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A FIRST EIGENVALUE ESTIMATE
FOR MINIMAL HYPERSURFACES

HYEONG IN CHOI & AI-NUNG WANG

0. Introduction

In this paper we obtain a lower bound for the first eigenvalue of a compact
orientable hypersurface embedded minimally in a compact orientable manifold
with positive Ricci curvature. The proof of our result utilizes Reilly’s formula
[4] which is actually an integrated version of Bochner’s formula, as it becomes
clear in the proof of Theorem 1. It should be mentioned that the idea of
integrating Bochner’s formula was used before by Lichnerowicz [3].

Combining our theorem with the result of Yang and Yau [5] we obtain an
upper bound for the area of an embedded minimal surface of S* solely in
terms of its genus. See Proposition 4 for a more general statement. We also
estimate an upper bound of the length of closed geodesics in a convex surface.

We would like to thank Professor S. T. Yau for making us aware of this
problem, for encouragement and for many helpful suggestions. We would also
like to thank Professor Rick Schoen for his interest in our result. Our result
was obtained when both of us were visiting the University of California, San
Diego. We thank the University of California, San Diego for its hospitality.

1. Reilly’s formula

Let Q be a Riemannian manifold of dimension n with smooth boundary 9.
Let f be a function defined on £ which is smooth up to 3Q. We denote z = f|,q
and u = (3f/3n) |,q, where df/dn is the outward normal derivative of f. Af
and Vf denote the Laplacian and the gradient of f with respect to the
Riemannian metric of ©, whereas Ag and Vg denote the Laplacian and the
gradient of g (defined on 0€) with respect to the induced Riemannian metric
on 9. Let X,Y € T,Q. Then we define the Hessian tensor (D )(X,Y) =
X(Yf) — (DyY)f where X and Y are extended arbitrarily to a vector field near
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p and D,Y is the covariant derivative of the Riemannian connection on . It is
easy to see that the definition of D2f does not depend on the extensions. In the
local computation of this section, {e,---,e,_,,e,} is a local orthonormal
frame such that at ¢ € 0Q, e,---,e,_, are tangent to 9%, and e, is the
outward normal vector. We denote f,; = D*f(e;, ¢;) and |D*fP=3r_,
We define the second fundamental form II(v, w) = ( D,e,, w), where v and w
are vectors tangent to 92, and the mean curvature K = 37~ II(e;, ¢;). The sign
of K is chosen so that the sphere in the Euclidean space has a positive mean
curvature.

We state the Reilly formula:

Theorem 1 ( Reilly [4]).

V2 (2l — o
[ Br) =10 = [ Rie(¥f, 7)
+[ (82 + Ku)u = (vz, vu)+ 1I(vz, vz),
a0

where Ric( , ) is the Ricci tensor of 2.
Proof. Integrate Bochner’s formula to get

1-—, 2 - - — 2 o —
| 581911 = 3 £(&7),= [ [DY[ + Rie(¥1, ¥f).
Q i=1 Q
Using the Stokes theorem, we obtain

L, ; fo,,+/(Af

[, 3817 - 2 f(Br),
(+)

_ - 2
/, 21 i f,.zl fu+ [ (B7)
Now for i # n,
fin=(D*f)(ese,) =ee,f) — (D.e,)f=u,— 2 hz;,

where h;; = 1l(e,, e;). Also
n—1 n—1
3 fue 3 [edes) = (Doe)]
= i=1
n—1 _
=2 [ei(eif) - (De,-ei)f_[De,.ei - De,.ei] f] = Az + Ku,
i=1
where D, e, = (D_eie,-)T. Putting these expressions for f,, and 27— £, back into
(*), the proof is complete.
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Remark. It should be mentioned that Reilly’s original formula is more
general than Theorem 1.

2. Main Theorem

We state our main result.

Theorem 2. Let M be a compact orientable embedded minimal hypersurface
of a compact orientable Riemannian manifold N. Suppose the Ricci curvature of
N is bounded below by a positive constant k. Then A (M) = k/2, where A (M) is
the first Neumann eigenvalue of the Laplacian of M.

Proof. Since the Ricci curvature of N is strictly positive, the first Betti
number of N is zero. Combining this with the fact that both M and N are
orientable, and chasing through the exact sequences of homology groups, it is
easy to see that M divides N into two components £, and {2, such that
0Q, = M = 09,.

Let z be a first eigenfunction of M, i.e.,, Az + A,z = 0, where A, = A ((M).
Let f be the solution of the Dirichlet problem such that

Af=0, ong, flog, = -

By the Cauchy-Schwarz inequality, (Af)? < n|D?fP. Putting this into Theo-
rem 1, we get

n—1,- _\2 — 2
‘/;2. - (Af) >-£2,klvf| +j;QI(Az)u—(Vz,Vu)+II(Vz,Vz).

Integrate by parts and use the fact that Af = 0 and Az + A,z = 0. We then get
— 2
0= k|Vf| + -2\ zu + II(vz, vz).
[T+ [, 2 55

We can assume [yo 1I(Vz, Vz) = 0, otherwise we can work with @, rather
than with Q,. Also

[ = fo 1= [ 57+ g = [T

Thus we have 0 = (k — 2A)[g | Vv /. Since f is not a constant function, we
have k — 2\, <0.

Corollary 3. Let M be a compact embedded minimal hypersurface of S", the
standard sphere of sectional curvature 1. Then A\\(M) = (n — 1)/2.

Proof. A compact embedded hypersurface of S” is already orientable. This
corollary follows from Theorem 2, since the Ricci curvature of S”isn — 1.
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Remark. Our result is closely related to Yau’s conjecture [6]. It is well
known that the coordinate functions are eigenfunctions of a minimal hyper-
surface M of S” with eigenvalue n — 1. Yau conjectured that the first eigen-
value of M is actually n — 1. Our result can be regarded as some evidence that
Yau’s conjecture may be true.

3. Applications

Yang and Yau [5] proved that if M is an orientable Riemannian surface of
genus g with area 4, then A4 < 8«(g + 1). Combining this with Theorem 2,
we get the following.

Proposition 4. Let M and N be the same as in Theorem 2. Assume that
dim M = 2. Then A < 167(g + 1)/k.

Corollary 5. Let M be a compact embedded minimal surface of S>. Then
A<8x(g+ 1.

The Reilly formula (Theorem 1) and the eigenvalue estimate (Theorem 2) are
still valid even when M is a closed geodesic. But A,(M) = 47 /1%, where / is the
length of M. Thus if the Gaussian curvature of N = k > 0, then the length of
any closed geodesic < /87 /k . Combining this with the Bumpy Metric Theo-
rem of Abraham [1}, we obtain the following result: There are only finitely
many closed geodesics on S? equipped with generic metric with positive
Gaussian curvature.

Remark. Using the above result, one can prove the following smooth
compactness theorem: For any sequence of embedded minimal surface of fixed
genus g in a compact simply connected 3-manifold with strictly positive Ricci
curvature, one can extract a subsquence which converges together with all
derivatives to an embedded minimal surface of the same genus g. For more
details, see the forthcoming paper by H. I. Choi and R. Schoen [2].
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