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SOME PROPERTIES OF NEGATIVE PINCHED RIEMANNIAN
MANIFOLDS OF DIMENSIONS 5 AND 7

GRIGORIOS TSAGAS

1. Let M be a compact orientable Riemannian manifold, and denote by
K?(M, R) the vector space of Killing p-forms of the manifold M over the field
R of real numbers. It has been shown [3] that if the manifold M is negative k-
pinched and of even dimension n = 2m (resp. odd dimension n = 2m + 1),
and k > 1/4 (resp. k > 2(m — 1)/ (8m—5)), then K*(M, R) = 0. In this paper,
we have improved the above result for negative pinched manifolds of dimen-
sions 5 and 7.

2. We consider a compact orientable negative k-pinched Riemannian mani-
fold M. If «, B are two exterior p-forms of the manifold, then the local product
of the two forms «, 8 and the norm of « are defined by

1 . 1 .
(a’ ﬁ) = _pTau".lpﬁixu-ip = p_!aixu-.fpp“”.lﬂ ’

1
|aiz — _Tah wah---t, .

If 5 is the volume element of the manifold M, then the global product of the
two exterior p-forms «, 8 and the global norm of « are defined by

@p= [@pn,

el = [lafr.
M

It is well known that the following relation holds [1, p. 187]:

2.1) {a, da) = |||} + ||de|? .
We also have the formula [2, p. 3]: '
1 n _ 2 1
(2.2) —Z—A(laI) = (&, da) — |Vl + 2o —DT Q,(a) ,
where
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Qp(a) = (P - l)Rklmnak“s."ipamniy--i11

- ZRkla"i""ipal

(2.3)

igeseip

(2.4) Val = —I—Vka’i""i”Vkai.---i .
p! ?

If a € KP(M, R), then it is easy to prove, using the property of « [4, p. 66]:
VyaY, X, -+, Xp) + PyaX, X,, ---, X)) =0,
for Y,X,X,eTM),

and the relation

(2.5) (@, de) = —(p + DQ,(0)/p!,

where [ =2, ..., p.

Let P be a point of the manifold M, and consider a normal coodinate system
on the manifold with origin at the point P. It is well known that there is an
orthonormal basis {X, - - -, X} in the tangent space M, such that its dual basis
{X¥, - - -, X*}] has the property that the exterior 2-form « at the point P takes
the form

(2.6) a=apX¥NXF+ aXFNXE+ - + tmo X N XS,

where m = [n/2].
Since the manifold M is negative k-pinched, the components of the Rieman-
nian curvature tensor at the point P satisfy the relations and the inequalities [3]:

<R(Xi’ Xj)Xl’ Xn> = Rijhl ’
gi; = (X, Xj) = Rijij >
2.7 1< O;j < —k, IRijill < %(1 — k), IRijhlI < %(1 — k),

where i j#h # L
3. Suppose that the manifold M is of dimension 5, and let « be an element
of the vector space KAM, R). Then we form the following exterior 4-form

3.1 B=Ltana.
2
In this case, the formula (2.6) takes the form

(3.2) a = apX¥ANXF + a X¥ N XE.

The relation (3.1) by virtue of (3.2) becomes
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3.3) B = apa, X¥NXFNXFENXYF.
From (3.2) and (3.3) we obtain
3.4 laf = ay + o, 1Bl = aypas, -
For the exterior 4-form g the formula (2.4) becomes
@3.5) [PBP = P BT B, srisic » E<ip <<l
In the general case, the coefficients 8, ,,,,,, of the exterior 4-form 8 are given by

(3'6) ﬁixin‘sia = OgyigQigi, + ®iyisPigig + ®iyi Xigig

By means of (3.6) and from the fact that « is a Killing 2-form, the relation
(3.5) becomes

(3.7 IPBE < e, + a3, T,

where T, and T, are linear expressions of terms of the form (V,,,)* whose
A<pu<y
coefficients are 0, 1, 4. Since « is a Killing 2-form, we have ‘

3.8) . Vel =30a,).

1<y
From (3.7) and (3.8) and the property of T,, T, we obtain the inequality
(3.9 PR 3 IPafiaf.
If we estimate 1Q,(a) from the formula (2.3), we have
-;—Qz(a) = —(0y + 0y + 015 + 0 + 0y + Gt

— (05 + 0n + 0y + 0y + 0 + TG,

+ 4R 350,05

which gives the inequality, by means of (2.7) and (3.4),
(3.10) 20e) > 6klaP = 20 = DI
If we also estimate 3Q,(f) from the same formula (2.3), we obtain

%Q.(ﬂ) = —31(0y + 0 + 0y + Tkl ,



526 GRIGORIOS TSAGAS

which implies the inequality, by means of the first of (2.7) and the second of
(3.4),

G.11) %Q;(ﬁ) > 41k B .

It is clear that the above calculations have been done at the point P with
respect to the special orthonormal frame in the tangent space M.
4. If we integrate the formula (3.9), we obtain

@ 178l < 5 [ laF 7aty.
M

The relation (2.2) for the exterior 4-form 8 becomes

1 2y _ _par 1
EA(IﬁI) = (8,4p) — VB + 6-2Q‘(ﬁ)’
from which we have
_ _rpr s L1
.2) 0= l' (8. 48 — IPBIF + i 0B

By means of (2.1) and (3.11), the above equation (4.2) gives
dBIF + N18BIF — IVBIF + 4k|IBIF < O,
or finally
4.3) 7B = 4k ||BIF .

It is well known that the following formula holds
—;—A(Ial‘) = |afd(af) — (@(aP)),
from which we obtain
4.4) [laravaryy = [ @aryy = 0.
M M
Since « is a Killing 2-form, (2.2) takes the form, by means of (2.5),

1 TR
-2—A(I0<|)—- Ve IQz(a),
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which, by integration of the manifold M and the inequalities (3.10) and (4.4),
gives the inequality

4.5) 3[latiPaty < (140 — B18l1af — Klally
M M
The inequality (4.5) together with (4.1) and (4.3) implies

911BIk < f[4(1 — B |Bllaf — %|a|ly,
M

or

f[9k la* — 4(1 — k) |Bllaf + 9|BPKIp < O.
M

Let f be the function defined by
f=9klal— 401 — K)|Bl|al’ + 9IBF K,
which at the point P takes the form
(4.6) f = 9kl(al, + a3)’ — 4(1 — Kayay(ad, + az) + Fkagas, .

It is easy to show that if k > 8/53, then f > 0, where the equality holds if
oy, = ay = 0.

From the above we derive

Theorem I. Let M be a compact orientable negative k-pinched manifold
of dimension 5. If k > 8/53, then KM, R) = 0.

5. We assume that the manifold M is of dimension 7. In this case, the
relation (2.6) becomes

(5.1 a = apXF N X¥ + o, X¥ N X¥ + apeXF N\ X¥.
Let 7 be the exterior 6-form defined by

1
7-—3—!a/\a/\a,

which by means of (5.1) becomes

5.2 T = Qa0 X¥ N\ oo N\ XF.
From (5.1) and (5.2) we obtain

(5.3) leff = oy + a3 + atss 7] = Aty -
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If we apply the same technique as in § 3, we obtain, in this case, the in-
equalities

(5.4) %Qz(a) > 10k |af — %(1 — e,
5.5) 2040 = 6kt

where

(5.6) 0 = a0 + @yt + ageery;

In the general case, the coefficients 7,,...,, of the exterior 6-form y are
given by

5.7 =a,A+a,B+a,C+ea,D+a,,kFE,

T,l.. “vg vive FEYTS vive v1vs vive

where

4= Lo O, A, S SO, S S S
B = a,,a,,, t+ Ct,, + (£ S S
C = a0 + Xy + L2 S
D = a,, 0,0 + W@y + X0y 5

E = avzvaauvs + avsuawu + anvsavavq 4
The formula (2.4) for the exterior 6-form y becomes
IVTF = Vk?’h".i'VkTi,mi. ’ <, < e < g,

which, by means of (5.7) and from the fact that « is a Killing 2-form, is re-
duced to

(5.8 IVle < ooy 30, + s 2, + Qe 23

where Y, 7., 3, are linear expressions of the terms of the form (V,a,,)* whose
A<p<y

coefficients are 0, 1, 2, 5.
From (3.8), (5.8) and the property of },, ,, ,; we derive the inequality

PrE < %IVaF (s + e + o) ,

which, by means of the inequality
(o + B + aiy)* > (ahai + adads + okl

takes the form
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2 5 2 4
5.9 rP < EIVaI el
6. From (5.9) we obtain
©.1) 217y < [lativary.
5 M
It is well known that the following relation holds
_;"A(I“P) = |a 4(af) — 2|ef (@(a[)?,
which implies
(6.2) f laf* daf)y = 0.
M
Since « is a Killing 2-form, then the relation (2.2), by virtue of (2.5), becomes
L pGap) = —1dap - Loy,
2 4

or

1 4 ) — __|nlt 2 __ 41_
Elald(lal)— laf IPal® — |a| 4Qz(a),

from which by integration on the manifold M and by the inequalities (5.4) and
(6.2) we obtain

©6.3) 3[latiPaty < (1401 — BB jaf — 15K|aly
M M
The formula (2.2) for the 6-form y becomes
TAGrD = G 4p) — P1F + 0
2 st
from which by integration on the manifold M we have
0= (G, dpm— oy + L (1
Ay — Pyl + 31 EQe(T)ﬂ >
M M

which, by means of (2.1) and (5.5), takes the form
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iyl + o7l — WPyl + 6klirIF <O,
or

6.4 \PrlF > 6k|r|P.
From the inequalities (6.1), (6.3) and (6.4) we derive the inequality

f[75 laf k — 20 a0 — k) + 162k |7[ly < 0.

M
We denote by F the following function
F=75|aPk — 20|al)t0(1 — k) + 162k|y}?,
which, by means of (5.3) and (5.6), takes the form, at the point P,

F = 75k(ed, + ai + az)® — 20(1 — k)(ed, + a3, + ag0)*

(6.5)
(a0t + ot + agttyy) + 162k(at; 54056)° -

It is easy to show the inequalities
ity + Qyltys + sty < 0y + a3 + al
(6.6) 27(etpp050) < oy + 0, + age)® .

From (6.5) and the inequalities (6.6) we conclude that if k > 20/101, then
F > 0, where the equality holds if a,, = a; = a;s = 0.

From the above we derive

Theorem II. Let M be a compact orientable negative k-pinched manifold
of dimension 7. If k > 20/101, then KXM, R) = 0.

The author is deeply indebted to Professor S. Kobayashi for many helpful
suggestions.
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