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VECTOR FORMS AND INTEGRAL FORMULAS
FOR HYPERSURFACES IN EUCLIDEAN SPACE

KRISHNA AMUR

Introduction

Let 3 be a smooth oriented m-dimensional hypersurface immersed in
(m + 1)-dimensional Euclidean space E™*'. In §2, we consider some vector
form invariants for X' and their expansions in terms of elementary symmetric
functions of pricipal curvatures and certain intrinsic tangent vectors. We use
these results in § 3 to obtain integral formulas for X' assuming that X' has closed
regular boundary. For a compact 3 we have integral formulas of particular
interest in Corollary 2 of Theorem 3.1; these are similar to Minkowski
formulas and involve gradients of elementary symmetric functions of principal
curvatures. Some consequences of these formulas are studied in §4. In
Theorem 3.3 we prove that for a compact hypersurface of constant mean
curvature, the surface integral of the gradient of any elementary symmetric
function of principal curvatures is identically zero.

1. Preliminaries

Let M be an oriented smooth differentiable manifold of dimension m. Our
hypersurface 5 is a mapping X: M — E™*' where the Jacobian matrix has
rank m everywhere. Let n(x), x ¢ M, be a unit normal to 5 at X(x). Then

choosing an orthonormal frame e, - - -, e, in the tangent space of X at X(x)
such that the det (e, - - -, e,, n) = 1, we have
(l.l) ax = Z g.e; , dn = Z w;e; ,

where ¢; and w; are differential 1-forms. We express o, in terms of the linearly
independent o :

(1.2) w; = Zaijaj s
J

where ||a;;| is symmetric.
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Let k,, - - -, k,, denote the principal curvatures at X(x), and X,, ---, K,,
the elementary symmetric functions of the principal curvatures, that is,

(1.3) (T)K,:Zklu-k,, 1<r<m.

As usual we assume K, = 1.
We list below a few formulas for easy reference. For other relevant details
we refer to Flanders [2], [3] and Chern [1].

(1'4) [en ) em]=n,
(1-5) [n"“a éj"", em]=(_l)jej’

where the roof indicates the missing term.

(1.6) [n,dX, --.,dX] = —(m — 1)!xdX,
N
m—1
1.7 dn-xdX =mKg , dX-xdX = mag ,
where ¢ = ¢, A\ --- A oy, is the volume element.
(1.8) [dn, - -, dn, dX, - -, dX] = ri(m — P! (’;’)K,an .
————— S————————
r m —r

By exterior differentiation of (1.6) we have

[dn,dX, ---,dX] = —(m — 1)!d*dX .
1
m —

But from (1.8) we see that the left hand member is (m — 1)!mK,on. Hence
we get

(1.9) dxdX = —mKn .

An immediate consequence of (1.8) is that for a compact hypersurface }]
we have

(1.10) fK,o'n:O, r=1,...,m,
z

that is, the vector surface integral of any elementary symmetric function of
principal curvatures is identically zero. The proof of (1.10) is obvious from
the fact that
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[dn, -.-,dn,dX, --.,dX] = dln,dn, ---,dn,dX, ..., dX],
N —— S —— N————— S————
r m—r r—1 m—r

where d stands for exterior differentiation.
Let f be a smooth function defined on },. By grad f or V' f we mean
Vf = 3 fie, where f, are given by df = 3, fio;- We have

(1.11) df A xdX = f)a .

We consider a formula for the divergence of a tangent vector q in the tangent
space of Y, at X(x).
Let @ = J a,e;, where a, are smooth functions. Then

da = 3 (daj + aiw“> e; — (Z} aiw,;)n ,
7 7 7

where w;; and w; are 1-forms. (For details see Flanders [2].) We write

;= }; I'Jo, da; = ; (a;)0, .

Then
da-xdX = Z{Z (aj)lal N *0; + Z Z ai[’ﬂkak AN *aj}
J i i k
= ;{(aj)j + X al'd;te
= (div a)o .
Thus
(1.12) da-xdX = (div a)o .
Since

d(a-*%dX) = da-xdX — a-mK,gn

= (div a)o ,

it follows that for a compact hypersurface 3 and tangent vector field a

(1.13) (diva)e =0.
J

Finally we consider an algebraic identity for the elementary symmetric
functions of the principal curvatures.
Definition 1.1. Let C, denote the rth elementary symmetric function of



114 KRISHNA AMUR

the principal curvatures, that is, let C, = (T) K,. For a fixed integer i, 1 < i
< m, and any integer j such that 1 < j < m, we define
Ci= Yk -k

where in each product, the j curvatures are chosen from the m — 1 curvatures
ki« ki1, kipyy + o+, ky. It is convenient to define Ci = 1.
Lemma 1.1.

(1.14) =3[, K,k

Proof. We have the recursive relations:

C;" = Cr - kici—l 5
Ci-l = C'r—-l - kici-z ’

Ci=C,—kCi=C, —k;.
Hence

C.=C, — k(C,_, — kC;)
= Cr - kiCr-l + ka;—z

= C,, —_ k,;C,,_l + k%CT-z — - + (_l)fk: .

The Lemma follows from the fact that C,, C,_,, - - -, C, are respectively the
rth, r — D)th, ..., 1st elementary symmetric functions of the principal
curvatures.

As a corollary to Lemma 1.1, it is possible to deduce the following identity
of Newton for the elementary symmetric functions:

() ke =m(, ™)K K= ()KL B R
(1.15) .
+o H (DT R

2. Differential formulas

A self adjoint linear transformation A4 of the tangent space of )] at X(x)
into itself is defined by (see Flanders [2])

2.1 Ae; = 3 aye;,
7
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where the symmetric matrix | a;,| is given by (1.2). It follows that

(2-2) AdX':- A Z g;e; = Z O'iAei = Z O'iaijej = Z w;e; = d” .
T 7 1,7 i

We look for other intrinsic tangent vectors which are obtained as the result
of repeated application of the transformation 4 to dX. Let 4“°dX denote the
intrinsic tangent vector obtained from dX by applying 4 repeatedly j times.
For convenience we write

2.3) U=dX, U;=A4A%dX, 1<j<m.

Definition 2.1. An orthonormal frame ¢, - - -, e, Wwill be called a principal
frame if each e; is tangent to a principal direction.

Since the tangent vectors U, are intrinsic, we can use any admissible frame
locally to describe their components. If X(x) is a non-umbilic point we have
a well defined principal frame at X(x). With reference to this frame we have
2.4 w; = gk, (i not summed),i=1,.---,m.

The components of U; assume a simple form and are given by
2.5) U; = Y (k)ioge; .
J

Lemma 2.1. Let

4, = [n,dn, ---,dn, dX, -.-,dX] .
——————

- 2 Z
r m—r—1
Then we have
2.6) 4= —rlm—r — D! ¥ (=1) (r m i)K,_i*Ui
i=0 -

where U, are the vectors defined in (2.3).

Proof. Since we are concerned with proving a local result, we can choose
the principal frame for computational purpose. We do this and use (2.4) to
get

A" = [”’ Z kixaileix’ Tt Z kiraire‘ir’ Z 05,€5> "> Z Gjm—r—lefm—r-ll
= ;Bj[n,ela R} éj’ tt em] >

where B; is a (m — 1)th order determinant given by
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kg, - k050, kj05, - Knon

k1‘71 s kj—laj—l kj+10'j+1 <o ko
Bj =

al PECERY 0']_1 o'j+1 “ .. O'm

g -+ 05, Gjy1 *°° Op

In By, the first r rows are identical and so are the last m — r — 1 rows. In the
expansion of B; the multiplication of differential forms is in the sense of
exterior multiplication.

Use of (1.5) yields

2.7 4, = Y (—1)/Bye; .
7
In expanding B; we use Laplace’s method of expansion by complimentary
minors. Let H = (h, ---,h,), L=(, -+, l,._,_,), where

1<n< - <h <m,
1<h< oo <lpy <m,

and the range of each h; and each [;is (1, ---,j—1,j+ 1, - .- m). Let (ka)y
denote an r X r minor of B;, each row of which is ks, - - - kp,0,,. Then

(ka)H = r!(khl A khr)ahl /\ AR /\ G'hT .

Similarly, if ¢, denotes (m — r — 1) X (m — r — 1) minor of B;, each row
of whichis g, - - - 0,,,_,_,, then

g, = (m —r — 1)!all/\ EEEA alm-r—l ’
and
B; =} e Lka)y N\ oy
H,L
where
1-__‘__1' 1.--m
e L — sgn I I
hl h,. . ll te lm-r—l
Hence

B,=rim—r—Dle, A\ --- N6; N\ --- NanCi,

where C! is a function of the principal curvatures (see Definition 1.1). Substi-
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tuting the expression for C? from (1.14) we get
B,=rim —r— Doy N\ --- Nag; N\ ---
oo NGy é (_1)i<r m z‘) K,-—-t(kj)i .
i=0 -
Hence
(=1)7Bye; = —rim — r = D! 3 (1) (r m l.) K,_(k))i*ae; ,

where
xo;, = (=17, A\ - Na; N\ oo Ny .

Thus finally using (2.5) we have, from (2.7),
b= —rlm—r—1DI' 5, (—1)i(r m l.)K,_i {i (kj)i*ajej}
i=o0 i=1
= —r'(m —r — 1)‘ i (—l)l(r’f i)K‘r—i*Ui .
i=0

Remark. From (2.2) we have AdX = dn, and from (2.3) it follows that
AP xdX = » U,;. Hence (2.6) may also be expressed in the form
4, = [n, AdX, - .-, AdX, dX, - - -, dX]
\——_~
2.8) r m—r—1
— —rlm—r—DIY (—1)t(r m i)K,_iA‘i’*dX.
=0 -

Corollaries.
1. Letr = 0. Then from (2.6) we get the known formula (1.6).
2. Letr =m — 1. Then

dp_y=In,dn, ---,dn] = —(m — 1)!¥%dn,
1
m —

where Y is the star operator on the m-sphere which is the Gauss map of ;.
From (2.6) we get

m-1 : m
2.9) trdn = %, (=1) (m e l.)K,_i*Ui :

3. In Chern’s notations [1],

Aproy=X-4, .
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Lemma 2.2. Let X = v + pn, where v = Y, p;e; is the component of X
tangential to the hypersurface 3, and p is the support function. Then

(2.10) [X,dX, ---,dX] = (m — 1! ((v-*dX)n — pxdX) ,
N
m—1
(2.11) divo=m(l —pK), Vp= 3 pke, .

Proof. By the linearity of the vector form we have
[X, dX, "‘st] = [U, de Tty dX] + P['l, an °t ‘7dX] .

It follows from (1.6) that the last term on the right side is —(m — 1)!p*dX.
Let 4 = [v, dX, - .-, dX]. Then

A = [Z pileil’ Z Uizeiz’ ] Z aimeim]

Dy Dy Pnm
G, Oy 0Op

= [en €y s em] s
a‘l ozuloam

where the last m — 1 rows of the determinant are identical. Using (1.4) and
observing that the cofactor of p; is (m — 1)!xg; we get

4= m— DX pxo)n=(m — D! (p-%xdX)n .
Now exterior differentiation of (2.10) and use of (1.8) give

mlon = (m — D![(dv-*dX + v-d=dX)n + dn N (v-*dX)
— dp A *dX — pd«dX] .

Using (1.9) and (1.12) and observing that p is a tangent vector we have
(2.12) mon = (div v)on + Y p;k.e;0 — Vpo + mpKon .

Equating the tangential and normal components in (2.12) we get (2.11).
Corollary 1. From (2.11) we get the known result [3]:

(2.13) dp = Y po,; .
Proof. dp =Vp-dX = 3, a:kip; = 3, oDy -

Corollary 2. If Y is a minimal hypersurface, then K, = 0, and (2.11)
shows that div v = constant at each point of 3.
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3. Integral formulas

Theorem 3.1. For a smooth and oriented m-dimensional hypersurface Y,
with closed regular boundary,

(’f) [ zf X-VK,0 — m Ef (KK, — Kr+1)P0]

=) Zf K0 — K)o — £ (e, ) £ K, X-*U,,

3.1

r=0,1...,m-1,

where p = X-n is the support function, and the vectors U, are given by (2.3).
Proof. We have, from (2.6),

4, = —rl(m —r — 1! {(’”)K,*dx + ¥ (—1)i(r m i)K,_i*Ui}.

r i=1

By exterior differentiation and using (1.8), (1.9) and (1.11) we obtain
r+1 (r '_: 1)K,,qcm = — {(’:’) FK.c — m(':l) K.K,on
+ B0 )k, D)
Taking scalar product with X we have

¢+ 1) (r i l)K,“ap - — (’;’) (X-VK,o — mK.K,qp}

_ ;(—l)i(r m i)X-d(K,_i*Ui) .
Since
dK,_ X-xU) =K,_,dX-«U, + X-dK,_,xU,)
=K,_,; ; (k)i + X-dK,_;xU,) ,

using (2.5), we have

@+ 1) (r i I)K,+1pa - _ (’:’) (X-PK,0 — mK,K,pa)

= 5D K, X0 — K, 5 )i}

i=1

3.2)

But

=1

50 MK 3 Gt = (D),
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by Newton’s formula for symmetric functions (see (1.15)). Substituting this
value in (3.2) and integrating we get, by Stokes’ theorem,

e}, 7) [ = (3] [ [P m [0 K]
z ¢ ¢ s
_é (—1)i (r m i) fK,_ix.*Ui _
[N

Observing that (r + 1) (r "

Corollary 1. For a hypersurface ', with the same properties as in Theorem
3.1 we have

) =(m-—r) (T) and rearranging we get (3.1).

b 1=0 K
and if 3, is compact, then we have the Minkowski equations
(3.4) fK,”pa‘::fK,a‘, r:O, 1,...,m_1_

z z

Proof. We have
dK,xdX) = VK, 0 — mK,K,on .
Scalar product with X gives
X.-dK,xdX) = X-VK,c — mKK,ap .
But

dK,X-*dX) = K,dX-«+dX + X-d(K,*dX)
=mK,sg + X-VK,0 — mKK,op .
Substituting (3.5) in (3.1) we get (3.3).

If 3 is compact the right side member of (3.3) drops out and we get (3.4).
Corollary 2. If 3} is compact and oriented, then

(3.6) fX-VK,o:mf(K,K,—K,“)pa, r=0,1,--,m—1.
z z

Proof. The result follows from (3.1) and the Minkowski equations (3.4).
Remark 1. For a hypersurface }; satisfying the conditions of Theorem 3.1,
from (3.5) we have
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(.7) f K, X -%dX = f X-VK,g —m f KK,p — K)o,
oz z z
r=0,1,.-.,m—1.
And if }] is compact, using (3.4) we get equations (3.6).
Remark 2. Equations (3.6) can also be expressed in the form

(.8) f X-VK,c =m f KK,po—m f Ko .
z z z

Remark 3. Formulas similar to (3.6) and (3.8) are known for a closed
curve C in E3.

Let C: X = X(s) be a smooth curve in E?, k the curvature and # the unit
tangent vector at X(s). Then

d(X -kt) = dX -kt + X-(dk)t + X -kdt .
But
dX = (ds)t, dk = (ds)k’ , dt = knds ,

where n is the principal normal. Hence
3.9) f (X-7k)ds = § kipds — § kds ,

where p = X-n, n is considered along the outward normal, and Fk = k't.
Similarly, by considering d(X-z¢) where ¢ is the torsion of C at X(s), we
obtain

(3.10) § (X-Fr)ds = f kepds — f ods .

Remark 4. From (2.11), for a hypersurface ), with the properties of
Theorem 3.1 we get

(3.11) divee =m | (1 — pK)o .
Javer=m]

But
(div p)o = dv-*dX = d(v-*dX) = d(X -xdX) ,

since p and *dX are tangent vectors, and dxdX = —mK,on. Hence from (3.11)
we get

fX-*dX = mf(l — K)o ,
ax z

which is precisely the equation we get from (3.3) by putting r = 0.
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Theorem 3.2. For a compact smooth oriented hypersurface 3, of constant
mean curvature,

(3.12) fVK,a:O, r=1,.--,m.
z

Proof. From Theorem 2 of [3] we have

JV}‘U = mszKlo'n s

where f is a smooth function on ). Since all the elementary symmetric
functions of the principal curvatures are smooth functions on }; we have

fVK,a:me,K,an, r=1,...,m.
b3 T

Since }; is assumed to be of constant mean curvature we get

fVK,o = mK, fK,an .
b3 z

But from (1.10) it follows that fK,an =0, r=1,...-,m Hence we get
z

equations (3.12).

4. Some consequences

For a compact and oriented hypersurface };, C. C. Hsiung [4] has shown
thatif K, > 0,i=1,...,s5 1 < s < n, K, = constant and p keeps the same
sign at all points of };, then Y] is a hypersphere. This result follows as an
immediate consequence of Corollary 2 of Theorem 3.1.

A variation of the above result is obtained, if instead of requiring p to keep
the same sign at all points of Y| we assume that the mean curvature K, of 3]
is constant. To this end we have

Theorem 4.1. Let Y, be a compact and oriented hypersurface. If
K, = constant, K, >0,i=1, -..,5,2 < s < n, and K, = constant, then
>, is a hypersphere.

Proof. Under the hypothesis of the theorem, we have

4.1 KK, , >K,.

Since K, = constant, from (3.6) we have
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fX.VK,o = mK, fK,pa — mepa
z z z

=mfmxH—Km
z

using Minkowski equations.
Further, if K, = constant, we have

o=fm£H~Kw,
X

which together with (4.1) implies that the equality K,K,_, = K, should hold.
The equality in its turn implies that }; is a hypersphere.
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