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DIMENSION ESTIMATE OF POLYNOMIAL GROWTH
HARMONIC FORMS

JUI-TANG RAY CHEN & CHIUNG-JUE ANNA SUNG

Abstract

Let H}' (M) be the space of polynomial growth harmonic forms.
We proved that the dimension of such spaces must be finite and
can be estimated if the metric is uniformly equivalent to one with
a nonnegative curvature operator. In particular, this implies that
the space of harmonic forms of fixed growth order on the Euclidean
space with any periodic metric must be finite dimensional.

1. Introduction

The classical de Rham-Hodge theory implies that the dimension of
the space of harmonic forms is a topological invariant of a compact Rie-
mannian manifold, hence independent of the choice of the background
Riemannian metric. For the complete noncompact manifolds, this is
no longer true. Nonetheless, it is an intriguing question to study the
space of harmonic forms and to seek for topological and geometrical
links. In the case of harmonic functions, Yau [12] has proved that any
positive harmonic function on a manifold with nonnegative Ricci cur-
vature must be constant. Hence the strong Liouville property holds.
Later, Saloff-Coste [11] showed this still holds true under a uniformly
equivalent metric. So the space of positive harmonic functions is stable
under a quasi-isometry for such manifolds.

A complete manifold M is said to satisfy a Sobolev inequality S(A,v)
if there exist a point ¢ € M and constants A > 0 and v > 2 such that
for all » > 0, and for all f € C§°(By(r)), we have

[ oz atvien [ qviters)

By(r) Bq(r)

where V' (g, ) is the volume of the geodesic ball B,(r). Examples of man-
ifolds satisfying such a Sobolev inequality include minimal submanifolds
with Euclidean volume growth in R™ and manifolds with a nonnegative
Ricci curvature. It is also obvious that the Sobolev inequality holds
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true, possibly with a different constant A, under any uniformly equiva-
lent metric on M.

In [10], extending earlier work of Li [8], Li and Wang proved that the
dimension of the space H (M) of polynomial growth harmonic functions
of growth order at most [ has an estimate

dim HY (M) < C(A,v)l”

provided that the underlying manifold satisfies the Sobolev inequality
S(A,v). So the finite dimensionality of the space H (M) is valid on such
a manifold with respect to any uniformly equivalent metric.

Concerning the general harmonic p-forms, Li [8] has also established
a dimension estimate of the space of polynomial growth harmonic forms.
Assume that K, > 0 on M™, where

lower bound of the curvature operator on M if p > 1,
Kp =4 (m—1)"! x (lower bound

of the Ricci curvature Ricci curvature) if p = 1.
Then his result says that
dim Hf (M) < CI™ 1,

where H' (M) denotes the space of polynomial growth harmonic p-forms
on M of growth order at most [.

In view of the preceding results on harmonic functions, it is natural
to ask if the dimension of the space H} (M) is stable under the change of
the metric to a uniformly equivalent one. If so, then it becomes possible
to relate the dimension to certain topological invariants of the manifold.
The goal of this paper is to show that the dimension remains finite.

Theorem 1.1. Let (M™, g) be a complete Riemannian manifold with
dimension m. Suppose that K, > 0 on (M,g) and the metric g is
uniformly equivalent to g on M. Then there exist constants C' > 0 and
v > 2 such that the dimension of the space H[(M,g') is finite and
satisfies the inequality

dim HY (M, ¢') < Cl¥
foralll > 1.

An immediate corollary is that on the Euclidean space equipped with
any periodic metric the space of polynomial growth harmonic forms of
fixed growth order must be finite dimensional.

Corollary 1.2. Let g be a periodic Riemannian metric on R™. Then
dim H(R™, g) < CI™
forallp>1andl > 1.
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Note that this corollary holds true for the case p = 0 by the result of
Avellaneda and Lin [1]. In fact, they have proven a much stronger result
by giving an explicit description of the polynomial growth harmonic
functions and establishing a one to one correspondence with the ones
with respect to the standard metric on R™. It remains an interesting
question whether a similar description is also available for the harmonic
forms.

The proof of the aforementioned result of Li [8] relies on the Bochner-
Weitzenbock formula. Under a uniformly equivalent change of the met-
ric, however, the same curvature condition is not expected to hold.
Therefore, we need to take a different approach to estimate the dimen-
sion. We overcome the difficulty by relating the space of harmonic forms
to the eigenvalues of the Hodge Laplacian on the geodesic balls with re-
spect to the absolute boundary conditions. This kind of idea was first
introduced and successfully pursued by Li and Wang [10] for the har-
monic functions. Here, the added point is to show that such eigenvalues
are comparable under a uniformly equivalent change of the metric. This
of course can be easily seen from the variational characterization of the
eigenvalues for the function case. In the case of general forms, some
effort is required to show such a fact. So we will first study the eigen-
values in section 2 and obtain a lower bound estimate by modifying an
argument from [7]. The main result is then proved in section 3.

Acknowledgement. Part of this work was done when the second au-
thor was visiting the School of Mathematics at the University of Min-
nesota. She would like to thank the members of the School of Mathe-
matics for their hospitality during her visit.

2. Eigenvalue estimates

Let (M™, g) be a complete, oriented Riemannian manifold. The
Hodge-Laplace-Beltrami operator A acting on the space of smooth p-
forms AP(M) is defined as

A =dé+dd,

where d denotes the exterior differential operator and § = *d*, where
the linear operator * is defined point-wise by

) (Wi A Awp) = Wpgt A+ AWy

for a positively oriented orthonormal co-frame {w1, wa,..., wy,} at the
point. A p-form w € AP(M) is called a harmonic p-form on (M, g) if
Agw = 0.

Let ¢ denote a point on (M, g) and let r,(x) represent the geodesic
distance function from x € M to the point g. For each [ > 0, we denote
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the space of polynomial growth harmonic p-forms of degree at most [

by
HY(M,g) = {w € A1) | Aguw =0, and fu] = O(})}.

For a bounded smooth domain B C M, a p-form w is said to satisfy
the absolute condition on B if the tangential component of both w and
dw on the boundary 0B are zeros. On the boundary 0B, let Nyp (re-
spectively N Bq) represent the inward unit normal vector (respectively
co-vector) field. Now, denote exterior multiplication by ext (-) and dual
exterior multiplication by int (-). It is not difficult to verify that A is a
self-adjoint nonnegative operator on the space AP(B) of smooth p-forms
on B satisfying the absolute boundary conditions. By the standard el-
liptic theory, we see that A has a countable set of eigenvalues and the
multiplicity of each eigenvalue is finite. If we list all the eigenvalues
with multiplicity in nondecreasing order by {\x, £k =1,2,3,...}, then
A — 00 as k — o0o. Moreover, the i-th eigenvalue can be characterized
as

Ai= inf  sup R(w),
dim V=4 weV\{0}

where V' is a subspace of AP(B) and the Rayleigh-Ritz quotient R(w) is
defined by
(dw,dw) + (dw, dw)

(w, w)
for w € AP(B) and the L? inner product for two forms v and w in AP(B)
is defined by

R(w) =

(v,w):/B<v,w)da:

with (v, w) being the point-wise inner product between v and w.

On the other hand, the Hodge-de Rham theorem provides an orthog-
onal decomposition of the space AP(B) of differential forms of degree p
on B. For any w € AP(B), w can be uniquely written as

w=h+dv+du,

where h € H,(B), the space of harmonic p-forms satisfying the abso-
lute boundary conditions and v € AP~(B), u € AP*(B). Clearly, the
operator A leaves this decomposition invariant, and the eigenvalues of
A on the subspace H,(B) are zeros.

Denote by {u5(g)[7 > 1} the eigenvalues of A acting on the subspace
dAP~Y(B) of exact p-forms, and by {u°(g)|l > 1} those corresponding
to the subspace JAPT1(B) of co-exact p-forms. Then the eigenvalues
{Ai(g)|i > dimH,(B)} is equal to the re-ordered union of {u$(g)[j > 1}
and {u{°(g)|l > 1}. We have

{Xi(9)li > dimH,(B)} = {uj(9)l7 = 1} U{pui°(9)ll = 1}.
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The following lemma is essentially due to [3]. We recall it here for
our convenience.

Lemma 2.1. Let (M,g) be a complete manifold with Riemannian
metric g. Let g denote another Riemannian metric on M which is uni-
formly equivalent to g, that is, there exists a positive constant C' such
that

Cly<g¢ <Cy.
Then
(i) dim H,(B, g) = dim H,(B, ¢’)
(ii) There exists a positive constant C' such that
C™'ilg) < Xilg) < Chig)
for alli > 1.

Proof. The first statement (i) is true as the space Hp(B,g) can be
identified with the p-th absolute cohomology of the set B by the de
Rham theorem.

To prove (ii), we first show the following claim.

e N (@, 9) |
o =gt o {0 =0}

where V ranges over all subspaces of dimension i of the space of all
exact forms on B satisfying the absolute boundary conditions.
The claim clearly implies that

C1pi(9) < pi(9') < Capi(g)
and
Cspi®(9) < 1i°(g") < Capi®(g)-
Therefore, (ii) follows.
To prove the claim, denote the nonzero eigenvalue p of the eigen
p-form on B with absolute boundary condition. In addition, let EY(y)

(respectively E¥ (1)) denote the space of all exact (respectively co-exact)
eigen p-forms belonging to the eigenvalue u. Define a mapping 7', where

T: Eh(n) — EZ ' (p),
by
1
Top= =6¢.
7]

Denote the complete orthonormal set of exact eigen p-forms with re-
spect to the absolute boundary conditions by {¢1, @2, @3, ...} with the
corresponding eigenvalues 0 < pu§ < p§ < p§ < --- . Let

Vvi = Span {¢17' . a¢z}
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Let ¥ =T¢ for ¢ =) a;jp;. Then ¢ = d¥ and
(¢¢)  Xaf
(W, W) 3o(p5)~tad
Since u§ = max 15, we see that

f1§ = sup { g: i)) ( ¢ € Vi\{O}} :

If ¢ = df, then R
0=V+dd+ H,

for some (p—2)-form ® and (p—1)-harmonic-form H under the absolute
boundary condition. This follows from the Hodge decomposition. Given
a p-form W such that ¥ = §V¥, we have

(\Ila d@) = (6\:[]7 ¢') - (\IlveXt (N*)(I))LQ((?B) =0,
(H,d®) = (5H, ) — (H, ext (N*)®) 12(op5) = 0,
(H,60) = (dH,T) + (H,ext (N*)¥ )L2(aB =0.
Thus, for a fixed ¢, we have
(979) - (\117\I/> + (¢7 ¢) + (ﬁvﬁ)

gy e | 9= of.

then it is easy to see that

Wi = sup { ((q;:Z)) } ¢ € V;\{0} and df = d)} )
o}
/'Lf,p = :u’lg,(;?—l

as the operator § commutes with the Laplacian A. For any such a
subspace V' = {¢; };-:1 of dimension 4, ¢; is an eigen p-form, there exists
a nonzero ¢ € V so that ¢ is perpendicular to V;_; of dimension (i — 1)
and V;_1 C V. We may write

It follows that

Hip(g) = inf  sup {(d) ?)
’ V. pev\{o}

To prove the reverse inequality, we first note that

¢ =db
and
¢; = do;
for all j, where 6 and 6; are (p — 1)-forms satisfying the absolute bound-
ary conditions. Note that

0; = = U ) ¢;, where pu; is the eigenvalue of eigen p-form ¢;.



DIMENSION ESTIMATE OF HARMONIC FORMS 173

Hence,

(0,0;) =0 forall 1<j<i—1.
Also, using the Hodge decomposition, we may assume 6 is co-exact.
Therefore,

1ip(0,0) = pig,1(0,0) < (db,db) = (¢, ).
This shows that
(¢, 8)
1 ,(9) < sup { dd=¢¢.
P sev\foy L (0,0) )
Since V is arbitrary, this proves the reverse inequality and the claim.
q.e.d.

In the following, we will get a lower bound estimate of the eigenvalues
of p-forms satisfying the absolute boundary conditions on a geodesic ball
in a manifold with K, > 0. The argument closely follows those in [7].

Proposition 2.2. Let M™ be a complete manifold. Let B = Bgy(r)
be a geodesic ball of radius r > 0. Then there exist constants C' > 0 and
v > 2 such that

(i) dim H,(B) < CeCVEr,
(ii) for k> dim H,(B),

Me(B) > C7 Y 2 CVET L O K,
Proof. Let E be the k-dimensional space spanned by the eigen p-

forms corresponding to the first k eigenvalues {A1,..., Ay} on B. Then
there exists w € E, w # 0, such that

k 2 2 .
(1) y lwllz < llwlfs - min{("), £},

where V' denotes the volume of B. This is a result in [7].
On the other hand, we claim that there exist constants C' > 0, kg > 0
and v > 2 such that for w € F,

v/2
2wl < C) (COVEIV20N, - pim - p)K,)) w3
for all k > k.

It is easy to see that the proposition follows by combining (1) and
(2). To prove (2), we first observe that for w € AP(B),

Olwl?

o 0 on 0B,
where 3% is the outward unit normal of dB. Indeed, for a point x € JB,
choose normal coordinates {z1,...,2,} at x so that {x1,..., 21}
forms a coordinate system on 0B. So at x, we have
0 0

O ~ on’
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Now write w = ) ; frdxy, where I = {iq,... 4} withi; <ip < -+ < ).
Since wiqn, = 0 on 0B, we have fr = 0 on 0B when m € I¢. On the
other hand, using this fact and also (dw)yn, = 0 on OB, we conclude

on

B, (£)=0

for all I with m € I. Now it is clear that

Olwl*, . _

We also observe that the following Neumann Sobolev type inequality
holds on M

inf </ |f—a‘%) . §60(1+ KpT)VLQ,TQ/ |Vf’2
acR B B

for all smooth functions f on B.
From [7] lemma 2, we have

v—2
(3) </ ’f‘% dU) Y SeC’(H— Kpr)v—2/ur2/ ’vf‘de
B B
+V‘2/”/ |f1% dv.
B

Let {wi}le be the eigen p-forms satisfying the absolute boundary
conditions with the corresponding non-zero eigenvalues {\;}¥_; and we
also assume {w; }*_, are orthonormal and span E. If w € E, then there
exist {a,-}f:1 such that w = Zle a;w; , that is, Aw = Zle Aia;w;. By
Bochner’s formula

58 f? < (B, w) ~ [Vul® = plm — )y o
and the fact in [7] lemma 8
1V ul? < [Vuf?
we have
S8l < (B, w) V[l = p(m — p) K, fuf?.

Let o > 1, and we have

1 a— a— o
(4 3 /B|w|2 NI /BIwP 2 (Aw, w) — plm — p)K, ]2

200—2 2
—/B|wra ¥ ool
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Using the absolute boundary condition, the left hand side of inequality
(4) becomes

1 202 2 (g — w223 w wl?

3 [ lwl ALl == 1) [ (9l Vo)
—2(ar— 1) /B w222 (Y [u] , ¥ o]
_2e—1) @l Vul

(0%

and the third term in the right hand side of (4

/rwwm 21V ol /rvrw| 2.

Hence, (4) becomes

2(05;1)/ ’v’w|a‘2
« B
oa— (04 1 (0]
< / w222 (Aw, w) — p(m — p) K, ]2 — = / IV ] 2.
B a® Jp

Let f = |w|, we have

2 1 o
Gl / v o2 /B £2272(Aw, w) — p(m — ) K, [ FI22

Applying (3) to the function f¢

/B
(/ ‘falzﬁd?}) SeC(l—i—«/Kpr)V—Q/VrQ/ Vfa]2—|—V_2/”/ f2a
B B B
where 3 = ;5. We have

OZ2 T —z/V a—
Ifll565 < 5o —e VIV r2(/Bf2 2(Aw, w)

~pm - D), Hfuéz) Ly

2
< o V_2/yr2<ec(1+ Kpr)</f2a—2<Aw,w)
B

200 — 1

~p(m— K, Hfuéz) L miz)-
Let o« = 3%, =0,1,2,.... Then,

a2 —2/v r i
) B < oy (O ([ 2w

2«

— ol =9 LI )+ IS ).



176 J.-T.R. CHEN & CH.-J.A. SUNG

When ¢ = 0, we have

112y < V2l (e“” ) ( [ (@) = plm =K, an%)
e Hfué).

Since

[ . = [ v, agu)

= \ia? < M\a?
= )\k/ (w, w).
B
This implies
17135 < V=202 (COVED (3~ pom - p)IS) +172) [ 1.
By Holder inequality
1715 < VO£
If we let A = Ay — p(m —p)Kp,
VG| £5 < v (LCOVEIN 4 2) | 1]l

We claim that for 1 <14 < oo,

(6) voEmes 13,
d 2% v 2v.2( Cll4\/Kpr)
—2/v + ) )k
S (E g
7=0
S B7
) 7
Assuming this is true for a = 37, j = 0,...,7— 1, by induction, we need

to show (6) for i. Suppose the function g = |w|, where w € E with the
property that for all w € E,

7) ||9||2a > ”wH?a forallw e E.
lglly — llwlly




DIMENSION ESTIMATE OF HARMONIC FORMS 177

Without loss of the generality, we may use the the scaling and assume
llglly = 1. Then equation (5) becomes

202 —9/y ” a— _
ol < 5o vl (o ( [ peamm

= plm— K, ||f||§z) 2 ||g||§z>

202 _
< o v (L0 gl ol

— pm = ), IF12%) + 2 g2 )

We also note that if s > 2, then there exists a subset {n} C{1,2,...,k}

such that i
Z Nw;ll < Z )\kwn
=1 S n s

This property is proved in [7] lemma 17. Let w = ) b;w;, then Aw =
> A\ibjw; and we have

| A, = ZA biw,
2c
2c
=X || bywy
n 2c
< Xk [19ll20 anwn by (7)
n 2
< Ak l19ll2q -
Thus,
202 5, 2
lgli3es < gg V2 r? (COVEIX gl3e + 2191132
20 — 1
2
_ 2204 IV_Q/VTQ (eC(l—&—\/Kpr))\z + ,,,—2) nggg
a J—

Using Moser iteration, we get the following result

25 \B7’
||g||2oz6 —= H <2ﬁjﬁ >

) <V*2/u7~2 <eC<1+ Ko x4 r2>)230 Bij lgll3 -
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On the other hand, by Holder inequality, we have
lgll3a < V2 g5

Therefore,

i o\ B

—(—1)/c /82J —2/v )\ *

y—(6-1)/ /BHQHSQ < H <2ﬂj — V2/v,2( Oy IX;
3=0

E;':oﬁij
—2 2
+r >> llgll3 -

By (7), we get

i 52]' B
V_(ﬁ_l)/aﬁﬂf\g,@iﬁl_[( ) (V‘”“r2<60<” N
j=0

267 — 1

BT
+>) T

Letting ¢ — oo, then HngBl — || £II%,, and

00 3% B 1
(552 <o) <o
]:

1-1L -1 -1 2

j=0 ] v—2

Hence, we obtain
v/2
171 < 0) (V=22 (SR 4 22)) " 3.

This means, for all w € E, w satisfies

(8)

[w||2, < C)(e“TVEIY=2/rp2 (N — p(m — p) K, +772))"/2 |Jwlf3 -
We note that the Hodge Laplace Beltrami operator A = dd + dd is non-
negative and self-adjoint on B under the absolute boundary condition.

Hence, using the standard elliptic theory, if we assume A1 to be the first
non-zero eigenvalue, we have the property

D<M << =00

This means, given a constant b > 0, there exists kg large enough such
that the k-th nonzero eigenvalue A\, > b=2 on B = B,(r).
We select 0 < b < r, this implies

A > r2.
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Hence, from (8), we have (2)
lwl|%, < Cw)(COTVEDY=2/vr2 (2, — p(m — p)K,))"/? [|w]|?

for all w belong to the space span by the eigen p-forms E correspondent
to first k-th non-zero eigenvalues. Using the dimension estimate (1), we
get

k m
v lwl3 <G lwl,
<C) () (e MTVERIYV =22 (20 — p(m — p)Kp))Y? w3,
that is,

1
A > C(V)(;”)*Q/”e_c(1+ Kpm)j2/vp=2 _ ip(m —p)K, forall k> k.

We complete the proof. q.e.d.

3. Proof of the Main Result

In this section, we will prove our main result Theorem 1.1. We start
by establishing some preliminary lemmas. The following elementary
fact appears in Li and Wang [10].

Lemma 3.1. Let V be a k-dimensional subspace of a vector space
W. Assume that W is endowed with an inner production L and a bi-
linear form ®. Then for any given linearly independent set of vectors
{wy,...,wg_1} C W, there exists an orthonormal basis {v1,...,v;} of
V' with respect to L such that ®(vi, w;) =0 for all1 <j <i<k.

Let A; denote the i-th nonzero eigenvalue on p-forms on By(r) C
(M, g) satisfying the absolute boundary conditions on 0B,(r). We have
the following lemma.

Lemma 3.2. Let V be a k-dimensional subspace of Hlp(M) For any
fized number 8 > 1 and any subspace Y of V, let trp,, L.(Y) denote the
trace of the bilinear form L, with respect to the inner product Lg, on
Y. Then we have

k
8
i L.(Y) < )
o a0 S 2 e

where the minimum is taken over all subspaces Y in V with dimY =
k—s and s = dim H,(By(r)).

Proof. Let ¢ be a nonnegative function defined on By(0r) satisfying
these conditions:

¢=1o0n By(r), 0< ¢ <1on By(pr), ¢ =0 on dB,(pr),
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and

2
V| < m

Observe that by the property of unique continuation, V is a k-dimen-
sional subspace because

V < L*(B,(Br),dv) N L*(B,y(r), ¢dv).

Applying Lemma 3.1 with {wy,...,w} as the eigen p forms of By(8r)
corresponding to the nonzero eigenvalues

{)‘1 (ﬁ?”), SRR )\k<ﬁ?“)},

we get an orthonormal basis {v1,..., v} of V with respect to the inner
product Lg,. Hence

Dy (vi, wj) = / (vi, wj)pdv = 0
Bq(ﬁ”)
for 1 < j <i<k. Thus, for any 1 <i <k, let
vi)* = (vi, vi),
Joil? = o) = [ {wiw)  and
sgn = (_1)m(p+1)+1‘

We have

() /B ol

< (d(¢vi), d(¢vi)) L2(B,(pr)) + (6(d0i), 0(Pi)) 12(B, (8r))

= (d¢ A v + ¢dvy, d A v + ¢dvi) L2(B,(5r))
+ (¢0v; + sgn x (de A\ xv;), pov; + sgn * (dp A xv;)) r2(5,(6r))
= [ldo A vill 2, (7)) + 2(dvi, dd A vi) 12 (B, (8r))
+ 19dvill T2, (gry) + 1680 25, (8r)

+ 2(@0vi, sgn * (d A %v1)) 2B, () + 146 A %0il 25, 50y
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On the other hand,

0= / ¢*(vi, Av)dv
By(Br)

= (¢*vi, Avi) £2(B,(5r)
= (8(¢™vi), 6vi) 2, (1)) + (A(&701), dvi) 128, (51))
+ (ext (N5 (5))(6°0i), dvi) 12 (9B, (5r))
— (mt (Néq(ﬂr)) ((b Ui)757}i)L2(an(57’))
= (90ui, $60i) 12 (B, (5r)) + 2(600i, 580 * (dd A %03)) 12 (B, (51))
+ (¢dvi, 6dvi) 125, 5r)) + 2(¢dvi, dd A i) 2(5,(5r)-
We also have
(d(dvi), d(Gvi)) L2, (o)) + (0(0i), 0(vi)) L2(13, (r)
= |lde A il T2 (g, () + 14 A #0ill32 (5, (5ry)

:/ |d¢/\vi|2—|— |d¢>/\*vi]2dv
Bq(ﬁr)

< sup [Vo|” - [[vill 72z, ()
8 2
=122 il
B 8
GRS
since v; is orthonormal on B, (). Therefore, we get

/ il d < / vil? dv
By(r)

q By(pr

<

A;l(ﬁr){(d(cbvi) d(¢vi)) r2(B,(6r))

+ (6(dvi), 5(¢Ui))L2(Bq(ﬂr))}
< 8
T (B=1)Pr2N(Br)
Hence, if we let Y represent the space spanned by {vs41,..., v}, then
dimY =k — s,

and

trr,, L Z/ | dv < Z r2)\ )

t=s+1 i= s+1
completing the proof. q.e.d.

The next result is due to Li [8].
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Lemma 3.3. Let K be a k-dimensional linear space of p-forms de-
fined on a manifold N with polynomial volume growth of degree m. Sup-
pose each uw € K is of polynomial growth of at most degree l. For
any 8 > 1, 8 > 0, and ro > 0, there exists r > rg such that if
{ui}le is an orthonormal basis of K with respect to the inner prod-

uct Lgy(u,v) = qu(ﬁr)@,v), then

k
Z/ |uz|2 2 kﬂf(2l+m+9)'
i—1 v Bq(r)

We are now ready to prove Theorem 1.1 which is restated here.

Theorem 3.4. Let (M™, g) be a complete Riemannian manifold with
K, =0 on (M,g). Then for any uniformly equivalent metric g’ on M
and for all I > 1, the space H(M,g') is finite dimensional and its
dimension satisfies the inequality

dim HY (M, ¢') < Cl¥
for some constants C' >0 and v > 2.

Proof. For any k-dimensional subspace V' of H lp (M), by Lemma 3.3,
where we set 0 =1+ % and § = 1, there exists R > 0 such that

Ck< trL,@RLR(V)-

Let A\p be the k-th eigenvalue of the Hodge Laplacian acting on p-
forms on By(R) satisfying the absolute boundary conditions on 0B(R)
under the metric ¢. Then by Lemma 2.1 and Proposition 2.2, we have

e > C KV . R72,

for all k > dimH,(By(R)). Combining with Lemma 3.2, we find there
exists a subspace Y in V with

dimY =dimV — dim H,(B,(R))
so that
Ck< trLﬁRLR(V)
<trr, Lr(Y) + dimH,(By(R))
< CPRE"Y,
We conclude that k¥ < C'l” by using Lemma 2.1 and Proposition 2.2

on the estimate of dimH,(B,(R)). Since V is arbitrary, we have proved
that

dim H (M, ¢') < Cl¥
for all [ > 1. q.e.d.
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