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STABLE BRANCHED MINIMAL IMMERSIONS WITH
PRESCRIBED BOUNDARY

LEON SIMON & NESHAN WICKRAMASEKERA

Abstract

We describe a method for producing smooth 2-valued minimal
graphs over the cylindrical region (D\{0}) x R"~2, where D is the
disk in R2, subject to given continuous 2-valued boundary data
on 0D x R"2. Subject to appropriate symmetry assumptions,
the construction produces branched minimal immersions in D x
R" 2 x R with prescribed boundary and branching at every point
of {0} x R"™2 and we also discuss the nature of the possible
singularities along {0} x R™~2 in case of general boundary data.

Introduction

Recently the second author ([Wic04], [Wic05]) has established a
regularity and compactness theory for stable branched minimal immer-
sions near points of density less than 3. The work in [Wic05] in fact
considers a class of immersed minimal hypersurfaces in an open ball
B C R™! which are assumed to have no boundary in B and be im-
mersed away from a set of K C B which is relatively closed in B and
which has finite (n — 2)-dimensional Hausdorff measure; K is to be
thought of as the singular set, including the branch points if any exist,
and one of the main theorems of [Wic05] asserts that, near singular
points having density not much larger than two, K breaks up into a set
of dimension < n—7 (empty for n < 6 and discrete for n = 7) of genuine
singularities and a “branching set” of dimension < n — 2, at each point
of which there is a tangent plane of multiplicity 2.

The question therefore naturally arises as to the size of the class of
such branched stable immersions. We here present a method which
shows that in fact there is a very rich class of such hypersurfaces, each
having a branching set equal to an (n—2)-dimensional C''** submanifold
for some o € (0,1). Indeed one of the main results here (Theorem 2
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of §2) establishes the existence of stable C1*® branched minimal immer-
sions ® from the cylinder C = {(z,y) € R? x R" 2 : |z| < 1} into R*!
having prescribed boundary data which is required to have a Zj sym-
metry for some odd k& > 3 but which is otherwise arbitrary bounded
continuous; ® inherits the Zj symmetry and has branch points at (0, )
for each y € R"~2 (so that the actual geometric branch set in the image
is the embedded C'%* submanifold {®(0,y) : y € R*~2}).

The case n = 2 (when there are no y variables and the examples
under consideration have isolated branch points) is also of interest, and
appears to be new, although in the case n = 2 other techniques for
generating branched minimal immersions with isolated branch points
are available—for example modifications of the method [CHS84]| can
be used to prove quite general existence theorems which complement
the result for symmetric data proved here. The precise conclusion in
the case n = 2 for symmetric boundary data is given in Corollary 1
of §2.

The proof of Theorem 2 involves construction of a C1%(C) N C°(C)
function ug as the solution, with prescribed bounded continuous bound-
ary data ¢ (not necessarily with any symmetry properties in the first
instance), of the Euler-Lagrange equation of the (degenerate) func-
tional Fy (introduced in §1) which maps to the non-parametric area
functional under the transformation T' : (re?,y) — (r2e*? y); com-
position with the inverse transformation takes the single-valued func-
tion ug to the 2-valued function u(re®,y) = ug(r'/2e?/2,y), 0 < 6 <
4 (ie., u(re? y) = uo(£r/2e/2,y),0 < # < 2r), and the map
® is just the map that takes the cylinder C to the graph of the 2-
valued function u (explicitly: ®(re'?,y) = (rei?,y, ug(r'/2e/2 y)) =
(Tewa Y, uO(ir1/26i9/27 y)))

There is some subtlety involved in checking that the graph of u so ob-
tained is stationary and C, and for this some varifold theory is needed—
this is where the symmetry condition on ¢ is used. The discussion in §§2,
3 (in particular Theorem 1, Theorem 3 and Corollary 2) also more or
less fully illuminates what happens in general when no symmetry con-
dition on ¢ is assumed. As discussed in Theorem 3 and Corollary 2, in
this case ugp may have discontinuities and it may not be true that the
graph of u is stationary with respect to first variation of area, because
the closure of the graph in this case has “vertical pieces” (open regions
in the (n — 1)-dimensional plane {0} x R""2 x R) which introduce a
varifold boundary and negate the stationarity of the graph.

In §4 we discuss extension of the main results to the case of ¢-valued
(rather than 2-valued) solutions, i.e., branch points of order ¢ rather
than of order 2. The main results are given in Theorems 4, 5, which
include Theorems 2, 3 as the special case when ¢ = 2.
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1. The Initial Functional Fy

For n > 2 we first study the functional which transforms to the non-
parametric area functional under the transformation 7" : R™ — R™ which
takes (x,7) € R? x R"2 to (22 — 23, 2x172, y). Identifying x = (21, 72)
with x; + ixo, we can write z = re'?, r = Va3 + 3, and T(re?,y) =
(r2e%9 y). Thus we study the functional

Fo(v /47" \/1 + (472)7Y Dyv|? + | Dyv|? dady,

Here and subsequently we use the notation that €2 is a bounded open
subset of the cylinder

C={(z,y) e RZxR"2:|z| < 1},

Dyv = ( g;’l, 352), and Dyv = (g—;,..., 85:72). (Note that in case
n =2 we have Q C D = {z € R? : |z| < 1} and Dyv is absent from the
functional.)

Fo is of course a degenerate functional, but we can approximate by

non-degenerate functionals of the form

(1.1) Fs(v) = / 47”(%\/1 + (4r3)~1Dyv|? + | Dyv|? dady,

where, for § € (0, 1), rs is a smooth function of the variables z = (z1, 22)
with rs = r for r 2 dand 0 > rs > /2 for r € [0,6). (We'll first prove
existence properties for F5 and then let § | 0.)

The Euler-Lagrange equation for the functional Fjs is

2 Dy.v
(12) Y D, i
pu 1+ (43) 1Dyl + [ Dyol?

D
+ 472 Z D, i —0,
\/1 + (4r2)=1| Dyo|? + |Dyo|?

which is a quasilinear elliptic equation, and which can be written in
weak form

2
Dy, vD,, ¢
(1.3) /(Z 2\—1 2 2
¢\ \/1+ (493) | Davf? + | Dyol

DyszyzC
+ (472) 7Y Dyv|? + | Dyv|?

> drdy =0, (€ CLC).

+47"5 Z \/1

Let ¢ = ¢(z,y) : 9C — R be an arbitrary Lipschitz function which is
pj-periodic in the variable y; for some p; > 0 and each j =1,...,n—2
(the periodicity is imposed for technical convenience and will be removed
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at the end of this section by letting the length of the period approach
o), and suppose that us is a C?(C) N C°(C) solution of the Euler-
Lagrange equation for Fs which is also pj-periodic in the variable y;
for each j = 1,...,n — 2, and which attains the boundary values ¢ on
0C. (Thus in the case n = 2, when there are no variables y;, us is just
a C?(D) N C%(D) solution of the Euler-Lagrange equation on the disk
D ={z = (z1,22) : || < 1} with us = ¢ on 9D.)

We claim that for each n > 2 such us exists by virtue of the gradient
estimates [Sim76] and standard elliptic theory, and in addition that
ug is smooth, is continuous up to the boundary 0C, and has globally
bounded derivatives on C with respect to the variables y1,...,y,_2, as
follows:

In fact there is a well established theory for solutions u of quasi-
linear elliptic equations which arise as the Euler-Lagrange equation of
functionals of the form fQ F(x,u, Du) dz, where x denotes the indepen-
dent variables in the given domain  C R", and where F(z,t,p) is a
given smooth function on R” x R x R™ which is locally uniformly convex
with respect to the variable p. In the present instance we use notation
(x,y) € R? x R""2 (rather than x € R™) for the independent variables
€ QCC, and F(z,y,t,p) = 4r§\/1 + (4r2)~'|pz|? + |py|?, independent
of the variable ¢, where p = (p1,...,pn), P2 = (P1,P2), Py = (D3, .-, Pn)-
In this case (as in all cases when the integrand F'(x, t, p) does not depend
on t), we have that any given C?(C) solution v = ug of (1.2) satisfies a
strong maximum principle:

(1.4)
v cannot attain a maximum/minimum in C unless it is constant,

and also the difference vy — v of any two C2(C) solutions also satisfies
a strong maximum principle:
(1.5)

v1 — v2 cannot attain a maximum/minimum in C unless it is constant.

We now focus attention on C?(C) N CY(C) solutions v(x,y) = us(z,y)
of (1.2) such that

(1.6) v(z,y) is periodic with some period p; > 0

in each variable y;, j =1,...,n — 2,

and we observe that by applying (1.5) to vi(z,y) = v(z,y) and va(x,y) =
v(z,y + h) (h € R"2 an arbitrary fixed vector), such a solution v sat-
isfies
(1.7)

sup |U($7y) —U(l‘,z)| < sup |U(l‘,y) —’U(ZL‘,Z)|.
(z,y),(z,2)€C,y#2 |y - Z| |z|=1,y,2ER"—2 y#2z |y - z‘
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For the moment we assume that the boundary data ¢ = v|0C is Lipschitz
in the y variables, uniformly with respect to z € S'; that is we assume
that there is L > 0 such that

(1.8)

sup |p(z,y) —p(z,2)| < Ly — 2|, y,z€R"2
zeS1t

¢(z,y) is periodic in the variable y; with period p;, j =1,...,n—2,
which means that (1.7) implies
(1.9) sgp |Dyv| < L

for any C?(C) N CY(C) solution v = ug of (1.2) which satisfies the peri-
odicity conditions (1.6).

Next we observe that for solutions v of (1.2) which satisfy (1.9) we
can check the structural conditions 1.1, 1.2, 1.3, 1.4 of [Sim76] with
structural constants 3; = (3;(d,n, L) and structural functions p = 3 (1+
|Dul*)~1, 3 = B(6,n, L), and J1, \, A constants depending on §,n, L, and
the dependence on §,0 can be dropped in favor of a dependence on o
alone if we restrict points (z,y) with |z| > o > §; hence by [Sim76,
Theorem 1] we have the interior gradient estimates

supg|Dv| < C(6,0,n, L)
SupQ\{(I,y):|x|<a}’DU| < C(o,n, L)

on any domain 2 C C, and for any o € (d,1/2), provided dist(2,0C) >
o > 0. Then standard regularity theory for uniformly elliptic quasilinear
equations gives us for each £ =1,2,... that

{ SupQ|D£U‘ <C(d,0,n,L)
SuPQ\{(x,y):|x|<o}’DZU| <C(,o,n,L).

(1.10)

(1.11)

Also, assuming that supye (| De|+|D?¢|) < R, and keeping in mind that
v(r1/2e%/2 y) is a solution of the minimal surface equation (MSE) for
r € (6,1)and o < 0 < a+7 (a € [0,27) arbitrary) we can use standard
local barrier constructions for solutions of the MSE to prove that if v is
a C2(C) solution of (1.2) which satisfies (1.6), then, there is a boundary
gradient estimate supge |[Dv| < C(R), and in this case [Sim76, Theo-

rem 1] gives gradient bounds up to the boundary of C:
supz|Dv| < C(4,n, L, R
Supéﬂ{(x,y):|a}|>a} ’DU| < C(Ua n, L, R)

and there are then also versions of the bounds as in (1.11) up to the
boundary: For any ¢ > 1

(1 11,) SUPg\D€v| <C,é,n,p1,--.,pn-2,L, R)
| SUD (el >0t D0l < O 0,m,p1, o pro2, L, R),
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assuming that o € (4,1/2) and supy, Zﬁii |Dip| < R.

We can therefore apply the Leray-Schauder existence theory as in
[GT83] (working in the Banach space of C1%(C) functions which are
periodic in the y variables with the given periods p; as in (1.6)) in
order to conclude that we have a C*%(C) solution v of (1.2) which is
periodic in the y variables as in (1.6) and which has boundary data
. If ¢ is merely Lipschitz with Lipschitz constant L with respect to
the y-variables (and still periodic with respect to the y variables) then
we can approximate ¢ uniformly on JC by a sequence p of smooth
functions each periodic in the y variables and with Lipschitz constant
L with respect to the y variables, and then use (1.5), (1.10), (1.11) to
assert that the corresponding sequence vy of solutions converges in the
C? sense locally in C and uniformly with respect to the sup norm on C
to a C?(C) N C°(C) solution us of (1.2) with us|0C = ¢, and with ug
satisfying also (1.9).

Finally, using the interior estimates (1.10), (1.11) and the local bound-
ary continuity estimates for the MSE (which follows from the existence
of local boundary barriers for solutions of the MSE, as already used
above in establishing (1.10")), we deduce that as § | 0 a subsequence of
the solutions us converges in the C? norm on {(z,y) : 0 < |z| < 1— 0}
and uniformly on {(x,y) : 0 < |z| < 1}, for each o € (0,1/2), to a
function ug, where

(1.12)
w € CX(C\ ({0} X B™2) O ({0} x R ).
UQ|8C =@
up(x,y) is periodic in variable y; with period p;, 7 =1,...,n —2.

SUPg<jaf<1[Uo(2,y) — uo(z, 2)| < Lly — 2|, y, 2 € R""2, L as in (1.8).

[ up satisfies the Euler-Lagrange equation for Fo on C \ ({0} x R"~2).

In case the boundary data ¢ is merely bounded (|p| < M for some con-
stant M) and continuous (rather than Lipschitz and periodic as in (1.8))
we can still approximate ¢ by smooth functions ¢, which are periodic
in the y variables with periods p; = po = --- = pp—2 — oo and which
converge uniformly to ¢ on each compact subset of dC. Then by (1.12)
we have a corresponding sequence of C'*° solutions u((]k). Using the fact
that these transform (via the transformation T'(re'’ y) = (r2e,y))
to 2-valued smooth solutions of the MSE which can be written as
the union of two single-valued smooth solutions on each slit domain
Qg, = (D\ {Ae?® : X\ > 0}) x R"2, we can use the standard interior es-
timates for the gradient of solutions of the miminal surface equation to
argue that we have uniform estimates sup, .|« ]Duék)| < C(o,p, M)
for any o, p € (0,1) with o < p, where M = supypygn-2 || This means
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in particular that we still have a Lipschitz estimate ]Dyu[()k)\ < L,, in-
dependent of k for the solutions ugk) on the domain C, = {(z,y) : 0 <
lz| < p,y € R"2}, for any p € (0,1), and so we can repeat all the

arguments leading to (1.12) on the domain C,. (Technically we are thus

applying the previous discussion to the functions pflu(()k) (pz, py).) We
can also use local barriers for solutions of the MSE near boundary points
(cf. the argument leading to (1.10")) to establish continuity estimates

for u(()k) at boundary points which are uniform with respect to k. Thus

by passing to the limit after selecting a suitable subsequence of u(()k), we
get a limit function which is continuous on C \ {0} x R"~2 and which
satisfies analogous estimates to those of (1.12) on C, for each p < 1,
except for the periodicity in the y variables.

Specifically, if ¢ is merely bounded and continuous on dC, then there
is a solution ug on C \ ({0} x R"~2) with
(1.12")
up € C(C, \ ({0} x R"72)) N CO(C\ ({0} x R*72)), p e (0,1)

Sup{(r’y)€R2XR7L72:0.<|:E|<p}|Déu0| < C(n,o,p,0),0<o<p<1, WV
’LLO|8C =@

SUPg<|g|<plo(®,y) —uo(z,2)| < Lply — 2|, y,2 € R"2 Vp € (0,1)
up satisfies the Euler-Lagrange equation for Fo on C \ ({0} x R"~2).
If £ €{2,3,...} and v 0 Sy = ¢, then ug o Sy = ug also.

In the last property Sg('rew, y) = (rei(”z“/e),y), and this last property
follows from the fact that if ¢ 0 Sy = ¢ then the smooth periodic ap-
proximations of ¢ can be chosen to have the same invariance, and hence

the u(()k) have this invariance also, because, by virtue of the maximum
principle (1.5), the Euler-Lagrange equation for each functional Fj has
a unique solution subject to smooth data on dC which is periodic in the
y-variables.

By construction, the functional Fy transforms to the area functional
A in any region Q C C\ {(0,0)} x R"~2 where the transformation

(1.13) T : (z,y) — (22 — 22, 22129,y) ie., T: (re?,y) — (r2e??,y)
is 1:1. Thus the relation
(1.14) w=1ugoT

defines a 2-valued function on C\ {(0,0)} x R"~2 such that if Q, is any
one of the “slit domains” C\ ({ e : X\ > 0} x R"~2), where 6 € [0, 27),
and if

Ty =TH{(re®,y):0<r<1,0¢€ (6/2,00/2+7)}
Ty =T|{(re?,y):0<r<1,0¢€ (6y/2 —7,600/2)},
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then

(1.15)

uj = ug o T;1 is a C?(Qy,) solution of the MSE, j = 1,2,
Sup{(a:,y)eﬂ@XR"*2:0<\x|<p}’Deuj| < C(n707 P 6)7 0<o<p<1, WV
graph u|Qg, = graphu; U graph ug,

uj(z,y) —uj(@, 2)| < Lply — 2], 0 < [z < p <1,

y,z € R"2 j=1,2.

Notice that so far we say nothing of what happens at r = 0, and that
is the essential issue which we analyze in the next section.

2. Main Results

Here ug is the C°(C \ ({(0,0)} x R"2))nC°(C \ ({(0,0)} x R"~2))
solution of the Euler-Lagrange equation for Fy, constructed as in §1
above. Thus ug has prescribed bounded continuous boundary values ¢
and g satisfies the conditions (1.12'), and u(re,y) = ug(r'/2e/2 y)
is the corresponding 2-valued solution of the MSE as in (1.13)—(1.15).

Here and subsequently we use the following notation: G is the graph
of u; thus G is covered by the map
(2.1)

which is a minimal immersion into (C x R)\ ({0} x R"~2? x R) with period
4m in 0, and G decomposes, over any slit domain g, = C\ ({\e? :
A > 0} x R"2) (where 6y € [0,27) is given) into the union of a unique
pair of smooth minimal graphs, as in (1.15). Of course then geometric
quantities like the second fundamental form of G (which we denote by
Ag) and the upward pointing unit normal of G (which we denote by
v=(vi,...,Vnt1)) are well defined smooth quantities on G when G is
viewed as an immersion into (C x R) \ ({0} x R"~2 x R). We also have
the Jacobi field equation

(2.2) AgUni1 + |Ag|*vni1 =0 on G

for the (n + 1)’st component v, 11 of the upward pointing unit normal
v.
The first main theorem we prove here is as follows:

Theorem 1. With ug as in (1.12"), the following 3 properties are all
equivalent:

(i) uo extends across {0} x R"~2 to give a continuous function Uy €
co(C).

(i) H"2(GN ({0} x K xR)) < oo for any compact K C R" 2, and G
is stable in the sense that the stability inequality fG |Ag|?¢? dH" <
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J Ve ¢|? dH™ holds for all functions ¢ € C*((CxR)\ ({0} xR™ % x
R)) of bounded support C {(z,y,t) : |z| < o} for some o < 1.

(iil) sup|g|<qyern—2|Dul < C = C(n,M,0) (< o), and Du is uni-
formly Hélder continuous as a 2-valued function on {(z,y) : 0 <
|z| < o} Vo <1, in the sense that if Qg is any one of the slit do-
mains as in (1.15) then, for each o € (0,1), each Du; is uniformly
Hélder continuous on {(re?? y) € Qq, : [ —e®| > 1—0,0 <r <
o,y € R"2} with exponent a = a(n,M,o) € (0,1) and Hélder
coefficient < C = C(n, M,o). Here uj are as in (1.15) and M is
any upper bound for supye ¢.

Remarks.

(1) Notice that the above theorem guarantees that if ug extends across
{0} x R"~2 to give a continuous function %, then the closure of
G in C x R is a C1® stable branched minimal immersion, with the
branched immersion being given explicitly by the covering map
d(re? y) = (re?,y,mo(r/2e?/2 y)) for 0 < r < 1 and 0 € R,
which is 4m-periodic in the 6 variable.

(2) Of course (iii) trivially implies (i), so to prove the theorem it will
be enough to show (i) <= (ii) and (i)=-(iii), and this is what we
shall do below.

(3) We should remark that in fact (i)=-(iii) is a direct consequence
of the general regularity theory established in [Wic05], but the
proof in the present context is much simpler and we include it as
part of the proof of Theorem 1.

For the second main theorem we need to assume the Z; symmetry
mentioned in the introduction. The main result is then as follows:

Theorem 2. If ug is as in (1.12") with bounded continuous boundary
data ¢ satisfying the Zy symmetry condition p o Sy, = ¢ for some odd
k> 3, where Sp(e?,y) = (eX0F27/K) ) then (1), (ii), (iii) of Theorem 1
hold, with the additional conclusion (in addition to (iii)) that

sup  [o] Dz, y)| < C.
0<|z|<o,yeR"—2
where o = a(k,n,o, M) € (0,1/2) and C = C(k,n,o, M) > 0, with M
any upper bound for supye |¢|. In particular, the closure of G in C x R
is a CY® branched immersion, with the branched immersion being given
explicitly by the covering map (2.1) which is 4m-periodic in the 6 variable
and which has boundary values at v =1 equal to (', 1y, p(e?/? y)).

Remark. Notice that in terms of the single-valued function ug, the
gradient estimate of the above theorem is equivalently written

sup || =12 Dyug (z,y)| < C,
0<|z|<0o?, yecRn—2

with the same constants a = a(k,n,o, M),C = C(k,n,o, M).
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In the particular case n = 2, we have the following:

Corollary 1. Ifn =2 and if ¢ : S* — R is continuous and has the
symmetry (') = o(e!0T27/R)) for some odd integer k > 3, then ug
in (1.12") extends to a continuous map D — R such that ® : re'?
(re? ug(r'/2e9/2)),0 < r < 1,0 € R, is a CY* covering map (with
period 4m) for a stable branched minimal immersion of the unit disk into
R3 with prescribed boundary values (e, o(e%/2)) and a branch point at
0 (and no other branch points), and supyc|zj<, |z| 71722 Dyug(2)| < C.
Here o = a(k,n,M,0) € (0,1/2) and C = C(k,n, M, o), with M any
upper bound for supg |¢|.

—

The following result, needed in the proof of Theorem 2 and of in-
dependent interest, further analyzes the local structure of the graph G
over points which are close to a discontinuity of wug.

Theorem 3. Suppose ug, as in (1.12"), is discontinuous at some point
(0,50) € {0} x R"2, and py € (0,%]. Then there is a p1 € (0, po] and
a point (0,y1,t1) € Byy(0,0) X R such that B, (0,y1,t1) N ((0,y1,%1) +
{0} x R""2 x R) C G, G (as an n-dimensional integer multiplicity
varifold in R"*1) has a unique tangent cone C at (0,y1,t1) of the form

C = |Hy| + [Hal,

where Hyi, Hy are distinct n-dimensional half-spaces meeting at angle
# 7 along the common boundary {0} xR" "2 xR, |H,| is the multiplicity 1
varifold corresponding to Hj, and

GN B, (0,y1,t1) = L1 U Ly,

where each Lj is an embedded C*° manifold-with-boundary, with bound-
ary (in the open ball By, (0,y1,t1)) OL;j = By, (0,y1,t1) N ((0,y1,%1) +
{0} xR""2xR), L; has the tangent half-space H; at the point (0,y1,t1),
and (Ll \aLl) N (L2 \ 8L2) = 0.

Remarks.

(1) If the boundary data ¢ is Sy invariant (i.e., ¢ o Sy = ¢) then by
the last identity in (1.12") the graph G is also Sy invariant, and
hence so is the tangent cone C of the above theorem. But then
Hy, Hy, Sk(Hy), Sk (H2) consists of at least 3 distinct half-spaces,
and so C is not Sy invariant, a contradiction. That is if ¢ is
S}, invariant then ug extends across {0} x R"~2 as a continuous
function %p, and hence (i)-(iii) of Theorem 1 all hold, and G has
a multiplicity 2 tangent plane of dimension n at (0,y,%(0,y))
which is S, invariant, hence contains the subspace R? x {0} x {0} C
R2xR"2xR. Hence using the Hélder continuity of Du guaranteed
by (iii) of Theorem 1, we must have lim, ¢ |Dzu(x,y)| = 0 and
SUPy<|z|<o |2| ¥ Dyul < C(k,n, M, o). This explains the special
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conclusions of Theorem 2 in case of S symmetric boundary data,
so we need now only prove Theorem 1 and Theorem 3, which we
shall do in the next section.

(2) Notice that the above theorem in particular shows that the graph
G is not stationary as an integer multiplicity varifold in C x R if
ug has discontinuities because Hy, Hy meet at angle £ w. Thus we
have the following extension of Theorem 1:

Corollary 2. If ¢ :0C — R is bounded continuous, then ug, as in
(1.12), extends continuously across {0}xR"~2 (so (i), (ii), (iii) of Theor-
em 1 all hold) if and only if the graph G = {(re,y, uo(r'/2e?/? y)) :
0<r<1,0eR,yc R 2}, viewed as a multiplicity 1 varifold in C x R,
is stationary in C x R.

3. Proofs

As we pointed out in Remark 1 following Theorem 3, Theorem 2
follows directly from Theorems 1, 3, so we need only prove Theorems 1,
3.

Proof of Theorem 1. Let ug be as in (1.12"). We first show that
(i) <= (ii). So suppose (i) holds and, as in §2, let G be the graph of
the 2-valued function u over C, so that
(1) G={(z,y,u(z,y)): 0 <|z| <1,y e R"?}.

According to (1.12')
(2) |ﬂ0(l‘ay) - ﬂ0($32)| < Lp‘y - Z|’ Y,z € Rn_2a |‘T| < p’O <p< 17
and in particular this holds for x = 0. Also

GN ({0} xR"™ x R) = {(0,,u0(0,y)) : y € R"*}
which (by (2) with 2 = 0 and p = 3) is the graph of the Lipschitz
function %o (0,y) over R"~2 and so
(3) H"2(G N ({0} x A x R)) < 00

for any bounded open subset 2 C R"~2, which is the first claim in (2).
We also need the first variation formula

(4) /G divg ¢ dH" =0,

valid for any Lipschitz function ¢ = ((1,...,(y+1) on G with compact
support in G. Here divg ¢ denotes the divergence of ¢ on G, which is
defined by divg ( = Z;Lill ej - Vg (j, where Vi is computed via local
decomposition into the smooth minimal graphs as in (1.15). It is im-
portant to note here that this makes sense, and formula (4) is correct,
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if either ( is the restriction to the set G of a Lipschitz function in R™**!
or if we assume ( is actually 2-valued of the form

(5)  ((re?,y) = G(r'/2e?y), 0<r<1,0€R, yeR"?
with the understanding that near any point
po = (re®, y,ug(r'/2e®/? y))

of G we use the (single) value (o(r'/2€/2,y) for the values of ¢ near py
on the part of G given by the map (re,y) — (re®?,y, ug(r'/2e?/2,y))
with 6 close to 6.

Of course in this case the validity of (4) is easily checked via taking a
partition of unity (31, f2,... of D\ {0} with each ; having support in a
disk € D\{0} and with any given point of D\ {0} having a neighborhood
which intersects at most finitely many of the supports of the 3;. We can
then interpret (; as a function of the variables (z,y,t) € D x R"2 x R
which happens to be independent of the y and ¢ variables, and we note
that (4) is valid with ;¢ in place of (. By summing over j we then
justify (4) for the given ¢ as in (5), provided ¢ vanishes on dC and
has compact support in C \ ({0} x R). (We will eliminate the latter
restriction shortly—see (10) below.)

In particular for each d,p € (0,1) and each (xg,yo,t0) € C X R with
|(z0,%0)] < 1— p we can insert the choice

C(2,y,1) = Bs(2) Ao (@, y)7p(t)ent1

in (5), where (i) 3; is is a C°°(R?) function which vanishes identically
for |xz| < §/2, which is identically equal to 1 for |z| > §, and |DGs| <
3/6, (ii) Ap(z,y) = 1 for |(x — zo,y — v0)| < p/2, A\p(x,y) = 0 for
|(x — 20,y — yo)| > p, 0 < A, < 1 everywhere, and |D),| < 3p~!, and
(ill) v,(t) = 0 for t < tg— p, Y,(t) =t —to + p for t € [to — p,to + pl,
and 7,(t) = 2p for t > tg + p. Then the identity (4) with this choice of
¢ gives

(6)

/ Bseny1 - Vat
GN(B,/2(x0,y0) X (to—psto+p))

< 2/)/ <|€n+1 Ve Apl + lent1 - V055’>~
Gﬂ(Bp(CEo,yo)X]R)

Now for any C! function h on R**!, Vi h is just the orthogonal projec-

tion Dh — (v- Dh)v of the R"*! gradient of h onto the tangent space of

G,s0ep11-Vot=1-— 1/7%Jrl and epy1 - Vgh = —vpp1v - Dh in case h is
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independent of the last variable ¢, and hence (6) gives

(7) / Bs dH™
(GN(B, /2 (z0,y0) X (to—psto+p)))

<

/ (11 2p(1DA| + | DBs])) v dH.
Gﬁ(Bp(xo,yo)XR)

Now the volume form on G is V;ild:cdy, so (keeping in mind that G is
the graph of a two-valued function) the right side is < 2 [ B, (o yo)(l +
2p(|DX,| + |DBs|)) dedy and the contribution from Dfs — 0 as § | 0,

so (7) gives, after letting ¢ | 0,

(8) H™"(G N (B,2(wo,y0) X (to — pyto + p))) < Cp",

which since B, /3(z0,%0) X (to — p,to + p) D B,/a(z0,%0,t0) also gives
H™"(G N B,a(zo,yo,to)) < Cp™, C=C(n),

provided only that B,(xo,yo) C C. (Note that the point (xo, yo, to) here
need not be in G.)

Now observe we derived (4) subject to the restriction that ¢ should
have compact support in G and so in particular ¢ must vanish in a
neighborhood of the closed set G N ({0} x R*2 x R). However (3)
guarantees that, for any given compact K C R"72,

(9) H" LGN ({0} x KxR))=0
and we claim that in fact then

the first variation formula (4) holds for any 2-valued ¢ as
(10) in (5) if ¢ is locally Lipschitz for 0 < r < 1, {(re?,y) =0
forr=1ory ¢ K, and |D¢| € L}(G).

This is easily checked by using (4) with f5¢ in place of ¢, where (s is
Lipschitz on R"*! with 3; = 0 in a neighborhood of {0} xR" 2 xR, 35 =
1 at all points at distance > 6 from {0} x R""? x R, and [ |Dg5| < 9,
and then letting § | 0. (Notice that it is standard that such a s exists
because, by (9), G N ({0} x K x R) is a compact set of H" !-measure
zero, and hence we can select a finite family of balls B, (0,y;,t;), j =
1,..., N, with centers (0,y;,t;) € GN ({0} x K x R) and radii 0; < §
with G N ({0} x K x R) C U;By;(0,y5,t;) and >, 07" < 5. Then
we can select non-negative functions 1; € C®(R"*1) with ¢; = 0 in
B, (0,y;,t5), j = Lon R"\ By, (0,5, t5) and | Dip;| < 3/0;, whereas,
by (8), H"(G N By;(0,y5,t;)) < Co? for every j. We can then take
Bs = min{e1,...,¥n} and check that (s has the desired properties
with C§ in place of 0, C' = C(n).

Once we have (3) and (4) for functions as in (5), (10) it is standard to
prove the stability inequality: by taking w = —logvy,+1 on G (which is
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interpreted as a smooth function when we view G as a smooth immersion
as in (1.15)), we first see from (2.2) that

(11) —Agw + (|Vew)? + |4¢|?) = 0 on G,
the weak form of which is
12 [ ((VouP +|46P)C + Ve Vad) aHr =0,

for any locally Lipschitz function ¢ with compact support in {(x,y,t) :
0 < |z|] < 1,y € R*2 ¢t € R} and which can be 2-valued as in (5).
This is evidently justified using (4) and (10), together with the fact
that Aqw = divg(Vgw).

Now because of (3), (8) and the fact that G' N ({0} x R"~2 x R) is
closed, we can for each § > 0 select a Lipschitz function 85 on R"*! such
that 85 = 0 in a neighborhood of G N ({0} x R"~2 x R), with 85 = 1 on
the set of points with distance at least § from G N ({0} x R*~2 x R) and
with
(13)

/|D65|2< §-+CH" 2 (support (NGN({0}xR"2xR)) < 0o, C = C(n).
G

Indeed the same construction for (G5 that we used in the discussion
following (10) can be used here, except that now we choose the balls
By (xj,yj,t;) with o; < § and wy, 2 Zj a;-l_Q < §+2""2H"2(support ¢
NGN ({0} xR""2xR)), which we can do by definition of H"~2. Then for
any locally Lipschitz function ¢ on {(x,y,t): 0 < |z| <1,y e R* % t €
R} with bounded support and ¢ = 0 on 9C x R, we have that 3s¢? is
Lipschitz with compact support in {(z,y,t): 0 < |z| <1,y € R" 2t €
R}, and so we can use (12) with 35¢? in place of ¢. This first shows

1y [ (oul +14cP) s,
G
= /G(CQVGU) Vg Bs +2(Vow - VGC@S)
Se/ |VGw|2§2+C(€)/ (2196 8512 + V¢,
G G
so that by letting | 0 we conclude that
/ <|AG|2 + |VGw|2)C2 < CH™ ?(support ( NG N ({0} x R"™2 x R))
G
+C/ Ve (* <00, C=C(n).
G
This enables us to let 6 | 0 in the first identity of (14) so that

/ (\ng|2 + ’Ag‘2>C2 dH" = —/ 2(Vew -Vg(dH"
G G
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and, using Cauchy-Schwarz in the form 2ab < a? + b?, we deduce the
stability inequality fG |Ag|?¢? < fG |Va C|?, as claimed in (ii). By using
the Cauchy-Schwarz inequality in the alternative form 2ab < %a2 + 207,
we also obtain

19 [ (IVaul +4aP)an <4 [ [VocP an.
G G

We next prove (ii)=-(i). For this we do not need the stability condi-
tion in (ii); indeed we will show that the hypothesis H"1(G N ({0} x
R"~2xR)) = 0 suffices to give (i), as follows: Suppose that there is yo €
R"~2 such that lim inf|,_quo(z,y0) < lim sup|,|—o uo(z,y0). Let m =
lim supyg| o uo(2, yo) — liminf ;o uo(x, yo) > 0 and using the Lipschitz
condition with respect to the y-variables given by (1.12’), with Lipschitz
constant L = L, corresponding to p = %, we have lim SUP|4|—0 uo(z,y)—
to > 5 and to — liminf ;g uo(z,y) > 5 whenever |y — yo| < ﬁ,
where to = 5(liminf),_quo(z,y0) + lim sup|,| o uo(z,y0)). This evi-
dently implies that GN((0, yo, to)+{0} x R"“2xR) contains the relatively
open subset Bl (yo) X (to—po, to+p0)N((0, 4o, to)+{0} xR""2xR), po =
min{ﬁ, 2}, to = (liminf, o uo(z, yo) + limsup, o uo(z, y0))/2, and
therefore has positive 1"~ !-measure, in particular contradicting (3),
so (ii) fails.

We have thus proved (i) <= (ii), and in accordance with the Re-
mark (2) following the statement of Theorem 1, we have only now to
check that (i)=-(iii). For this we need to modify some standard PDE
arguments from the usual R™ setting, so that we can instead work on
G. We showed already that (i)= implies (3), (4) for any ¢ as in (10),
so we can use these facts in the remainder of the argument.

The identity (11) guarantees that Agw > 0 (and of course w > 0
because w = —logv,41 and v,41 < 1). We also have the Sobolev
inequality

1/k n
(16) ([e) =c[iva w=0

for any locally Lipschitz function as in (5), (10) assuming we integrate
the appropriate values of the 2-valued function ¢ as explained in the
discussion following (5). This is not quite a direct consequence of the
normal Sobolev inequality for minimal submanifolds (e.g., [MS73]),
because of the requirement that functions ¢ as in (5) are included, rather
than just the restriction to G of functions which are locally Lipschitz on
C xR. However since we have already established that the first variation
formula (4) is valid for such functions, we can use one of the usual proofs
of the Sobolev inequality (e.g., as in [MIS73]) without change, so (16)
is valid as claimed.
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The proof of the gradient estimate claimed in (iii) of Theorem 1
will now be proved by modifying one of the standard proofs of the
gradient estimate for (single-valued) solutions of the MSE. The gradient
estimate for single-valued solutions of the MSE was first established
in [BDMG69], and here we follow essentially the same procedure, with
some simplifications suggested in [Sim76], [Tru72], as follows:

For each 7 > 1, let w; = min{w, 7}, so that w, is a bounded locally
Lipschitz function which is 2-valued in the sense of (5), and so we can
apply the identity (12) with quCQ in place of { and we can also use the
Sobolev inequality (16) with w29¢2 in place of ¢. In view of the volume
bounds (8) and the fact that Agw > 0 on G by (11), we can then use
Moser iteration exactly as in the usual R" setting (see [GT83]), using
the Sobolev inequality (16) in place of the usual Sobolev inequality, in
order to conclude that

(17) sup wy < C w, dH",
GOBI/S(OvyO7t0) GmBl/G(OzyovtO)

where tg = u(0,yp). On the other hand using the identity (4) again
with w; -y - X in place of ¢, where v = y(t), A = A(z,y) are the same as
the functions v,(t), A, in (6) but with p =1/3 and zo = 0, we conclude

(cf. (6))

(18) Wy ept1 - VatdH"™

Lﬂ(31/6(0,y0)X(to—l/ﬁ,to—l—l/ﬁ))

< / (wT lent1 - Ve Al + |V w7|> dH"™.
GN(B1/3(0,y0)xR)

Also by (15) we have

/ Vol
GN(B1/3(0,y0) xR)

1/2
< (Hn(G N (Bl/g(O,yo) X R)))l/Q (/G ’vaP)

< CH™(G N (By2(0,y0) x R))

N(B1/3(0:y0)xR)

and (since e,41-Vgt = 1—1/72LJr1 and |e,+1-Va Al < 3,41 as in the discus-
sion following (6)) we also have me(Bl/Q(o yo) <) Wrlent1 - Va Al dH™ <

Cme(Bl/Q(O,yO)xR) WrVp41 dH" so in fact (18) gives

/ wy dH™ < C(nYH™(G 1 (Byj2(0, 40) X R)).
Gﬁ(Bl/G(O,yo)X(t0—1/6,t0+1/6))

Thus, after letting 7 T 0o, (17) in fact yields the bound

wp w < OHNGN (Byal0,40) x B)), € = C(n),
GNBy/5(0,90,t0)
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and since the set GN (B} /2(0,0) xR C U;V:_NGO(Blm(O, yo) X [4,5+1)
with a suitable value of N < C(1 +SUDPB, 4 (0.0) |ul), we deduce from (8)
that
H"(G N (Biy2(0,50) xR)) <C(L+ sup [u]),
B1/2(0,y0)

and hence finally the gradient bound

sup w<C(1+ M),
GNBy8(0,y0,t0)

where M is any upper bound for supp, /o )|u| By exponentiating

07y0
each side this gives

(19) sup |Du| < Crexp(CoM), Cp = Ci(n),Cy = Ca(n),
GNBy5(0,90,t0)

which has the same form as the gradient bound for single-valued solu-
tions of the MSE.

To complete the proof of (iii) we have to establish a Holder estimate
for the 2-valued functions Dy u, j = 1,2 and Dyu, j = 1,...,n — 2.
Notice these derivatives are 2-valued functions of the form (5), and are
smooth on C\{0} xR"~2 assuming as usual we make the natural selection
of value on G as in the discussion following (5). By differentiating the
MSE with respect to any one of the variables x1, x2, 91, ..., yn—2 We get
a divergence-form equation

n
(20) Y Di(aiDjv) =0on C\ ({0} x R"?),
ij=1
where v is the derivative of u with respect to the chosen variable, and

(21) aij = Vn41(8ij —vivy), i,j=1,...,n.

Notice that since the volume element for G is Vgild.% and since Dv € L2
locally in C (by (15)), we can write (20) in the weak form on G (with ¢
as in (5)) as

(22) / > G DivD;¢dH™ =0
G

ij=1
for any ¢ as in (5), (10) with Vg ¢ € L*(G), where
Qjj = Vp41Gij = V,QLH(&U — V).
Notice that in fact then
> @ DiwD;¢ = v} Ve (- Vau
ij=1
and A < 2, <1 for suitable A = A(n, M) > 0 by (19), and so (22) is

in exactly the uniformly elliptic form used (in the case of single valued
solutions of the MSE) to establish a Harnack theory in [BGT72]; we
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therefore simply need to modify the proof of [BGT2] to the present
2-valued setting. In fact the discussion in [BG72, §§4, 5] carries over
without change to the present setting, so the only thing we need to check
is that a Poincaré inequality as in [BG72, §3] applies here. But, since G
is the graph of a 2-valued function u of the form (5) and with bounded
gradient, it is an easy exercise to check that such a Poincaré inequality
follows directly from the usual Poincaré inequality for functions on R".

Hence we do have the required Harnack inequality for non-negative
solutions v of the equation (20), and hence solutions v of arbitrary
sign (in particular v = any one of the derivatives Dy, u, Dy,u, Dy, u, . . .,
D, ,u) are then Holder continuous by the usual procedure:

We let M, = Supanp, (wo.yo.to) Vs Mp = IMEGAB, (20,y0.t0) U @0d note that
then M, —v and v —m,, are non-negative solutions of (20) and hence by
the Harnack inequality we have some constant C' = C(n, M) > 1 such
that

sup (M, —v)<C inf (M, —v)

GNB,/2(0,y0,t0) GNB,/2(x0,Y0,t0)
and
sup (v—m,) <C inf (v —mp).
GNB,/2(z0,Y0,t0) GNB,/2(0,y0,t0)

But this says exactly that
My, —m,p < C(My— M,)) and M5 —m, < C(m,;, —m,),
and adding these inequalities gives

C-1
Mp/2 —Mp/2 < C——H (MP B mp)v

and by the usual iteration procedure this shows that v is uniformly
Holder continuous on the set G N By/3(0,%0,%0). Since u is Lipschitz,
this then of course gives Holder continuity of v as a 2-valued function
on B2(0,yo) for some fixed o = o(n, M) € (0,1/2). This completes the
proof of (iii) and hence the proof of Theorem 1.

Proof of Theorem 3. To begin, let (0, y9) be a point of discontinuity of
up. As pointed out in the proof of Theorem 1 (in the proof that (ii)=-(i)),
using the Lipschitzness of ug(z, y) with respect to the y-variable, we have

(1) G 2 {0} x B *(yo) x (to — po, to + po),
Wl‘lere to zl(lim‘infm_}() u(z,yo) + limsup|, o u(z,y0))/2 and py =
mln{ﬁ, 5} with
m = limsup up(x, yo) — 11|Ir‘1 i%f uo(z,y0)(> 0).
|z[—0 z=

Now the graph G of u, as an integer multiplicity varifold, is not nec-
essarily stationary in C X R (indeed Corollary 2 asserts that it is defi-
nitely not stationary in C x R under the present hypothesis that (0, yo)
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is a point of discontinuity of u), but it is (by (1.15)) stationary in
(CxR)\ ({0} x R"2 x R), and hence by the reflection principle ([A1175,
§3.2]—Cf. the discussion in the proof of Lemma A of Appendix A) we
see that for each (y,t) € By, (yo,to)

(2)
o "H"(GNB,(0,y,t)) is increasing with o, o € (0, po—|(y—yo,t—*t0)|),

there exists a tangent cone C of G at (0,y,t), and the density of G,
0¢(0,y,t), defined by

(3) Oc(0,y,t) = 13?01@”[)”)—1}{”((; N B,(0,y,t)))
exists and satisfies
1
@) 0c(O,yt) =5, (0,y,t) € ({0} x R™* X R) N Byy (0,90, t0)-

Now let ¢ > 0, define k = inf{0¢(0,y,t) : (0,y,t) € ({0} x R*"2 x
R) N By, (0,30, t0) } (> 1/2 by (4)), and select a point (0,y1,t1) € ({0} x
R™2 x R) N BPO (O,yo,t(]) with

(5) GG(an17t1)§’i+5/2
and take p; € (0, p0 — |(y1 — Yo, t1 — to)|) such that
(6) (wnp?) T HM(G N By, (0,31, t1)) < k5 + 3/4,

which we can do because (w,p™) " 'H™(G N B,(0,y1,t1)) | ©c(0,y1,t1)
as p | 0 by (2). Notice that if ¢ < g9 € (0,p1/2) and if (0,y,t) €
B, (0,y1,t1) then we have
0c(0,y,t) < (w,o™) " "H™(G N B, (0,y,1))

< (wn(pl - 00>n)_1Hn(G N Bm—ao (07 Y, t))

< (wnlp1 = 00)") "H™(G N By, (0,41, t1))

< —o0/p1) "(k+e/2)

<k+eifo <og=o0¢(k,n,p1,e).
So assume d > 0 is given and choose ¢ > 0, § as in Lemma A, and then
oo = 09(0, k,n, p1) so that the above holds with this choice of . Then
the above shows that the hypotheses of Lemma A of the Appendix A
hold if we take o € (0,00], (0,y2,t2) € Bsy(0,y1,t1) and if V = hyG,
where h : R*1 — R is defined by h(z,y,t) = o~ (z,y — yo,t — t2),
uniformly for (0,y2,t2) € By, (0,y1,t1). Then according to Lemma A
we have (possibly with a new o9 = 0¢(d,k,n,p1)) that V(0,y,t) €

By, (0,91,t1) and all o € (0,00] 3 half-spaces Hi,...,H, (depending
on o,y,t) with p = p(o,y,t) € {1,..., Py} and

(7)  Hausdorff distance(G N By (0, y,1), U‘;-’:lHj N B,(0,y,t)) < do,
where Py is a fixed integer (determined by H"(G N By 2(0,y1,11)))-
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Now for 7 > 0 let N denote the tubular neighborhood, cross-section
radius 7, of the subspace {0} x R"~2 x R; thus

(8) Ny ={(z,y,t) e RZxR" 2 xR : |z| < 7}.

In view of the fact that G decomposes into a union of graphs as in (1.15),
to each of which we can separately apply the regularity theory for stable
embedded minimal surfaces as in [SS83], we see that (7) yields (possibly
with a new oy still depending only on 4, k, n, p1)

9 Vo < og and V(0,y,t) € By, (0,y1,t1) 3¢ = q(o,y,t) €
O \{1,...,Qo} with B,(0,y,) NG\ Ny, = U'_, L(0,9, 1),

where Qo is a fixed integer (determined by H™(G N By /2(0,y1,t1))),
where 6 = C6 € (0, 1], with C = C(n) sufficiently large, and we hence-

forth adopt the convention that we only consider § small enough so
that C(n)d < i, and where Li(0,y,t),...,L4(0,y,t) are embedded

]
minimal hypersurfaces with each L;(o,y,t)(C G) being representable
as a minimal graph. More specifically, for each j = 1,...,q there is

an n-dimensional half-space H;(o,y,t) with boundary {0} x R"~2 x R
and having unit normal n; € S™, and a w; € C*®(Q;), with Q; D
Hj(o,y,t) N Bs(0,y,1) \ N, o with
(10) LJ(O-vyvt) N (BO'(O,yvt) \ NSO—

= {5 + w](é)nj : 5 € Qj} N (Ba'(oayvt) \NSO— C Ga
and

(11) gseug_(fllwy'(f)\ +[Dw;(§)]) < €6, C=C(n).

We now fix
(12) qo = Q(Uanlatl), L; = Lj(007y17t1)7 ] = 17 <. 5 q0-

By an inductive procedure (induction on k), based on application of (9),
(10) and (11) to suitable finite collections of points (0, y,t) € By, (0, y1, t1)
we prove that, for each k = 2,3, ... there are embedded minimal hyper-
surfaces L1 C LE € G N Byy (0,41, 1) \ N, such that

BL’f N By, (0,y1,t1) C G N Byy(0,y1,t1) N BN%O
and such that for each (0,y,t) € By, (0,41,%1) and each o € [6¥ Loy, 0g]
there is j = j(o,y,t) € {1,...,qo} with
LY N By (0,y,t) N Byy (0,91, t1) \ N5,
= Lj(O’, Y, t) N BCT(Ov Y, t) N Boo(()? Y1, tl) \ Ngaa
where L;(o,y,t) as in (10)).
Notice that L¥ is clearly unique (depending on the choice of L1)

for each k, by unique continuation of solutions of the MSE, so then
Ly = U2 LK is an embedded minimal hypersurface with (L1 \ L1) N
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Byy(0,91,t1) C (0,y1,t1) + {0} x R x R. Also, by (10) and (11),
the hypotheses of Allard’s boundary regularity theorem ([All75, §4])
are then satisfied and we have (possibly with a smaller o¢) that L; is
a smooth embedded hypersurface-with-boundary, with boundary 9L, N
By (0,y1,t1) = Boy (0, y1,t1) N ((0,y1,11) + {0} x R*2 x R) and

(13)  Li={{+wi(§)m : &£ € Hi N Byy(0,y1,t1)} N By (0,41, 1),

where w; € C*(Hy N By, (0,y1,t1)) and o ' sup |wi| +sup [Dw: | < C6,
C =C(n).

Repeating this process with le in place of L1 for each j = 2,...,qo,
where ¢p and L} are as in (12), and using (9) again, we then have

(14) GnN BUO(O,yl,tl) = U;l-ozle,

where each L; is a ' manifold-with-boundary, with boundary 9L;
(taken in the open ball By, (0,y1,t1)) given by 0L; = I', where, here
and subsequently,

(15) T = Byy(0,91,t1) N ((0,y1,t1) + {0} x R""2 x R).

Let Hy,...,Hgy be the tangent half-spaces of the L1, ..., Ly, respec-
tively at the point (0,y1,?1), and note that it is possible that two or
more of the H; are equal (because two or more of the L; might share
a common tangent half-plane at the point (0,y;,t1)). However it is not
possible for a distinct pair L;, L; to meet with angle zero everywhere
along an open subset T' of ' = By, (0, y1,1)N((0, y1,£1)+{0} x R 2 xR)
because then uniqueness of the Cauchy problem would imply that L;, L;
agree identically on some open region, and then the whole graph would
be a multiplicity 2 version of a single-valued graph. But then u would
be a smooth single-valued solution of the minimal surface equation on
C\ {0} x R"~2 which would imply that u extends smoothly to all of C,
because (single-valued) solutions of the minimal surface equation can-
not have singularities on a set of zero (n — 1)-dimensional Hausdorff
measure by [Sim77]. However this contradicts the fact that in the
present case we have a discontinuity at (0,y1). Hence we can select a
new 91,41, as close as we please to the yi,t1, such that no pair of L;
meet at angle 0 at the point (0,@1,t~1). In particular this means that
the tangent half-spaces ffl, e ,I:qu of L,..., Ly, at the point (0, y1, t~1)
are distinct, and we can take Zj = L; N B, (0, 71,1) for j =1,...,qo,
with & € (0,00 — |(y1 — 1, t1 — t1)]) chosen small enough to ensure that
Ly \ 8l~}1, e ,qu \ (‘ﬂNLqO are pairwise disjoint and that the l~}j all meet
with non-zero angle along the common boundary I'. Also, by the reflec-
tion principle for minimal surfaces, we see that if a pair Ei, Ej meet at

angle 7 at each point of an non-empty open subset [ = Bs5,(0,y1, tAl) nr,
where Bz, (0,91,t1) C Bz, (0,y1,t1), then with Ly = Bz, (0,y1,t1) N Ly,
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k=1,...,q0, we would have that EiUEj is a smooth embedded minimal
hypersurface containing L.

Thus by replacing g0, Y1, tl, fI7 Lj by 50, gl,a, .F[j, Ej or /0'\0, @\17%\1’ ﬁj,
Ej as in the above discussion, we can assume that we have made a
selection of base-point (0,y1,%1) (as close as we please to the original
(0,y0,t0)) and new scale op with the properties

(L1 \ OL1,...,Lg, \ OLg, are pairwise disjoint

and Lq,...,Lg meet with angle # 0

along T' = By, (0,y1,t1) N ((0,91,t1) + {0} x R"~2 x R),
(16) Hj is the tangent half-space to L; at (0,y1,t1),

Vi # j, L;, L; either meet with angle # 7 along I'

or meet with angle = 7,
[ in which case L; U L; is a smooth embedded hypersurface.

The half-spaces H; can be written in the form {(Aw;,y,t) : A > 0, (y,t) €
R"=2 x R} for some unique w; € S1, so

(17) wj =€, n;€0,2m).

By applying (1.15) with 6y = n; + ™ we associate two solutions uf of
the MSE, with graphs G-, with cach u; defined over (D\ {=Aw; : A >
0}) x R"~2, and with

(18) GN((D\{—Aw;j : A > 0})xR">xR) = GFUG;, j=1,...,q;

of course then for any k € {1,...,qo} such that wy # n; + ™ we have
Ly \ OLy, is either entirely contained in G;’ or entirely contained in G

We claim that gp is even. To see this observe that if 0 < 0 < 0/ V2
(so that {(z,y1,t) : |z| = o,|t —t1] < 0} C By, (0,y1,%1)) and if we
let v(0) = (0e®,y1,up(c'/2€%/2, 1)), then (assuming o is sufficiently
small and appropriately reordering and relabeling the Ly, ..., Ly,) we
can select pairwise disjoint intervals (o, ;) with

(19) aj<ﬁj<05j+1 <ﬁj+17 J=1...,9—1, ﬁqo_al < A,

and such that v|[e;, 6;] is 1:1 and v([oy, 55]) = Lj N {(z,y1,t) : |z| =
o,t € [t1 —o,t; + o)) for each j = 1,...,qg0. (We can in fact arrange
max{f; —«o; : j = 1,...,q0} is as small as we please by taking o
sufficiently small.) Then ~|[a1, a1 + 47] is a closed curve which tra-
verses each of the arcs L N {(z,y1,t) : |z| = o,t € [t1 — o, t1 + o))
exactly once, and, by (14), e,+1 - v(0) is never between [t; — o,t1 + 0]
for 0 € [a1, a1 + 47\ (UJL, [y, Bj]), and hence ;11 - v|[ej, B;] must be
alternately increasing and decreasing as a function of 8 for j = 1,..., qo,
and the number of j such that it is increasing must therefore match the
number of j such that it is decreasing. So qq is even as claimed.
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Now again relabel the L;, and the corresponding Hj, this time to
ensure that the angles 7); in (17) satisfy

(20) 0<m <mp <<y <2, Ngg41 =m + 2,

let LqOJr]_ = Ll, Lo = qu, Hq0+1 = Hl, Ho = qu, and let 0]' be the
angle between H; and it’s nearest neighbor in the counter-clockwise

direction. Thus "

(21) 9]':7]]'+1—7]j, jZl,...,Qo, 9q0+1:91, and Z@jZQﬂ'.
j=1

In particular > 7, (6; + 6;41) = 2> 0, 60; = 4w, and so we see that
if go > 4 then there must be 3 successive half-spaces H;,—1, H;,, H;;+1
such that
(22)

either 92'0 + (9i0+1 <

or 0;, + 0;y+1 = mand L;,_1, L;j,+1 meet at angle 7 along I

and L;,—1 U L;, 41 is a smooth embedded minimal hypersurface.

With such i, consider the three corresponding hypersurfaces L;,_1, L;,,
Li,+1. Notice that, in the notation of (18), either at least two of
these three hypersurfaces lie in Gjo or else at least two lie in Gj .
Let us suppose for convenience of notation that the former possibil-
ity holds, let u = u;; (so graph of w is G;;), and let L, L be chosen
from L;,—1, Li,, Li,+1 as follows: If L;,_; is contained in G;; then take
L = Lijy—y and L = Ly, if L, C G} and L = Liy41 if L;, is not
contained in GZTE. If L;,—1 is not contained in G;; then take L = L,
and L = L;,+1. Having thus chosen L, E, let H, H denote the tangent
half-spaces of L, L respectively at the point (0,y1,t1).

We first dispense with the possibility that L = Lio_l,z = Lij+1
with the second alternative in (22), so that LUL is a smooth embedded
hypersurface containing I' = B, (0, y1,t1)N((0,y1,t1)+{0} x R" "2 xR),
and L\ T, L \ I' are both contained in the graph G;-;. We claim this is

impossible because then L U L would be a minimal hypersurface with
(n+1)’st component v,41 of the unit normal strictly positive away from
I' and vanishing on I', but this would contradict the Hopf maximum
principle for v,.1; the Hopf maximum principle holds because v,y
satisfies the Jacobi field equation 2.2 which means Av,1; < 0. Thus
we conclude that L,E meet with angle < 7 along I' in all cases. In
particular this shows that half-spaces H, H must meet at angle < 7.
Now G N By (0,y1,t1) \ (U2, L;) = 0 (by (14)), hence there are no
points (z,y) with 0 < |z| < o9 and u(z,y) = t; other than points
(z,y) € P(UX,L;), where P denotes the projection of (z,y,t) onto
(z,y). Since by construction L, L € {L;j :j=1,...,q0} and both L, L
are contained in G, it then follows that, for sufficiently small o, there is
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a wedge-shaped domain Q with @ = t; on QN B,(0,y1)\ ((0,y1)+{0} x
R"~2) and with € asymptotic at (0,y;) to the convex wedge W (H, H)
between (0,y1) + PH and (0,y;) + PH (P(z,y,t) = (z,y) as above).
Now we can apply Lemma B of Appendix B with v = u, with Q
as above, with z9 = (0,y1), po = p (sufficiently small), ¢ = ¢; on
0QNB,(0,y1), and with U being any open half-space in R" with (0,y1) €

U and (B,(0,y1) \ {(0,41)}) N W(H, H) c U, where W (H, H) is the
closure of the convex wedge W (H, H) introduced above. (For example,
a suitable choice for U would be the half-space (0,y1) + {(z,y) : = -
(Wig—1 + wig41) > 0}.)

But then Lemma B asserts that u|Q extends continuously to Q U
{(0,y1)} with value ¢; at (0,y1). On the other hand L N {(x,y,t) €
B,(0,y1,t1) : * # 0,t > t1} is contained in the graph of %[, and
L N B,(0,y1,t1) contains the vertical segment (0,y1) X (t1,t1 + o) so
the closure of graph |2 contains this vertical segment, which means
that u|Q2 does not extend continuously to Q U {(0,y1)}. Thus we have
a contradiction, so we must have qo = 2 and there are just two half-
spaces Hip, Hy and two submanifolds L1, Lo. This completes the proof
of Theorem 3, except for the claim that H; and Hs do not meet at angle
.

To check this last point we observe that otherwise, by (16), L1 U Lo
is a smooth embedded hypersurface containing I". Let wuq,us be the
smooth functions such that graphwu; = L; \ I' for j = 1,2, so that
(1 + |Du,j|?)~Y2(=Duj,1) is the upward pointing unit normal of Lj.
Evidently the domain of u; is €2; such that for small enough o we have
{(z,y) € Q : |z] < o} € Wy, x R"2, where Wy, is a thin coni-
cal neighborhood of ¢;, with ¢; the ray from the origin in R? given
by the orthogonal projection of H; onto R2. Then ¢1,0y meet at the
origin with angle 7. Let € R? be a unit normal to ¢; U £5. Since
L1, Ly are smooth submanifolds with boundary I', the unit normals
(14+|Dw;|?)~Y2(=Duyj, 1), j = 1,2, each have asymptotic limit +(n, 0, 0)
on approach to I'. In particular this means that the limit of the unit
normal (1 + |Du;|?)~'/2(=Duy,1) of L; agrees with =+ the limit of the
unit normal (1 + |Dus|?)~Y2(=Dusy, 1) of Ly on approach to T, and
in fact the plus sign must hold because for sufficiently small o we
know (Cf. the argument following (19)) that %ul(rew,y) has a con-
stant sign (either large positive or negative with large absolute value) in
Q1 N B,(0,y1) and its sign must be opposite to the sign of %ul (re?, y)
on Q9N B,(0,41), and it follows that (1,0) - Duy (= (1,0,0) - (—Duq, 1))
and (n,0) - Dug (= (n,0,0) - (—Dug,1)) must have the same sign for
|z| < o (ie., either (,0) - Duj > 0 in {(z,y) € Q; : |z| < o} for both
j=12o0r (n,0)- Du; < 0in {(z,y) € ; : |z| < o} for both j = 1,2).
That is, there is a continuous unit normal v of the smooth hypersurface
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L; U Ly which points upward (i.e., e,4+1 -~ > 0) on both L and Lo,
hence the maximum principle can again be applied to e,4+1 - ¥ as in
the discussion following (22) above and gives to a contradiction. Thus
Hy, Hs do not meet at angle w. This completes the proof of Theorem 3.

4. Extension to the g-valued case

Let ¢ € {2,3,4,...}. All of the above has a straightforward gener-
alization to the consideration of examples involving ¢-valued (instead
of 2-valued) graphs of the form uo('r’l/qew/q,y), 0 < 6 < 2gm, with pre-
scribed boundary data given by Lp(ew/ 7), where ¢ is a given bounded
continuous function on 9C.

Indeed by straightforward modifications of the discussion of §1, using
T(re?,y) = (17 ) and

() Folw) = [ (@1 @) D0l + Dyl dady
Q

in place of the T, Fy of §1, we prove there is a ug as in (1.12") and a
corresponding g-valued solution wu(re?, y) = ug(r'/%€"/4, ) of the MSE
on C \ {0} x R"2 with the prescribed boundary values o(e/9).

In this case the analogue of Theorem 3 is the following:

Theorem 4. Let u (with u(re®?,y) = uo(r'/2e%/4 y) on C \ {0} x
R™2) be the q-valued solution of the MSE as above and let pg € (0, %]
If u is discontinuous at some point (0,y) € {0} x R"~2 then there is a
point (0,y1,t1) € {0} x R"™2 x R with |yo — y1| < po and p1 € (0, po]
such that B,, (0,y1,t1) N ((0,y1,t1) + {0} x R*2 x R) C G, and such
that G (as an n-dimensional integer multiplicity varifold in R"*1) has
a unique tangent cone C at (0,y1,t1) of the form

C=[Hi|+ -+ [Hg,

where qo is even with qo € {2,...,2q — 2}, and where Hy,...,Hy, are
distinct n-dimensional half-spaces with common boundary {0} xR"~2 xR
and |H;| is the multiplicity 1 varifold corresponding to Hj, and

Gn Bp1 (Oa Y1, tO) = U?O:ILJ’

where each L; is an embedded C*° manifold-with-boundary, with bound-
ary (taken in the open ball B, (0,y1,t1)) OL; = B, (0,y1,t1)N((0, y1,%1)
+{0} xR" 2 xR), Lj has the tangent half-space H; at the point (0,y1,t1)
€ 0L;j, and Lj \ OL;, j =1,...,qo, are pairwise disjoint.

The proof is a straightforward modification of the proof of Theorem 3,
the fact that g9 < 2¢ — 2 coming from an application of Lemma B
exactly analogous to the corresponding part of the proof of Theorem 3,
as follows: If 71,...,74y,01,...,04 as in the proof of Theorem 3 and if
we adopt the convention that i + ¢ is counted mod-qq if 7 + ¢ > qg, then
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20+ +0ipg-1) = q(b1+- - +0g) = 2qm, 801 0;+- - +0;4g-1 > T
for each i = 1,...,qp we would have gom < 2¢qm, i.e., go < 2¢ and hence
qo < 2q — 2 because qq is even. Thus if gy > 2¢ — 2 then we would have
Oio + -+ + Oip1q—1 < m for some ig € {1,...,q0}, and (cf. the proof of
Theorem 3) at least two of the ¢+ 1 sheets L;,i € {ig—1,...,i0+q—1},
are in the same (single-valued) graph Ggg for some jo € {1,...,q}, where
{GZ-IO, e ,G?O} are the ¢ single-valued graphs whose union is the graph
of the g-valued function u over the slit domain C \ ({—Xeo : X\ >
0} x R"2). After eliminating the possibility 0;, + -+ + 0jg4q—1 = 7
as in the case ¢ = 2 (by applying the strong maximum principle to
én+1 * V, where v is the upward-pointing unit normal of Ggg), we can
then apply Lemma B of Appendix B as in the proof of Theorem 3 to
give a contradiction. Thus gy < 2 — 2.

Finally we observe that if k, ¢ are relatively prime (so ¢k +mq = 1
for some integers ¢,m), then the graph of the g-valued function w is
Sy invariant if ug o Sy = wug, and hence the collection of hypersurfaces
Li,...,Ly and the corresponding half-spaces Hi, ..., Hy, (tangent to
Ly,..., Ly, respectively at (0,y1,t1)) are invariant under Sy, and so we
must have qo > 2k, because at least k£ of the L; have boundary data
which is strictly increasing in 6 for 6 near 7;, and likewise at least k of
the L; have boundary data which is strictly decreasing in 6 for ¢ near
n;. Thus 2¢ — 2 > gop > 2k and we have a contradiction if k > gq.

Thus we obtain the following g-valued generalization of Theorem 2:

Theorem 5. Suppose q > 2, k > q, k, q are relatively prime, ¢oSy =
@ and @ o Sy # ¢, with ¢ bounded and continuous, and let uy be as
in (1.12'), where Fy is now the modified functional as in (x) above.
Then the q-valued function u defined by u(re®, y) = ug(r/2%?/4,y) has
a g-valued CY graph for some o € (0,1), with

sup |z|~%[Dyu| < C,
0<|z|<o

and such that the q-valued analogue of (iii) of Theorem 1 holds.
Remark. If both ¢ 0 S; = ¢ and ¢ 0S; = ¢ then since k,q are
relatively prime u would be a multiplicity ¢ version of a single valued

function, so this case is of no interest in the present context; this explains
the condition ¢ o S, # ¢ in the above theorem.

5. Appendix A

Here we establish the following general varifold lemma, needed in the
proof of Theorem 3,4 above:

Lemma A. For each given 6 € (0,1) and M > 0 there are § =
O(n,M,0) € (0,1/2] and € = &(n,M,0) € (0,1/4] such that if V is an
n-dimensional integer multiplicity varifold in the open unit ball B1(0) C
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R with |[V]|(B1(0)) < M, if o € (0,0] and if V satisfies the condi-

tions
(a) V is stationary in B1(0)\ ({0} x R*™1) and 0 € support ||V,
(b) Wit IVII(B1(0)) < Oy (0) +e,
(©) Oy (&) = Oy (0) — ¢ for each & € By1(0) N ({0} x R*™1),
then there are n-dimensional half-spaces Hi, ..., H, (depending on o)
with common boundary {0} x R"~! such that
Hausdorff distance (support || V|| N B, (0), U?ZlHj N B,(0)) < do.

Proof. Otherwise we have a d9 > 0, My > 0 and sequences oy, | 0,
Vi stationary in B1(0) \ ({0} x R""1) with mass < My and

(1) wy Vil (B1(0)) < Oy, (0) + e

and

(2) Oy (&) = Oy, (0) — e for each & € Bi(0) N ({0} x R*1),
yet such that

3)
Hausdorff distance (support || Vi L Bo, (0)], Ui H;N By, (0)) > b0

for every finite collection Hi,. .., H, of n-dimensional half-spaces with
with common boundary {0} x R"~1.

Let R be the odd reflection of R"*! across {0} x R"2 xR (so R :
(z,y,t) — (—mz,y,t) for x € R?), let n; be the homothety (z,y,t) —
o} '(z,y,t) and define

Vi =g (Vi + BgVi), Vi = i Vi

so that Vj, is stationary on By/4,(0) \ ({0} x R*™1) by the reflection
principle of [A1l75, §3.2].

It therefore follows that the monotonicity formula holds for Vj, and
hence O, (0) exists (and equals %@9}6 (0)), and the monotonicity identity

holds for YA/k = M4 Vie:
@ X7 2 (g, - )2 d| Vel + 0| Vell(Bo(0)
B, (0)\Bs(0)

= p "IVil[(B,(0))
for 0 < o < p < o', where X = (v,y,t) is the general point in R"*!
and Vo, is the unit normal for the tangent space of Vi. By applying the
compactness theorem for integral varifolds we then have
(5) Vie = W

where the convergence is in the varifold sense to an integer multiplicity
varifold W which is stationary in R"*\ ({0} x R""2 x R), and W is a



170 L. SIMON & N. WICKRAMASEKERA

cone:
(6) Np#W =W p>0

or equivalently, using first variation, vy (X) - X = 0 for a.e,, X €
support [[W]|. (The latter comes from the fact that, by monotonic-
ity of p*”HVkH(Bp(O)), we have that p~"||W]||(B,(0)) is constant in
the variable p, and therefore by applying the monotonicity (4) to W
we conclude (6)). By applying the same reasoning to 7¢ W, where
7e(X) = X — ¢ and ¢ is an arbitrary point in {0} x R"™? x R, and
noting that

Ow(0) = lim (wnp™) W (B,(0))
= linn (wp") e W(B,(0)),
we also deduce that
(7) Ow(0) > Ow (&) with equality <= 7exW =W

(because by the monotonicity identity Oy (0) = Oy (§) implies vy - X =
0=rvw- (X —¢&) =0 a.e., on support of W, and so £ - vy = 0 a.e.,
whence it follows from the first variation formula that 7¢ x W = W).

Also using (2) in combination with (1) together with the upper semi-
continuity of @‘7k/ (&) we also have

(8) Ow (&) > Ow(0), &€ {0} xR*

which in combination with (7) implies that W is invariant under trans-
lations in such directions £&. Thus W is invariant under translations by
all elements of {0} x R"~! and so is a cylinder with 1-dimensional cross
section Wy, where Wy is a 1-dimensional stationary integer multiplic-
ity cone on R?; that is Wy is a sum of rays, each with positive integer
multiplicity, emanating from 0. Thus

9) W=>"|Hjl,
j=1

where each Hj is an n-dimensional half-space and Hjy, ..., H, have com-
mon boundary {0} x R"! and where we must allow the possibility
that some of the Hy, ..., H, are equal. Since varifold convergence (5) of
the stationary integral varifolds ‘7/% to W implies Hausdorff distance
convergence of support of ||Vj]| to the support of ||[W| on each set
B,(0)\ {(z,y,t) : |z| < o}, (9) contradict (3), so the proof of Lemma A
is complete.



STABLE BRANCHED MINIMAL IMMERSIONS 171

6. Appendix B

Here we establish a lemma concerning removability of boundary dis-
continuities for solutions of the MSE. The result here is a modification
of the argument in [Sim77], which in turn depends on an argument in-
troduced in [Fin53] to remove isolated interior singularities of solutions
of the MSE.

Lemma B. Let Q C R" be open and u € C*(Q) a bounded solution
of the MSE in ), let x¢g € OS2, and suppose there is pg > 0 such that
QN B,y (xg) C U for some open half-space U with xo € OU. Suppose also
that ¢ : QN B,y (x9) — R is continuous and that there is a compact set
K C 0Q with xo € K, H* 1K) = 0 and with limzeq z—y u(z) = ¥(y)
for each y € 002N By (x0) \ K. Then limy_ zeq u(x) = ¥(z0) (i.e., u
extends continuously to QU {zo}).

Proof. For any function v we let v(v) = —=2Y“— | so that the MSE
\/1+|Dv|2’

for u can be written .
Z DiVi (U) = 0,
i=1
which in weak form is
(1) / v(u)-D(=0
Q

for all ¢ which are Lipschitz with compact support in 2. For any given
e > 0 we select 0 = o(e) € (0,po) such that ¥(z) < ¥(xg) + € on
02N By(zp). Then a standard barrier construction (see e.g., [GT83,
§14.1]) shows that there is C?(U N B,(xo)) supersolution v of the MSE
with v(xg) = ¥(x0) + €, v(x) > ¥(x0) + € for each x € U N B,(xg) and
with v > M at each point of U N OB, (), where M = supgu. The
requirement that v is a supersolution can be written in weak form as

) [ wwpezo

QNBs(x0)
for all ¢ which are non-negative Lipschitz with compact support in 2N
B, (1'0)

We now define w = max{arctan(u — v) — €,0} on QN By(xp), and
observe (using the local uniform convexity of the function /1 + |p|? for
p € R™) that
3) (v(w) — ¥(v)) - (Du— Dv) > e(x)| D( — v)|?

for some function ¢(x) which is positive and continuous on Q N B,(zp).
Since H" }(K) = 0 we can choose (as in the proof of Theorem 1) a
Lipschitz function G5 with 85 = 0 in a neighborhood of IC,

(4) /R |DBs| < 6
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and (5(z) = 1 whenever dist(x,K) > §. Then the function wps is
non-negative Lipschitz with compact support in Q N By (xg).
Taking the difference of (1) and (2) we have

| =) pe<o
QNBs(z0)

for each non-negative Lipschitz function ¢ with compact support in QN
B, (x), and by selecting ¢ = Ssw we see that

/ By (1+ (u = 0)) " (v(w) — v(v)) - (Du — D)
{z€QNBs (z0):w(z)>0}

<_ /Q oy 00 = V) D,

and since 0 < w < 7/2 and |v(u) — v(v)| < 2 we see |w (v(u) — v(v)) -
Dps| < 4|Dfs|, and so from (4) the right side here is < 44, whereas
by (3) the integrand in the integral on the left is > c(z)|D(u — v)|*Bs
on Q. = {z € QN By(zo) : w(xz) > 0}, so we deduce, after letting
9 | 0, that w — v = const. on {2, hence arctan(u — v) < ¢ everywhere
in QN By (x0). Thus we have limsup,_,,, u(z) < ¥ (zo) + Ce for each
e > 0. Thus limsup, ., u(z) < ¥ (zo).

By the same argument applied to —u with — in place of ¥, we then
conclude that also liminf, ., u(z) > 1 (z), and hence lim,_ zco u(z)
= (x0), as claimed.
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