equation, it is necessary to obtain a bound
on the | - |y-norm of the last term on the right-hand side of said equation.

Lemma 5.8. Let M be a compact, oriented, Riemannian 4-manifold,
and let G be a compact Lie group. There exist constants €; > 0 and zp < 0o

(5.22)
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which have the following significance: Let P — M be a principal G-bundle
with characteristic classes (k,n) and let [A,h] € b, (k,n). For uo > 0, and
w € C®(P_0%(Ad P)), let

wlpo; Al(w) = Hy' - (1 — M(uo; A)) - Zfﬁ[/lo;ui] (1 =TI(us; A)) - w.

Then the assignment of w to w[uo; A](w) extends to define a smooth map
wlpo; A)(-): W — U(uo; A) which obeys |wlpo; Al(w)|y < 20 45" - |wlw

Proof of Lemma 5.8. This follows from Lemma 5.6; the details are left to
the reader.

Proof of Lemma 5.2. Lemmas 5.6-5.8 have established the basic results
which allow the use of standard fixed point arguments to prove the existence
of a solution to (5.14). In fact, these lemmas provide ¢y > 0, zp < 00, and
a continuous, decreasing function, uo(-): [0,€0] — [0,1] which maps 0 to 0;
these are such that the following is true: For ¢ < ¢ and for [A, h] € b.(P),
there exists a unique v(uo; A) € U(uo; A) which obeys (5.14) and also satisfies

(5.23) [v(po, A)|u < 20 - pg* - |P-Falw < /4.

Lemma 5.9. There exists a constant kg > 0 which depends only on
the Riemannian metric, and which has the following significance: Let [A, h]
and v(uo; A) be as described in the preceding paragraph. Then v(ug, A) €
L%(P_Q%*(Ad P)). Furthermore, if fB(“) |Fal? < ko, forz € M and r > 0,
then

[ VAPl <0045 IP-Falw.
B(z,r/2)

Proof of Lemma 5.9. For the a priori estimate, mimic the proof of Lemma
3.7 in [20]. The proof that v is in L2 is a standard bootstrapping argument
(see for example {17, Chapter 6]).

The proof of Lemma 5.3 is completed by showing that the assignment
of (A,h) € m=1b.(P) to v(uo;A) defines a smooth, &(P)-equivariant map
into L3(P_02%(Ad P)). This argument is a straightforward application of the
contraction mapping principle using the fact that the projectors II(u; A) are
smoothly varying on the open sets {(u) (see §8 in [22] for an analogous argu-
ment).

Proof of Lemma 5.3. The homotopy in question sends (t,[A, h]) € [0,1] x
b (k,n) to [A+t-a[A]-P_d%v(uo; A), h] € B'(k,n); where of]: b.(k,n) — [0,1]
is a smooth, G-equivariant function which is identically one on b’ /2(k, n), and
which vanishes identically on b, /,(k,7n). For [A, k] &€ b.(k,n), the homotopy
sends (t,[A,h]) to [A,h]. The only assertion of the lemma which has not
yet been verified is the assertion that zp < oo exists which depends only



THE STABLE TOPOLOGY OF SELF-DUAL MODULI SPACES 201

on M and the group G and which is such that for all [4,h] € b. /2("” n),
one has [A 4+ P_d%v(uo; A),h] € b, . (k,n). To establish this fact, let A’ =
A+ P_djv(uo; A). Then

P_Fa =Y Wluo; pi] - Tl(ui; A) - P_(P_dyv A P_d’yv + Fa).
7

The lemma follows from this last equation with (5.20) and (5.22).

Proof of Lemma 5.4. Using Lemmas 5.6-5.9, mimic the proof of Lemma
5.2.

6. The obstruction bundle

This section studies the change with respect to change in Pontrjagin class
of the obstructions to self-duality which were defined in the preceding section.
Consider a principal G-bundle P — M with characteristic classes (k,7n). Fix
€ > 0, and focus attention on a compact set U C bl(k,n). Equation (5.2)
defines a vector bundle U — U, the obstruction bundle, and a canonical
section, s,,, of . If 5,, = 0 on U, then U can be deformed continuously into
m (P).

Suppose that s,, is nonzero on U. Then the following proposition will be
invoked.

Proposition 6.1. Let M be a compact, oriented, Riemannian 4-manifold,
and let G be a compact, stimple Lie group. There exists eg > 0 and zg < oo with
the following significance: Let (k,n) be admissible as characteristic classes for
a principal G bundle P — M, and suppose that 9V (k,n) is not empty. Let
W C b, (k,n) be a given compact set, and let U = I (k,n) UW. Then
there exists an integer J < oo and for all J' > J, a homotopy equiva-
lence T = Ty: B'(k,n) — B'(k + ¢(G) - J',n) which has the following
properties: First, T maps b, (k,n) — b, . (k+c(G)-J',n) and U into
b’zo,eo/g(k +¢(G) - J',n), and second, S, (z0.c0)l T(U) = 0, With Su4(z0-co) S
defined in Lemma 5.3. ‘ ,

The homotopy equivalence, T, is constructed by multiple gluings of the
standard self-dual orbit over $4; [A;, h1] = [A4, k1] € B(Ps. ), where [A4, A]
and B(Pg, ) are as described in the proof of Proposition 4.1. By a suitable
number of gluings, and by an appropriate choice of the gluing parameters, one
can construct T with the required properties. Of course, this is the strategy
which was developed in [21]. ‘

Before beginning the proof proper, it is necessary to investigate how s, (.)(-)
is changed by the gluing operation. This investigation occupies the first part
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of this section, and the results are summarized in Lemma 6.4. The last five
parts of this section contains the proof proper of Proposition 6.1.

Part 1: The change in s,,()(-). To consider the change in s,,(.)(")
after gluing, it is necessary to begin by slightly modifying the homotopy of
Lemma 4.4 to obtain a priori estimates on orbits in b, (k,n). The lemma below
proves sufficient.

Lemma 6.2. Let M be a compact, oriented, Riemannian 4-manifold.
There exist g > 0, g > 0 and 29 € (1,00), and for each integer m > 0,
there exists £y, < 00, and these have the following significance: Let r € (0,70)
and € € (0,¢9) and suppose that J < oo points {z(v)} C M are fized such
that the set of balls {B(z(v),r)} are disjoint. Let P — M be a princi-
pal G-bundle with characteristic classes (k,n), and let B (P;{z(v),r}) =
{[A] € B(P): (4.7) holds for each ball B(z(v),r)}. There exists a smooth
homotopy ®({z(v),r}) = ®: [0,1] x B'(k,n) — B'(k,n) which maps [0,1] x
Be(P; {z(v),7}) = By (P;{z(v),7}) and which has the following properties:
First, ®(t,[A, h]) = [A,h] for all t if [A,h] & B(P: {z(v),r}). Second, for
each (t,[A]) € [0,1] X B(P: {z(v),r}),

8(t,A) = [A+t- Y Ba(A2(v),r)/e) - vi(4) |,

where a(A; z,r) is defined in (4.7) and ((-) is described in Lemma 4.4. Here
[A, v (A)] defines a smooth section over B.(P;z(v),r) of the vector bundle
A(P) xo(p) L2(Q!(Ad P)) which obeys

(1) The support of vi,(A) is in B(z(v),r), and

log (A% < 20 - IVaall%, Bz ().

where ||Vaalla;B(zw),r) < 20 |P-FallL2;B(z(v),r) 5 the norm of the restriction
of Vay to the subspace of L?(Q0(Ad P)) with compact support in B(z(v),r).
(2) Forte]0,1],

| P-Fo(s,a)ll72 + sup |[dist(-, z) 2P~ Fa ¢, 4)ll71
T
S |IP-Fall}2 + sup ||dist(-, ) "> P-FallZ:
TEM
+1t-20- Z ”P_FAH%Z;B(Z(’U),T)'
v

(3) For each [A] € B, /2(P;{z(v),r}) and for each v and y € B(z(v),r/2),

IVSI,'?I),A)FMLA)I(!/) < lm "2 |FallL2Bz(w) m)-
(4) Also, for such [A], and v and y,
|P-Fo(1,4)|(4) +7|Vou,a)(P-Fo,4)|() < o172 ||P-Fo1,4)|L2:B(z.r)-
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Proof of Lemma 6.2. For each v, construct v, (A) = v(A) of Lemma 4.4,
and then set v),(A) = B' - v,(A) where ' € C*(B(z(v),r);[0,1]) is identi-
cally 1 on B(z(v),r/2), vanishes identically on B(z(v),r)\B(z(v),3r/4) and
obeys |df’| < 25/r. The estimates follow from Lemma 4.4. (The estimate
on ||Vaall 4;B(z(v),r) in assertion (1) follows from the Bianchi identity after
integrating by parts.)

Fix ¢ € (0,¢0), and fix J < oo points {z(v)} € M and r > 0 such
that the set of balls {B(z(v),r)} are disjoint. For [A},h] € bl(k,n), with
[Ao] € B¢/2(P;{z(v),7}), let [Ao,h] = ®(1,[Ap, k]), with ® as in the pre-
ceding lemma. Lemma 6.2 insures that [Ag, ko] € b}, . (k,n) with 2z being
independent of b, € and P; it depends only on G and the Riemannian metric.

Let zo € M denote the base point, and let fo € Fr M| ;, be the fixed frame.
For each point z(v), choose a smooth path (v) € P(zo) from zo to z(v).
Choose the path to be disjoint from B(z(v'),r) and ¢(v') for v' # v. For each
v, choose smooth functions A(v): ®B'(k,n) — (0,1/8) and t(v): B'(k,n) — [8:
A(v)/r,1). Suppose also that for each v, a centered point [Ay, k1], € B(Ps,)
has been specified. Here, Pz, — S* is defined in the proof of Proposition
4.1; as is the unique, centered orbit [4;] = [A4].

For fixed v, this data defines data

w(v) = [[Ao, hol, fo, p(v), s(v) = A(v)/t(v),t(v), [A1, h1y]

which is required for the definition of the connection A’(w(v)) of (4.10). This
connection is defined on a principal G-bundle, P’ — M, with characteristic
classes (k + ¢(G),n). The principal bundles P’ and P are naturally isomor-
phic on M\z(v) by an isomorphism which identifies A9 and A’(w(v)) on the
compliment of the ball B(z(v),4 - A(v)/t(v)) C M.

Since the set of balls {B[v] = B(z(v),4 - A(v)/t(v))} is a set of disjoint
balls, the construction of A’'(w(v)) can be done simultaneously in each ball
Blv] to produce a connection A’ = A’({w(v)}) which is a connection on a
principal G-bundle, P[w] — M, with characteristic classes (k + ¢(G) - J,7).
It follows from Lemmas 4.4 and 4.7 and (4.16) that J, r, and the parameters
{A(v),t(v)} can be chosen to insure that [A’, h] € b5, (k4¢(G)-J,n). Indeed,
fix R € [1,e~1/4) and require that

(6.1a) tv)=16-A(v)/r, Aw)*/r*<R*-&2/J, Av)’<R-¢/J.
Let
(6.1b) p1 = po(2- 20 - €),

with po(+) as in Lemma 5.3, and with 2o as in Lemma 6.2. Suppose that €
has been chosen so that 2 - 2 - € and u; are both less than 1/2. The next



204 CLIFFORD HENRY TAUBES

task is to evaluate s,, ([A’, h]). To begin, it is useful to first compare the
projections II(-; A’) and II(-; Ap). For this purpose, the following observations
prove useful:

Lemma 6.3. Let M be a compact, oriented Riemannian 4-manifold and
let G be a simple Lie group. There exists eg,rg > 0 and for each nonnega-
tive integer m, there exists &, < oo; and these numbers have the following
significance: Let P — M be a principal G-bundle with characteristic classes
(k,n) and let [A] € be,(k,n) = b, (k,n)/G. Let w € L3(P-Q*(AdP)) be
an L%-normalized eigenvector for the operator P_da(P-da)* with eigenvalue
u(w). Then the following hold.

(1) Sup,epy lwl(z) < &o - (14 )2,

(2) IVawllZz < & - (1+p).

(3) If, in a ball of radius r < rg on M with center z, the connection A
obeys assertion (3) of Lemma 6.2, then at points y € M with dist(z,y) < r/4,
IVE0l(9) < Em - - (14 w)2.

Proof of Lemma 6.3. The first assertion is a consequence of Lemma 5.6,
and the second follows using the Weitzenboch formula. The fourth is obtained
via standard elliptic techniques (see [17, Chapter 6]).

Focus attention on an LZ2-orthonormal basis of eigenvectors, {wy: n <
N(8-p1)} € L3(P-Q?(Ad P)), for the operator P_d4,(P-da,)* with eigen-
values pu(wn) < 8- 131 < 1. Here, p; is defined in (6.1b). The bound N (8 - 111)
for the maximum size of such a basis depends only on G and the Riemannian
metric (see Proposition A.1). Here, and elsewhere in this section, the con-
vention will be to index the eigenvectors so that the eigenvalue of w, is not
greater than that of w,4;. Introduce the notation from (4.2) and (4.10) and
let

(6.2) w;u = H(l - ﬂA(’u)) *Wn.
v
Then {w},} defines a set of L3-sections of P_02?(Ad P(w)), and Lemma 6.3
implies that
(6.3) [{wi,wh)rz = Binl < 21 ) A(W)* < 21 - €22/,
v

(6.4) 1P~ wpllle = wlwn)l S 21 - ) AMw)® < ¥4
v

Furthermore, any ¢ € L?(P-Q%(Ad P[w])) obeys

(P-d% e, P—d}w;)m — p(wn) - (p, Wy 2|

(6.5)
<z (|Vaelze +lllle) - €72
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It follows from (6.2)-(6.5) that there exists ¢ > 0 which depends only
on M and G and which is such that when € < ¢p, then the assignment
of {wp:m < N(8- py)} to {II(8 - p1,A’) - wh} defines a linear map from
Range TI(8 - uj;A¢) C L?*(P-Q%(AdP)) into RangelI(8 - u;;A’) C
L?(P_Q?(Ad P(w))) which is injective.

Conversely, if {r,} € L%(P-Q?(Ad P(w))) is an L%-orthonormal basis of
eigenvectors for the operator P_d4/(P_da/)* with eigenvalues less than 2 -
p1, and if {7} is defined by (6.2), then {7..} defines a set of L2-section
of P_Q1?(Ad P) which, due to Lemma 6.3, obeys (6.3) and (6.4) with A
replacing A’ in (6.4).

It follows from these last two observations that €9 > 0 exists, which depends
only on the Riemannian metric and on G and which is such that if € < ¢,
then
(2 - p1; A) - L*(P-0*(Ad P(w)))

C Span{II(8 - u1;A’) -wi: n < N4 - p1)}.

Now, for n < N(8 - 1), write each w! as II(8 - uy;A’) - wl, + 6, with
0n € (1 —TI(8 - pu1; A")) - L2(P-02%(Ad P(w))) N L% obeying
(6.7) P_da(P-da)*0n+(1—-1I(8 p1;A")) -w), =0.

Because

(6.6)

|P-d2:0n |22 = (P-d%0n, P-d}y.wh) L2,
(6.5) implies that
(6.8) IV arBnll?z + 10a]122 < (1 4+ p7t) - 22 - /% < 2 - €'/2.
Here the facts that [A’, h] € b.(P(w)) and p;(€) > €'/ have been used.
Observe: Equation (6.6) asserts that s,, ([A’, h]) = 0 if

(6.9) frn = (IL(8-u1;A") - wh, P-Fa + P_(d}v(Xo; A" ) Ad}v(Ao; A"))) 12 =0

for all n < N(4 - u1). Concerning f,, one has (see (1.7) and Proposition 5.4
in [21])

Lemma 6.4. There is a constant ¢(G) which depends only on the group
G, and there are constants g > 0 and zg < 0o which only depend on G and
on M; these are such that when € < €g, then for alln < N(8- u1),

fn - (wnaP—FAo)L2

= 3 (@AW (n(2(0), X(p(v), fos [40, hol, hs (v) - PiFiy (5))

<z-e- (JTUV8.R? 4 V4. RY),
where X(-) is defined prior to Lemma 4.7.
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Proof of Lemma 6.4. Due to (5.23),
(6.10) |fn — (TI(8 - p1; A') - why, P_Far) 2| < 20 - €3/2.
To analyze the left-hand side, above, note that
P_Fp =[](1 - Brw)) - P-Fa,

v

(6.11) + 3 P (dBar(w)/ew) A darw(w(v),(v)) + Bax(w) /e(w)

(1= Barw)/e0n)) - daru(w(v), £(v) A diu(w(v), t(v)) -
Thus, due to Lemmas 4.8 and 5.9 and (6.1),

fn — (TI(8 - w15 A) - wyyy | | (1 = Baqw) - P-Fa,

(6.12)
+ Z dﬂ4>‘(v)/t(,,) A dj‘q,u(w(v), t(U)))Le < 2063/2.

The third term on the left-hand side of (6.12) is evaluated via an integration
by parts:

[(TI(8 - p1; A') - wryy ABan(w) /e (v) A dirt(w(v), ¢(v))) 2
— (Wns Bar() /t(v) - P-dardyu(w(v),t(v))) 2|
Sz (r-||P-dII(8 - p1; A') - whllL2; Bl
+ [16nll2,51v)) - R? - ¢/VN.
Here B[v] = B(z(v),4 - A(v)/t(v)).
Equation (6.13) is readily evaluated using (4.15). The evaluation results in
[(TI(8 - 13 A) - wys dBan(v)/t(v) A daru(w(v), t(v))) L2
= ¢(G) - AMv)? - (wn(2(v)), X(f(v), ho(v), h1(v)) - P+ Fa,(s))|
< 20 (IV aownll oy - A®)/* - A@)/M) Y 41 R - E21T
+ (- |P-dpTI(8 - 13 A') - wpllp2; o) + 19nllL2;B10) - R - €/ V).
This last estimate utilizes assertion (3) of Lemma 6.3.

By substituting this last equation into (6.12), and using (6.8) and Lemma
6.3, one obtains the final estimate.

Part 2: The choice of gluing sites. The proof proper of Proposition
6.1 begins here with the start of the construction of a family of homotopy
equivalences between a given B’ (k, n) and B’(k+c(G)-J,n). These homotopy
equivalences will require certain parameter specifications. The specification
of these free parameters will constitute the last parts of this section, and
complete the proof of the proposition.

(6.13)
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For ¢¢ > 0, but yet to be specified, and for ¢ € (0,¢p), suppose that
U C bl(k,n) has been specified as in the statement of Proposition 6.1. The
proof begins with five lemmas which detail the choice of points in M about
which to make the gluing construction of (4.2) and (4.10). Choosing this set
of points constitutes this part.

To start, choose 7; to be much less than the injectivity radius of M. A
further restriction on r; comes from

Lemma 6.5. Let M be a compact, oriented, 4-dimensional Riemannian
manifold, and let G be a simple Lie group. There exists ¢ > 0 with the
following significance: Let (k,n) be the characteristic classes for a principal
G-bundle P - M. Fiz u > 0 ande > 0. Let W C B(k,n) be a compact
set. For each [A) € U = M(k,n) UW, let TI(u; A) denote the L%-orthogonal
projection in L?(P_Q?(Ad P)) onto the span of the set of eigenvectors of the
operator (P-da)d% with eigenvalue less than u. There exists ro > 0 so that
for any r € (0,70], there is a set of disjoint balls {B(z[j],7)} C M with the
property that for each [A] € U, a subset {B(z[j(A)],r)} C {B(z[j],r)} obeys

(1) For each indez j(A), [A] € B2 (P;z[5(A)],7).

(2) For each w € RangeIl(u; A),

> w132, Basa)r/a) = 9 lwllFa-
i(A)

Prior to proving this lemma, it is useful to make a preliminary observation:

Lemma 6.68. Let M be a compact, oriented, 4-dimensional Riemannian
manifold, and let G be a simple Lie group. Let (k,n) be the characteristic
classes for a principal G-bundle P — M for which M(k,n) is nonempty. Fiz
p > 0. The set E(k) = Up<pr<i{lw|: w € Rangell(u; A),||w|[rz = 1 and
[A] € M(k',n)} is a compact set in L2(M).

Proof of Lemma 6.6. Proposition A.1 in the appendix establishes a metric
dependent, but k independent, upper bound for the dimension of the range of
I(u; A) for [A] € M(k,n). Knowledge of the noncompactness of M(k,n) from
[9] (see also §5 of [22]) details the behavior of a sequence [A(z)] € M(k,n)
which fails to converge. With this knowledge, plus Lemma 6.3, a straightfor-
ward cut and paste mimicking (6.2)-(6.5) establishes the lemma.

Proof of Lemma 6.5. Note first that the compactness of W plus Proposition
A.1 insures that dim(RangeII(u; A)) is a priori bounded for [A] € U. Then,
given Lemma 6.6, it follows that {|w|: w € RangeIl(u; A),||w|[zz = 1 and
[A] € W} is a compact set in L2(M). Exploit this fact by copying the proof
of Lemma 4.5 to establish the existence of constant ¢ > 0 with the following
properties: First, ¢ depends only on the group G and the Riemannian metric.
Second, given r > 0, but sufficiently small, there exists a set of disjoint balls



208 CLIFFORD HENRY TAUBES
{B(zl|s],r)} such that for any [A] € U and w € RangeIl(u; A),

Y lwll} b/ =20 llfa-
_7‘ .

Since W is compact, given ¢ > 0, there exists r; > 0 such that W C
B./2(P;z[j],r) whenever r < r;. For [A] € M(k,n), the condition [A] ¢
Be/2(P;z[j],r) can be true for at most 2-k/e of the indices j. For sufficiently
small r, Lemma 6.3 insures that the deletion of 2 - k/¢ balls from the sum
above will not effect the validity of the inequality if 2 - ¢ is replaced by ¢q on
the right-hand side. This completes the proof of Lemma 6.5.

Let W C B'(k,n) be a compact set as given in the statement of Proposition
6.1. Consider U = 9 (k,n) UW. Choose r; > 0, but sufficiently small so
that Lemma 6.5 can be invoked for the projection of U into B(k,n) using
= 16p9(2 - 2o - €), with po(-) as in Lemma 5.3, and with zp as in Lemma
6.2. By adding balls if necessary, one can assume that the number of points
{z[j]} C M is equal to J; = co/r}, with co fixed by the Riemannian metric
on M.

Construct a homotopy ® = ®({z[s],71}): [0,1] x B'(k,n) — B'(k,n) of
Lemma 6.2. Then Up = ®(1,U) C b, ..(k,n) with 2o < co as provided by G
and M via Lemma 6.2. This homotopy ® can be constructed for any suffi-
ciently small, but positive, choice of 7y and balls {B(z[j],71)} which satisfy
the conclusions of Lemma 6.5. The next lemma gives an additional upper
bound on the number r;.

Lemma 6.7. Let M be a compact, oriented Riemannian 4-manifold and
let G be a simple Lie group. There exist €9 € (0,1] and ¢y < oo with the
following significance: Let P — M be a principal G-bundle with characteristic
classes (k,m), and for € € (0, ¢, let W C b.(k,n) be a given, compact set. Set
U=9(k,n)UW. Fiz p; = po(2- 29 - €) with po(-) as in Lemma 5.3 and 2o
as in Lemma 6.2. Let q be as in Lemma 6.5. Then ro(€) > 0 ezists such that
when r1 € (0,70), there is a set of J, = co/r} balls {B(z[j],r1) C M} which
satisfy

(1) The conclusion of Lemma 6.5.

(2) Let Up = ®(1,U), with ® = ®({z[j],r1}) as described in Lemma 6.2.
For each [A,h] € Uy, and for each w € RangeII(8 - ug; A),

2 I@llZe; magsy.risa) > 0/2 - Iwllza.
J
Proof of Lemma 6.7. This is a straightforward perturbation argument using
assertion (1) of Lemma 6.2 and Proposition A.1. The details are left to the
reader.
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Given U = 9 (k,n) UW, and having constrained r; by Lemma 6.7, let
{B[j] = B(z|j];1/4)} be the set of balls which said lemma provides. Assume
that a base point zo € M has been chosen which is disjoint from each B[j].
For each 7, choose a smooth path [j] from zg to z[5]. Then, for each z € Blj],
define a path o(z) from zo to z by first following ©[j] to z[s], and then by
following the radial geodesic from z[j] to z. Note that the chosen frame fo
in Fr M| ;, defines, by parallel transport with the Riemannian connection to
z[7] and then to z, a frame f for Fr M over each ball BJ[j].

It is necessary to subdivide each ball B[j] two times. For this purpose, fix
ro € (0,71/8]. The next lemma defines the first subdivision.

Lemma 6.8. The Riemannian metric fizes q1,¢c1 > 0 and ¢o € (0,1]
with the following significance: With € € (0, €o), let the set Uy, the set of balls
{B(zlj],r1)} and u1 > 0 be given in Lemma 6.7. There exists ry < r1/8 and
for each ro € (0,7)) and for each j, there exist Jo (= the closest integer to
c1-ri/r3) disjoint balls { B[j, k| = B(z[j, k],72)} in B[j] with the property that
when [Ag, ho] € Uy, and when w € RangeII(8 - pu1; Ag), then

YD lwlie;neapsmrs > 9wl
ik

In addition, there exist at least q, - Jy - J2 of the J; - Jo tndices in the set
{(5,k)} with the property that inf ¢ p(;x) [w|(2) > q1 - [|w]|L2-

Proof of Lemma 6.8. The proof of the first assertion is obtained by mim-
icking, again, the proof of Lemma 4.5; the argument is straightforward, and
again, it is omitted. The second assertion follows from the first assertion with
Lemma 6.3.

Lemma 6.8 has the following useful corollary:

Lemma 6.9. The Riemannian metric provides o, €o € (0, 1] with the fol-
lowing significance: Assume that € < €g. Let uy be as in Lemma 6.7, and let
N(8:p1), as provided by Proposition A.1, be such that for any [A] € b, (k,n),
N(8 - 1) bounds the dimension of RangeIl(8 - uy1; A). Let Up be as in the
preceding lemma and Lemma 6.7. Then, for each [Ao, ho] € Uy, there are
qgo - J1 - Jo disjoint subsets {A(a) C {(j,k)}} which have the three properties
listed below. First, no A(a) contains more than N(8 - uy) elements. Sec-
ond, for each o, the assignment of w € RangelII(8 - uy; Ag) to I(A(a)) -w =
(w(zlj, k) G kieata) € Bjkjenia) P-Q2(AdP)lopj k) defines a linear ingec-
tion. Third, if |I(A(e)) - w|? is defined to be equal to 3= ; yien(a) lw (2l k]I,
then

i I(A -w|? 2,) > qo.
0¢w€Ranég§I(8.m;Ao)(l (A(@)) - w|*/lwllz2) > 90



210 CLIFFORD HENRY TAUBES

Proof of Lemma 6.9. The proof is by induction on the integers in the
set {1,---,N(8 - u1)}; these are the allowable dimensions of the nontriv-
ial subspaces of RangelIl(8 - u;; Ag). For integer p = 1, pick a normalized
w(l) € RangeII(8 - u1;Ag). Then w defines a 1-dimensional subspace L(1)
of RangeII(8 - 41; Ag). Lemma 6.8 asserts that there are at least gy - Jq - Jo
indices {A(a)} € {(7,k)} with the property that the assignment of w € L(1)
to I(A(@)) w = (w(z[J, k) j.k)enta) € D) ke (a) P~V (Ad P)| 41; k) defines
a linear injection with

it (T8(@) -0 /lelE) > a1

To construct the induction step from integer p to integer p + 1, it is nec-
essary to introduce the constant zg which, according to Lemma 6.3, is pro-
vided by the Riemannian metric, and which has the property that when w €
RangeII(8 - p41), then ||w|loo < 20 - ||w]|L2-

Now, suppose that for p > 1 there exists g, € (0, max(qi,23/2)), and a
p-dimensional subspace, L(p) C RangelIl(8 - u1; Ag) with the property that
gp - J1 - J2 disjoint subsets {A(a) C {(5,k)};a=1,---,qp - J1 - Jo} exist for
which the assignment of w € L(p) to I(A(e)) - w = (w(z[;, k]))j,k)ere) €
D x)en(a) P-Q*(Ad P)| 75,4 defines a linear injection with

o inf (T(A@) -l /JlEe) > g5

Assume further that each A(a) contains at most p elements of the indexing
set {(j, k)}.

Let w(p + 1) € RangeII(8 - u;; Ap) be an L%-normalized element in the
L%-orthogonal complement to L(p). Let L(p + 1) denote the linear span of
{w(p+1),L(p)}. Suppose that there exists at least g, - J1 - J2/(2 - p) of the
set of subsets {A(a)} for which the map I(A(a)) on L(p + 1) obeys

i (1(A(@) -0l w32) < ap/2.

Relabel so that the preceding equation is true for the subsets {A(a): a <
g J1-J2/(2-p)}

For each @ < ¢y - J1 - J2/(2 - p), let L'(a) C L(p + 1) denote the maximal
subspace of L(p + 1) with the property that for the subsets A(a), the map
I(a) obeys

sup ([I(A(@) - wl*/llwliZ2) < gp/2-
0#weL’

This subspace has dimension at most 1. If it had dimension 2 or more, there
would be a nontrivial kernel for the projection of L'(«) onto Span{w(p + 1)}
and the preceding equation could not be obeyed on that kernel. Let w'(c)
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generate L'(c). There are at least ¢; - Jy - Jo indices in the set {(j, k)} with
the property that |w'(a)|(z[, k]) > g1 - ||’ ()] L2

Since the total number of indices in | J{A(a): o < gp-J1-J2/(2:p)} is at most
q1 - J1 - J2/2, it is possible to choose a set of indices K = {(j(a),k(a)): a <

Ji-J2/(2-p)} C {(J,k)} with the following two properties: First, K

is disjoint from U{A(a): o < gp - J1 - J2/(2 - p)}. Second, for each o,
|w'(a)l(z[5(a), k(e)]) > g1 - ||lw' ()| 2

Set gp41 = min(gp/(2 - p),q2/(4 - 23)) and for o < gpyy - J1 - J2, define
N(a) = A(a)U(j(a), k(a)). The sets {A’(a)} are mutually disjoint; and none
contain more than p + 1 indices. Finally, for each a < gpy1 - J1 - Jo,

! L2 2
O;éwenzf H)(II(A( wl*/llwllz2) > gp+1-

This last fact follows from Lemma 6.3 with some simple algebra. The preced-
ing equation completes the induction step from p to p + 1.

Given the set U = 9 (k,n) UW, and the homotoped set Up from Lemma
6.7, Lemmas 6.7 and 6.8 construct a set of disjoint balls {B[s,k]}. It is
necessary to further subdivide each ball B[j,k]. For this purpose, fix r3 €
(0,72/8], and fix R € (4/(co-c?),e'/4]; these constants are defined in Lemmas
6.7 and 6.8. No generality is lost in requiring ¢; from Lemma 6.8 to be such
that for each (7, k), there exist J3 (= the closest integer to c; - r3/r$) disjoint
balls { B[j, k, 1] = B(z[j, k,],73)} in B[j, k]; the center of Blj, k,1] is the point
z[J, k,1]. The value of r3 is determined by

Lemma 6.10. Let G be a simple Lie group. There exists an integer m <
oo with the following significance: Let {o;}3_, be an orthonormal basis for
su(2); and let p: SU(2) — G be a homomorphism which generates m3(G). Set
{mi = p«0i}. There are m points {g5} C G such that the map T: (0,00)™ —
g @ su(2) which sends (sy) to

st ng'Ti'g§l)®0i
=1

is a surjection with the property that if K C g ® su(2) is a compact set, there
exists a compact set K' C (0,00)™ which is mapped surjectively onto K by Y.

Proof of Lemma 6.10. Observe first that by defining (u; = exp(r-0;/ 2))?=1
€ SU(2) we have

3
ZZ p(uj) - 7 - p(ug)” ®01——Zn®0,

j=li=1
Therefore, at the expense of replacing the integer m in the statement of the
lemma by 4 - m, no generality is lost by considering such a map T as a map
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from R™ — g ® su(2). The assertion that m < oo and {g,}7=; C G exist
such that T: R™ — g ® su(2) is surjective is equivalent to the assertion that
m < oo and {g,}7; C G exist such that

3
Span {Z(g.y Ty -g;l) ®0¢} =g®su(2).

i=1

This last assertion follows from Lemma 4.10. Furthermore, as a map from
R™, T is linear; this implies that a compact set in g ® su(2) is covered by a
compact set in (0, 00)™.

To return to the proof of Proposition 6.1, set the ratio r2 /r3 so that J; =m
of Lemma 6.10.

Part 3: Defining the parameters. Let ¢g > 0 be specified according
to Lemmas 6.2-6.9 and fix € € (0,¢0]. Let W C bl(k,n) be a given compact
set, let U = 9 (k,n) UW, and construct Up = ®(1,U) as detailed in Part
2 of this section, Lemma 6.7. Suppose that a smooth map e: B'(k,n) —
(0, €] has been defined; require that () > min(e, a(-)), but leave £ otherwise
unrestricted for now. For each index (7, k,7), suppose also that a smooth map
s(y, k,1): B'(k,n) — (0,1] has been specified. Set

(6.14a) A4, k,1] = s[5, k3] - R-¢/J,
With J = J; - Ja - Ja. Set
(6.14b) tls, k,3) = 16 - A[j, k, 3] /73.

Note that with v = (7, k,7) and r = r3, (6.1) is obeyed. For each index (4, k),
set hi(j,k,7] € Pg,|s according to the rule h;[j,k,i = 4] = h; - gy with
hi € Pg, |, fixed and with {g,} as in Lemma 6.9.

For fixed v = (3, k, %), and for fixed [Ao, ko] € B'(k,n), the data in the pre-
ceding paragraph provides all required data for the definition of w([Ao, ho])(v)
= [[Ao, ko), fo, fV], ©[v], A[v)/t[v], t[v], [A1, h1[v]]], and then for the construc-
tion of the orbit [A’(w([Ao, ho])(v), ho] € B'(k + ¢(G),n). By making this
construction simultaneously over the index set {v = (j, k,?)}, one defines a
smooth map

(6.15) T: B (k,n) - B'(k+¢c(G) - J,n),

which is a homotopy equivalence (see Proposition 4.1).



THE STABLE TOPOLOGY OF SELF-DUAL MODULI SPACES 213

Part 4: From local to global. To complete the proof of Proposi-
tion 6.1, it remains to make some specific choices for the data (eo, 71,72, R, €,
{s(7,k,7)}). The following digression is required for the purpose of setting up
the formalism with which the ultimate choice of the data will be made. The
formalism below is meant to make a global version over U = 9V (k,n) UW of
the local construction of A(a)[-] and ![a] of Lemma 6.11, below.

Given the set U = 9V (k,n) UW, and the homotoped set Uy from Lemma
6.7, fix [Ao, ho] € Up. Let {A(a) = A(a)[Ao, ho) C {(J,k)}: @ < go - J1 - J2}
be as provided for [Ag, ko] by Lemma 6.9 and let |A(c)| denote the size of the
set A(a). Let

V(o) =V(a)[do,hol= @@ P-O*AdP)| 4y
(5,k)EA(a)[Ao,ho]

Define a metric on V(a) by sending pi12 = (01,2(5,k))Gk)er(a) to
{P1,02)v(a) = IA(@)|71 - 2 k) (115, K], 2[4, k]). With this metric on V(a),
and with the L2-metric on RangeII(8- u;; Ag), the adjoint I(A(a))*: V(a) —
RangeII(8 - u1; Ag) is well defined.

The choice of path ¢[j, k, 7] from the base point to z[j, k,¢] defines an iso-
metric identification of each V(@) with the vector space €D (q)(9®5u(2)) (by
parallel transport of fo with the Levi-Civita connection and of hy with Ag).
With this identification, Lemma 6.10 provides a surjection, T(a): (0, 00)*(®) —
V (), where k(a) = k(a)[Ao, ko] = m - |[A(a)].

Lemma 6.11. The Riemannian metric provides constants zg € [8,00),
21,60 > 0, and ¢¢ € (0,1] with the following significance: For € € (0, €],
let Uy and py be as described in Lemma 6.7. Let {(j,k)} be the set of in-
dices which are provided by Lemma 6.8. Let qo, and, given [Ag,ho] € Uy,
{Aa) C{(J,k)}: a < qo-J1-J2} be as provided by Lemma 6.9. For each a,
let k(o) = m - |A(e)| with m as in Lemma 6.10. Define a Riemannian met-
ric on (0,00)%(®) by taking the product of the Euclidean metrics on (0,00).
Let l(a) = I(A(a))* o T(a): (0,00)%(®) — RangeII(8 - u1; Ag). The restric-
tion of l(a) to (25" - €0, 20 - €0)*(®) defines a map from (25 - €0, 20 - €0)F(¥
into {w € Rangell(8 - u1;Ao): ||lw|lzz < €0} which is a surjection of both
(25" €0, 20 - €0)*(®) and (4- 25" - €0, L - 20 - €0)*(®) onto an open neighborhood
of 0 € RangeII(8 - uy1; Ag) which contains {w € RangeII(8 - p1; Ag): ||wllLz <
z1 - €o}. The differential dl[e] has adjoint di[a)*: RIim(RangeTl(8:u1540)) —,
T(z5" - €0, 20  €0)*(® which obeys

dof (1di[o]” - w/l|wllz2) > eo.
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Proof of Lemma 6.11. This is a direct consequence of Lemmas 6.9 and 6.10.

To apply Lemma 6.11, use it to define an open set in Uy in the following
way: Given [Ag, ho] € Uy, there exists an open set X = X[Ao, ho] C Up
and an open set X' € B'(k,n) which restricts to Up as X, and a num-
ber u[Ao,ho] € (7 - p1,8 - p1) such that the assignment of [4,h] € X' to
the composition of the map Y()[Ao,ho]: (25" - €0,20 € €g)k(@) Aokl —
V(a)[Ao, ho], with the adjoint of the restriction map I(A(a)[Ao,ho])*:
V(a)[Ao, ko] — RangeIl(u[Ao, ho]; A), defines a smooth map Y (a)a0,h]"
X x (251 - €0, 20 - €0) K @Akl — [2(P_Q2?(Ad P)).

The sets X and X’ can be chosen to have special properties: (1) Require
that X’ be smoothly contractible. (2) Require that the assignment of [A4, h] €
X' to the L2-orthogonal projection II(u[Ag, ho); A) define a smoothly varying
family of projections on L2(P_1?(Ad P)). (3) Require that the restricted map
Y (0) 40,0} (1A, B, ) (251 €05 20  €0)@) Aoha] — Range TT(u[Ao, hol; A) is a
surjection whose differential has adjoint which obeys

(6.16) (1Y (@) (40,ho] ([4; B), )™ - wl/[|wllL2) > €o.

inf
O#wERange I1(8-u;;A)
The last required property is described by

Lemma 6.12. Let ¢ and 2y be as in Lemma 6.11. The sets X and X',
above, can be chosen to have the following property: There exists a smooth
map ¢o(a): X' — (425" -€0,1/4 - 29 - €g) k(@) Aoshol yyith the property that

Y (a)(4.h0] ([4; B, 0(@)([A, A)) =0 for any [4,h] € X"

Proof of Lemma 6.12. This is a direct consequence of Lemma 6.11 and the
inverse function theorem.

Note that the assignment of the vector space RangeII(u[Ao, ho]; A) to a
pair (A, h) with [A, h] € X’ defines a smooth vector bundle over X’ which is
isomorphic to a product vector bundle X’ x R"[4o.kol: with

n[Ao, ho] = dim(Range H(M[Ao, ho]; A) [A] € XI)

This isomorphism is obtained by making a &(P)-equivariant choice of L2-
orthonormal basis for Range I1(u[Ao, ho]; A) as (A, h) vary through =—!(X"),
where 7: A(P) x P|z, — B'(k,n) is the defining projection.

Let {wn(*)}n<n[a0,ho] denote such a choice. Having made the choice, each
map Y (@){4,,h0) (@ < go - J1 - J2) is defined as

(6.17) Y (0)[a0,h0]: X' X (2571 - €0, 20 - €0) k(@ [Aoshol , RrlAo:ho]
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Pick an open set Z’ C X' with compact closure in X’. Require that Z’
restricts to X as an open set Z with compact closure in X. Since each X' is
contractible, each map Y (a)(4,,n,] can be deformed to a smooth map,

(6.18) Y'(@)[a0,h0): X' X (25" - €0, 20 - €9) (@[ Aashol _, Rrldohol

which agrees with Y (a){40,n,) On Z'; and which has the following special
properties.

Lemma 6.13. Let ¢g, 29, 21 and eg be as in Lemma 6.11. The sets Z'
and X', and the map Y'(a)[4,ho) tn (6.18) can be chosen to have the following
properties:

(1) For fized [A,h] € X', Y'(){40,h0) ([As h],*) maps into {y € R"Ao:hol
ly| < €0} and surjectively onto an open neighborhood of 0 which contains
{y € R™Aohol: |y] < 21 - €0}

(2) The differential of Y'(at){ag,ho)([A, k), ) (25" - €0, 20 - €0) k(@) A0shol —
R [40:hol pgs adjoint

dY/(a)[Ao,ho]([A,h]a J*: Rl _, T(zgl - €0, 20 - 60)k(oz)[Aon]

which obeys

inf (14Y"(@)unol (4, 1, )* 31/ l0]) > e

(3) On the complement of an open set in X' in which Z' has compact
closure, and which has, itself, compact closure in X', the map Y'(a){4,h0]
depends only on the coordinates (;:0_1 - €0, 20 - €0)*(®)[A0:ho]

(4) There exists a smooth map ¢4(a): X' — (3-25 ' -€0, 1/3-20-€)*(®)[40:hol
with the property that Y'(a){4,,r0]([A; k], 0(@)([A, h])) = 0 for all [A,h] € X.

Proof of Lemma 6.13. This is a straightforward perturbation argument
which uses Lemma 6.12 and the contractibility of the set X'.

Since W is a compact subset of B’(k,n), there exists a locally finite cover
of Up by open sets {X,: 0 > 1}, with each X, = X[A,, h,] as defined in
the preceding paragraph for some [A,,h,] € Up. (Exhaust ' (k,n) by a
sequence of nested, compact sets, and use the analysis in [9] or in §5 of [22] to
see that a locally finite cover can be constructed for 9t (k,n).) Let Z, C X,
and Z! C X/ C B'(k,n) be the corresponding open sets which are defined by
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[Ao, o). For each index o, let
{V(o,a),A(0,a),k(0,a),Y (0,a),¢(0,0),Y (0,a),¢(0,0): a < go- J1 - J1}

and po, n(0), {Wo,n tn<n(s] be as defined above using the point [A,, hy] € Uo.
Due to Lemma 6.13, each pair (Y'(0, ), ¢ (0, @)) can be extended as smooth
maps

"(0,0): (UX') - €0, 20 - €0)*( @) — R™e)

(o, a): UX", — (25! - €0, 20 - €0)F(@)
o

(6.19)

which agree with (Y (0, a), (0, @)) on Z.; and which obey

Lemma 6.14. Let €9, 29, 21 and eg be as in Lemma 6.11. The maps
(Y'(0,a),¢(0,a)) in (6.19) have the following properties:

(1) For fized [A,h] € U, X.,, Y'(0,a)([A, h],-) maps into {y € R™°): |y| <
€0} and surjectively onto an open neighborhood of 0 which contains {y €
R™: |y| < 21 - €0}

(2) The differential on’ 0,a)([A,h],"): (25" €0, 20 €0)*@*) — R"°) has
adjoint dY' (0, @) ([A, k], -)*: R™M9 — T(25! - €0, 20 - €0)*(@®) which obeys

inf (J4Y"(0, @) ({4, k), )" - l/ly]) > eo-

(3) On the complement of X}, inU, X, the map Y'(0, ) depends only on
the coordinates (zo - €0, 20 * eo)k(cr @)

(4) Y'(0,a)([A, h], ¢(0,2)([A, h])) = 0 for all [A,h] € X.

Proof of Lemma 6.14. This is immediate from Lemma 6.13.

Let {¢5: B'(k,n) — [0,1]} be a smooth set of functions with two special
properties. First, require that ) _,|y, = 1; and second, require that for
each o, o =0 on B'(P)\Z,.

Part 5: Redefining the parameters. Now, to specify the data
(€0,71,72, R, €,{8(J, k,7)}) from Part 3, introduce the parameter space

6.20 X= X' | %o X -1 20 - k(a,a)>.
( ) (LGJ ‘7) <°‘$40'11'J2(zo €0, %0 * o)

Note that the infinite product X, (Xa<qo-J,-72 (z(}'l - €0,20 ° eo)’“("’a)) has a
natural manifold structure which is defined from the product structure.
This is a Banach manifold structure; the tangent space to a point
Xo(Xa<qgo-J;-7, R¥19:®)) is isomorphic to .
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Let ¢ = (¢(0, a)) define a point in Xq(Xa<ge-J1-7, (25 * €0, 20 - €0)*(@2)),
where ¢(0,a) = (¢ [7,k,%]: (7,k) € A(0,) and 7 < m)) defines a point in
(XQSQOJrJz (‘z(-)_1 " €0,20 - 6O)k(”’o‘))'

Fix a smooth function §: B'(k,n) — (0, €] and then define a function from
X to (0,1] by sending ([Ao, ho,¢) to

(621) 3[.7’, ka l]([Ao, hO]’ §) = Z "pa([AOa hO])'Xo‘(ja k)'gdljy ka 7']+6([A0, hO])Q'

Here x,(j,k) = 1 if (j,k) € U, A(o,a), and x,(j,k) = 0 otherwise. (Note
$s7, k,1] is only defined when (j,k) € U, A(o, ). For

G.k) € JUA(e, ){(, b)Y,

one has s[j, k,1]([Ao, ho), ¢) = 6([Ao, ho])?.)

Over any compact subset of (I, X,), s[s, k,7](-) depends on only finitely
many coordinates in X, (Xa<go-s1-72 (25" * €0,20 - €0)5@)). Thus, (6.21)
defines a smooth function on X.

Specifying the set {s[j,k,%]} in this way constructs from the map T of
(6.15) a well-defined and a smooth map,

T:X - B (k+c(G)- J,n).

Part 6: Choosing the parameters. Use the observations of Part 5 to
define {fn: n < N(7-u;1)} of (6.9) using the orbit [4’, h'] = T"([Ao, ko], ¢) and
an orthonormal basis {wn: n < N(8 - u1)} for RangeII(8 - u;1; Ag). Due to
Lemma 6.4,

(6.22)
fn = Z A2[ja ka 'L]([Ao, hO])(wn([AOa ho])(ft[j, k’ 2]),
{(5,k,9)}

X(f, h(z[5, k,3])([Ao, ho)), h1lJ, k,d]) - P+ Fa,(s)) +tn,
where t, is the tautologically defined remainder; it is estimated for [Ao, ko] €
W, by Lemma 6.4.

Using the partition of unity and (6.21), note that for n < N(7 - u1), one

has
(6.23)

fn = Z e R-J- Zz(wm Wa,m)L? ' ("pcr 'Xa(]', k) : S'U[ja k, Z] + 62)

{G.k,8)} o n
- (Wo,ns ([Ao, hol) (2[5, k,1]),
X(go(z[j, k’i])a fO’ [AO, hO]’ h'l[ja k, l]) . P+FA1 (3)) + Z "\ba *Tny
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The preceding can be rewritten by decomposing the sum over indices {(7, k,7)]
as
(6.24)

fn =5‘R'J_1 ‘ZZZ(wnawa,nl)Lz '1/)0

o a ni

(5 S

(4, k)EA(0y@) 1
: (Wa,nl ([AOa hO])(z[j’ k, z]),
X (p(zlg, k,1]), fo, [Ao, hol, h1lj, k,4]) - Py Fa,(s))
+(J1-Jo-qo)"t- 62
3" (Womy ([Ao, hol) (2[5, k,1]),
{(7,k9)}
X (p(z[s, k,1]), fo, [Ao, hol, h1l7, k,1]) - Py Fa,(s))

+m - (6 ‘R QO)——1 : Z(wa,mawng)LQ *Tng

n2

(6.23) yields (6.24) because the sum over « contains precisely J; - Jo - go terms.

(6.24) makes evident the assertion that all f, vanish for n. < N(4 - y1) if,
for every index o and every index e, and for all n < N(u,)

(6.25)

0="/’a’ ( Z nglj,kai]

(7,k)EA(0,) 1
* (Wo,n([Ao, ho]) (2[5, &, 4]),
X (2[4, k,1]), fo, [Ao, hol, h1ls, k,1]) - Py Fa,(s))
+(J1-Jz2-qo)7" - 62
Y (@on([Ao, hol) (2L, i),
{G.k,9)}
X(p(z[5, k,2]), fo, [Ao, hol, k1[5, k,3]) - P+ Fa,(s))

+m-(e‘R-qo)'1-ta,,.),

where t, , = Zn's N(8-u1 )(wa,,.,wnl) L2 - t. The utility of this last equation
lies in the fact that when [Ag, ko] € X/, then
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Do D solika]

(4,k)EA (o)) 4
(6.26) * (wo,n([Ao, hol) ([, &, 4]),
X (p(z(5, k,1]), fo, [Aos hol, k1[4, k,1]) - Py Fa,(s))
= (Wo,n([Ao; ko)), Y (0, @) (¢(0, @)) + 15 » ([Ao, ko], § (0, @),

where the remainder t} ,, is a smooth function on

X(/, X < X (zo_l - €0, 20 .eo)k(a,a))

a<qo-J1-J2

which obeys, for [Ag, hg] € X, the a priori bound
(6.27) |t,1,n| < z-ro/ry1.

Here zj is a constant which is provided by the Riemannian metric via assertion
(4) of Lemma 6.2.

For each index o, let ,: B'(k,n) — [0,1] be a smooth function with two
special properties. First, require that ) _¢,|y, = 1; and second, require
that for each o, p, =0 on B'(k,n)\Z,.

Introduce the infinite dimensional Banach space X, (Xa<go-J;1-J, R"[”]);
the Banach space structure being defined by the obvious isomorphism with
[*°. Define a map

(6.28) 9: % x( x an)

o \a<go-Ji1-J2

by sending ([Ao, hol, <) to D = (Y(o, @)([Ao, ho,§)), where
(6-29) @(0’7 a)([AOv hO])a §) = Y,(Uv a)([AOy hO]a f) + t(a’, a)’

where Y’ (0, @)([Ao, ho), ¢) is defined in (6.18) and where
(6.30)
t(o,a) = o - En(t},’n +m-(6-R-qo) ™! tomn+(J1-J2-q0)" " 62

Z (Wa,n([AO, hO])(x[j’ ka 7‘])’ X(go(:c[j, k’ i])a
{(Gk,9)}
fO’ [AO, hO]’ hy [.7" k’i]) ' P+FA1 (3))

Over any fixed compact set in X, X, 9(o,a)(-) depends on only finitely
many coordinates in X, (Xa<go-J;-J2 (26'1 €, 20 eo)k("’“)); this means that g
defines a smooth map.

Observe that when [Ag, ho] € Uy, the assertion that Y([Ao, ho)),) = 0 for
some ¢ € Xq(Xa<qo-Jy-Js (zo_1 - €0, 20 ~eo)'°(""’)) implies that the set {f,: n <
N(4 - py)} vanishes for the orbit T'([Ao, ho), ¢)-
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For appropriate choices of ¢ = ¢[Ao, ho], 71, T2, €0, and R, D([Ao, ko, ¢)
will vanish. Indeed, choose r3/r; = ¢, R = € 1/%% and J; = e 1/2. Now
observe that the remainder in (6.30) obeys

(6.31) |t] < 2 - €'/64.

This estimate is a consequence of Lemmas 6.3-6.4 and (6.27).

To complete the proof of Proposition 6.1, note that (6.29) and (6.31) plus
Lemma 6.14 plus the inverse function theorem provide the following data:
First, they provide a constant ¢g > 0 which depends only on G and on the
Riemannian metric. Second, when € < ¢g, they provide an open neighborhood,
N, of Up in B'(k,n) with a smooth map,

(6.32) S': m —_ x ( X (z&l . 60,20 . Eo)k(a’a))

o \a<go-J1-J2
which obeys
9(,¢()|n=0.
This last equation implies that {f,: n < N(4- u1)} vanishes for each orbit
T'([Ao, ho], §([A0, ho])) when [Ao, ho] € Uy. Thus,

5u, (T"([Ao, hol, ¢ ([Ao, ho]))) = 0
when [Ag, ho] € Up.

Using (6.32), (6.21) defines the functions {s[j, k,]} over 91. It is no task to
extend the definition of the functions {s[j, k,¢]} from this domain to smooth
functions which are defined on all of B/(k,7n) in such a way that the map T
of (6.15) is well defined and agrees with T"([Ao, ko], ¢([Ao, ho])) for [Ag, ho] in
an open neighborhood of Uy. A specific extension will be considered in the
next section. Also, a specific choice of the functions ¢ and § will be made.
With this extension made, the conclusions of Proposition 6.1 are established
for some fixed J = J(Up).

To obtain Tj: for J' > J, one need only fix J' — J distinct points on M
which are disjoint from all balls B[j] of Lemma 6.6, and disjoint from the base
point zo. Then, at each such point, glue the standard self-dual connection
with scale size much less than €2/J’. A repetition of the preceding argument
using Lemma 6.14 and the implicit function theorem provides a homotopy
T+ which satisfies the requirements of Proposition 6.1 (see Proposition 6.2 in

[21)).

7. Homotopy equivalences rel 9 (k,n)

Fix a compact, oriented 4-dimensional manifold. In [13], Uhlenbeck proved
that for all compact, simple Lie groups G, all moduli spaces {9V (k,n) C
B'(k,n)} are smoothly embedded submanifolds when the metric on TM is
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suitably generic. The generic set is a Baire set of CP metrics for p > 2.
(A Baire set is a countable intersection of open, dense sets, hence dense by
Baire’s theorem.) If the space of C* metrics is given the usual topology
as ﬂp CP, then it is, in fact, a complete metric space. With this topology,
Baire’s theorem implies that there is a Baire set of C*° metrics on TM with
the property that for all compact, simple Lie groups G, all moduli spaces
{9 (k,n) C B'(k,n)} are smoothly embedded submanifolds.

This Baire set of smooth metrics constitutes the set of metrics which are
G-good for all G, where the term G-good is defined by

Definition 7.1. Let G be a compact, simple Lie group. A metric on
TM is G-good when the operator (P_d4)d% is invertible on LZ(P_Q?(Ad P))
whenever (P, A) is a pair of principal G-bundle P — M and self-dual connec-
tion A on P.

To discuss the relative topology of (B'(k,n), 0 (k,n)) when (k,n) are char-
acteristic classes for a principal G-bundle over M, it is convenient to distin-
guish metrics on TM as being G-good, or not. For G-good metrics, the fol-
lowing proposition describes the situation. Together, Proposition 7.2 implies
Theorems 1 and 2 for a G-good metric.

Proposition 7.2. Let G be a compact, simple Lie group, and let M be a
compact, oriented 4-manifold with a G-good metric. Let (k,n) be characteris-
tic classes for a principal G-bundle over M for which 9 (k,n) is nonempty.
Then, for any 7 > 0, W (k + ¢(G) - j,n) is nonempty, and there exists a map
of pairs

T(5): (B'(k,n), M (k,n)) — (B'(k+c(G) - 5,n), W (k + ¢(G) - 5,n))
with the following properties:

(1) T(5): B'(k,n) — B'(k+c(G) - j,n) s a homotopy equivalence.

(2) If 51 > 0 and 32 > 0, then T(j1 + j2) is homotopic to T(j2) o T(51) as
maps of pairs

(%B'(k, ), M (k,n)) — (B'(k + ¢(G) - (71 + 52),m), W (k + ¢(G) - (41 + 52),m))-

(3) Let 2 € m.(B'(k,n), M (k,n)) or z € H.(B'(k,n), M (k,n)). There
exists J(2) such that for all j > J(2), T(7)«(2) =0 in
(B (k +¢(G) - 5,n), M (k + ¢(G) - 5, m))
or
H.(B'(k+¢(G) - 5,n), M (k +¢(G) - 3,m))-

The homotopy equivalences in the preceding proposition are modifications
of the ones in §4. The proof of the proposition, which will be given shortly,
provides the details.
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When the metric on TM is not G-good, then there are moduli spaces
9V (k,n) which are not manifolds, or are not embedded in ®B’(k,n). For these
cases, the assertions of Proposition 7.2 must be modified. The modifications
are made in Proposition 7.3 below, which establishes Theorems 1 and 2 in the
general case.

Proposition 7.3. Let G be a compact, simple Lie group, and let M be a
compact, oriented Riemannian 4-manifold. Let (k,n) be characteristic classes
for a principal G-bundle over M for which M (k,n) is nonempty. There exists
j(k) > 0 such that for any 5 > j(k), MV (k+¢(G)-7,n) is nonempty, and there
exists a map of pairs

T(j, k): (B'(k,n), M (k,n)) — (B'(k+ c(G) - 5,n), W (k +¢(G) - ,m))
with the following properties:

(1) T(5,k): B'(k,n) — B'(k+ ¢(G) - 7,m) is a homotopy equivalence.

(2) If 71 2 j(k) and g2 > j(k + ¢(G) - j1), then T(k, k) is homotopic to
T(j2,k + ¢(G) - 71) o T(41,k) as maps of pairs

(B (k, ), M (k,m)) — (B'(k+ c(G) - (41 + 52),m), W (k + ¢(G) - (41 + 72),m))-

(3) Let z € mi(B'(k,n), M (k,n)) or = € H.(B'(k,n), M (k,n)). There

exists J(2) > j(k) such that for all j > J(2), T(k,7)+(2) =0 in
(B (k +¢(G) - 5,n), M (k + ¢(G) - 5, m))

or
H.(B'(k+¢(G) - j,n), M (k + ¢(G) - 5,m)).

The remainder of this section contains the proofs for Propositions 7.2 and
7.3.

Proof of Proposition 7.2. In §4 (see Proposition 4.1 and (4.10)) a ho-
motopy equivalence T': B'(k,n) — B'(k + ¢(G),n) was constructed. Let
¥ = {T":%B'(k,n) — B'(k+ c(G),n): T' is homotopic to T}. This is a
connected family of homotopy equivalences from B’(k,n) to B'(k + ¢(G),n).
Given € > 0 and a smooth function f: 9 (k,n) — (0,¢), one can require of
T' € ¥ that a(T’(b)) < f(b) for all b € M (k,n). (Make a suitable choice of
the functions s(-), t(-) in (4.1).)

By appealing to (6.6) and Lemma 5.4, one observes that for suitable f and
€ > 0, there will exist a homotopy ¥: [0, 1] xB’(k+¢(G),n) — B'(k+¢(G),n)
which fixes ' (k+¢(G), n) and {b € B'(k+¢(G),n)\B. (k+c(G),n) and which
retracts {b € B'(k + ¢(G),n): a(b) < f(b)} into M (k + ¢(G),n).

Define ¥ to be the set of homotopy equivalences from %B'(k,n) to
B'(k + ¢(G),n) of the form ¥(1,77(:)) for T’ € ¥'. Every homotopy equiva-
lence in ¥ is a map of pairs

(B' (k,m), M (k, n)) — (B'(k + c(G), n), M (k + ¢(G), m)).
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Composition defines for each 7 > 0 a set T(j) of homotopy equivalences
from ®B'(k,n) to B'(k + ¢(G) - j,n) which map pairs (B'(k,n), D (k,n)) to
pairs (B'(k + ¢(G) - j,n), M (k + ¢(G) - j,m)).

The fact that T(j) was defined to be the composition of homotopies in ¥
means that assertion (2) of the proposition follows automatically. By restrict-
ing somewhat the choice of the functions (s(-),¢(-)) in (4.1), an appeal to (6.6)
and Lemma 5.4 shows that the family ¥ is connected as maps of pairs; hence,
so is ¥(y) for all 5 > 0.

Given z € m.(B'(k,n), M (k,n)) or z € H.(B'(k,n), M (k,n)), and given
€ > 0, §4 (see Proposition 4.2) finds J(z,€) such that T'(5).z factors through
the inclusion (BL(k +¢(G) - 4,n), M (k + ¢(G) - j,m)) — (B'(k +¢(G) - 3,n),
M (k + ¢(G) - 7,m)) whenever j > J(z,¢) and T(5) € T(j).

Let s,,(.) denote the obstruction section of (5.2). By choosing € > 0 appro-
priately, and by choosing the functions € in (6.4) and § in (6.21) appropriately,
§6 (see Proposition 6.1) finds J(z) such that T'(j).z factors through the in-
clusion (s, (0), 90 (k+<(G) - 5,n)) — (B (k+<(G) -5, m), M (k+¢(G) -,m))
whenever j > J(z,¢€) and T(j) € T(5). The proof of assertion (3) of Proposi-
tion 7.2 follows from this last fact and Lemmas 5.3 and 5.4.

Proof of Proposition 7.3. §6 (see Proposition 6.1) provides j(k) and it pro-
vides a family of maps T'(j(k), k) which is composed of certain homotopy
equivalences from B'(k,n) to B'(k + ¢(G) - j(k),n) which map 9 (k,n) into
s, 01(‘) (0). In this construction, a fixed choice of gluing points is determined in
Part 2 of §6. The family is defined by taking different choices for the functions
€ in (6.14) and é in (6.21). By appealing to Lemma 5.3, a family of maps
%(7(k), k) is obtained; each map in T(j(k), k) is a homotopy equivalence be-
tween B'(k, n) to B'(k+c(G)-j(k),n) which maps the pair (B'(k, n), W (k,n))
to (B'(k +¢(G) - j(k),n), M (k + ¢(G) - 5 (k),m))-

For j > j(k), §6 and Lemma 5.3 provide a family of maps, ¥(, k), which
is composed of maps of pairs from (B'(k,n), 0V (k,n)) to (B'(k + ¢(G)-5.m),
M (k + ¢(G) - 7,m)) that are homotopy equivalent as a map from B'(k,7) to
B'(k + ¢(G) - 7,m). This family is constructed from ¥'(j(k), k) by first adding
additional gluing points to boost the Pontrjagin number (as per (4.10)), but
with the gluing parameters (the choice of ¢ and é in (6.21)) taken very much
smaller than those which defined the maps in ¥'(j(k), k). Then, via slight
readjustments of the functions ¢, and 6 at the original gluing sites for the maps
in ¥'(j(k), k) (see Part 6 of §6), a family of homotopy equivalences %'(j, k)
from B’ (k,n) to B'(k + ¢(G) - j,n) is constructed which maps 9 (k,n) into
5, 01(_) (0). Using Lemma 5.3, this family is deformed to a family of homotopy
equivalences %(j, k) from B'(k,n) to B'(k + ¢(G) - 5,n) which is composed of
maps of pairs (B'(k,n), M (k,n)) to (B'(k +¢(G) - 5,n), M (k + ¢(G) - 5,7m))-
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Consider assertion (2) of the proposition. Let j > j(k) and let 53 >
J(k+¢(G) - j). Let T € (j,k), and let Ty € T(j1,k + ¢(G) - 7). One can
assume that the functions € of (6.14) and é of (6.22) are as small as desired.
By making these functions sufficiently small, one can show that T3 o T is ho-
motopic to some T” € Z(5 + 71, K) through homotopy equivalences of B’(k, )
to B'(k+¢(G) - (j +j1),n) which send I (k,n) into M (k+¢(G) - (7 +71),n)-
Lemma 6.14 with (6.28)—(6.30) and the implicit function theorem provide the
crucial tools; the argument is straightforward and omitted.

Consider now what happens upon the specification of a class
z € F*(%,(kan))m/(ka 77)) or z € H*(%’(kaﬂ),fm'(k,’?))' Let W C %'(k,ﬂ)
be a compact set which represents z. Given ¢ > 0, the inclusion map defines
z as a relative class for the pair (B'(k,n),B.(k,n)). §4 (see Proposition 4.2)
provides J(z,¢€) and, for j > J(z,€), a homotopy equivalence T": B'(k,n) —
B'(k + ¢(G) - 7,m) with the property that T maps the pair (B'(k,7), B.(k,n))
into (B'(k + ¢(G) - 3,n), B%,.«(k + ¢(G) - 5,m)) and has 2 in the kernel of the
induced map T on the relative homotopy or homology groups. It is easy to
homotope T” of §4 to some T € %(j, k) through homotopy equivalences from
B'(k,n) to B'(k + ¢(G) - j,n) which map the pair (B'(k,n),B.(k,n)) into
(B'(k +¢(G) - 5,n),B,,..(k + ¢(G) - 5,n)). Indeed, choose any T € %(j, K).
The homotopies T and T" are constructed in similar ways. The number of
gluing sites are the same (and equal to 5). However, the positions of the glu-
ing sites might be different. Pair them up, one by one. For each pair, choose
a path between the two points; require that the set of paths are disjoint. By
decreasing the value of the functions € in (6.14) and é in (6.21) which define
T, one can deform T into 7" by moving the gluing sites for T along the chosen

path to the respective paired site for T".

Since T defines a homotopy equivalence from B'(k,n) to
B'(k + ¢(G) - j,n) which maps M (k,n) into M (k + ¢(G) - 5,7n), the con-
struction of the preceding paragraph shows that T,z is a well-defined relative
class for the pair (B'(k+¢(G) - 7,n), M (k+¢(G) - 5, n)) which factors through
the inclusion of B, . (k + ¢(G) - j,n) into B'(k + ¢(G) - 5,7)-

The constructions in §6 plus Lemma 6.3 provide € > 0; and for § > J(z,¢€),
they provide J(z,5); and for all j; > J(z,7) they provide a homotopy equiv-
alence Ty: B'(k + ¢(G) - j,n) — B'(k + ¢(G) - (5 + 71),n) with the follow-
ing properties: T; maps 9V (k + ¢(G) - 7,n) into M'(k + ¢(G) - (j + 71),n);
and T}.T.z is annihilated in the relative homotopy or homology of the pair
(B'(k +c(G) - (4 + 51), ), M (k + ¢(G) - (5 + 51),m))-

With an appropriate choice for the functions € in (6.14) and 6 in (6.21), it is
a straightforward process to homotope T; 0T to a homotopy in ¥(j5+ji, k); this
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step is an application of Lemma 6.14, (6.28)—(6.30) and the implicit function
theorem.

This completes the proof of assertions (1)-(3) of Proposition 7.3.

Appendix. Eigenvalue estimates

Let P — M be a principal G-bundle, and let [A] € B(P). Define an
L2%-eigenvector of P_d4(P-d4)* with eigenvalue ) to be an L2-section w of
P_02(Ad P) which solves the following differential equation:

(A1) P_da(P-da)*'w =) w.

Fix E > 0. The purpose of this section is to provide an a priori estimate for the
number of linearly independent L2-eigenvectors of the operator P_d(P-d4)*
with eigenvalue less than or equal to E. The estimate comes from Proposition
A.1, below, and it depends on the orbit [A] and the precise principal G-bundle
only through the L2-norm of P_Fj,.

Proposition A.1 asserts a more general result. To state Proposition A.1,
consider a finite dimensional Hilbert space V' on which G acts isometrically
via p: G — EndV. Let K — M be a vector bundle which is associated to the
principal SO(4) bundle of orthonormal frames in TM. If A is a connection
on P, then A defines a connection on the vector bundle P x,V, and together
with the Levi-Civita connection on the frame bundle, a connection is defined
on the vector bundle ((P x, V) ® K). Denote by V4: L2((P x, V) ® K) —
L%((Px,V)®K ®T*M) the associated covariant derivative. Let T be an L?-
section of the vector bundle of self-adjoint endomorphisms of (P x, V) ® K.
Then the assignment of w € L2((P X, V) x K) to

(A.2) taw=Va4*xVaw+T w

defines an essentially selfadjoint, unbounded operator on L2((P X, V) ® K)
with dense domain L3((P x, V) ® K) (use (3.4)).

Standard elliptic theory can be used to show that t4 has pure point spec-
trum with finite multiplicities and with no accumulation point. The spectrum
lies on the real axis and is bounded from below.

Proposition A.1. Let G be a compact Lie group, and let V be a finite
dimensional Hilbert space on which G acts isometrically via p: G — EndV.
Let M be a compact, oriented, Riemannian 4-manifold and let K — M be a
vector bundle which 1s associated to the principal SO(4) bundle of orthonormal
frames in TM. Given E € R and o > 0, there exists a constant co(FE, c)
with the following properties: Let P — M be a principal G-bundle, and let
[A] € B(P). Let T € L}(End((P %, V) ® K)) with ||T||,2> < a. The number
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of linearly independent eigenvectors of ta with eigenvalue less than E is no
greater than co(E, ).

A similar result has been announced by [4] using a theorem of Cwickel-
Lieb-Rosenbljum [18] (see also [16]).

The remainder of this appendix is concerned with the proof of Proposition
Al

The proof of Proposition A.1 begins with the following observation:

Lemma A.2. Let M be a compact Riemannian manifold, and let o,
€ > 0 and a < oo be given. There exists an integer N(ro,€,c) with the
following significance: Let f be an L?-function on M with || f||r2 < a. There
exists some N < N(ro, €, ) functions {u[o]}o<n C L2(M) with the properties
that

(1) 2, ulol = 7.

(2) If 0 # o' then u[o] - u[o'] =0 almost everywhere on M.

(3) The support of u[o] is contained in a ball B(z[o),r(o]) with r[o] < ro.

(4) For 00 S N, [g(4100].2-7[00)) 2ooza0 Ul0]* < €.

Proof of Lemma A.2. First, observe that there exists z < oo which depends
only on the dimension of M and which has the following significance: Suppose
that ro > 0 is less than 1/16 times the injectivity radius of M. Let z € M
and r € (0,7g) be given. Then the ball B(z,2-r) is covered by no more than
z balls {B(y,r): y € B(z,2-7)}.

Given rg > 0, but less than 1/16 times the injectivity radius of M, there
exists a cover of M by N(ro/2) open ball {B(z[j],70/2)} of radius ro/2.

Define fo = f. Suppose that for n > 0, a function f,, € L2(B(z[1],7o) has
been defined. For each z € B(z[1],79/2), let r(fn,z) denote the supremum
over the set of r € (0,79/2] with the property that || fnllL2;B(z,r) < €/(2 - 2)-
Let z,, minimize r(fy,,-) as a function on B(z[1],7g), and let r, = 7(fn,zn).
Let x,, denote the characteristic function for the ball B(z,,,), and let fr,41 =
fn = Xn - fn. Note that this recursive definition of L2-functions on B(zo, 7o)
must terminate after at most || f||12/€ steps. Note as well that

(A.3) / fi<e
B(zn,2:7n)

Now, define uloc = (1,n)] = xnfn. For given index j, if the functions
{ulo = (j,n)]} have been constructed, construct the set {u[oc = (5 + 1,n)]}
by repeating the procedure above with f — 3. ulo] replacing f and
with B(z[j], 7o) replacing B(z[1],70).

Suppose E € R is given. Let w € L((Px,V)®K) be a linear combination
of eigenvectors of t4 with eigenvalues less than E. Then

(A.4) (Vaw, Vaw)pz — (w, |T] - w)p2 < E - (w,w) 2.

'<jandn
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Use Lemma A.2 to construct the set of L2-functions {u[o]} using the L2-
function f = |T).

Let B(:): [0,00) — [0,1] be a smooth function which is identically one on
[0,1] and which vanishes on [2,00). Define for each (z,7) € M x (0,1] the
function f(;,)(-) = B(dist(z,-)/r). For each index o, set flo] = Bz(o],r[o])
with (z[o], r[o]) provided by Lemma A.2. Set

1/2
(A.5) vlo] = (ﬂ[ol- [Ma- ﬁ[a’])) ,

o'<o
and note that }__ v[o]? =1, and if o’ < o, then u[o’] - v[o] = 0.
Then, rewrite (A.4) by inserting the partition of unity {v[o]?} as

(A.6) (Vaw,Vaw)pe — Z(U[O’] cw, |T| - v[o] - w)p2 < E - (w,w)e.

o

Due to Lemma A.2, this last equation can be written as
(A7) (Vaw,Vaw)rz — 2 <U[a] - w, Z ulo] - vlo] -w> <E-(w,w)L2,
4 a'>o L2

and, therefore, due to assertion (4) of Lemma A.2 and Holder’s inequality,

(A.8) (Vaw, Vaw)pz — €Y |vlo] - wlie < E- (w,w) 2.

Since v[o] -w has compact support in the ball B(z[o],2r[0]), the L? — L*
Sobolev space inclusion with (3.4) imply that

[vlo] - wiiZs < 2 lldvlo] - wll|Z-
<2-z-|vlo] - VawlZ: + llldvfo]l - wl||Za-
Together, (A.8) and (A.9) imply that

(A.10) (1 —2z€) - (Vaw,Vaw)p2 — 2z¢ - Z lldvio]] - w|||22 < E - (w,w) 2.

(A.9)

Here, since each r[o] is less than 1/16 times the injectivity radius of M, the
constant z is fixed, independent of M.
To evaluate (A.10), observe that |df[o]| < z/r[o] and it has support in
B(z[o],2 - r[o]). Thus, if € is taken less than z/4, then (A.10) implies that
> (1/N(ro,€, @) - (V awlo], V aw[o]) L2;B(z[o] 4r(o])
(A11) 5
-z (E + N(TO’G’O‘)Q/T[UP) ) <w[0]’w[a])LQ;B(I[a]Ar[a])) <0,

where w(o] = B(z0],2.7[0]) - W-
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To analyze (A.11), it is necessary to digress and discuss the trace Laplacian,

“V . For this purpose, let B C M be a ball of radius less than the 1/4

times injectivity radius of M, and let L3 ,((Px,V)®K| p) denote the Hilbert
space of L2-sections of (P x, V) ® K over B which vanish on dB.

The trace Laplacian V%V 4 defines an unbounded, self-adjoint operator
Ay on L*((P x,V)® K| ) with dense domain L3.,((P x,V) ® K| g) which
is called the Dirichlet Laplacian.

Lemma A.3. Let M be a compact, Riemannian manifold. There exists
r1 > 0 and, given A > 0, there exists N(\) < oo which have the following
significance: Let B C M be a ball of radius r < r1. Let (V,p,P,K) be as
tn Proposition A.1. Let A be a connection on P. Then there are at most
N()) eigenvectors of the Dirichlet Laplacian As on L2((P x,V)® K| g) with
eigenvalue less than \/r?.

This lemma will be proved shortly.

Proof of Proposition A.1 assuming Lemma A.3. Choose ry in (A.11) to
be less than 7; of Lemma A.3. Choose A in Lemma A.3 to be equal to
32z N(ro,e,a) - (E - 18 + N(ro,€,0)?), with the constant z as in (A.11).
Suppose that there existed more than N(\)-N(ro, €, &) eigenvectors of t4 with
eigenvalue less than E. Then, one could find a nontrivial linear combination
of these eigenvectors, w, with the following property: For each of the less than
N(ro,¢€, @) indices o, the section wlo] € (L}.o((P X, V) ® K| B(z[o} 4r[0]))) I8
L?-orthogonal to the span of the eigenvectors of the Dirichlet Laplacian A 4
on L2((P x, V) ® K| p(s[o},ar[o])) With eigenvalue less than A. For such w,
(A.11) would yield an immediate contradiction.

Proof of Lemma A.3. The proof mimics an argument in [7]. To begin,
construct the heat kernel for the Dirichlet Laplacian; denoted by ka(t;-,-).
This kernel can be written explicitly using the eigenvectors to the Dirichlet
Laplacian,

(A.12) ka(t;z,y) = Z e_t')‘(”)/'zv(x) ® v(y),

where the sum is over an L2-orthonormal set {v} of Dirichlet eigenvectors of
A 4. Here the number A(v)/7? is the eigenvalue for the eigenvector v. Observe
that when the point y is in the interior of B, the heat kernel obeys the heat
equation,

(A.13) (0/0t + Aa)ka(5-y) >0 =0 with ka(0;-,y) =6(-,9) - L
Here 6(-,y) is the Dirac delta function with support at y, and
Iec Hom ((Px,V)® K|y, (Px,V)® K|y)

is the identity homomorphism.
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Note that on 8B, ka(t;-,y) vanishes. Thus, by Kato’s inequality ((3.4))
and the maximum principle,

(A.14) lka(t;z,y)| < m- |ko(t;z,y)| for t > 0 and for z,y € B.

Here ko(t;-,-) is the Dirichlet heat kernel for the scalar Laplacian d*d on
L?(B), and m is the fiber dimension of the vector bundle (P x,V) ® K.
Together, (A.12) and (A.14) imply that

m-/ko(t;z,m) - dvol(z)

(A.15)
> / tr(ka(t: 2, 7)) - dvol(z) > N(A, A) - e=tM/7".

Here, tr is the trace on Hom((P x,V)® K| ,(P x,V)® K| ;), and N(A, )
is the number of linearly independent eigenvectors of the V 4 with eigenvalue
less than A/r2.

For the proof of Lemma A.3, it remains yet to bound the left-hand side of
(A.15). Since M is compact, there exists 7o > 0 so that a Gaussian coordinate
system which is centered at a given point in M covers the ball of radius 7,
about that point. Gaussian coordinates identify this ball with a ball which is
centered at the origin of Euclidean space.

There exists r3 = (0,72) such that if B is a ball of radius r < r3 in M,
then Ko(t;z,z) is uniformly estimated by the heat kernel for the Euclidean
metric’s Dirichlet Laplacian [5]. The result is that there exists §o > 0 which
depends on the Riemannian metric and which is such that when t < §p, the
left-hand side of (A.15) is bounded by z-r*/t2. Take A > 1, and take t = 72/},
then (A.15) implies that

z-m-A2 > N(A,)).

This estimate implies the lemma.
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