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HARMONIC AND RELATIVELY AFFINE MAPPINGS

KENTARO YANO & SHIGERU ISHIHARA

The theory of harmonic mappings of a Riemannian space into another has
been initiated by Eells and Sampson [2] and studied by Chern [1], Goldberg
[1], [3], T. Ishihara [3], [5] and others.

In this paper, we study projective and affine mappings of a manifold with
symmetric affine connection into another and harmonic and relatively affine
mappings of a Riemannian space into another.

1. Differentiable mappings of a manifold with symmetric affine
connection into another

Let (M, F) be a manifold of dimension n with symmetric affine connection
F, and (TV, F) a manifold of dimension p with symmetric affine connection F,
where n,p>2. Let there be given a differentiable mapping f:M-*N which
we denote sometimes by /: (M, F) —> (N,F). Manifolds, mappings and geo-
metric objects which we discuss in this paper are assumed to be of differen-
tiability class C°°. Take coordinate neighborhoods {U xh} of M and {U,ya} of
N in such a way that f(U) C U, where (xh) = (x\ x2, , xn) and (ya) = (yι,
y2, , yp) are local coordinates of M and N respectively. The indices h, /, /,
k, I, m, r, s, t run over the range {1,2, , ri\, and the indices a, β, γ, δ, λ, μ, v
the range {T, 2, , p). The summation convention will be used with respect
to these two systems of indices. Suppose that /: (M, F) —> (TV, F) is represented
by equations

(1.1) y = y(x1,xi

9...9x»)

with respect to {[/, xh) and {U, ya}. We put

(1.2) Af = diy(x1,x*9 - " , x n ) ,

where dι = djdx1. Then the differential df of the mapping / is represented by
the matrix 04/) with respect to the local coordinates (xh) and (;yα) of M and
N.

When a function p, local or global, is given in N, throughout the paper we
shall identify p with the function p o / induced in M. We denote by Γ% the
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components of the affine connection V in M, and by Γ"β those of the affine
connection V in N.

In this and the next sections, X, Y and Z denote arbitrary vector fields in M
with local expressions X = Xhdh9 Y = Yhdh and Z = Z 7 ^ respectively. Then
(AfX^d,,, where dα = d/dy", is the local expression of the vector field (df)X
defined along /(M). If we put in U

(1.3) ^V = M 1

β ,

where

(1.4) F ^ = 9^,- + />4/,4/ - / V Λ " ,

then {AμaXiYι)da is the local expression of a vector field B defined along /(M),
and Ajia = ^ / .

Consider a curve f: / —» M in M, / being an interval, and denote by γ =
f o γ / -> iV the image of ^ by /. When γ is locally represented by xh = Λ Λ ( 0 ,
ί being a parameter belonging to /, γ is so by ya — ya(xh(ή). If γ satisfies

with a certain function a{t) of t, then 7- is called a pαί/ί of (M, V). It is easily
seen that the above equations can be reduced to

d2xh

 Γhdχi dx1

 n

by a suitable change of the parameter t. In this case γ is called a path with
affine parameter t. A path in N and the affine parameter on this path will be
similarly defined.

Now, using ya — ya(xh(t)), (1.3) and (1.4), we find

Π Sϊ d2y<X 4- Γa dyT dyβ — A «(d2xh , phdxj dxι\ * adxj dxι

dt1 rβ dt dt \ dt2 Jl dt dt / J dt dt

We assume that an arbitrary path in (M, F) is mapped by / into a path in
(N, F). Such a mapping / is said to be projective. Under this assumption, we
have from (1.5)

dt dt dt

for any path γ: xh = xh(t) in (M, F), /3(0 being a certain function of t. Thus,
f being arbitrary, we find βAh

aξh = Aμ'ξ^ξ1 for any direction f = f Λ9Λ at any
point of M, from which we conclude that
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(1.6) Λμ

a = pjAi^ PiAj"

for some local functions pt λ: U, which are the components of a 1-form in M.
The converse being evident, \* e have

Proposition 1.1. /rc o r ^ r for a mapping f: (M, F) —> GV, F) to be projec-
tΐve, it is necessary and sufficient that Ajt

a has the form (1.6).
We next assume that an arbitrary path in (M, F) is mapped by / into a path

in (N, F) with the affine parameter preserved. Such a mapping / is said to be
affine. Under this assumption, we have from (1.5)

(1.5)
dt dt

for any path γ: xh = xh(t) in (M, F). Thus, f being arbitrary, we have Aji

aξjξi

= 0 for any direction f = ξhdh at any point of Λί, from which we conclude
that y4y/ = 0. The converse being evident, we have

Proposition 1.2. In order for a mapping f: (M, F) —»(Λf, F) to be affine, it
is necessary and sufficient that Aμ

a — 0.

2. Differentiable mapping of a Riemannian space into another

Let (M, g) and (N, g) be Riemannian spaces of dimensions n and p respec-
tively. Let there be given a mapping /: M —• N denoted sometimes by /: (M, g)
—» (N, g). We denote by g^ the components of the Riemannian metric g in M,
and by gr̂  those of the Riemannian metric g in N. The Christoffel symbols

formed with gjt and gr̂  are denoted by < ..> and < ^.1 respectively. Thus, de-

noting by F the affine connection determined by j . . 1 and by F that determined

by < aΛ, we can regard / as /: (M, F) —> (N, F).

If we put

then gft are the components of the tensor g* = /*g induced in M from f by
/. For g* = pg, f: (M, g) -> (N, g) is said to be conformal, homothetic or
isometric according as the function p is positive, constant or equal to 1.

Differentiating (2.1) covariantly, we find

(2.2) Vkg% = Dkjί + DkiJ ,

where we have put
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(2.3) Dkjί = Ak/A/gΐβ .

Changing indices in (2.2), we obtain

(2.4) Fjgtt = Djkί + Djίk ,

(2.5) Fi8ij = Dίkj + D ^ .

Forming (2.2) + (2.4) - (2.5), we find

(2.6) Dkjί = ±{Fkg% + Fjgl -

where we have used Dkjί = Djkί which is a direct consequence of Akj

a = Ajk

a.
When Fg* = 0, that is, when Fkg% = 0 is satisfied, /: (M, g) -> (N, g) is said
to be relatively affine (see [4]). Since we can see from (2.2) and (2.6) that
Pkgfi = 0 and Dkjί = 0 are equivalent, we now have

Proposition 2.1. A mapping f: (M, g) —• (JV, g) w relatively affine if and
only if Dkjί = 0, i.e., // and only if Ak/A/grβ = 0.

Thus any affine mapping is relatively aίfine.
The conditions Fg* = 0 and g* = p2g imply ^2 = const. Thus we have
Proposition 2.2. // a mapping f: (M, g) —> (N, g) w relatively affine and at

the same time conformal, then it is homothetic.
It is easily seen that the rank of the mapping /: (M, g) —> (JV, g), i.e., the

rank of (Af) is equal to the rank of (g%) at each point of M. If the mapping /
is relatively aίfine, then Fg* = 0 which implies that g* is of constant rank m.
Therefore, if / is relatively affine, then / is of constant rank m. Assume that /
is relatively affine and of constant rank m < n, and for any point p of M put
Dp = {X e TP(M) I (df)pX = 0}, which is a subspace of dimension n — m in
the tangent space TV(M) of M at p. Therefore the correspondence D: p —> Dp

defines an {n — m)-dimensional distribution D in M, which is called the vertical
distribution. It is easily verified that a vector field X belongs to the vertical
distribution D if and only if Aί

aXi = 0, or equivalently, if and only if g%Xι =
0. By considering such a vector field X and differentiating AfX1 = 0 covari-
antly, we then obtain A^X1 + At

aV'jXι = 0. Thus transvecting Ak

βgβa to this
equation and using Dkjί = 0, we have g^F0X

l = 0, i.e., (df)(FγX) = 0. Con-
sequently, we arrive at

Proposition 2.3. Let a mapping f: (M, g) —> (N, g) be relatively affine. If
M is connected, then f is of constant rank m. When 0 < m < dimM = n, the
vertical distribution D is of dimension n — m and parallel.

As a corollary to Proposition 2.3, we have
Proposition 2.4. Let f: (M, g) —> (iV, g) &e relatively affine. If (M, g) w tf

connected and irreducible Riemannian space, then f is either of rank n( = dimM)
or a constant mapping.

We now put
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(2.7) A°=g'iAJi< ,

where (gji) = (g^)"1. Then the vector field T with components Aa defined
along f(M) is called the tension field of the mapping /: (M, g) —» (N, g). It is
well known that /: (M, g) —> (N, g) is harmonic if and only if T = 0, i.e., if
and only if Aa = 0 (see [2]).

Consider the divergence of the vector field with local expression
(ghiA/APgrp)dh in M. We then obtain

Fι(gιίA/A?grβ) =

where we have put

(2.8) PtA" = diA + l
Iγβ

Thus we have
Proposition 2.5. A mapping f: (M, g) —> (N, g) w harmonic if M is com-

pact and FT — 0 which means F\Aa = 0.

3 . L a p l a c i a n of \\df\\2

We shall compute Laplacian of ||d/||2 for later use. We now put in U

(3.1)

Then (PkAji

aXkYjZi)da is the local expression of a vector field defined along
KM). Taking account of (1.3), (1.4) and (3.1), we obtain the following formula
of Ricci-type:

(3.2) F*M*β - ΓftAf = Rirβ'AkΆ/AS - RkJi

hAh° ,

where Rδΐβ

a and Rkjί

h are the components of the curvature tensors of g and g
respectively. We are now going to compute Laplacian of ||d/||2. We then have

where

(3.4) \\B\\2 = AJAjfgVgHg^ .

Thus using (3.2) and putting Rδΐβa = Rδΐβ

λgλa, from (3.3) we obtain
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iΛ\\df\\* = (TjAηAfgVg,. + \\B\\*

+ RδrββA'AirAMjβ8lk8ji + Λ * W >

where # / = RjΊcg
hk are the mixed components of the Ricci tensor of (M, g) and

F ^ α are defined by (2.8). Thus taking account of (3.5) we have
Lemma 3.1. For a harmonic mapping f: (M, g) —> (N, g), we have

(3.6) \Δ ||d/||2 - ||£||2 + R^fAMMfgHg** + Rjhgl8jί .

Let ea), , e{n) be n orthonormal vectors at each point of (M, g) such that

where eω

h are the components of e(r), and e{r)i = e{r)

hghi. Then we find

(3.9) λ19 ...,λn > 0 .

If we now put e(S) = (df)e(S), then e(S) has components of the form ew

a=Ai

ae(8)

i.
Therefore we get

and hence

(3 JQΛ j ^ ^ ^ArA ^A .aQlkQ^ — V o{e e )λ λ

where σ(X, Y) denotes the sectional curvature of (N, g), X and Y being any
two linear independent vectors at any point of (N, g).

On the other hand, we can easily find

(3.11) Σ λrλ8 = - Σ α - λ)2 + n(n - l)λ2 ,
rφs s

where we have put

(3.12) λ = i - α + ••• + λn) > 0 .

n

nλ is sometimes denoted by

(3.13) Trace g* = nλ = g%gjί > 0 .

We here consider the following condition:
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(C) There is a constant c such that c > σ(X, Y) for any two linearly inde-
pendent vectors X and Y at any point of (TV, g).

Then using (3.10) and (3.11) we obtain

(3.14) R^AMM/A/g1^ > c Σ α - λ)2 - n(n - l)cλ2 ,
s

when condition (C) is satisfied.
Next, using (3.7) and (3.8), we have

(3.15) Rjhgti8jί = λ^Rjtβ^e^) + + i , ( V w V ) >

where Rjt = Rjhghί are the components of the Ricci tensor of (M, g). Assume
M to be compact and put

(3.16) — = minRjiAJAi ,
n

where A = Ahdh runs over the unit sphere bundle over (M, g). Then by (3.15)

and (3.16) we find

(3.17) * / * ? * * " > r 2 ,

and use of (3.14), (3.17) and Lemma 3.1 thus gives
Lemma 3.2. For a harmonic mapping f: (M, g) —* (N, g) we have

(3.18) \Δ μ/||2 > | |β| |2 + c Σ α - λ)2 + n(n - \)cλ2 + rλ ,

wΛβw M is compact and condition (C) is satisfied.

4. Theorems

First we shall give some remarks. If ||Z?||2 = 0, then we have B = 0 which
means that /: (M, g) —> (N, f) is affine. If ̂  = = Λn = λ, then ^* = λg,
which means that /: (M, g) —> (iV, g) is conformal when 3 =£ 0 everywhere and
that / is a constant mapping when λ = 0 everywhere and M is connected. Thus,
if || B ||2 = 0 and λx = = λn, and M is connected, then / is a homothetic or
constant mapping, because of Proposition 2.2. Consequently from Lemma 3.2
we have

Theorem 4.1. Let f:(M,g)-^(N,g) be a harmonic mapping of a
Riemannian space (M,g) of dimension n into another Riemannian space
(N, g), and assume M to be compact and connected. Then

(i) /: (M,g)—*(N,g) is a constant or homothetic mapping of rank n
everywhere, if (M, g) has positive definite Ricci tensor and there is a constant
c > 0 such that c > σ, σ being the sectional curvature of (N, g), and the fol-
lowing condition is satified:
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(Ax) Trace g* < _ — ? _ _ ,
(n - l)c

where r is defined by (3.16)

(ii) /: (M, g) -* (iV, g) w # constant mapping, if the following condition is
satisfied:

(A2) σ < 0 and (M, g) /las positive definite Ricci tensor.

In case (i) of Theorem 4.1, if dim M = n = dim N9 then / is a regular and
homothetic mapping of (M,g) onto a connected component of (N,g); if
dim M = n < dim N, then /: (M, g*) -> (N, g) is an isometric immersion,
which is totally geodesic, and g* == p2g with constant p2 > 0. Thus, in case (i)
of Theorem 4.1 if (N, g) is a sphere (Sp, g0) of constant curvature, then (M, g)
is necessarily a sphere (Sn,g0) of constant curvature.

We now assume that r — 0 and σ < 0. Using (3.10) and (3.17), from Lemma
3.1 we have

Thus, if M is compact, then Rjhg*igji = 0, which and (3.15) imply

(4.1) URjie^i*) + '" + URjieJe^) = 0 .

Hence it follows from (4.1) that

(4.2) λ^Rjte^e^) = 0 , ( J = 1 , 2 , . . . , π),

since λgiRjiβ^e^) > 0. (4.2) means that the Ricci tensor of (M, g) is of rank
< n — m when / is of rank m everywhere. Consequently taking account of
Proposition 2.3 we obtain

Theorem 4.2. Let f: (M, g) —> (Λf, g) be a harmonic mapping of a
Riemannian space (M, g) into another Riemannian space (N, g), and assume
M to be compact and connected. Then either f is an affine mapping of constant
rank m > 0 and the Ricci tensor of (M, g) is of rank < n — m, or f is a con-
stant mapping, if the following condition is satisfied:

(A3) σ < 0, and (M, g) has positive semi-definite Ricci tensor and r = 0, where
r is defined by (3.16). In this1 case, Trace g* is necessarily constant.

In Theorem 4.2, if (M, g) is connected and irreducible, then / is a constant
mapping because of Proposition 2.4; if / is of rank n everywhere and (N, g)
is a flat torus, then (M, g) is also a flat torus, and the isometric immersion
/: (M, g*) —> (N, g) is totally geodesic when dim M < dim N.
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