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HOMOGENEOUS CONVEX DOMAINS OF NEGATIVE
SECTIONAL CURVATURE

HIROHIKO SHIMA

Let Q be an affine homogeneous convex domain in a finite dimensional real
vector space V, not containing any full straight line. Then we know that 2
admits an invariant volume element

v =Kdxt \---/\ dx"

and that the canonical bilinear form
Da = 37 218K jrigys
o 0x%ox?

defines an invariant Riemannian metric on £, [2], [6]. In this note we prove
the following theorem.

Theorem. An affine homogeneous convex domain §2 not containing any
full straight line has negative sectional curvature with respect to Do if and
only if Q2 is the interior of a paraboloid:

n—1
Y= 2% 0> -1,

where {y°, y', - - -, y""'} is an affine coordinate system of V.

We first recall the construction of clans from homogeneous convex domains,
[6]. In the following we assume that a homogeneous convex domain £ con-
tains the zero vector 0. Let G be a connected triangular affine Lie group
which acts simply transitively on £, and let g be the affine Lie algebra cor-
responding to G. For X € g, we denote by f(X), g(X) the linear part and the
translation vector of X respectively. Since g is a linear isomorphism of g onto
V, for each x € V there exists a unique X, ¢ g such that g(X,) = x. We define
an operation of multiplication in ¥ by the formula

(1) x-y = f(X,)y forx,yeV .

Then we have
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(2) [La:a Ly] = La;~y-—y~z ’

where L,y = x-y, or equivalently

(2) x@Q)—@yz=y2—0xz.
We put
(3) a(x) =TrL,,

and identify the tangent space of 2 at O with V. Then the value of D« at 0
gives an inner product  , > on V¥ such that

(4) <x7y> = “o(x'J’) .
By (2') and (4) we get
(5) xeyzp + 3x2) =%, + {x,y-2) .

The algebra V together with the linear function e, is said to be a clan cor-
responding to £. If we define a bracket operation in V' by

(6) x,yl=xy—yx,

then V is a Lie algebra with respect to this bracket operation and q is a Lie
algebra isomorphism of g onto V. Therefore we may identify g with V' by
means of g. Following Nomizu [4], we shall express the Riemannian connec-
tion, the curvature tensor and the sectional curvature of 2 in terms of its clan
¥ ; those expressions were originally obtained by Y. Matsushima (unpublished).
Proposition 1. The Riemannian connection V for Da is given by

V.ty = %(L‘t - tLa:)y ’

i.e., V, is the skew symmetric part of L.
Proof. According to [4], we have

Vey = $lx,5]1 + Ux,y) ,
where 2<U(x, ), z) = [z, x,¥> + <x,[z,¥1>. By (5), (6), we get

WU, y), 2> =<z:x —x-2,¥)> + (X, 2y — y-2>
=29 + {x,2:y) — X2, ¥) — {x,y-2)>
=2, y) + & xyy — {x-2,y) — {6, ¥-2p
=(g,xy) —<x,y-2) = Loy — 'LyX, 2 -

Hence it follows that
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U(x5 )’) = %(ny - tLy-x) = %(Lyx - thy) s
so that
Voy=3%Ly— Lyx) + 3(L,x —'Ly) = 3(L, — ‘Ly)y .

Proposition 2. Let S, be the symmetric part of Ly, i.e., let S;=3(L,+'L;).
Then we have

(1) Sgy = Sy,

and the curvature tensor R and the sectional curvature k are given by
(i) R(x,y) = —I[S,, 8,1,
(iii) k(x,y) = [1S21PF — <Sa%, Sy

x P fly]* — <x, ¥
where ||x|| = V{x, x).
Proof. (i) is equivalent to (5). In fact we have
2(8,y,2) = Ly + 'Ly, 2 = {x-¥,2) + ¥, x-2)
=x,2) + {x,y-2) =L, + 'L)x,z) = 2{S,x,2) .
Since R(x,y) = [V,,V,] — V.47, by Proposition 1, (2) and (6) we get
R(x,y) = 1IL, — th’Lz/ - zLy] - %(L[-’Eaﬂ] - tL[x,vJ)
= L, L,] —[L,,'L,] — ['L,,L,]
+ [‘L,,‘'L,] — 2[L,,L,] + 2'[L,, L,]}
= —%[Lx + tL:m Ly + LLy] = —[Sxy Sy] .
From (i), (ii) we obtain
<R(~xa y)y7 x> = <—[S.1:;Sy]ya x> == <_SzS'yy + Sysxy’ x>
= <S:cy9 Syx> - <S1/ya S.‘Ex> = “Sa:y”Z - <S.'bxa Syy> 5
which together with k(x, y) = (R, y)y, x) gives (iii).

lxF Iy — <x ¥
A clan V is said to be elementary if V satisfies the following conditions :

(E.1) V={u}+P (direct sum of vector spaces) ,
(E.2) u-u=u, u=+0,

(E.3) u-p=3%p and p-u=0 forpeP,
(E.4) p-q=90p,9u  forp,qeP,

where @ is a positive definite symmetric bilinear form on P.
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The domain {2 corresponding to an elementary clan is the interior of a
paraboloid (cf. [5], [6]):

Q={au+ p;a— 39(p,p) > —1foraecR, peP}.

To prove our theorem, therefore, it suffices to show
Theorem. Let V be a clan. Then the following conditions are equivalent :
(i) The sectional curvature k < 0.
(i) V is an elementary clan.
Proof. We first prove that (i) implies (ii). Since V is a clan, there exists a
nonzero element u € ¥ such that (cf. [5])

(7) u-u=u,

(8) V{u} C {u},

and moreover putting P = {p e V'; p-u = 0} we have:

(9) V={u}+P (orthogonal decomposition),

(10) L, leaves P invariant, and the eigenvalues of L, on P = Oor } .

Let p be an element in P such that L,p = 0. By (7), (8) and (9) we obtain
(Sutty @) = J(Ly + ‘LI, @) = ¥u, g5 + K, u-g> =0

for all ge P, so that S,u e {u}. Put S,u = Au (A€ R). Then it follows from
Proposition 2(i) that

{Sutt, Sppy = {Au, Spp) = XKSyu, py = KSup, p) = Ku-p,py =0.
Therefore by Proposition 2 (iii) we have
k(u, p)([ulf Ip|? — <u, p)?) = ||Sup | — {Sutt, Spp)> = |SuP|P = 0 .

Since k£ < 0, we have p = 0. Hence it follows from (10) that the eigenvalues
of L, on P are equal to 4. By [5] this means that

1mn p-q =9, Qu for p,qeP,

where @ is a positive definite symmetric bilinear form on P. Since {x,u) =
a,(x) for all x e V, u is the principal idempotent of V and V = {u} + P is the
principal decomposition of ¥, [6]. Therefore V' is an elementary clan.

Conversely we shall prove that (i) follows from (ii). Let u, = -L—u,

\/ 0‘0(”)

Dy, - - > Pn_; be an orthonormal basis of ¥ such that p; ¢ P. Then we have
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1 d;
Uy Uy = ——x=lly , iD= ——=L—U, ,
02 0 Uo V) 0 Di*Dj NEXO) 0
1
Uy Dy = Piruy =0,

2\/6\{—0(”) pz 9

d;; being Kronecker’s delta. Let x = A4y + 21721 4:ps and y = poy + 23771 304
be elements in ¥ where 2;, #; € R. By (12) we get

Ao + 20751 Xi/lz = Ao
(13) x.y = 2ot : +
v a(w) = Z 2V w) )7

and therefore
1
(Says Uy = <E(LZ + ‘Ly)y, ”o> = %<x'}’, Uy + %Q’, XUy

— l Zo)uo + ZEll Ziﬁz = Zo/lz
< x/ao(u) 0 + Z 2\/6(0( pw u0>

o+ Er o)
+ 2 #ouo‘l‘ igl,uzpz’ 1/ 0( ) uo

1 ( n—1 )
= 5—F——(22 Aty ) s
ZN/QO(L{) 0{10 + §1 /1

1

20#0+ Zz llzuuz = 2Oluz
< \/Clo(u) 0 + Z 2'&/0(0( ) pzs pk>
1 A
+ e u + 7;[)1;, L_u L_
2 /“0 0 zgl 4u '\/0(0(1,{) 0 + 2x/C(0(u) Pk>
— lo#k + ,Uozk
2y ay(u)
Thus
14) Sy = 1 oty + 5 =
2 = g (P + B i + B G+ o

from which it follows that
||Sz)’||2 - <Sa:x> Sz/y>

1 {( n~-1 )2 n—-1
= 22 , ‘ N
hat ) ot + 531 Aips) + iZ=:l otts + poks)
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n-1 R n—1 -
- <223 + 2 23><2pa + X ﬁ%) Z) Aoftol z)uz}

- 4a0(u) {<Z )(Z #e ) - (‘i '“‘“)

n—1
+ T G — pozy} .

(15)

Therefore, if x and y are linearly independent, then we have k(x,y) < 0 by
Proposition 2 (iii) and Schwarz’s inequality. Hence our theorem is completely
proved.
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